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Abstract. Two attractors �i (i = 1; 2) of di�eomorphisms fi : Mi !Mi

will be called intrinsically equivalent if there is a homeomorphism h : �1 !

�2 satisfying f2h = hf1. If we can �nd a homeomorphism g : W s
�1
! W s

�2
of

the basins W s
�i

of �i such that f2g = gf1, then we say that �1;�2 are basin

equivalent. Let �1;�2 be transversely tame 1-dimensional hyperbolic at-

tractors which are intrinsically equivalent. Then, if W s
�1
;W s

�2
are orientable

and m = dimM1 = dimM2 � 4, it is shown that �1;�2 are basin equiva-

lent, provided these attractors are regarded, for some positive integer k, as

attractors of fk1 ; f
k
2 instead of f1; f2, respectively. This conclusion implies

that W s
�1
;W s

�2
are homeomorphic under a homeomorphism which maps �1

to �2 and the stable foliation Ws
�1

of W s
�1

to the stable foliation Ws
�2

of

W s
�2
. (To be transversely tame is a weak restriction; hence, roughly, speak-

ing, these facts hold for "almost all" 1-dimensional hyperbolic attractors.)

If transverse tameness andm � 4 is dropped from the assumption, then still

the cartesian products W s
�i
�R are homeomorphic with a homeomorphism

which maps �1 � f0g to �2 � f0g and Ws
�1
�R to Ws

�2
�R.
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1. Introduction

Let f be a di�eomorphism of an n-dimensional Riemannian C1 man-

ifold M without boundary onto itself. (In this paper "di�erentiable"
or "smooth" means "of class C1".) By an attractor we mean a com-
pact subset � of M which is invariant (i.e. f(�) = �) and attracts
all points which are su�ciently close to � in the sense that there is a

neighbourhood U of � in M such that

f(U) � U;
\
i�0

f i(U) = �:

For a description of an attractor � besides its intrinsic structure the

structure of its basin

W s
� = fp 2M j lim

i!1
dist(f i(p);�) = 0g;

i.e. the set of all points which are attracted by �, deserves our interest.
We say that attractors �;�0 of di�eomorphisms f :M ! M; f 0 :M 0 !

M 0 are intrinsically equivalent if there is a homeomorphism h : �! �0

such that hf = f 0h on �. The intrinsic type of �, i.e. the class of all
attractors which are intrinsically equivalent to �, will be denoted by �,

and we say that � is a realization of �. If there is a homeomorphism
g : W s

� ! W s
�0, satisfying gf = f 0g on W s

�0 , then we say that �
and �0 have the same basin type or that they are basin equivalent.
Obviously g maps � to �0. Therefore, if attractors �;�0 have the

same basin type then they are intrinsically equivalent, and the pairs
(W s

�;�) and (W s
�0 ;�

0) are homeomorphic in the sense that there is a
homeomorphism which maps W s

� to W s
�, and � to �0.

In this paper we try to show to what extent the intrinsic type of an

attractor � determines its basin type. Though facts similar to those
proved below seem to hold in more general situations this aimmotivates
the restriction to a class of attractors whose intrinsic structure is well
known. This class will consist of all 1-dimensional hyperbolic attractors
i.e. attractors which are basic sets in the sense of S. Smale [9] and whose

topological dimension is 1. Due to R.F. Williams [8], [12], [13] we have
a satisfactory description of the intrinsic structure of these attractors.
Locally a 1-dimensional hyperbolic attractor � in an m-manifold

M(m � 2) can be described as follows. If x 2 � then there is a Cantor

set C in the (m�1)-dimensional unit ballDm�1 and a homeomorphism
h of D1 � Dm�1 onto a neighbourhood V of x in M such that V \

� = h(D1 � C). (Here D1, the 1-dimensional unit ball, is the interval
[�1; 1].) This implies that the arc componentW u

x of x in � is the image

of a C0 immersion of R in M . It can be shown that W u
x is a C1 curve
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which is in�nitely long in both directions. Indeed, W u
x is the unstable

manifold

W u
x =

�
y 2M j lim

i!�1
d(f i(y); f i(x)) = 0

�

of x. By our de�nition of attractors � has �nitely many components

which are permuted by f , and since � is a basic set this permutation
is cyclic. This justi�es to assume, as we shall do, that � is connected
(but not arcwise connected, of course). Then W u

x is dense in �. For
y 2 � the stable manifold

W s
y =

�
z 2M j lim

i!1
d(f i(z); f i(y)) = 0

�

of y is a dense subset of W s
�, and W s

y can be obtained as the image of

an injective C1 immersion of Rm�1 into W s
�. The family of all these

stable manifoldsW s
y (y 2 �) is a C1 foliation ofW s

� which will be called
the stable foliation of W s

� and denoted by Ws
�.

By a transverse section S of � at a point x 2 � we mean an

(m� 1)-dimensional compact submanifold with boundary of W s
x such

that x 2 S\� = IntS\�. Then S\� is a Cantor set. Ifm�1 � 3 then
this Cantor set can be wildly imbedded in S, e.g., it can be similar to
Antoine's necklace in R3 (see [1], [4]). This wild behaviour is excluded

if we assume that S\� can be covered by arbitrary small disjoint com-
pact topological (m�1)-balls in S. Then S\� is called a tame Cantor
set in S, and we say that � is transversely tame, if for each transverse
section S the set S \ � is tame in S. To prove that � is transversely
tame it is su�cient that S \ � is tame for at least one S. For each at

least 4-dimensional manifold M there are di�eomorphisms with trans-
versely wild 1-dimensional hyperbolic attractors (see [4]), however it
is not easy to �nd such examples (at least for dimM > 4). More-
over a necessary (but by no means su�cient) condition for transverse

wildness is dimH � � dimM�2, where dimH denotes the Hausdor� di-
mension (see [11], [12]). Therefore some acquaintance with transversely
wild attractors suggests the opinion that excluding transversely wild
attractors, as we shall do in the main part of this paper, is a mild

restriction. (For some facts concerning the basins of transversely wild
1-dimensional hyperbolic attractors see Corollary 1.3 below.)
There are four simple reasons why two 1-dimensional hyperbolic at-

tractors �i (i = 1; 2) of di�eomorphisms fi : Mi !Mi, though intrinsi-
cally equivalent, can have topological di�erent pairs (W s

�1
;�1); (W

s
�2
;�2).

(a0) The dimensions mi of Mi can be di�erent.
(b0) The impact of �i on W s

�i
is not strong enough to determine ori-

entability or non orientability of W s
�i
.
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(c0) It can happen that the strings W u
x of �i are tangled in W s

�i
in

di�erent ways.

(d0) For transverse sections Si of �i the Cantor sets Si \ �i can have
di�erent structure.

This suggests the following assumptions.

(a) dimM1 = dimM2 = m:

(b) W s
�1
;W s

�2
are orientable.

(c) m � 4. (Smooth curves can not be linked in at least 4-dimensional

manifolds.)
(d) � is transversely tame.

