BOUNDARY INTEGRAL EQUATIONS FOR THE BIHARMONIC DIRICHLET PROBLEM ON NONSMOOTH DOMAINS

Gunther Schmidt

Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstr. 39, D-10117 Berlin, Germany and Boris N. Khoromskij

Joint Institute for Nuclear Research, Dubna, Head P.O. Box 79, 101000 Moscow, Russia

Abstract. In this paper we study boundary integral formulations of the interior and exterior Dirichlet problem for the bi–Laplacian in a plane domain with a piecewise smooth boundary having corner points. The mapping properties of single and double layer biharmonic potentials, of the Calderon projections and the Poincaré-Steklov operators for such domains are analysed. We derive direct boundary integral equations equivalent to the variational formulation of the problem.

Keywords: biharmonic equation, nonsmooth curve, boundary integral operators, boundary integral equations.

AMS Subject Classifications: 31A30, 47G10, 65N38

1. Introduction

The paper is devoted to boundary integral methods for solving the Dirichlet problem of the biharmonic equation

Δ^2u = 0 in Ω ⊂ IR^2 , u|_Γ = v|_Γ , ∂_nu|_Γ = ∂_nv|_Γ ,

(1.1)

where Ω is an interior or exterior domain bounded by a closed piecewise smooth curve Γ having corners and the Dirichlet data are the trace (v|_Γ, ∂_nv|_Γ) of a function v belonging on a neighbourhood of Γ to the Sobolev space H^2. For the exterior problem one has to impose additionally a special behaviour of the solution at infinity.

The aim of the present paper is the study of direct boundary integral formulations which are equivalent to the variational solution of (1.1). As the main result we derive different systems of integral equations on Γ and describe their solvability conditions. To do so we introduce certain boundary integral operators for the bi-Laplacian and study mapping properties in the corresponding trace spaces of H^2-functions. As byproduct we are able to analyse the Steklov-Poincaré operators which map the Dirichlet data of biharmonic functions u to their Neumann data (Δu|_Γ, ∂_nΔu|_Γ).

Among the different methods which exist for solving (1.1), integral equation methods play an important role, especially in connection with the boundary element method. For the interior problem and for sufficiently smooth boundary Γ such methods were investigated by several authors. Let us mention some results related to the contents of our paper. In [4] and [13] a system of direct boundary integral equations was studied which is closely connected with the

This work was supported in part by the DFG research program while the second author was visiting the WIAS in Berlin.

system (6.10) of our approach. In [13] Fuglede derived necessary and sufficient conditions for the equivalence of these equations to (1.1) if the Dirichlet data are sufficiently smooth. A general approach of direct first kind integral equations for (1.1) can be performed using the results of Costabel and Wendland (see [6] and [12]). Based on the theory of pseudodifferential operators a complete description of the mapping properties of boundary integral operators, Calderon projections and Steklov-Poincaré operators can be obtained. This is mentioned in the paper of Costabel, Lusikka and Saranen [9], where approximation methods for solving the interior Dirichlet problem are studied, which are based on three different boundary integral formulations. Besides the equations coinciding with our systems (6.12) and (6.10) the authors consider also an indirect method which goes back to Hsiao and MacCamy [15] and is based on a single layer representation. This approach was extended by Costabel, Stephan and Wendland studying in [11], to our knowledge for the first time, boundary integral equations for the bi-Laplacian on a nonsmooth curve. The authors consider the related boundary value problem grad u|_Γ = f and obtain a system of two integral equations of the first kind with logarithmic principal part. Using Mellin techniques the continuity in Sobolev spaces and a Gårding inequality of the corresponding boundary integral operator are shown and the regularity of solutions is studied. Finally we mention the paper [2] of Bourlard which proposes a direct Galerkin BEM for solving the interior Dirichlet problem on a polygonal domain and obtains optimal convergence rates for special graded meshes. Many of the stability results for the Galerkin method appear also in our approach and we will comment these results at the corresponding places.

The paper is organized as follows. In Section 2 we consider the space of Dirichlet data of H^2-functions and the space of Neumann data of H^2-functions u with Δ^2u ∈ L^2. In Section 3 we introduce the biharmonic potentials and their traces, the boundary integral operators. We investigate mapping properties with respect to the trace spaces, the jump relations of the potentials and prove the Gårding inequality for the single layer potential operator. In Section 4 the behaviour at infinity for solutions of the exterior Dirichlet problem is specified and we prove representation formulas for the variational solutions of (1.1). This allows to represent the Calderon projections via boundary integral operators. The special structure of these projections is used in Section 5 to analyse the Steklov–Poincaré operators for biharmonic functions. We remark that in [17] a fast method for solving the interior Dirichlet problem (1.1) on convex polygonal domains is developed based on boundary reduction and mapping properties of Steklov–Poincaré operators. In the last Section we derive systems of integral equations for solving (1.1), partially new even for smooth Γ, and study the solvability of these equations.

To conclude the introduction we briefly comment some topics not treated in this paper. We do not consider the approximate solution of the integral equations. The convergence of Galerkin and certain collocation methods for the strongly elliptic system (6.6) is rather clear, whereas the stability of approximation methods for solving the other systems seems to be open. To get error estimates one has to know the regularity of the corresponding solutions. This topic and also the continuity of boundary integral operators in other than the energy norms we do not study because of the lack of space. Since we are dealing with direct methods some regularity results can be derived from the known singularities of the solutions of the Dirichlet problem (see [1]). On the other hand, the calculus of Mellin operators provides a useful tool in this direction. A more interesting problem not treated is the analysis of direct integral methods for the biharmonic equation with other boundary conditions. The application of our methods to this problem will be considered in a forthcoming paper (see Remark 5.3).

2. Traces of H^2–functions on piecewise smooth boundaries

For the following let Γ be a simple closed curve in the plane (x_1, x_2) of the form Γ = n⋃ i=1 Γ_i ,

where Γ_i are of the class C^3 and adjacent arcs Γ_i form corners with angles different from 0 and 2π. The interior of Γ we denote by Ω_1, the exterior IR^2\Ω_1 by Ω_2, and let the unit normal n on Γ be directed into Ω_2. The differentiation with respect to n is denoted by ∂_n. The starting point of our analysis is

Lemma 2.1. (Jakovlev [16]). Let u ∈ H^2(Ω_1). Then

u|_{Γi} ∈ H^{3/2}(Γ_i) , ∂_nu|_{Γi} ∈ H^{1/2}(Γ_i) ,

u|_Γ ∈ H^1(Γ) , ∂u ∂x_1 | | Γ , ∂u ∂x_2 | | Γ ∈ H^{1/2}(Γ)

and there exists a constant c > 0, not depending on u, such that n∑ i=1 ( ‖u‖_H3/2_{(Γi)} + ‖∂_nu‖_H1/2_{(Γi)} ) + ‖ ‖ ∂u ∂x_1 ‖ ‖_{H1/2(Γ)} + ‖ ‖ ∂u ∂x_2 ‖ ‖_{H1/2(Γ)} ≤ c ‖u‖_H2_{(Ω)} .

