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AbstratRate-independent systems allow for solutions with jumps that need additionalmodeling. Here we suggest a formulation that arises as limit of visous regularizationof the solutions in the extended state spae. Hene, our parametrized metri solutionsof a rate-independent system are absolutely ontinuous mappings from a parameterinterval into the extended state spae. Jumps appear as generalized gradient �owsduring whih the time is onstant. The losely related notion of BV solutions isdeveloped afterwards. Our approah is based on the abstrat theory of generalizedgradient �ows in metri spaes, and omparison with other notions of solutions isgiven.1 IntrodutionThis paper is onerned with the analysis of di�erent solution notions for rate-independentevolutionary systems. The latter arise in a very broad lass of mehanial problems,usually in onnetion with hystereti behavior. With no laim at ompleteness, we maymention for instane elastoplastiity, damage, the quasistati evolution of fratures, shapememory alloys, delamination and ferromagnetism, referring to [Mie05℄ for a survey of themodeling of rate-independent phenomena.Beause of their relevane in appliations, the analysis of these systems has attratedsome attention over the last deade, also in onnetion with the issue of their properformulation. In fat, in several situations rate-independent problems may be reast in theform of a doubly nonlinear evolution equation involving two energy funtionals, namely
∂q̇R(q(t), q̇(t)) + ∂qE(t, q(t)) ∋ 0 in Q′ for a.a. t ∈ (0, T ) , (1.1)where Q is a separable Banah spae, R : Q × Q → [0,∞] a dissipation funtional and

E : [0, T ]×Q→ (−∞,∞] an energy potential, ∂q̇ and ∂q denoting their subdi�erential withrespet to the seond variable. Rate-independene is rendered through 1-homogeneity ofthe funtional R with respet to its seond variable. Indeed, assuming that R(q, γv) =

γR(q, v) for all γ ≥ 0 and (q, v) ∈ Q × Q, one has that equation (1.1) is invariant fortime-resalings. This aptures the main feature of this kind of proesses, whih are drivenby an external loading set on a time sale muh slower than the time sale intrinsi to thesystem, but still fast enough to prevent equilibrium. Typially, this quasistati behaviororiginates in the limit of systems with a visous, rate-dependent dissipation.The formulation of rate-independent problems in terms of the subdi�erential inlusion(1.1) has been thoroughly analyzed in [MiT04℄, in the ase of a re�exive Banah spae.1



Existene of solutions to the Cauhy problem for (1.1) is proved through approximationby time disretization and solution of inremental minimization problems. However, inmany appliations the energy E(t, ·) is neither smooth nor onvex, and the state spae
Q is often neither re�exive nor the dual of a separable Banah spae (see e.g. [KrZ07℄for energies having linear growth at in�nity). Furthermore, Q may even lak a linearstruture (in these ases we will denote it by the alligraphi letter Q), like for �nite-strain elastoplastiity [Mie03, MaM08℄ or for quasistati evolution of fratures [DFT05℄.In suh situations, the di�erential formulation (1.1) annot be used. In [MiT99, MTL02℄,the onept of energeti solution for general rate-independent energeti systems (Q,E,D)has been introdued, by replaing the in�nitesimal metri R of the subdi�erential formu-lation (1.1) by a global dissipation distane D : Q × Q → [0,∞]. This formulation, seeSetion 5.1, is derivative-free, and thus applies to solutions with jumps and an be used invery general frameworks, like, for example, in a topologial spae Q, with E and D lowersemi-ontinuous only, see [MaM05, Mie05, FrM06℄. Energeti solutions are very �exibleand allow for a quite general existene theory; however, the global stability ondition, ask-ing that q(t) globally minimizes the map q̃ 7→ E(t, q̃) + D(q(t), q̃), implies that solutionsjump earlier as physially expeted, sine they are fored to leave a loally stable state, seee.g. [Mie03, Ex. 6.1℄ or [KMZ07, Ex. 6.3℄, and Example 7.1 below. Moreover, existene ofenergeti solutions is proved via time disretization and inremental global minimization,but, as disussed in [Mie03, Se. 6℄, loal minimization would be more appropriate bothfrom the perspetive of modeling and of numerial algorithms.In response to these issues, in [EfM06℄ a vanishing visosity approah was proposed toderive new solution types for rate-independent systems (Q,R,E). There, Q is assumedto be a �nite-dimensional Hilbert spae Q and E ∈ C1([0, T ] × Q). The natural visousapproximation of (1.1) is obtained by adding a quadrati term to the dissipation potential,viz. Rε(q, v) = R(q, v) + ε

2
‖v‖2, and leads to the doubly nonlinear equation

εq̇(t) + ∂q̇R(q(t), q̇(t)) + ∂qE(t, q(t)) ∋ 0 for a.a. t ∈ (0, T ) . (1.2)Using dimQ < ∞, the existene of solutions qε ∈ H1([0, T ];Q) is obvious and passingto the limit ε ց 0 in (1.2) leads to new solutions and to a �ner desription of thejumps, whih our later than for energeti solutions. The key idea (see Setion 2) isthat the limiting solution at jumps shall follow a path whih somehow keeps trak ofthe visous approximation. To exploit this additional information, one has to go overto an extended state spae: reparametrizing the approximating visous solutions qε of(1.2) by their arlength τε, and introduing the resalings t̂ε = τ−1
ε and q̂ε = qε ◦ t̂ε, onestudies the limiting behavior of the sequene {(t̂ε, q̂ε)}ε as ε ↓ 0. Hene, in [EfM06℄ it wasproved that (up to a subsequene), {(t̂ε, q̂ε)}ε onverges to a pair (t̂, q̂), whose evolutionenompasses both dry frition e�ets and, when the system jumps, the in�uene of rate-dependent dissipation. In fat, the jump path may be ompletely desribed by a gradient�ow equation, whih leads to this interpretation: jumps are fast (with respet to the slowexternal time sale) transitions between two metastable states, during whih the systemswithes to a visous regime. Furthermore, solutions of the limiting rate-independentproblem an be onstruted by means of a time-disretization sheme featuring loal,2



rather than global, minimization.This paper provides the �rst step of the generalization of these ideas to the muh moregeneral metri framework using the onept of urves of maximal slope, whih dates bakto the pioneering paper [DGMT80℄. We also refer to the reent monograph [AGS05℄, thereferenes therein, and to [RMS08℄. The general setup starts with aomplete metri spae (X, d)and introdues the metri veloity
|q′| := lim

hց0

d(q(t), q(t+h))

h
= lim

hց0

d(q(t−h), q(t))
h

, (1.3)whih is de�ned a.e. along an absolutely ontinuous urve q : [0, T ] → X.This replaes the norm of the derivative q′ in the smooth setting, and, in the same way, thenorm of the (Gâteaux)-derivative or the subdi�erential of a funtional F : X → (−∞,∞]is replaed by the loal slope of F in q ∈ dom(Ψ), whih is de�ned by
|∂qF|(q) := lim sup

v→q

(F(q) − F(v))+

d(q, v)
, (1.4)where (·)+ denotes the positive part. With these onepts, the visous problem (1.2) hasthe equivalent metri formulation

d

dt
E(t, q(t)) − ∂tE(t, q(t)) ≤ −(|q′|(t) +

ε

2
|q′|2(t)) − 1

2ε

((
|∂qE| (t, q(t)) − 1

)+
)2

, (1.5)for a.a. t ∈ (0, T ), see Setion 3.1 for further details. It was proved in [RMS08, Thm. 3.5℄that, under suitable assumptions on E, for every ε > 0 the related Cauhy problem hasat least one solution qε ∈ AC([0, T ]; X).Following the approah of [EfM06℄, for every ε > 0 we now onsider the (arlength) resal-ings (t̂ε, q̂ε) assoiated with qε, whih in turn ful�ll a resaled version of (1.5), f. (3.12).Under suitable assumptions, in Theorem 3.8 we shall show that, up to a subsequene,
{(t̂ε, q̂ε)} onverges to a limit urve (t̂, q̂) ∈ AC([0, S]; [0, T ]× X) suh that

t̂ : [0, S] → [0, T ] is nondereasing,
t̂′(s) + |q̂′|(s) > 0 for a.a. s ∈ [0, S],

(1.6a)
t̂′(s) > 0 =⇒ |∂qE|

(
t̂(s), q̂(s)

)
≤ 1,

|q̂′|(s) > 0 =⇒ |∂qE|
(
t̂(s), q̂(s)

)
≥ 1,

} for a.a. s ∈ [0, S] , (1.6b)and the energy identity
d

ds
E(t̂(s), q̂(s)) − ∂tE(t̂(s), q̂(s)) t̂′(s) = 〈DqE(t̂(s), q̂(s)), q̂′(s)〉

= −|q̂′|(s) |∂qE|
(
t̂(s), q̂(s)

) for a.a. s ∈ (0, S) ,
(1.6)3



holds. A pair (t̂, q̂) : [s0, s1] → [0, T ] × X satisfying (1.6) (with [0, S] replaed by [s0, s1])is alled parametrized metri solution of the rate-independent system (X, d,E).Indeed, the very fous of this paper is on getting insight into the properties of parametrizedmetri solutions and omparing them with the other solution notions for rate-independentevolutions. That is why, in order to avoid tehnialities and to highlight, rather, thefeatures of our approah, throughout the next setions we shall work in a tehniallysimpler setup, in whih the state spae X is a �nite-dimensional manifold, endowed witha (Finsler) distane d assoiated with a 1-homogeneous dissipation funtional R : TQ →
[0,∞), and an energy E ∈ C1([0, T ]×Q). The fully general metri framework is postponedto the forthoming paper [MRS08℄, see also Setion 6.The notion of parametrized metri solution (t̂, q̂) generalizes the outome of the �nite-dimensional vanishing visosity analysis of [EfM06℄ and hene allows for the same mehan-ial interpretation, see Remark 3.5. Namely, aording to whether either of the derivatives
t̂′ or |q̂′| is null or stritly positive, one distinguishes in (1.6b) three regimes: stiking, rate-independent evolution, and swithing to a visous regime (in orrespondene to jumps ofthe system from one metastable state to another). In this metri setup as well, we showthat the behavior of the system along a jump path is desribed by a generalized gradient�ow. This an be seen more learly when onsidering the non-parametrized solution qorresponding to the pair (t̂, q̂). The latter funtions are alled BV solutions of (Q, d,E)and are pointwise limits of the un-resaled vanishing visosity approximations qε, see Def-inition 4.3 and Setion 4 for an analysis of their properties. In partiular, we shall showhow to pass, by means of a suitable transformation, from a (truly jumping) BV solution
q to a (�virtually� jumping) parametrized solution (t̂, q̂), and onversely.In Setion 5, we ompare the notion of BV solutions with other solutions onepts, namelywith the energeti solutions of [MiT99, MTL02℄, and with the approximable and loalsolutions of [KMZ07, ToZ06, Cag08℄ (suitably rephrased in the metri setting, see De�ni-tions 5.1, 5.5, and 5.6). In Setion 5.3 we review the notion of Φ-minimal solutions of arate-independent evolutionary system, proposed in [Vis01℄ using a global variational prin-iple in terms of a suitably de�ned partial order relation between trajetories. First, weonlude that the notion of loal solution is the most general onept, inluding energetiand BV solutions, whereas BV solutions enompass approximable and Φ-minimal solu-tions. Moreover, our notion of BV solutions has �more struture�, whih makes it robustwith respet to data perturbations (f. Remark 3.10), whereas neither approximable nor
Φ-minimal solutions are upper-semiontinuous with respet to data perturbations.Further insight into the omparison between the various solution notions is provided bythe examples presented in Setion 7, whih are one or two-dimensional, suh that theset of all solutions an be disussed easily. The one-dimensional ase in fat relates torak growth (under the assumption of a presribed rak path), whih was treated in[ToZ06, Cag08, NeO07, KMZ07℄. The solution onepts developed there are also based onthe vanishing visosity method. In the latter ase, the solution type in fat oinides withour notion of BV solution. We postpone the more di�ult PDE appliations to [MRS08℄,where we are going to ombine the notions of this paper with the methods of [RMS08℄4



to develop the present ideas in the in�nite-dimensional or fully metri setting. Relatedideas using the vanishing visosity method for PDEs are found in [DD∗07℄, for a modelfor elastoplastiity problems with softening, and in [MiZ08℄, for general paraboli PDEswith rate-independent dissipation terms.2 Setup and mehanial motivationWe onsider a manifold Q that ontains the states of our system. The energy E of thesystem depends on the time t ∈ [0, T ] and the state q ∈ Q. Throughout the paper, weshall assume that E ∈ C1(QT ), where QT = [0, T ] × Q denotes the extended state spae.The evolution of the system is governed by a balane between the potential restoringfore −DqE(t, q) and a fritional fore f . The latter is given by a ontinuous dissipationpotential R : TQ → [0,∞), in the form f ∈ ∂q̇R(q, q̇). We generally assume that
R(q, ·) : TqQ → [0,∞) is onvex and ∂q̇R(q, q̇) ⊂ T∗

qQ is the set-valued subdi�erential.Hene, the system is governed by the di�erential inlusion
0 ∈ ∂q̇R(q(t), εq̇(t)) + DqE(t, q(t)) ⊂ T∗

qQ , t ∈ (0, T ) , (2.1)in whih we have introdued a small parameter ε > 0 to indiate that we are on a veryslow time sale.Further, we suppose that R = R1 + R2, where R1 : TQ → [0,∞) and R2 : TQ → [0,∞)are suh that for every q ∈ Q