Corollary 1.1 below shows that these conditions are in fact su�cient
for the topological equivalence of the pairs (W s

�1
;�1); (W

s
�2
;�2). The

following main result of this paper states a fact which is a little stronger
than this equivalence.

Main Theorem. Let �i (i = 1; 2) be transversely tame 1-dimensional

hyperbolic attractors of di�eomorphismus fi : Mi !Mi, where dimM1 =
dimM2 � 4 and the basins of �1;�2 are orientable. Then there is a

positive integer k such that �1;�2 are basin equivalent, provided these

attractors are regarded as attractors of fk1 ; f
k
2 instead of f1; f2, respec-

tively. (For a description of the common basin type of �1;�2 as attrac-

tors of fk1 ; f
k
2 , respectively, see Corollary 3.2 in Section 3.)

Remark. Examples (the attractors �l in Section 3 e.g.) show that
k = 1 is not always possible (fi can twist W s

�i
). If M1 = M2 = R

m

then, presumably, the theorem holds with k = 1, but we can not prove
this.

Corollary 1.1. Let Mi; fi;�i (i = 1; 2) be as in the main theorem.

Then there is a homeomorphism h : W s
�1
! W s

�2
which maps �1 to �2

and the stable foliation Ws
�1

to Ws
�2
.

Proof. W s
�i

andWs
�i

remain unchanged if �i is regarded as an attrac-

tor of fki instead of fi. 2

Corollary 1.2. Let � be a transversely tame 1-dimensional hyperbolic

attractor with orientable basin in an m-dimensional manifold. Then, if

m � 4;W s
� is homeomorphic to an open subset of Rm. (Even more, a

result in [5] will imply that there is an open set G in R3 such that W s
�

is homeomorphic to G�Rm�3.)
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Proof. Since m � 4 it is easy to construct a di�eomorphism f : Rm !

R
m with a transversely tame 1-dimensional hyperbolic attractor �0

which is intrinsically equivalent to �. Then by Corollary 1.1 W s
� is

homeomorphic to W s
�0. 2

Corollary 1.3. Let �i (i = 1; 2) be intrinsically equivalent 1-dimensional

hyperbolic attractors (not necessary transversely tame) of di�eomor-

phisms fi : Mi ! Mi, respectively, where M1;M2 are manifolds of the

same dimension m � 3. Then, if W s
�1
;W s

�2
are orientable, there is

a homeomorphism h : W s
�1
� R ! W s

�2
� R which maps �1 � f0g to

�2�f0g andWs
�1
�R toWs

�2
�R. (This does not imply that W s

�1
;W s

�2

are homeomorphic.)

Proof. We consider the di�eomorphisms ~fi : Mi � R ! Mi � R

which are de�ned by ~fi(x; t) = (fi(x);
1
2
t). Then for i = 1; 2 we have

the 1-dimensional hyperbolic attractor ~�i = �i � f0g of ~fi, and this

attractor is obviously intrinsically equivalent to �i. Therefore ~�1; ~�2

are intrinsically equivalent too. Moreover, by [2] ~�1; ~�2 are transversely
tame. Since W s

~�i
= W s

�i
� R the Corollary 1.3 follows from Corollary

1.1. 2

In Section 3 we shall construct some manifolds Ml with di�eomor-
phisms fl : Ml !Ml each of which has a transversely tame 1-dimensional
hyperbolic attractor �l whose basin is the whole manifold Ml. It will
be shown that for each transversely tame 1-dimensional hyperbolic at-

tractor � of a di�eomorphism f : M !M , where m = dimM � 4 and
W s

� is orientable, the pair (W s
�;�) is homeomorphic to one of the pairs

(Ml;�l) (see Corollary 3.2 in Section 3).
Though the construction of fl : Ml ! Ml is quite simple it does

not illustrate the topological shape of the manifoldMl or, equivalently,

the basin W s
�. A way which leads to a satisfactory description of W s

�

proceeds as follows.
It can be proved that there is a di�eomorphism f 0 : R3 ! R

3 with
a 1-dimensional hyperbolic attractor �0 which is intrinsically equiva-

lent to �, provided � is regarded, for some k � 1, as attractor of
fk. Then we consider the di�eomorphism f 00 : Rm ! R

m which is
de�ned by f 00(x1; : : : ; xm) = (f 0(x1; x2; x3);

1
2
x4; : : : ;

1
2
xm) and its at-

tractor �00 = �0�f(0; : : : ; 0)g. This attractor is transversely tame and

by Corollary 1.1 the basins W s
� and W s

�00 = W s
�0 � R

m�3 are homeo-

morphic. This shows that for each intrinsic type � of 1-dimensional

hyperbolic attractors there is an open subset G� of R3 such that for
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any transversely tame 1-dimensional hyperbolic attractors � in a man-
ifold of dimension m � 4 the basin W s

�, if orientable, is homeomorphic

to G� � R
m�3, where � denotes the intrinsic type of �. The sets G�

have various topological structure. Since the number of intrinsic types

of 1-dimensional hyperbolic attractors is countable the same holds for
the number of sets G�. It is a natural task to describe these sets and

to uncover the connection between � and G�. This will be done in [5].

Section 2 it devoted to some de�nitions and constructions which
concern 1-dimensional hyperbolic attractors. Then in Section 3 we
construct the attractors �l which were already mentioned above and
reduce the proof of the main theorem to three propositions. Each of

these proposition is proved in one of the further sections.
We shall use the following notations: Rm denotes the m-dimensional

real coordinate space, and Dm is the unit ball in Rm with boundary
Sm�1, the (m � 1)-dimensional unit sphere. So D1 = [�1; 1], while I
denotes the interval [0; 1]. The centre ofDm is denoted by o, andDm(�)

is the ball in Rm with centre o and radius �. If M is a manifold, then
IntM and @M denote the interior and the boundary ofM , respectively.
The words "di�erentiable" or "smooth" mean "of class C1".

2. W -representations

As pointed out in Section 1 all 1-dimensional hyperbolic attractors
� are locally homeomorphic to the cartesian product of a Cantor set
with an interval. Now to describe their global intrinsic structure we
present a procedure by which each 1-dimensional hyperbolic attractor

can be constructed up to intrinsic equivalence. As above W s
�;W

s
� will

denote the basin of � and the stable foliation of W s
�, respectively. In

W s
� we use a metric ds, called stable metric, for which ds(x; y) = 1 if

x; y lie in di�erent leaves of Ws
�, and if x; y lie in the same leaf then

ds(x; y) is their distance inside this leaf.

By a branched 1-manifold we mean a compact connected subset �
of R3 which is the union of �nitely many smooth arcs A1; : : : ; Ar with
the following properties:

(1�) Two of the arcs Ai are disjoint or their intersection is a common

end point.
(2�) No point belongs to more than three of the arcs Ai.
(3�) If � is a common end point of Ai and Aj then the tangents

T�Ai; T�Aj of Ai and Aj at � coincide.

