Weierstraß–Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Analysis of a Spin-Polarized Drift-Diffusion Model

Annegret Glitzky

submitted: 13th February 2008

Weierstrass Institute for Applied Analysis and Stochastics Mohrenstraße 39 D – 10117 Berlin, Germany E-Mail: glitzky@wias-berlin.de

Preprint No. 1300

Berlin 2008

2000 Mathematics Subject Classification. 35K57, 35R05, 35B45, 35B40, 78A35.

Key words and phrases. Reaction–diffusion systems, spin-polarized drift–diffusion processes, motion of charged particles, existence, uniqueness, energy estimates, a priori estimates, asymptotic behaviour.

Edited by Weierstraß–Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 D — 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We introduce a spin-polarized drift-diffusion model for semiconductor spintronic devices. This coupled system of continuity equations and a Poisson equation with mixed boundary conditions in all equations has to be considered in heterostructures. We give a weak formulation of this problem and prove an existence and uniqueness result for the instationary problem. If the boundary data is compatible with thermodynamic equilibrium the free energy along the solution decays monotonously and exponentially to its equilibrium value. In other cases it may be increasing but we estimate its growth. Moreover we give upper and lower estimates for the solution.

1 Introduction

Active control of spin in semiconductors can lead to significant technological advances, most importantly in digital information storage and processing, magnetic recording and sensing. The use of semiconductors for spintronic applications where spin in addition to charge is manipulated to influence the electric properties promises several advantages.

1.1 Model equations

Spin-polarized drift-diffusion models as proposed in [19, 20, 21, 22] are a generalization of the classical van Roosbroeck equations [16, 17]. There are introduced spin-resolved densities for electrons n_↑ and n_↓ and holes p_↑ and p_↓. In the following, we label the spin-resolved quantities (densities, current densities, quasi Fermi energies, band-edges) by λ = 1 or ↑ for spin-up and λ = −1 or ↓ for spin-down along a chosen quantization axis for the spin angular momentum.

With the spin-resolved densities n_λ and p_λ the total electron and hole densities n and p are given by n = n_↑ + n_↓, p = p_↑ + p_↓.

Moreover, we introduce the spin densities s_n and s_p for electrons and holes by

s_n = n_↑ − n_↓, s_p = p_↑ − p_↓.

With these quantities we define the spin polarization of the electron and hole densities

P_n = s_n n = n_↑ − n_↓ n_↑ + n_↓

, P_p = s_p p = p_↑ − p_↓ p_↑ + p_↓ . A doping with magnetic impurities or the presence of a magnetic field can lead to a spinsplitting of the conduction and the valence bands (see [20]). The splitting ΔE_c and ΔE_v is expressed by qg_c and qg_v, where q is the elementary charge:

ΔE_c = 2qg_c, ΔE_v = 2qg_v.

For the description of the carrier densities we introduce spin-resolved quasi Fermi energies φ_{nλ} and φ_{pλ} and formulate the state equations

n_λ =

N_c 2 exp[−(E_{c0} − qψ − λqg_c − φ_{nλ})/k_B T ],

p_λ =

N_v 2 exp[−(qψ + λqg_v + φ_{pλ} − E_{v0})/k_B T ],

(1.1)

where E_{c0} and E_{v0} denote the variation of the bulk conduction and valence band-edge energies of the semiconductor material, respectively. N_c and N_v are the corresponding band-edge densities of state defined by

N_c = 2

� m_ck_B T 2πℏ^2

�_{3/2}

, N_v = 2

�m_vk_B T 2πℏ^2

�_{3/2} , m_c and m_v are the density of state masses, T is the temperature and k_B is Boltzmann’s constant. The electrostatic potential ψ satisfies Poisson’s equation

−∇ · (ϵ∇ψ) = q(N_d − N_a − n + p) (1.2)

where ϵ is the dielectric permittivity, N_a and N_d are densities of ionized acceptors and donors, respectively. The variation of the net band-edges E_{cλ} and E_{vλ} than also accounts for the spin-splitting:

E_{cλ} = E_{c0} − qψ − λqg_c, E_{vλ} = E_{v0} − qψ − λqg_v.

Assuming drift-diffusion transport, the spin-resolved charge current densities for electrons and holes can be expressed by

j_{nλ} = μ_{nλ}n_λ∇E_{cλ} + qD_{nλ}N_c∇(n_λ/N_c), j_{pλ} = μ_{pλ}p_λ∇E_{vλ} − qD_{pλ}N_v∇(p_λ/N_v ).

Using the corresponding Einstein relations for mobility and diffusion coefficient,

μ_{nλ} = q k_B T

D_{nλ}, μ_{pλ} = q k_B T

D_{pλ},

we can rewrite the expressions in terms of the gradients of the quasi Fermi energies to

j_{nλ} = μ_{nλ}n_λ∇φ_{nλ}, j_{pλ} = μ_{pλ}p_λ∇φ_{pλ}. (1.3)

The continuity equations for the carrier densities are also a direct generalization of the continuity equations of the unpolarized case complemented by an expression modeling the spin relaxation. The spin relaxation leads to an equilibration of the carrier spin while preserving the nonequilibrium carrier density. For nondegenerate semiconductors the equilibrium spin densities ~s_n and ~s_p for electrons and holes are related to the equilibrium polarization densities P_{n0} and P_{p0} by the expressions, see [19, 20, 21, 22],

~s_n = nP_{n0}, ~s_p = pP_{p0}, where P_{n0} and P_{p0} are defined by the conduction and valence band spin-splittings

P_{n0} = tanh h_c, P_{p0} = tanh h_v, h_c = qg_c k_B T

, h_v = − qg_v k_B T . Then we can write the spin-resolved continuity equations for the carrier densities as, see [19, 20, 21, 22],

∂n_λ ∂t − ∇ · j_{nλ} q = −R_{nλ} − n_λ − n_{−λ} − λ~s_n 2τ_{sn} , ∂p_λ ∂t + ∇ · j_{pλ} q = −R_{pλ} − p_λ − p_{−λ} − λ~s_p 2τ_{sp}

, λ = ±1.

(1.4)

R_{nλ}, R_{pλ} are the recombination/generation rate of electrons and holes with spin polarization λ. τ_{sn} and τ_{sp} are the spin relaxation times for electrons and holes, respectively. Zutic et al. [21, 22] suggest the following formal structure for the spin-dependent recombination rates R_{nλ} = r(n_λp − n_{λ0}p_0), R_{pλ} = r(p_λn − p_{λ0}n_0). (1.5)

The system of drift-diffusion equations has to be supplemented with boundary conditions modeling the behavior of the contact regions and with initial conditions.

1.2 A scaled spin-polarized drift-diffusion system

We use a scaling such that potentials and energies are considered in units of k_B T/q and k_B T , respectively. We count the four different species in the following order: electrons with spin up, electrons with spin down, holes with spin up and holes with spin down. We introduce the four component vectors γ = (−1, −1, 1, 1) of specific charge numbers, D = (D_{n↑}, D_{n↓}, D_{p↑}, D_{p↓}) of diffusion coefficients, and u = � N_c 2 exp �−E_{c0} +qg_c k_B T � , N_c 2 exp �−E_{c0} −qg_c k_B T � , N_v 2 exp �E_{v0} −qg_v k_B T � , N_v 2 exp �E_{v0} +qg_v k_B T �

of reference densities involving the spin-split band edges. The mass densities are collected in the vector u = (u_0, . . . , u_4) = (p_↑ +p_↓ −n_↑ −n_↓, n_↑, n_↓, p_↑, p_↓), where the 0-th component denotes the variable charge density, the others are the particle densities. The vector v contains the (scaled) electrostatic potential and chemical potentials, i = 1, . . . , 4,

v = (v_0, . . . , v_4) = 1 k_B T � qψ, φ_{n↑} + qψ, φ_{n↓} + qψ, −φ_{p↑} − qψ, −φ_{p↓} − qψ � . The statistic relations reflecting Boltzmann statistics (1.1) then take the simple form

u_i = u_ie^{vi} , i = 1, . . . , 4. (1.6)

Denoting by ζ_i the (scaled) electrochemical potential of the i-th species we have ζ_i = v_i + γ_iv_0 and the particle flux density J_i reads as

J_i = −D_iu_i∇ζ_i = −D_i � u_i∇ u_i u_i

+ u_iγ_i∇v_0 � , i = 1, . . . , 4.

In this notation the spin polarized drift-diffusion model can be written in the form

−∇ · (ε∇v_0) = f + 4� i=1 γ_iu_i,

∂u_i ∂t + ∇ · J_i = −R_i, i = 1, . . . , 4, on (0, ∞) × Ω,

(1.7)

where Ω denotes the domain which is occupied by the spintronic device, ε = ϵk_BT/q^2 and R_1 = r_{13}(e^{v1+v3} − 1) + r_{14}(e^{v1+v4} − 1) + r_{12}(e^{v1} − e^{v2} ), R_2 = r_{23}(e^{v2+v3} − 1) + r_{24}(e^{v2+v4} − 1) − r_{12}(e^{v1} − e^{v2} ), R_3 = r_{13}(e^{v1+v3} − 1) + r_{23}(e^{v2+v3} − 1) + r_{34}(e^{v3} − e^{v4} ), R_4 = r_{14}(e^{v1+v4} − 1) + r_{24}(e^{v2+v4} − 1) − r_{34}(e^{v3} − e^{v4} ) with r_{ij} = ru_iu_j , ij = 13, 14, 23, 24,

r_{12} =

1 − tanh h_c

2τ_{sn} u_1, r_{34} =

1 − tanh h_v 2τ_{sp} u_3.