R1(q, ·) is onvex and homogeneous of degree 1,

R2(q, ·) is onvex and homogeneous of degree 2.Note that Rj(q, γv) = γjR(q, v) implies ∂Rj(q, γv) = γj−1∂Rj(q, v) for all γ ≥ 0 and
(q, v) ∈ TQ. Hene, (2.1) takes the form

0 ∈ ∂q̇R1(q(t), q̇(t)) + ε∂q̇R2(q(t), q̇(t)) + DqE(t, q(t)) , t ∈ (0, T ). (2.2)We all R1 the potential of rate-independent frition and R2 the potential of visousfrition.Remark 2.1 A prototype of the mehanial situation we aim to model arises in on-netion with a system of k partiles (k ≥ 1) moving in R
d, hene with state-spae

Q =
{
q = (q1, . . . , qk) : qi ∈ R

d
}

= R
kd . We impose rate-independent frition R1 andvisous frition R2 via

R1(q, q̇) =

k∑

j=1

µ(qj)|q̇j| and R2(q, q̇) =

k∑

j=1

ν(qj)

2
|q̇j |2 for (q, q̇) ∈ R

kd × R
kd ,where |q̇j| is the Eulidean norm of the j-th partile veloity and µ, ν : R

d → [0,∞)are given ontinuous funtions. For k = 1 the potentials Rj are related by R2(q, q̇) =
ν(q)

2µ2(q)
R2

1(q, q̇), while for k = 2 their interplay is more omplex.5



Our aim is to understand the limiting behavior of the solutions to (2.2) for ε → 0. Infat, we expet that for ε → 0 the rate-independent frition dominates, but the solution
qε : [0, T ] → Q may develop sharp transition layers, with q̇ of order 1/ε. In the limit weobtain a jump, but in order to haraterize the jump path the visous potential is ruial.The key idea is to study the trajetories Tε = { (t, qε(t)) | t ∈ [0, T ] } in the extendedstate spae QT . The point is that the limit of trajetories Tε may no longer be the graphof a funtion. To study the limits via di�erential inlusions, we may reparametrize thetrajetories Tε in the form

Tε = { (t̂ε(s), q̂ε(s)) | s ∈ [0, Sε] },where t̂ε is supposed to be nondereasing and absolutely ontinuous.For passing to the limit it is now helpful to selet a family of parametrizations via mε ∈
L1lo((0,∞)) onverging to m in L1lo((0,∞)), with m(s), mε(s) > 0 for a.a. s ∈ (0,∞),and to assume

t̂′ε(s) +
√

2R2(q̂ε(s), q̂′ε(s)) = mε(s) for a.a. s ∈ (0, Sε) . (2.3)Note that this an always be ahieved. In partiular, when
Q = R

d , R2(q, q̇) =
1

2
|q̇|2 ∀ (q, q̇) ∈ R

d × R
d and m = mε ≡ 1 , (2.4)relation (2.3) leads to the arlength parametrization of Tε, whih was onsidered in[EfM06℄. The total length is Sε := T +

∫ T

0

√
2R2(qε(t), q′ε(t)) dt. Sine Sε → S up toa subsequene (thanks to standard energy estimates), it is not restritive to assume that

Sε is independent of ε by the simple linear resaling m̃ε(s) = mε(sSε/S).By the hain rule and the j-homogeneity we have
∂q̇Rj(qε(t), q̇ε(t))|t=btε(s) =

(
1

t̂′ε(s)

)j−1

∂q̇Rj(q̂ε(s), q̂
′
ε(s)) for a.a. s ∈ (0, Sε) .Now, using (2.3) and de�ning

R̃(q, v) = g(R2(q, v)) with g(r) =

{
log

(
1

1−
√

2r

)
−
√

2r for r ∈ [0, 1
2
),

∞ otherwise,easy omputations (f. [EfM06, Thm. 3.1℄ in the partiular ase of (2.4)) show that (2.2)is equivalent to
0 ∈ ∂q̇R1(q̂ε, q̂

′
ε) + ε∂q̇R̃

(
q̂ε,

q̂′ε
mε

)
+ DqE(t̂ε, q̂ε) a.e. in (0, Sε) . (2.5)In this formulation we may pass to the limit, and we expet to obtain the limit problem

0 ∈ ∂q̇R̂(q̂, bq′

m
) + DqE(t̂, q̂),

t̂′ +
√

2R2(q̂, q̂′) = m,

} a.e. in (0, S) , (2.6)6



where
R̂(q, v) =

{
R1(q, v) for R2(q, v) ≤ 1

2
,

∞ for R2(q, v) >
1
2
.Formulation (2.6) is in fat a generalization of the one in [EfM06℄, where rigorous on-vergene proofs of problem (2.5) to (2.6) are derived (in the ase Q is �nite-dimensional).Although R̂ is no longer 1-homogeneous, the limit problem is still rate-independent: uponadjusting the free funtion m, one sees immediately that system (2.6) is invariant undertime reparametrizations.In the present work we onentrate on the ase R2(q, v) = 1

2
R1(q, v)

2, sine it is this asewhih an be generalized to abstrat metri spaes and hene to the in�nite-dimensionalsetting, see [MRS08℄. By introduing the dual norm of a o-vetor w ∈ T∗
qQ

R1,∗(q, w) := sup
{
〈w, v〉 : v ∈ TqQ, R1(q, v) ≤ 1

}
, (2.7)the operators ∂R1(q, ·) and ∂R2(q, ·) an be haraterized by

w ∈ ∂R1(q, v), v 6= 0 ⇐⇒ R1,∗(q, w) = 1, 〈w, v〉 = R1(q, v) > 0 , (2.8a)
w ∈ ∂R1(q, 0) ⇐⇒ R1,∗(q, w) ≤ 1 , (2.8b)
w ∈ ∂R2(q, v) ⇐⇒ R1,∗(q, w) = R1(q, v) = 〈w, v〉 , (2.8)and they satisfy ∂R2(q, v) = R1(q, v) ∂R1(q, v) and

R1,∗(q, w) R1(q, v) = 〈w, v〉 ⇐⇒ w ∈ λ∂R1(q, v) for some λ ≥ 0. (2.9)Proposition 2.2 In the ase R2(q, v) = 1
2
R1(q, v)

2, a pair (t̂, q̂) ∈ AC([0, S]; [0, T ] × Q)ful�ls (2.6) (for some m ∈ L1(0, S) with m(s) > 0 a.e. in (0, S)) if and only if thereexists a funtion λ : (0, S) → (0,∞) suh that
0 ∈ λ∂R1(q̂, q̂

′) + DqE(t̂, q̂),

t̂′ ≥ 0, λ ≥ 1, (λ−1)t̂′ ≡ 0,

t̂′ + R1(q̂, q̂
′) > 0





a.e. in (0, S) . (2.10)Proof: First, we note that, using the 1-homogeneity of R1, the seond of (2.6) may berewritten as
t̂′

m
+ R1

(
q̂,
q̂′

m

)
= 1 a.e. in (0, S) . (2.11)Now, it is not di�ult to see that

∂q̇R̂(q̂,
q̂′

m
) =

{
∂q̇R1(q̂,

bq′

m
) if R1(q̂,

bq′

m
) ∈ [0, 1) (⇔ t̂′ > 0) ,

[1,∞) · ∂q̇R1(q̂,
bq′

m
) if R1(q̂,

bq′

m
) = 1 (⇔ t̂′ = 0) , (2.12)where the equivalenes in parentheses follow from (2.11). Combining (2.12) with the �rstof (2.6) and using that ∂R1 is 0-homogeneous, we dedue (2.10).7



Conversely, starting from (2.10), we put m(s) := t̂′(s) + R1(q̂(s), q̂
′(s)) for a.a. s ∈ (0, S)and note that, by the third of (2.10), m > 0 a.e. in (0, S) and m ∈ L1(0, S), sine R1 isontinuous. Using (2.11) and arguing as in the above lines, one sees that, if the pair (t̂′, λ)satis�es the seond of (2.10), then λ∂q̇R1(q̂, q̂

′) = ∂q̇R̂(q̂, bq′

m
) , whih allows us to deduethe di�erential inlusion in (2.6) from the one in (2.10).3 Analysis with metri spae tehniques3.1 Problem reformulation in a metri settingFirst of all, we omplement the setup of Setion 2 by speifying our assumptions on therate-independent system (Q,R1,E), where Q is the ambient spae, R1 the dissipation fun-tional, and E the energy funtional. The more general setup will be studied in [MRS08℄.Namely, we require that

Q is a �nite-dimensional and smooth manifold, (3.Q)and the energy funtional satis�es
E ∈ C1(QT ) . (3.E)The dissipation funtional R1 : TQ → [0,∞) is a omplete Finsler struture on Q (see e.g.[BCS00, Ch. I.1℄), namely

R1 is ontinuous on TQ and ∀ q ∈ Q : R1(q, ·) is a norm on TqQ , (3.R)alled Minkowski norm in the Finsler setting. Then, R1 indues the (Finsler) distane
d : Q × Q → [0,∞):

d(q0, q1) := min
{∫ 1

0

R1(q̃(s), q̃
′(s))ds : q̃ ∈ A(q0, q1)

}
,where for all q0, q1 ∈ Q we set

A(q0, q1) = { y ∈ AC([0, 1],Q) | y(0) = q0, y(1) = q1 }. (3.1)Hene, (Q, d) is a metri spae, whih we assume to be omplete. Like in the previoussetion, we let R2 ≡ 1
2
R2

1. For a urve q ∈ AC([0, T ]; Q), the Finsler length of its veloity
q′(t) is given by

|q′|(t) := R1(q(t), q
′(t)), well-de�ned for a.a. t ∈ (0, T ), (3.2)and satis�es

d(q(s), q(t)) ≤
∫ t

s

|q′|(r) dr for all 0 ≤ s < t ≤ T . (3.3)8



Using R1, we de�ne the assoiated loal slope |∂qE| : QT → [0,∞] via
|∂qE| (t, q) := sup

v∈TqQ\{0}

〈DqE(t, q), v〉
R1(q, v)

= R1,∗(q,DqE(t, q)) , (3.4)whih is the onjugate norm with respet to the Minkowski norm R1(q, ·) of the di�erentialof the energy in the otangent spae T∗
qQ.Using the smoothness of E we have that for every urve (t, q) ∈ AC([s0, s1]; QT ) the map

s 7→ E(t(s), q(s)) is absolutely ontinuous and the hain rule for E gives
d

ds
E(t(s), q(s)) = ∂tE(t(s), q(s)) t′(s) + 〈DqE(t(s), q(s)), q′(s)〉 (3.5)for a.a. s ∈ (s0, s1). On the other hand, formulae (3.2) and (3.4) yield

〈DqE(t, q), q′)〉 ≥ −|q′| |∂qE| (t, q) . (3.6)Therefore, every (t, q) ∈ AC([s0, s1]; QT ) ful�lls the hain rule inequality
d

ds
E(t(s), q(s)) − ∂tE(t(s), q(s))t′(s) ≥ −|∂qE| (t(s), q(s)) |q′|(s) a.e. in (s0, s1). (3.7)The metri formulation of doubly nonlinear equations. We now see how notions(3.2) and (3.4) so far introdued ome into play in the reformulation of a lass of doublynonlinear evolution equations in the metri setting (Q, d).Let ψ : [0,∞) → [0,∞] be a lower semiontinuous, nondereasing, and onvex funtionand ψ∗ : [0,∞) → [0,∞] its onjugate funtion (Legendre�Fenhel transform), namely

ψ∗(ξ) = sup{ νξ − ψ(ν) | ν ≥ 0 }.Following [AGS05℄ (see also [RMS08℄), a funtion q ∈ AC([0, T ]; Q) is alled a solution ofthe ψ-gradient system assoiated with (Q, d,E) if
d

dt
E(t, q(t)) ≤ ∂tE(t, q(t)) − ψ(|q′|(t)) − ψ∗(|∂qE| (t, q(t))

) a.e. in (0, T ) . (3.8)It has been proved in [RMS08, Prop. 8.2℄ that q ful�lls (3.8) if and only if it solves thedoubly nonlinear equation (also alled quasi-variational evolutionary inequality)
0 ∈ ∂q̇Ψ(q(t), q̇(t)) + DqE(t, q(t)) a.e. in (0, T ) , where Ψ(q, q̇) := ψ(R1(q, q̇)) . (3.9)Under assumptions (3.Q), (3.R), and (3.E), the existene of absolutely ontinuous solu-tions to the Cauhy problem for (3.8) follows from [RMS08, Thm. 3.5℄. We stress thatthe simple, but entral duality inequality ψ(ν)+ψ∗(ξ) ≥ νξ for all ν, ξ ∈ [0,∞), togetherwith the hain rule inequality (3.7), enfores equality in (3.8) (ultimately in (3.7) as well).In the rate-independent setting, the natural hoie is

ψ0(ν) ≡ ν giving ψ∗
0(ξ) = I[0,1](ξ) ,9



where I[0,1](·) denotes the indiator funtion of [0, 1], i.e. I[0,1](ξ) = 0 if ξ ∈ [0, 1], and
I[0,1](ξ) = ∞ otherwise. However, simple one-dimensional (not stritly onvex) examplesshow that we annot expet existene of absolutely ontinuous solutions in this ase, f.Example 7.1. Hene, we proeed as in Setion 2 and onsider limits of visous regulariza-tions after suitable reparametrizations.Before doing so, note that (3.8) is equivalent to the parametrized version on some inter-val (s0, s1), given by

d
ds

E(t̂(s), q̂(s)) − ∂tE(t̂(s), q̂(s))t̂′(s)