(4�) Each point in � lies in the interior of a smooth subarc of �.
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So � has a tangent at each of its points, and if there is a nowhere

vanishing continuous vector �eld on � each of whose vectors is tangent
to � then we say that � is orientable.
A point # which belongs to three of the arcs Ai is called a branch

point of �. Two of these arcs, say Ai1 ; Ai2 , leave # in the same and the

remaining one, say Ai0 , in the opposite direction. A smooth arc in �
one of whose end points is # will be called a branch of # if it leaves #
in the direction of one of the arcs Ai1 ; Ai2 and does not contain further
branch points. An arc which leaves # in the opposite direction and
does not contain further branch points is a stem of #. The set of all

branch points in � will be denoted by �.
Later we shall de�ne standard tubular neighbourhoodsNm

� of branched
1-manifolds �. To make this de�nition unique we choose once for all
in each branched 1-manifold � and for each branch point # 2 � an

order in the set of the two branches of #. Accordingly one branch will
be called positive and the other negative.
In each branched 1-manifold � we choose a maximal �nite subset �

of � n � for which � n � is connected. This set � will be called the

cutting set and its points the cutting points of �. Obviously �n� does
not contain closed curves, and � n� is a tree. The number of points in
� can be regarded as the number of handles of �.
We assume that for each branched 1-manifold � a cutting set � is

�xed. So in each � we have the two uniquely de�ned �nite subsets �

and �.
Let ' : �! � be a mapping. We call ' expanding if for any smooth

arc A in � the restriction of ' to A is an expanding C1 mapping in
the sense that for each � 2 A and each tangent vector v 2 T�A; v 6= 0

we have jd�'(v)j > jvj, where jvj denotes the length of vectors in R3.
We shall use mappings ' : �! �, calledW -mappings, which have the
following properties:

(1') ' is expanding.

(2') If # 2 � is a branch point, then for k � 1 the points 'k(#) are

not branch points.
(3') If A is any arc in � then there is a positive integer k such 'k(A) =

�.

Obviously, if ' : � ! � is a W -mapping, so are the mappings
'k : �! � (k = 1:2; : : : ).
Williams proved in [12] that for each 1-dimensional hyperbolic at-

tractor � of a di�eomorphism f : M ! M there is a W -mapping
6



' : � ! � of a 1-dimensional branched manifold � and a continuous
projection �0 : �! � with the following properties:

(1W ) The diagram

�
f
�! �

� # # �

�
'
�! �

(W)

is commutative.

(2W ) For each � 2 � the preimage ��10 (�) is a Cantor set in a stable
manifold W s 2Ws

�. The diameters of all sets ��1(�) (� 2 �) are
bounded with respect to the stable metric ds.

(3W ) If x 2 � then there is an arc in the unstable manifold W u
x of x

which contains x in its interior and which is mapped by � home-
omorphically onto a smooth arc in �.

Under these conditions (W ) will be called a W -representation for �.
If � is the projection in aW -representation of �, then for each stable

manifold W s 2 Ws
� the family of all preimages ��1(�) (� 2 �) which

lie in W s is locally �nite with respect to the intrinsic topology of W s.
Let �;�0 be intrinsically equivalent 1-dimensional hyperbolic attrac-

tors of di�eomorphisms f; f 0, respectively, and let h : � ! �0 be a
conjugating homeomorphism. Then a W -representations (W ) of � de-

�nes, with �0 = �h�1, the W -representation

�0
f 0

�! �0

�0 # # �0

�
'
�! �

(W0)

of �0. (Roughly speaking, intrinsically equivalent 1-dimensional hyper-

bolic attractors have the same W -representation.)
The importance ofW representations results from the fact that their

lower part, i.e., the W -mapping ' : � ! �, determines the intrinsic
structure of � and that �, up to intrinsic equivalence, can be obtained
from ' by simple constructions. For this paper the following construc-

tion using tubular neighbourhoods of branched 1-manifolds � is most
convenient.
Let � be a branched 1-manifold with � the set of its branch points,

and let m � 2 be an integer. Then by an m-dimensional tubular neigh-

bourhood Nm
� of � we mean a compact connected toplogical manifold

of dimensionm which is de�ned by the following construction. If � = ;

then � is a smooth closed curve, and we de�ne Nm
� to be the solid torus

��Dm�1. If � 6= ; and � is the cutting set of � then the components

of �n(� [ �) are open arcs A1; : : : ; As and we consider the closed arcs
7



A1; : : : ; As which are obtained by adding two end points to each Ai,
where all these 2s end points are assumed to be di�erent. Let � be
the disjoint union of all Ai. To each # 2 � there correspond three

end points #0; #+; #� in �, where #0 belongs to the stem and #+; #�
to the positive and the negative branch of #, respectively. Now Nm

�

is obtained from � �Dm�1 by the following identi�cations. Firstly, if

# 2 � then for i = � we identify (#i; x) 2 � �Dm�1 with (#0; �i(x)),
where the embeddings �i : D

m�1 ! D
m�1 are de�ned by

�i(x) =
�
i1
2
; 0; : : : ; 0

�
+ 1

4
x (i = �):

Finally, if � 2 � we take the two corresponding end points �; � 0 in
� and identify all points (�; x) 2 f�g � Dm�1 either with (� 0; x) or
with (� 0; x0) (x = (x1; : : : ; xm�1); x

0 = (�x1; x2; : : : ; xm�1)), where this
identi�cation is chosen so that Nm

� becomes orientable (see Figure 1).

There is a natural projection �� : Nm
� ! �, and each disk ��1� (�)

has a well de�ned linear euclidean structure; even more, in ��1� (�) a
centre o(�) and the directions of m�1 coordinate axes are de�ned (the
�rst possibly without orientation). If � is orientable then for all � 2 �

the identi�cation (�; x) = (� 0; x) or (�; x) = (� 0; x0) are of the �rst kind.
In this case for each � 2 � we have a well de�ned di�eomorphism
�� : �

�1
� (�) ! D

m�1 and therefore standard coordinates in ��1� (�).
Since for � 6= ; the boundary of Nm

� has corners Nm
� is not a C1

manifold in the ordinary sense, but we can de�ne C1 mappings of Nm
�

in the obvious way. (Warning: Nm
� is called neighbourhood though

there is no natural embedding �! Nm
� .)
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Figure 1

As pointed out above the number #� of points in a cutting set � for
� can be regarded as the number of handles of �. This becomes more

concrete if we consider a tubular neighbourhood Nm
� of �. Indeed, Nm

�

is a handlebody with exactly #� handles.
Now, as announced above, we show how a tubular neighbourhood

Nm
� of the branched 1-manifold � in (W ) can be used to describe

the intrinsic type of �. Let m � 3. Then there is an orientation
preserving C1 embedding f' : Nm

� ! IntNm
� such that for each � 2 �

the restriction of f' to ��1� (�) is a contracting similarity mapping into

��1� ('(�)). We assume that f' does not twist Nm
� in the sense that

each coordinate direction in ��1� (�) is mapped to the same coordinate

direction in ��1� ('(�)), where the �rst direction is regarded without
orientation (see Figure 2). We assume that for any W -mapping ' :
�! � and for any m � 3 the embedding f' : N

m
� ! Nm

� is �xed once
and for all so that the following constructions are uniquely determined

by ' and m.
9



Figure 2

The intersection ~� =
1T
i=0

f i'(N
m
� ) is invariant under f', and if for

x 2 � we de�ne h(x) to be the single point in
1T
i=0

f i'�
�1
� �f�i(x) then it

is not hard to see that h is a homeomorphism h : �! ~� for which

� �-

f

~� ~�-

f'

� �-

'
?