We split ∂Ω into the disjoint subsets of Ohmic contacts Γ_D and isolations Γ_N , ∂Ω = Γ_D ∪ Γ_N . We complete the system (1.7) by boundary and initial conditions v_i = v^D_i , i = 0, . . . , 4, on (0, ∞) × Γ_D, ε∇v_0 · ν = 0, J_i · ν = 0, i = 1, . . . , 4, on (0, ∞) × Γ_N , u_i(0) = U_i, i = 1, . . . , 4, on Ω.

(1.8)

For a discussion of boundary conditions for semiconductor devices from the physical viewpoint we refer to [17, 15]. Let v^D_i : Ω → R, i = 0, . . . , 4, be functions representing the boundary values in (1.8) and ζ^D_i = v^D_i + γ_iv^D_0 , i = 1, . . . , 4. We set v^D = (v^D_0 , . . . , v^D_4 ), ζ^D = (ζ^D_1 , . . . , ζ^D_4 ).

The functions v − v^D, ζ − ζ^D fulfill homogeneous Dirichlet conditions on Γ_D. Since all occurring reactions are charge conserving, the variable charge density of the spintronic device u_0 =

�_4

i=1 γ_iu_i fulfills

∂u_0 ∂t + ∇ · J_0 = 0, J_0 = 4� i=1 γ_iJ_i on (0, ∞) × Ω.

We use u_0 as one of the unknowns of our problem and work with the vectors u = (u_0, u_1, . . . , u_4) and v = (v_0, v_1, . . . , v_4).

Remark 1.1 The system of differential equations (1.7) is a special realization of electroreaction-diffusion systems which have been investigated in [5, 6, 7, 8, 9]. But in the context of spintronic devices this problem has to be considered under boundary conditions from device simulation. The treatment of electro-reaction-diffusion systems under such mixed boundary conditions for the Poisson equation as well as all for continuity equations, which need not be compatible with thermodynamic equilibrium, is new from an analytical point of view, too. Analytical techniques successfully applied to the van Roosbroeck system (see [3, 4]) will be a further ingredient in the treatment of (1.7), (1.8).

2 Weak formulation of the problem 5

In Section 2 we formulate the assumptions our analytical results are based on, we give a weak formulation (P) of the scaled spin-polarized drift-diffusion model and introduce the energy functionals. Section 3 is devoted to the uniqueness result for (P). Section 4 contains the existence proof. For a regularized problem (P_M) defined in Subsection 4.1 the solvability is shown in Subsection 4.2. Subsection 4.3 provides upper and lower bounds for the solutions to (P_M) which lead to the existence result for (P) in Subsection 4.4. Section 5 deals with the global behavior of solutions to (P) establishing upper and lower bounds (Subsection 5.1) and assertions concerning steady states (Subsection 5.2). Finally, in Subsection 5.3, we prove for boundary data compatible with thermodynamic equilibrium the exponential decay of the free energy, of densities and of potentials to their equilibrium values.

2 Weak formulation of the problem

2.1 Assumptions

At first we collect the general assumptions our analytical investigations are based on.

(A1) Ω ⊂ R^2 bounded Lipschitzian domain, Γ_D, Γ_N are disjoint open subsets of ∂Ω,

∂Ω = Γ_D ∪ Γ_N ∪ (Γ_D ∩ Γ_N ), mes Γ_D > 0, Γ_D ∩ Γ_N consists of finitely many

points (Ω ∪ Γ_N is regular in the sense of Gröger [12]);

(A2) D_i ∈ L^∞(Ω), D_i ≥ c > 0 a.e. on Ω, i = 1, . . . , 4;

(A3) r_{ij} : Ω × R × R^4_+ → R_+, r_{ij} (x, ·) Lipschitzian uniformly w.r.t. x ∈ Ω,

r_{ij}(·, y) measurable for all y ∈ R × R^4_+, r_{ij}(·, 0) ∈ L^∞(Ω), ij = 13, 14, 23, 24,

r_{ij} ∈ L^∞_+ (Ω), ij = 12, 34;

(A4) ε, u_i ∈ L^∞(Ω), ε ≥ c > 0, u_i ≥ c > 0 a.e. on Ω, i = 1, . . . , 4, f ∈ L^2(Ω),

v^D_i ∈ W^{1,∞}(Ω), i = 0, . . . , 4, γ = (−1, −1, 1, 1);

(A5) u^0_i ∈ L^∞(Ω), u^0_i ≥ c > 0 a.e. on Ω, i = 1, . . . , 4, u^0 =

�_4 i=1 γ_iu^0_i .

Here and in the following we denote by c (possibly different) positive constants. Moreover, δ indicates small (possibly different) positive constants.

Remark 2.1 The assumptions in (A3) concerning the coefficients r_{ij}, ij = 13, 14, 23, 24, are formulated in this weak form to include Shockley-Read-Hall as well as Auger generation/recombination processes. We have |r_{ij} (·, u)| ≤ |r_{ij} (·, 0)| +

�_4 i=1 |u_i|. Due to (A3), the source terms −R_i in the continuity equations (1.7) can be estimated by c(1 +

�_4 i=1 |u_i|).

2.2 Weak formulation We work with the vectors u = (u_0, u_1, . . . , u_4) and v = (v_0, v_1, . . . , v_4) and introduce the notation V = H^1_0 (Ω ∪ Γ_N )^5, H = H^{−1}(Ω ∪ Γ_N ) × (L^2(Ω))^4, U = {u ∈ H : ln u_i ∈ L^∞(Ω), i = 1, 2, 3, 4} and define the operators E_0 : H^1_0 (Ω ∪ Γ_N ) + v^D_0 → H^{−1}(Ω ∪ Γ_N ) and E : V + v^D → V^∗,

⟨E_0v_0, v_0⟩ = � Ω � ε∇v_0 · ∇v_0 − fv_0 � dx, v_0 ∈ H^1_0 (Ω ∪ Γ_N ),

⟨Ev, v⟩ = ⟨E_0v_0, v_0⟩ + � Ω 4� i=1 u_ie^{vi} v_i dx, v ∈ V.

The equation u = Ev is a weak formulation of the Poisson equation in (1.7) and the state equations (1.6). Next, we introduce the operator A : U × (V + v^D) −→ V^∗,

⟨A(u, v), v⟩ := � Ω �^4� i=1 D_iu_i∇ζ_i · ∇ζ_i + � ij=12,34

r_{ij} (e^{vi} − e^{vj} )(v_i − v_j ) + � ij=13,14,23,24

r_{ij}(·, u)(e^{vi+vj} − 1)(v_i + v_j ) � dx, ζ_i = v_i + γ_iv_0, v ∈ V.

Thus a weak formulation of (1.7), (1.8) is given by u^′ + A(u, v) = 0, u = Ev a.e. on R_+, u(0) = u^0, u ∈ H^1_{loc}(R_+, V^∗), v − v^D ∈ L^2_{loc}(R_+, V ) ∩ L^∞_{loc}(R_+, L^∞(Ω, R^5)). (P)

2.3 Energy functionals The operator E is a strict monotone potential operator with potential G : V + v^D → R,

G(v) = � Ω � ε 2 |∇v_0|^2 − ε 2 |∇v^D_0 |^2 − f(v_0 − v^D_0 ) + 4� i=1 u_i(e^{vi} − e^{vDi} ) � dx. Since we work in space dimension two, Trudingers imbedding result (see [18]) implies that dom G = V . Moreover, the functional G is continuous, strictly convex, Gateaux differentiable, hence subdifferentiable and ∂G = E. According to [2] we introduce the conjugate functional F : V^∗ → R, F (u) = G^∗(u) = sup_{w∈V} � ⟨u, w⟩ − G(w + v^D) � . From standard results of convex analysis it results for u = Ev that F (u) = ⟨u, v − v^D⟩ − G(v) and v − v^D ∈ ∂F (u). The functional F is proper, lower semicontinuous and convex. If u ∈ V^∗ and u_i ∈ L^2(Ω), u_i ≥ 0, i = 1, . . . , 4, then

F (u) = � Ω � ε 2 |∇(v_0 − v^D_0 )|^2 + 4� i=1 � u_i(ln u_i u_i

− v^D_i − 1) + u_ie^{vDi} � dx,

3 Uniqueness 7

where v_0 is the solution to E_0v_0 = u_0. Due to the strong monotonicity of E_0 (given by (A4) and Dirichlet boundary conditions on Γ_D with mes Γ_D > 0 (see (A1)) and properties of the ln-function we can estimate the functional F :

^c � ‖v_0 − v^D_0 ‖^2_H1 + 4� i=1 ‖ √ u_i − � u_ie^{vD}i ‖^2_L2 � ≤ F (u), 4� i=1 ‖u_i‖_L1 ≤ F (u) + c.

(2.1)

The value F (u) can be interpreted as the free energy of the state u. We show that F is something like a Ljapunov function for solutions (u, v) to (P), namely under special assumptions (see (A6) in Section 5) on the boundary data the function t → F (u(t)) is exponentially decreasing (see Theorem 5.6). Generally, it may be increasing, but its growth can be estimated (see Theorem 5.1). Next, we prove existence and uniqueness results for the spin-polarized drift-diffusion model.

