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Abstract

In a rather general setting of Ito-Lévy processes we study a class of transforms
(Fourier for example) of the state variable of a process which are holomorphic in
some disc around time zero in the complex plane. We show that such transforms
are related to a system of analytic vectors for the generator of the process, and we
state conditions which allow for holomorphic extension of these transforms into a
strip which contains the positive real axis. Based on these extensions we develop
a functional series expansion of these transforms in terms of the constituents of the
generator. As application, we show that for multidimensional affine It6-Lévy processes
with state dependent jump part the Fourier transform is holomorphic in a time strip
under some stationarity conditions, and give log-affine series representations for the
transform.

Keywords: 1t6-Lévy processes, holomorphic transforms, affine processes.

1 Introduction

Transforms are an important tool in the theory of (ordinary and partial) differential equa-
tions and in stochastic analysis. In probability theory the Fourier transform of a random
variable, which represents the characteristic function of the corresponding distribution,
is widely used. Fourier (and Laplace) transforms have become increasingly popular in
mathematical finance as well. On the one hand, for example, via a complex Laplace trans-
form and the convolution theorem one may derive pricing formulas for one dimensional
European options (e.g., see (7)). On the other hand, Laplace and Fourier transforms are
known in closed form for many classes of processes. A famous example is the so-called
Lévy-Khintchine formula which provides an explicit expression for the characteristic func-
tion of a Lévy process. More recent financial literature goes well beyond Lévy processes
and attempts to establish explicit or semi-explicit formulas for derivatives where under-
lyings are modelled, for instance, by affine processes (see among others (4),(6) and (5))
or more general It6-Lévy processes (e.g. see (3)). Theoretical analysis of affine processes
is done in the seminal paper by Duffie, Filipovi¢ and Schachermayer (5) and has led to a
unique characterization of affine processes. In particular, it is shown that the problem of
determining the (conditional) Fourier transform of an affine process X corresponds to the
problem of solving a system of generalized Riccati differential equations in the time vari-
able s (see (5)). Although closed form solutions of this system can be found in important
cases, there is no generic approach to solve such a system in the general multi-dimensional
case. In this article we establish some kind of functional series representation for the
Fourier transform, hence the characteristic function of the process under consideration
and, in principle, for more general transforms. The most natural one is a Taylor expan-
sion in time s around sg = 0. This approach leads to expansions where the coefficients can
be recursively computed without solving linear or non-linear differential equations as, for



instance, in the case of the so called WKB expansions for transition densities (e.g. see (9)).
Unfortunately, it turns out that in many cases the resulting power series converges only
in s = sg = 0. This problem corresponds to a difficulty which is well known in semi-group
theory and in the theory of parabolic differential equations: small time expansions for the
solutions of parabolic equations are usually possible in a neighborhood of some sy > 0,
while an expansion around sy = 0 may have zero convergence radius. In this paper we
prove that for a generator with affine coefficients the Fourier transform extends holomor-
phically into a disc around sp = 0 and a strip containing the positive real axes, under
some mild regularity conditions. Then, for multi-dimensional affine processes we obtain
convergent expansions for the Fourier transform and its logarithm on the whole time line.
Hence, we have (affine) series representations for the exponent of the characteristic func-
tion of a general multi-dimensional affine process. More generally, we develop a framework
based on a concept of analytic vectors which allows for functional series expansions for a
class of holomorphic transforms which covers the standard Fourier transform.

The outline of the paper is as follows. The basic setup is described in Section 2. In Section
3 we introduce the notion of analytic vectors associated with a given generator and study
functional series expansions for the corresponding transform. Section 4 is devoted to the
Cauchy problem for affine generators. In Section 5 we derive series representations for the
logarithm of the Fourier transform corresponding to a generator with affine coefficients.
Section 6 gives an explicit representation for these expansions in a one-dimensional case.
Finally, Section 7 contains results for affine Ito-Lévy processes which mainly follow from
previous sections. More technical proofs are given in the Appendix.

2 Basic setup

Let (Q,3,(F;)t>0,P) be a standard filtered probability space where the filtration ()
satisfies ‘the usual conditions’. On this space we consider for each x € R" a compensated
Poisson random measure N(m, dt,dz,w) = N(z,dt,dz,w)—v(x,dz)dt on Ry xR where N
is a Poisson random measure with (deterministic) intensity kernel of the form v(x, dz)dt =
E N(z,dt,dz) satisfying v(z, B) < co for any B € B(R?) such that 0 ¢ B (closure of B).
Hence N is determined by

thok (2, B)
k! ’
In particular, for any B € B(R?) with 0 ¢ B and =z € R", the process MtB’x =

N(x,(0,t], B) is a (true) martingale. Further, by assumption, the kernel v satisfies,

P [N(z,(0,t], B) = k] = exp(—tv(z, B)) k=0,1,2,..

oz, {0}) = 0, /Rd(|z|2 AleDo(z, d2) < o0, = € R™.

Let us assume W (t) to be a standard Brownian motion in R living on our basic probability
space, and consider the Ito-Lévy SDE:

X, = b(X,)dt + o (X)) dW (£) + / SN(Xo . dtdz),  Xo =, (2.1)
]Rd

for deterministic functions b : R™ — R™, o : R” — R" x R™, which satisfy sufficient regu-
larity and/or mutual consistency conditions such that (2.1) has a unique strong solution



t — X4, called an Ito-Lévy process, which can be regarded as a strong Markov process
(e.g., see (11), (3)).