If the projections of the normal n onto the x_1– and x_2–axis are denoted by n_1 and n_2, respectively, then ∂u ∂x_1 | | |_Γ = n^1 ∂^nu − n^2 ∂^su , ∂u ∂x_2 | | |_Γ = n^2 ∂^nu + n^1 ∂^su ,

where ∂_su denotes the differentiation with respect to the arc length s. In the sequel we identify functions on Γ with periodic functions depending on s and write ∂_su = u^′ . It is well known that for |t| ≤ 1 the Sobolev spaces H^t(Γ) can be identified with the corresponding periodic Sobolev spaces.

Note that n_1(s) and n_2(s) as well as ∂_nφ|_Γ and ∂_sφ|_Γ for smooth φ ∈ C^∞_0 (IR^2) are piecewise functions of the class C^2 and C^3, respectively, with jumps at the corner points. Let us introduce the trace space

V (Γ) = {( u_1 u_2 ) : u_1 ∈ H^1(Γ), n_1u_2 − n_2u^′_1 ∈ H^{1/2}(Γ), n_2u_2 + n_1u^′_1 ∈ H^{1/2}(Γ) }

equipped with the canonical norm and define the generalized trace γu := ( u|_Γ ∂_nu|_Γ ) . Lemma 2.2. (Jakovlev [16]). The linear mapping γ : H^2_{loc}(IR^2) → V (Γ) is continuous and has a continuous right inverse γ^− : V (Γ) → H^2_{loc}(IR^2) .

In particular, γ maps C^∞_0 (IR^2) onto a dense subspace of V (Γ).

Let us describe the dual space of V (Γ). We introduce the duality form [( v_1 v_2 ) , ( u_1 u_2 )] := −⟨v_1, u_1⟩_Γ + ⟨v_2, u_2⟩_Γ , (2.1)

where ⟨·, ·⟩_Γ denotes the extension of the usual L^2–scalar product on Γ.

Lemma 2.3. The vector (_{v1} v2 ) belongs to (V (Γ))^′ iff there exist z_1, z_2 ∈ H^{−1/2}(Γ) such that the equations v_2 = n_1z_1 + n_2z_2 , ⟨φ|_Γ, v_1⟩_Γ = ⟨∂_sφ|_Γ, n_2z_1 − n_1z_2⟩_Γ , ∀ φ ∈ C^∞_0 (IR^2) , are satisfied.

The trace γu ∈ V (Γ) will be called the Dirichlet datum of u ∈ H^2_{loc}(IR^2) on Γ. Now we define the Neumann datum. We introduce the space H^2(Ω_1, Δ^2) = { u ∈ H^2(Ω_1) : Δ^2u ∈ L^2(Ω_1) } with the graph norm.

Lemma 2.4. C^∞(Ω_1) is dense in H^2(Ω_1, Δ^2).

The proof is based on the same arguments as the proof for the case H^1(Ω_1, Δ) given in the book of Grisvard [14].

Lemma 2.5. Let u ∈ H^2(Ω_1, Δ^2). Then the mapping δu : ψ → [δu, ψ] := ∫ Ω1 (Δu Δ(γ^−ψ) − γ^−ψ Δ^2u)dx (2.2)

is a continuous linear functional on V (Γ) that coincides for sufficiently smooth u with the functional δu := ( ∂_nΔu|_Γ Δu|_Γ ) . Moreover, the mapping δ : H^2(Ω_1, Δ^2) → (V (Γ))^′ (2.3) is continuous.

Proof . The first Green formula ∫ Ω1 (Δu Δv − v Δ^2u)dx = ∫ Γ (Δu ∂_nv − v ∂_nΔu) ds is valid for all u ∈ H^4(Ω_1), v ∈ H^2(Ω_1) (see [5]). Hence for sufficiently smooth u | |[δu, ψ] | | ≤ ‖Δu‖_{L2(Ω1)}‖Δ(γ^−ψ)‖_{L2(Ω1)} + ‖Δ^2u‖_{L2(Ω1)}‖γ^−ψ‖_{L2(Ω1)} ≤ ‖u‖_H2_{(Ω1,Δ}2_)‖γ^−ψ‖_H2_{(Ω1)} .

From Lemmas 2.2 and 2.4 the assertion follows by continuity. Corollary 2.1. For u, v ∈ H^2(Ω_1, Δ^2) the second Green formula ∫ Ω1 (v Δ^2u − u Δ^2v)dx = [δv, γu] − [δu, γv] holds. If u ∈ H^2(Ω_1) solves the biharmonic equation Δ^2u = 0 then [δu, γu] ≥ 0 . The construction of the Neumann data δu is standard, for second order equations we refer to [14] and [7], for the biharmonic equation a similar construction is given in [2]. We note that the definition of δu is based on the bilinear form a(u, v) := ∫ Ω1 Δu Δv dx , corresponding to the variational solution of the Dirichlet problem Δ^2u = f in Ω_1 , γu = ψ , (2.4) with f ∈ L^2(Ω_1), ψ ∈ V (Γ). Since a(u, u)^{1/2} is an equivalent norm on H^2_0 (Ω_1) (see [5]) we derive by using Lemma 2.2 the unique solvability of (2.4) in variational sense. Lemma 2.6. The Dirichlet problem (2.4) has for any f ∈ L^2(Ω_1), ψ ∈ V (Γ) a unique solution u ∈ H^2(Ω_1, Δ^2). The solution operator T : L^2(Ω_1) × V (Γ) → H^2(Ω_1, Δ^2) (2.5) is continuous.

Now we can prove Lemma 2.7. δ maps C^∞_0 (IR^2) onto a dense subspace of (V (Γ))^′. Proof . Assume that for some ψ ∈ V (Γ) it holds [δφ, ψ] = 0 (2.6) for all φ ∈ C^∞_0 (IR^2). Due to Lemma 2.6 the boundary value ψ and an arbitrary f ∈ L^2(Ω_1) lead to solutions T (0, ψ) , T (f, 0) ∈ H^2(Ω_1, Δ^2) of the corresponding Dirichlet problems. Applying Corollary 2.1 we obtain [δT (f, 0), ψ] = [δT (f, 0), γT (0, ψ)] − [δT (0, ψ), γT (f, 0)] = ∫ Ω1 ( T (f, 0) Δ^2T (0, ψ) − T (0, ψ) Δ^2T (f, 0) ) dx

= − ∫ Ω1 f T (0, ψ) dx .

From Lemma 2.4 we conclude that (2.6) holds even for φ = T (f, 0) ∈ H^2(Ω_1, Δ^2), such that ∫ Ω1 f T (0, ψ) dx = 0 for all f ∈ L^2(Ω_1) .

Thus T (0, ψ) = 0 and the relation ψ = γT (0, ψ) = 0 shows that δ(C^∞_0 (IR^2)) is dense in (V (Γ))^′.