3 Uniqueness

According to Grögers regularity result for elliptic equations [12, Theorem 1] and (A4), (A1) we we can fix a q = q(Ω, ε) > 2 such that, if

∀y ∈ H^1_0 (Ω ∪ Γ_N ) : � Ω ε∇y · ∇y dx = ⟨g, y⟩, g ∈ W^{−1,q}(Ω ∪ Γ_N ), y ∈ H^1_0 (Ω ∪ Γ_N )

then y ∈ W^{1,q}_0 (Ω ∪ Γ_N ) and ‖y‖_W 1,q_0 ≤ c‖g‖_W −1,q . Here W^{−1,q}(Ω ∪ Γ_N ) means the dual of

W^{1,q′}_0 (Ω ∪ Γ_N ), where q^′ denotes the dual exponent to q. Moreover, let r, r^′ be defined by r = 2q q − 2

, r^′ = 2q q + 2

. (3.1)

Setting

⟨g, y⟩ = � Ω � f + 4� i=1 γ_iu_i � y − ε∇v^D_0 · ∇y � dx, y ∈ H^1_0 (Ω ∪ Γ_N ),

using (A4) we find from the Poisson equation that v_0 − v^D_0 ∈ L^∞(S, W^{1,q}_0 (Ω ∪ Γ_N )) and

‖v_0(t) − v^D_0 ‖_W 1,q_0 ≤ c‖g(t)‖_W −1,q ≤ c(1 + 4� i=1 ‖u_i‖_{Lr}′ ) ∀t ∈ S.

Especially, due to (A4) we can estimate

‖∇v_0(t)‖_Lq ≤ ‖v_0(t) − v^D_0 ‖_W 1,q_0 + ‖∇v^D_0 ‖_Lq ≤ c(1 + 4� i=1 ‖u_i(t)‖_Lr′ ) ∀t ∈ S. (3.2)

Theorem 3.1 Under the assumptions (A1) – (A5) there exists at most one solution to (P).

Proof. It suffices to prove uniqueness on every finite time interval S := [0, T ]. Let (u^j , v^j ), j = 1, 2, be solutions to (P). Then there exists a constant c such that

‖u^j (t)‖_L∞ , ‖v^j (t)‖_L∞ , ‖∇v^j_0(t)‖_Lq ≤ c f.a.a. t ∈ S , j = 1, 2,

where q > 2 (cf. (3.2)). Let ~v := v^1 − v^2. Testing E_0v^1_0 (t) − E_0v^2_0 (t) = u^1(t) − u^2(t) by ~v_0(t) we obtain by the strong monotonicity of E_0 that

‖~v_0(t)‖_H1 ≤ c 4� i=1 ‖u^1_i (t) − u^2_i (t)‖_L2 f.a.a. t ∈ S. (3.3)

Let z_i := (u^1_i − u^2_i )/u_i, i = 1, . . . , 4. We use (0, z_1, . . . , z_4) ∈ L^2(S, V ) as test function for (P) and take into account that the reaction rates are uniformly (w.r.t. x) locally Lipschitz continuous in the state variable and can be estimated by the corresponding norms of z_i. With the Gagliardo-Nirenberg inequality ‖z_i‖_Lr ≤ ‖z_i‖^{2/r}_{L2} ‖z_i‖^{1−2/r}_{H1} for r from (3.1), with inequality (3.3), and with Youngs inequality we conclude as follows 4� i=1 � ‖z_i(t)‖^2_L2 +

�_t 0 ‖z_i‖^2_H1 ds � ≤ c �_t 0 4� i=1 � ‖z_i‖_Lr ‖∇v^1_0 ‖_Lq ‖∇z_i‖_L2

+‖∇~v_0‖_L2 ‖∇z_i‖_L2 + ‖z_i‖^2_L2 � ds ≤ �_t 0 4� i=1 �_1 4 ‖z_i‖^2_H1 + c � ‖z_i‖^{2/r}_{L2} ‖∇v^1_0 ‖_Lq ‖z_i‖^{2−2/r}_{H1} + ‖z_i‖^2_L2 � ds

≤ �_t 0 4� i=1 �_1 2 ‖z_i‖^2_H1 + c � ‖∇v^1_0 ‖^r_Lq ‖z_i‖^2_L2 + ‖z_i‖^2_L2 � ds

≤ �_t 0 4� i=1 �_1 2 ‖z_i‖^2_H1 + c‖z_i‖^2_L2 � ds ∀t ∈ S.

Gronwall’s lemma yields z_i = 0 on S, i = 1, . . . , 4. With (3.3) the assertion follows. □

4 Existence

The guideline for the existence proof is the following: First we discuss a regularized problem (P_M) on an arbitrarily chosen finite time interval S = [0, T ], where the state equations and reaction terms are regularized (parameter M). We prove solvability of (P_M) by time discretization and passing to the limit. Then we provide a priori estimates for solutions to (P_M) which are independent of M. (Here we use energy estimates and Moser techniques to get upper and lower bounds.) Thus a solution to (P_M) is a solution to (P), if M is chosen sufficiently large.

4.1 A regularized problem (P_M)

We introduce the convex projection

P_k(y) = � � � k, if y > k y, if |y| ≤ k −k, if y < k .

Let v^0 = E^{−1}u^0 and M > max_{i=1,...,4}‖v^0_i ‖_L∞ . We define operators E_M : V + v^D → V^∗, A_M : U × (V + v^D) → V^∗

⟨E_M v, v⟩ = ⟨E_0v_0, v_0⟩ + � Ω 4� i=1 u_ie^{PM vi} v_i dx, v ∈ V,

⟨A_M (u, v), v⟩ = � Ω �^4� i=1 D_iu_i∇ζ_i · ∇ζ_i + � ij=12,34

r_{ij} � e^{PM vi} − u_j u_j � v_i −

�u_i u_i

− e^{PM vj} � v_j �

+ � ij=13,14,23,24

r_{ij} (·, u) � e^{P2M (vi+vj )} − 1 � (v_i + v_j) � dx, v ∈ V,

where ζ_i = v_i + γ_iv_0, ζ_i = v_i + γ_iv_0. We prove for arbitrarily fixed time intervals S = [0, T ] the solvability of

u^′ + A_M (u, v) = 0, u = E_M v f.a.a. t ∈ S, u(0) = u^0, v − v^D ∈ L^2(S, V ), u ∈ H^1(S, V^∗).

(P_M)

The regularized energy functionals are G_M : V + v^D → R,

G_M (v) = � Ω � ε 2 |∇v_0|^2 − ε 2 |∇v^D_0 |^2 − f(v_0 − v^D_0 ) + 4� i=1 u_i

�_{vi}

v^D_i

e^{PM y} dy � dx, F_M (u) = G^∗_M (u) = sup_{w∈V} � ⟨u, w⟩ − G_M (w + v^D) � . (4.1)

Then ∂G_M (v) = E_M v and results from convex analysis guarantee that for u = E_M v we have v − v^D ∈ ∂F_M (u) and ⟨u, v − v^D⟩ = G_M (v) + F_M (u), and therefore

F_M (u) = ⟨u, v − v^D⟩ − G_M (v) = � Ω � ε 2 |∇(v_0 − v^D_0 )|^2 + 4� i=1 �_{vi}

v^D_i � u_i − u_ie^{PM y} � dy � dx

= � Ω � ε 2 |∇(v_0 − v^D_0 )|^2 + 4� i=1 � u_i � ln u_i u_i

− v^D_i − 1 � + u_ie^{vDi} � dx = F (u)

(4.2)

for u = E_M v.

4.2 Solvability of problem (P_M)

We use a time discretization scheme to prove solvability of problem (P_M). For n ∈ N let h_n :=^T_n and S^k_n := � (k − 1)h_n, kh_n � . If X is a Banach space, we denote by C_n(S, X) the space of all functions u : (0, T ] → X, which are constant on S^k_n, k = 1, ..., n. The value of u ∈ C_n(S, X) on S^k_n is denoted by u^k. We define operators Δ_n, σ_n : C_n(S, V^∗) → C_n(S, V^∗) and K_n : C_n(S, V^∗) → C(S, V^∗)

(Δ_nu)^k := 1 h_n

(u^k − u^{k−1}), (σ_nu)^k := u^{k−1}_n , k = 1, . . . , n,

(K_nu)(t) := u^0 +

�_t 0 (Δ_nu)(s) ds,

where u^0 is the initial value to (P). Obviously, (K_nu)^′ = Δ_nu. For n ∈ N investigate the discrete time problem

Δ_nu_n + A_M (σ_nu_n, v_n) = 0, u_n = E_M v_n, v_n − v^D ∈ C_n(S, V ). (P_{Mn})

More explicitely this reads as 1 h_n

(u^k_n − u^{k−1}_n ) + A_M (u^{k−1}_n , v^k_n) = 0, u^k_n = E_M v^k_n, k = 1, . . . , n, u^0_n = u^0. (4.3)

Lemma 4.1 Let (A1) – (A5) be satisfied. Then, for every n ∈ N there exists a unique solution (u_n, v_n) to (P_{Mn}), and there exists a number n_0 = n_0(T ) ∈ N such that sup n∈N, n≥n_0 � ‖v_n − v^D‖_L2_{(S,V )} + ‖Δ_nu_n‖_L2_{(S,V} ∗_) + ‖K_nu_n‖_{C(S,H)} � < ∞.

Proof. 1. Let n ∈ N. For fixed u ∈ U the map^1_{hn} E_M (· + v^D) + A_M (u, · + v^D) : V → V^∗ is strongly monotone. Thus, equations (4.3) considered as equations w.r.t. v^k_n for given u^{k−1}_n are uniquely solvable. And we obtain unique solvability of (P_{Mn}).