As a well-known fact, the above process X can be connected to some kind of evolution
equation in a natural way. In this context we consider a 'pseudo generator’

AP DA ce® ce— ¢, (2.2)

where € := C(R") is the space of continuous functions f : R"” — C, equipped with the
topology of uniform convergence on compacta, and €2 is the space of functions f € C
which are two times continuously differentiable. Further, f € D(AF) iff f € €@ and

i,j=1 ! i=1 !
—1—/ [f(x +2)— f(x) — g—i . z] v(z,dz), with a =00,
Rd

exists and is such that Aff € €. In this respect we assume that the building blocks b(z),
o(x), v(xz,dz) of SDE (2.1) have bounded derivatives of any order with respect to .
Clearly, D(A?) is dense in € and it can be shown that the operator A* thus defined is
closable. The closure of Af is denoted by

A:D(A) cC—C. (2.4)

As such A can be seen as a relaxation of the notion of a generator of a strongly continuous
Feller-Dynkin semigroup associated with the process X, for which the Hille-Yosida theorem
applies. This semigroup is usually defined on the Banach space Cy(R"), i.e. the set of
continuous functions on R™ which vanish at infinity, equipped with the supremum norm,
and its generator coincides literally with A* on a dense subdomain of Cy(R™). By slight
abuse of terminology however, we will also refer to A as ’generator’ when A is considered
in connection with the process X given via (2.1). Let now § := {f,, u € I} C € be a dense
subset of bounded continuous functions f, : R® — C which have bounded derivatives of
any order. With respect to the (closed) generator (2.4) we consider for each f, € § the
(generalized) Cauchy problem

Plsau) = Aps,a,u), (25)
p(0,z,u) = fu(z), s>0, xze€XCR",

where X is some open (maximal) domain, and assume that problem (2.5) has a unique
solution. For instance, see (1) for mild conditions which guarantee existence of unique
global solutions of integro-differential evolution problems. In particular, if some ellipticity
condition is satisfied we may have X = R”. For mixed type generators, such as affine
generators, existence, uniqueness, and the maximal domain X has to be considered case by
case. For example, if b(x), (o0 ")(z), v(z,dz) are affine in = and satisfy the admissibility
conditions in (5), existence and uniqueness are ensured in a domain of the form X =
R! x R:‘_‘l C R™ (for details see (5)). We underline, however, that in this article the main
focus is on functional series representations for the solution of (2.5), and we therefore
merely assume that sufficient regularity conditions for the coefficients in (2.3) (hence (2.1))
are fulfilled.



Remark 2.1. In our analysis we often consider the pseudo generator (2.3) and it’s closure
(2.4) on € := C(X), for an open domain X C R", rather than C(R"). For notational
convenience (while slightly abusing notation) we will denote these respective operators
with A* and A also.

If A is the generator of the process (2.1), the solution p(s,x,u) has the probabilistic
representation

p(s,x,u) =E [fu(Xg’x)] ,

where X% is the unique strong solution of (2.1) with Xg’x =z a.s. We refer to p(s,x,u)
as generalized transform of the process X7 associated with §. As a canonical example
we may consider
o T
fulz)=e" " weR™, (2.6)

in which case (2.5) yields the characteristic function p(s,z,u) = E[ei“TXg 1.

By using multi-index notation, the integral term in (2.5) may be formally expanded as

/Rd [f(a:Jrz)—f(x)—g_i.Z} o(z,dz) =

Z iamaf(:n)/zav(:n,dz) =: Z éma(az)amaf.

laj>2 || >2

Hence, we may write formally the generator as an infinite order differential operator

A= Z o () Opo (2.7)

|a| >0

with obvious definitions of the coefficients a,(z) for @ > 0.

3 Analytic vectors and transforms

First we introduce the notion of a set of analytic vectors associated with an operator A.

Definition 3.1. § = {f,, u € I} is a set of analytic vectors for an operator A in an open
region X, if

(i) AFf, exists for any u € I and k € N,
(ii) for every w € I there exists R, > 0 such that for all x € X,

>  k
Z% ‘Akfu(az)‘ <oo, 0<s<Ry,
k=0

where the convergence is uniform in x over any compact subset of X.

Thus, if § is a set of analytic vectors in the sense of Definition 3.1 then for all x € X the
map

%k
s — Psfy(x) := Z %Akfu(x), ls| < Ry (3.8)
k=0

4



is holomorphic in the complex disc Dy := {s € C:|s| < R,} and the series converges
uniformly in z over any compact subset of X. In fact, P;f,(x) coincides with p(s, z,u) for
0<s< R,.

Proposition 3.2. If § is a set of analytic vectors, the map (s,x) — Psfy(z) defined in
(3.8) satisfies (2.5) for all s, |s| < Ry, and x € X. In particular we have Psf,(z) = p(s,x,u),
0<s< R,

Proof. Obviously, Py fu(z) = fu(x) for x € X. Set (see Remark 2.1)

D=3 G

k=0

then both P fu( ) and

Nk
S

AP fu(w) i= Y 5 A fu(w)
k=0 "

converge uniformly for any = in a compact subset of X and for any s satisfying |s| < R, —¢
with arbitrary small €. Hence, since A is closed,

0
AP, fu(x EIkV“*VL — §j A* fu() = 5-Pufu(@).

O

In order to study generalized transforms associated with a set of analytical vectors § in
domains containing the non-negative real axis we introduce for n > 0 the sequence

0 HII A D (o) (3.9)

1
:HZ%WM%@,maqukzm&m (3.10)

In (3.10) the coefficients ¢, 0 < 7 < k, are determined by the identity

k-1

H(z+r):z(z+1)- (z+k—-1) chrz

r=0

and are usually called unsigned Stirling numbers of the first kind. These numbers satisfy
cp,0 = 1 and

co=0, cpp=1,
Cry1,j = kepj + o1, 17 <Kk, (3.11)

if £ > 1. Obviously, the following recursion is equivalent to (3.9),
(k+ 1)q,(£21(x u)=mn 1Aq,(C )(x u) + k‘q(n) (x,u), k>0, =zeX (3.12)

The next theorem provides a functional series representation for the solution of (2.5) for
all s > 0, under certain conditions.



Theorem 3.3. Let § be a set of analytic vectors in the sense of Definition 3.1, u € I be

fized, and the sequence (q,(j)) be defined as in (3.10). Let p be the solution of the Cauchy
problem (2.5). Then the following statements are equivalent:

(1) There exists a constant R, > 0 such that for each x € X, the map s — p(s,x,u) has a
holomorphic extension to the domain

Gr, ={z:]z2| <R,}JU{2z:Rez>0 A |Imz| < R,},

see Figure 1.