In the sequel we consider also the Dirichlet problem in the exterior domain Ω_2. Besides the Dirichlet datum we have therefore to define the Neumann datum of functions given outside of Ω_1. Let ~Ω be a domain containing Ω_1 and let u ∈ H^2(~Ω\Ω_1, Δ^2). For v ∈ H^2(~Ω\Ω_1) we define [δu, γv] = ∫ e_{Ω\Ω1} (φv Δ^2u − Δ(φv) Δu)dx ,

where φ ∈ C^∞_0 (~Ω) with φ ≡ 1 on a neighbourhood of Ω_1. It is clear that the definition of δ does not depend on φ. Moreover, it ensures that for φ ∈ C^∞_0 (IR^2) there holds δ(φ|_{Ω2} ) = δ(φ|_{Ω1} ) .

In the following the pair of Dirichlet and Neumann data (γu, δu) will be called Cauchy data of u.

3. Boundary integral operators for the bi-Laplacian

Here we follow a method described in Costabel [7] for the study of boundary integral operators for second order equations on Lipschitz domains. The boundary integral operators for the bi–Laplacian Δ^2 are based on the fundamental solution G(x, y) := 1 8π |x − y|^2 ln |x − y| , x, y ∈ IR^2 , satisfying Δ^2_yG(x, y) = Δ^2_xG(x, y) = δ(x − y) .

It is well known that the operator Gu(x) := ⟨G(x, ·), u⟩_{IR}2 is the two–sided inverse of Δ^2 on the space of compactly supported distributions on IR^2 and represents a pseudodifferential operator of order −4, i.e. G : H^s_{comp}(IR^2) → H^{s+4}_{loc} (IR^2) , s ∈ IR , (3.1) is continuous. Furthermore Δ_yG(x, y) = Δ_xG(x, y) = 1 2π ln |x − y| + 1 2π . (3.2) We have the following representation formula.

Lemma 3.1. Let u ∈ L^2(IR^2) be a function with compact support such that the restrictions u|_{Ω1} ∈ H^2(Ω_1), u|_{Ω2} ∈ H^2_{comp}(Ω_2) and f = Δ^2u|IR2_{\Γ} ∈ L^2(IR^2). Then for x ∈ IR^2\Γ it holds u(x) = Gf(x) − [{δu}, γG(x, ·)] + [δG(x, ·), {γu}] , where {γu} := γ(u|_{Ω2}) − γ(u|_{Ω1} ) , {δu} := δ(u|_{Ω2} ) − δ(u|_{Ω1} ) , denote the jumps across Γ.

The proof follows immediately from the second Green formula (Corollary 2.1) and the known representation formula for sufficiently smooth functions applied in a small ball enclosing the point x.

Next we define the biharmonic layer potentials for x ∈ IR^2\Γ as K_0χ(x) := [χ, γG(x, ·)] , χ ∈ (V (Γ))^′ , K_1ψ(x) := [δG(x, ·), ψ] , ψ ∈ V (Γ) , (3.3)

and the boundary integral operators Aχ := 2 γK_0χ , Bχ := 2 δ(K_0χ|_{Ω1} ) , Cψ := 2 γ(K_1ψ|_{Ω1} ) , Dψ := −2 δ(K_1ψ|_{Ω1} ) .

(3.4)

Lemma 3.2. The mappings

K_0 : (V (Γ))^′ → H^2_{loc}(IR^2) , K_1 : V (Γ) → H^2(Ω_1) , A : (V (Γ))^′ → V (Γ) , B : (V (Γ))^′ → (V (Γ))^′ , C : V (Γ) → V (Γ) are continuous and Dψ = 0 , ψ ∈ V (Γ) . Proof . Because of K_0χ(x) = ⟨G(x, ·), γ^′χ⟩IR2 we can write K_0χ = Gγ^′χ . (3.5) The adjoint of the trace map γ^′ : (V (Γ))^′ → H^{−2}_{comp}(IR^2) is continuous, therefore the assertion for K_0 follows from (3.1).

Due to Lemma 3.1 the solution u = T (0, ψ) of the Dirichlet problem (2.4) can be represented in the form T (0, ψ) = K_0δT (0, ψ) − K_1ψ , such that from Lemmas 2.5 and 2.6 we derive ‖K_1ψ‖_H2_{(Ω1)} ≤ c ‖ψ‖_{V (Γ)} .

Now the mapping properties of A and C are a simple consequence of Lemma 2.1. The boundedness of B follows from Lemma 2.5 since Δ^2K_0χ = 0 in Ω_1. For ψ = (_{v1} v2 ) ∈ V (Γ) we get from (2.1) and (3.2) the representation

K_1ψ(x) = − 1 2π ∫ Γ v_1(y) ∂_{ny} ln|x − y|ds_y + 1 2π ∫ Γ v_2(y) (ln|x − y| + 1)ds_y . (3.6)

Hence, K_1ψ ∈ H^2(Ω_1, Δ^2) is a harmonic function and for any φ ∈ V (Γ) [Dψ, φ] = 2 ∫ Ω1 (γ^−φ Δ^2K_1ψ − Δ(γ^−φ) ΔK_1ψ) dx = 0 .

The layer potentials provide the following jump relations: Lemma 3.3.

{γK_0χ} = 0 , {δK_0χ} = −χ for all χ ∈ (V (Γ))^′ , {γK_1ψ} = ψ , {δK_1ψ} = 0 for all ψ ∈ V (Γ) .

Proof . Since u = K_0χ ∈ H^2_{loc}(IR^2) we have γ(u|_{Ω1}) = γ(u|_{Ω2} ). Further, from (3.5) we obtain Δ^2u = γ^′χ in distributional sense, i.e. ∫ IR2 u Δ^2φdx = ⟨γ^′χ, φ⟩_{IR}2 = [χ, γφ]

for any φ ∈ C^∞_0 (IR^2). On the other hand ∫ Ω1 u Δ^2φdx = ∫ Ω1 Δu Δφdx − [δφ, γu] = [δ(u|_{Ω1}), γφ] − [δφ, γu] , ∫ Ω2 u Δ^2φdx = −[δ(u|_{Ω2} ), γφ] + [δφ, γu] . Thus [χ, γφ] = −[δ(K_0χ|_{Ω2} ) − δ(K_0χ|_{Ω1} ), γφ] , ∀ φ ∈ C^∞_0 (IR^2) .

Let now u = K_1ψ, ψ = (_{v1} v2 ) ∈ V (Γ). From (3.6) and the jump relations of the harmonic potentials (proved for example in [10] for the more general case (v_1, v_2) ∈ H^{1/2}(Γ)×H^{−1/2}(Γ)) we obtain u|_{Ω2} − u|_{Ω1} = v_1 , ∂_nu|_{Ω2} − ∂_nu|_{Ω1} = v_2 .

Now we consider the adjoints of the boundary integral operators with respect to the duality form (2.1). Here and in the following Id denotes the identity mapping in the spaces V (Γ), (V (Γ))^′ or V (Γ) × (V (Γ))^′.

Corollary 3.1. There holds A = A^0 and B^0 = C + 2 Id .