2. We use (4.1), (4.2), note that u^k_n = E_M v^k_n holds. Due to the choice of M we have F_M (u^0) = F (u^0), too. For l = 1, . . . , n we estimate

F (u^l_n) − F (u^0) = l� k=1 � F (u^k_n) − F (u^{k−1}_n ) � ≤ l� j=1 ⟨u^k_n − u^{k−1}_n , v^k_n − v^D⟩

= −h_n l� j=1 ⟨A_M (u^{k−1}_n , v^k_n), v^k_n − v^D⟩.

(4.4)

With

⟨A_M (u^{k−1}_n , v^k_n), v^k_n− v^D⟩=⟨A_M (u^{k−1}_n , v^k_n) − A_M (u^{k−1}_n , v^D), v^k_n− v^D⟩ + ⟨A_M (u^{k−1}_n , v^D), v^k_n− v^D⟩,

⟨A_M (u^{k−1}_n , v^k_n) − A_M (u^{k−1}_n , v^D), v^k_n − v^D⟩ ≥ 2δe^{−M} 4� i=1 ‖ζ^k_{ni} − ζ^D_i ‖^2_H1 ,

|⟨A_M (u^{k−1}_n , v^D), v^k_n − v^D⟩| ≤ c(M)

�^4� i=1 ‖ζ^k_{ni} − ζ^D_i ‖_H1 + ‖v^k_{n0} − v^D_0 ‖_H1 � , and Youngs inequality we continue the estimate (4.4)

F (u^l_n) + h_nδe^{−M} l� k=1 4� i=1 ‖ζ^k_{ni} − ζ^D_i ‖^2_H1 ≤ h_n

�^l� k=1 (‖v^k_{n0} − v^D_0 ‖^2_H1 + c(M)) � + F (u^0).

According to (2.1) we have ^c‖v^l_{n0} − v^D_0 ‖^2_{H1} ≤ F (u^l_n). Setting

a^l_n := ^c‖v^l_{n0} − v^D_0 ‖^2_H1 + h_nδe^{−M} l� k=1 4� i=1 ‖ζ^k_{ni} − ζ^D_i ‖^2_H1 ,

we obtain a^l_n ≤ h_n ^c l� k=1 a^k_n + lh_nc(M) + F (u^0).

We choose n_0 ∈ N such that 2h_n < ^c for all n ≥ n_0 and find

a^l_n ≤ 2 h_n ^c l−1� k=1 a^k_n + 2(lh_nc(M) + F (u^0))

for n ≥ n_0, l = 1, . . . , n. Thus a discrete version of Gronwalls Lemma (cf. [13, Lemma 2]) yields a^l_n ≤ c(M, T ), l = 1, . . . , n, n ≥ n_0, and we conclude that sup n∈N, n≥n_0 � ‖v_{n0} − v^D_0 ‖_L∞_{(S,H}1_{(Ω))} + ‖v_n − v^D‖_L2_{(S,V )} � < ∞.

Therefore sup n∈N, n≥n_0

‖Δ_nu_n‖_L2_{(S,V} ∗_) = sup_{n∈N, n≥n0} ‖A_M (σ_nu_n, v_n)‖_L2_{(S,V} ∗_) < ∞.

From u_{n0} = E_0v_{n0} and ce^{−M} ≤ u_{ni} ≤ ce^M , i = 1, . . . , 4, we obtain finally K_nu_n ∈ C(S, H), sup_{n∈N, n≥n0} ‖K_nu_n‖_{C(S,H)} < ∞. □

Lemma 4.2 Under the assumptions (A1) – (A5) there exists a solution (u, v) to (P_M). Proof. For n ∈ N, let (u_n, v_n) be the solution to (P_{Mn}). Due to Lemma 4.1 we obtain for subsequences (again index n) the weak convergences v_n − v^D ⇀ v − v^D in L^2(S, V ), K_nu_n ⇀ u in L^2(S, H) and H^1(S, V^∗).

The idea of the proof now is the same as in [4, Lemma 3.2]. But in our situation we have four species, u_0 =

�_4

i=1 γ_iu_i, and additional spin relaxation reactions. Therefore we have to adapt the arguments in step 5 of that proof. We find: u_{ni} → u_i in L^2(S, L^2(Ω)), i = 1, . . . , 4, implies σ_nu_n → u in L^2(S, H), and A_M (σ_nu_n, v) → A_M (u, v) in L^2(S, V^∗) also with our spin relaxation reactions. Thus we obtain ⟨A_M (σ_nu_n, v), v_n − v⟩ → 0 in our case and can then argue similar to the estimates in step 5 of the proof of [4, Lemma 3.2]. Note that in step 6 then A_M (σ_nu_n, v_n) → A_M (u, v) in L^2(S, V^∗) is guaranteed also with our additional reaction terms. □

4.3 A priori estimates for the regularized problem

In proofs of this subsection c denotes (possibly different) positive constants which do not depend on M and T .

Lemma 4.3 Let (A1) – (A5) be satisfied. Then there exists a constant c_1 > 0 depending only on the data (but not on M, T ) such that

F (u(t)) ≤ (F (u^0) + 1)e^{c1t} ∀t ∈ S

for any solution (u, v) to (P_M).

Proof. We use v − v^D ∈ L^2(S, V ) as test function for u^′ + A_M (u, v) = 0. Since u(t) = E_M (v(t)) a.e. on S we have v(t) − v^D ∈ ∂F_M (u(t)) a.e. on S and the Brézis formula (cf. [1, Lemma 3.3]) yields

F (u(t)) − F (u_0) =

�_t 0 ⟨u^′(s), v(s) − v^D⟩ ds = −

�_t 0 ⟨A_M (u, v), v(s) − v^D⟩ ds = − �_t 0 � Ω �^4� k=1 D_ku_k∇ζ_k · ∇(ζ_k − ζ^D_k ) + � ij=12,34

r_{ij}(e^{PM vi} − e^{PM vj} )(v_i − v_j − (v^D_i − v^D_j )) + � ij=13,14,23,24

r_{ij}(·, u)(e^{P2M (vi+vj )} − 1)(v_i + v_j − (v^D_i + v^D_j )) � dx ds

≤ �_t 0 � Ω 4� k=1 � u_k � − δ|∇(ζ_k − ζ^D_k )|^2 + c|∇ζ^D_k ||∇(ζ_k − ζ^D_k )| + c � ij=12,34

|v^D_i − v^D_j | �

+ c(u_k + 1) � ij=13,14,23,24

|v^D_i + v^D_j | � dx ds

≤ c �_t 0 4� k=1 (‖u_k‖_L1 + 1) � ‖∇ζ^D_k ‖^2_L∞ + � ij=12,34

‖v^D_i − v^D_j ‖_L∞ + � ij=13,14,23,24

‖v^D_i + v^D_j ‖_L∞ � ds.

Taking into account that ‖u_k‖_L1 ≤ F (u) + c (see (2.1)) and using Gronwalls lemma we find F (u(t)) ≤ (F (u^0) + ct) e^{ct} which proves the lemma. □

Remark 4.1 If (u, v) is a solution to (P_M), then by Lemma 4.3 and (2.1), ‖v_0(t) − v^D_0 ‖_H1 and ‖u_i(t)‖_L1 , i = 1, . . . , 4, are bounded for all t ∈ S.

Lemma 4.4 Let (A1) – (A5) be satisfied. Then there exists a monotonous function d : R_+ → R_+ depending only on the data (but not on M, T ) such that 4� i=1 ‖u_i(t)‖_L2 ≤ d(‖F (u)‖_{C(S)}) ∀t ∈ S

for any solution (u, v) to (P_M).

Proof. We use the test function e^{2t}(0, z_1, z_2, z_3, z_4),

z_i :=

�u_i u_i − K �_+

, where K ≥ ^K := max � 1, e^{maxi=1,...,4 ‖vDi ‖L∞} , max_{i=1,...,4} ‖ u^0_i u_i

‖_L∞ � (4.5)

will be fixed later. (Due to the choice of ^K we have z_i(0) = 0, z_i|_{ΓD} = 0, z_i ∈ H^1_0 (Ω∪Γ_N ).)

e^{2t} 2 c 4� i=1 ‖z_i(t)‖^2_L2

= �_t 0 e^{2s} � Ω �^4� i=1 u_iz^2_i − D_iu_i( u_i u_i

∇z_i + γ_i∇v_0) · ∇z_i + � ij=12,34

r_{ij}(e^{PM vj} − e^{PM vi} )(z_i − z_j ) + � ij=13,14,23,24

r_{ij} (·, u)(1 − e^{P2M (vi+vj )})(z_i + z_j ) � dx ds

≤ �_t 0 e^{2s} 4� i=1 � − δ‖z_i‖^2_H1 + c‖u_i‖_Lr � ‖∇(v_0 − v^D_0 )‖_Lq + 1 � ‖z_i‖_H1 + c‖z_i‖^2_L2 + cK^2 � ds. Concerning the reaction terms we refer to Remark 2.1. Now we use (3.2) and the three variants of Gagliardo-Nirenberg estimates

‖z_i‖^2_L2 ≤ ‖z_i‖_L1 ‖z_i‖_H1 , ‖z_i‖_Lr ≤ ‖z_i‖^{1/r}_{L1} ‖z_i‖^{1/r′}_{H1} , ‖z_i‖_Lr′ ≤ ‖z_i‖^{1/r′}_{L1} ‖z_i‖^{1/r}_{H1} .