>

z=x+ 1y

Figure 1: Domain G, on the complex plane

(ii) There exists an 1, > 0 such that for each x € X the following series representation
holds:

o0
p(s,z,u) = Zq,g “)(a:,u) (1 — e‘”“s)k, 0<s< 0.
k=0
Moreover, the series converges uniformly for (z,s) running through any compact subset of
X x{seR:0<s<Ry,}.

(i7i) The solution p of the Cauchy problem (2.5) is holomorphically extendable to [0, 00),
there exists 1, > 0 such that

limk_>oo ¢

q,(j“)(x,u)‘ <1, z€X, (3.13)

and, there exists €4, 0 < €, < 1, such that the series
o0
Z q,g “)(3:, w)w® (3.14)
k=0

converges uniformly for (x,w) running through any compact subset of X x {w € C: |w| <1 —¢,}.

Proof. See Appendix. O



Remark 3.4. The implication (i)’ = (i), where statement (7ii)’ consists of (3.13), and
(3.14) with &, = 0 holds as well. That is, loosely speaking, if in (i7i) series (3.14) converges
uniformly on all compact subsets of X x {w € C: |w| < 1}, the holomorphy assumption
on p can be dropped.

Remark 3.5. In order to use the representation in (i) one has to choose 7,. In fact, 1, can
be related to R, via n, = 7/R,, and hence increases with decreasing R,. As will be shown
in Section 7 for the case of regular affine processes, the maximal radius R, in Theorem 3.3
is bounded from below by C exp(—|ju||?) for some positive constant C' > 0.

It is important to note Theorem 3.3 concerns the solution of the Cauchy problem (2.5)
connected with a general operator A. In particular, all criteria in this theorem are of pure
analytic nature and via (3.9), respectively (3.10), exclusively formulated in terms of the
AF f,(2), i.e. coefficients in Definition 3.1. In the case where A is the generator of a Feller
Dynkin process one can formulate a sufficient probabilistic criterion for Theorem 3.3-(3):

Proposition 3.6. Let § be a set of analytic vectors in the sense of Definition 3.1 and
let the Markov process { X} be associated with the generator A. If in addition, for every
u € I there exists a radius R, such that for any t > 0

k
3 % ‘AkE[fu(XtO’x)] <00, 0<s<Ry, (3.15)
k=0

uniformly in x over any compact subset of X, then Theorem 3.3-(i) holds.

The statement is a direct consequence of the following “quasi” semi-group property of the
transition operator P;.

Proposition 3.7. Let § be a set of analytic vectors satisfying (3.15). Then, for all x € X
and all t > 0, the generalized transform p(t + s, z,u) can be represented as

ok
Bt +s,z,u) =Y %A’“E[fu(Xf’x)], 0<s< R, (3.16)
k=0

where the series converges uniformly in x over any compact subset of X.

Proof. Denote the right-hand-side of (3.16) by p(t,s,z,u). Obviously, p(t,0,z,u) =
E[fu(X;")]. Set

Vo)
Z'?'

N
f)(N)(t,s,:E,u) = kz_: 7 kIE[fu(X?’x)],
then both p") (¢, s, z,u) and

N
ApN(t, s, 2, 1) Zk— FR[ £, (X0
k=0

converge for N — oo uniformly over any compact subset of X, and s with |s| < R, — ¢,
for an arbitrary small € > 0. Hence, for |s| < R, — ¢, we have

le

0
Z 5(N) _ k+1 0,2y] _ A~(N—1)
8Sp (t,S,Z’,U) kZ;) k'A E[fu(X )] Ap (t,s,x,u),

ﬁ(t707$7u) :I/)\(t7x7u)



and thus, by closeness of the operator A and uniqueness of the Cauchy problem (2.5)-(2.7),
we have p(t, s, z,u) = p(t + s, z,u). d

The following proposition provides a situation in a semigroup context where a much
stronger version of the condition (i) in Theorem 3.3 applies. It also sheds light on the
connection between semi-group theory and holomorphic properties of generalized trans-
forms.

Proposition 3.8. Let Cy(R™) be the Banach space of continuous functions f : R" — C
which vanish at infinity, equipped with supremum norm: ||f|| := supyegn | f(2)|. Let A :
D(A) C Co(R™) — Co(R™) be the generator of the Feller-Dynkin semi-group (Ps)s>o0
associated with the process X, i.e. Psf(z) = E[f(XP")], f € Co(R™). Suppose that the
family § is such that f, € D(AF) for each uw € I and all integer k > 0, and that for each

u € I,
s [Atn] <o 05 <Rl
Then for each u € I,
Xk
s
Psfu :;EAkfua 0<s <Ry, (3.17)
=0

with convergence in Co(R™). Thus, the map s — Psf, for 0 < s < R, extends via (3.17)
to the complex disc Dy := {s € C:|s| < R,}. In particular, for each x € R™ the map
s — Psfu(x) is holomorphic in Dy. Moreover, for each t > 0, we may extend the map
s — Piisfu, 0 < s < R, to the disc Dg via,

Ps-i-tfu:PtPsfu:ZEPtAkfu :ZEAthfua SEDO- (318)
k=0 k=0

Proof. See Appendix. O

Thus, under the conditions of Proposition 3.8, § = {fu, u € I} is a set of analytic
vectors for the generator A in the sense of Definition 3.1 with X = R™. Moreover, due to
Proposition 3.8 the map

s = Papefulz) = Z %PtAkfu($) = Z %AkE[fu(X?’x)],
k=0 " k=0

is holomorphic in Dy for each € R™ and hence Theorem 3.3-(i) is fulfilled.

In this paper we do not stick to the semigroup framework because we want to avoid the
narrow corset conditions of Proposition 3.8. We also want to consider operators A with
unbounded (for instance, affine) coefficients and sets § of functions that do not vanish
at infinity (for example, (2.6)). Such situations may lead to the violation of condition
fu € ©D(AF), k € N in the sense of Proposition 3.8. In particular, in the next Sections 4-5
we will focus on general operators A with affine coefficients and in Section 7 on affine
processes related to affine generators satisfying a kind of admissibility conditions.