Proof . The assertion follows immediately from the symmetry of the kernel function G and the jump relations, for example: [Bχ, ψ] = [ δ(K_0χ|_{Ω1} ) + δ(K_0χ|_{Ω2} ) + χ, ψ ]

= ⟨ Gγ^′χ|_{Ω1} + Gγ^′χ|_{Ω2} , δ^′ψ ⟩ IR2 + [χ, ψ] , where δ^′ψ denotes the compactly supported distribution on IR^2 defined by ⟨φ, δ^′ψ⟩IR2 = [δφ, ψ] for all φ ∈ C^∞_0 (IR^2) .

Since the jump relation yields for u = K_1ψ ∫ IR^2

u Δ^2φdx = [δφ, ψ] for all φ ∈ C^∞_0 (IR^2)

we have Δ^2u = δ^′ψ in distributional sense and K_1ψ = Gδ^′ψ . Hence [Bχ, ψ] = ⟨Gγ^′χ, δ^′ψ⟩IR2 + [χ, ψ] = ⟨γ^′χ, Gδ^′ψ|_{Ω1} + Gδ^′ψ|_{Ω2} ⟩IR2 + [χ, ψ] = [χ, γ(K_1ψ|_{Ω1} ) + γ(K_1ψ|_{Ω2} )] + [χ, ψ] = [χ, 2γ(K_1ψ|_{Ω1}) + ψ] + [χ, ψ] = [χ, Cψ] + 2[χ, ψ] . Let us introduce the operator W := Id + C . (3.7) Then B = Id + W^′ (3.8) and from Lemma 3.3 we derive for j = 1, 2

γ(K_1ψ|_{Ωj} ) = 1 2 (W + (−1)^jId)ψ , δ(K_0χ|_{Ωj} ) = 1 2 (W^′ − (−1)^jId)χ . (3.9)

Therefore we call W the double layer potential operator of the bi–Laplacian on Γ. The corresponding single layer potential operator on Γ satisfies a Gårding inequality. Lemma 3.4. The operator A is strongly elliptic, i.e. there exist a compact operator T : (V (Γ))^′ → V (Γ) and a positive constant c such that |[χ, (A + T )χ]| ≥ c ‖χ‖^2_{(V (Γ))}0 , ∀ χ ∈ (V (Γ))^′ .

Proof . For χ ∈ (V (Γ))^′ and u = −K_0χ we have the relations

γu|_{Ω1} = γu|_{Ω2} = − 1 2 Aχ , {δu} = χ . We choose φ ∈ C^∞_0 (IR^2) with φ ≡ 1 on a neighbourhood of Ω_1 and set u_1 = u|_{Ω1} , u_2 = φu|_{Ω2} . Then 1 2 [χ, Aχ] = [δu_1, γu_1] − [δu_2, γu_2] = ∫ Ω1 |Δu_1|^2dx + ∫ Ω2 |Δu_2|^2dx − ∫ Ω2 u_2 Δ^2u_2 dx .

Note that for any function u ∈ H^2(Ω_1) there holds ∫ Ω1 ( ∂2u ∂x_1∂x_2 )_2 dx = ∫ Ω1 ∂^2u ∂x^2_1

∂^2u ∂x^2 dx + ⟨ ∂u ∂x_2 , ∂_s ∂u ∂x_1 ⟩ Γ , which follows from Green’s formula applied to sufficiently smooth functions, Lemma 2.1 and density arguments. Since γu_1 = γu_2 we conclude that 1 2 [χ, Aχ] = |u_1|^2_H2_{(Ω1)} + |u_2|^2_H2_{(Ω2)} − ∫ Ω2 u_2 Δ^2u_2 dx ,

where | · |_H2_{(Ωj )} denotes the usual seminorm. Thus

‖χ‖^2_{(V (Γ))}0 = ‖δu_1 − δu_2‖^2_{(V (Γ))}0 ≤ c ( ‖u_1‖^2_H2_{(Ω1)} + ‖u_2‖^2_H2_{(Ω2)} + ‖Δ^2u_2‖^2_L2_{(Ω2)} )

≤ c 2 [χ, Aχ] + c ( ‖u_1‖^2_L2_{(Ω1)} + ‖u_2‖^2_L2_{(Ω2)} + ‖Δ^2u_2‖^2_L2_{(Ω2)} + ∫ Ω2 u_2 Δ^2u_2 dx ) .

Since Δ^2u_2 has a compact support in Ω_2 and is C^∞, the term in the brackets is generated by a compact bilinear form of χ. Corollary 3.2. The operator A : (V (Γ))^′ → V (Γ) is Fredholm with index zero. If Aχ ∈ V (Γ) then χ ∈ (V (Γ))^′.

4. Calderon projections Now we are in the position to define the Calderon projections which map onto the Cauchy data of functions biharmonic in Ω_1 or Ω_2. Here we follow a method developed in [10] for second order equations. We define the linear spaces

L_j := {u(x) = K_0χ(x) − K_1ψ(x) : (ψ, χ) ∈ V (Γ) × (V (Γ))^′ , x ∈ Ω_j} , in which solutions of the biharmonic equation are sought. From the Lemmas 3.1 and 3.2 we conclude that L_1 is the set of functions u ∈ H^2(Ω_1) satisfying Δ^2u = 0. Moreover, for u ∈ L_1 the representation formula K_0δu(x) − K_1γu(x) = { u(x) , x ∈ Ω_1 , 0 , x ∈ Ω_2 ,

(4.1)

holds.

The space L_2 consists of u ∈ H^2_{loc}(Ω_2) providing Δ^2u = 0 and a special behaviour at infinity, which we refer as radiation condition. The asymptotics of functions belonging to L_2 can be described as follows: Using the functions g_1(x, y) = 1 , g_2(x, y) = x·y |x| , g_3(x, y) = |y|^2 , g_4(x, y) = |y|^2 2 + (x·y)^2 |x|^2 , (here x·y denotes the inner product of vectors x, y ∈ IR^2 and |y|^2 = y·y), we introduce I_jχ(x) = [χ, γg_j(x, ·)] , χ ∈ (V (Γ))^′ , j = 1(1)4 , I_5ψ = [δg_3(x, ·), ψ] , ψ ∈ V (Γ) . (4.2)

Note that I_1, I_3 and I_5 are constants while I_2 and I_4 depend on the direction of x. Lemma 4.1. For given (ψ, χ) ∈ V (Γ) × (V (Γ))^′ the function u(x) = K_1ψ(x) − K_0χ(x) behaves for large |x| = R as u(x) = − 1 8π ( I_1χ R^2 ln R − I_2χ(x)(2R ln R + R) + (I_3χ − I_5ψ) ln R + I_4χ(x) − I_5ψ ) + O(R^{−1}) . (4.3) This expansion was proved in [4] for the case of ψ and χ having continuous components, such that from Lemmas 2.2 and 2.7 the assertion follows immediately. A representation formula similar to (4.1) holds also for functions u ∈ L_2. Lemma 4.2. For u ∈ L_2 with Cauchy data (γu, δu) there holds K_1γu(x) − K_0δu(x) = { u(x) , x ∈ Ω_2 , 0 , x ∈ Ω_1 .