�

?

�

@

@
@R

h

�

�
�	

��

�

�
�	

h

@

@
@R

��

is commutative. This shows that f : � ! � and f' : ~� ! ~� are

topologically conjugate, and so ~� describes the intrinsic type of �.

In Proposition 3.2 of Section 3 we shall show that for certain 1-
dimensional hyperbolic attractors � with a W -representation (W ) a
tubular neighbourhood Nm

� of � (m the dimension of the manifold
containing �) can be embedded inW s

� so that we get a compact neigh-

bourhood of �. These neighbourhoods, called tubular neighbourhoods

of �, will be the main tool for our investigation of attractor basins.
More exactly, if � is a 1-dimensional hyperbolic attractor in an m-
dimensional manifold and (W ) is a W -representation of � with the W -
mapping ' : �! �, then by a tubular neighbourhoodN of � belonging

to (W ) we mean a compact neighbourhood of � in W s
� which is the

image of a C0 embedding h : Nm
� !M with the following property. If

x 2 �; � = �(x) 2 �, then h maps the disk ��1� (�) di�eomorphically

onto a disk N(�) in the stable manifold W s
x , and N(�)\� = IntN(�)\

� = ��1(�), where �: �! � is the projection in (W ) and ��: N
m
� ! �

is the projection considered above. The projection � can be extended
10



to

�N = ��h
�1 : N ! �:

If in addition to (1N); (2N); (3N) we have f(N) � IntN , then we get
the following commutative diagram which will be called an extended

W -representation or an extension of (W )

N
f
�! N

�N # # �N

�
'
�! �

(WN)

3. The attractors �l and the plan for the proof of the

main theorem

In this section after having de�nd the attractors �l we state three
propositions and show how they imply the main theorem. The propo-
sitions will be proved in the following sections.
Let ' : � ! � be a W -mapping. In the preceding section we have

de�ned for each m � 3 a tubular neighbourhood Nm
� of � with a

projection �� : N
m
� ! � and a C1 embedding f' : N

m
� ! Nm

� . Here
for m � 4 we generalize this construction by adding twists to f'. If
� = f�1; : : : ; �rg is the cutting set of � we choose arcs A1; : : : ; Ar in

�, where Ai and �i lie in the same component of � n �, but �i 62 Ai.

Then ��1� (Ai) = Ai � D
m�1. For i = 1; : : : ; r we choose a monotone

C1 function �i : Ai ! [0; 2�] which is 0 near one end point of Ai

and 1 near the other end point and de�ne #i : N
m
� ! Nm

� to be the

di�eomorphism which is the identity outside ��1� (Ai) and which on

��1� (Ai) = Ai �D
m�1 is given by

#i(�; t1; :::; tm�1)

= (�; t1 cos�(�)� t2 sin�(�); t1 sin�(�) + t2 cos�(�); t3; :::; tm�1):

The mapping #i twists the handle of Nm
� which corresponds to �i. If

l = (l1; : : : ; lr) 2 f0; 1g
r is a sequence of r elements each of which is 0

or 1 we de�ne #l = #l1 : : : #lr , i.e. #l twists exactly those handles which
corresponds to cutting points �i for which li = 1.
In the next step of our construction we de�ne m-manifolds Wl (l 2

f0; 1gr) and di�eomorphisms fl : Wl ! Wl such that each Wl contains

Nm
� and fl is an extension of the embedding f'#l : N

m
� ! Nm

� . To this
aim we consider disjoint copies R1; R2; : : : of R0 = Nm

� n Int f'(N
m
� ).

Then Wl is obtained from the disjoint union Nm
� [ R1 [ R2 [ : : : by

identifying each point x 2 Ri which corresponds to a point x0 in R0

lying on @Nm
� with the point in Ri+1 which corresponds to f'#l(x

0) in
11



R0 (i = 0; 1; 2; : : : ). The extension fl : Wl ! Wl of f'#l : N
m
� ! Nm

�

maps each point x 2 Ri (i � 1) to the point in Ri�1 which is the copy

of x in Ri�1. It is a simple task to equip Wl with a C1 structure so
that each fl becomes a di�eomorphism. Obviously

�l =
1\
j=0

f
j
l (N

m
� )

is a transversely tame 1-dimensional hyperbolic attractor of fl with
tubular neighbourhood Nm

� , and the basin of �l is the whole manifold
Wl. Moreover all �l (l 2 f0; 1g

r) are intrinsically equivalent.

Proposition 3.1. Let ' : � ! � be a W -mapping, where � has r

handles, and let l; l0 be sequences in f0; 1gr with l0 = (0; : : : ; 0). Then

there is an integer k � 1 such that the di�eomorphisms fkl : Wl ! Wl

and fk
l0
: Wl0 !Wl0 are topologically conjugate.

Proposition 3.2. If (W ) is a W -representation of a transversely tame

1-dimensional hyperbolic attractor � whose basin is orientable, then, if

the manifold containing � is at least 4-dimensional, � has a tubular

neighbourhood belonging to (W ).

Corollary 3.1. If �;W are as in the proposition then there is an in-

teger k0 � 1 such that for any k � k0 the diagram

�
fk

�! �

� # # �

�
'k

�! �

(�; �; ' as in (W )), when regarded as W -representation for � as at-

tractor fk, has an extension.

Proof. Since each tubular neighbourhood N of � is a compact subset

of W s
� which contains � in its interior there is an integer k0 � 1 such

that fk(N) � IntN for all k � k0. 2

Remark 3.1. Proposition 3.2 does not hold for 1-dimensional hy-
perbolic attractors � in 3-manifolds. In this case each � has a W -
representation (W ) with a tubular neighbourhood belonging to (W ),

but there are examples where (W ) can not be chosen arbitrarly (see
[4], where the 3-dimensional case is considered).

12



Proposition 3.3. Let � be a 1-dimensional hyperbolic attractor in an

m-dimensional manifold, where m � 4. It is assumed that � has an

extended W -representation (WN). Then, if ' : � ! � is the W -

mapping in (WN) and r is the number of handles of �, our attractor

� is basin equivalent to one of the attractors �l (l 2 f0; 1g
r) which are

constructed above for ' : �! � and m.