4 Affine generators

Let us now consider generators of the form (2.3) with affine coefficients. It is important to
note that in this section A may or may not be a generator of some Feller-Dynkin process.
The next theorem and its corollary, one of the main results of this paper, say that the
Fourier basis § = {fu(x) := e’y e R™} is a set of analytical vectors for an operator
A of the form (2.7), where the coefficients a,(z) are affine functions of = and satisfy
certain growth conditions for |a| — oo. Moreover, an explicit estimate for the radius of
convergence is given.

Theorem 4.1. Let A be a generator of the form (2.7) with affine coefficients a,(x), i.e.
for all multi-indezes «,
0o (z) = cq + 7 'dy, =€X, (4.19)

where X C R™ is an open region, ¢, is a scalar constant, and d, € R™ is a constant vector.
Assume that the series

> aa() (iu)” (4.20)

|| >0

converges absolutely for all uw € R™. Then, for every u € R and x € X it holds
A" fu(@)] < K"(1 4 |[=]])"rlexp((1 + [Jul))rs) (4.21)

with an arbitrary constant ¢ > 0 and constant K possibly depending on the choice of .

The proof of Theorem 4.1 is given in the Appendix.

Corollary 4.2. If in Theorem 4.1 the region X is bounded, the Fourier basis § constitutes
a set of analytic vectors for the affine operator A in X.

Remark 4.3. The requirement that (4.20) converges for all u imposes restrictions only on
the tails of the measure v and so does not exclude infinite activity processes.

For an affine operator A the sequence (3.9) can be explicitly constructed via the next
proposition, which is proved in the Appendix.

Proposition 4.4. Let A be an affine generator as in Theorem 4.1 and define

b (e, ) = D0 08D =57 () O D e

fu(x) = a!
=:bj(w) + ) b (u)a”,

K, |k|=1

with ag := 0. We set A" fu(x) =: g, (z,u) fu(x) and, for firedn > 0, q,(n) (z,u) =: hyp(z,u) fu(x),
where both g, and h, are polynomials in x of degree r. It holds

gr(z,u) =: Z Gr~(w)z?,  hp(z,u) =: Z By (u)2, (4.22)

[v|<r [v|<r



where g, and h, satisfy go = go,o0 = ho = hoo = 1, and for r > 0, respectively,

gr—i—l;y = Z <fy —/g 6) grﬁ—l—ﬁb% (423)

1BI<r—|]

T Z Z <7 - g " ﬂ) gr,'y—n+ﬁb%’n, and,

lkl=1, <y |BI<r+1-|v]

a(r+ B
(7‘+1)h7a+177 = Z n 1< 5 >hr7—y+ﬁb%

1BI<r—|]

(v —Kk+p
+ > o 1< 3 :)hny_n+gb;#i+-rhnw<u»

k=1, k< |BI<r+1—-]]
where |y| < r+1, and empty sums are defined to be zero.

Remark 4.5. Depending on the open set X we may consider instead of (4.22) for an xg
€ X expansions in x — x( rather than in x. For simplicity we henceforth assume {0} € X
which, if necessary, may be realized by a translation of the state space.

A natural question is whether affine generators are the only ones for which the Fourier
basis constitutes a set of analytic vectors. For this paper we leave this issue as an open
problem but the following proposition shows that at any case the set of such generators is
rather “thin”.

Let us put X = [—m, 7] and )
A= %a(m)% 4 b(x)(%. (4.24)
Proposition 4.6. The set of coefficients (a(z),b(z)) such that for an arbitrary M > 0
1A% fullp2(x) 2 MYNY, N — oo,
is dense in L*(X) x L*(X).

Proof. Without loss of generality let us assume that b(z) = 0 and u > 0. The general
case can be considered along the same ideas and is only formally more complicated. Any
a € L*(X) may be approximated (in L2-sense) by a finite Fourier series

a(x) ~ Z aet®. (4.25)

Thus, for given € > 0 we can find natural n and amplitudes a; (a, # 0) such that

a(x) — Z ae'® <e. (4.26)
=1

L2(X)

The corresponding approximative operator is given by

A ~ . ilx 82
A=A =) ae’ 53 (4.27)
=1 =1

10



Using the fact that for any sq,...,s; € N,

2

k—1 1
~ ~ . . k .
Asl - Askewx — (_1)kasl o ag, I | w4+ § s el(“+2j:1 31)90,
1=0 j=0

and setting
1 ™

:% L

Fy - e~ p-1 () AN f(z)dx, k€N,

we have Fj, =0 for £k > nN, and for N — oo

FnN

I
|
Naw
2
s}
Sz
=
+
=
e
b
|
N
2
s}
Sz
N
N
2
=
|
=
=
=
|
—
o
<
~
S

Further, by Parseval’s identity it holds
1/2

)

nN
JAN fullp2(x) = [2772 |Fi|?
k=0

and then we are done. O

Obviously, Proposition 4.6 may be formulated with respect to any compact interval.

5 Log-affine representations for the affine Cauchy problem

Let us consider the Cauchy problem (2.5) for affine generators A of the form (2.7), under
the assumption (4.20). As in (4.19) we set a(z) = co + @' do. The ansatz

p(s,z,u) = exp (C’(s,u) + xTD(s,u)) , (5.28)

for scalar C'(s,u) and vector valued D(s,u), where C(0,u) = 0 and D(0,u) = iu, for the
Cauchy problem (2.5) yields,

0.C+ 270D =Y an(x)D* =Y caD*+ Y x'daD",
|o>0 |a|>0 |a|>0

and so

0;C'= > caD* 0D=Y daD?

|a|>0 |a|>0
C(0,u) =0, D(0,u) = iu.

