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Abstract

We consider the Navier-Stokes-Vlasov-Poisson system of partial differen-
tial equations, describing the motion of a viscous incompressible fluid with
small solid charged particles therein. We prove the existence of a weak global
solution of the initial boundary value problem for this system.



1 Introduction

The increasing interest in studying the motion of small solid particles in liquids and
gases is stimulated by numerous applications of these processes in a wide range of
engineering problems as well as by ecological needs. For example, we refer here to
the problem of transport of fine-dispersed suspensions by aerial or liquid flows, the
work of hydraulic or pneumatic transport devices, dust—collecting units, etc. The
mathematical modeling of the motion of such matter (suspensions) is considered in
a great number of papers (see, e.g., [1§], [8] and the bibliography there). One of the
models often used in the simulation of such processes is the two phase flow model.
The main feature of this model is that the system of small solid particles is considered
as a continuous matter. Then, the motion of a liquid with particles suspended therein
is described as a motion of two inter-penetrating continuous phases — the carrying
liquid and the “liquid of particles”. However, this model is applicable only in the
case when the size and the specific density of the particles are identical or slightly
dispersed.

Another model — the Navier—Stokes—Liouville system — describe the motion of the
mixture of a liquid and small solid particles, taking into account the high dispersion
of their size. In the framework of this model the solid phase of the mixture is assumed
to be a system of spherical particles of high specific density described by the distri-
bution function of the particles depending on their coordinates, velocities and radii.
This model is based on the homogenized Navier-Stokes system of equations describ-
ing the perturbation of the liquid by the motion of solid particles (see [13], [14]). This
system involve the unknown distribution function of the particles f(z,v,r,t). The
distribution function satisfies the Liouville equation with account of Stokes forces.
Combining this equation and the perturbated Navier-Stokes system we obtain a
closed system of equations — the Navier—Stokes—Liouville system. The existence of
a global weak solution of the initial boundary value problem for this system as well
as the existence and uniqueness of a smooth solution in a small time interval was
proved in [2] and [3].

In the present paper we consider a similar model which describes the motion of small
solid charged particles with high dispersion of radii in a viscous incompressible and
non-conducting fluid. We assume that the charges of all particles are of the same
sign and proportional to their electric capacities. This means that the charge of
a particle of radius 7’ is equal to ¢7’. In this case our model is described by the
following system of equations:

b
2y @V~ vt / / ru(e,t) = o) f(z, v, t)dvdr = Vp =g, (1.1)

aR3
divu = 0, (1.2)

b
—Ap = q// rf(x,v,r t)dvdr, (1.3)

aR3



A V) + divi[Cu,n, Vo r) ] = 0. (1.4)

G = Br2[u(x,t) —v] —yr 2V +g. (1.5)

Here v = u(x,t) and p = p(z,t) are the velocity and the pressure of the liquid,
respectively; ¢ = ¢(x,t) is the potential of the electric field, generated by the
charged particles; f(x,v,r,t) is a reduced distribution function associated to the real
distribution function of the particles f.(x,v,r,t) with respect to the space variable
x = (1, %9, x3), the velocities v = (v, vy, v3) and radii 77 = er (0 <a <r <b < )
by the formula:

,r,/

1
e aalat:_ 77_7t'
flv.r' 1) = (o0, = 1)

Here ¢ is the mean radius of particles (small parameter); a, 3 and v are constants
defined by:

v is the kinematic viscosity of the liquid; py and p, are the specific densities of the
liquid and the particles, respectively; g = g(x) is the gravity.

We consider system (1.1)—(1.5]) in a bounded convex domain 2 C R? with a smooth
boundary 92. We assume the following boundary conditions on 0€:

u(z,t) =0 on Sr =002 x [0,7T], (1.6)
o(z,t) =0 on Sr, (1.7)
f(z,v,r,t)(v,n) >0 on I x R* x [a,b] x [0,T], (1.8)

where n = n(x) is the outer normal vector to J€2 at the point z; (-, -) in
denotes the scalar product in R3.

Condition ({1.6)) corresponds to the adhesion of the liquid to the fixed boundary 0f2.
Condition ({1.7)) means that the boundary is a perfectly conducting one. Finally,
condition ([1.8) means that a particle, reaching the boundary 02 sticks there and
comes to rest.

We complete system (|1.1)) — (1.5 by the following initial conditions:
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u(z,0) = ug(x) in Q; (1.9)
f(z,v,7,0) = folx,v,r) in Q x R® x [a, b]. (1.10)

Henceforth, we call system f the Navier—Stokes—Vlasov—Poisson system. It
is a combination of the Navier-Stokes and the Vlasov—Poisson systems. Existence
and uniqueness results for both of these systems were studied separately by many
authors and by various methods (see, e.g., [11] — [1]).

Our goal is to prove the existence of a global weak solution of problem ((1.1]) — ((1.10).
The approach which is used in the present paper is a generalization of the methods
developed in [4], [5].



The outline of the paper is the following. In Section [2] we introduce the notation
of the weak solution of problem (L.I)—(1.10) and formulate the main result. In
Section [3 we introduce a regularization of problem (1.I)—(1.10) and define a weak
solution (u, f, ¢) for the regularized problem. Then, we construct finite-dimensional
approximations (u", f", ¢") of the solution. To this end we use the modification of
Galerkin’s method developed in [4]. Following [5], we use an explicit construction for
the solution of the Liouville equation . The compactness of the approximations
(u™, f*, ") is proved in Section {4} Finally, in Section [5] we pass to the limit as
n — oo in the integral identities which define the weak solution of the regularized
problem and obtain the corresponding identities for the weak solution of the original
problem.

2 Definition of the weak solution and formulation
of the main result

Let Q be a bounded convex domain in R?® with a sufficient smooth boundary. We
introduce the following notation:

Qr = Qx[0,7],

Q Q x R® x [a,b], b>a>0,
Qr = Qx0,T],

RS = R3xR3,

RS = R®x[0,7);

Ly(Q2) and Lo(R®) are Hilbert spaces with the scalar products
3
(Fgka = [ 3 f@(e)ds,
=1

Q =

(F,G)ors = /F(w,v,r)G(z,v,r)dxdv;

R6

J(Q) and J*(Q) are the closures of divergent-free C°°(Q) functions with compact
support in Ly(2) and W3 (Q), respectively;

Py is an extension operator from Ly(2) to Ly(R?) such that for any u € Ly(Q),
Pyu = in Q and Pyu = 0 in R3\ ;

S is a restriction operator from Ly(R3) to Lo(Q) such that for any u € Ly(R?)
Su = xqu, where xq is the characteristic function of €.

We assume that the initial functions ug(z) and fo(z,v,r) in (1.9)), (1.10) satisfy the
following conditions

divug =0,z € Q, wup(z) =0,z € 99,
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0 < folz,v,7) < A < o0, (z,0,7) € Q, (2.1)

/fo(x, v, 7)dxdvdr = Ay < 00, /UQfO(ZL’,U,T)d:L‘dUdT = A3z < 00.
Q Q

We consider the vector function (u(z,t), o(x,t), f(xz,v,r,t)), where
u € Lo (0,75 J(Q)) N Ly(0, T; JHQ)), (2.2a)

u(x,t) is a continuous function in ¢ in the weak topology of Ly(€2)

v € Ly(0,T; I/I(;zl(ﬂ)) (2.2b)
flzyo,rt) = Sf(x, v, T, t), (2.2¢)

where f € Loo(RS X [a,0]), f € Li(R® x [a,b]) uniformly in ¢ € [0,7] and f is
continuous in ¢ in the weak topology of L;(R® x [a,b]) at t = 0.