≤ −ψ
(

1
bt′(s)

|q̂′|(s)
)
t̂′(s) − ψ∗

(
|∂qE|

(
t̂(s), q̂(s)

) )
t̂′(s) for a.a. s ∈ (s0, s1) ,

(3.10)where q̂(s) = q(t̂(s)) and t̂′(s) > 0 a.e. in (s0, s1). In the rate-independent ase, theright-hand side does not depend on t̂′(s), beause ψ0(ν) = ν implies ψ0(αν) = αψ0(ν)and ψ∗
0(ξ) = αψ∗

0(ξ) for all α > 0.3.2 Rate-independent limit of visous metri �owsWe now onsider the ase of small visosity added to the rate-independent dissipation,namely
ψε(ν) = ν +

ε

2
ν2 ∀ ν ∈ [0,∞) . (3.11)We obtain ψ∗

ε(ξ) = 1
2ε

((ξ−1)+)2. Thus, (3.10) takes the form
d

ds
E(t̂(s), q̂(s)) − ∂tE(t̂(s), q̂(s)) t̂′(s) ≤ −Mε

(
t̂′(s), |q̂′|(s), |∂qE|

(
t̂(s), q̂(s)

) ) (3.12)for a.a. s ∈ (s0, s1), with
Mε

(
α, ν, ξ

)
:= αψε

(ν
α

)
+ αψ∗

ε (ξ) = ν +
ε

2α
ν2 +

α

2ε
((ξ−1)+)2 (3.13)for all (α, ν, ξ) ∈ (0,∞)×[0,∞)2. Clearly, for �xed α > 0 the limit as εց 0 ofMε(α, ν, ξ)gives ψ0(ν) + ψ∗

0(ξ). However, our purpose is to blow-up the time parametrization when-ever jumps our. Indeed, the �nite-dimensional ase (see [EfM06℄) suggests that jumpsin the rate-independent evolution will our at �xed resaled time (i.e., when t̂′ = 0).Hene, we also have to onsider the ase α→ 0 as ε→ 0. For this, note that when ξ > 1

Mε(·, ν, ξ) assumes its minimum on [0,∞) for αε
∗ = εν/(ξ − 1)+, orresponding to thevalue Mε

(
αε
∗, ν, ξ

)
= ν + ν(ξ−1)+. In any ase we have

Mε

(
α, ν, ξ

)
≥Minf(ν, ξ) := ν + ν(ξ−1)+ for all (α, ν, ξ) ∈ (0,∞) × [0,∞)2 . (3.14)Thus, we de�ne M0 : [0,∞)3 → [0,∞] via
M0

(
α, ν, ξ

)
:=

{
Minf(ν, ξ) = ν + ν(ξ−1)+ for α = 0,

Msup(ν, ξ) = ν + I[0,1](ξ) for α > 0,
(3.15)and obtain the following result. 10



Lemma 3.1 De�ne Mε : [0,∞)3 → [0,∞] via (3.13), Mε(0, 0, ξ) = 0 for all ξ, and
Mε(0, ν, ξ) = ∞ for all ξ and ν > 0. Then, we have the following results:(A) Mε Γ-onverges to M0, viz.

Γ-liminf estimate:
(αε, νε, ξε) → (α, ν, ξ) =⇒ M0(α, ν, ξ) ≤ lim inf

εց0
Mε(αε, νε, ξε) ,

(3.16a)
Γ-limsup estimate:
∀ (α, ν, ξ) ∃ ((αε, νε, ξε))ε>0 :

{
(αε, νε, ξε) → (α, ν, ξ) and
M0(α, ν, ξ) ≥ lim supεց0Mε(αε, νε, ξε) .

(3.16b)(B) If (αε, νε) ⇀ (α̂, ν̂) in L1((s0, s1)) and lim infε→0 ξε(s) ≥ ξ̂(s) a.e. in (s0, s1), then
∫ s1

s0

M0(α̂(s), ν̂(s), ξ̂(s))ds ≤ lim inf
ε→0

∫ s1

s0

Mε(αε(s), νε(s), ξε(s))ds .Proof: Estimate (3.16a) is trivial for α > 0, as we have pointwise onvergene then. If
α = 0, we employ (3.14) and use that Minf is ontinuous.To obtain (3.16b) in the ase α > 0 we simply take (αε, νε, ξε) = (α, ν, ξ) and the resultfollows from pointwise onvergene. If α = 0, we let (αε, νε, ξε) = (αε

∗, ν, ξ) and the desiredresult follows. Thus, (A) is proved.To show the estimate in Part (B), let us introdue the funtion M̄ : [0,∞)4 → [0,∞]

M̄(α, ν; ξ, ε) := Mε(α, ν, ξ);by the previous point (A) and the fat that M̄ is lower semiontinuous when ε > 0, itis immediate to hek that M̄ is lower semiontinuous in [0,∞)4. Moreover, M̄(·, ·; ξ, ε)is onvex in [0,∞)2 for all ξ, ε: this property an be diretly heked starting from thede�nition of M̄ or by observing that Mε(·, ·, ξ) is onvex when ε > 0 thanks to (3.13) andthe onvexity of the map (ν, α) 7→ ν2/α.Assuming initially that ξε → ξ̂ in L1(s1, s2) and onsidering an arbitrary in�nitesimalsubsequene εn → 0, we an then apply Io�e's Theorem (see [Iof77℄) to the sequene ofmaps s 7→ (αεn
(s), νεn

(s), ξεn
(s), εn), obtaining

∫ s1

s0

M̄(α̂(s), ν̂(s), ξ̂(s), 0)ds ≤ lim inf
n→∞

∫ s1

s0

M̄(αεn
(s), νεn

(s), ξεn
(s), εn)ds .In the general ase, we onsider an arbitrary κ > 0 and we replae ξεn
with the sequene

ξκ,n(s) := min(ξεn
(s), ξ̂(s), κ), onverging to ξ̂k(s) := min(ξ̂(s), κ) in L1(s1, s2). Sine M̄is nondereasing with respet to ξ, we argue as above and obtain

∫ s1

s0

M̄(α̂(s), ν̂(s), ξ̂κ(s), 0)ds ≤ lim inf
n→∞

∫ s1

s0

M̄(αεn
(s), νεn

(s), ξκ,n(s), εn)ds

≤ lim inf
n→∞

∫ s1

s0

M̄(αεn
(s), νεn

(s), ξεn
(s), εn)ds .11
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PSfrag replaements
1

ξ

α

ν

Ξstik
Ξjump

Ξslip
Figure 3.1: The set Ξ = Ξstik ∪ Ξslip ∪ ΞjumpPassing to the limit as κ → ∞ and applying Fatou's Lemma we obtain the desiredinequality.In fat, the spei� form of M0 is not needed in the sequel. Hene, we will onsidergeneral funtions M : [0,∞)3 → [0,∞] with the following properties (whih are obviouslysatis�ed by M0):

M : [0,∞)3 → [0,∞] is l.s.., (3.17a)
M(γα, γν, ξ) = γM(α, ν, ξ) for all α, ν, ξ, γ ∈ [0,∞) , (3.17b)
M(α, ν, ξ) ≥ νξ for all α, ν, ξ ∈ [0,∞) , (3.17)
M(α, ν, ξ

)
= νξ ⇐⇒ (α, ν, ξ) ∈ Ξ , (3.17d)where the set Ξ := Ξstik ∪ Ξslip ∪ Ξjump onsists of the disjoint �at piees (see Figure 3.1)

Ξstik := { (α, 0, ξ) ∈ [0,∞)3 | α ≥ 0, ξ ∈ [0, 1) },
Ξslip := { (α, ν, 1) ∈ [0,∞)3 | α > 0, ν ≥ 0 }, and
Ξjump := { (0, ν, ξ) ∈ [0,∞)3 | ν ≥ 0, ξ ≥ 1 }.

(3.18)For instane, the funtion
M̃(α, ν, ξ) = ν + (ξ−1)+(α+ν) = max(ξ, 1)ν + (ξ−1)+α (3.19)�ts in this framework. It is not di�ult to hek that, ifM is nonderesasing with respetto ξ, then M ≤ M0.The notion of parametrized metri solutions. The following notion of parametrizedmetri solution of the rate-independent system (Q, d,E) is proposed in a general form, re-plaing the funtion M0 obtained in the vanishing visosity limit with a generi funtion

M satisfying (3.17). The proposed notion is �tted to the metri framework and does not12



need a di�erentiable struture. However, it strongly relies on the fat that the small vis-ous frition ε|q′|(t)2 is given in terms of the same metri veloity as the rate-independentfrition, see also the assumption R2 = 1
2
R2

1. We refer to [EfM06, MiZ08℄ for settingsavoiding this assumption.De�nition 3.2 (Parametrized metri solution) Let (Q, d,E) satisfy (3.Q), (3.R), and(3.E) and letM ful�ll (3.17). An absolutely ontinuous urve (t̂, q̂) : (s0, s1) → QT is alleda parametrized metri solution of (Q, d,E), if
t̂ : (s0, s1) → [0, T ] is nondereasing, (3.20a)
t̂′(s) + |q̂′|(s) > 0 for a.a. s ∈ (s0, s1), (3.20b)
d

ds
E(t̂(s), q̂(s)) − ∂tE(t̂(s), q̂(s)) t̂′(s)

≤ −M
(
t̂′(s), |q̂′|(s), |∂qE|

(
t̂(s), q̂(s)

) ) for a.a. s ∈ (s0, s1) .
(3.20)If (t̂, q̂) satis�es only (3.20a) and (3.20), it is alled a degenerate parametrized metrisolution. If t̂ : (s0, s1) → [0, T ] is also surjetive, i.e. t̂(s0) = 0 and t̂(s1) = T , then (t̂, q̂)is alled a surjetive parametrized metri solution.This solution onept has the onatenation property as well as the restrition property.The former means that if (t̂, q̂) : (s0, s1) → QT and (t̃, q̃) : (s1, s2) → QT are parametrizedmetri solutions with (t̂(s−1 ), q̂(s−1 )) = (t1, q1) = (t̃(s+

1 ), q̃(s+
1 )), then their onatenation

(t, q) : (s0, s2) → QT is a solution as well. We point out that, thanks to (3.17b), thenotion of parametrized metri solution is rate-independent, i.e., invariant under timereparametrizations by absolutely ontinuous funtions with stritly positive derivative a.e.(by nondereasing absolutely ontinuous funtions in the ase of degenerate solutions).Moreover, the notion is independent of the partiular hoie of M , as long as M satis�es(3.17).Remark 3.3 (Nondegeneray and arlength reparametrization) Any degenerateparametrized metri solution admits a nondegenerate reparametrization (t̃, q̃) : [0, S̃] →
QT , thus satisfying also (3.20b). This means that t̂(s) = t̃(σ(s)), q̂(s) = q̂(σ(s)) for someabsolutely ontinuous, nondereasing and surjetive map σ : [s0, s1] → [0, S̃]. In partiular,we an hoose σ so that t̃′ + |q̃′| = 1 a.e. in (0, S̃) by de�ning

σ(s) :=

∫ s

s0

(
t̂′(s) + |q̂′|(s)

)
ds = t̂(s) − t̂(s0) +

∫ s

s0

|q̂′|(s)ds, S̃ := σ(s1)(f. also Lemma 4.1). In fat, for every interval [r0, r1] ⊂ [s0, s1] we then have
σ(r0) = σ(r1) ⇔ t̂(r0) = t̂(r) = t̂(r1), q̂(r0) = q̂(r) = q̂(r1) for all r ∈ [r0, r1].We an then de�ne (t̃(σ), q̃(σ)) := (t̂(s), q̂(s)), whenever σ = σ(s). For σ0 = σ(r0) < σ1 =

σ(r1) we obtain
t̃(σ1) − t̃(σ0) + d(q̃(σ1), q̃(σ0)) ≤

∫ r1

r0

(
t̂′(s) + |q̂′|(s)

)
ds = σ1 − σ0 ,13



giving t̃′ + |q̃′| ≤ 1 a.e. in [0, S̃]. The nondegeneray ondition holds with t̃′ + |q̃′| = 1 a.e.in S̃, whih follows via the hange of variable formula:
S̃ ≥

∫ S̃

0

(
t̃′ + |q̃′|

)
dσ =

∫ s1

s0

(
t̃′(σ(s)) + |q̃′|(σ(s))

)
σ′(s)ds

=

∫ s1

s0

(
t̂′(s) + |q̂′|(s)

)
ds = σ(s1) = S̃.Parametrized metri solutions admit various di�erent but equivalent metri harateriza-tions (where we avoid to expliitly use the di�erential Dq of the energy).Proposition 3.4 Under the same assumptions of the previous De�nition 3.2, an abso-lutely ontinuous urve (t̂, q̂) : (s0, s1) → QT satisfying (3.20a) and (3.20b) is a parametrizedmetri solution of (Q, d,E) if and only if it satis�es one of the following onditions (equiv-alent to (3.20)):A) For all s0 ≤ σ0 < σ1 ≤ s1 we have

E(t̂(σ1), q̂(σ1)) − E(t̂(σ0), q̂(σ0)) −
∫ σ1

σ0

∂tE(t̂(s), q̂(s)) t̂′(s) ds

≤ −
∫ σ1

σ0

M
(
t̂′(s), |q̂′|(s), |∂qE|

(
t̂(s), q̂(s)

) )
ds.