We thus have a system of ordinary differential equations (ODEs), which reads component-
wise

0,C= > caD% 0,Dj= Y d¥D* j=1,.,n,

la|>0 |a|>0
C0,u) =0, D;(0,u) = iu;. (5.29)

11



By assumption (4.20), the series

Z cay”, Z dg)ya, ji=1,...,n, (5.30)

|a|>0 |oe|>0

are absolutely convergent for all y € R™, and thus define terms-wise differentiable C'(>) (R™)
functions. In particular, they are locally Lipschitz and so according to standard ODE
theory the system (5.29) has for fixed v € R™ a unique solution (C(s,u),D(s,u)) for
0 < s < s < oo, where (s,C(s,u), D(s,u)) leaves any compact subset of R x R x R,
when s T so°

Remark 5.1. By a general theorem from analysis (e.g., see (2)), it follows that the solution
of (5.29) extends component-wise holomorphically in s into a disc around s = 0, due
to the analyticity of (5.30). This implies that (5.28) is holomorphic in s. So, besides
Theorem 4.1, also along this line one may show that (5.28) can be represented as a power
series of the form (3.8). ILe., in particular, the Fourier basis (2.6) constitutes a set of
analytic vectors for the affine operator A. However, the direct approach in the proof of
Theorem 4.1 (see Appendix) leads to an explicit estimate (4.21) and allows for investigating
possible extensions of p(s,x,u) into a strip containing the real axis in the complex plane
(see Theorem 5.4). Moreover, it also suggests the line to follow in cases where A is not
affine and/or the function base is not of the form (2.6).

Let us suppose that for fixed u € R™ the statements of Theorem 3.3 hold. Then we obtain
for0<s<sP <oo,zeX,

p(s,z,u) = exp (C(s, u) +x ' D(s, u)) (5.31)
_ Zq(nu e—nuS)k‘

Since q((] “)(x,u) = fu(z) = exp (iu"z) # 0 we have, taking into account the boundary

conditions for C and D, at least for small enough ¢ > 0,
C(s,u) +x' D(s,u) Zpk“ z,u)(l—e ™ 0<s<e, (5.32)

where by a standard lemma on the power series expansion of the logarithm of a power
series,

po") (@, 1) = In g™ (w,u) = iu ", (5.33)
o () = — ¢\ lkz Nz, w)g™ (@) |, k>1
k 9 fu(:E) kf gt k— —j 3 = 1.

Thus by (5.32), the p]g “) are necessarily affine in !

Remark 5.2. Tt is possible to prove directly that the functions p]g “) defined above are affine

in x using Proposition 4.4 via a (rather laborious) induction procedure, so without using
a local solution of (5.29).
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Theorem 5.3. Suppose that for fized uw € I the statement of Theorem 3.53-(i) holds for
an open region X and, in addition, for s € Gg, and x € X it holds p(s,z,u) # 0. Then,

with p]g )(x u) = p]gn“’ )( )+ p(n“’ )( ) determined by (5.33), we have

(s, z,u) = exp [Z (p("“’ Y aT o) >) (1- e‘"“s)’“] , 0<s<oo.
k=0

Proof. Let u € I and = € X be fixed. Since Gp, is simply connected and s — p(s,x,u) is
holomorphic and non-zero in Gp,, there exists a branch s — L(s,z,u) of the logarithm
such that p(s, z,u) = exp(L(s,z,u)) for all s € G, . Along the same line as in Theorem 3.3
we then argue that there exists an 7, > 0 such that w — L(®,, (w),z,u) (see the proof
of Theorem 3.3) is holomorphic in the unit disc {w :| w |< 1}, hence, there exists pg(z,u)
such that
L(®y, (w), z,u) = Zﬁk(:n,u)wk, 0<|w| <1, andso
k>0
L(s,z,u) Zpkxu 1—6"“s)k, 0<s<o0.
k>0
Since the later expansion must coincide with (5.32) for small s, it follows that necessarily

pr(z,u) = p,(:")(a:, u) and the theorem is proved. O

Let us now pass to another interesting log-affine representation for the characteristic func-
tion. From (4.22) and (4.23) we derive formally

S g (u)(1— e =SS by ()T (- e e,

r>0 r>0~v>0

_ou'w ¥ _ emm\hl+r
- E:ZE E:hlvlﬂw )L —e™)

>0 r>0

Suppose that the requirements of Theorem 5.3 hold. Then, using Theorem 4.1, it is easy
to show that for small enough ¢ > 0,

Sl S e )0l <00, il <, o <€
>0 r>0

(see Remark 4.5). Thus, for |s| and ||z|/~ small enough we obtain

Inp(s,z,u) = iu Tz +n vazhh\ﬂw 1_e—n8)h\+r
>0 r>0

= C(s,u) +x"D(s,u),

with (in multi-index notation)

=In D hro(w)(1—e ™) |, (5.34)
r>0

Zr>1 hr,ﬁ(“)(l —e M)

> rs0 Pro(u) (1 — e~ ms)r

D"(s,u) = iu” + , |kl =1

13



However, the left- and right-hand-sides of (5.34) are holomorphic for all s € Gg, and we
so arrive at the representation

p(s,z,u) =exp |In Zhno(u)(l —e |t (5.35)
r>0
he(u) (1 —e™Ms)"
—I-xTzrzl () ) , s€Gpg, TEX,

Zrzo hro(u)(1 — e~ ms)r

with
he(u) == [hei(w)lizy s
where for 1 <i < n, the multi-index (8;;);=1,....n is identified with 1.

Particularly due to the explicit estimate (4.21) for affine generators in Theorem 4.1, we
may proof the next theorem (which is a non-probabilistic version of Proposition 3.6 in the
situation where A is affine).

Theorem 5.4. Let X be a bounded domain. Assume that the system (5.29) is non-
exploding, i.e. s5° = oo, and that for any fired u € R™ the solution D(s,u) remains
bounded as s — oco. Then, there exists a radius R, > 0 such that for any t > 0 the map s
— p(t+ s,xz,u), 0 < s < Ry, has a holomorphic extension to the disc {s € C : |s| < Ry}.

Moreover, it holds
plt + s, x,u) Zk,A'%,, )(z), |s| <R., z€X. (5.36)

Remark 5.5. The maximal extension radius R, satisfies

exp(—s(1 1 |D*()]))
B TR P

where D*(u) = sup,o D(s,u), 2* = argsup,cx ||z||, and K,< are defined in (4.21).

Proof. Denote the right-hand-side of (5.36) by p(t,s,z,u). Obviously, p(t,0,z,u) =
p(t,0,2,u). Let us define

N
P, s, 2, u) kz_:k— u) (z).