Then Youngs inequality leads to

e^{2t} 2 c 4� i=1 ‖z_i(t)‖^2_L2 ≤

�_t 0 e^{2s} 4� i=1 � − δ 2 + ^c 4� j=1 ‖z_j ‖_L1 � ‖z_i‖^2_H1

+ c(K) � ‖z_i‖^2_L1 + 1 � ds (4.6)

for all t ∈ S with a monotonous increasing function c(K). For ln K > 1 we can estimate

F (u) ≥ 4� i=1 � Ω � u_i(ln u_i u_i

− 1) + u_i � dx

≥ 4� i=1 � {x:z_i=(u_i/u_i−K)^+>0} � u_i(ln u_i u_i

− 1) + u_i � dx ≥ (ln K − 1)c 4� i=1 ‖z_i‖_L1

with c from (A4). Fixing now K ≥ ^K as a monotonous increasing function of ‖F (u)‖_{C(S)} fulfilling � ^c 4� i=1 ‖z_i‖_L1 ≤ � ^c‖F (u)‖_{C(S)} c(ln K − 1) < δ 2 (see Lemma 4.3), the term infront of the H^1-norm in (4.6) is negative. We obtain

e^{2t} 4� i=1 ‖z_i(t)‖^2_L2 ≤ e^{2t} c c(K)(‖F (u)‖^2_{C(S)} + 1) which together with u_i ≤ u_i(z_i + K) proves the Lemma. □ According to Lemma 4.4, (3.2) and (A4), ‖∇v_0‖_L∞_{(S,L}q_{(Ω))} is bounded by a continuous function of ‖F (u)‖_{C(S)} depending on the data but not on M and T (for any solution (u, v) to (P_M)). We define κ = � ‖∇v_0‖_L∞_{(S,L}q_{(Ω))} + 1

�_{2r}

. (4.7)

Theorem 4.1 Let (A1) – (A5) be satisfied. Then there exists a c_3 > 0 depending only on the data (but not on M, T ) such that 4� i=1 ‖u_i(t)‖_L∞ ≤ c_3 κ 4� i=1 � sup_{s∈S} ‖u_i(s)‖_L1 + 1 � ∀t ∈ S

for any solution (u, v) to (P_M).

Proof. The proof is based on Moser iteration. In [4] such techniques are applied to the van Roosbroeck equations, in [11] to problems from semiconductor technology. Let z_i :=

�_{ui}

u_i −

^K�^+, i = 1, . . . , 4, with ^K from (4.5). Using the test functions

p e^{pt} � 0, z^{p−1}_1 , z^{p−1}_2 , z^{p−1}_3 , z^{p−1}_4 � ∈ L^2(S, V ), p = 2^n, n ≥ 1,

taking into account Remark 2.1, applying Hölders, Gagliardo-Nirenbergs and Youngs inequality we obtain

c e^{pt} 4� i=1 ‖z_i(t)‖^p_Lp ≤

�_t 0 e^{ps} � Ω 4� i=1 � cp � u_i|∇v_0||∇z^{p−1}_i | + |z_i|^p + (u_i + 1)z^{p−1}_i �

− δ|∇z^{p/2}_i |^2 � dx ds ≤ �_t 0 e^{ps} 4� i=1 � cp � ‖∇v_0‖_Lq (‖z^{p/2}_i ‖_Lr + 1)‖z^{p/2}_i ‖_H1

+ cp � ‖z^{p/2}_i ‖^2_L2 + 1 � − δ‖z^{p/2}_i ‖^2_H1 � ds ≤ �_t 0 e^{ps} � κ c p^{2r} 4� i=1 (‖z^{p/2}_i ‖^2_L1 + 1) ds � . This guarantees the estimate 4� i=1 ‖z_i(t)‖^p_Lp ≤ cp^{2r}κ 4� i=1 sup_{s∈S} (‖z_i(s)‖^p_{Lp/2} + 1) ∀t ∈ S. (4.8)

Defining

ω_n = 4� i=1 � sup_{s∈S} ‖z_i(s)‖^{2n}_{L2}n + 1 � , n = 0, 1, . . .

inequality (4.8) leads to

ω_n ≤ c^n κ ω^2_{n−1} ≤ c^{n+2(n−1)} κ^{1+2} ω^4_{n−2} ≤ · · · ≤ c^{2n+1−2−n} κ^{2n−1} ω^{2n}_0 , and we can continue estimate (4.8) by 4� i=1 ‖z_i(t)‖_L2n ≤ cκ 4� i=1 � sup_{s∈S} ‖z_i(s)‖_L1 + 1 � . Taking the limit n → ∞, we find 4� i=1 ‖z_i(t)‖_L∞ ≤ cκ 4� i=1 � sup_{s∈S} ‖z_i(s)‖_L1 + 1 � ∀t ∈ S.

Since u_i ≤ u_i(z_i + ^K) this supplies the desired estimate for the densities u_i. □

Theorem 4.2 Let (A1) – (A5) be satisfied and let

M ≥ K := 4� i=1 � ‖ln �u_i u_i + 1 � ‖_L∞_{(S,L}∞_) + ‖v^D_i ‖_L∞ � + max

i=1,...,4 ‖ � ln u^0_i u_i

�_−

‖_L∞ .

Then there exists a c_4 > 0 depending only on the data (but not on M, T ) such that −ln u_i(t) u_i

≤ K + c_4 κ^{5/2} ∀t ∈ S, i = 1, . . . , 4,

for any solution (u, v) to (P_M).

Proof. Let (u, v) be a solution to (P_M). The choice M ≥ K ensures that v_i ≤ P_M v_i. Our choice of K guarantees that � ln^{ui}_{ui} + K

�_− (0) = 0 and � ln^{ui}_{ui} + K

�_−

∈ L^2(S, H^1_0 (Ω ∪ Γ_N )), i = 1, . . . , 4. We fix some i ∈ {1, 2, 3, 4} and use test functions

−p e^{pt} � 0, . . . , 0, z^{p−1} u_i u_i

, 0, . . . , 0 � ∈ L^2(S, V ), p ≥ 2, z := � ln u_i u_i + K �_− . (Analogously this can be done for the other components j ≠ i.) If z > 0 then v_i ≤ P_M v_i < −K and v_i +v_j ≤ −K +ln^{uj}_{uj} ≤ 0, thus (e^{P2M (vi+vj )} −1)z ≤ 0 for ij = 13, 14, 23, 24. Therefore the generation/recombination reactions give no contribution for our estimate. Moreover, for the spin relaxation reactions we can estimate from above (e^{PM vi} − e^{PM vj} )^{ui}_{ui} z ≤ z. In summary we obtain

c e^{pt}‖z(t)‖^p_Lp ≤ �_t 0 e^{ps}p � Ω � D_iu_i∇ζ_i · ∇

�u_i

u_i z^{p−1} � + c(z^p + z^{p−1}) � dx ds ≤ �_t 0 e^{ps}p � Ω D_iu_i(−∇z + γ_i∇v_0)(z^{p−1} + (p − 1)z^{p−2}) · ∇z + c(z^p + 1) � dx ds ≤ �_t 0 e^{ps} � − δ p ‖z^{(p+1)/2}‖^2_H1 − δ‖z^{p/2}‖^2_H1

+ cp‖∇v_0‖_Lq (‖z^{p/2}‖_Lr + 1)‖z^{p/2}‖_H1 + cp(‖z^{p/2}‖^2_L2 + 1) � ds ≤ �_t 0 e^{ps} � − δ p ‖z^{(p+1)/2}‖^2_H1 + cp^{2r}κ(‖z^{p/2}‖^2_L1 + 1) � ds.

(4.9)

Here we used Hölders, Gagliardo-Nirenbergs and Youngs inequality and (4.7). Setting ω_n = sup_{s∈S} ‖z(s)‖^{2n}_{L2}n + 1, n = 0, 1, 2, . . .

we find ω_n ≤ c^nκω^2_{n−1} and ω_n ≤ (cκ ω_0)^{2n} which means ‖z(t)‖_L2n ≤ cκ(sup_{s∈S} ‖z(s)‖_L1 + 1), and leads in the limit n → ∞ to ‖z(t)‖_L∞ ≤ cκ(sup_{s∈S} ‖z(s)‖_L1 + 1) ∀t ∈ S. (4.10)

Considering the inequality (4.9) for p = 2 and estimating for d ∈ R_+, z ∈ H^1_0 (Ω ∪ Γ_N ) d‖z‖^2_L1 ≤ dc ‖z‖^2_{L3/2} = dc ‖z^{3/2}‖^{4/3}_{L1} ≤ dc ‖z^{3/2}‖^{4/3}_{H1} ≤ δ 2 ‖∇z^{3/2}‖^2_L2 + cd^3, we get ‖z(t)‖^2_{L2} ≤ cκ^3 for all t ∈ S. Therefore ‖z(t)‖_L1 ≤ c‖z(t)‖_L2 ≤ cκ^{3/2} for all t ∈ S and together with (4.10) we obtain ‖z(t)‖_L∞ ≤ cκ^{5/2} for all t ∈ S. This ensures − ln u_i(t) u_i

≤ K + c_4κ^{5/2} a.e. in Ω ∀t ∈ S. □

4.4 Solvability of problem (P) Theorem 4.3 Under the assumptions (A1) – (A5) there exists a (unique) solution to problem (P).

