Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Convergence of solutions of kinetic variational inequalities in the rate-independent quasi-static limit

Alexander Mielke^{1, 2}, Adrien Petrov^1, João A.C. Martins^3

submitted: 28th April 2008

1 Weierstraß-Institut

für Angewandte Analysis und Stochastik Mohrenstr. 39 10117 Berlin, Germany E-Mail: mielke@wias-berlin.de petrov@wias-berlin.de

2 Institut für Mathematik Humboldt-Universität zu Berlin Rudower Chaussee 25 12489 Berlin, Germany

3 Instituto Superior Técnico Dep. Eng. Civil and ICIST Av. Rovisco Pais 1049-001 Lisboa, Portugal, E-Mail: jmartins@civil.ist.utl.pt

No. 1322 Berlin 2008

2000 Mathematics Subject Classification. 34A60, 47H06, 73E50, 73E99, 74C05.

Key words and phrases. Rate-independent processes, quasi-static problems, differential inclusions, elastoplasticity, hardening, variational formulations, slow time scale.

A.P. was supported by the Deutsche Forschungsgemeinschaft within the projet C18 “Analysis and numerics of multidimensional models for elastic phase transformation in a shape-memory alloys” of the DFG Research Center Matheon. A.M. is grateful to Hans-Dieter Alber for turning his attention to the papers [Gr78a, Gr78b].

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

This paper discusses the convergence of kinetic variational inequalities to rate-independent quasi-static variational inequalities. Mathematical formulations as well as existence and uniqueness results for kinetic and rateindependent quasi-static problems are provided. Sharp a priori estimates for the kinetic problem are derived that imply that the kinetic solutions converge to the rate-independent ones, when the size of initial perturbations and the rate of application of the forces tend to 0. An application to three-dimensional elastic-plastic systems with hardening is given.

1 Introduction

Martins et al. [MS*04, MMP07] have discussed the connection between kinetic and quasi-static problems in mechanics, which is a problem of singular perturbations. They used the distinct time scales involved in kinetic and quasi-static problems, and performed a change of variables in the governing system of kinetic equations that consists of replacing the physical time t by a loading parameter τ = εt. This leads to a system of equations where the derivatives with respect to the loading parameter appear multiplied by ε. The quasi-static problem and its solutions are expected to be approached when ε tends to 0. In this paper the notions differ slightly from those in many engineering papers. On the one hand, often the term “quasi-static” is used for mechanical systems, where the kinetic term Mq̈ is dropped, but various friction mechanisms (like viscous friction) may still be kept. This also includes the specific case of rate-independent friction, which is present in many plasticity models. Since we are interested in that case in the remainder of this paper we simply write “rate-independent system” to indicate “rate-independent quasi-static systems”. On the other hand, we use the term “kinetic problem” for the mechanical problem with inclusion of the inertial term Mq̈ (which is also often known as “dynamic problem”).

We present here a generalization of the convergence result obtained in [MMP07] to general evolutionary variational inequalities including three-dimensional elastoplasticity with hardening. In contrast to [MMP07], where Yosida regularization and time differentiation were used, we rely on a difference quotient technique that is nicely adapted to nonsmooth variational inequalities and allows for relatively simple, explicit bounds. More precisely, we prove that the kinetic evolutions remain close to a rate-independent path when the load is applied sufficiently slowly and the kinetic evolutions start sufficiently close to that rate-independent path. In other words, we prove the stability of the quasi-static path in the sense of the definition in [MS*04, MMP07].

The paper is organized as follows. In Section 2, the mathematical formulations for kinetic and rate-independent problems as well as existence results are presented. We provide a priori estimates for the kinetic problem in Section 3. For example, using the slow time τ = εt one of our results shows that the unique solution of the problem

ε^2Mq^{′′}(τ) + Aq(τ) + ∂R(q^′(τ)) ∋ ℓ(τ), q(0) = q_0, q^′(0) = 0, (1.1)

with (·)^′ =^d_{dτ} (·) and Aq_0 + ∂R(0) ∋ ℓ(0), satisfies the a priori bound

‖εM^{1/2}q^{′′}(τ)‖_H +‖A^{1/2}q^′(τ)‖_H ≤ C � ‖ℓ^′(0)‖_∗+

�_τ 0 ‖ℓ^{′′}(s)‖_∗ ds � for a.e τ ∈ [0, T_0],

where C is independent of ε, ℓ, and q_0. These estimates enable us to compare the kinetic solution to the rate-independent one in Section 4. If q_ε solves (1.1) and q̄ solves (1.1) with ε = 0, we obtain � ‖εM^{1/2}q^′_ε(τ)‖^2_H + ‖A^{1/2}(q_ε(τ)−q̄(τ))‖^2_H

�_{1/2} ≤ � ‖εM^{1/2}q^′_ε(0)‖^2_H + ‖A^{1/2}(q_ε(0)−q̄(0))‖^2_H

�_{1/2} + C_ℓ √ ε, where C_ℓ is given explicitly in terms of ℓ ∈ W^{2,1}([0, T_0]; D(A^{−1/2})). In Section 5, we show that this convergence result can be applied for three-dimensional elastoplasticity with linear kinematic hardening.