(4.4)

Proof . We enclose Ω_1 by a ball B_R with radius R > |x|. Then the representation formula (4.1) is valid for the bounded domain Ω_1 ∩ B_R yielding u(x) = K_1γu(x) − K_0δu(x) + ∫ S_R ( u ∂_{nz} ΔG(x, z) − ΔG(x, z) ∂_nu + Δu ∂_{nz} G(x, z) − G(x, z) ∂_nΔu ) ds_z . Using the asymptotics (4.3) of u(z) as R = |z| → ∞ and the asymptotics of the fundamental solution given in [4] G(x, z) = 1 8π ( R^2 ln R − (x·n_z)(2R ln R + R) + |x|^2 ln R + |x|^2 2 + (x·n_z)^2 ) + O(R^{−1}) ,

one obtains with the help of a computer algebra system that the integrand permits the expansion 1 64π^2 (( (x·n_z) I_1δu − I_2δu(z) )( 3(ln R − 1) − 2(ln R)^2 ) − 2 R ( (2(x·n_z)^2 − |x|^2) I_1δu + 2I_3δu − 2I_4δu(z) )) + O(R^{−2}) .

Obviously ∫ S_R (x·n_z) ds_z = ∫ S_R I_2δu(z) ds_z = 0 ,

such that the integral of the first term in the brackets vanishes. Further, denote by θ_z the angle between x and the integration point z. Then 2(x·n_z)^2 − |x|^2 = |x|^2(2 cos^2 θ_z − 1) = |x|^2 cos 2θ_z , implying ∫ S_R ( 2(x·n_z)^2 − |x|^2 ) I_1δu ds_z = 0 .

Finally, we have I_4δu(z) − I_3δu = [δu, γh(z, ·)] with the function h(z, y) = (z·y)^2 |z|^2 − |y|^2 2 = |y|^2 2 cos 2θ_z ,

where now θ_z is the angle between y and z. Denoting by α the angle between y and n_y we get ∂_{ny} h(z, y) = 2(y·n_z)(n_y ·n_z) − (y·n_y) = |y|(2 cosθ_z cos(θ_z − α) − cos α) = |y| cos(2θ_z − α) .

Hence ∫

S_R ( I_3δu − I_4δu(z) ) ds_z = 0 ,

such that ∫ S_R ( u ∂_{nz} ΔG(x, z) − ΔG(x, z) ∂_nu + Δu ∂_{nz} G(x, z) − G(x, z) ∂_nΔu ) ds_z = O(R^{−1}) .

Now we introduce the linear operator

A :=^{( −W A}_{O W ′}^) :^{V (Γ) V (Γ)} × → × (V (Γ))^′ (V (Γ))^′ , where O denotes the zero mapping, and define

Pj :=^1_2(Id − (−1)^jA) , j = 1, 2 . (4.5)

Theorem 4.1. The operators P_j are bounded projections in V (Γ) × (V (Γ))^′ mapping onto the set of Cauchy data (γu, δu) of functions u ∈ L_j.

Proof . The boundedness of P_j follows from Lemma 3.2. Further, for any (ψ, χ) ∈ V (Γ) × (V (Γ))^′ we have u = (−1)^j(K_1ψ − K_0χ) ∈ L_j and by Lemma 3.2 and (3.9) ( γu δu ) = (−1)^j ( γ(K_1ψ|_{Ωj} ) − γ(K_0χ|_{Ωj} ) δ(K_1ψ|_{Ωj} ) − δ(K_0χ|_{Ωj} ) ) = (−1)^j

(_1 2 (W + (−1)^jId)ψ −^1_2 Aχ −^1_2 (W^′ − (−1)^jId)χ )

= 1 2 ( Id + (−1)^jW − (−1)^jA

O Id − (−1)^jW^′ )( ψ χ ) = 1 2 (Id − (−1)^jA) ( ψ χ ) = Pj^{(ψ}_χ^) . Let now u ∈ L_j. Then the representation formulas (4.1) and (4.4) yield u(x) = (−1)^j(K_1γu(x) − K_0δu(x)) , x ∈ Ω_j , after applying the jump relations of Lemma 3.3 and (3.9) we obtain ( γu δu ) = Pj^{(γu}_{δu}^) , showing that the mappings P_j are projections and that the Cauchy data of all functions from L_j belong to the image of P_j.

Since the Calderon projections corresponding to the interior and the exterior problem are conjugate

P1 + P2 = Id ,

the space V (Γ) × (V (Γ))^′ can be decomposed as the direct sum of closed subspaces V (Γ) × (V (Γ))^′ = {(γu, δu) : u ∈ L_1} ˙+ {(γu, δu) : u ∈ L_2} . Further, since P^2_j = P_j we get Corollary 4.1. 1 4 (Id ± W)^2 = 1 2 (Id ± W) , W A = A W^′ (4.6)

5. Steklov-Poincaré operators

In this section we derive equations with the strongly elliptic single layer potential operator A for the solution of the interior and of the exterior Dirichlet problem Δ^2u = 0 in Ω_j , γu = ψ ∈ V (Γ) , if j = 2 then u satisfies the radiation condition (4.3) ,

(5.1)

and study the corresponding solution operators.

From Theorem 4.1 we know that any function u ∈ L_j satisfies the relation

(Id − P_j) ( γu δu ) = 0 , (5.2)

the first line of this system yields in particular the equality (Id − (−1)^jW)γu + (−1)^jAδu = 0 .

Hence, if we consider the Dirichlet problem (5.1) then for given γu = ψ the unknown χ = δu has to solve the equation Aχ = (W − (−1)^jId ) ψ . (5.3) In order to study the solvability of these equations we make the assumption A1: The exterior homogeneous Dirichlet problem (5.1), i.e. ψ = 0, has only the trivial solution.

Theorem 5.1. Suppose A1. The equations (5.3) are uniquely solvable for any ψ ∈ V (Γ) and the weak solution u ∈ L_j of the corresponding Dirichlet problem (5.1) is given by u(x) = (−1)^j(K_1ψ(x) − K_0χ(x)) , x ∈ Ω_j .

Proof . The unique solvability of the interior Dirichlet problem (Lemma 2.6) and the jump relations for the operator K_0 (Lemma 3.3) imply that the equation Aχ = 0 has a nontrivial solution if and only if our assumption does not hold. Since by Corollary 3.2 A is Fredholm with index zero we derive that A : (V (Γ))^′ → V (Γ) is bijective. Remark 5.1. For a smooth boundary Γ and the interior Dirichlet problem this result follows from the general theory of boundary integral operators developed in [6] and [12]. It was formulated in [9].

Now we analyse the solution operators of the equations (5.3) T_j := A^{−1}(W − (−1)^jId ) : V (Γ) → (V (Γ))^′ (5.4) which exist under assumption A1 and map the Dirichlet data γu of a biharmonic function u ∈ L_j to its Neumann data δu. The mappings T_j are the Steklov-Poincaré operators of the biharmonic equation. Let us define the operators

P_j := 1 2 (Id − (−1)^jW) : V (Γ) → V (Γ) , (5.5) which are bounded projections by Corollary 4.1. In the following Lemma we prove that these operators coincide with the well known Calderon projections for the Laplace equation, but corresponding to the fundamental solution g(x, y) := −Δ_xG(x, y) = − 1 2π (ln |x − y| + 1) = − 1 2π ln (e|x − y|) . Lemma 5.1. It holds V (Γ) = V_1 ˙+ V_2 with the closed subspaces

V_1 := im P_1 = {γu : u ∈ H^2_{loc}(Ω_2) , Δu = 0 , u(x) = a(ln |x| + 1) + O(|x|^{−1}) for some a ∈ IR as |x| → ∞ } ,

V_2 := im P_2 = {γu : u ∈ H^2(Ω_1) , Δu = 0 } .