Since p(t, z,u) = exp(C(t,u) + 2 D(t,u)), Theorem 4.1 implies that the series

[e.e]

> k,A’fA( .- u) (z) (5.37)

k=0

is absolutely and uniformly convergent on any compact subset of X x {s € C: |s| < Ry},

where
exp(—s(1 + | D*(u)]))
K1+ [|2*]])

R, =

14



with D*(u) = supy~o D(s,u) and 2* = argsup,cx ||z]|. So, both (V) (¢, s, 2, u) and

Apt) (t,s,x,u) ZklAkHA”)()

converge for N — oo uniformly over any compact subset of X and s with |s| < R, — e for
any € > 0. Hence, for |s| < R, — ¢

N-1
o k
9 (N k1504 _ A~(N-1)
5:P (t,s,z,u) = kzo k;'A plt,-,u) = Ap (t,s,z,u),
ﬁ(t7 07 x? u) :I/)\(t7 x? u)?
and thus, by closeness of the operator A and uniqueness of the Cauchy problem (2.5)-(2.7),
we have p(t, s, z,u) = p(t + s, z,u). d

6 Full expansion of a specially structured one dimensional
affine system

Let us consider Cauchy problem (2.5) for n = 1 with f,(z) = exp(iuz), where the jump-
kernel in the generator A (see (2.3)) has a special affine structure of the form

v(z,dz) =: (Ao + M\z)p(dz),
and where the diffusion coefficients have a similar structure,
b(z) = (N0 + )0, a(z) = (Ao + Mi2)D,

for some constants A\g, A1, 0,9 € R, and measure p. So, in Proposition 4.4 the a, have the
form a; =: (Ag + A1x)m; where

1 1
n:=0, m=60, n:= 3 <19 —|—/z2,u(dz)> , M= il /Z u(dz), 1>2.

Hence, in Proposition 4.4, the bg in (4.23) have the form

b, (z,u) = b (u) 4+ zbl(u)

(I+m)! dr
=: (AO + AlIE ; 77[+7» Il (1U) (AO + /\13:) du’

where h(u) = > )5 m(iw)!. Tt is now possible to show via (4.23) that for r > 1,

1 .
gr(z,u) = Z P mq))‘l P(Xo + Miz)P

0.a>0 7"! (nlvml)v"'v(nib
p>0,92

0<ni<...<ngq, mi,...,mqg>0,
r=p+nimi+--+ngmyq

q dni m;
< bP(u H<bn3—1 duﬂjﬁ(@) , (6.38)

Jj=1

with the following integer recursion procedure:

15



©) =0

Initialization: 7 = 1, B
(n17m1)7 '7(”q7mq)

p,qg =1
For all n; > 0, m; > 0, with 1 <14 <gq, p,qg > 1:

Reduction rule I: If m; = 0, for some j, 1 < j < ¢, then
(p) _

(n1,m1), 5 (ng,mq) — 7 (na,ma), s (ng—1,m5-1), (41, 41),0,(ngymg) |
Reduction rule II:

(p) _

(n1,m1),-,(ng—1,mq—1),(ng,mq)

Eq: p+mnj—1 L —1) 4 =D
— n] (nl7m1)7"'7(nj7mj_1)7"'7(ntZ7mq) (nlyml)y"ﬂ(nqvmq)'
j=

In fact, the above recursion procedure follows automatically after substituting (6.38) as
ansatz into (4.23).

Note that

h(u) = iud — %ﬁuz + Z % /zl,u(dz)

1>2
=¢(u) — 1+ (i0 — ¢'(0)) u — %ﬂu2,

where ¢ is the characteristic function of the measure u. Hence, §h and all its derivatives

may be computed from ¢. Subsequently we obtain the q,(gn) for the series expansion in
Theorem 3.3 by (3.10), i.e.

k
1 —-r
0 (@ u) =2 = D cren " gr (e 0) fule).
r=0

7 Application to affine processes

Affine processes have become very popular in recent years due to their analytical tractabil-
ity in the context of option pricing, and their rather rich dynamics. Many well-known mod-
els such as Heston and Bates models fall into the class of affine jump diffusions. Option
pricing in these models is usually done via the Fourier method which requires knowledge
of the Fourier transform of the process in closed form (see e.g. (4)). The functional series
representations for affine generators developed in this paper, in particular (5.35), can be
directly applied to affine processes. Let us recall the characterization of a regular affine
process as given in (5).

Definition 7.1. We call a strong Markov process {X;} with generator A a regular affine
process if A is of the form (2.3) and all functions

a;j(x), bi(x), v(z,dz) 4,7=1,...,m

are affine in x (see (4.19)), and satisfy the set of admissability conditions spelled out in
(5, Definition 2.6). These conditions guarantee that A is the generator of a Feller-Dynkin
(strong) Markov process X in a subspace of the form R! x ]R’}r_l C R” for some 0 <1 < n.

16



The next theorem provides a sufficient condition for convergence of the series representa-
tion in Theorem 3.3-(ii), hence representation (5.35), for regular affine processes.

Theorem 7.2. Let {X} be a reqular affine process which has a non-degenerated limiting
distribution for s — oo, and has a generator A which satisfies the moment condition
(4.20). Then the (conditional) characteristic function p(s,z,u) = E[fu(X")], with fu(z)
=¢lu'e , has a representation according to Theorem 3.3-(ii):

u k
p(s,z,u) qu (x,u) 1—6”“5), 0<s<o0.

Moreover, the scaling factor n, may be chosen according to the inequality:

0 < 1 < Cexp(Cllul?),

where { > 0 may be taken arbitrarily and C generally depends on x and the choice of C.