2 Mathematical formulation

We start with a Hilbert space H with dual H^∗, the dual pairing and the norm are respectively denoted by ⟨ · , · ⟩ : H × H^∗ → R and ‖ · ‖_H . Let V be such that V ⊂ H ⊂ V^∗ with dual V^∗. We denote by A : H → H^∗ a symmetric, strictly positive operator with the domain of A^{1/2} such that D(A^{1/2}) = V . We use below the following norms: ‖ · ‖^{def}= � ⟨A · , · ⟩, ‖ · ‖_∗^{def}= � ⟨ · , A^{−1} · ⟩ and the following seminorm: | · |_M^{def}= ‖M^{1/2} · ‖_H . We consider the variational inclusion

Mq̈(t) + Aq(t) + ∂R(q̇(t)) ∋ l(t), (2.1)

where (˙) denotes the time derivative^d_{dt} (), M is a mass matrix operator, and l serves as input datum, also called external loading in mechanics. The dissipation functional R : H → [0, ∞] is assumed to be convex, lower-semicontinuous, homogeneous of degree 1, i.e., R(γq) = γR(q) for all γ ≥ 0 and q ∈ H. Its subdifferential is given by ∂R(v) = � σ ∈ H^∗ | ∀w ∈ H : R(w) ≥ R(v) + ⟨σ, w−v⟩ � . Using the definition of the subdifferential ∂R(q̇) leads to the variational inequality

∀v ∈ H : ⟨Mq̈+Aq−l(t), v−q̇⟩ + R(v) − R(q̇) ≥ 0. (2.2)

The energy associated with (2.1) is given by E(t, q, q̇) =^1_2 ⟨Mq̇, q̇⟩+^1_2 ⟨Aq, q⟩−⟨l(t), q⟩.

The corresponding rate-independent system is obtained from (2.1) rescaling time via τ = εt, letting ℓ(τ) = l(τ/ε) and taking the limit ε → 0:

Aq̄(τ) + ∂R(q̄^′(τ)) ∋ ℓ(τ), (2.3)

where (·)^′ =^d_{dτ} (·) and the energy is given by Ē(τ, q̄, ˙q̄) =^1_2 ⟨Aq̄, q̄⟩ − ⟨ℓ(τ), q̄⟩. Analogously to the kinetic system, the variational inequality associated with (2.3) is

∀v̄ ∈ H : ⟨Aq̄−ℓ(τ), v̄−q̄^′⟩ + R(v̄) − R(q̄^′) ≥ 0. (2.4)

Since we are interested in elastoplasticity, we want to be able to treat the case that M is degenerate. Thus, we assume that it has block structure and that q decomposes into two components correspondingly, i.e., H = H_1 × H_2, V = V_1 × V_2, q^{def}= (u, z) with u ∈ H_1 and z ∈ H_2 and

M^{def}= � m 0 0 0 � , A^{def}= � a_{11} a_{12} a_{21} a_{22} � , R(q̇)^{def}= ~R(ż), l(t)^{def}= � f(t) 0 � . (2.5)

For m we assume that it is invertible, more precisely

m = m^∗ ∈ Lin(H_1, H_1) and m^{−1} ∈ Lin(H_1, H_1). (2.6)

We denote by R^∗(·) the Legendre transform of ~R(·). The assumptions on R imply that R^∗ has the form I_{{0}×K} , where K^{def}= ∂ ~R(0) is a closed convex set in H^∗_2 . Then using the previous notations, the variational inclusion (2.1) can be rewritten in a form that may be studied using the theory of maximal monotone operators, namely the governing kinetic system � mü+ a_{11}u + a_{12}z = f(t),

ż + ∂R̃^∗(a_{21}u+a_{22}z) ∋ 0,

(2.7)

together with the initial conditions

(u̇(0), q(0)) = (u̇(0), u(0), z(0)) = (u̇_0, u_0, z_0) = (u̇_0, q_0). (2.8)

The rate-independent system (2.3) can be rewritten as � a_{11}ū + a_{12}z̄ = f̄(τ), z̄^′ + ∂R̃^∗(a_{21}ū+a_{22}z̄) ∋ 0,

(2.9)

where f̄(τ) = f(τ/ε), with initial conditions

q̄(0) = (ū(0), z̄(0)) = (ū_0, z̄_0) = q̄_0. (2.10)

Existence and uniqueness results for the kinetic and the rate-independent problem follow from [Gr78b] and [Gr78a, Joh78], respectively. In what concerns the kinetic problem, the theory of maximal monotone operators is used for this purpose. The reader can find this theory in many textbooks, see, e.g., [Bre73, Zei85]. In [Gr78b] it is assumed that l ∈ W^{1,2}([0, T ]; H) but it can be easily proved, using [ShS97, Thm. A], that the same result remains valid for l ∈ W^{1,1}([0, T ]; H).

Proposition 2.1 Assume that (u̇_0, q_0) ∈ H_1 × V such that 0 ∈ a_{21}u_0+a_{22}z_0+∂ ~R(0) is satisfied and l = (f, 0)^T ∈ W^{1,1}([0, T ]; H_1×{0}). Then there exists a unique solution q ∈ W^{1,∞}([0, T ]; V ) that solves (2.7) and (2.8). This solution additionally satisfies Mq ∈ W^{2,∞}([0, T ]; H).

The existence and uniqueness theory for the rate-independent case is classical, see e.g. [Gr78a, Joh78] or the surveys [Kre99, Thm. 3.6], [Mie05, Thm. 2.1].