Corollary 3.2. Let � be a transversely tame 1-dimensional hyperbolic

attractor of a di�eomorphism f : M !M , where m = dimM � 4 and

W s
� is orientable. Then there is an integer k � 1 such that the attractor

�, when regarded as attractor of fk, is basin equivalent to one of the

attractors �l.

Proof. The corollary is immediately implied by Corollary 3.1 and

Proposition 3.3. 2

Proof of the main theorem. Let fi : Mi ! Mi;�i (i = 1; 1) and
m = dimM1 = dimM2 be as in the main theorem. Since �1;�2 are
intrinsically equivalent we can choose W -representations for these at-
tractors with the same expanding mapping ' : � ! �. Then by

Proposition 3.2 and Proposition 3.3 there is an integer k0 � 1 with the
following property, where �0i denotes �i regarded as attractor of fk

0

i ,

and �
0

is the common intrinsic type of �01;�
0

2.
If r is the number of handles of � then there are sequences l1; l2 2

f0; 1gr such that �0i is basin equivalent to �li
(i = 1; 2) where these

attractors are constructed for the W -mapping 'k : �! �. By Propo-
sition 3.1 there is an integer k00 � 1 such that �l

1
;�l

2
as attractors of

fk
00

l
1
; fk

00

l
2
, respectively, are basin equivalent. This shows that �1;�2 as

attractors of fk
0+k00

1 ; fk
0+k00

2 , respectively, are basin equivalent too. 2

4. Proof of Proposition 3.3

We start with aW -mapping ' : �! � and a tubular neighbourhood
Nm
� of � with the projection �� : N

m
� ! �, where m � 4. This neigh-

bourhood will be denoted by N and the disks ��1� (�) (� 2 �) by N(�).
By our construction of N each disk N(�) has a well de�ned euclidean

structure and is isometric with Dm�1. If r is the number of handles
of � we have the mappings f' : N ! IntN; #l : N ! N; fl = f'#l :
N ! IntN (l 2 f0; 1gr) as de�ned in Section 2 and Section 3. The
common image of the embeddings f'; fl will be denoted by N 0 and the

disks f' (N(�)) = fl (N(�)) by N 0(�). By an embedding f : N ! IntN
13



over ' we mean an orientation preserving C1 embedding such that
f(N(�)) � IntN('(�)) and

lim
i!1

max
�2�

diam f i(N(�)) = 0:

Then

�f =
1\
i=0

f i(N)

is the attractor of f . An embedding ' : N ! IntN over ' will be called
�brewise linear on �brewise similar if for each � 2 � the restriction of
f to N(�) is a linear mapping or a similarity mapping onto a disk in
N('(�)). An orientation preserving homeophism or di�eomorphism

h : N ! N will be called �bre preserving if h(N(�)) = N(�) (� 2 �)
and in addition h = id in a neighbourhood of @N . We say that two
embeddings f; f 0 : N ! IntN over ' are C1 conjugated and write
f �1 f

0 if there is a �bre preserving homeomorphism h : N ! N such

that hf = f 0h and the restriction of h to N n �f is a di�eomorphism
onto N n �f 0.
The way in which the following lemma implies Proposition 3.3 is

so short and straightforward (N in the lemma can, up to topological

equivalence, be identi�ed with the neighbourhood N of (WN) in the
proposition) that its description can be omitted and we merely have to
prove the lemma.

Lemma 4.1. For each embedding f : N ! IntN over ' there is a

sequence l 2 f0; 1gr such that f �1 fl.

The proof of Lemma 4.1 will be divided in three steps (the following

lemmas). Lemma 4.4 is more general than needed here. Indeed, to
prove Lemma 4.1 we merely have to use the case where f 0 = f' and
therefore f 0#l = fl. The reason for the general form of Lemma 4.4 is
our later application of this lemma in the proof of Proposition 3.1.

Lemma 4.2. If f; f 0 : N ! IntN are embeddings over ' and if h0 :
N ! N is a �bre preserving di�eomorphism such that h0f = f 0, then

f �1 f
0.

Lemma 4.3. Let f; f 0 : N ! IntN be embeddings over ', where f 0 is

�brewise similar. Then there is a �brewise similar embedding f 00 : N !

IntN over ' and a �bre preserving di�eomorphism h0 : N ! N such

that f 00(N(�)) = f 0(N(�)) (� 2 �) and h0f = f 00.

14



Lemma 4.4. If f; f 0 : N ! IntN are �brewise similar embeddings

over ' such that f(N(�)) = f 0(N(�)) (� 2 �), then there is a sequence

l 2 f0; 1gr and a �brewise preserving di�eomorphism h0 : N ! N such

that h0f = f 0#l.

Proof of Lemma 4.2. We have to �nd a �bre preserving homeomor-
phism h : N ! N satisfying hf = f 0h such that the restriction of h to
N n �f is a di�eomorphism to N n �f 0 .
Since h0 = id on @N we have f 0h0f

�1 = f 0f�1 = h0 on @f(N), and

the restriction of h0 to N n Int f(N) together with the restriction of
f 0h0f

�1 to f(N) de�ne a �bre preserving homeomorphism N ! N . It
is not hard to modify h0 near @N so that this homeomorphism becomes
a di�eomorphism. We de�ne h on

N n �f =
1[
i=0

f i(N n Int f(N))

by

h = f 0
i
h0f

�i on f i(N) n Int f i+1(N):

Then h is a di�eomorphism satisfying hf = f 0h which maps N n�f to
N n�f 0 . To extend h over �f we consider a point x 2 �f and the points
�i 2 � (i = 0; 1; : : : ) for which f�i(x) 2 N(�i). Then '(�i+1) = �i and

therefore f 0
i+1

(N(�i+1)) � f 0
i
(N(�i)). Hence

1T
i=0

f 0
i
(N(�i)) contains

exactly one point y, and we de�ne h(x) = y. 2

Proof of Lemma 4.3. Using the techniques of tubular neighbour-

hood theory (see [7], Chapter 4.5) it is a standard procedure to de�ne
�rst a �bre preserving di�eomorphism h1 : N ! N such that h1f is
�brewise linear and then a �bre preserving di�eomorphism h2 : N ! N

such that h2h1f is �brewise similar. Therefore it is su�cient to prove
the lemma under the assumption that f is �brewise similar.

With this assumption it is easy to construct a �bre preserving dif-
feomorphism h3 : N ! N such that h3f is still �brewise similar and
h3f(o(�)) coincides with f 0(o(�)) for all � in a neighbourhood of the
branch point set � of �, where o(�) denotes the centre of N(�). In

the next step of our construction we de�ne a �bre preserving di�eo-
morphism h4 : N ! N such that h4h3f is still �brewise similar and
h4h3f(o(�)) = f 0(o(�)) holds for all � 2 �. To get h4 we merely have
to apply the following general fact (which depends on m � 4).