Definition 1 The vector (u(x,t), p(z,t), f(z,v,7,1)) is a weak solution of problem
- if the following integral identities hold

T

(u0, €(0))2,0 + / {(u’ G+ (uV2)C)2.0 = v(u, Qi) =

0
b
— r(u(z,t) — v)S fdvdr, + (g, ()z,g}dt =0 (2.3)
J
T b
(Vo,V®)og —q ( rS fdvdr, CID) } dt =0 (2.4)
[ [[rsiwas)
Tb b

//(,f7 \Ijt + (va)\lf + (PQGVU)\I/)QVRGdT‘dt —f-/(Pofo, \II(O))ZRGdT’ =0 (25)

a

for any vector functions ¢ and functions ® and V which satisfy the following condi-
tions

¢ € Loo(0,T;J(Q)) N Ly(0, T; JHQ)), ¢ € Lo(Qr), ((w,t) = 0; (2.6a)

® € Ly(0,T; W5 ()). (2.6b)

U(z,v,7,t) is a function with compact support in RS x [a,b] on x and v,
V.U € Li(RS x [a,b]), V,¥ € Ly(RS x [a,b]), (2.6¢)

Uy € Li(RG x [a,0]), ¥(x,v,r,T) =0,

>



Remark 1 We introduced the operators Py and S for the following reason: At first
we construct the solution of on the whole domain RS X [a,b] and then restrict
it to the set Qr. Moreover, the convexity of the domain €2 implies condition (@

Theorem 1 Let g € Loo(0,T;CY(Q)), ug € J(Q) and fo(z,v,7) satisfies [2.1)).
Then, there exists a weak solution of problem - , such that

T

2 2 2

s [z + g [0 fdadvdr + [ Jult) oyt + e [Violt) o <
Q 0

< C || |uol2,0 + /(1 +0%) fola, v, r)dedvdr + ||gl|7. o.1.000)
Q

This Theorem is proved in the sections [3H5]

3 Approximation of the solution

3.1 Regularization of the problem and definition of the so-
lution

We consider the problem

b

% + (uVy)u — vAu + « // rOr((u — v)*(u(x,t) —v) fdvdr —Vp =g, (3.1
divu = 0, (3.2)
b
eN%*p — Ap = q// rf(z,v,r t)dvdr, (3.3)
of :
O W9)f + div. (e, Vi) f] = 0, (3.4)
G0, Y6,9) = Bn((w—vP)u—0] - TVt () 9. (35)
We complete this problem by the conditions — ([1.8)) along with the following
one
0
% =0, (a,t)€ Sy (3.6)

Here € > 0 is a sufficiently small parameter; g € C*(R), such that 0 < 0z(z) <1
if |2| < R, Or(z) =0if |z| > 2R and 0 < 0 if z > 0.
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We denote by €. a subdomain of  such that dist(9Q., Q) = ¢, and by x. € C3(Q)
a function such that x.(z) = 1if z € Q. and x. = 0 if z € 9Q and set g.(x,t) =

g(x, t)xe(z).

We consider the system (u(z,t), o(z,t), f(z,v,7,t)) that satisfies conditions ({2.2a)),

o € Ly(0,T; W2(Q)). (3.7)

We call the system (u(z,t),o(x,t), f(z,v,r,t)) a weak solution of problem (3.1]) —
(13.5), (1.6) — (1.8) if the following integral identities hold

T

/ {(Ua G+ (uVg)()a0 — v(u, ) i) + (9, ()20 —

0

b
- « // r0r((u —v)?)(u — v)S fdvdr, ¢ }dt + (u0,¢(0))2.0 =0, (3.8)

2,0

T b
/ (A, AD)9 g+ (V, V) g — q//rSfdvdr, o dt=0, (3.9
0 a

2,0
b

T b
//(];, \Ijt + (’va)\l/ + POGR,aVU)\II)Q,RGdet + /(P()fo, \I/(O))QVRGdT == O, (310)
0 a

a

for any vector function ¢, any function ¥ satisfying the conditions (2.6a)), (2.6c|) and
function ® € Ly(0,T; W3(Q)).

3.2 Construction of approximations

To construct the approximations of the regularized problem we make use of the
following

Lemma 1 Suppose that the function fo(x,v,r) satisfies condition . Then, there

exists a sequence of non-negative functions fi(x,v,r) defined in Q) such that for any

fized n € N and r € [a,b], fi(x,v,r) is infinitely-differentiable in x, and in v,

[ (z,v,7) has compact support in QxR3 x [a,b] , fi(z,v,r) is bounded sup f§ < A,
Q

and f(x,v,r) satisfies the inequalities

/fgb(:v,v,r)da:dvdr < AQ,/UQf(?(x,v, r)dxdvdr < Az + 3As.
Q Q

Moreover, fi' — fo in La2(Q) as n — 0.



Proof. To construct the sequence {ff'} we smooth the function fo. Let w(|£]),
¢ € R3 be a non-negative function such that: w € C*°(R?); w(|¢]) = 0 if |¢| > 1 and

/ w(l€)de = 1.
|€1<1

We define the sequence

fo(e,0.r) = nf / / w(nlz — a'lw(nfo — o'|) fola, o, r)da'dy,

Qn |'U,|<7’Z

where €2, C Q and dist(99,, 002) = 1/n.

It is easy to see that the sequence fJ'(z,v,r) satisfies all assertions of the lemma.
O

Now, we construct an approximation by the method, developed in [4], which is a
modification of Galerkin’s method. We are looking for the approximations of (3.1)),
(3.2)) in the form

u(z,t) = Coult) W (x), (3.11)

where C,; € C'(0,T) are unknown coefficients and ¥'(z) (I = 1,2,...) is the or-
thonormal basis in Lo(£2) consisting of the eigenfunctions of the problem

AV (z) = Vg = VUl (z), div¥i(z)=0, 2e€Q, Vlz)=0, =€

The corresponding approximations ¢™(z,t), f™(x,v,r,t) for solutions of the equa-
tions (3.3)) and (3.4) turn out as solutions of the following problem

b
A% — A" = q//rSf”(x,v,r, t)dvdr, (3.12)
ety = 220 @nes (3.13)
~ Y \Z, - on — Y, €, T, .
aof" g : n n
aft + (vVg) "+ div, { [g@R((Pou —0)?)(Pou" —v) —
- %Povgo" + Poge| f*} =0, (3.14)
fli=o = Poff, (3.15)

where the initial functions f are given in Lemma 1.



We define functions X"(x,v,r,t,7) and V™ (z,v,r,t,7) as solutions of the following
system of equations

dXxX"m N
— yn
dr ’
dvn _ ﬁ n n n\2 n n n
o = EQR((POU (X", 1) = V) (Pou™ (X", 1) = V") > (3.16)
- %Povwn(Xn7T)+Pogs(Xn7T>7
X"t = x, V=0, 0<7<t, tel0,T]. J

The properties of the function ¥* (see [11]) imply

sup |Vu"(z,t)] < oo, u"|g, =0.
Qr

If for any ¢ € [0, 7] the function ¢"(x,t) belongs to C*(€2) and the condition (|3.13)
is valid, then the right-hand side of system (3.16)) satisfies the Lipschitz condition
in X™ and V™. So, we obtain the local solvability of (3.16). For any 7 € [0,¢] the
solutions X™ and V™ are bounded (see Lemma 2). Thus, we are able to extend them
to T =0.

It is easy to verify that the solution of problem (3.14)), (3.15]) is given by the formula:

t

f”(x,v,r, t) = exp{é/ [393((P0u”(X”,T) — V™2 +
+ 205((Pou™(X™, 1) — V")) (P (X", 7) = V")?] dT} X

x  Pofi(X™(z,v,7,t,0),V*(x,0,r,t,0),7). (3.17)

Lemma 2 If Pyfo(x,v,r) has compact support with respect to x and v in RS, then
the solution of problem , also has compact support for any t.

Proof. Suppose that suppPyfi C Q x Kg,(0) X [a,b], where Kg,(0) = {v € R? :
|v] < Ro}. We show that for any = € R3, r € [a,b] t € [0,T] and any 7 € [0, 7], the
inequality

g V1 on
vl > Ro+ STV2R + 0" | LyorcxanVT + 9l worcranT = R (3.18)



implies inequality |V"| > Ry. To this end, we consider the following system of
integral equations, equivalent to ((3.16))

X"z,v,rt,T) —x = / V™(x,v,r,t, s)ds, (3.19)
t
Vi z,v,rt, ) —v = ;62 [HR((POu (X", 5) —v)))(Pyu™ (X", s) — V")] ds —
— —/POVgo ds+/PogE(X",s)ds. (3.20)

From - and - we obtain
V™ (z 0,7, t, 1) > |v| — % /GR((POU"(X", s) —v)?)(Pou™(X",5) — V™)ds| —
r

_% /POVW(Xn,S)dS — /Pogg(X”,s)ds > Ry.
t t
On the other hand, from (3.20)) follows
n ﬁ / ’y mn
Sup ’V ‘ < ’U’ + ?T 2R + ;HSO "LQ(O,T;CQ(Q))\/T+ HgHLOO(QT;Cl(Q))T.