Proof. It suffices to prove that for every T > 0, S = [0, T ] the problem u^′ + A(u, v) = 0, u = Ev a.e. on S, u(0) = u^0, u ∈ H^1(S, V^∗), v − v^D ∈ L^2(S, V ) ∩ L^∞(S, L^∞(Ω, R^5))

(4.11)

is solvable. The a priori estimates for (P_M) in Theorem 4.1 and Theorem 4.2 guarantee that if we choose M sufficiently large, then for every solution (u, v) to (P_M) the equalities P_M v_i = v_i, i = 1, . . . , 4, P_{2M} (v_i + v_j ) = v_i + v_j, ij = 13, 14, 23, 24, hold. Therefore we have E_M v = Ev, A_M (u, v) = A(u, v) and the pair (u, v) is a solution to (4.11), too. Uniqueness is given by Theorem 3.1. □

5 Global behavior of solutions to (P) 5.1 Boundedness of solutions to (P) The estimates for solutions to (P_M) in the proofs of Lemma 4.3, Lemma 4.4, Theorem 4.1 and Theorem 4.2 are done in such a way that they can be applied to Problem (P), too. Especially, since u(t) = Ev(t) a.e. we have v(t) − v^D ∈ ∂F (u(t)) a.e. and Brézis formula is applicable to obtain the estimate for the free energy. By discussing the different cases we here find

r_{ij}(·, u)(1 − e^{vi+vj} )(v_i + v_j − (v^D_i + v^D_j )) ≤ c 4� k=1 (u_k + 1)|v^D_i + v^D_j |, ij = 13, 14, 23, 24.

Generally, where we in the proofs substituted e^{PM vi} by u_i/u_i we now have to substitute e^{vi} by u_i/u_i. And in the proof of Theorem 4.2 we argue: If z > 0 then

v_i + v_j ≤ −K + ln u_i u_i

≤ 0 and (e^{vi+vj} − 1)z ≤ 0, ij = 13, 14, 23, 24,

(e^{vi} − e^{vj} ) u_i u_i z ≤ z, ij = 12, 34.

We summerize the results in two theorems.

Theorem 5.1 Let (A1) – (A5) be satisfied and let T > 0 be arbitrarily given. Then there exists a constant c_1 > 0 depending only on the data (but not on T ) such that

F (u(t)) ≤ (F (u^0) + 1)e^{c1t} ∀t ∈ S = [0, T ]

for the solution (u, v) to (P).

Theorem 5.2 Let (A1) – (A5) be satisfied and let T > 0 be arbitrarily given. Then there exist constants c_3, c_4 > 0 depending only on the data (but not on T ) such that 4� i=1 ‖u_i(t)‖_L∞ ≤ c_3 κ 4� i=1 � sup_{s∈S} ‖u_i(s)‖_L1 + 1 � ,

− v_i(t) ≤ 4� k=1 � ‖ln( u_k u_k

+ 1)‖_L∞_{(S,L}∞_) + ‖v^D_k ‖_L∞ � + max

i=1,...,4 ‖ � ln u^0_i u_i

�_−

‖_L∞ + c_4κ^{5/2},

i = 1, . . . , 4, for all t ∈ S = [0, T ] for the solution (u, v) to (P).

Some of the results of this section are obtained under the additional assumption

(A6) ∇(v^D_k + γ_kv^D_0 ) = 0, k = 1, . . . , 4, v^D_i = v^D_j , ij = 12, 34, v^D_i + v^D_j = 0, ij = 13, 14, 23, 24.

These conditions mean that the prescribed boundary values are compatible with thermodynamic equilibrium which is a state with vanishing flows of the carriers, and with vanishing reaction rates. (A6) implies that ζ^D ∈ span γ.

Theorem 5.3 Under the assumptions (A1) – (A6) the following global estimates for the solution (u, v) to (P) are satisfied

F (u(t_2)) ≤ F (u(t_1)) ≤ F (u^0) ∀t_2 ≥ t_1 ≥ 0, 4� i=1 ‖u_i(t)‖_L∞ ≤ c, 4� i=1 ‖v_i(t)^−‖_L∞ ≤ c ∀t > 0. (5.1)

Proof. Using (A6), γ = (−1, −1, 1, 1) and the techniques of Lemma 4.3 we obtain

F (u(t_2)) − F (u(t_1)) = −

�_t 0 � Ω �^4� k=1 D_ku_k|∇ζ_k|^2 + � ij=12,34

r_{ij}(e^{vi} − e^{vj} )(v_i − v_j ) + � ij=13,14,23,24

r_{ij} (·, u)(e^{vi+vj} − 1)(v_i + v_j ) � dx ds ≤ 0,

and the monotone decay of the free energy follows. Especially F (u(t)) ≤ F (u^0) for all t > 0. Thus by (2.1), ‖u_i(t)‖_L1 ≤ F (u(t)) + c ≤ F (u^0) + c for all t > 0. Moreover ‖∇v_0(t)‖_Lq ≤ c for all t > 0. Having in mind (4.7), Theorem 5.2 yields a uniform upper bound for the densities u_i on R_+. Therefore ‖ln(^{ui}_{ui} + 1)‖_L∞_{(R+,L}∞_) ≤ c, and Theorem 5.2 supplies that ‖v^−_i ‖_L∞_{(R+,L}∞_) ≤ c. □

5.2 Steady states

Remember that for solutions (u, v) to (P)

u_0(t) = 4� i=1 γ_iu_i(t), t > 0.

(This follows easily from u^′ + A(u, v) = 0 by test functions (w, qw), w ∈ H^1_0 (Ω ∪ Γ_N ).) Therefore we would expect also for stationary solutions (u, v) to (P) that u_0 =

�_4 i=1 γ_iu_i.

We look at the stationary problem

A(u^∗, v^∗) = 0, u^∗ = Ev^∗, u_0 =

�_4

i=1 γ_iu_i, (u^∗, v^∗) ∈ U × (V + v^D). (S)

We give an existence result for steady states (S) which is obtained similarly to the corresponding result for the van Roosbroeck system in [15, 4] by Schauder’s Fixed Point Theorem. We need two preparatory lemmas. The first lemma can be found in [14].

Lemma 5.1 Let ~k > 0, s > 1. Furthermore, let ϕ : [~k, ∞) → R_+ be a nonincreasing function such that, for h ≥ k ≥ ~k :

(h − k)ϕ(h) ≤ c_1ϕ(k)^s.

Then ϕ(k) = 0 if k ≥ ~k + 2^{−s/(s−1)}c_1 ϕ(~k)^{s−1}.

Let M := max � ‖v^D_0 ‖_L∞ , max_{i=1,2,3,4} ‖ζ^D_i ‖_L∞ � . Lemma 5.2 We assume (A1) and (A4). Let v_0 ∈ v^D_0 + H^1_0 (Ω ∪ Γ_N ) be the solution to

^E_0v_0 = 0, ⟨ ^E_0v_0, v_0⟩ := ⟨E_0v_0, v_0⟩ − 4� i=1 � Ω γ_iu_ie^{PM ζi−γiPN v0} v_0 dx, (5.2)

for all v_0 ∈ H^1_0 (Ω∪Γ_N ), with arbitrarily given ζ_i ∈ L^2(Ω), i = 1, 2, 3, 4, and some constant N > M. Then there exists a K_0 > 0 not depending on M, N, ζ_i, i = 1, 2, 3, 4, such that ‖v_0‖_L∞ ≤ M + K_0.

Proof. ^E_0(· + v^D_0 ) : H^1_0 (Ω ∪ Γ_N ) → H^{−1}(Ω ∪ Γ_N ) is strongly monotone and Lipschitz continuous. Thus, for arbitrarily given ζ_i ∈ L^2(Ω), i = 1, 2, 3, 4, the equation ^E_0v_0 = 0 has exactly one solution. If k ≥ M then (v_0 − k)^+ ∈ H^1_0 (Ω ∪ Γ_N ). We use it as test function for (5.2). Since P_M ζ_i − γ_iP_N v_0 < 0 for v_0 > k and γ_i > 0 we obtain

‖(v_0 − k)^+‖^2_H1 ≤ c‖(v_0 − k)^+‖_W 1,q′ ≤ c‖(v_0 − k)^+‖_H1 mes{v_0 > k}^{1/r}

with the exponents from (3.1) and constants c not depending on M, N, ζ_i, i = 1, 2, 3, 4. Therefore, for p > r it results ‖(v_0 − k)^+‖_Lp ≤ mes{v_0 > k}^{1/r}. Because of

‖(v_0 − k)^+‖_p ≥ (h − k) mes{v_0 > h}^{1/p}

the last estimates guarantee for h ≥ k ≥ M that

(h − k)ϕ(h) ≤ cϕ(k)^s with ϕ(h) = mes{v_0 > h}^{1/r} , s = p r . Thus Lemma 5.1 ensures a K_0 > M such that v_0 ≤ k for all k ≥ M + K_0. Testing (5.2) by −(v_0 + K)^−, we prove that v_0 ≥ −(M + K_0). □

Theorem 5.4 Under the assumptions (A1) – (A5) there exists a solution to (S).