Let S1; : : : ; Sq;S
0

1; : : : ; S
0

q be smooth arcs in D1�Dm�1 each of which

is transverse to the disks ftg �Dm�1 (t 2 D1) and has one end point

on f�1g �Dm�1 and one on f1g �Dm�1. Moreover, we assume that
15



Si and S 0i coincide on a neighbourhood of their end points. Then there
is a di�eomorphism g : D1�Dm�1 ! D

1�Dm�1 which is the identity

near @(D1�Dm�1) and satis�es g(ftg�Dm�1) = ftg�Dm�1; g(Si) =
S 0i (t 2 D

1; 1 � i � q).
The step from h4h3 to a �bre preserving h0 : N ! N with the

properties required in the lemma is so easy that it can be left to the

reader. 2

Proof of Lemma 4.4. We shall prove the lemma under the addi-
tional assumption that � is orientable (see Sect. 2). This restricted
case avoids some technical considerations, but it presents all ideas for
a general proof. The gain of our restriction is that for each � 2 � we

have a �xed di�eomorphism �� : N(�)! D
m�1, i.e. N(�) has standard

coordinates. Therefore for each euclidean ball D in a disk N(�) the
group SO(m�1) of all orthogonal matrices with determinant +1 oper-
ators on D, and each orientation preserving isometric map g : D ! D

determines an element g� of SO(m � 1). Moreover, each mapping
#l : N ! N (l 2 f0; 1gr) by #�l (�) = (#ljN(�))

� de�nes a C1 mapping #�l :

�! SO(m�1), and for each pair f1; f2 : N ! IntN of �brewise similar
embedding over ' satisfying f1(N(�)) = f2(N(�)) we get the C1 map-

pings (f2f
�1
1 )� : �! SO(m� 1); (f�11 f2)

� : �! SO(m� 1) which are

de�ned by (f2f
�1
1 )�(�) = (f2f

�1
1 jf1(N(�)))

�; (f�11 f2)
�(�) = (f�11 f2jN(�))

�,
respectively.
Since m�1 � 3 the fundamental group of SO(m�1) is of order two

(see [7] p. 439), i.e. there is a loop �0 : [0; 1] ! SO(m � 1) (�0(0) =

�0(1) = 1) such that each loop in SO(m � 1) is either contractible
or homotopic to �0. If 
 : � ! SO(m � 1) is continuous then each
handle of � determines a loop in SO(m� 1), and the homotopy class
of 
 is determined by these loops. If l = (l1; : : : ; lr) is a sequence in

f0; 1gr then for a handle of � the corresponding loop of #�l : � !

SO(m� 1) is not contractible if and only if #l twists this handle, i.e.
if the corresponding li in l is 1. Therefore it is not hard to see that
for the embeddings f; f 0 in the lemma there is a twist mapping #l such

that (f�1f 0#l)
� : � ! SO(m � 1) is contractible. Then (f 0#lf

�1)� :
�! SO(m� 1) is also contractible, and we get a family of mappings

(contraction) gt : � ! SO(m � 1) such that gt = (f 0#lf
�1)� for all t

near 0 and gt � 1 for all t near 1. Since (f 0#lf
�1)� is C1 we can choose

gt to be di�erentible too.
For our construction of h0 some preliminary de�nitions are necessary;

especially we introduce two "thickenings" N� and N�� of N 0 in N . If
� 2 � and � > 0 we de�ne N 0(�; �) to be the ball in N('(�)) which

is concentric with N 0(�) and whose radius is � times the radius of
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N 0(�). Here we assume that � is small enough, i.e. that N 0(�; �) lies
in N('(�)). We choose " > 0 so small that for each � 2 � the ball

N 0(�; 1+") is de�ned, that � 6= � 0 implies N 0(�; 1+")\N 0(� 0; 1+") = ;

and that for each branch point # and each branch A of # the limit of
the disks N 0(�; 1 + ") for � 2 A n f#g; �!# lies in IntN 0(#). The ball
N 0(�; 1 + ") will be denoted by N�(�). Then

N� =
[
�2�

N�(�)

can be regarded as a thickening of N 0.
Now let # be a branch point of �. We choose two branches A#�; A#+

of # such that '(A#�) = '(A#+) = A# is a smooth arc in � and
consider a C1 embedding

�# : A# �D
m�1(1 + ")! IntN

with the properties (1) - (3) below, where we use the following notations

Z# = �#(A�D
m�1(1 + "));

Z#(�; �) = �#(f�g �D
m�1(�)) (� 2 �; 0 < � � 1 + ");

Z#(�) = Z#(�; 1 + "):

(1) Z#(�) � IntN(�) and the restriction of �# to f�g�D
m�1(1+") is

a similarity mapping into N(�), so that Z#(�) is a euclidean ball.
(2)

�#('(#); x) = f(��1# (x)) (x 2 Dm�1);

where �� : N(�) ! D
m�1 is the coordinate mapping mentioned

above. Even more, if B# is a stem of # such that A# = A#['(B#)

is a smooth arc, then the mapping A# � D
m�1 ! N given on

A#�D
m�1 by �# and on '(B#)�D

m�1 by ('(�); x) 7! f(��1� (x)) is
a C1 embedding. (This means that the coordinates in Z#(�) (� 2
A#) given by �#(�; x) 7! x de�ne a C1 extension of the coordinates

in N 0(� 0) (� 0 2 B#) given by x 7! �� 0f
�1(x):)

(3) If �+ 2 A#+; �� 2 A#� ; '(�+) = '(��) = � 6= '(#) then

Z#(�) \N� = N�(�+) [N�(��) � IntZ#(�; 1):

Therefore Z# \ N� is the union of two curved cylinders and the
disk N�(#).

We assume that the "cylinders" Z# for di�erent branch points # are

disjoint and de�ne N�� to be the union of N� with all these cylinders
Z# (# 2 �). Obviously N�� is a manifold which has corners if � 6= ;.
Moreover N�� is a neighbourhood of N 0 in N , and we shall de�ne
h0 so that it is the identity outside N��, i.e. we shall �nd a sequence

l 2 f0; 1gr and construct a di�eomorphism h0 : N
�� ! N�� which is the
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identity near @N��, which maps each component of N��\N(�) (� 2 �)
onto itself and which coincides with f 0#lf

�1 on N 0.

We start the de�nition of the di�eomorphism h0 : N ! N by �xing
h0 on the set

N�

1 = Cl(N�
n
[
#2�

Z#)

= Cl(N��
n
[
#2�

Z#)

=
[
�2�1

N�(�);

where �1 = � n
[
#2�

(IntA#+ [ IntA#�):

If � 2 �1 then with the contraction gt : � ! SO(m � 1) constructed
above h0 on N�(�) is de�ned by

h0 = f 0#lf
�1 = (f 0#lf

�1)�(�) = g0(�) on N 0(�) = N 0(�; 1);

h0 = gt(�) on @N�(�; 1 + ") (0 � t � 1):

Obviously h0 : N
�

1 ! N�

1 is a di�eomorphism such that h0 = f 0#lf
�1

on N 0 \ N�

1 ; h0(N
�(�)) = N�(�) for N�(�) � N�

1 and h0 = id near
@N� \N�

1 .