From this estimate and (3.19)) we conclude

n B soma Vi /=
|X — ZL‘| S T (|’U| =+ 2T 2R —|— 5 ||g0 ||L2(O,T;CQ(Q)) T —|— ||g||Loo(0,T;Cl(Q))T .
a a

Hence, (3.17)) imply supp /™ C  x KRf.n (0) for any ¢t € [0,T], r € [a,b]. O

Now, we show that the convexity of {2 implies the following boundary condition on
the function f"(z,v,rt) = Sf*(z,v,r,t):

f(z,v,rt)(v,n(z)) >0, x €. (3.21)

Since the function f"(x,v,r,t) is non-negative, condition (3.21)) is equivalent to the
following statement: If there exists a point xy € 9 such that (v,n(xy)) < 0, then
f™(xo,v,r,t) = 0. Thus, the convexity of 2 implies that for 7 < ¢ the particle is out
of Q and its motion is described by the equations (uniform linear motion):

dxm avn g

dr v’ dr - _EQR((V ) WV,

X"z =2, V'mp=v, 0<7<U8

10



Thus, the trajectory of the particle is a straight line if 7 € [0, ¢]. Therefore,
Py fo(X™(x0,v,t,0), V™(xg,v,t,0),r) = 0 and, due to (3.17)), the desired boundary
condition ({3.21]) holds.

To find the coefficients Cyy,(t) in (3.11)) we assume that identity (3.8) with respect to
u™ and f™ holds for all vector functions ((x,t) = H(t)V/(z), j = 1,2,...,n. Here
H e C'(0,T), H(T) = 0. This assumption implies the following relations

b
<88ut + (unvx)un + Oz// T&R((U” _ U)Q)(un _ U)Sf"dvdr, \I/k> n

2,Q
+ v Y@ = (. 9)a0, k=1,2,....n.  (3.22)

It is possible to represent these relations as a system of differential functional equa-
tions

dCpy, N S
-+ lmzl B Cnt (8) Com (£) + lzlal Cru(t) +
b n 2 n
+ « // rOp (Z Cr ()W — v) (Z Cp ()W — v) S dvdr, U* | =
=1 =1
a 2,Q
= ¢ k=1,2,...,n, (3.23)
where

B = (U)W WF)o 0, e =v(0,U) gy, " = (9, 7")20.

Expanding the initial function ug(z) into a series with respect to the basis W¥(x)

up(x) = Y CrU*(z)

we obtain the initial conditions

Cou(0)=Cr, k=1,2,...,n. (3.24)

3.3 A priori estimates of the approximations

Lemma 3 The following estimates hold uniformly in n

sup f" < A, (3.25a)
RS, x [a,b]

/b/ [ (@, v, 7, t)dedvdr < /b/ folz,v,r)dzdvdr, (3.25b)

aR6 aR6

11



2 rn
o@f?ffp”“ O30 + Oriltax// f dxdvdr+/||u ||J1 ydt +

///QR((POW —0)?)(Pyu™ — v)* fdadvdrdt +

+ e max A" (t)[3q + max [Ve"(1)]3q < A (3.25¢)

0<t<T 0<t<T

The constant A depends only on ug, fo, g, a, 3, v, and T.

Proof. Using the boundedness of the functions f§(z,v,r) and the definition of

Or(z), one obtains inequality (3.25a)) from (3.17)).
To prove (3.25b)), we integrate equation |i over the domain R® x [a,b]. Since fn

has compact support on (z,v) € R® we get

b
d m
%//f dxdvdr = 0.

a R6
Hence, inequality ([3.25b)) is proved.

Multiplying the k-th equation of system ([3.22)) by C,x(t) and adding over k from 1

to n we get
1d

S T @ g+ vl o+

b
+a //THR((U” —0)})(u" —v)S frdvdr, u" = (g,u")2.0

2,0

Extending the vector functions u™ and ¢ by zero to full R3, we have

1d

2dt\P0u"H2R3 + v P ®3) T

+ « //TQR((POU” —0)))(Pyu™ — v) frdvdr, Pyu™ =
2,R3
= (Pog, Pou")ops. (3.26)

Multiplying (3.14)) by v?r® and integrating over R® x [a, b] we get

%{ /b / v frdedvdr — 2 /b / [meR((Pou” —0))(Pou" — v, v)—

—yr(VPyp", v) + 13 (v, Pogs)] fnda;dvdr} —0.

12



Taking the sum of the previous equation multiplied by 35 and 1 , we get

1d

5 dtHPOu ||2R3 + V||P0u”||31(R3) + a// rOr((Pyu™ — v)?)(Pyu™ — U)Qf”dxdvdr +

2 rn - n _
+ 25 7 // V2 f dzdvdr—l— // (VBy", v f dxdvdr
— B //7“ f" (v, Poge)dzdvdr = (Pog, Pou™)ars. (3.27)

Differentiating (3.12)) by ¢, multiplying it by ¢"(z,t) and integrating the result over
(), we obtain

b .
n t
€ / Appdx — / Aprods = q / / Ttp”(m,t)Sdedvdr.
Q (9] aQ

Taking into account the boundary conditions (3.13)), we get:

g/Acp dx—i— /|Vg0|dx—q// "(xz,t)S
Q

We extend the function ¢™(z,t) by zero outside of Q. Then,

N ™

ed

2dt
R3

(APy" 2d$+§%/|VPog0 | d:x—q//rPogo T, t d:z:dvdr

Due to (3.14)), the right-hand side of this equation can be rewritten as follows:

e (APy") dx+—/]VP0g0 ?dr = q/ (VPye", v) frdzdudr.,

R3

We multiply this equation by % and plug it into 1} getting

1d

2dtHP0u"H2R3+yHP0u Hﬂ R?) +a//7°93 ((Pyu™ —v) )(Pou™ —U) f”dwdvdr—l—

o a 3,2 7n _”Yi n\2
+26dt//rvf dmdvdr—l—Qﬁ dt/(Angp )edx+

13



+%E/|VPOQO |2d.T - (Poga Pou ) ,R3 + 2 B // v POgs>f dxdvdr.

Using firstly Cauchy’s inequality and afterwards Young’s inequality with p = ¢ = 2
and 0 > 0, we estimate the right-hand side:

1d
P 1 T

+ « // 1R ((Pou™ — 0)?) (Pyu™ — v)? fdxdvdr +

b
a d ey d
"dxdvdr
+ 26dt// v? frdzdv —1—25 dt/(APogo)dx—l—

ay d

P, <
+ wdt/w 0" [P da

IA

b
0 n 1 Yol =
IR0 I3 e + 55ll9llz0 + %//rgzﬂf dadvdr +

b
i 3 rn 2
+ 255 //7“ " (Poge ) dxdudr.

14



Integrating this equation with respect to the time variables, we get

1 n n
NP O + v [ 1R () B +
t b
+ « / // rOr((Pou™ — v)?) (Pyu™ — v)2 frdzdvdrdr +
0 a

b
o 3.2 7n cary n 2
+ 23 //7“ 7 f"(x, v, 7, t)dedvdr + QQqRZ(APOw (z,t))°dx +

o n 2dr <
+ wm/W%¢@¢NM_

IA

ol + /M%uxTMNMr+%/Mwmw+

+ ///7"3v2f x,v,r, 7)drdvdrdr +

a RS6

+ 255/// S f(z, v, 7, 7)(Poge) dudvdrdr +

a R6

+ 5 // v Py fi(z, v, r)dxdvdr +

60{’}/ n 2 Oé’}/ n 2
(AP > [vp _
+ Qﬂqu( 0" (x,0)) d:E—I—QBq[W 0™ (z,0)]dx

= ) I (3.28)

defining 8 integrals. I5, I and I; + Iy we estimate successively.

To estimate I7; 4 Ig, we consider equation (3.12)) for ¢ = 0:

b
eA*Q"(1,0) — Ap"(x,0) = q// rfo(z, v, r)dvdr. (3.29)
It follows from Lemma 1 that the right-hand side of (3.29) belongs to the space

L,(€) with p € (3,2). In fact

b P b p
1
[\ it do <[ [ Gt 0o
Q \a Q \a

15



From Holder’s inequality, we conclude

b p a/p
n dvdr
/ //rfo (x,v,r)dvdr | dr < bp/ // T+ oy
Q a a
X //1—1—11 [fo (x,v,7)Pdvdr | de =

p/q
B dvdr
- 1 +02) (1 + v2)a/p

X /(1 + o) [f3(z, v, 7)Pdedvdr < C.
Q

dvd
The term / / ver is bounded for given p. Hence, C] is a constant not
T

depending on n.

We multiply (3.29) by ¢"(z,0) and integrate the resulting equation over 2. We have

b
e [ (Ag™(2,0))%dx + [ V" (2,0)|?dx = q rfy(x,v,r)¢"(z,0)dvdrdz.