Proof. Following (5), p(s,z,u) has representation of the form (5.28) for 0 < s < oo. The
existence of a limiting distribution implies in particular that D(s,u) in (5.28) is bounded
for all s > 0. Moreover, as shown in (5, Section 7), p(s,x,u) is the characteristic function
of some infinitely divisible distribution for all s > 0 (hence also in the limit s — 00). As
a consequence (see (12)), there exists an M > 0 independent of s such that

lim u]| ™ log p(s, , u)| < M.
Jull—o0

This implies that ||D(s,u)|| < L(1 + ||u||?) for some constant L > 0 not depending on
and s > 0. Now we apply Theorem 5.4 and Remark 5.5. O

Remark 7.3. The existence of a limiting stationary distribution is a sufficient condition
for the boundedness of D(s,u). In fact, there are affine processes which have no limit
distribution but bounded D(s,u) (a trivial example is standard Brownian motion). The
study of existence of limiting (and stationary) distributions for affine processes is currently
under active research, e.g. see (10) or (8).

8 Appendix

Proof of Theorem 3.3

(i) = (i1) : Let U := {z € C: |z] < 1} be the unit disc in the complex plane. Consider
for n > 0 the map

1
P,z — ——Ln(1 — z).
n
Obviously, there exists an 7, > 0 such that
(0—,00) C @, (U) C GR,-

Moreover, the map ®,,, is injective on U. Thus, (denoting the extension in (i) with p as
well) for each z € X, the function p(®,, (w),z,u) is holomorphic in U and has a series
expansion

w —>ﬁ(q)7]u(w)7x7u) = quvk(;uu)wk? ’w’ < 17

17



and as a consequence,
Bz, 2, u) qu:u 1—e ™)k zed, (W), ze€X (8.39)

Since (8.39) holds in particular for z € (0—,00), we have in a (possibly small) e-disk
around z = 0,

Xk
Pz, x,u) qu (z,u)(1 — e M)k = Z%Akfu(x), 0<|z| <e, (8.40)
£ k!

due to Proposition 3.2. By taking z = 0 we have

ﬁ(O,x,u) = 60(:177“) = fu(:p)

Taking derivatives at z = 0 yields

* S~ - N L o
@Z(ﬂ(x,u)(l —e A = qu(x “)WZ< >(_1)]e uz
=0 2=0 1=0 j=0 J o
k l I
=Sty (§) e emt|
1=0 =0 M i
hence

k 1 l ‘
S aten 3 (§) i it A (8.41)

In Lemma 8.1 it is proved that the solution of system (8.41) is given by ¢;(z,u) = ql("") (x,u)

with q("") defined in (3.10).
Next we prove the uniform convergence as stated in (ii). A well known property of Stirling
numbers implies that the series

ZMJTATfu ‘chr’w’ Z
r=1

r=1

AT u X —r T
AL o1~ )

converges uniformly on any compact subset of X x {w : |w| < 1 — e ™Fu}. Thus, by a
Fubini argument the series

> (1 — e—nus)k . —r pT S (M) —nus\k
S > e A @) = Y g™ @ w1 — e )
k=0 ) r=1 k=0

is also uniformly convergent on any compact subset of X X {s:0<s < R,}.
(ii) == (ii7) : Is obvious, take &, := 1 — e uftu,

(1i1) = (1) Let n, and €, be such that (7i7) holds. We may then define (see the proof of
(if))
(2, x,u) qu Dz, u) (1 —e ™k pe X, (8.42)
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which is holomorphic in z € ®,, (U). We first note that p(0, z,u) = f,(z). Next we consider
for0<s < —nu_llnsu,

N

M (s,2,u) =Y g™ (@, u)(1 — e mo)E,
k=0

which satisfies

N

0 —Nus\k—1, _—nus

oo P (s u) = Y kg™ (w u)(1 = e e
k=1

N
= > kg™ (2, u)(1 — e~k

N-1
i > (k+ 1) (@, u)(1 — e )k (8.43)
k=0

= —nqu](V“)(m,u)(l — e‘"“s)N

N-1
+ 37 A" (2, u)(1 — e 7o)k (8.44)
k=0

by some rearranging and using (3.12). Since due to (7i7) the first term in (8.44) vanishes
for N — oo, we obtain

2 pto v = Jm S5 s = tim AP (s, ),

together with
lim “{N)(s,a;,u) = p(s,z,u).

N—oo

From the uniform convergence as stated in (iii) it follows easily that the two series in
(8.43), the first term in (8.44), and so also the second term in (8.44) converge uniformly
in the same sense. Thus, the above limits are uniform on compacta accordingly. Since the
operator A is closed, we so obtain

0 _ _
&p(s,w,u) = Ap(s,z,u), 0<s<—n, Ine,,

and by uniqueness of the Cauchy problem associated with the operator A we thus have
p(s,z,u) = p(s,z,u) Zq(n" —e Tk 0<s < —n lneg,.

Because of the assumption that p(s, x,u) is holomorphically extendable in each s, 0 < s <
00, we then must have p(s,z,u) = p(s,z,u) for 0 < s < co. Finally, it is not difficult to
see that there exists R; > 0 such that Gp, C ®,, (U), hence (i) is proved. [

Lemma 8.1. The solution of

k l I _
S aww) S ( ) (—1Y (=) = B fulx) (8.45)

1=0 =V

satisfies (3.9), and (3.12) respectively, where B :=n~1A.
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Proof. Suppose that the solution ¢; of (8.45) satisfies (I + 1)q+1 = Bq + lq, see (3.12),
for 0 <1 <k, k> 0. Then (note that summations may be started at [,j = 1 for k > 0),

k+1 I .
qu(x u Z< > ) = BRFLE () (8.46)
=1 =

1

transforms to

k+1
Qev1(,u) Z (k + 1) (_1)j(_j)k+1_|_

=17

k . =
ZZ < > ] )k+1l' (B+TI) fu(flf) :Bk+1fu(‘r)7
r=0

=1 j=1

and after some straightforward algebra to

k1
k+1
gon (2, ) k+1z< + > _1)i R =

k ! ' 1
B fy () ZZ < > 1)7( )’f“l‘ (B +71) fu(z).