(3.21)B) Eqn. (3.21) holds just for σ0 = s0 and σ1 = s1, i.e.
E(t̂(s1), q̂(s1)) − E(t̂(s0), q̂(s0)) −

∫ s1

s0

∂tE(t̂(s), q̂(s)) t̂′(s) ds

≤ −
∫ s1

s0

M
(
t̂′(s), |q̂′|(s), |∂qE|

(
t̂(s), q̂(s)

) )
ds.

(3.22)C) For a.a. s ∈ (s0, s1) we have
d

ds
E(t̂(s), q̂(s)) − ∂tE(t̂(s), q̂(s)) t̂′(s) = −|q̂′|(s) |∂qE|

(
t̂(s), q̂(s)

)
, (3.23)and one of the following (equivalent) properties

M
(
t̂′(s), |q̂′|(s), |∂qE|

(
t̂(s), q̂(s)

) )
= |q̂′|(s) |∂qE|

(
t̂(s), q̂(s)

)
, (3.24a)

(
t̂′(s), |q̂′|(s), |∂qE|

(
t̂(s), q̂(s)

) )
∈ Ξ , (3.24b)

{
t̂′(s) > 0 =⇒ |∂qE|

(
t̂(s), q̂(s)

)
≤ 1,

|q̂′|(s) > 0 =⇒ |∂qE|
(
t̂(s), q̂(s)

)
≥ 1.

(3.24)In partiular, by (3.23) and (3.24a), the following identity holds a.e. in (s0, s1):
d

ds
E(t̂(s), q̂(s)) − ∂tE(t̂(s), q̂(s)) t̂′(s) = −M

(
t̂′(s), |q̂′|(s), |∂qE|

(
t̂(s), q̂(s)

) )
. (3.25)14



Proof: A) is just the integral formulation of (3.20).We note that the hain rule inequality (3.7), ombined with (3.20) and (3.17), implies(3.23) and (3.24a). By ondition (3.17d), (3.24a) is equivalent to (3.24b).Sine the set Ξ an be easily haraterized via
(α, ν, ξ) ∈ Ξ ⇐⇒

(
(α > 0 ⇒ ξ ≤ 1) and (ν > 0 ⇒ ξ ≥ 1)

)
,we ultimately �nd that (3.24b) an be replaed by the simple relations (3.24).Having obtained the equivalene between (3.20) and C), we an now show that B) issu�ient to haraterize parametrized metri solutions (the neessity is trivial): againapplying the hain rule (3.5)-(3.7), we get

∫ s1

s0

(
M

(
t̂′(s), |q̂′|(s), |∂qE|

(
t̂(s), q̂(s)

) )
− 〈−DqE(t̂(s), q̂(s)), q̂′(s)〉

)
ds ≤ 0so that (3.17) and (3.6) yield

M
(
t̂′(s), |q̂′|(s), |∂qE|

(
t̂(s), q̂(s)

) )
= 〈−DqE(t̂(s), q̂(s)), q̂′(s)〉 = |q̂′|(s) |∂qE|

(
t̂(s), q̂(s)

)for a.a. s ∈ (s0, s1). We thus get (3.23) and (3.24a).Remark 3.5 (Mehanial interpretation) The evolution desribed by relations (3.24)bears the following mehanial interpretation, f. [EfM06℄. Indeed, with (α, ν, ξ) =

(t̂′, |q̂′|, |∂qE|
(
t̂, q̂

)
) we an use the deomposition Ξ = Ξstik ∪ Ξslip ∪ Ξjump:

• (t̂′ > 0, |q̂′| = 0) leads to stiking ((α, ν, ξ) ∈ Ξstik),
• (t̂′ > 0, |q̂′| > 0) leads to rate-independent evolution ((α, ν, ξ) ∈ Ξslip),
• when (t̂′ = 0, |q̂′| > 0), the system has swithed to a visous regime, whih isseen as a jump in the (slow) external time sale (the time funtion t is frozen and

(α, ν, ξ) ∈ Ξjump).Remark 3.6 Properties (3.17) and (3.17d) seem to be related to the notion of bipotential(f. e.g. [BdV08℄), whih was proposed for studying non-assoiated onstitutive laws inmehanis by onvex analysis tools. We reall that, given two (topologial, loally onvex)spaes in duality Z and Z ′, a funtion b : Z × Z ′ → (−∞,∞] is alled a bipotential ifit is onvex, lower semiontinuous with respet to both arguments, and ful�lls for all
(ν, ξ) ∈ Z × Z ′

b(ν, ξ) ≥ 〈ξ, ν〉 and (
ξ ∈ ∂νb(·, ξ)(ν) ⇔ ν ∈ ∂ξb(ν, ·)(ξ) ⇔ b(ν, ξ) = 〈ξ, ν〉

)
.Indeed, for every α > 0 the funtions Mε(α, ·, ·) given by (3.13) and M0(α, ·, ·) by (3.15)are bipotentials on [0,∞) × [0,∞). 15



The next result ensures that the abstrat metri evolution formulation developed hereredues to the one stated in Proposition 2.2.Proposition 3.7 Let (Q, d,E) satisfy (3.Q), (3.R), and (3.E). Then, a urve (t̂, q̂) ∈
AC([s0, s1]; QT ) is a parametrized metri solution of the rate-independent system (Q, d,E)if and only if there exists λ : (s0, s1) → [1,∞) suh that (2.10) holds.Proof: By (3.2), ondition (3.20b) in De�nition 3.2 oinides with the third of (2.10).Now, let us �rst suppose that (3.20) holds, and set λ(s) := max{|∂qE|

(
t̂(s), q̂(s)

)
, 1} .We shall prove that the triple (t̂, q̂, λ) ful�lls (2.10) on (s0, s1). Indeed, (3.23), (3.4), and(2.9) yield

−DqE(t̂(s), q̂(s)) ∈ |∂qE|
(
t̂(s), q̂(s)

)
∂R1(q̂(s), q̂

′(s)) for a.a. s ∈ (s0, s1) . (3.26)Now, let us �x s̄ ∈ (s0, s1) at whih (3.26) holds: if |q̂′|(s̄) > 0, taking into aountthe seond of (3.24) we �nd that λ(s̄) = |∂qE|
(
t̂(s̄), q̂(s̄)

) and that, by (3.26), the triple
(t̂′, |q̂′|, λ) satis�es the �rst of (2.10) at s = s̄. On the other hand, if |q̂′|(s̄) = 0, neessarily
t̂′(s̄) > 0 by (3.20b) and the �rst of (3.24) gives that |∂qE|

(
t̂(s̄), q̂(s̄)

)
≤ 1. In this ase,

λ(s̄) = 1 and (3.26) implies
−DqE(t̂(s̄), q̂(s̄)) ∈ ∂R1(q̂(s̄), 0) ,hene we again onlude that (t̂′(s̄), |q̂′|(s̄), λ(s̄)) ful�lls (2.10)1.Conversely, from the �rst of (2.10) we read that for a.a. s ∈ (s0, s1)

|∂qE|
(
t̂(s), q̂(s)

)
|q̂′| = 〈−DqE(t̂(s), q̂(s)), q̂′(s)〉, (3.27)

|∂qE|
(
t̂(s), q̂(s)

)
≤ λ(s), (3.28)

|∂qE|
(
t̂(s), q̂(s)

)
= λ(s) if |q̂′| > 0. (3.29)Then (3.20) follows, if we hek (3.24). Indeed, if t̂′ > 0, then the seond of (2.10) yields

λ = 1. Therefore the �rst ondition of (3.24) follows from (3.28). If |q̂′| > 0, ombining(3.29) and the onstraint λ ≥ 1 of (2.10), we also get the seond of (3.24).Convergene of the visous approximation. The main result of this setion statesthat limits (t̂, q̂) of parametrized solutions (t̂ε, q̂ε) of the visous system (3.10), with ψ =

ψε, are atually parametrized metri solutions of the rate-independent system (Q, d,E).By the standard energy estimates and an elementary resaling, it is not restritive toassume that the domain of (t̂ε, q̂ε) is a �xed interval [s0, s1], independent of ε.Theorem 3.8 (Vanishing visosity limit) Let (Q, d,E) satisfy (3.Q), (3.R), and (3.E).For every ε > 0 let qε ∈ AC([0, T ]; Q) be a solution to (3.8) for ψ = ψε. Choose non-dereasing surjetive parametrizations t̂ε ∈ AC([s0, s1]; [t0,ε, T ]), and let q̂ε(s) = qε(t̂ε(s)).Suppose that there exists q0 ∈ Q, and m ∈ L1((0, S)) suh that
t0,ε = t̂ε(s0) → 0 , q̂ε(s0) = qε(t0,ε) → q0 as εց 0, (3.30)
mε := t̂′ε + |q̂′ε|⇀ m in L1(s0, s1) as εց 0. (3.31)16



Then, there exist a subsequene ((t̂εk
, q̂εk

))k∈N with εk ց 0 and (t̂, q̂) ∈ AC([s0, s1]; QT )suh that (t̂(s0), q̂(s0)) = (0, q0), and, as k → ∞,
(t̂εk

, q̂εk
) → (t̂, q̂) in C0([s0, s1]; QT )), (3.32)

(t̂′εk
, |q̂′εk

|) ⇀ (t̂′, |q̂′|) in L1([s0, s1]; R
2),

∫ T

t0,εk

|q′εk
|(t)dt→

∫ s1

s0

|q̂′|(s)ds. (3.33)The limit (t̂, q̂) is a degenerate parametrized metri solution of (Q, d, ξ) (i.e. it satis�es(3.20a) and (3.20)), and it is nondegenerate (reall (3.20b)) if m(s) > 0 a.e. in (s0, s1).Proof: Eqns. (3.3) and (3.31) yield
d(q̂ε(r0), q̂ε(r1)) ≤

∫ r1

r0

|q̂′ε|(s) ds ≤
∫ r1

s0

mε(s) ds. (3.34)In partiular, hoosing r0 = s0 and using (3.30)-(3.31) we �nd C > 0 suh that
d(q0, q̂ε(t)) ≤ C for all t ∈ [s0, s1] and all ε > 0 . (3.35)Moreover, it follows from (3.31) that the sequenes {t̂′ε} and {|q̂′ε|} are bounded anduniformly integrable in L1(s0, s1). Hene, on the one hand, the Asoli-Arzelà ompatnesstheorem and its version for metri spaes [AGS05, Prop. 3.3.1℄ yield that there existsan absolutely ontinuous urve (t̂, q̂) : [s0, s1] → QT suh that, up to a subsequene,onvergenes (3.32) hold. On the other hand, by the Dunford-Pettis riterion (see, e.g.,[DuS88, Cor. IV.8.11℄), there exists η ∈ L1(s0, s1) suh that, up to the extration of a (notrelabeled) subsequene,̂
t′ε ⇀ t̂′, |q̂′ε|⇀ η in L1(s0, s1) as εց 0. (3.36)Passing to the limit in (3.34) we easily get
|q̂′|(s) ≤ η(s) ≤ m(s) for a.a. s ∈ (s0, s1) . (3.37)Now, the smoothness of E and assumption (3.Q) yield that E, ∂tE, and |∂qE| are ontinuouswith respet to both arguments, thus we readily infer from (3.32) that

E(t̂ε, q̂ε) → E(t̂, q̂), |∂qE|
(
t̂ε, q̂ε

)
→ |∂qE|

(
t̂, q̂

) and ∂tE(t̂ε, q̂ε) → ∂tE(t̂, q̂)uniformly in [s0, s1] for εց 0 .
(3.38)To proeed further, we integrate (3.12) over [s0, s1] and obtain

E(t̂ε(s0), q̂ε(s0)) − E(t̂ε(s1), q̂ε(s1)) +

∫ s1

s0

∂tE(t̂ε(s), q̂ε(s)) t̂
′
ε(s)ds

≥
∫ s1

s0

Mε

(
t̂′ε(s), |q̂′ε|(s), |∂qE|

(
t̂ε(s), q̂ε(s)

) )
ds .