Proof. 1. We use M and K_0 from Lemma 5.2. For arbitrarily given (v_0, ζ_1, . . . , ζ_4) ∈ L^2(Ω)^5 we define u_i = u_ie^{PM ζi−γiPM+K}0^{v0} , i = 1, 2, 3, 4. Let ~v_0 ∈ v^D_0 + H^1_0 (Ω ∪ Γ_N ), ~ζ_i ∈ ζD_i + H1_0 (Ω ∪ Γ_N ), i = 1, 2, 3, 4, be the solution of the system

⟨E_0~v_0, v_0⟩ = 4� i=1 � Ω γ_iu_iv_0 dx, ∀ v_0 ∈ H^1_0 (Ω ∪ Γ_N ), (5.3) � Ω �^4� k=1 D_ku_k∇~ζ_k · ∇ζ_k + � ij=12,34

r_{ij} e^{5−i−j}2^{PM+K0 v0} (e^{PM ζi} − e^{PM ζj} )(ζ_i − ζ_j) + � ij=13,14,23,24

r_{ij} (·, u)(e^{PM ζi+PM ζj} − 1)(ζ_i + ζ_j) � dx = 0 ∀ζ ∈ H^1_0 (Ω ∪ Γ_N )^4.

(5.4)

2. Due to our assumptions concerning the data, the test of (5.3) by ~v_0 − v^D_0 and the test of (5.4) by ~ζ − ζ^D we find that ‖~v_0 − v^D_0 ‖_H1 and ‖~ζ_i − ζ^D_i ‖_H1 , i = 1, 2, 3, 4, are bounded by a constant which depends on M and K_0 but which does not depend on v_0, ζ_1, . . . , ζ_4. Thus the same is true for ‖~v_0‖_H1 and ‖~ζ_i‖_H1 , Sobolev’s imbedding result gives ‖~v_0‖_L2 ≤ ~c, ‖~ζ_i‖_L2 ≤ ~c. We define

A = {y ∈ L^2(Ω)^5 : ‖y_i‖_L2 ≤ ~c, i = 1, . . . , 5}.

3. Let T denote the operator which assigns to (v_0, ζ_1, . . . , ζ_4) the solution (~v_0, ~ζ_1, . . . , ~ζ_4) of (5.3), (5.4), T (v_0, ζ_1, . . . , ζ_4) = (~v_0, ~ζ_1, . . . , ~ζ_4). We consider T as mapping from L^2(Ω)^5 into itself and verify the assumptions of Schauder’s Fixed Point Theorem. T maps the convex, closed set A into itself. Due to step 2 and the Rellich-Kondrachov imbedding Theorem, T (A) is precompact in L^2(Ω)^5. The continuity of T is guaranteed by continuity properties of Nemyckij operators. Thus T possesses at least one fixed point.

4. Let (v_0, ζ_1, . . . , ζ_4) be a fixed point of T . Due to Lemma 5.2 we have ‖v_0‖_L∞ ≤ M +K_0. On the one hand, testing (5.4) (for ~ζ = ζ) by (ζ − M)^+ ∈ H^1_0 (Ω ∪ Γ_N )^4 we obtain c 4� k=1 ‖(ζ_k − M)^+‖^2_H1

≤ � Ω �^4� k=1 D_k|∇(ζ_i −M)^+|^2 + � ij=13,14,23,24

r_{ij}(·, u)(e^{PM ζi+PM ζj} − 1)((ζ_i −M)^+ + (ζ_j −M)^+)

+ � ij=12,34

r_{ij}e^{5−i−j}2^{PM+K0 v0} (e^{PM ζi} − e^{PM ζj} )((ζ_i − M)^+ − (ζ_j − M)^+) � dx = 0.

Here we used that the expressions (e^M − e^{PM ζj} )(ζ_i − M)^+ and (e^{M+PM ζj} − 1)(ζ_i − M)^+ for ζ_i > M are nonnegative and can be omitted in the estimate. On the other hand, the test function (ζ + M)^− supplies that ζ_i ≥ −M, i = 1, 2, 3, 4. Consequently, P_M ζ_i = ζ_i and u_i = u_ie^{ζi−γiv0} , i = 1, 2, 3, 4. Defining u = (E_0v_0, u_1, . . . , u_4), v = (v_0, ζ_1 + v_0, ζ_2 + v_0, ζ_3 − v_0, ζ_4 − v_0), we obtain from a fixed point (v_0, ζ_1, . . . , ζ_4) of T a solution (u, v) to (S). □

Theorem 5.5 Let the assumptions (A1) – (A6) be satisfied. Then there exists a unique solution (u^∗, v^∗) to (S). Moreover, ∇ζ^∗_i = 0, i = 1, . . . , 4, and ζ^∗ = (ζ^∗_1 , ζ^∗_2 , ζ^∗_3 , ζ^∗_4 ) = ζ^D.

Proof. 1. If (u^∗, v^∗) is a solution to (S) then we have ⟨A(u^∗, v^∗), v^∗ − v^D⟩ = 0. Since (A6) is fulfilled this implies ∇(v^∗_i +γ_iv^∗_0) = 0, i = 1, . . . , 4, v^∗_i = v^∗_j , ij = 12, 34, v^∗_i +v^∗_j = 0, ij = 13, 14, 23, 24. Let h^∗ := v^∗_0 − v^D_0 . The boundary conditions enforce v^∗_i + γ_iv^∗_0 = v^D_i + γ_iv^D_0 , i = 1, . . . , 4. Therefore we would have

u^∗_i = u_ie^{vDi +γivD0 −γi(h∗+vD0 )} = u_ie^{vDi −γih∗} , i = 1, . . . , 4.

Moreover, the requirements from (S) that u^∗_0 =

�_4

i=1 γ_iu^∗_i = E_0v^∗_0 lead to

⟨ ~E_0h^∗, y⟩ := � Ω � ε∇(h^∗ + v^D_0 ) · ∇y − fy − 4� i=1 γ_iu_ie^{vDi −γih∗} y � dx = 0 ∀y ∈ H^1_0 (Ω ∪ Γ_N ).

Due to (A1) and (A4), the operator ~E_0 : H^1_0 (Ω ∪ Γ_N ) → H^{−1}(Ω ∪ Γ_N ) is strongly monotone. Using Trudingers imbedding theorem [18], the hemicontinuity of this operator can be shown. Therefore there exists a unique solution h^∗ ∈ H^1_0 (Ω ∪ Γ_N ) of ~E_0h^∗ = 0. Now we improve the regularity of h^∗. Due to (A4) and Trudingers imbedding theorem �_4

i=1 γ_iu_ie^{vDi +γih∗} ∈ L^2(Ω). For

⟨E_0h, y⟩ = � Ω ε∇h · ∇y dx, ⟨g, y⟩ = � Ω � f + 4� i=1 γ_iu_ie^{vDi −γih∗} � y dx, y ∈ H^1_0 (Ω ∪ Γ_N ),

we have g ∈ W^{−1,q}(Ω ∪ Γ_N ), and ~E_0h^∗ = 0 is equivalent to E_0h^∗ = g. Thus the regularity result of Gröger [12, Theorem 1] for linear elliptic equations ensures h^∗ ∈ W^{1,q}_0 (Ω ∪ Γ_N ), for our q > 2. Therefore h^∗ ∈ L^∞(Ω), too.

2. We construct the unique solution to (S) now as follows: We solve ~E_0h^∗ = 0, obtain a unique solution h^∗ ∈ H^1_0 (Ω ∪ Γ_N ) ∩ L^∞(Ω). Setting v^∗_0 := h^∗ + v^D_0 ∈ L^∞(Ω), v^∗_i := v^D_i + γ_iv^D_0 − γ_iv^∗_0 ∈ L^∞(Ω), u^∗_i := u_ie^{v∗i} ∈ L^∞(Ω), i = 1, . . . , 4, u^∗_0 :=

�_4 i=1 γ_iu^∗_i . □

Remark 5.1 Theorem 5.5 says that if the boundary conditions are compatible with thermodynamic equilibrium then (S) is uniquely solvable and the solution is a thermodynamic equilibrium. In addition let us remark that local existence and uniqueness for (S) can be proved for data v^D ”nearly” fulfilling (A6) by methods we used in [10] for stationary energy models with multiple species. (In the present model we have no energy balance equation and consider the temperature as a constant parameter.) The stationary problem (S) has to be formulated in a W^{1,p} setting, p > 2, where the homogeneous part and the Dirichlet boundary functions of the potentials are considered as two different arguments. Then the linearization of the problem with respect to the homogeneous part of the potentials taken in the thermodynamic equilibrium turns out to be an injective Fredholm operator of index zero. Thus the Implicit Function Theorem supplies a unique solution to the stationary problem (S) provided that

‖∇ζ^D_k ‖_Lp_{(Ω)}, k = 1, 2, 3, 4, ‖v^D_i − v^D_j ‖_L1_{(ΓD )}, ij = 12, 34,

‖v^D_i + v^D_j ‖_L1_{(ΓD )}, ij = 13, 14, 23, 24,

are sufficiently small (see [10, Theorem 2, Corollary 2]).