Proof . We define the boundary integral operators for x ∈ Γ

Sφ(x) := 2 ∫ Γ g(x, y)φ(y)ds_y , Dφ(x) := 2 ∫ Γ ∂_{ny} g(x, y)φ(y)ds_y ,

D^′φ(x) := 2 ∂_{nx} ∫ Γ g(x, y)φ(y)ds_y , Hφ(x) := −2 ∂_{nx} ∫ Γ ∂_{ny} g(x, y)φ(y)ds_y . (5.6)

It is clear that D^′ is the adjoint of the operator D with respect to the L^2-inner product on Γ. Using formula (3.6) and the jump relations of harmonic potentials it is easy to see that for ψ = (_{v1} v2 ) ∈ V (Γ) it holds

Wψ = (Id + C)ψ = ( D − S −H − D^′ )( v_1 v_2 ) . (5.7)

From the results in [10] it is evident that the mappings 1 2 (Id + (−1)^kW)

are bounded in H^{1/2}(Γ) × H^{−1/2}(Γ) and project onto the boundary values of weak solutions of the Laplace equation in Ω_k, behaving for k = 2 at infinity as u(x) = a ln (e|x|) + O(|x|^{−1}) = a(ln |x| + 1) + O(|x|^{−1}) . (5.8) By Lemma 3.2 the restrictions of these projections are bounded in V (Γ). Note that due to the definition (5.5) the mappings P_j appearing on the right–hand side of the boundary integral equation (5.3) for the interior (j = 1) and exterior (j = 2) Dirichlet problem project onto the traces of functions harmonic on the opposite domain. The dual space (V (Γ))^′ is the direct sum of the corresponding polar sets (V (Γ))^′ = V^⊥_1 ˙+ V^⊥_2 , which in view of V^⊥_j = (im P_j)^⊥ = ker P^0_j = im (Id − P^0_j) (5.9) coincide with the image of the adjoint of the conjugate projection. The commutative relation (4.6) implies that A P^0_j = P_j A P^0_j = P_j A , yielding the equality A = P_1 A P^0_1 + P_2 A P^0_2 .

Using (5.9) and Theorem 5.1 we derive Lemma 5.2. The operator A is the direct sum of the mappings A : V^⊥_1 → V_2 and A : V^⊥_2 → V_1 , which are bijective if the assumption A1 is satisfied.

Now we show that A is a positive definite operator on a subspace of (V (Γ))^′. Let us denote by IP_1 the space of linear functions on IR^2 and set l (Γ) := γ(IP_1). Lemma 5.3. There exists a constant c > 0 such that for any χ ∈ l (Γ)^⊥ there holds [χ, Aχ] ≥ c ‖χ‖^2_{(V (Γ))}0 . Proof . We set u = −K_0χ, u_1 = u|_{Ω1} and u_2 = u|_{Ω2} . For any ball B_R enclosing Ω_1 the first Green formula yields 1 2 [χ, Aχ] = [δu_1, γu_1] − [δu_2, γu_2] = ∫ Ω1 |Δu_1|^2dx + ∫ Ω2∩BR |Δu_2|^2dx − ∫ S_R (Δu_2 ∂_nu_2 − u_2 ∂_nΔu_2) ds .

Because of χ ∈ l (Γ)^⊥ and the definition (4.2) it is clear that I_1χ = I_2χ(x) = 0 leading to

u_2(x) = − 1 8π ( I_3χ ln R + I_4χ(x) ) + O(R^{−1}) for |x| = R .

Hence, Δu_2 ∈ L^2(Ω_2) and the integral over S_R converges to zero as R → ∞ such that [χ, Aχ] = 2 ( ∫ Ω1 |Δu_1|^2dx + ∫ Ω2 |Δu_2|^2dx ) > 0 for χ ≠ 0. Since A is symmetric and strongly elliptic the last inequality implies that A is even positive definite on l (Γ)^⊥.

Remark 5.2. Since l (Γ)^⊥ can be identified with the dual of the factor space V (Γ)/l (Γ) it is evident that [χ, Aχ] ≥ c ‖χ‖^2_{(V (Γ)/l (Γ))}0 ∀ χ ∈ (V (Γ)/l (Γ))^′ .

This was used by Bourlard in [2] to prove the existence of the solution u ∈ L_1 of (5.1) in the form u(x) = ⌊K_0χ⌋(x) + p_1(x) , x ∈ Ω_1 , where χ ∈ (V (Γ)/l (Γ))^′ solves [φ, Aχ] = 2 [φ, ψ] , ∀ φ ∈ (V (Γ)/l (Γ))^′ , ⌊K_0χ⌋ is an element of the corresponding factor class in L_1/IP_1 and p_1 ∈ IP_1 is the linear function satisfying γp_1 = ψ − γ⌊K_0χ⌋ . Now we come to some consequences of the previous results.

Corollary 5.1. The restriction of A on V^⊥_2 ⊂ (V (Γ))^′ is a symmetric and positive definite operator between the dual spaces A : V^⊥_2 = im P^0_1 → V_1 = im P_1 .

If the assumption A1 is violated then ker A ⊂ V^⊥_1 and ker A ∩ l (Γ)^⊥ = ∅. Corollary 5.2. χ ∈ (V (Γ))^′ coincides with the Neumann data δu of a function u ∈ L_j if and only if [χ, γv] = 0 for any harmonic function v ∈ H^2_{loc}(Ω_j) satisfying, if j = 2, additionally the radiation condition (5.8).

Corollary 5.3. If χ ∈ V^⊥_j then the function K_0χ ∈ H^2_{loc}(Ω_j) is harmonic in Ω_j and satisfies, in the case j = 2, the radiation condition (5.8).

Proof . Corollary 5.2 states that for any χ ∈ V^⊥_j there exist u ∈ L_k, k = 3 − j, such that χ = δu. The representation formulas (4.1) and (4.4) imply that

K_0χ(x) = { K_1γu(x) − (−1)^ku(x) , x ∈ Ω_k , K_1γu(x) , x ∈ Ω_j . Now we are in the position to formulate some properties of the Steklov-Poincaré operators. By (5.4) and (5.5) we get T_j = 2 · (−1)^{j+1} A^{−1} P_j = 2 · (−1)^{j+1} P^0_j A^{−1} P_j such that the following assertions hold.