(3.39)
17



On the left-hand side we an pass to the limit ε → 0 using (3.36) and (3.38), whereas forthe right-hand side we use Part (B) of Lemma 3.1:
E(t̂(s0), q̂(s0)) − E(t̂(s1), q̂(s1)) +

∫ s1

s0

∂tE(t̂(r), q̂(r)) t̂′(r) dr

= lim
εց0

(
E(t̂ε(s0), q̂ε(s0)) − E(t̂ε(s1), q̂ε(s1)) +

∫ s1

s0

∂tE(t̂ε(r), q̂ε(r)) t̂
′
ε(r) dr

)

≥ lim inf
εց0

∫ s1

s0

Mε

(
t̂′ε(r), |q̂′ε|(r), |∂qE|

(
t̂ε(r), q̂ε(r)

) )
dr

≥
∫ s1

s0

M0

(
t̂′(r), η(r), |∂qE|

(
t̂(r), q̂(r)

) )
dr

≥
∫ s1

s0

M0

(
t̂′(r), |q̂′|(r), |∂qE|

(
t̂(r), q̂(r)

) )
drwhere we have used (3.37) and the monotoniity of M0(α, ·, ξ) for the last estimate.We see that (t̂, q̂) ful�lls (3.22) a.e. in (s0, s1) , and it is therefore a (possibly) degenerateparametrized metri solution of (Q, d,E). Moreover, omparing the last inequalities withthe integrated form of (3.25), we get

M0

(
t̂′(r), η(r), |∂qE|

(
t̂(r), q̂(r)

) )
= M0

(
t̂′(r), |q̂′|(r), |∂qE|

(
t̂(r), q̂(r)

) )
<∞for a.a. r ∈ (s0, s1). Sine M0(α, ·, ξ) is stritly monotone in its domain of �niteness, weget η(r) = |q̂′|(r) for a.a. r ∈ (s0, s1), thus obtaining (3.33). Using the �rst onvergenein (3.36) we also �nd t̂′ + |q̂′| = m and the last assertion follows.Remark 3.9 (Preservation of arlength parametrizations) If (t̂ε, q̂ε) are arlengthparametrization (i.e. mε ≡ 1), then their limit (t̂, q̂) still satis�es the arlength property

t̂′ + |q̂′| = 1, thanks to (3.33). This generalizes [EfM06, Cor. 3.6℄.Remark 3.10 Mimiking the argument of the proof of Proposition 3.8, under the sameassumptions it is also possible to prove a result of stability with respet to initial datafor parametrized metri solutions. Namely, let {(t̂n, q̂n)} be a sequene of parametrizedmetri solutions on a time interval [s0, s1], suh that (t̂n(s0), q̂n(s0)) = (tn0 , q
n
0 ) for every

n ∈ N, with (tn0 , q
n
0 ) → (t0, q0) and mn := t̂′n + |q̂′n| ⇀ m in L1(s0, s1). Then, thereexists a parametrized metri solution (t̂∞, q̂∞), starting from (t0, q0), suh that, up to theextration of a subsequene, (t̂n, q̂n) → (t̂∞, q̂∞) uniformly in [s0, s1], with (t̂′n, |q̂′n|) ⇀

(t̂′∞, |q̂′∞|) in L1(s0, s1). In fat, in [MRS08℄ we shall prove the above result, as well asthe vanishing visosity analysis of Theorem 3.8, in the more general setting detailed inSetion 6.4 BV solutionsBefore introduing the notion of BV solution to the rate-independent system driven by
E, we reall some de�nitions and properties of BV funtions on [0, T ] with values in the18



spae (Q, d) introdued in the previous setion. Note that, however, the following notionsare indeed independent of the Finsler setting (3.Q)�(3.R) and an be given for a generalomplete metri spae.Preliminaries on BV funtions. Given a funtion q : [0, T ] → Q and an interval
I ⊂ [0, T ], we de�ne its variation on I by

Var(q, I) := sup

n∑

j=1

d(q(τj−1), q(τj)), (4.1)where sup is taken over all n ∈ N and all partitions τ0 < τ1 · · · < τn−1 < τn with τ0, τn ∈ I.We set
BV([0, T ]; Q) = { q : [0, T ] → Q | Var(q, [0, T ]) <∞},where we emphasize that funtions are de�ned everywhere, as is ommon for rate-independentproesses. For q ∈ BV([0, T ]; Q) and t ∈ [0, T ] the left and right limits exist:
q(t−) := lim

hց0
q(t−h) and q(t+) := lim

hց0
q(t+h),where we put q(0−) = q(0) and q(T+) = q(T ). In general, the three values q(t−), q(t),and q(t+) may di�er. We de�ne the ontinuity set Cq and the jump set Jq by

Cq = { t ∈ [0, T ] | q(t−) = q(t) = q(t+) }, Jq = [0, T ] \ Cq.Indeed, our de�nition of �Var� is suh that we have for all 0 ≤ r ≤ s ≤ t ≤ T

Var(q, [r, s]) = d(q(r), q(r+)) + Var(q, (r, s)) + d(q(s−), q(s)) , (4.2)and the additivity property
Var(q, [r, t]) = Var(q, [r, s]) + Var(q, [s, t]). (4.3)When alulating the variation of q over an interval I, one has to be areful with (possible)jumps at the boundary of I, if I ontains boundary points. Now, for a funtion q ∈

BV([0, T ],Q) we introdue the nondereasing funtion
Vq : [0, T ] → [0,∞) , Vq(t) := Var(q, [0, t]).The distributional derivative of Vq de�nes a nonnegative Radon measure µq suh that
µq([s, t]) = Vq(t) − Vq(s) ∀ t, s ∈ Cq , (4.4)and, more generally (see [Fed69, 2.5.17℄)

∫ T

0

ζ(t) dVq(t) =

∫ T

0

ζ(t)µq(dt) for all ζ ∈ C0
c(0, T ), (4.5)19



where ∫ T

0
ζ dVq denotes the Riemann-Stieltjes integral. As usual, µq an be deomposedinto a ontinuous (also alled di�use) part µco

q and a disrete part µJ
q , where for a Borelset A ⊂ [0, T ] we have

µJ
q(A) = µq(A ∩ Jq) =

∑

t∈A∩Jq

d(q(t−), q(t)) + d(q(t), q(t+)) , (4.6)in aordane with formula (4.2) above.In the following tehnial lemma (whose proof is postponed to the end of this setion),we will disuss the link between a BV map q : [0, T ] → Q and its graph q(t) = (t, q(t)) inthe extended state spae QT , endowed with the distane dQT
((t0, q0), (t1, q1)) := |t0−t1|+

d(q0, q1) . We denote by L[a,b] the Lebesgue measure on the interval [a, b], whereas Ldenotes a general one-dimensional Lebesgue measure.Lemma 4.1 Let q ∈ BV([0, T ]; Q) and q ∈ BV([0, T ]; QT ) with q(t) := (t, q(t)). Set
ρ(t) := Vq(t) = Var(q, [0, t]), R := ρ(T ); σ(t) := Vq(t) = Var(q, [0, t]), S := σ(T ),with their right-ontinuous inverse
τ̂ (r) := sup{ t ∈ [0, T ] | Vq(t) = ρ(t) < r }, t̂(s) := sup{ t ∈ [0, T ] | Vq(t) = σ(t) < s }.Then, the following statements hold:A) σ(t) = t+ρ(t), Jq = Jq, Cq = Cq, µq = L + µq, µco

q
= L + µco

q , µJ
q

= µJ
q.B) There exist 1-Lipshitz maps q̂ = (t̂, q̂) : [0, S] → QT and ρ̂ : [0, S] → [0, R] suh that

q(t) = q̂(σ(t)), ρ(t) = ρ̂(σ(t)) for all t ∈ [0, T ]. The map t̂ is uniquely determined,it is the right-ontinuous inverse of σ, and it is injetive on Ĉq := σ(Cq) = t̂−1(Cq).The maps q̂ and ρ̂ are uniquely determined on the set Ĉq and satisfy q̂(s) = q(t̂(s))and τ̂ (ρ̂(s)) = t̂(s) for all s ∈ Ĉq.C) t̂#(L[0,S]) = µq and τ̂#(L[0,R]) = µq, in the sense that for all bounded Borel funtion
ζ : [0, T ] → R and Borel set A ⊂ [0, T ]

∫

bt−1(A)

ζ(t̂(s)) ds =

∫

A

ζ(t)µq(dt),

∫

bτ−1(A)

ζ(τ̂(r))dr =

∫

A

ζ(t)µq(dt). (4.7)In partiular, if A ⊂ [0, T ], B ⊂ Cq ⊂ [0, S] are Borel sets, then
µq(A) = L(t̂−1(A)), L(B) = µq(t̂(B)). (4.8)D) The Lebesgue densities of the measures L, µco

q ≪ µco
q
with respet to µco

q
are expressedby the formulae

dL

dµco
q

= t̂′ ◦ σ,
dµco

q

dµco
q

= |q̂′| ◦ σ = ρ̂′ ◦ σ. (4.9)20



The notion of BV solution. Let us �rst introdue a new family of 1-homogeneousdissipation funtionals Sα(t; ·, ·) : TQ → [0,∞), depending on the two parameters α ∈
[0,∞) and t ∈ [0, T ], de�ned as

Sα(t; q, v) := max
{
|∂qE| (t, q) , α

}
R1(q, v) (4.10)Notie that for all α > 0, t ∈ [0, T ], and q ∈ Q the funtional Sα(t; q, ·) is a norm on TqQ(possibly degenerate, when α = 0), thus satisfying ondition (3.R). As in Setion 3.1, wean therefore onsider the orresponding Finsler distanes Sα(t; ·, ·) : Q × Q → [0,∞) via

Sα(t; q0, q1) := inf
{ ∫ 1

0

Sα(t; y(s), y′(s))ds
∣∣∣ y ∈ A(q0, q1)

}
. (4.11)The funtional S0 is alled slope distane and Sα(t; ·, ·) also admits the equivalent formu-lation in terms of the metri veloity

Sα(t; q0, q1) := inf
{ ∫ 1

0

max
{
|∂qE| (t, y(s)) , α

}
|y′|(s)ds

∣∣∣ y ∈ A(q0, q1)
}
. (4.12)For α > 0 the in�mum in (4.11) and (4.12) is attained.A straightforward onsequene of the symmetry R1(q,−v) = R1(q, v) (see (3.R)) is that

Sα(t; q0, q1) = Sα(t; q1, q0). Using the hain rule inequality (3.7) we �nd
|E(t, q1)−E(t, q0)| ≤ S0(t; q0, q1) ≤ Sα(t; q0, q1) for all (t, q0, q1) ∈ [0, T ]×Q×Q . (4.13)The notion of BV solution to the rate-independent system (Q, d,E), whih we are goingto introdue, relies on a version of the hain rule for BV funtions with values in a metrispae. In order to state it, for a general q ∈ BV([0, T ]; Q) and 0 ≤ t0 ≤ t1 ≤ T we de�ne

Σ0(q, [t0, t1]) :=

∫ t1

t0

|∂qE| (r, q(r)) µco
q (dr) + S0(t0; q(t0), q(t

+
0 )) + S0(t1; q(t

−
1 ), q(t1))

+
∑

t∈Jq∩(t0,t1)

[S0(t; q(t
−), q(t))+S0(t; q(t), q(t

+))] . (4.14)Based on (4.13), we de�ne a seond funtional Γ via
Γ(q, [t0, t1]) :=

∫ t1

t0

|∂qE| (r, q(r)) µco
q (dr)

+ |E(t0, q(t0))−E(t0, q(t
+
0 ))| + |E(t1, q(t

−
1 ))−E(t1, q(t1))|

+
∑

t∈Jq∩(t0,t1)

[
E(t, q(t))−E(t, q(t+))| + |E(t, q(t−))−E(t, q(t))|

]
.

(4.15)
Obviously, we have Σ0(q, [s, t]) ≥ Γ(q, [s, t]) ≥ 0 and both funtionals Σ0(q, ·) and Γ(q, ·)ful�ll the additivity property (4.3), when onsidered as funtions on intervals.21



Proposition 4.2 Under assumptions (3.Q), (3.R), and (3.E), the following hain ruleinequality holds for all q ∈ BV([0, T ],Q) and 0 ≤ t0 ≤ t1 ≤ T :
E(t1, q(t1)) − E(t0, q(t0)) −

∫ t1

t0

∂tE(t, q(t))dt ≥ −Γ(q, [t0, t1]) ≥ −Σ0(q, [t0, t1]) . (4.16)Proof: The funtion t 7→ E(t) := E(t, q(t)) is of bounded variation on [0, T ] and its jumpset is ontained in Jq. We denote by η = d
dt
E its distributional derivative (a boundedRadon measure on (0, T )) and by ηco its di�use part, de�ned as ηco(A) := η(A ∩ Cq) forall Borel sets A ⊂ [0, T ]. Thanks to (4.13), we have (4.16) if we show that

ηco ≥ ∂tE(·, q(·))L− |∂qE| (·, q(·))µco
q . (4.17)We introdue the maps σ and q̂ = (t̂, q̂) as in Lemma 4.1 and we set Ê(s) := E(t̂(s), q̂(s))for all s ∈ [0, S], so that E(t) = Ê(σ(t)) for all t ∈ [0, T ]. Sine t̂, q̂ are Lipshitzontinuous and E is of lass C1, the lassial hain rule (3.5)�(3.7) yields

Ê ′(s) ≥ ∂tE(t̂(s), q̂(s))t̂′(s) − |∂qE|
(
t̂(s), q̂(s))

)
|q̂′|(s) for L-a.a. s ∈ (0, S). (4.18)On the other hand, sine Ê is a Lipshitz map and sine dσ

dt
= µq, the general hain ruleof [AmD90℄ yields

ηco = (Ê ′ ◦ σ)µco
q
≥

(
∂tE(t, q(t))t̂′ ◦ σ − |∂qE| (t, q(t)) |q̂′| ◦ σ

)
µco

q
. (4.19)Taking into aount (4.9), we onlude (notie that Ê ′ ◦ σ is well de�ned µco
q
-a.e., sine,for every Lebesgue negligible set N ⊂ Ĉq = σ(Cq), (4.8) yields µco

q
(σ−1(N)) = 0).Now we are able to de�ne the notion of BV solution. The formulation is more ompliatedthan the one de�ning parametrized metri solutions, but it niely re�ets the di�erent�ow regimes of rate-independent �ow, and the jumps. A shorter but muh more impliitformulation will be given in Remark 4.4.De�nition 4.3 (BV solution) Let (Q, d,E) satisfy (3.Q), (3.R), (3.E). A funtion

q ∈ BV([0, T ]; Q) is alled a BV solution of the rate-independent system (Q, d,E), if thefollowing four onditions hold:
E(t1, q(t1)) − E(t0, q(t0))−

∫ t1

t0

∂tE(t, q(t))dt

≤ −Σ0(q, [t0, t1]) for 0 ≤ t0 < t1 ≤ T ;

(4.20a)
|∂qE| (t, q(t)) ≤ 1 for t ∈ [0, T ] \ Jq; (4.20b)
|∂qE| (t, q(t)) ≥ 1 for t ∈ sppt(µq); (4.20)for t ∈ Jq there exist yt ∈ A(q(t−), q(t+)) and θt ∈ [0, 1] suh that
(α) yt(θt) = q(t),

(β) |∂qE|
(
t, yt(θ)

)
≥ 1 for all θ ∈ [0, 1],

(γ) E(t, q(t+)) − E(t, q(t−)) = −
∫ 1

0
|∂qE| (t, yt(θ)) |y′|(θ)dθ.