Now we consider the cylinder Z# of a branch point # and de�ne h0 on
Z#. This will be done in three steps. First we choose a di�eomorphism
h1 : Z# ! Z# which is �bre preserving in the sense that h1(Z#(�)) =
Z#(�) (� 2 A#) and which satis�es the following conditions.

(1) On N�(#) = Z#('(#)) (where h0 is already de�ned) h1 coincides
with h0 and the combination of h0 and h1 at N�(#) is di�eren-
tiable.

(2) For each � 2 A# the restriction of h1 to Z#(�; 1) is a rotation in

SO(m� 1).
(3) h1 = id near

S
�2A#

@Z#(�) [ Z#(�1), where �1 is the second end

point of A#.

These conditions imply the following properties of h1.

(4) If � 2 A#+ [ A#� then the restriction of h1 to N
�(�) is an orien-

tation preserving similarity mapping.
(5) If Z+; Z� are the closures of the two components of (Z#nN

�(#))\
N� then the disks Z+ \N

�(#); Z� \N
�(#) are invariant under h1

(see Figure 3).
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Figure 3
Using that m � 4 in the second step we can �nd a �bre preserving

di�eomorphism h2 : Z# ! Z# which satis�es the following conditions.

(1) If � 2 A#+ [ A#� then the restriction of h2 to h1(N
�(�)) is an

orientation preserving similarity mapping to N�(�).
(2) h2 = id onN�(#), near

S
�2A#

@Z#(�) and near Z#(�1) where �1 is the

second end point of A#. Moreover, for x 2 N�(#) the di�erential
of h2 at x is the identity.

Then h2h1(N
�\Z#) = N�\Z# and h2h1(N

0\Z#) = N 0\Z# but we can
not yet be sure that h2h1 = f 0#lf

�1 on N 0\Z#. To obtain this equality
we apply the method by which h0 on N�

1 was constructed above to the
closure of each of the two components of (Z# \N

�) nN�('(#)). So we

get a �bre preserving di�eomorphism h3 : Z# ! Z# with the following
properties.

(1) h3 = id on Z# n N
� and on N�(#), and for x 2 N�(#) the di�er-

ential of h3 at x is the identity.
(2) h3 = h0 on the two disks at which N�

1 nN
�(#) intersects Z#.

(3) h3h2h1 = f 0#lf
�1 on N 0 \ Z#.

The di�eomorphism h3h2h1 de�nes an extension of h0 : N
�

1 ! N�

1 to

a di�eomorphism h0 : N
�

1 [ Z# ! N�

1 [ Z#. To obtain h0 on N�� we
extend h0 : N

�

1 ! N�

1 in this way over all cylinders Z# (# 2 �). This
construction implies h0 = id on N nN�� we get a di�eomorphism h0 on
the whole manifold N which by the remark above proves the lemma.
2

5. Proof of Proposition 3.1

Let l; l0 2 f0; 1gr be �xed. To prove the proposition we have to
�nd an integer k � 1 and a homeomorphism h : Wl ! Wl0 such that
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hfkl = fk
l0
h0 and the restriction of h to the complement of the attractor

�fl of fl is a di�eomorphism. We shall use the following notations.

N = Nm
� ; N(�) = ��1� (�) (� 2 �);

Ni = f il (N) N 0

i = f il0(N) (i 2 Z):

The �rst step in our construction of h is the following lemma.

Lemma 5.1. There is a �bre preserving homeomorphism h0 : N ! N

such that for certain sequences l�1; l
�

2; : : : in f0; 1gr we have for i =
1; 2; : : :

h0(Ni) = N 0

i

h0 = f il0 ; #l�i f
�i
l on @Ni:

The restriction of h0 to N n �fl is a di�eomorphism.

Proof. The homeomorphism h0 will be the limit of a sequence h�0 =
id; h�1; h

�

2; : : : of �bre preserving di�eomorphisms h�i : N ! N which

together with certain sequences l�0 = (0; : : : ; 0); l�1; l
�

2; : : : in f0; 1g
r have

the following properties

h�i = f il0#l�i f
�i
l on Ni;

h�j = h�i on N nNi if 0 � i < j:

We construct the l�i ; h
�

i inductively, i.e. we assume that for some

i � 0 both l�i and h�i are already �xed and de�ne l�i+1; h
�

i+1. To this
aim we shall show that there is a sequence l�i+1 2 f0; 1gr and a �bre
preserving di�eomorphism h0 : N ! N such that

h0fl = #�1l�i
fl0#l�i+1:

Then the lemma is proved, for by

h�i+1 =

(
h�i f

i
l h
0f�il on Ni

h�i on N nNi

we get a �bre preserving di�eomorphism which on Ni+1 satis�es

h�i+1 = h�i f
i
l h
0f�il

= f il0#l�i f
�i
li
f il #

�1
l�i
fl0#l�i+1f

�1
l f�il

= f i+1
l0

#l�i+1f
�(i+1)
l :

The construction of h0 is done in two steps. In the �rst we apply Lemma
4.3 with f = fl; f

0 = #�1l�i
fl0 and get a �brewise similar embedding f 00 :
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N ! IntN over ' and a �bre preserving di�eomorphism h01 : N ! N

such that

h01fl = f 00; f 00(N(�)) = #�1l�i
fl0(N(�)):

In the second step, applying Lemma 4.4, we get a sequence l�i+1 and a
�bre preserving di�eomorphism h02 : N ! N such that

h02f
00 = #�1l�i

fl0#l�i+1

and therefore with h0 = h02h
0

1

h0fl = h02f
00 = #�1l�i

fl0#l�i+1:

2

Now we continue our construction of k � 0 and h : Wl ! Wl0. Since

f0; 1gr is �nite, there are integers 0 � i < j such that the sequences
l�i ; l

�

j coincide. Then for the mapping h0 in Lemma 5.1 we have

h0 = f il0#l�i f
�i
l on @Ni;

h0 = f
j

l0
#l�i f

�j
l on @Nj;

and this implies

h0 = f
j�i

l0
h0f

i�j
l on @Nj:

We de�ne k = j � i. Therefore

h0 = fkl0h0f
�k
l on @Nj

and we modify h0 near @Ni so that in addition the di�erentials of h0
and fk

l0
h0f

�k
l coincide on Nj. Then by

h = f
jk

l0
h0f

�jk
l on f jk(Ni nNj) (j 2 Z)

we get a di�eomorphism

h :
[
j2Z

f
jk
l (Ni nNj) = Wl n �fl !