Theorem 5.2. The Steklov-Poincaré operator T_1 which maps the Dirichlet data γu of a function u ∈ H^2(Ω_1) biharmonic on the bounded domain Ω_1 with piecewise smooth boundary Γ to its Neumann data δu is continuous from V (Γ) into (V (Γ))^′, symmetric with respect to the duality (2.1) and there exists c > 0 such that [T_1ψ, ψ] ≥ c ‖P_1ψ‖_{V (Γ)} , ∀ ψ ∈ V (Γ) . Moreover, the image im T_1 ⊂ (V (Γ))^′ is the closed subspace of elements which are orthogonal to the traces γv of all harmonic functions v ∈ H^2(Ω_1).

Theorem 5.3. Suppose A1. Then the Steklov-Poincaré operator T_2 which maps the Dirichlet data γu of a function u ∈ L_2 to its Neumann data δu is continuous from V (Γ) into (V (Γ))^′, symmetric with respect to the duality (2.1) and there exists c > 0 such that −[T_2ψ, ψ] ≥ c ‖P_2ψ‖_{V (Γ)} , ∀ ψ ∈ A(l (Γ)^⊥) . The image im T_2 ⊂ (V (Γ))^′ is the closed subspace of elements which are orthogonal to the traces γv of all harmonic functions v ∈ H^2_{loc}(Ω_2) satisfying the radiation condition (5.8).

Remark 5.3. The previous results confirm the well-known fact that the Neumann problem Δ^2u = 0 in Ω_j , δu = χ ∈ (V (Γ))^′ is not elliptic. A variational approach to boundary conditions different from the Dirichlet one is based on the bilinear form ∫ Ω1 ( Δu Δv + (1 − σ) ( 2 ∂^2u ∂x_1∂x_2 ∂^2v ∂x_1∂x_2 − ∂^2u ∂x^2_1

∂^2v ∂x^2 − ∂^2u ∂x^2

∂^2v ∂x^2_1 )) dx , 0 < σ < 1 , (5.10)

which is closely connected with the plate equation. A detailed analysis of certain indirect integral equation methods on smooth boundaries for these problems is contained in the book [3] of Chen and Zhou. The case of a nonsmooth curve Γ has not been analysed in the literature, up to now. It is possible to modify our methods accordingly to the form (5.10) such that direct boundary integral equations for plate problems on domains with corners can be derived and analysed.

6. Boundary integral equations for Dirichlet problems

In this section we derive systems of integral equations for the interior and exterior Dirichlet problem. We consider the existence and uniqueness of solutions and discuss the assumption A1. First we consider the concrete form of the mappings A and P_j which are 2 × 2 matrices of integral operators. In view of (2.1) and (3.4) the action of the operator A can be written as Aχ = ( A − B B^′ C )( v_1 v_2 ) , χ = ( v_1 v_2 ) ∈ (V (Γ))^′ (6.1)

with the integral operators Aφ(x) := −2 ∫ Γ G(x, y) φ(y)ds_y , Bφ(x) := −2 ∫ Γ ∂_{ny} G(x, y) φ(y)ds_y ,

B^′φ(x) := −2 ∂_{nx} ∫ Γ G(x, y) φ(y)ds_y , Cφ(x) := 2 ∂_{nx} ∫ Γ ∂_{ny} G(x, y) φ(y)ds_y . By the duality (2.1) and (5.7) we have

W^′ = ( D^′ S H − D ) , hence the commutative relation (4.6) leads to the equalities A D^′ − B S = D A − S B^′ , A H + B D = −D B − S C , B^′ D^′ + C S = −H A − D^′ B^′ , B^′ H − C D = H B − D^′ C . (6.2)

Accordingly to (5.5) the projections P_j have the form

P_j = 1 2 ( I − (−1)^jD (−1)^jS

(−1)^jH I + (−1)^jD^′ ) , P^0_j = 1 2 ( I − (−1)^jD^′ − (−1)^jH −(−1)^jS I + (−1)^jD ) , implying the relations D^2 + S H = D^{′2} + H S = I , D S = S D , H D = D^′ H . (6.3)

For the following we mention some other properties of the boundary integral operators (5.6) for the Laplace equation.

It is well known that there exists a unique ρ, the Robin potential, which fulfills ⟨ρ, 1⟩_Γ = 1 and belongs additionally to H^{−1/2}(Γ) such that the logarithmic potential ∫ Γ ρ(y) ln |x − y| ds_y is constant (say = ν) on Γ. The positive number cap Γ = e^ν is called the logarithmic capacity of Γ. We introduce the assumption A2: The curve Γ is such that cap Γ ≠ e^{−1}.

Remark that A2 means that the exterior Dirichlet problem for the Laplace equation Δv = 0 in Ω_2 , v|_Γ = 0 , v satisfies (5.8) , has in H^1_{loc}(Ω_2) only the trivial solution v = 0.

Evidently, if A2 holds then the operator S has a trivial kernel. Moreover, S maps H^{−1/2}(Γ) isomorphically onto H^{1/2}(Γ) and the subspaces V_j ⊂ V (Γ) can be characterized by the relation ψ = ( v_1 v_2 ) ∈ V_j ⇐⇒ v_2 = S^{−1} (D + (−1)^jI) v_1 . (6.4)

Turning to the duals we obtain the characterization of V^⊥_j ⊂ (V (Γ))^′ χ = ( v_1 v_2 ) ∈ V^⊥_j ⇐⇒ v_1 = S^{−1} (D + (−1)^jI) v_2 , (6.5)

which means of course ⟨v_1, φ|_Γ⟩_Γ = ⟨v_2, S^{−1} (D + (−1)^jI)φ|_Γ⟩_Γ for all φ ∈ C^∞_0 (IR^2). Concerning the double layer potential D we note that the kernel of the operator I − D is trivial, whereas the operators I + D and I + D^′ have onedimensional kernels spanned by the constant function on Γ and by the Robin potential ρ, respectively. The mentioned properties can be easily deduced from known results about harmonic potentials corresponding to the fundamental solution −^1_{2π} ln |x − y| , from Corollary 4.1 and the fact that the projections P_j are bounded in V (Γ).

In Section 5 we have studied already the equations for solving the interior (j = 1) and exterior (j = 2) Dirichlet problem Aχ = 2 · (−1)^{j+1} P_j ψ , which can be written as the system Av_1 − Bv_2 = (D − (−1)^jI)f_1 − Sf_2 B^′v_1 + Cv_2 = −Hf_1 − (D^′ + (−1)^jI)f_2 ,

(6.6)

where (_{f1} f2 ) = ψ ∈ V (Γ) are the given Dirichlet data and (_{v1} v2 ) = δu = χ ∈ (V (Γ))^′ are the unknowns. From the results of Section 5 follows that under the assumption A1 the unique solution χ belongs to the closed subspace χ ∈ im P^0_j = ker (I − P^0_j) .

Consequently, if A1 is satisfied then for j = 1, 2 the solution (_{v1} v2 ) ∈ (V (Γ))^′ of (6.6) solves in view of (6.5) the corresponding systems of boundary integral equations Av_1 − Bv_2 = (D − (−1)^jI)f_1 − Sf_2 Sv_1 − (D − (−1)^jI)v_2 = 0 .

(6.7) and B^′v_1 + Cv_2 = −Hf_1 − (D^′ + (−1)^jI)f_2 Sv_1 − (D − (−1)^jI)v_2 = 0 .