Claim: For any k > 0
S <k> (—1)75* = k1. (8.47)

This claim is easily proved by considering h(s) := (1 — e~*)*. On the one hand,
k k
d d —js k j Nk _—js
il :—k§:0: 1)e™! —]§0<3>( 1) (=j)"e™?,

and on the other, for |s| small enough, h(s) = (s — s>+ ...)¥ = s* 4 ... Therefore,

d
@h(s)

5=0 =0
Using (8.47), (8.46) is equivalent to

Gr+1(z,u)(k + 1) = Bk“f ()=

k+1zz<> ] k+1lll (B—l—r[)fu(x)

=1 j=1 r=0

The rest follows from the next claim.
Claim: For any k > 0 and x € R it holds

k+1 1)kt 17+ =
" — ZZ( > ﬁH(JIH‘T)

=1 j=1 r=0

=[J@+r) (8.48)
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In order to prove this claim it is enough to show (8.48) for x = —k, —k + 1, ..., 0. Since for
any natural m, . o -
ille-m- {0
we have to show that for m < k,
Em: <m>(_1)z El: <l>(_1)jjk+l —
I=1 ! j=1 J

For k = 0 the above equality is obvious. Assume that we have proved the claim for k < n.
Then it follows that

s=0
O
Proof of Theorem 3.8
From the Taylor formula for semi-groups it follows that
- Sk k 1 B r r+1
Pufu = kz At | (s =T AT fudr
=0

Due to (3.17), for 0 < 7 < s < R,, we have

1 r+1
I1PA 1 < sup B A4 < sup 1B <—+a> (r+1)!
0<r<s 0<7<s R,

for any € > 0. It thus follows that

1 r+1
<(go+e) o s I,
U 0<7<s

r k
57 4k
Pofu=_ 174"
k=0

which converges to zero when r — oo, if |s| < R, /(1 4+ €R,). Since € > 0 is arbitrary, the
first statement is proved.
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The commutation property A*P,f, = P,A*f, and the boundedness of P, for t > 0 imply
that for |s| < Ry,

s 4
2 k! HA Fifu

- HBA%

< HPHZ HAkfu

Since P, f, € D(AF) for all k > 0, (3.18) follows.

Proof of Theorem 4.1
For r > 0 define A" f,, =: g, fu = gr€xp [iuT:E] , and write

A, = A (gr exp(iuTaz)) = Z o () 0z (gr exp(iuTx)> .

lal>1
Leibniz formula implies
Aty = Z aq (T Z Flla— 1) 0,59r0,a—s exp(iu' x)
la|>1 B<a
la>1 ﬁ<a

Hence, the following recurrent formula holds
gr+1 = Z aa Z 5| o — )a—ﬁ a:cﬁgr' (849)
la|>1 B<a
Similar formulas for derivatives of g,1+1 can be obtained:
mpgr+1 1“ a p Orn g ampfrﬁﬁgr-
Bl(a—B)! ﬁ
|a|>1 8L 77<p

Since the underlying process is affine, all derivatives of a of order higher than one are zero,
So we get

8:%97"—1—1 — Z ! (p 7] ' Z Z 5' P ) a=p amnaa axpf’)7+ﬁgr.

n<p, In|<1 la|21 B
Set now
CHz):= max |0 sa.(x
k( ) Ia\=k,|5\§1| B Ot( )|7
and define

Tp.r(2) := max|0ys9r ()]
lpl=p
to obtain the following estimate,

\U\ -
Orogrial < D — p (p ) DY Gia C|awflp\+|a\

|17‘§p, |a|>1B<La
n|<1
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with |u| := [Ju1], ..., |un|]. Further, by the simple relations

p! _
> ———— =1+ nl; > Ao =) ul* ™ < (1 4 [Jul ),
ey e =)t B<aﬁ

o= (ktn =Ll < otk

o ol Tkl(n— 1)

with ||u|| = max;=1,,|u;|, we have that

28 (1 |ful)¥
Ourgesal < 20 (1 + 1) 3 T gy
k>1 ’
Since I', - is increasing in p, we obviously have
Tprs1 < ) Opklpihr (8.50)
k>1
with
27 R (L A+ lul])*
i = (1+p) — g,
and
Pp70 =1.
Combining (8.50) with different p, we get
var"l‘l S Z 6 7k'r9p+k'r7kr'71 e 6p+kr+'~+k2,k1'

K1, kr>1

Hence,

Lor1 < D B0 Oy Opothiasbn

ot e >1
< Z Okrt-vothig bor Ot thig hr 1+ Ohipothig iy
ot e >1
r " cg c?
<2 Z <1 +Zk1> %ZZ:lkik—k: e kk'r
ki, ker>1 i=1 L T
o0
Ccg cg
=27 (14s) " > —kk'l k;klr’
s=r ko k1, L "

k1+“‘+kr:5

where s = 2(1 + ||ul|). It is easy to see that, due to assumption (4.20), there exists for
any ¢ > 0 a constant M (which may depend on ¢ > 0) such that

Cf < M(L+ [l2)b k> 1.
We thus have

v Oh Gk MQtfal)re

| l — | ’
kn, o Bn>1, k’l. k‘ S:
k1+---+kr':5
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and

r%srsgs

o0
1+s
Torer < 27M7(1 4y 30 EELATE
s=r ’

< 2"MT(1 + ||z|))"rexp(1 + esers).

O

Proof of Proposition 4.4

From (8.49) we have with ag := 0,

~! _
Gr= Y, aaﬁ, — 5 7 (iu)® ﬁgmmﬁ 11y<rlpcalpey
a,3,7>0 )

+0
= Z grw—l—ﬁ( xﬂyl\’yﬁ-ﬁ\ﬁrbﬁ

B0

= Z a’ Z Ir+8 <7 ; ﬁ) b

vI<r 8IS r—y]

+Z Z 9T7+5<7+5> Z bl 2T

Iy|<r [Bl<r—|v| K |K|=1

= Z a’ Z Ir+8 <7;5> b}

yI<r+1  |BI<r—]y|

DD DENED D S G L

I'YIST,J"l ‘lelv HS’Y@ ‘6‘§T+1_‘7|

where empty sums are to be interpret as zero. The second recursion follows from (r +
Dhryr =0~ hr+1 + rh, with A(h,fy,) = hr+1fu and hr+1 computed via (4.23) with g,

replaced by h,.. OJ
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