Proposition 2.2 Assume that q̄_0 ∈ V and ℓ ∈ W^{1,∞}([0, T_0]; V^∗) such that ℓ(0) ∈ Aq̄_0 + ∂R(0) is satisfied. Then, the variational inequality (2.4) and hence also (2.9) have a unique solution q̄ ∈ W^{1,∞}([0, T_0]; V ) satisfying (2.10).

In particular, the solutions of (2.3) satisfy the relation

⟨Aq̄^′(s), q̄^′(s)⟩ = ⟨ℓ^′(s), q̄^′(s)⟩ for a.e. s ∈ [0, T_0]. (2.11)

Indeed, consider the variational inequality (2.4) with v̄ = λq̄^′(s), divide by λ and let λ → ∞. We obtain ⟨Aq̄(τ)−ℓ(τ), q̄^′(s)⟩ + R(q̄^′(s)) ≥ 0 for all τ ∈ [0, T_0] and a.a. s ∈ [0, T_0]. Moreover, for s = τ we have the opposite inequality by taking v̄ = 0 in (2.4). Differentiating with respect to τ we find (2.11), from which we easily obtain the a priori estimate

‖q̄^′(τ)‖ ≤ ‖ℓ^′(τ)‖_∗ for a.a. τ ∈ [0, T_0]. (2.12)

Remark 2.3 In what concerns the rate-independent problem, Johnson [Joh78] formulates the plasticity problem as a variational inequality thereby extending the formulation of Duvaut & Lions [DuL76] to the case of a hardening material. Using Yosida regularization, the author has proved existence of a strong solution and, under some assumptions, he obtained a regularity result for the velocity field. Analogous results were obtained by Gröger [Gr78a], but remained largely unknown in the western world.

3 A priori estimates for the kinetic problem

The aim of this section is to provide a priori estimates for the problem which allow us to control the term Mq̈ in H instead of the usual estimates in V^∗. The problem occurs through the fact that ∂R is nonsmooth and classical techniques for smooth problems do not suffice. One way to handle this is to use Yosida regularization leading to smooth systems and to show that a priori estimates stay uniform in the regularization parameter, see [MMP08]. Here we choose a different technique that is based on difference quotients.

To explain the methods we start with the basic energy estimate. We consider a solution and let E(t)^{def}= E(t, q(t), q̇(t)). Using ⟨σ, q̇⟩ ≥ 0 for all σ ∈ ∂R(q̇) we immediately find d dt E(t) ≤ −⟨l̇(t), q(t)⟩. (3.1)

Our a priori estimates can be derived most easily by using the quadratic form B : V × H × V^∗ → R defined via

B[q, q̇, l]^{def}= |q̇|^2_M + ‖q−A^{−1}l‖^2 + ‖l‖^2_∗. (3.2)

The construction is such that for solutions we have

B[q(t), q̇(t), l(t)] = 2E(t, q(t), q̇(t)) + 2‖l(t)‖^2_∗ = 2E(t) + 2‖l(t)‖^2_∗. (3.3)

Moreover, one can notice that 1 g^2 � ‖q‖^2+|q̇|^2_M +‖l‖^2_∗ � ≤ B[q, q̇, l] ≤ g^2 � ‖q‖^2+|q̇|^2_M +‖l‖^2_∗ � , (3.4)

with g^{def}=^{1+√5}_2 ≈ 1.618 is the golden ratio.

We now let β(t) = B[q(t), q̇(t), l(t)] and, combining (3.1), (3.3) and (3.4) gives d dt β(t) ≤ ‖l̇(t)‖_∗ � 2‖q(t)‖+4‖l(t)‖_∗ � ≤ ‖l̇(t)‖_∗4g √ 2 � β(t).

Dividing by 2 √ β and integrating both sides we find the estimate � β(t) ≤ � β(s) + 2g √ 2 �_t s ‖l̇(τ)‖_∗ dτ for 0 ≤ s ≤ t ≤ T.

This provides a first, simple a priori bound for (q, M^{1/2}q̇) in V × H in terms of the initial conditions, namely, using (3.4) we find � ‖q(t)‖^2+|q̇(t)|^2_M

�_{1/2}

≤ g^2 � ‖q(0)‖^2+|q̇(0)|^2_M +‖l(0)‖^2_∗

�_{1/2}

+ 2g^2 √ 2 �_t 0 ‖l̇(τ)‖_∗ dτ.

(3.5)

Similarly, using (3.3) we obtain the a priori bound for the energy, namely

E(t) ≤ � E(0)+‖l(0)‖^2_∗ + 2g

�_t 0 ‖l̇(τ)‖_∗ dτ

�_2 − ‖l(t)‖^2_∗.

The above estimates are just preliminary, but they already show the essential feature that the loading l appears on the right-hand side with a L^1 integral of l̇ whereas the left-hand side provides an L^∞ estimate for (q, M^{1/2}q̇) in V × H. The crucial observation is now that the analogous estimate holds for the difference of two solutions, even if we treat different loadings l. These estimates are well known (see e.g., [Kre99, Mie05]) but we repeat it for the readers convenience and to have explicit constants.