Q

From Holder’s inequality, we get:

b b
q///rfgl(x,v,r)ap”(x,O)dvd’rdx < //rfgb(:v,v,r)dvdr ™ (2, 0)|| L, -
Q a a

Lp()

As it was shown above, the first term on the right-hand side of this inequality is
bounded uniformly in n. To estimate the second term we make use of the embedding
theorem and Friedrich’s inequality:

c / (Ag"(,0)%dr + / V" (2,0)Pde < CYP)l" (2, 0)]| 1@ <
Q
< Collg @ Olwre < CllVE" (. 0) ey

Thus, [V (2,00 < Cal Ve (2,0) @) or [V (@,0)]lLy@) < Ch. and we
have

[7+]8§(21/—g0§50,

where ' is a constant not depending on n.

According to Lemma 1, I is uniformly bounded in n by the constant C.

16



It remains to estimate I5:

_ﬁ/// 3f” (z,v,7,t)(Pog.)*drdvdrdr.

a RS

From ([3.25b]) and the definition of g.(x,t) we get

I5 < CHQH%OO(O,T;CQ(Q))’

Thus, from (3.28)), for any t € [0, 7], we conclude

1
SR (O es +

IN

t
u/wm%meM+
0

t b
a / // rOr((Pou™ — v)?)(Pyu™ — v)? frdzdvdrdr +
0 a

25// V2 (z,v rt)dxdvdr—{——/APogo (z,1))*dx +

Of}// n 2
— [ [VEy"(x,t)|*dx <
Ga [V Py" (2, 1)]

1 0T T
||u0||m + 5 2 Jnax, | Pou™(t )||§,1R3 + 2_5”g||%oo(0,T;Cl(Q)) +

oboT 27 (@, v, 7, t)dadvdr + C|lg||3 +C
55 OIQ%}% v z,v,r,t)axdvar I Lo (0,701 (02)) :

17



Therefore,

N | —

0<t

mas [P OBz + v [ 1P et +

T b
+ oca///@R (Pyu™ — v)?)(Pyu™ — v)2 fdadvdrdt +
0

a

+ 260<t<T// "(z,v, 7, t)drdvdr +

£y n 2
* 5 Orgg;/(APoso () dx +
R3
ary n 2
— <
+ G4 OriltzLXT/|VP0g0 (x,t)]7dx <
1 oT T
< §||U0H§,Q 701332% [ Pou™ ()13 55 + %HQHZLOO(O,T;Cl(Q)) +
ab?sT 9 7n
+ 23 OIiltaggp/ e f*(x, v, 7, t)dedvdr +

+ Clgl? . orcray +C-

Choosing from this inequality the parameter 6 in such a way that %T < i and
ngT < %, we obtain finally ((3.25c). Lemma 3 is proved. [J

3.4 The existence of the approximations (u", ", ")

Lemma 4 Foranyn =1,2,... and any R > 0, € > 0 there exists a unique solution

(u™, o™, f") of problem (3. zzp (5.15), (3.24), (fBQ4|)

Proof. We denote by C(0,T) the space of continuous vector functions e(t) =

0<t<T t
i=1

take ¢ € Lo(0,T;C?*(2)) and denote by w = (e1(t),...,en(t), p(x,t)) an element of
1/2

" 1/2
(e1(t),...,en(t)). This space is equipped with a norm |e] = max [Z ez(t)] . We

the space C'(0,T)® Ly(0, T; C*(Q)) with the norm |w| = |e|+ / ||g0(t)||ég(9)dt

2
Here ||¢]|c2) = max Z |D%p(x)|, where @ = (v, v, cvg) is a nonnegative vector
S la|=0
f dD 0
int = a7
of integers, |a| = a1 + ag + a3 an e D O

18



Let K be a bounded closed convex set in C'(0,T) & Lo(0,T; C*(2)):
Op(x,t)
on
The constant Cr . will be specified later. C; are the coefficients defined in .
Let w® = (e9(t),€9(t), ..., €%(t), ©°(x,t)) be an arbitrary element of K.

We set

K=A{w:|w| <Cgree(0)=Cii=1,2,...,n;0(x,t) =

=0, (l’,t) S ST}

n
_ 0y
= E e; v,
i=1

and consider the problem

% + (vi)f + div, { {g&,{((poqo —0)?)(Pog” —v) —
— %V(POQDO) + Pogs(xv t):| f} = 07
flico = PofMx,v,7).

Existence and uniqueness of the solution f of this problem follows from the regular

properties of the functions ¢, ¢° and g.. More precisely, ¢° € C(0,T;C(Q)),

o € C*HQ)NCYHQ), g- € Loo(0,T;CH(R)).

We are looking for a vector ¢! = Zel1 U’ as a solution of the system of ordinary
i=1

differential equations

(86_6‘;1 + (qOV)ql + a// TQR((QO _ 0)2)((]0 _ U)Sfdvdr, \I’k> n

2,Q
+ v, ) e = (9, )00, k=1,2,...,n, (3.30)

This system is a linearization of system (3.23) and can be rewritten as:

dey gt
ey ]zeoeHZezez—

jl=1

e // ( it ) )

(Z el — v) S fdvdr, \Ifk) , k=1,2,...,n. (3.31)
1=1

2,0

The initial data are as follows:
wi(0) = Cp = (ug, ¥¥)9q, k=1,2,...,n. (3.32)
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The linear problem (3.31)), (3.32)) has a unique solution {e}.(t),k = 1,...,n}.

We are looking for !(z,t) as a solution of the problem

b
A%l — Ap! = q// rSf(:v, v, 7, t)dvdr, (3.33)
1
oz, 1) = W ~=0, (a,1)€ Sy (3.34)

Similar to the case of equation (|3.29)), one can conclude that the right-hand side of
equation belongs to the space L,(Q2) with p € (2;3), uniformly on ¢ € [0,77].
Thus, there exists a unique generalized solution of problem , (see [9]),
satisfying the inequality:

b
. -
o™ [lwa@) < CorgtagiT q//rSf(x,v,T, t)dvdr < (Y. (3.35)
a Ly(Q)
Thus, the vector w! = (q', ') is the image of w® € K of some operator A:

K — C(0,T) @ Ly(0,T; C*(€2)). The fixed points of this operator together with the
corresponding functions f give the solution of the problem (3.11) — (3.15), (3.23),
(13.24)).

Now, we prove that the operator A maps the set K into itself. For this purpose we
have to prove |w!| < Cg. or

T 1/2
was [¢loo + | [ 16 Ot | < Cn (330
0

0<t<T

To this end, multiplying the k-th equation in (3.30]) by ek (¢) and adding over k = 1, n,
we get

b
1d -
310 Bt v B0y = (0.0 =a | [ [ r6a(a® = 0" = v)S avar,q

2,0

To estimate the second term in the right hand side of this equation we make use of
inequality ([3.35]), the definition of fg(z) and the embedding of the space L¢(2) for

20



s € [2,6] into J1(2). We have

’ /b/rgR«qo —0))(¢" — v)Sfdvdr, ¢*

2,0

b
av2Rb/|q1(x,t)\//Sf(a:,v,r,t)dvdrd:c <
Q a

<
b P 1/p 1/s
< abV2R / //Sf(x,v,r,t)dvdr dx /|q1(x,t)|sd:v <
o La Q
< Cllg" @),

where p € (2,2), s € (2,3), and %+ L=1.

Similar to the case of equation (3.25¢c|), one can obtain

1 1 2 V12 2
ZOIQ%XTHQ (t)||2,a+§||q Iza0rn@) < 5”“0“2,9"‘

A 1
+C [T?’HQH%M(O,T;O(Q» +02T2} = 1[01(;:1,)5]2-

Hence, it follows

! <ci).
fax [l (#)llz0 < Cg.

An estimate for the second term in (3.36) follows from the embedding theorem
(see [9], [17]). In fact,

2
le" ®)llez@ < Clle' @)llwae) < Cirl.

Thus,
1/2

T
2
/ ||901(t)||202(9)dt < Cz(%,)eTy
0

and |w!| < C}%)& + \/ng,)aT = Cre.

Now, we show that the map A: K — K is compact. To this end we estimate the

dw! de}
derivative d_u; Multiplying the k-th equation in (3.30) by % and summarizing

over k = 1,n, we get:
v

d
lat 3.0 + ((@°V)a', a2 + 2@”&”3%9#

b
o // rOr((¢” —v)’) (" — v)Sfdvdr.g! | = (9,4})20.

2,0
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Then, we obtain
192 vd, i
gt B+ 5 lla s oy <
< gt 2o [lle°llc@lla' @) + 9/l o1 ) (mes) /2 + CT

where C' = abv2RA(b— a)%sz}(mesQ)lm, A is the constant defined in ([3.25a)), and
Rj is defined in Lemma 2.