(4.20d)
22



Again we point out that, due to the hain rule inequality (4.16), relation (4.20a) holdsas an equality, whih is the energy balane. Using this energy identity on the intervals
[t−h, t] and [t, t+h] and letting hց 0 leads to the �rst two of the following jump relations,whih will be used later (reall the de�nition (4.11) of S1):

E(t, q(t−))−E(t, q(t)) = S0(t; q(t
−), q(t)) = S1(t; q(t

−), q(t)),

E(t, q(t))−E(t, q(t+)) = S0(t; q(t), q(t
+)) = S1(t; q(t), q(t

+)),

E(t, q(t−))−E(t, q(t+)) = S0(t; q(t
−), q(t+)) = S1(t; q(t

−), q(t+)),

(4.21)for eah t ∈ Jq. The third relation follows from (4.20d). By the de�nition of the slopedistane S0, these jump relations already inlude the existene of a onneting gradient-�ow urve y ∈ A(q(t−), q(t+)), i.e. (α), (β), and (γ) of (4.20d) follow.The above formulation of BV solutions looks quite lengthy ompared to the more elegantforms of gradient-like �ows, whih an be haraterized by one inequality, f. e.g., (3.8)or (3.20). However, this formulation re�ets the mehanial interpretation of the threedi�erent �ow types quite well, namely stiking, slipping and jumping. The following resultpresents a more ompat form, whih is however less tratable for further analysis.Proposition 4.4 In the setting of (3.Q), (3.R), (3.E), let Σ1(·, [t0, t1]) be the funtionalde�ned on BV([0, T ],Q) via
Σ1(q, [t0, t1]) :=

∫ t1

t0

max
{
|∂qE| (t, q(t)) , 1

}
µco

q (dt) +

∫ t1

t0

(
|∂qE| (t, q(t)) − 1

)+

dt

+ S1(t0; q(t0), q(t
+
0 )) + S1(t1; q(t

−
1 ), q(t1))

+
∑

t∈Jq∩(t0,t1)

[S1(t, q(t
−), q(t))+S1(t, q(t), q(t

+))].Then, q ∈ BV([0, T ]; Q) is a BV solution if and only if
E(t1, q(t1))−E(t0, q(t0))−

∫ t1

t0

∂tE(t, q(t))dt ≤ −Σ1(q, [t0, t1]) for 0 ≤ t0 < t1 ≤ T . (4.22)Proof: It is lear that under onditions (4.20b), (4.20), and (4.20d) a BV solution qsatis�es
Σ0(q; [t0, t1]) = Σ1(q; [t0, t1]) for 0 ≤ t0 < t1 ≤ T, (4.23)so that (4.20a) yields (4.22).Conversely, if q ∈ BV([0, T ]; Q) satis�es (4.22), the hain rule (4.16) and the inequality

Σ0(·; [t0, t1]) ≤ Σ1(·; [t0, t1]) yield (4.20a) and (4.23). Choosing e.g. t0 = 0, t1 = T we get
0 =

∫ T

0

(
max

{
|∂qE| (t, q(t)) , 1

}
− |∂qE| (t, q(t))

)
µco

q (dt) +

∫ T

0

(
|∂qE| (t, q(t)) − 1

)+

dt

+
(
S1(0; q(0), q(0+)) − S0(0; q(0), q(0+))

)
+

(
S1(T ; q(T−), q(T )) − S0(T ; q(T−), q(T ))

)

+
∑

t∈Jq

[
S1(t; q(t

−), q(t)) − S0(t; q(t
−), q(t))+S1(t; q(t), q(t

+)) − S0(t; q(t), q(t
+))

]
.23



Sine eah addendum is nonnegative, we easily �nd (4.20b) and (4.20) (realling that
|∂E| is ontinuous). Moreover, passing to the limit in (4.22) as t0 ր t, t1 ց t, with t ∈ Jq,we onlude

E(t, q(t+)) − E(t, q(t−)) ≤ −S1(t; q(t
−), q(t)) − S1(t; q(t), q(t

+)).Realling (4.11) and the hain rule, for every t ∈ Jq we �nd a urve yt satisfying ondition(4.20d).BV and parametrized metri solutions. We laim that the notion of BV solutionis essentially the same as that of parametrized metri solution. Intuitively, (4.20a) or-responds to (3.23). Further, (4.20b) and (4.20) are the analog in the BV setting of the�rst of (3.24), whih enompasses both stiking and rate-independent evolution (reallRemark 3.5). The jumping regime is aounted for by ondition (4.20d): at jump times,the system swithes to a visous, rate-dependent behavior, following a path desribed bya generalized gradient �ow, see (γ) in (4.20d).In order to formalize these onsiderations, we return to the trajetories in QT . Indeed, wemay assoiate with eah BV solution qBV a trajetory, by �lling the jumps of the graph
{ (t, qBV(t)) | t ∈ [0, T ]) } with the urves yt ∈ AC([0, 1],Q), for t ∈ JqBV

. Thus, we obtain
T = { (t, qBV(t)) | t ∈ [0, T ] } ∪

⋃

t∈JqBV

{ (t, yt(θ)) | θ ∈ [0, 1] }.By onstrution, T is a onneted urve that has exatly the length Var(q, [0, T ]) + Tif we use the extended metri dQT
((t0, q0), (t1, q1)) := |t0−t1| + d(q0, q1) on QT . Hene,there exists an absolutely ontinuous parametrization of T, and it an be shown thatthis parametrized urve is a parametrized metri solution. Indeed, in Example 7.4 weshall show, that to a given BV solution, there may orrespond in�nitely many distintparametrized metri solutions.On the other hand, we an pass from parametrized metri solutions (t̂, q̂) de�ned in [s0, s1]to BV solutions by hoosing

σ(t) ∈ { s ∈ [s0, s1] | t̂(s) = t } and de�ning q(t) := q̂(σ(t)) . (4.24)Hene, Jq = { t ∈ [0, T ] | σ(t+) > σ(t−) }, and we see that q(t) is uniquely determinedfrom q̂ for t ∈ [0, T ] \ Jq. At the jump times t we an in fat hoose any point q(t) = q̂(s)with s ∈ [σ(t−), σ(t+)]. Note that
yt(θ) := q̂

(
σ(t−) + θ[σ(t+)−σ(t−)]

)
, θ ∈ [0, 1], t ∈ Jq (4.25)de�nes a onneting jump path as desired in (4.20d). We ollet these remarks in thenext proposition, whose proof easily follows from Lemma 4.1 (see also the Remark 3.3).
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Proposition 4.5 In the setting of (3.Q), (3.R), (3.E), let qBV ∈ BV([0, T ]; Q) be a BVsolution of the rate-independent system (Q, d,E) and let q̂ = (t̂, q̂) be a map as in Lemma4.1. Then, setting
ẑ(s) :=

{
q̂(s) if s ∈ Ĉq ,

yt(θ) if s ∈ Ĵq, t̂(s) = t, s = (1 − θ)σ(t−) + θσ(t+) for θ ∈ [0, 1] ,
(4.26)the map (t̂, ẑ) : [0, S] → QT is a parametrized metri solution of (Q, d,E) aording toDe�nition 3.2.Conversely, if (t̂, q̂) : [s0, s1] → QT is a surjetive parametrized metri solution (i.e.

t̂(s0) = 0 and t̂(S1) = t), then any map q de�ned as in (4.24) is a BV solution.The next result shows that BV solutions an be diretly obtained as a vanishing visositylimit, as in Theorem 3.8, but now resaling is not needed. The imposed a priori boundon the total variation for the visosity solutions qε an be easily obtained from the energyinequality (3.8) under general assumptions on E, see e.g. (6.6).Corollary 4.6 (Vanishing visosity limit (II)) Let (Q, d,E) satisfy (3.Q), (3.R), and(3.E). For every ε > 0 let qε ∈ AC([0, T ]; Q) be a solution to (3.8) for ψ = ψε. Assumethat qε(0) → q0 as ε ց 0 and Var(qε, [0, T ]) ≤ C for all ε > 0 with a onstant Cindependent of ε. Then, there exist a subsequene qεk
with εk ց 0 and a BV solution qfor (Q, d,E) suh that qεk

(t) → q(t) as k → ∞ for all t ∈ [0, T ].Proof: Let us onsider the funtions σε as in Lemma 4.1. By Helly's seletion theoremwe an �nd subsequenes (qεk
)k, (σεk

)k onverging pointwise in [0, T ]. Let us onsider theorresponding parametrized metri solutions (t̂ε, q̂ε) introdued in Proposition 4.5. Sine
σε is absolutely ontinuous with σ′

ε ≥ 1, di�erentiating the identity σε(t) = t̂ε(σε(t)) +

ρ̂ε(σε(t)) we obtain mε := t̂′ε + |q̂′ε| = 1 a.e. in (0, Sε) and Sε := σε(T ) ≥ T . Sine Sεkonverges to S ≥ T > 0, up to a further linear resaling it is not restritive to assumethat Sεk
= S and mεk

= Sεk
/S → 1.Applying Theorem 3.8 we an �nd suitable subsequenes (still labelled εk) suh that

(t̂εk
, q̂εk

) → (t̂, q̂) in C0([0, S]; QT )). Sine qε(t) = q̂ε(σε(t)) and t = t̂ε(σε(t)), we easilyget qεk
(t) → q̂(σ(t)) and t̂(σ(t)) = t, so that q is a BV solution indued by (t̂, q̂) as in(4.24).We onlude the setion with the Proof of Lemma 4.1:PartA) is immediate. PartB) is an obvious extension of [Fed69, 2.5.16℄, sine eah oupleof points in Q an be onneted by a geodesi. Notie that τ̂ (Vq(t)) = t and therefore

τ̂(ρ̂(σ(t))) = t if t ∈ Cq. We thus get τ̂ ◦ ρ̂ = t̂ in Ĉq.In order to prove C) it is not restritive to assume A = [0, T ] and ζ ∈ C0
c([0, T ]). Then,(4.7) follows from (4.5) and [Fed69, 2.5.18(3)℄, observing that

L
(
{ s ∈ [0, S] | t̂(s) < t }

)
= Vq(t) for all t ∈ Cq, L

(
{ r ∈ [0, R] | τ̂(r) < t }

)
= Vq(t).25



Let us now prove the �rst identity of (4.9): setting Ĵq := t̂−1(Jq) = [0, S] \ Ĉq, we observethat t̂′(s) = 0 for L-a.e. s ∈ Ĵq. Sine t̂ is Lipshitz ontinuous and monotone, the hangeof variable formula and (4.7) yield, for every ontinuous funtion ζ with ompat supportin (0, T ),
∫ T

0

ζ(t)dt =

∫ S

0

ζ(t̂(s))t̂′(s)ds =

∫

bCq

ζ(t̂(s))t̂′(s)ds =

∫

Cq

ζ(t) t̂′ ◦ σ(t)µco
q

(dt).The seond identity of (4.9) follows by a similar argument:
∫ T

0

ζ(t)µco
q (dt) =

∫

Cq

ζ(t)µq(dt) =

∫

bτ−1(Cq)

ζ(τ̂(r))dr =

∫

bρ−1(bτ−1(Cq))

ζ(τ̂(ρ̂(s)))ρ̂′(s)ds

=

∫

bCq

ζ(t̂(s))ρ̂′(s)ds =

∫

Cq

ζ(t)ρ̂′ ◦ σ(t)µx(dt) =

∫ T

0

ζ(t)ρ̂′ ◦ σ(t)µco
q

(dt).The identity ρ̂′ ◦ σ = |q̂′| ◦ σ follows from the property Vq(t) = Vbq(σ(t)) for all t ∈ Cq, sothat Vbq(s) = ρ̂(s) for all s ∈ Ĉq.5 Other solution oneptsHere we disuss other notions of solutions for rate-independent systems (Q, d,E), namelyenergeti solutions, loal and approximable solutions, and Φ-minimal solutions.5.1 Energeti solutionsThe onept of energeti solutions provides the most general setting, in the sense thatit does not even rely on a di�erentiability struture like the Finsler metri R, but onlyuses the distane d. In suh a framework it is even possible to onsider quasi-metris (i.e.unsymmetri and allowed to take the value ∞), f. [Mie05℄.De�nition 5.1 A mapping q : [0, T ] → Q is alled energeti solution for the rate-independent system (Q, d,E) if for all t ∈ [0, T ] the global stability (S) and the energybalane (E) hold:(S) ∀ q̃ ∈ Q : E(t, q(t)) ≤ E(t, q̃) + d(q(t), q̃);(E) E(t, q(t)) + Var(q, [0, t]) = E(0, q(0)) +
∫ t

0
∂sE(s, q(s))ds .We refer to [MiT99, MTL02℄ for the origins of this theory and to [Mie05℄ for a survey. Inanalogy with (4.21) we have the jump relations

E(t, q(t−))−E(t, q(t)) = d(q(t−), q(t)),

E(t, q(t))−E(t, q(t+)) = d(q(t), q(t+)),

E(t, q(t−))−E(t, q(t+)) = d(q(t−), q(t+)),

(5.1)26



for all t ∈ Jq. Here they are easily obtained by onsidering the energy identity E(s, q(s))+