Proposition 3.1 Let l_1, l_2 ∈ W^{1,1}([0, T ]; V^∗) and q_1 and q_2 be solutions of (2.1) with right-hand sides l_1 and l_2 respectively, then w = q_1−q_2 satisfies, for all t ∈ [0, T ], the estimate B[w(t), ẇ(t), l_1(t)−l_2(t)]^{1/2} ≤ B[w(0), ẇ(0), l_1(0)−l_2(0)]^{1/2}

+ 2g √ 2 �_t 0 ‖l̇_1(τ)−l̇_2(τ)‖_∗ dτ.

(3.6)

Proof. We use the variational inequalities (2.2) for q_1 and q_2 respectively and insert as test functions v_1 = q̇_2 and v_2 = q̇_1, respectively. Adding these two inequalities leads to a cancellation of all terms involving R and we find, with l = l_1 − l_2, d dt �1 2 |ẇ|^2_M + 1 2 ‖w‖^2 − ⟨l, w⟩ � ≤ −⟨l̇, w⟩.

For β(t) = B[w(t), ẇ(t), l(t)] we find the estimate d dt β(t) ≤ ‖l̇(t)‖ � 2‖q(t)‖ + 4‖l(t)‖ � ≤ ‖l̇(t)‖4g √ 2 � β(t).

Now (3.6) is obtained as above. □

We apply this result for deriving a priori estimates for the derivatives. Recall that Corollary 2.1 states q ∈ W^{1,∞}([0, T ]; V ) and Mq ∈ W^{2,∞}([0, T ]; H). The idea is to consider difference quotients as a multiple of the difference between a solution and its time translation.

For arbitrary functions y ∈ L^∞([0, T ]; Y ), h > 0, and t ∈ [0, T −h] we use the notation δ_hy(t)^{def}= 1 h � y(t+h)−y(t) � . We use the fact that the norm of difference quotients can be bounded by the norm of the derivative. For all p ∈ [1, ∞] and y ∈ W^{1,p}([0, T ]; Y ) we have

‖δ_hy‖_Lp_{([0,T −h];Y )} ≤ ‖ẏ‖_Lp_{([0,T ];Y )}. (3.7)

For p ∈ (1, ∞] the left-hand side even converges to the right-hand side for h → 0. Applying Proposition 3.1 with q_1(t) = q(t+h) and q_2(t) = q(t) and dividing by h > 0 we immediately find the a priori estimate

B[δ_hq(t), δ_hq̇(t), δ_hl(t)]^{1/2} ≤ B[δ_hq(s), δ_hq̇(s), δ_hl(s)]^{1/2}

+ 2g √ 2 �_t s ‖δ_hl̇(τ)‖_∗ dτ,

(3.8)

for all 0 ≤ s ≤ t ≤ T −h. If it would be possible to pass to the limit h ↘ 0 on the right-hand side, then we would find the desired a priori bound for (q, M^{1/2}q̇) in W^{1,∞}([0, T ]; V × H). However, in the general situation the initial conditions q(0) = q_0 ∈ V and u̇(0) = u̇_0 ∈ H_1 do not guarantee the boundedness

lim sup h↘0 � ‖δ_hq(0)‖ + |δ_hq̇(0)|_M � < ∞.

Even the additional assumptions u̇_0 ∈ V_1 and l(0) ∈ ∂R(0) + Aq(0) do not help. Here we have to make an additional assumption, which allows us to handle the nonsmoothness. For consistency we let l_0 = l(0) = lim_{h↘0} l(h).

∃ ρ > 0 ∃ l̂ ∈ W^{2,1}([−ρ, 0]; V^∗) ∃ q = (u, z) ∈ W^{1,∞}([−ρ, 0]; V ) : (q(0),u̇(0),l̂(0))=(q_0,u̇_0,l_0), u ∈ W^{2,∞}([−ρ,0];H_1), (2.1) is satisfied on [−ρ,0].

(3.9)

Since l in (3.9) is defined on the t-interval [−ρ, 0] the condition l_0 = l̂(0) = lim_{s↗0} l̂(s) is needed to guarantee that the concatenation of l̂ and l : [0, T ] → V^∗ is continuous, and we will denote this concatenation simply by l : [−ρ, T ] → V^∗ in the sequel. This condition also implies that the stability condition l(0) ∈ ∂R(0) + Aq_0 holds and that the following limits for h ↘ 0 exist:

δ_hq(−h) → Q̇ in V, δ_hu̇(−h) → Ü in H_1, δ_hl(−h) → L̇ in V^∗.

Remark 3.2 There are two cases where this condition can be easily satisfied. The first one will be essential in the next section.

(i) If u̇_0 = 0, then we may choose q(t) = q_0 for all t ∈ [−ρ, 0] and let l̂(t) = l_0.

The limits then read Q̇ = 0, Ü = 0, and L̇ = 0.

(ii) If u̇_0 ∈ V_1 and if the block structure of (2.5) is present, we may choose q(t) = q_0 + t(u̇_0, 0)^T and let l̂(t) = l_0 + tA(u̇_0, 0)^T. The limits here read Q̇ = (u̇_0, 0)^T, Ü = 0, and L̇ = A(u̇_0, 0)T.