Since the functions ¥* are smooth and ||¢°(|c) < Cy, applying Young’s inequality
and integrating with respect to ¢ we get:

T
[t < ..
0

Thus, ||el||%,v2}(07T) < C,. Therefore, the function e!(¢) belongs to the space W3 (0, T,
which is compactly embedded in C(0,7") [17].

To complete the proof of the compactness of the operator A we make use of the
following Lemma, proved in [12].

Lemma Let By, B and By be Banach spaces such that By C B C By. They are
reflexive and the embedding By in By is compact. Consider the Banach space

d
W= {v tv € Ly (0,T; By), v = d—: e Lpl(O,T;Bl)},

where 0 < T < 400 18 fired and 1 < p; < 00, 1 =0, 1.

The norm in the space W is defined by

V] Ly 0.7:80) + 1Vl 2, (0.7:31)-
Then, the embedding of W in L,,(0,T; By) is compact.

This lemma implies that the Banach space
W = {p(x,) : p(x,t) € Lo(0, T; W, (), ) € La(0, T Lao()) },

with norm ||| 2,0 2w (@) 1194l L0220 is compactly embedded in Ly (0, T; C?(Q)).

1

0
Therefore, it remains to prove that a—i € Ly(0,T; Lo (Q2)).

Differentiating equations ((3.33) and (3.34)) with respect to ¢, we obtain the following
problem for ¢;:

b -
eA%p] — Apy = q// rSdedr, (x,t) € Qr, (3.37)
1:%:0 (z,t) €S (3.38)
P on ) ) T- .
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From equation 1} for the function f we have

// afxvrtddr——q// (vV,)S fdvdr—

—q // rdiv, {[ Or((¢" —v)*)(¢" —v) — %wo +gs($,t)] Sf} dvdr,x € Q.

Since the second term on the right hand side of this equation equals zero, equation

(3.37) has the form
A%l — Apl = —¢ / / r(vV,)S fdvdr. (3.39)

Multiplying (3.39) by ¢; and integrating over Q, we get:

b
5/(Agpi)2dx+/|Vg0t1|2dx = —q///r(vvx)ngp%dvdrdx.
Q Q Q a

Taking into account the conditions (3.38]), we obtain the following equation

b
e/(Ago%)de+/|Vg0ﬂ2dx—q///r(v,Vga%)Sfdvdrdx.
Q Q Q a

The right hand side of the last equation we estimate as follows

/// r(v, Vi) Sfdvdrdx—q/// \/7V<pt dvdrdz <

b 1/2 b 1/2
< gb /// 028 fdvdrda /// SFIVel *dvdrdz <
Q a Q a
b 1/2
< ghV'A /|V<,0%|2 //Sfdvdrdx <
Q a

1/2

< ghVA (A(b —a) 7TR3) /|V<pt| dx =

1/2

_ 1 1_
Q Q
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Then 1 ]
 [@etyde s [IValPds < 5 [196Pde + 5
Q Q Q

and, therefore

ax / Vi [Pda < C...
Q

Taking into account (3.38), we get o} € Lo(0,7; W5 (f2)). Thus, it is proved that
the image A[K] of the set K, is a compact set in C'(0,7) & Lo(0,T;C*(2)). The
continuity of the operator A follows from: the continuous dependence of the solutions
of on the initial data, the coefficients and the right hand sides; the continuous
dependence of the solution of on the coefficients that follows from and
; the a priori estimate of the right hand side of and the embedding
theorem of W(Q)) (p € (3;2)) in C*(Q)).

273
From Schauder’s theorem follows that the operator A has a fixed point in K. We
denote it by w = (e1(t), ..., en(t), on(x,t)).

The proof of the uniqueness of the solution of (3.11)) — (3.15)), (3.23)), (3.24) is carried
out in a standard way, considering the equation for the difference of two assumed
solutions of this problem. Proving an estimates, similar to and we
can conclude that the difference is equal to zero. Lemma 4 is proved completely. [J

The mentioned procedure, along with formulae (3.11)), (3.16)) and (3.17)) defines the

finite approximations (u™, ¢™, f™) for the solutions of the regularized problem.

4 Compactness of the approximations (u", ", f")

Due to the a priori estimates (3.25a)), (3.25¢) one can extract subsequences {u"},
{¢"}, and {f"}, such that

u™ — u *-weakly in Lo (0,7 J(Q2)) and weakly in Ly(0,T; J1(Q));
[ — [ x-weakly in Loo(R$ x [a,D]);
©" — p *-weakly in L (0,7} WQI(Q))

Lemma 5 There exists a subsequence { f"} that converges uniformly with respect
tot € [0,T)] in the weak topology of La(R® x [a,b]).

Proof. We denote by {g;(x,v,r)} an orthonormal total sequence of smooth func-
tions in Ly(R® x [a, b]) and consider the sequence

b
an(t) = // (0,7 ) gi(x, v, r)dedvdr, i=1,2,. ..

aR6
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Due to the estimates (3.25a)) and ([3.25b]) this sequence is bounded for any fixed 1,
uniformly in n. Moreover, it follows from (3.14]), (3.25a)) and (3.25b)) that

d&m ’ // gi(x,v,r) d:z:dvdr =

a R6

| / [ aie, 00 @97+ aivd | Son(Rar — o) (R - )~

a R6

_%pov(pn + Poge(z, t)] f"}dxdvdr

‘// {f” (vVa)gs + - <[9R((P0u —v)?)(Pou” —v)fn] Vu) gi—

a R6

_lg ([Povsﬁnfn]vv) gi(z,v,7r) + <[Pogg(x,t)f"]vv> gi(x,v,r)}dxdvdr <

<AC + = <//|P un\f"|vvgz|d:cdvdr+/ fn|v\|vvgz\d:cdvdr>

a R6

+%//<|P°W”|+|Pogs|)f”lvvgilda:dvdrs

a RS
b 1/2 b 1/2
< AC; + % / (f™)2dxdvdr // | Pou™ |V gi|*dxdvdr |+ AC;+
¢ a R6 a R6
b 1/2 b 1/2
[ [mpasaar || [ [10090 29 dsdedr |+
a RS6 a R6

7y
+¥CiA||g||Loo(07T;Cl(Q)) <

<G (14 [[u"lla0 + [Ve"l|20) -

This estimate, along with (3.25¢) implies that the sequence {a,;(t)} is equicontinu-
ous for any . So, one can extract a subsequence that converges uniformly in ¢ for any
fixed interval (0, 7] and for any i. We keep the same notation for this subsequence.

Let b(z,v,r) be an arbitrary function from Ly(R® X [a,b]) and (; its Fourier coeffi-
cients with respect to {g;(x,v,r)}. Then, we have

b

sup // bz, v, r)[f"(x,v,7,t) — f™(z,v, 7 t)]dedvdr| =

0<t<T
a R6
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. / / { <b<x,u,r> _ Zm( r>) P

a R6

+ Zﬁzgz Z,v T)[f fm]} drdudr| <

N

< sup 26’ //gzxvrfdxdvdr—//gzxvrfmda:dvdT +
0<t<T |5
a RS a R6
1/2
+ sup // x,v,T) z:ﬁzgZ x,v,r)| drdvdr X
0<t<T

a R6

b 1/2 b 1/2

//(f”)Qdmdvdr + //(fm)2dxdvd7" <

a R6 a R6

N 3
< su i (Qn (t) — aum () [+2A // T, 0,7) ;g:(z,v,7)| dadodr
13 Blona) - / Zﬁg

For sufficiently large N, n and m, the right hand side of this inequality is arbitrarily
small. This proves the lemma. [

Lemma 6 The limit function f(x, v, 1, t) satisfies the following conditions:

f(x,v,m,t) >0 almost everywhere in RS, x [a, b]; (4.1)
//f x,v, 1, t)drdvdr = /fo x, v, r)dxdvdr; (4.2)
a RS

b
sup // V2 f(z, 0,7, t)dzdvdr < oo. (4.3)
0<t<TJ J

aR

Proof. We denote by B an arbitrary measurable set in R® x [a, b] with mesB < oc.
According to Lemma 5, we have

f z,v,r,t)dzdvdr = lim | f*(x,v,r, t)dedvdr.

n—00
B

Due to , f"(x,v,r, t) > 0. Thus, is proved.
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From inequality ‘) and the boundedness of the support of f"(x, v, 7, t) follows

b
//(1 + 2202 7 (v, v, t)dedodr < SAL + A, (4.4)
a R6

where, A is a constant depending only on fy; A is the constant defined in Lemma
3, and 0 € (0,1) is arbitrary.