[
j2Z

f
jk

l0
(N 0

i nN
0

j) =Wl0 n �fl0
;

and this di�eomorphism satis�es on each set f jk(Ni nNj) and therefore
on Wl n �fl

h = f
jk

l0
h0f

�jk
l = fkl0f

(j�1)k

l0
h0f

�(j�1)k
l f�kl = fkl0hf

�k
l :

The extension of h over �fl to a di�eomorphism h : Wl ! Wl0 can be

done as in the proof of Lemma 4.2.
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6. Existence of tubular neighbourhoods (Proof of
Proposition 3.2)

In this section we prove that for each transversely tame 1-dimensional
hyperbolic attractor � with an orientable basin belonging to a C1 dif-
feomorphism f : M ! M of an m-dimensional manifold M (m � 4)
and for each W -representation (W ) of � (see Section 2) there is a

corresponding tubular neighbourhood N of �.
Let A be a smooth arc in � for which A \ � (� the set of branch

points) is either empty or an end point of A. Then by a cylinder over
A we mean a C1 embedding � : A�Dn !W s

� (n = m� 1) such that
for each � 2 � the disk �(f�g �Dn) lies in the stable manifold which

contains ��1(�), where � is the projection in (W ). The image �(A�Dn)
will be denoted by j�j, and for � 2 A we write j�j� = �(f�g �Dn). A
cylinder � over A will be called adapted if for � 2 An�

j�j� \ � = Int j�j� \ � = ��1(�)

and for � 2 A \�

j�j�\� = Int j�j�\� = Cl(�((Anf�g)�Dn)\�)n(�((Anf�g)�Dn)\�):

We start the construction of N by choosing for each � 2 � an n-
dimensional compact manifoldQ� in the stable manifold which contains

��1(�) such that ��1(�) lies in IntQ� and that these manifolds Q� for
di�erent points � of � are disjoint. Since the sets ��1(�) are Cantor
sets we can bore holes into the manifolds Q� (if necessary) so that
none of them disconnects the corresponding stable manifold. Then

after connecting di�erent components of Q� by thin tubes we may
assume that each Q� is connected. Now we use our assumption that �
is transversely tame (i.e. that ��1(�) can be covered by arbitrary small
disjoint balls in Q� ) to de�ne in each Q� an n-ball D� which contains
��1(�) in its interior. Obviously, these balls D� (� 2 �) are disjoint.

Now for each � 2 � by thickening D� we can �nd a smooth arc A
in � containing � and an adapted cylinder � over A such that j�j� =
D� . (Here we use the well known fact that the stable foliation of a
1-dimensional hyperbolic attractor is of class C1.) Then, since � is

compact, it is not hard to construct a decomposition of �, consisting
of smooth arcs A1; : : : ; Aq each pair of which has at most one end point
in common and adapted cylinders �i over Ai (i = 1; : : : ; q) such that
Ai\Aj 6= ;; i 6= j implies that Ai; Aj have a common end point �0 and

j�ij \ j�jj = j�ij�0 \ j�jj�0 .
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The next task in our construction is a modi�cation of the cylinders
�i after which th union j�1j[� � �[j�qj becomes a tubular neighbourhood

of �.
First we consider the common end point �0 of exactly two arcs Ai; Aj.

We shall de�ne a new adapted cylinder ��j over Aj such that �i; �
�

j

together de�ne an adapted cylinder �0 over A0 = Ai [ Aj in the sense
that j�0j� = j�ij� for � 2 Ai and j�

0j� = j��j j� for � 2 Aj. For 1 � k �

q; i 6= k 6= j this cylinder �0 will satisfy j�0j \ j�kj = (j�ij [ j�jj) \ j�kj.
Moreover there will be a proper subarc A�j of Aj with one end point �0
such that j��j j� = j�jj� for � 2 Aj n A

�

j .
To �nd A�j and ��j we choose an n-disk D in the stable manifoldW s

�0

containing j�ij�0 and j�jj�0 which contains j�ij�0 [ j�jj�0 in its interior

and whose boundary does not intersect any j�kj (1 � k � q). (This is
possible sinceW s

�0
\(j�1j[� � �[j�qj) is the union of n-disks which, with a

�nite number of exceptions corresponding to end points of A1; : : : ; Aq,
are disjoint.) Then it is easy to �nd a proper subarc A�j of Aj one of

whose end point is �0 and over which there is an adapted cylinder �
with the following properties.

(1) j�j�0 = D.
(2)

S
�2A�

j

@j�j� \ (j�1j [ � � � [ j�qj) = ;.

(3) For 1 � k � q the intersection j�j \ j�kj is either a disk in Int j�j�0
or there is a subarc A�k of Ak such that j�j \ j�kj = �k(A

�

k �D
n).

Using this cylinder � the construction of ��j is a straightforeward
application of the following lemma which states a version of the well
known fact that in dimensions higher than three all braids with 1-

dimensional strings are trivial. Indeed, we have to apply this lemma,
where Z = j�j; D0 = j�ij�0 ; D1 = j�jj�1 (�1 is the second end point
of A�j), hi0(Z) (k0 < i0 � k) are the closures of the components of

�((A�j n f�0g)�D
n) \

S
j0 6=j

j�j0j, and the tubes hi0(Z) (1 � i0 � k0) must

be choosen so that they cover � \ �j(A
�

j � D
n). [At this point of the

construction we need m � 4!]

Lemma 6.1. Let Z = I � Dn (n � 3) be the (n + 1)-dimensional

standard cylinder, and let hi : Z ! Z (i = 1; : : : ; k) be C1 emdeddings

with disjoint images Z1; : : : ; Zk such that

hi(ftg �D
n) � Int(ftg �Dn) (i = 1; : : : ; k; t 2 I):

Moreover, let gj : D
n ! fjg � IntDn (j = 0; 1) be two orientation

preserving C1 embedding with images Dj = gj(D
n) (j = 0; 1). It is
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assumed that for some k0 � k we have

hi(fjg �D
n) � IntDj (1 � i � k0; j = 0; 1)

hi(fjg �D
n) \Dj = ; (k0 < i � k; j = 0; 1):

Then there is a C1 embedding h : Z ! Z such that

h(ftg �Dn) � Int(ftg �Dn) (t 2 I);

h(j; x) = gj(x) (j = 0; 1; x 2 Dn);

Z1 [ � � � [ Zk0 � h(I � IntDn);

h(Z) \ (Zk0+1 [ � � � [ Zk0) = ;: 2

After this construction is done for all end points �0 of exactly two of
the arcs A1; : : : ; Aq, the union N0 of the modi�ed cylinders j�1j; : : : ; j�qj
has the following property. If � 2 � is not a branch point then there

is an adapted cylinder � over an arc A which contains � in its interior
such that j�j � N0; j�j\Cl(N0 n j�j) = j�j�0 [j�j�1 (�0; �1 the end points
of A) and j�j� 0 \ � = Int j�j� 0 \ A = ��1(� 0) for each � 0 2 A.
To get a tubular neighbourhood N of � belonging to (W ) it remains

to modify N0 at those parts which lie over neighbourhoods of branch

points of �. This can be done (using Lemma 6.1) by the same methods
by which the end points �0 of exactly two of the arcs A1; : : : ; Aq were
treated above. Therefore we can omit a detailed description of this
�nal step, and the construction of a tubular neighbourhood N of � is

�nished.
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