Theorem 3.3 Let l ∈ W^{2,1}([0, T ]; V^∗) and (q_0, u̇_0) ∈ V × V_1 be given such that condition (3.9) holds. Then, the unique solution q of (2.7) and (2.8) satisfies the a priori estimate

B[q̇(t), (ü(t), 0)^T, l̇(t)]^{1/2} ≤ B[Q̇, (Ü, 0)^T, L̇]^{1/2}

+ 2g √ 2 � ‖L̇−l̇(0)‖_∗ +

�_t 0 ‖l̈(τ)‖_∗ dτ � . (3.10)

Proof. The idea is to concatenate the artifical solution q ∈ W^{1,∞}([−ρ, 0]; V ) and the given solution q ∈ W^{1,∞}([0, T ]; V ) as well as the loadings. The imposed conditions at t = 0 guarantee that we have a solution on all of [−ρ, T ] and estimate (3.8) holds for −ρ ≤ s ≤ t ≤ T −h. In particular we may choose s = −h and we see that the first term on the right-hand side of (3.8) converges to the first term on the right-hand side of (3.10).

The second term on the right-hand side of (3.8) can be estimated explicitly by taking care of the fact, that l : [−h, T ] → V^∗ is defined piecewise. With

�_t −h ‖δ_hl̇(τ)‖_∗ dτ = 1 h �_0 −h ‖l̇(τ+h)−l̇(τ)‖_∗ dτ +

�_t 0 ‖δ_hl̇(τ)‖_∗ dτ,

we see that the first term converges to ‖L̇−l̇(0)‖_∗, since on the one hand l̇(τ) → L̇ as −h < τ < 0 and l̇ ∈ C^0([−ρ, 0]; V^∗) and on the other hand l̇(τ+h) → l̇(0) for the analogous reasons. Finally the second term can be estimated by (3.7) with p = 1 applied to y = l̇, and the result is established. □

4 Rate-independent limit ε → 0

To consider systems with very slow loading rates we introduce the slow process time τ = εt and assume that the loading l used in (2.1) and Section 3 is given in the form l(t) = ℓ(εt), where now ℓ : [0, T_0] → H^∗ is fixed, and the loading rate ε > 0 eventually tends to 0. We introduce

q_ε(τ) = (u_ε(τ), z_ε(τ))^{def}= (u(τ/ε), z(τ/ε)) = q(τ/ε)

for the solution as a function of the slow process time.

Applying this transformation to system (2.1) and using that the rate-independent friction term remains unchanged, as ∂R(·) is homogeneous of degree 0, we arrive at the rescaled problems

ε^2Mq^{′′}_ε (τ) + Aq_ε(τ) + ∂R(q^′_ε(τ)) ∋ ℓ(τ), q_ε(0) = q_0, u^′_ε(0) = u_1, (4.1) and Aq̄(τ) + ∂R(q̄^′(τ)) ∋ ℓ(τ), q̄(0) = q̄_0. (4.2)

The whole theory in Section 3 remains valid when M is replaced by ε^2M and ˙(·) by (·)^′ with now |q^′_ε|_ε2_M = ε|q^′_ε|_M = ε‖M^{1/2}q^′_ε‖_H .

As in [MMP08] we have the following estimate between the kinetic solution q_ε and the rate-independent quasistatic limit q̄.

Proposition 4.1 Assume that ℓ ∈ W^{1,1}([0, T_0]; V^∗), (M(u_1, 0)^T, q_0) ∈ H × V and q̄_0 ∈ V . Then, for all τ ∈ [0, T_0] we have

ε^2|q^′_ε(τ)|^2_M + ‖q_ε(τ)−q̄(τ)‖^2 ≤ ε^2|(u_1, 0)^T|^2_M + ‖q_0−q̄_0‖^2

+ 2 ε^2 � ess sup

s∈[0,T_0]

|q^{′′}_ε (s)|_M

� � τ 0 |q̄^′(s)|_M ds.

Proof. Theorem 3.3 guarantees that all quantities on the right-hand side are finite. To obtain the estimate we use the standard trick of adding the corresponding variational inequalities, cf. (2.2) and (2.4), but now in the slow process time. Choosing v = q̄^′ and v̄ = q^′_ε all terms involving R cancel and we obtain ⟨ε^2Mq^{′′}_ε , q^′_ε−q̄^′⟩ + ⟨A(q_ε−q̄), q^′_ε−q̄^′⟩ ≤ 0. Integrating over [0, τ] yields

ε^2|q^′_ε(τ)|^2_M + ‖q_ε(τ)−q̄(τ)‖^2 ≤ ε^2|(u_1, 0)^T|^2_M + ‖q_0−q̄_0‖^2 + 2

�_τ 0 ⟨ε^2Mq^{′′}_ε (s), q̄^′(s)⟩ ds.

The Cauchy-Schwarz inequality and taking out the essential supremum provides the desired result. □

The final result provides an estimate between q_ε and q̄ that is explicitly given in terms of the data. For this we need the a priori estimates on the solutions q̄ and q_ε derived in Section 2 and 3, respectively. Moreover, following [MMP08] we will estimate the distance between q_ε and q̄ by introducing a special intermediate solution q̂_ε for which Theorem 3.3 is applicable. In our case, this special kinetic solution q̂_ε = (û_ε, ẑ_ε) satisfies (4.1) together with initial conditions (û^′_ε(0), û_ε(0), ẑ_ε(0)) = (0, ū_0, z̄_0). In particular, we impose that the initial velocity û^′_ε(0) = 0 whereas in [MMP08] the initial velocity ũ^′_ε(0) = εū^′_0 was used, which lead to the additional assumption ū^′_0 ∈ V_1, which is not needed any more. Nevertheless, our final estimate (4.3) is the same as the one obtained in [MMP08].