In fact, from equation (3.14)), we have:

b

di// (1+ 222 (&, v, r, t)dedvdr| = // (1+ 2292 (wV,) frdzdudr| =

a R6 a R6

b b
= 5//@’93)(1+x2)3‘1f”dxdvdr < 6//(1+v2)f"dxdvdr < A,

a R6 a R6
(4.4) immediately follows from this inequality.

Now, we prove the following statement: For any e; > 0 there exists Ri(e1) < o0,
such that, for any n and ¢ € [0, 7], the following inequality holds:

// / fr(,v,r, t)dwdvdr—i—/ / /f"(a:,v,r, t)dzdvdr < e;. (4.5)

a R3 ‘3}|>R1 €1) |’U|>R1(E1) R3

In fact, we have

/b / / frdzdvdr + /b / / frdedvdr <

a R3 |z|>R a |v|>R R3
1 p 1 b
< —(1 ) //(1 +x2)5/2f”dxdvd7" + T //(1 +112)f”dxdvd7“ <
a R6 a R6

5AT+A1+ A
- (1+R?%2  1+R%*

It follows from (4.5) and non-negativity of f(x,v,r,t) that

b
/ f z,v, 1, t)drdvdr = }%Hn lim / / / frdxdvdr =

a R6 a |v|<R|z|<R

b
= lim //f” x,v,r, t)drdvdr = lim // f”(x,v,r, 0)dzxdvdr =

a R6 a R6
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= lim // Pofi(z,v,r)dzdvdr = lim [ fi(x,v,r)dzdvdr =

n—o0 n—oo

a R6 Q

= / fo(z,v,r)dzdvdr.
Q

Hence, (4.2)) is proved.

It remains to prove (4.3)). Let bg(z,v) be a function of z and v in the space R®, such
that |br(z,v)| < 1 and bgr(x,v) = 0 if || > R and |v| > R, where R is a positive

parameter.
Thus

//v br(z,v)f(x,v,r, t)dedvdr =
a R6

b b
://UQbR(x,v)(f—f”)dxdvdr+//vsz(z,v)f"dxdvdr.

a RS a RS
According to Lemma 5, the first term on the right hand side tends to zero as n — oo
for any fixed R. From the definition of the function bg(x,v) and it follows
that the second term is bounded uniformly in n and R by the constant A defined in
Lemma 3. Lemma 6 is proved. [J

Lemma 7 The sequence {f”} converges in the weak topology of Li(R® x [a,b]) uni-
formly in t € [0,T].

Proof. Let g(z,v,7) € Loo(R® x [a,b]). Then, we have:

b
//g(w,v,r)[f”(a:,v,r,t)—fm(x,v,r,t)]dxdvdr < (4.6)
a RS
/ / / (z,v,7) [z, v, t) — f™(x, v, t)]dedvdr| +
a [v|<Ry |o|<R
b b
[ ] @i [ [ [ fridedudr] gl
a " Jel>R a |v|>R;

Due to inequality and the choice of R; the second term in the right hand side of
(4.6)) is sufficiently small, uniformly in n, m and t. According to Lemma 5, the first
term on the right hand side of is smaller then any £, > 0 for any fixed R; and
n,m > N(g;). Thus, the sequence {f"} is weakly fundamental in L;(R® x [a, b)),
uniformly in ¢. Therefore, it is weakly convergent in L;(R® x [a,b]), uniformly in .
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Corollary 1 The limit function f(z,v,r,t) is continuous in t € [0,T] in the weak
topology of Li(R® x [a,b]).

Lemma 8 The vector function u(x,t) is weakly continuous in t in the norm of

Lo(€).

Proof. First, we show that for any fixed k and n > k, the functions C,(t) in (3.11)

represent a uniformly bounded and equicontinuous set of functions on the interval
[0, 7.

The uniform boundedness of C,,x(t) follows from the a priori estimate . Since
Coi(t) = (u™(t), ¥*)5 0, the equicontinuity follows from - Indeed 1ntegrat1ng

(3.22)) with respect to 7 from ¢ to ¢ + At, estimating the right hand side and using
Cauchy’s inequality, we have

t+At t+At
Con(t + A1) — Co(8)] < v / e (1) e [ 2* ey + / 19(7) [oadr+
t t
t+At

+ mae [0 (a) / () ol (7] gyt
t
t+At b

t+ab / ///eR "2, 7Y — o)) (@, 7) — ol [ U ()| SF (2, v, v, 7)dvdrdadr <

<V e 10" oo ) V Atmax [ ()] |[u”]| o 07200 VA" | oo, )+

t+At t+AL 1/2

/ (T ||QQdT—|-ozbmax|\I/ / ///Sf" x,v, 7, 7)dvdrdrdr X

1/2
////(’R (z,7) —v))|u"(z,7) — v|2Sf*(z, v,r,7)dvdrdxdr

From m, 3.25¢) and the properties of the functions ¥*(z), we get:

t+At

Conlt+ AL — Con(t)] < A(R) | VAL + / lg(r)[20dr

t
It is clear that for any fixed k£ and n > k the right hand side of this inequality

tends to zero, uniformly in ¢, as At — 0. By the usual diagonal process we extract
a subsequence n;. For any fixed k, the functions C,,x(t) converge uniformly to
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a continuous function Cy(t), as [ — oo. For this subsequence we keep the same
notation C(t).

Now, we prove that the sequence of functions u"(z, t) converges in the weak topology
of Ly(w), uniformly with respect to ¢ € [0, T.

We denote by g(x) an arbitrary vector function from Ly(Q2) and by g¢; the Fourier
coefficients of this function with respect to the system {¥*(z)}. Then,

sup /(u”(az,t) —u™(x,t),g(x))dz| =

(0,7]

—sup| [ [(g<x> Y A GRRCR) —um<w,t>> +

[0,7] o

<

+ ng(¢k($),u"($,t) — um(x,t))] dx

< sup /
[0,7]
Q
1/2

1/2
X /|u"(a:,t)]2da: + /|um(a:,t)|2da: +
0 0

1/2

2
dx X

g() = 3 gl (x)

+ sup <

(0,77

™ 0 (Corlt) = Cun(1)

1/2

2
dz +

g9(z) = > gV (x)

< (W ancooy + " aoraon) § [
Q

~+ sup
[0,7]

> gu(Can(t) = Cour(t))] -

k=1

The right hand side of this inequality is arbitrarily small, if we choose at first a
sufficiently large N and afterwards some sufficiently large n and m.

It follows from the convergence of the sequence {u"(x,t)} to the function wu(z,t)
that this limit is continuous in ¢ in the weak topology of Ly(€2).

Lemma 9 Galerkin’s approxzimations {u™} satisfy the following inequality:

T—p

/ lu(t + p) — w"(t)[5.0dt < Cp'?,
0
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where p is an arbitrary constant 0 < p < T and C' is a constant not depending on n
and p.

Proof. It follows from (3.22) for fixed p (0 < p < T),t (0 <t < T — p) and
T € [t,t + p| that

ou™
or

b
+ (u"V)u" + « // rOr((u® — v)?) (W™ — v)S frdvdr, ® + (4.7)
2,0
Fv(u", @) ) = (9, )20,

where ® is an arbitrary function from J!(£2) such that ® = >~} d,U* with constant
dp. We set & = u"(z,t + p) — u"(x,t). Integrating (4.7) with respect to 7 in the
interval [¢,t + pl|, we get

t+p

lu™(t+ p) —u" ()30 = / {(U"(TL (W (T)V)[u"(t + p) — u"(O)])2.0-

t

—v(u"(7),u"(t + p) = u" () + (9(7), u"(t + p) = u" ()20

—a // rOr((u — )W (1) — 0)S (v, a, 7)dvdr, u™(t + p) — u"(t) }dT.

Therefore,

t+p

/Q/ (|Ju™(z, 7)|* + v|Du"(x, 7)|) x

X (|Du™(x,t+ p)| + |Du"(x,t)]) +
+ gz, 7)(Ju"(z, t + p)| + " (z,1)]) +

IN

lu™(t + p) —u"(®)]30

+ a//Sf”(x,v,r,T)HR((u"(a:,T)—'U)Q)><

X |u™(z,T) —v| X

X (Ju"(x,t+ p)| + |u"(z, t)|)dvdr}da:d7- =

where




The terms I, are defined further in the text.

Integrating inequality (4.8]) with respect to ¢ in the interval [0,7 — p] and estimating
the terms I(t), (k =1,2,...,8) on the right hand side, we show that

p

T—
/ Ik(t)dt S nkP1/27 k= 1a2)"'a8a (49)
0

where 7, are constants not depending on n and p. For

t+p

o= [ [l @)D e+ p)ldsdr
t Q

using Cauchy’s inequality and the embedding theorem of J'(Q) in L4(Q), we get

T—p T—pt+p 1/2 1/2
/[1(t)dt < // /|u"(x,7‘)|4dx /|Du”(z,t+p)|2daj drdt <
0 o t \a Q
T—pittp
< ¢ [ [ I @Bl e+ pllndr (4.10)
0t

where C' denotes the constant coming from the embedding theorem.