5.3 Exponential decay of the free energy

Theorem 5.6 We assume (A1) – (A6). Let (u^∗, v^∗) be the thermodynamic equilibrium according to Theorem 5.5. Then the solution (u, v) to (P) possesses the following asymptotics. There exist constants c, λ, λ_p > 0 such that

F (u(t)) − F (u^∗) ≤ e^{−λt}(F (u^0) − F (u^∗)) ∀t ∈ R_+, (5.5)

4� i=0 ‖u_i(t) − u^∗_i ‖_Lp , 4� i=0 ‖v_i(t) − v^∗_i ‖_Lp ≤ ce^{−λpt} ∀t ∈ R_+ where p ∈ [1, ∞). (5.6)

Proof. 1. Let (u, v) be the solution to (P). The next considerations we do f.a.a. t ∈ R_+ and leave the argument t. Defining v_0 := v_0 − v^∗_0 , w_i := e^{(ζi−ζ∗i )/2} − 1 we have w_i|_{ΓD} = 0 and � u_i/u^∗_i − 1 = w_ie^{−γiv0/2} + e^{−γiv0/2} − 1. (5.7)

Since ‖v_0‖_L∞_{(R,L}∞_), ‖v^∗_0 ‖_L∞ ≤ c we conclude that

‖ � u_i/u^∗_i − 1‖_L4 ≤ c(‖w_i‖_L4 + ‖v_0‖_L4 ), i = 1, . . . , 4. (5.8)

Testing the equation E_0v_0 − E_0v^∗_0 = u_u − u^∗_0 with v_0, using the strong monotonicity of E_0 and (5.7) we obtain

c‖v_0‖^2_H1 ≤ � Ω 4� i=1 γ_i � u^∗_i ( � u_i + � u^∗_i )( � u_i/u^∗_i − 1)v_0 dx

≤ � Ω 4� i=1 γ_i � u^∗_i ( � u_i + � u^∗_i ) � w_ie^{−γiv0/2} + e^{−γiv0/2} − 1 � v_0 dx

≤ c 4� i=1 ‖w_i‖_L2 ‖v_0‖_L2 + � Ω 4� i=1 � u^∗_i ( � u_i + � u^∗_i )γ_iv_0(e^{−γiv0/2} − 1) dx

≤ c 4� i=1 ‖w_i‖_L2 ‖v_0‖_L2 .

Here we used that z(e^{−z} − 1) ≤ 0 for z ∈ R. In summary we find that

‖v_0‖_H1 ≤ c 4� i=1 ‖w_i‖_L2 . (5.9)

Since ζ^∗ = ζ^D we have ⟨u − u^∗, v^∗ − v^D⟩ = 0. Using additionally (5.1) in Theorem 5.3, (5.8), (5.9) we estimate

Ψ(u) := F (u) − F (u^∗) = � Ω � ε 2 |∇v_0|^2 + 4� i=1 � u_i ln u_i u^∗_i

− u_i + u^∗_i � dx + ⟨u − u^∗, v^∗ − v^D⟩

≤ c � ‖v_0‖^2_L2 + 4� i=1 ‖u_i − u^∗_i ‖^2_L2 � ≤ c � ‖v_0‖^2_L2 + 4� i=1 ‖ � u_i/u^∗_i − 1‖^2_L4 �

≤ c � ‖v_0‖^2_L2 + 4� i=1 ‖w_i‖^2_L4 + ‖v_0‖^2_L4 � ≤ c 4� i=1 ‖w_i‖^2_H1 .

(5.10)

Because of ‖v_0‖_L∞_{(R,L}∞_), ‖v^∗_0 ‖_L∞ ≤ c, under assumption (A6) the following inequality holds true

⟨A(u(s), v(s)), v(s) − v^∗⟩ ≥ c 4� i=1 ‖w_i‖^2_H1 . (5.11)

2. If (u, v) is a solution to (P) then v(t) − v^∗ ∈ ∂Ψ(u(t)) f.a.a. t ∈ R_+, and for λ ∈ R we obtain (cf. [1])

e^{λt2} Ψ(u(t_2)) − e^{λt1} Ψ(u(t_1)) =

�_{t2}

t_1

e^{λs} � λΨ(u(s)) + ⟨u^′(s), v(s) − v^∗⟩ � ds = �_{t2}

t_1

e^{λs} � λΨ(u(s)) − ⟨A(u(s), v(s)), v(s) − v^∗⟩ � ds. Combining (5.10) and (5.11) we find a constant λ > 0 depending only on the data such that λΨ(u(s)) ≤ ⟨A(u(s), v(s)), v(s) − v^∗ ⟩ f.a.a. t ∈ R_+. Therefore the previous inequality and (5.10) supply the exponential decay of the free energy to its equilibrium value (5.5).

References 23

3. Since Ψ(u) ≥ c(‖v_0‖^2_{H1} +

�_4 i=1 ‖ � u_i/u^∗_i − 1‖^2_{L2} ) and u_i and u^∗_i are bounded, it results

‖v_0(t)‖_H1 , ‖ � u_i(t)/u^∗_i − 1‖_L2 , ‖u_i(t) − u^∗_i ‖_L1 ≤ ce^{λt/2} ∀t ∈ R_+.

For p ∈ [1, ∞) and i = 1, . . . , 4, we obtain

‖u_i(t) − u^∗_i ‖^p_Lp ≤ ‖u_i(t) − u^∗_i ‖_L1 ‖u_i(t) − u^∗_i ‖^{p−1}_L∞ ≤ c^p e^{−λt/2} ∀t ∈ R_+. (5.12)

For i = 0 we get the corresponding result from u_0 =

�_4 k=1 γ_ku_k, u^∗_0 =

�_4 k=1 γ_ku^∗_k by the previous arguments.

4. From ‖v_0(t)‖_H1 ≤ ce^{λt/2} and ‖v_0(t)‖_L∞ ≤ c we conclude

‖v_0(t)‖^p_Lp ≤ ‖v_0(t)‖_L1 ‖v_0(t)‖^{p−1}_L∞ ≤ c^{p−1}‖v_0(t)‖_H1 ≤ c^p e^{−λt/2} ∀t ∈ R_+.

Finally,

‖v_i(t) − v^∗_i ‖_L1 ≤ ‖ln u_i − ln u^∗_i ‖_L1 ≤ c‖u_i(t) − u^∗_i ‖_L1 ∀t ∈ R_+, i = 1, . . . , 4,

which analogously to (5.12) leads to the exponential decay of ‖v_i(t) − v^∗_i ‖_Lp . □

References

1. H. Brézis, Opérateurs maximaux monotones et semi–groups de contractions dans les espaces de Hilbert, North-Holland Math. Studies, vol. 5, North–Holland, Amsterdam, 1973.

2. I. Ekeland and R. Temam, Convex analysis and variational problems, Studies in Mathematics and its Applications, vol. 1, North–Holland, Amsterdam, 1976.

3. H. Gajewski and K. Gröger, Semiconductor equations for variable mobilities based on Boltzmann statistics or Fermi–Dirac statistics, Math. Nachr. 140 (1989), 7–36.

4. , Initial boundary value problems modelling heterogeneous semiconductor devices, Surveys on analysis, geometry and mathematical physics (B.-W. Schulze and H. Triebel, eds.), Teubner-Texte zur Mathematik, vol. 117, Teubner, Leipzig, 1990, pp. 4–53.

5. , Reaction–diffusion processes of electrically charged species, Math. Nachr. 177 (1996), 109–130.

6. H. Gajewski and I. V. Skrypnik, Existence and uniqueness results for reaction-diffusion processes of electrically charged species, Nonlinear Elliptic and Parabolic Problems (Zurich 2004), Progress in Nonlinear Differential Equations and Their Applications, vol. 64, Birkhäuser, Basel, 2005, pp. 151–188.

7. A. Glitzky and K. Gärtner, Energy estimates for continuous and discretized electroreaction-diffusion systems, Preprint 1222, Weierstraß-Institut für Angewandte Analysis und Stochastik, Berlin, 2007, to appear in Nonlinear Anal.

8. A. Glitzky and R. Hünlich, Energetic estimates and asymptotics for electro–reaction– diffusion systems, Z. Angew. Math. Mech. 77 (1997), 823–832.

9. , Global estimates and asymptotics for electro–reaction–diffusion systems in heterostructures, Applicable Analysis 66 (1997), 205–226.

10. A. Glitzky and R. Hünlich, Stationary solutions of two-dimensional heterogeneous energy models with multiple species, Banach Center Publ. 66 (2004), 135–151.

11. A. Glitzky and R. Hünlich, Global existence result for pair diffusion models, SIAM J.

Math. Anal. 36 (2005), 1200–1225.

12. K. Gröger, A W^{1,p}–estimate for solutions to mixed boundary value problems for second order elliptic differential equations, Math. Ann. 283 (1989), 679–687.

13. G. S. Jones, Fundamental inequalities for discrete and discontinuous functional equations, J. Soc. Indust. Appl. Math. 12 (1964), 43–57.

14. D. Kinderlehrer and G. Stampacchia, An introduction to variational inequalities and their applications, Academic Press, New York, 1980.

15. P. A. Markowich, The stationary semiconductor device equations, Springer, Wien, New York, 1986.

16. W. V. van Roosbroeck, Theory of flow of electrons and holes in germanium and other semiconductors, Bell Syst. Techn. J. 29 (1950), 560–607.

17. S. Selberherr, Analysis and simulation of semiconductor devices, Springer, Wien, 1984.

18. N. S. Trudinger, On imbeddings into Orlicz spaces and some applications, J. of Mathematics and Mechanics 17 (1967), 473–483.

19. I. Zutic and J. Fabian, Bipolar spintronics, Concepts in Spin Electronics (S. Maekawa, ed.), Oxford, 2006.

20. I. Zutic, J. Fabian, and S. C. Erwin, Bipolar spintronics: Fundamentals and applications, IBM J. Res. & Dev. 50 (2006), 121–139.

21. I. Zutic, J. Fabian, and S. Das Sarma, Spin-polarized transport in inhomogeneous magnetic semiconductors: theory of magnetic/nonmagnetic p-n junctions, Phys. Rev. Lett. 88 (2002), 066603.

22. , Spintronics: Fundamentals and applications, Rev. Mod. Phys. 76 (2004), 323–410.