Theorem 4.2 Let the above assumptions on M, A and R hold and assume ℓ = (f̄, 0)^T ∈ W^{2,1}([0, T_0], V^∗). For q̄_0 ∈ V with ℓ(0) ∈ ∂R(0) + Aq̄_0 ⊂ {0} × H_2 let q̄ be the unique solution of (4.2). For arbitrary q_0 = (u_0, z_0) ∈ V and u_1 ∈ H_1 satisfying 0 ∈ a_{21}u_0+a_{22}z_0 + ∂ ~R(0) let q_ε be the unique solution of (4.1). Then the difference between q_ε and q̄ can be estimated via � |εq^′_ε(τ)|^2_M + ‖q_ε(τ)−q̄(τ)‖^2

�_{1/2} ≤ � |(εu_1, 0)^T|^2_M +‖q_0−q̄_0‖^2

�_{1/2} + � εC[ℓ](τ), (4.3)

where

C[ℓ](τ)^{def}= 2g^2 √ 2 μ �_τ 0 ‖ℓ^′(s)‖_∗ ds � ‖ℓ^′(0)‖_∗ +

�_τ 0 ‖ℓ^{′′}(s)‖_∗ ds � and μ^{def}= sup_{‖v‖=1} |v|_M .

Proof. Proposition 2.1 provides the existence of the special kinetic solution q̂_ε solving (4.1) with q̂_ε(0) = q̄_0 and û^′(0) = 0. This choice allows us to satisfy condition (3.9) via Part (i) in Remark 3.2. Using Q^′ = U^{′′} = L^′ = 0 estimate (3.10) provides the a priori bound

ε|q̂^{′′}_ε (τ)|_M ≤ gB[q̂^′_ε(τ), q̂^{′′}_ε (τ), ℓ^′(τ)]^{1/2} ≤ gB[0, 0, 0]^{1/2} + C_1[ℓ](τ),

with C_1[ℓ](τ)^{def}= 2g^2 √ 2 � ‖ℓ^′(0)‖_∗ +

�_τ 0 ‖ℓ^{′′}(s)‖_∗ ds � , and the right-hand side is independent of ε. Now Proposition 4.1 can be used to obtain

ε^2|q̂^′_ε(τ)|^2_M + ‖q̂_ε(τ)−q̄(τ)‖^2 ≤ 2C_1[ℓ](τ)

�_τ 0 ε|q̄^′(s)|_M ds ≤ εC[ℓ](τ), (4.4)

where we used |q̄^′(s)|_M ≤ μ‖q̄^′(s)‖ ≤ μ‖ℓ^′(s)‖_∗ with the last estimate following from (2.12). For the difference between the given solution q_ε and the special solution q̂_ε we use Proposition 3.1 and obtain, because of ℓ_1 = ℓ_2 = ℓ, the simple estimate

ε^2|q^′_ε(τ)−q̂^′_ε(τ)|^2_M + ‖q_ε(τ)−q̂_ε(τ)‖^2

≤ ε^2|(u_1, 0)^T|^2_M + ‖q_0−q̄_0‖^2 for all τ ∈ [0, T_0].

(4.5)

Taking the square roots of (4.4) and (4.5) and using the triangle inequality gives the desired result. □

In [DuL76, Ch. V.3.5] the limit ε → 0 is used to prove existence for the quasistatic case. However, the viscoplastic case is treated there, i.e., the viscosity parameter μ > 0 (see [DuL76, p.234]) and the necessary ε-independent a priori estimates corresponding to our estimate (3.10) are simply obtained by differentiating in time. The convergence stated in [DuL76] is weak ∗ only, whereas our result provides quantitative error estimates.

5 Elastic-plastic systems with hardening

We relate now the result obtained in the Theorem 4.2 to an elastic-plastic model with linear kinematic hardening which leads to a generalization of the convergence result obtained by Martins et al. in [MMP08].

We consider a material with a reference configuration Ω ⊂ R^d with d ∈ {2, 3}. We assume that Ω is an open bounded set with a 1-regular smooth boundary (see [RaT83]) and |Ω| < ∞. This body may undergo displacements u(τ, · ) : Ω → R^d. The plastic strain will be characterized by z = e_{pl} : Ω → S^d_0 where S^d_0 is the space of symmetric d × d tensors with vanishing trace. Further, we will denote by S^d the space of symmetric d × d tensors endowed with the scalar product v:w^{def}= tr(v^Tw) and the corresponding norm is given by |v|^{2 def}= v:v for all v, w ∈ S^d. Here tr(·) denotes the trace of the matrix (·).

The set of admissible displacements F is chosen as a suitable subset of W^{1,2}(Ω; R^d) by prescribing Dirichlet data on the subset Γ_{Dir} of ∂Ω, i.e.,

F^{def}= � u ∈ W^{1,2}(Ω; R^d) | u_{|ΓDir} = 0 � . The plastic variables e_{pl} belongs to Z^{def}= L^2(Ω; S^d_0) and the linearized strain tensor e = e(u) is given by e(u)^{def}=^1_2 (∇u+∇u^T) ∈ S^d. We assume that ∂Ω is smooth enough and that mes(Γ_{Dir}) > 0 such that the Korn’s inequality holds, i.e. there exists c_{Korn} > 0 with

∀u ∈ F : � Ω |e(u)|^2 dx ≥ c_{Korn}‖u‖^2_W1,2 . (5.1)

For more details on Korn’s inequality and its consequences, we refer to [DuL76] or [KoO88].