We change the order of integration supposing that u™(z,¢) = 0 for t > T and t < 0.

It follows
T—p T

/11<t>dtgc/uu"<7>||31(m / e (¢ 4+ p) |1 ot
0 0 T—p

We estimate the inner integral in ¢ by Cauchy’s inequality. Changing the interval
of integration from [r — p, 7] to [0, T], we obtain that the right hand side of (4.10)),
due to estimate (3.25d)), is not grater then

3/2

T
Vi | [ @i | =nve
0

In the same way, one can obtain the estimate for

t+p

Lt) = " (2, 7) 2| D", ) |ddr.
/]

Now, we consider
t+p
L+ =v / / | Du" (x, )| (| Du™ (2, t + p)| + |Du"(x, t)|)dxdr.
Q

t
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Cauchy’s inequality and estimate (3.25¢) imply

T—p T—ptt+p

/[3(t)dt < y/ /WT Ly lla(t + p) o drdt <

0

tp 1/2
< /||u (t+ )y /uu Wiyl v dt <
1/2 .
< vip / () B oy 7 / (1) oyt <
1/2

< w(Ap)s? / I (Bt | < vATP < 3/

A similar bound can be easily proved for Iy.
Now, we consider the terms I5 and I from (4.8))

t+p

]5+]6E//|g(az,7)|(|u”($,t+p)|+|u”(m,t)|)d:)3d7.
Q

t
From Cauchy’s inequality, we have

t+p

T() < max |Ju”( )||J(Q)/||g<ﬂ|2,9d7, k=56,

0<t<T

Changing the order of integration, we obtain:

T—pt+p
//Hg Hdedt<,0/Hg )||2.0dt.

From this inequality we obtain (4.9) for I5 and Ig.
Now, we consider the last two terms in (4.8]), i.e., I; and Is. We have

t+p

—a////Sf z,v,7,7)0r((u"(z, 7)—v)?) |u" (z, T)—v||u"(x, t+p) |dvdrdzdr.

Using Cauchy’s inequality, we get

t+p 1/2
<a//|u (x,t+ p)| //Sf”xvervdT X
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1/2

b
//Sf”(x,v,r, Or((u"(x,7) — v)*)|u"(z, ) — v[*dvdr dxdr.

To estimate the integral over €2 we make use of Holder’s inequality.

1/3
t+p 1/6 b 3/2 /

L) < a/{/u%LHme} /(//sﬁ@%nﬂmm) dr » x
Q Q a

t
1/2

X {//b/ Sz, v, r, T)0R((W (2, 7) — v)?)|[u" (2, T) — "UQdUdex} dr. (4.11)

Considering the second term on the right hand side of (4.11]

= Sfm(x, v, 7, 7)dvdr Qm w,
/ //

it is easy to see that

o /(//q+vAwnwirw@m)(// RS )dx<
< Clﬂ/a//(l + ) S (z, v, 7, T)dvdrdz < Cs.

Here, we use the a priori estimates ([3.25a) and ([3.25c|) and the bound

// dvdr
1—1—1}

IN

Thus, from (4.11]) follows

t+p 1/6

I(t) < Cg/{/u"(x,t+p)6dx} X
1/2
x{///sﬁ@%nﬂ@mm@ﬂw%m@ﬂNmmw}dr
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Changing the order of integration and using Cauchy’s inequality, we get

T—p T 1/3 1/2

/h(t)dt < Cyp / /|u"(x,t)|6dx at| x
0

T 1/2
X //S o (@, 0,7, )0 ((u" (2, ) — v)?) (u"(z, 1) — v)2dvdrdzdt
0 Q
Due to (3.25¢) and the embedding of J'(Q) in Lg(2), we have
T—p

/ I7(t)dt < nqp.

0

The term Ig(t) can be estimated in a similar way.

Thus, we proved inequality (4.9) and consequently Lemma 9. [

From Lemma 9 and estimates ([3.25a)) - (3.25c|) we obtain that the sequence {u"} is
compact in Lg(27).

5 The limit n — oo

Using the lemmas 3, 5 — 9 and assuming that R =n, ¢ = %, we pass to the limit as

n — oo in the integral identities (3.8)) — (3.10)) .

5.1 The identity (2.3

We multiply (3.22)) by hQ(t) and summarize over j. Then, integrating by parts, we
obtain 1} for 4™ and f™, where the test functions ( are defined by

C(x,t) = Z H;(t)W (x), H;(t) e CY0,T) Hi(T)=0. (5.1)

Now, we show that the limits of the subsequences {u"} and {f"} satisfy (2.3). First,

we prove that

lim (u”, (u”Vx)C)z,QT = (Ua (uvl‘)C)27QT'

n—oo

To this end, we use the formula

(", (W"V2)C)20r = (U, (V) )20 = (W —u, (WV2)()2.0r + (", (0" =w)Va)()a 05

Due to the strong convergence of u™ to u in Ly(€7) and the uniform boundedness of
the norm of u™ in Ly(Q27) and ([2.6a)), the right hand side of the last equation tends
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to zero as n — 0o. (Notice that the set of functions ¢ from ({5.1)) is dense in the set
of functions satisfying ([2.6a]) ).

Now, we pass to the limit as n — oo in the term of 1) containing f™. Notice that
for any € > 0, there exists Ry(¢) > 0 that

I O, (1™ — 0)2)S f™(z, v, 7, 1) |u" — v||¢(x, t)|dedvdrdt < e,  (5.2)

Qrn{v:|v|>R1}

uniformly on n. Taking into account that ¢ € L4(0,7;J'(Q2)) and the results of
Lemma 3 we obtain, similar to the proof of the bound for I; in Lemma 9,

[<\/— // dvda
1—1—112

a |v|>Ry

1/6

Inequality (5.2]) immediately follows from this estimate.
Now, we prove that for any R; > 0,

lim / O, ((u" — 0)3) S f(z, v, 7, 1) (U™ — v, ¢)dzdvdrdt = (5.3)

n—oo

Qr{v:|v|<Ri}

= / rSf(z,v,rt)(u(z, t) — v, C(x,t))dedudrdt.
QrN{v:|v|<R1}

To this end, we consider the integrals

N
Il

[ s -hu-vos
QTT{vilvlﬁRl}
+ 7SO ((u" = 0)?) = On((u —v)*)](u" = v,¢) +
+ rSf"[@n((u —0)?) = 1" —v,{) + rSf”(u” —u, C)}dmdvdrdt (5.4)

Since f* — f converges s-weakly in Lo (RS x [a,b]) and (v —v,¢) € Li(Qr N {v :
|v| < Ri|}, I1 tends to zero as n — oco. Indeed, we have

= 0| (a, 8)|dudvdrdt < (b—a){/T / /|u(x,t)|]§(x,t)]dxdvdt+

Qrn{v:|v|<R1} 0 |[v|<R1©
1 1
T . T (T B
+/ / /|U||C(:L‘,t)|dxdvd7“dt < gwRi’ / |u|*dzdt / C(z, t)|*dwdt p +
0 |v|<R:Q 0Q 00
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T
4
s [ [ 16 0ldzdt < CIClomanan(@ + lullore)
0Q

Estimating the integral I5 in ((5.4]), we show firstly that

n—oo

0 |Jv|[<R:

lim /T / / 10, ((0" — 1)) — (1 — 0)2)|Pdadvdt = 0. (5.5)

0 (" —0)*) = Ou((u—v)*)] < Cl(u" —v)* = (u—v)’| <
< O —ulfu| + |ullu™ = ul + 2vl[u" — ul),

it follows
T
0/I

< Cllu™ = ull2,gr ([t Lo, + 1l Lworio@) +1) -

/ / 100 ((u" = v)?) = 0n((u — v)*)|ddvdt <
<Ry

v Q

Due to the convergence of u™ to u in Ls(Qr) as n — oo and
[0 ((u" = 0)*) = On((u —0)*)| < 2,

this inequality implies (/5.5]).
For
I, = / TSf"[9n<(u" — U)Q) _ en((u _ ’U)2>](U,n — C)dxdvdrdt
Qr{v:|v|<Ri}

follows from (|3.25a))

T

Bl<AG-a) [ [ [l = olone— ) - ("~ o) |Cldndede.