Var(q, [r, s]) = E(r, q(r))+
∫ s

r
∂τE(τ, q(τ))dτ , whih follows immediately from (E), for theintervals [t−h, t], [t, t+h], and [t−h, t+h], respetively, and letting hց 0.To ompare energeti and BV solutions, we introdue the global slope G[E(t, ·)] : Q →

[0,∞] via
G[E(t, ·)](q) := sup

eq 6=q

(
E(t, q) − E(t, q̃)

)+

d(q, q̃)
for all q ∈ D .Using this de�nition, the global stability (S) an obviously be rephrased as G[E(t, ·)](q(t)) ≤

1. We also have
|∂qE| (t, q) ≤ G[E(t, ·)](q) for all (t, q) ∈ QT . (5.2)Indeed, hoosing a loal oordinate system in Q, one an hek (f. [BCS00, Ch.VI.2℄)that

|∂qE| (t, q) = sup
v∈TqQ\{0}

〈DqE(t, q), v〉
R1(q, v)

= lim sup
eq→q

(E(t, q) − E(t, q̃))+

d(q, q̃)
, (5.3)whene (5.2).Remark 5.2 It is well known that (S) implies the lower energy estimate

E(s, q(s)) − E(r, q(r)) −
∫ s

r

∂tE(t, q(t))dt ≥ −Var(q, [r, s])for 0 ≤ r < s ≤ T , f. [MTL02, Thm. 2.5℄ and [Mie05, Prop. 5.7℄. In the present settingthis is in fat an easy onsequene of the hain rule inequality (4.16) and of the observationthat G[E(t, ·)](q(t)) ≤ C implies Γ(q, [r, s]) ≤ C Var(q, [r, s]).Moreover, it is possible to derive a gradient-�ow like inequality of the type given in (3.8),(3.20), or (4.22). For this, de�ne the funtional Γ∗(·, [r, s]) on BV([0, T ],Q) via
Γ∗(q, [r, s]) :=

∫ s

r

max
{
G[E(t, ·)](q(t)), 1

}
µco

q (dt) +

∫ s

r

(
G[E(t, ·)](q(t)) − 1

)+
dt

+ max{|E(r, q(r))−E(r, q(r+))|, d(q(r), q(r+))}
+ max{|E(s, q(s−))−E(s, q(s))|, d(q(s−), q(s))}
+

∑

t∈(r,s)∩Jq

[
max{|E(t, q(t−))−E(t, q(t))|, d(q(t−), q(t))}

+ max{|E(t, q(t))−E(t, q(t+))|, d(q(t), q(t+))}
]
.Then, q : [0, T ] → Q is an energeti solution for (Q, d,E) if and only if G[E(0, ·)](q(0)) ≤ 1and

E(s, q(s)) − E(r, q(r)) −
∫ s

r

∂tE(t, q(t))dt ≤ −Γ∗(q, [r, s]) for 0 ≤ r < s ≤ T . (5.4)The following result essentially states that every energeti solution q is a BV solutionoutside its jump set. Moreover, if the jump relations (4.21) and (5.1) are both satis�ed,then an energeti solution is also a BV solution. Conversely, if a BV solution additionallysatis�es G[E(t, ·)](q(t)) ≤ 1, then it is an energeti solution as well.27



Proposition 5.3 (Comparison between energeti and BV solutions) Assume that
(Q, d,E) satis�es (3.Q), (3.R), and (3.E).(A) If q ∈ BV([0, T ]; Q) is an energeti solution, then q is also a BV solution if and onlyif (4.20d) holds additionally.(B) If q ∈ BV([0, T ]; Q) is a BV solution with G[E(t, ·)](q(t)) ≤ max{1, |∂qE| (t, q(t))} forall t ∈ [0, T ] and G[E(0, ·)](q(0)) ≤ 1, then q is also an energeti solution.Proof: To prove (A), we �rst note that the neessity of (4.20d) is obvious at it is part ofthe de�nition of BV solutions. To establish the su�ieny in (A), we observe that (4.20d)yields (4.21), so that the dissipation term Σ1 of Proposition 4.4 satis�es

Σ1(q, [t0, t1]) ≤ Γ∗(q, [t0, t1]) for all 0 ≤ t0 < t1 ≤ T.Hene, (4.22) follows from (5.4). Thus, statement (A) is established.The neessity of the additional ondition on G[E(t, ·)](q(t)) is obvious, sine energetisolutions have to satisfy the stronger stability ondition (S). To show the su�ieny weobserve that the additional ondition yields
Γ∗(q, [t0, t1]) ≤ Σ1(q, [t0, t1]) for all 0 ≤ t0 < t1 ≤ T,so that (5.4) follows from (4.22).Remark 5.4 The additional ondition in Proposition 5.3(B) is implied by the generalondition

G[E(t, ·)](q̂) = |∂qE| (t, q̂) for all (t, q̂) ∈ QT . (5.5)If this ondition holds, then the notions of energeti solutions and BV solutions oinideunder the additional assumption that the initial state q0 is stable, i.e. G[E(0, ·)](q0) ≤ 1.One ondition guaranteeing (5.5) is a metri version of onvexity for E(t, ·), see [AGS05,Def. 2.4.3℄. Here, we say that F : Q → R ∪ {∞} is onvex on (Q, d), if
∀ q0, q1 ∈ Q, θ ∈ [0, 1] ∃ qθ ∈ Q : d(q0, qθ) = θd(q0, q1), d(qθ, q1) = (1−θ)d(q0, q1),

F(qθ) ≤ (1−θ) F(q0) + θ F(q1).
(5.6)To establish (5.5) for F note that for eah q̂ and ε > 0 we have G[F](q̂) ≥ F(bq)−F(eq)

d(bq,eq)
−ε forsome q̃. Moreover, for eah n ∈ N, hoosing θ = 1/n we �nd qn with d(q̂, qn) = 1

n
d(q̂, q̃)and d(qn, q̃) = n−1

n
d(q̂, q̃). Applying (5.6) we obtain

|∂qF|(q̂) ≥ lim sup
n→∞

F(q̂)−F(qn)

d(q̂, qn)
≥ lim sup

n→∞

F(q̂)−n−1
n

F(q̂) − 1
n
F(q̃)

1
n
d(q̂, q̃)

=
F(q̂)−F(q̃)

d(q̂, q̃)
≥ G[F](q̂)−ε .In this way, part (B) of Proposition 5.3 is a generalization to the metri setting of Theorem3.5 in [MiT04℄, whih states that for a Banah spae Q, a onvex energy funtional E,and a translation invariant metri d the subdi�erential formulation and the energetiformulation for (Q, d,E) are equivalent. 28



5.2 Loal and approximable solutionsAs we have already mentioned in the introdution, energeti solutions have the disadvan-tage that the stability ondition (S) is global, so that solutions tend to jump earlier thanexpeted, see Example 7.1. To avoid these early jumps, the vanishing visosity methodwas employed in [EfM06, DD∗07, ToZ06, KMZ07℄. When avoiding parametrization andstudying the limits of the visous solutions qε : [0, T ] → Q diretly, one obtains an energyinequality and a loal stability ondition. Hene, we next introdue the notions of loalsolution and of approximable solution, generalizing the de�nitions given in [ToZ06℄ to themetri setting.De�nition 5.5 A mapping q : [0, T ] → Q is alled loal solution, if (a1) and (a2) hold:(a1) |∂qE| (t, q(t)) ≤ 1 for a.a. t ∈ [0, T ];(a2) for all r, s ∈ [0, T ] with r < s we have
E(s, q(s)) + Var(q, [r, s]) ≤ E(r, q(r)) +

∫ s

r
∂tE(τ, q(τ))dτ.We will see in the examples of Setion 7 that the notion of loal solution is very general.Using (5.2), it is lear that all energeti solutions are loal solutions. Similarly, all BVsolutions are loal solutions. To see this, we use (4.20) and (4.20d) to obtain (a1), sinethere are at most a ountable number of jump points, and we onlude Σ0(q, [r, s]) ≥

Var(q, [r, s]) for 0 ≤ r ≤ s ≤ T , whih gives (a2).On the other hand, note that, unlike the ase of energeti solutions, the ombination ofthe loal stability ondition with the energy inequality does not provide full informationon the solution q. In partiular, the behavior of the solution at jumps is poorly desribedby relations (a1) and (a2). This also highlights the role of the term Σ0(q, ·), here missing,in the energy identity for BV solutions. As a onsequene there are many more loalsolutions, see also Example 7.1.Indeed, the vanishing visosity method turns out to provide a seletion riterion for loalsolutions. Among loal solutions, we thus distinguish the following ones:De�nition 5.6 A mapping q : [0, T ] → Q is alled approximable solution, if there existsa sequene (εk)k∈N with εk ց 0 and solutions qεk
∈ AC([0, T ],Q) of (3.8) with ψ = ψεksuh that for all t ∈ [0, T ] we have qεk

(t) → q(t).It follows from Corollary 4.6 that, under the assumptions (3.Q), (3.R), and (3.E), anyapproximable solution is a BV solution as well.The notion of approximable solutions su�ers from two drawbaks. First of all, there is nodiret haraterization of the limits in terms of a subdi�erential inlusion or variationalinequality, unlike for parametrized/BV solutions, reall Proposition 3.7. Seondly, sinethe solution set is de�ned through a limit proedure, it is not upper semiontinuous withrespet to small perturbations, as shown in Example 7.3. This is in ontrast with thestability properties of the set of parametrized/BV solutions, see Remark 3.10.29



5.3 Visintin's Φ-minimal solutionsIn [Vis01, Vis06℄ a new minimality priniple was introdued. Here, we present the adap-tation to rate-independent evolutions proposed in [Mie05, Set.5.4℄, in the urrent metrisetting. Again, we use parametrized urves, as it is essential to have ontinuous paths.For simpliity, we restrit to arlength parametrization, i.e.,
t′(s) + |q′|(s) = 1 for a.a. s ∈ [s0, s1]. (5.7)In the framework of (3.Q), (3.R), (3.E), for a given initial pair (t0, q0) we introdue thespae of arlength-parametrized paths (on some interval [0, S]) starting in (t0, q0) via

AS(t0, q0) := { (t, q) ∈ C0([0, S],QT ) | t(0) = t0, t nondereasing,
q(0) = q0, t(s) + Var(q, [0, s]) = s for all s ∈ [0, S] }.On this set we de�ne the funtion Φ : AS(t0, q0) → L∞([0, S]) via

Φ[t, q](s) = E(t(s), q(s)) + Var(q, [0, s]) −
∫ s

0

∂tE(t(r), q(r))t′(r)dr .Between paths in AS(t0, q0) we introdue an order relation � as follows. For (t, q), (τ, p) ∈
AS(t0, q0), de�ne the �arlength of equality� via

S[(t, q), (τ, p)] = inf{ s ∈ [0, S] | (t(s), q(s)) 6= (τ(s), p(s)) }.Then, the order relation is given by
(t, q) � (τ, p) ⇐⇒

{
∀ s > S[(t, q), (τ, p)] ∃ s∗ ∈ (S[(t, q), (τ, p)], s) :

Φ[(t, q)](s∗) ≤ Φ[(τ, p)](s∗).De�nition 5.7 An arlength-parametrized funtion (t, q) : [s0, s1] → QT is alled a Φ-minimal solution for (Q, d,E), if for all (τ, p) ∈ As1−s0
(t(s0), q(s0)) we have (t, q) � (τ, p).Like for energeti solutions, this solution notion appears partiularly suitable to handlenonsmooth energy funtionals, sine no derivatives/slopes of E with respet to the variable

q our in the de�nition of the funtional Φ.We now show that, in a smooth setting, Φ-minimal solutions are parametrized metrisolutions. Using suitably hosen test funtions, it an be shown that a neessary onditionfor Φ-minimality is the loal ondition
d

ds
Φ[(t, q)](s) ≤ N(t(s), q(s)) for a.a. s ∈ (s0, s1),where N : QT → R is de�ned via

N(t, q) = lim inf
ε→0

(1

ε
inf{E(t, q̃)−E(t, q)+d(q, q̃) | d(q, q̃) ≤ ε }

)
.30



A simple alulation gives
N(t, q) =

{
0 for |∂qE| (t, q) ≤ 1,

1 − |∂qE| (t, q) for |∂qE| (t, q) ≥ 1
∀ (t, q) ∈ QT .Sine t′ + |q′| = 1 a.e. and

d

ds
Φ[(t, q)](s) =

d

ds
E(t(s), q(s)) + |q′|(s) − ∂tE(t(s), q(s))t′(s) for a.a. s ∈ (s0, s1),we onlude that all Φ-minimal solutions satisfy a.e. in (s0, s1)

d

ds
E(t(s), q(s)) − ∂tE(t(s), q(s))t′(s) ≤ −M̃

(
t′(s), |q′|(s), |∂qE| (t(s), q(s))