We consider now the following kinetic equation

ε^2ρu^{′′} − div � E(e(u)−e_{pl}) � = ℓ_{ext}(τ), x ∈ Ω, τ ∈ [0, T_0], (5.2)

where ρ > 0, ℓ_{ext} are the density and the applied mechanical loading respectively; E is a symmetric, uniformly positive definite elasticity tensor. The behavior of plastic element is characterized by the plastic flow rule in the form

−E(e(u)−e_{pl}) + He_{pl} + ∂R(e^′_{pl}) ∋ 0, x ∈ Ω, τ ∈ [0, T_0], (5.3)

where H is a symmetric, uniformly positive definite hardening tensor. The dissipation potential is given by

~R(e^′_{pl})^{def}= � Ω R(x, e^′_{pl}(x)) dx, with R ∈ L^∞_{loc}(Ω̄ × S^d_0) such that there exist r_1, r_2 with 0 < r_1 < r_2 with ∀ (x, v) ∈ Ω̄ × S^d_0 : r_1|v| ≤ R(x, v) ≤ r_2|v|.

We assume also that R(x, ·) : S^d_0 → [0, ∞) is 1-homogeneous and convex. Notice that (5.3) is equivalent to e^′_{pl} ∈ ∂R^∗ � E(e(u)−e_{pl}) − He_{pl} � , x ∈ Ω, τ ∈ [0, T_0], (5.4) where R^∗ is the Legendre transform of R(·). From (5.2) and (5.4), we finally obtain the governing system

ε^2ρu^{′′} = div � E(e(u)−e_{pl}) � − ℓ_{ext}(τ), e^′_{pl} ∈ ∂R^∗ � E(e(u)−e_{pl}) − He_{pl} � , � x ∈ Ω, τ ∈ [0, T_0], (5.5)

together with Dirichlet boundary conditions u = 0 on Γ_{Dir} × [0, T_0], (5.6) and initial conditions (u(0), u^′(0), e_{pl}(0)) = (u_0, u_1, e^0_{pl}). (5.7) The corresponding rate-independent system is then

0 = div � E(e(u)−e_{pl}) � − ℓ_{ext}(τ), e^′_{pl} ∈ ∂R^∗ � E(e(u)−e_{pl}) − He_{pl} � , � x ∈ Ω, τ ∈ [0, T_0], (5.8)

with Dirichlet boundary conditions ū = 0 on Γ_{Dir} × [0, T_0], and initial conditions (ū(0), ē_{pl}(0)) = (ū_0, ē^0_{pl}). (5.9) Further, the energy associated with (5.5) is given by

E(τ, u, e_{pl}, u^′) = 1 2 � Ω � ρ|εu^′|^2 + (e(u)−e_{pl}):E(e(u)−e_{pl}) + e_{pl}:He_{pl} � dx − ⟨ℓ_{ext}(τ), u⟩.

For a given external loading ℓ_{ext}, a given elasticity tensor E and a given hardening tensor H with ℓ_{ext} ∈ C^1([0, T_0]; W^{1,2}(Ω; R^d)^∗), (5.10a) E ∈ L^∞(Ω; Lin(S^d, S^d)) with E(x) ≥ η1 a.e., (5.10b) H ∈ L^∞(Ω; Lin(S^d_0, S^d_0)) with H(x) ≥ η1 a.e., (5.10c) where η > 0, we recall existence and uniqueness result for kinetic and rate-independ-ent problems. First, one can identify H = H_1 × H_2^{def}= L^2(Ω; R^d) × L^2(Ω; S^d_0) and V = V_1 × V_2^{def}= F × H_2. Second, (5.5) and (5.8) can be rewritten in the form of (2.7) and (2.9), respectively. More precisely, one has to choose a_{11} = −div(Ee(·)), a_{12} = div(E(·)), a_{21} = −Ee(·), a_{22} = E(·) + H(·), f(τ) = ℓ_{ext}(τ) and m = ε^2ρ. Then, Proposition 2.1 gives the following result.

Proposition 5.1 Assume that (5.10) holds and that (u_0, u^′_0, e^0_{pl}) ∈ F × F × Z such that 0 ∈ E(e_{pl}0 −e(u_0)) + He^0_{pl} + ∂R(0) ⊂ Z is satisfied. Then there exists a unique solution (u, e_{pl}) ∈ W^{1,∞}([0, T_0]; V ) that solves (5.6) and (5.7).

The existence and uniqueness theory for the rate-independent elastoplasticity problem is standard, see [Gr78a, Joh78].

Proposition 5.2 Assume that (5.10) holds and that (ū_0, ē^0_{pl}) ∈ F × Z such that (ℓ_{ext}(0), 0)^T ∈ A(ū_0, ē^0_{pl})^T + {0} × ∂R(0) ⊂ F × Z is satisfied. Then, there exists a unique solution (ū, ē_{pl}) ∈ W^{1,∞}([0, T_0]; V ) that solves (5.8) and (5.9).