0 <R ©
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Using Holder’s inequality, we get

1/2
T
L] < A(b— a)/ / /\u" — v|*dwdv X
0 [v|<Ri &

) 1/3
X / / 10, (1™ —v)?) — 0, ((u —v)?)|Pdadv X

(VISR ©

1/6

« / / s D) dzdn b | dt <

(VISR ©
< AL [[u | pwoia@n) X

1/3

T
« / / /yen((un—vf) (1 — v Pdadv . x

0 ISR Q

1/6
X / (2, t)|%dwdv dt.
v|[<R; Q2
Using Holder’s inequality once again, we get
1/3

T

|IQ|§A/
0

T

<1/
0

Using (5.5 and the embedding of J'(Q) in Lg(2), we get

J

/ 10, (1™ —v)?) — 0, ((u — v)?)|Pdedvdt X
Q

[v|<Ry

1/4 2/3

/ Cla, ) Pdadv | dt
Q

[v|<R:

lim I, = 0.
Now, we consider
L= / rS J0n((u — v)?) — 1](u" — v, Q)dadvdrdt.

QrN{v:|v|<R:1}

We divide domain €27 in two parts:

QIT ={(z,t) € Qp : |u(z,t)| < B}, Q?p =Qp\ QIT,
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where B is a positive constant.

Since u(x,t) € Ly(Q7), for any § > 0 there exists such B that mesQ? < §. Hence,

L < A(/b/ /|9n((u—v)2)—1H(u”—v,()]dazdvdrdt+

a Jv|<R1 QL
b
+ / / /\HH((U —0)H) —1|(u" - U,C)|dxdvd7"dt).
a [v|<Ri 02,

The argument of the function 6,, is bounded on the set Q% x {v : [v| < R;}. The
sequence {6, } uniformly converges to 1 as n — oo on any compact set. Therefore,
since (u* —v,¢) € Li(QrN{v: |v] < Ry}), for sufficiently large n, the integral over
QL x{v: Jv| < Ry X [a, ]} is arbitrary small. The second integral is arbitrary small,
due to the choice of 9.

Now, we consider the last term in (5.4)),

Iy = / rS (™ — u, ¢)drdvdrdt.
QrN{v:|v|<R:1}
For this integral we have

T

4

Ll < AgﬂRi’//|u”—u||§|dxdt§
0 Q

1/2 1/2

T
4
AgwRi’ /]u”—u|2dxdt //\C|2da:dt <
O 00

< Alu™ = ull2,00 [C Lo 0,130(2))-

Thus, lim I, =0 and 1} is proved.
From ((5.2) and (j5.3)) follows

/rSf\u(x, t) — v|¢(z, t)drdvdrdt < co.
Qr

This estimate along with (5.2)), (5.3)), allows us to pass to the limit as n — oo in the
fourth terms of (3.8). The remaining terms in (3.8]) are linear with respect to the
u™ and we pass to the limit without any difficulties. Identity (2.3) is proved.

IN

5.2 The identity ([2.4))

Multiplying equation (3.12)) by ®(x,t) and integrating by parts we obtain the iden-
tity (3.10) for ¢" and f* with e = L.
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The first term in (3.9) tends to zero as n — oo. Indeed,

T T T
1 1 1 1

= [ (A", AD)gqdt| < — | —||A¢" AD||gqdt < —VA [ ||AD|2qdt
» [aer avnai < = [ 1A ol Abllade < VA [ |A0]aad
0 0 0

where A is the constant defined in ([3.25¢)).

It was shown in the beginning of Section 4 that from the sequence {(™} one can ex-
tract a subsequence, converging *-weakly in L. (0, T; W} (Q)). Taking into account

the properties of the functions ®(z,t), we can pass to the limit as n — oo in the
second term of (3.9)).

Lemma 7 and Lebesgue’s theorem allow us to pass to the limit as n — oo in
the third term of for functions ®(z,t) € Lo (0,T;WZ(Q)) being dense in
Ly(0, T VV2 (©)). Thus, identity (2 l.} is proved.

5.3 The identity (2.5

Setting R =n and ¢ = % and taking into account 1) we get from identity 1)
for the approximations f"(z,v,r,t)

b

T b
[ [ (7wt V)9 + e 908), drdt - [(Rufy 0O)asedrr (50
0

a a

13 / / 5 (PN (R = o)), 6) = ]V) )t~

2,R6

_7// " (PyVae"(x, )vv)\p> Cdrdt =0,

2,R

where W(x,v,7,t) is an arbitrary function satisfying the conditions ([2.6¢)).

Due to the *-weak convergence of the sequence f"(z,v,r,t) in Lo (RS X [a,b]) (see
Lemma 3) and the properties of the functions g,(z,t) and ¥(z,v,r,t) we can pass
to the limit as n — oo in the first integral of . According to Lemma 1 and
the properties of the functions fJ'(x,v,r) we can pass to the limit as n — oo in
the second integral of . In the third integral of we pass to the limit in
an analogous manner as we did in the term containing " in identity (see Sec.
41).

Considering the fourth integral in (5.6)), we denote by G, (z,y) Green’s function of

problem (3.12)), (3.13) with ¢ = + and by G(z,y) Green’s function of problem (1.3),
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(1.7). We introduce the following notations

b

Fo.(x,t) = q//rf"(x,v,r,t)dvdr,
b

F(x,t) = q//rf(x,v,r,t)dvdr,

" (x,t) = /Sn(:v,y)Fn(y,t)dy, (5.7)
o) = [ S )Pty
¢"(x,t) = /9(x7y)Fn(y7t)dy, (5.8)

where f(z,v, 7, t) is the *-weak limit of the sequence { f™(z, v, 7, 1)} in Lso (RS x [a, ]).

The functions F,(z,t) belong to L,(©2) (p € (3;2)) uniformly on n and t € [0,7]
(see Lemma 4). According to Lemma 7, the sequence { F,,(x,t)} to F(x,t) converges
in the weak topology of L;(2), uniformly in ¢ € [0,7]. Thus, F(x,t) € L,(Q)

(re3:3).

The operator with integral kernel V§G(z, t) acting from L;(2) to L;(2) is completely
continuous (see [18]). Therefore, the sequence {V@"(x,t)} converges to Vo(x,t) in
Ly(Q) for any t € [0,7T]. From Lebesgue’s theorem the strong convergence in L ()
follows. It is evident that the functions ¢"(x,t) and ¢(z,t) are the solutions of the

problems (3.12), (3.13]) and (1.3)), (1.7)) correspondingly.

Thus, we can rewrite the fourth integral in (5.6]) in the form

T 2,R6

T b
70//% f” (PoV," (x,1)V, )\If) drdt =

a

T b
’Y//Q//T%an 0,1, 6)(Vep(x, ) V,)V(x, v, r, t)dvdrdrdt+

a

0
T b ,
—l—’Y////—QS (v, rt) ([Ve@" (2, 1) — Vep(x, 1) V,) Ydodzdrdt+

0 a
T b
ﬂ////r_lzsfn(mvm‘)([ngo"(a:,lt)—szé"(:c,t)]vv)\Ifdmmzrdt:

0 a Q

= 1™ 4 iy,
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Since W(x,v,r,t) satisfies conditions (2.6¢) and V,¢(
weak convergence of the sequence {f"(z,v,rt)} to f
follows

x,t) € Li(Qr), from the *-
(z,v,7,t) in Loo(RS x [a,b])

lim ] // 0 Vaep(x, )V, )‘I/>2R6 drdt.

Using the convergence of sequence {V,p(z,t)} to Vzgo( x,t) in L QT) and the uni-
form boundedness of the approximations f"(x,v,r,t) (see , we get

lim 1{" = 0.

n—oo

Considering 1. én), we take into account 1) and obtain

1l < l/////Sf (20,70 V.Sal.y) = V.5(. )]

0 a
X \Fn(y,t)HV U(z,v,r,t)|dvdzdydrdt <

T
= O///W Gn(z,y) = VaS§(z, y)||Faly, t)|dedydt <
0 Q
T g %
0 [9) Q J
where p~' + 7! =1, §<p<3,2<ﬁ<3

To estimate I3 we use the following equality
B

lim / IViSn(x,y) — V.SG(z,y)|de | dy =0, (5.9)

Q

where 0 < # < 3. This equality can be proved by the method of Lyusternic-Vischik
(see [19]) with the help of the explicit form of the fundamental solutions of the
corresponding equations (see [9]).

Since the functions F,(y,t) lie in L,(Q2) (p € (2,3)) uniformly in n and ¢ € (0,77,

due to (5.9), we get
lim I{" = 0.

n—oo

Thus, equality (2.5 is proved and the proof of the Theorem is complete.
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