)
,together with the onstraint t′(s) + |q′|(s) = 1, where M̃(α, ν, ξ) = ν + (ξ− 1)+. We havethus proved that any Φ-minimal solution (t, q) on [s0, s1] is a parametrized metri solution,and hene a BV solution (up to a parametrization). The opposite is in general not true,see Example 7.2. Further, Example 7.3 shows that the set of Φ-minimal solutions is notstable with respet to perturbations.6 Outlook to the analysis in metri spaesIn [MRS08℄ we shall analyze rate-independent evolutions ina omplete metri spae (X, d) . (6.1)In fat, using the results in [RMS08℄ we shall be able to handle the ase in whih d is aquasi-distane on X, i.e. possibly unsymmetri and possibly taking the value ∞.In this framework, the metri veloity (1.3) of a urve q ∈ AC([0, T ]; X) is de�ned by

|q′|(t) := lim
hց0

1

h
d(q(t), q(t+h)) = lim

hց0

1

h
d(q(t−h), q(t)) for a.a. t ∈ (0, T ) . (6.2)In the Finsler setting (3.Q)�(3.R) of Setion 3.1, one indeed has |q′|(t) = R1(q(t), q

′(t))for a.a. t ∈ (0, T ) (see [BCS00, Chap.VI.2℄). Further, given a funtional
E : [0, T ] × X → R ∪ {∞}, with domain dom(E) = [0, T ] ×D (6.3)for some D ⊂ X, the loal slope is de�ned via

|∂qE| (t, q) = lim sup
eq→q

1

d(q, q̃)
(E(t, q) − E(t, q̃))+ , (6.4)whih in the Finsler setting X = Q oinides with (3.4). With these tools, (3.8) is thepurely metri formulation of doubly nonlinear equations of the type (3.9), provided theloal slope ful�ls the following hain rule inequality.31



De�nition 6.1 We say that the triple (X, d,E) satis�es the hain rule inequality if forevery absolutely ontinuous urve (t, q) : [s0, s1] → [0, T ] × X suh that t′ ≥ 0 a.e. in
(s0, s1), q(s) ∈ D for every s ∈ [s0, s1], and

∫ s1

s0

|∂qE| (t(s), q(s)) |q′|(s) + |∂tE(t(s), q(s))| t′(s)ds <∞ ,the map s 7→ E(t(s), q(s)) is absolutely ontinuous on [s0, s1] and satis�es
d

ds
E(t(s), q(s)) − ∂tE(t(s), q(s))t′(s) ≥ −|∂qE| (t(s), q(s)) |q′|(s) a.e. in (s0, s1). (6.5)Unlike in Setion 3.1, within this abstrat setting the hain rule inequality is no longergranted, but has to be imposed instead. We refer to [RMS08℄ for a disussion on somesu�ient onditions for (6.5) to hold.If the above hain rule holds, the (parametrized) metri formulation (3.12) is again thestarting point for the vanishing visosity analysis, whih was developed in Setion 3.2 in aFinsler setting for smooth E. In this general framework, E has to satisfy some oerivityand (lower semi-) ontinuity properties:the funtionals E(t, ·) are lower semiontinuous anduniformly bounded from below with K0 := inf

t∈[0,T ], q∈D
E(t, q) > −∞ ;

∀ t ∈ [0, T ] : E(t, ·) has ompat sublevels in X ;
∃K1 > 0 ∀ q ∈ D : E(·, q) ∈ C1([0, T ]) and

|∂tE(t, q)| ≤ K1(E(t, q)+1) for all t ∈ [0, T ] ;

∀ ((tn, qn))n∈N ⊂ [0, T ] × X with (tn, qn) → (t, q) :

∂tE(t, q) = lim
n→∞

∂tE(tn, qn) and |∂qE| (t, q) ≤ lim inf
n→∞

|∂qE| (tn, qn) .

(6.6)
In [MRS08℄, under assumptions (6.1) and (6.3)�(6.6) on E, we shall perform the vanishingvisosity analysis of Theorem 3.8, leading to the notion of parametrized metri solution ofthe rate-independent system (X, d,E). In this general setting, it is obviously still possibleto onsider the notion of BV solution, and our remarks on the omparison between BV(parametrized) and loal/approximable/Φ-minimal solutions arry over.Indeed, in [MRS08℄ we shall disuss BV solutions with more detail, in partiular provingexistene through approximation by time disretization and solution of inremental (loal)minimization problems.7 ExamplesMany of the di�erenes between the various solution onepts disussed above manifestthemselves already in the ase in whih the state spae is the real line. Hene, we disuss32



the very simple model with
Q = R, d(q0, q1) = |q0 − q1| , E(t, q) = U(q) − ℓ(t)q , (7.1)where the funtion ℓ will be spei�ed in the di�erent examples. The potential U is thenononvex funtion given via

U(q) =





1
2
(q+4)2 for q ≤ −2,

4−1
2
q2 for |q| ≤ 2,

1
2
(q−4)2 for q ≥ 2.

(7.2)As initial datum we shall take
q0 = −5. (7.3)Example 7.1 We let ℓ(t) = t for all t ≥ 0. We laim that the approximable, the Φ-minimal, the parametrized, and the BV solutions on [0,∞) are essentially unique andoinide. However, the unique energeti solution is di�erent. Moreover, we show thatthere is an unountable family of di�erent loal solutions. With diret alulations, onesees that the energeti solution takes the form

q(t) = t−5 for t ∈ [0, 1) and q(t) = t+3 for t > 1.Choose any t∗ ∈ [1, 3] and any q∗ ∈ [
3+t∗, 3+t∗+min{2, 4

√
t∗−1}

]. Then,
q(t) =





t−5 for t ∈ [0, t∗),

q∗ for t ∈ (t∗, q∗−3],

t+3 for t ≥ q∗−3,is a loal solution. Note that the starting point of the jump at q(t∗−) = t∗−5 an behosen in a full interval. Moreover, for a �xed t∗ > 1 we still have the possibility to hoosethe ending point q∗ = q(t∗+) of the jump in a full interval.All the other solution types essentially lead (up to de�nition in one point) to the samesolution. Without time parametrization it reads
q(t) =





t−5 for t ∈ [0, 3),

q∗ for t = 3,

t+3 for t > 3,where q∗ ∈ [−2, 6] is arbitrary. The assoiated arlength-parametrized solution takes theform
(
t̂(s), q̂(s)

)
=





(
s
2
, s

2
−5

) for s ∈ [0, 6],

(3, s−8) for s ∈ [6, 14],(
s
2
−4, s

2
−1

) for s ≥ 14.33



Example 7.2 In this example we show that, in general, approximable solutions and Φ-minimal solutions are di�erent. In partiular, realling the disussions in Setions 5.2 and5.3, this shows that the set of BV solutions (or parametrized metri solutions) is stritlybigger then any of the other solution sets.In the setting of (7.1)�(7.3), we now hoose the funtion ℓ(t) := min{t, 6−t} for all t ≥ 0,i.e., the loading redues exatly when the solution reahes the jump point. It is easy tosee that there are two di�erent BV solutions: q1, whih jumps at t = 3, and q2, whihdoes not jump. We have
q1(t) =





t−5 for t ∈ [0, 3),

6 for t ∈ (3, 5],

11−t for t ∈ [5, 9),

3−t for t ≥ 9;

q2(t) =





t−5 for t ∈ [0, 3],

−2 for t ∈ [3, 5],

3−t for t ≥ 5.For ε > 0 the visous solution qε of the di�erential inlusion
0 ∈ Sign(q̇) + εq̇ + U ′(q) − ℓ(t), q(0) = −5,is unique and an be alulated by mathing solutions of linear ODEs. We �nd
qε(t) =





t−5+ε(e−t/ε−1) for t ∈ [0, 3],

qε
∗ for t ∈ [3, tε∗],

3−t+ε(e−(t−tε
∗
)/ε−1) for t ≥ tε∗,where qε

∗ = qε(3−) . −2 and tε∗ = 3− qε
∗ & 5. Thus, we have qε(t) → q2(t) for every t ≥ 0as ε ↓ 0, and q2 turns out to be approximable, whereas q1 is not. As a general priniple,one may onjeture that visosity slows down solutions, and thus approximable solutionstend to avoid jumps if there is a hoie.ForΦ-minimal solutions this seems to be opposite. We laim that q1 is (up to a reparametriza-tion) Φ-minimal but q2 is not. For this, we use the arlength parametrizations

(t̂1, q̂1)(s) =





(
s
2
, s

2
−5

) for s ∈ [0, 6],

(3, s−8) for s ∈ [6, 14],

(s−11, 6) for s ∈ [14, 16];

(t̂2, q̂2)(s) =





(
s
2
, s

2
−5

) for s ∈ [0, 6],

(s−3,−2) for s ∈ [6, 8],(
s
2
+1, 2− s

2

) for s ≥ 8.The funtionals ϕj(s) = Φ[(t̂j , q̂j)](s) for all s ≥ 0, j = 1, 2, an be alulated expliitly:indeed, one heks that
ϕ1(s) =

{
1
2

for s ∈ [0, 6],
1
2
− 1

2
(s−6)2 for s ∈ [6, 10],

while ϕ2(s) =
1

2
for s ≥ 0 , (7.4)whih learly shows that (t̂2, q̂2) is not Φ-minimal for s ∈ [0, 7].To prove Φ-minimality of (t̂1, q̂1) we point out that hain rule inequality (3.7) gives

Φ(τ(s), p(s)) ≥ 1

2
+ Var(p, [0, s]) −

∫ s

0

|∂qE| (τ(σ), p(σ)) |p′|(σ) dσ (7.5)34



for all s ∈ [0, T ] and all (τ, p) ∈ AT (0, q0). Equality holds in (7.5) if and only if (τ, p) is aparametrized metri solution (t̂, q̂) on [0, T ]. In that ase, in view of (3.24a) one furtherhas, for all s ∈ [0, T ],
Φ(t̂(s), q̂(s)) =

1

2
+ Var(q̂, [0, s]) − ∫ s

0

M(|t̂′|(σ), |q̂′|(σ), |∂qE|
(
t̂(σ), q̂(σ)

)
|q̂′|(σ) dσ .Therefore, in order to hek that (t̂1, q̂1) is Φ-minimal, it is su�ient to prove that

(t̂1, q̂1) � (t̂, q̂) for all parametrized metri solutions (t̂, q̂), and this, for all the arlengthparametrizations (t̂, q̂) orresponding to the (not jumping) BV solution q2, follows fromthe previous disussion on (t̂2, q̂2). Now, the above energy balane states a general fatabout parametrized metri solutions: Φ(t̂, q̂) is onstant as long as no jumps our, i.e.
|∂qE|

(
t̂, q̂

)
≤ 1 holds. If jumps with |∂qE|

(
t̂, q̂

)
> 1 our, then Φ will stritly derease.Thus, if there is a hoie between one solution with a fast jump and another withoutjumps, then the solution without jumps annot be Φ-minimal.Example 7.3 Here, we study the parameter dependene of solutions under the loading

ℓδ(t) = min{t, 6+2δ−t} for t ≥ 0,where δ is a small parameter. In the ase δ = 0 we have two BV solutions q1 and q2 (orsimilarly parametrized metri solutions), as was disussed in Example 7.2. For−1 < δ < 0there is only one solution, namely
qδ(t) =





t−5 for t ∈ [0, 3+δ],

δ−2 for t ∈ [3+δ, 5+δ],

3+2δ−t for t ≥ 5+δ.The orresponding parametrized solution is the unique Φ-minimal solution. Now, for
δ ր 0 we �nd qδ(t) → q2(t) for every t ≥ 0. Hene, the set of Φ-minimal solutions isnot losed (or �not stable� or �not upper semiontinuous�) under pointwise onvergene.Similarly, we may onsider δ > 0 to obtain a unique BV solution qδ that jumps at time
t = 3 before the unloading starts at t = 3+δ > 3. Clearly, these solutions are approximableand onverge pointwise to q1, whih is not approximable. Thus, the set of approximablesolutions is not upper semiontinuous.Example 7.4 We provide an example where one BV solution orresponds to many dif-ferent parametrized metri solutions. The BV solution has exatly one jump, and thereare in�nitely many distint onneting orbits y in (iv) of De�nition 4.3, giving rise toin�nitely many distint parametrized metri solutions. We onsider

Q = R
2, and d(q, q̃) =

1

2
(|q1 − q̃1| + |q2 − q̃2|) .With q = (q1, q2) ∈ Q = R

2 the potential takes the form
E(t, q) = U

(
q1 + q2

2

)
+W (q1 − q2) − t

(
q1 + q2

2

)
,35



where U is de�ned in (7.2) and W : R → [0,∞) by W (ρ) = 0 for |ρ| < 1 and W (ρ) =

(|ρ| − 1)2 else. Starting from q(0) = (−5,−5), we have q(t) = (q̃(t), q̃(t)), q̃ being the BVsolution of Example 7.1. Hene, the (unique) jump ours at t = 3, starting in (−2,−2)and ending in (6, 6). However, the set of onneting paths y is in�nite. Indeed, for everyonneting path there holds for a.a. s ∈ (s0, s1)

|y′|(s) =
1

2
(|y′1(s)| + |y′2(s)|) , |∂qE(t, ·)|(q(s)) =

1

2

∣∣∣∣U
′
(
y1(s) + y2(s)

2

)
− t

∣∣∣∣if |y1(s)−y2(s)| ≤ 1. Now, for a given urve γ : [0, 1] → [0,∞) let us set yγ := (q̃−γ, q̃+γ).Indeed, |y′γ| = 1/2(|q̃′ − γ′| + |q̃′ + γ′|) = |q̃′| whenever |γ′| ≤ |q̃′|. Therefore,
∫ 1

0

|∂qE(t, ·)|(yγ(s))|y′γ|(s) ds =

∫ 1

0

|∂qE(t, ·)|(y(s))|y′|(s)dsfor all urves γ with γ(0) = γ(1) = 0 and |γ′|(s) ≤ |q̃′|(s) for a.a. s ∈ (s0, s1), and for suh
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