Applying Theorem 4.2 and using (5.1), we deduce the following result.

Corollary 5.3 Assume that (5.10) holds and (u_0, u^′_0, e^0_{pl}) ∈ F×F×Z and (ū_0, ē^0_{pl}) ∈ F ×Z satisfy 0 ∈ E(e^0_{pl}−e(u_0))+He^0_{pl} +∂R(0) and (ℓ_{ext}(0), 0)^T ∈ A(ū_0, ē^0_{pl})^T +{0}× ∂R(0), respectively. Then there exist c, C > 0 such that for all ε > 0, we have � ‖ερ^{1/2}u^′(τ)‖^2_L2 +‖u(τ)−ū(τ)‖^2_W1,2 +‖e_{pl}(τ)−ē_{pl}(τ)‖^2_L2

�_{1/2} ≤ c � ‖ερ^{1/2}u^′_0‖^2_L2 +‖u_0−ū_0‖^2_W1,2 +‖e^0_{pl}−ē^0_{pl}‖^2_L2

�_{1/2} + C √ ε, for all τ ∈ [0, T_0].

References

[Bre73] H. Brezis. Opérateurs maximaux monotones et semi-groupes de contractions dans les espaces de Hilbert. North-Holland Publishing Co., Amsterdam, 1973. North- Holland Mathematics Studies, No. 5. Notas de Matemática (50).

[DuL76] G. Duvaut and J.-L. Lions. Inequalities in mechanics and physics. Springer- Verlag, Berlin, 1976. Translated from the French by C. W. John, Grundlehren der Mathematischen Wissenschaften, 219.

[Gr78a] K. Gröger. Zur Theorie des quasi-statischen Verhaltens von elastisch-plastischen Körpern. ZAMM Z. Angew. Math. Mech., 58(2): 81–88, 1978.

[Gr78b] K. Gröger. Zur Theorie des dynamischen Verhaltens von elastisch-plastischen Körpern. ZAMM Z. Angew. Math. Mech., 58(11): 483–487, 1978.

[Joh76] C. Johnson. Existence theorems for plasticity problems. J. Math. Pures Appl.

(9), 55(4):431–444, 1976.

[Joh78] C. Johnson. On plasticity with hardening. J. Math. Anal. Appl., 62(2):325–336, 1978.

[KoO88] V.A. Kondrat’ev and O.A. Oleinik. Boundary-value problems for the system of elasticity theory in unbounded domains. Korn’s inequalities. Russian Math. Surveys, 43-5, 65–119, 1988.

[Kre99] P. Krejčí. Evolution variational inequalities and multidimensional hysteresis operators. In Nonlinear differential equations (Chvalatice, 1998), volume 404 of Chapman & Hall/CRC Res. Notes Math., pages 47–110. Chapman & Hall/CRC, Boca Raton, FL, 1999.

[MMP07] J.A.C. Martins, M.D.P. Monteiro Marques and A. Petrov. On the stability of quasi-static paths for finite dimensional elastic-plastic systems with hardening. ZAMM Z. Angew. Math. Mech., 87(4): 303–313, 2007.

[MMP08] J.A.C. Martins, M.D.P. Monteiro Marques and A. Petrov. On the stability of quasi-static paths of elastic-plastic systems with hardening. J. Math. Anal. Appl., 343(2):1007–1021, 2008.

[MS*04] J.A.C. Martins, F.M.F. Simões, A. Pinto da Costa and I. Coelho. Three examples on (in)stability of quasi-static paths, Report ICIST DTC no. 16/05, Instituto Superior Técnico, Portugal, 2005.

[Mie05] A. Mielke. Evolution in rate-independent systems (Ch. 6). In C. Dafermos and E. Feireisl, editors, Handbook of Differential Equations, Evolutionary Equations, vol. 2, pages 461–559. Elsevier B.V., Amsterdam, 2005.

[MiT04] A. Mielke and F. Theil. On rate–independent hysteresis models. Nonl. Diff.

Eqns. Appl. (NoDEA), 11, 151–189, 2004.

[Mon93] M.D.P. Monteiro Marques. Differential inclusions in nonsmooth mechanical problems. Shocks and dry friction. Birkhäuser Verlag, Basel, 1993.

[Mor74] J.-J. Moreau. On unilateral constraints, friction and plasticity. In New Variational Techniques in Mathematical Physics (Centro Internaz. Mat. Estivo (C.I.M.E.), II Ciclo, Bressanone, 1973), pages 171–322. Edizioni Cremonese, Rome, 1974.

[RaT83] P.-A. Raviart and J.-M. Thomas. Introduction à l’analyse numérique des équations aux dérivées partielles. Collection Mathématiques Appliquées pour la Maîtrise. [Collection of Applied Mathematics for the Master’s Degree], Masson, Paris, 1983.

[ShS97] R.E. Showalter and P. Shi. Plasticity models and nonlinear semigroups. J.

Math. Anal. Appl., 216(1):218–245, 1997.

[ShS98] R.E. Showalter and P. Shi. Dynamic plasticity models. Comput. Methods Appl. Engrg., 151(1):501–511, 1998.

[Zei85] E. Zeidler. Nonlinear functional analysis and its applications. III. Springer- Verlag, New York, 1985. Variational methods and optimization.