(6.8)

To consider the opposite direction we assume A2 and use the equality B^′ S^{−1} (D − (−1)^jI) + C = S^{−1} (D + (−1)^jI)(A S^{−1} (D − (−1)^jI) − B) ,

(6.9)

which follows immediately from (6.2) and (6.3). Indeed,

B^′ S^{−1} (D − (−1)^jI) + C = (B^′ (D^′ − (−1)^jI) + C S) S^{−1} = (−H A − D^′ B − (−1)^jB^′) S^{−1} = S^{−1} ((D^2 − I) A − (D + (−1)^jI) S B^′) S^{−1} = S^{−1} (D + (−1)^jI)(−(−1)^jA + A D^′ − B S) S^{−1} = S^{−1} (D + (−1)^jI)(A S^{−1} (D − (−1)^jI) − B) .

Furthermore, (6.4) shows that

−Hf_1 − (D^′ + (−1)^jI)f_2 = S^{−1} (D + (−1)^jI)((D − (−1)^jI)f_1 − Sf_2) . Comparing with (6.9) we see that the second equation of (6.6) is a consequence of the first equation of this system and (6.5), i.e. the second equation of (6.7). Using the fact that I −D is invertible we obtain for the case of the interior problem (j = 1) that the first equation of (6.6) holds if the second equation of this system and (6.5) are satisfied. Consequently, the assumption A2 implies that any solution of the system (6.7) solve (6.6), too. Moreover, in the case j = 1, i.e. the interior problem, any solution of the system (6.8) solves (6.6). Thus we derive Theorem 6.1. Suppose that Γ satisfies the assumption A2. For any ψ = (_{f1} f2 ) ∈ V (Γ) the systems of boundary integral equations Av_1 − Bv_2 = (D + I)f_1 − Sf_2 Sv_1 − (D + I)v_2 = 0

(6.10) and B^′v_1 + Cv_2 = −Hf_1 − (D^′ − I)f_2 Sv_1 − (D + I)v_2 = 0

(6.11)

are uniquely solvable. The solution χ = (_{v1} v2 ) ∈ (V (Γ))^′ coincides with the Neumann data δu of u ∈ H^2(Ω_1) solving the interior Dirichlet problem Δ^2u = 0 in Ω_1 , γu = ψ .

Proof . We have seen that under A2 any solution χ = (_{v1} v2 ) of (6.10) or (6.11) solves the system Av_1 − Bv_2 = (D + I)f_1 − Sf_2 B^′v_1 + Cv_2 = −Hf_1 − (D^′ − I)f_2 .

(6.12)

Now Corollary 3.2 and (6.4) imply that χ ∈ V^⊥_2 , hence due to Corollary 5.1 the solution is uniquely determined.

Theorem 6.2. Suppose that Γ satisfies the assumption A1. Then for any ψ = (_{f1} f2 ) ∈ V (Γ) the systems of boundary integral equations

Av_1 − Bv_2 = (D − I)f_1 − Sf_2 B^′v_1 + Cv_2 = −Hf_1 − (D^′ + I)f_2 .

(6.13) and Av_1 − Bv_2 = (D − I)f_1 − Sf_2 Sv_1 − (D − I)v_2 = 0

(6.14)

are uniquely solvable. The solution χ = (_{v1} v2 ) ∈ (V (Γ))^′ coincides with the Neumann data δu of the function u ∈ L_2 solving the exterior Dirichlet problem (5.1) with γu = ψ. If A1 is violated, then the systems (6.13) and (6.14) with vanishing right–hand side possess nontrivial solutions.

Proof . We have seen that under A1 the solution of (6.13) solves (6.14), too. Hence in view of Theorem 5.1 it suffices to prove that (6.14) is uniquely solvable. To this end we show that the second equation of this system determines V^⊥_1 even if the assumption A2 is violated. Indeed, in this case the Robin potential ρ spans the kernel of the operator S and we have (_0 ρ ) = γw with a nontrivial solution w of the homogeneous Dirichlet problem for Laplace’s equation in Ω_2 satisfying the radiation condition (5.8). Note that in general γw ∉ V (Γ), this requires a smoother curve, say Γ ∈ C^{1,α}. But the vector (_ρ 0 ) ∈ (V (Γ))^′, in view of Corollary 5.2 we obtain that (_ρ 0 ) ∈ V^⊥_1 and consequently χ = ( v_1 v_2 ) ∈ V^⊥_1 ⇐⇒ Sv_1 − (D − I) v_2 = 0 . (6.15)

Thus the solution χ = (_{v1} v2 ) of the homogeneous system (6.14) belongs to V^⊥_1 , from Corollary 5.3 we conclude that K_0χ ∈ H^2(Ω_1) is harmonic. But the first equation of this system requires K_0χ|_Γ = 0 such that K_0χ = 0 in Ω_1 and Aχ = 0. Hence, the homogeneous system (6.14) has a nontrivial solution only if the assumption A1 is violated.

The previous result gives a necessary and sufficient condition on Γ to derive equivalent boundary integral equations for the exterior Dirichlet problem, whereas Theorem 6.1 contains only a sufficient condition for the interior Dirichlet problem. We can prove that the assumption A2 is also necessary for the unique solvability of the systems of integral equations if Γ is sufficiently smooth.

Theorem 6.3. Let Γ ∈ C^{1,α}, 0 < α < 1, cap Γ = e^{−1} and f_1 = f_2 = 0. Then the systems (6.10) and (6.11) possess nontrivial solutions.

Proof . We construct the nontrivial solution of (6.10) following a method in Fuglede [13]. Since cap Γ = e^{−1} there exists a function w harmonic in Ω_2, satisfying the radiation condition (5.8) such that w|_Γ = 0 and γw ≠ 0. The condition Γ ∈ C^{1,α} ensures γw ∈ V (Γ) such that the solution u of the Dirichlet problem

Δ^2u = 0 in Ω_1 , γu = γw ,

provides 0 ≠ δu ∈ V^⊥_2 and Aδu = 2P_1γw = 2γw. Hence δu ∈ (V (Γ))^′ solves the homogeneous system (6.10).

To get the nontrivial solution of (6.11) we start with K_0 (_ρ 0 ) ∈ H^2(Ω_1) (see the proof of Theorem 6.2) and denote A (_ρ 0 ) = 2γK_0 (_ρ 0 ) = 2 (_{w1} w2 ) . Then we solve the Neumann problem for the Laplace equation

Δv = 0 in Ω_2 , ∂_nv|_Γ = −w_2 , v satisfies (5.8) .

It is well known that Γ ∈ C^{1,α} implies γv ∈ V (Γ), hence the solution of the Dirichlet problem

Δ^2u = 0 in Ω_1 , γu = γv , gives δu ∈ V^⊥_2 with Aδu = 2P_1γv = 2γv. So we derive A ( δu + ( ρ 0 )) = 2 ( v|_Γ + w_1 0 ) . Now we use that A2 is violated. Then Sρ = 0 and for χ = (_{v1} v2 ) ∈ (V (Γ))^′ we obviously obtain the relation

Sv_1 − (D + I) v_2 = 0 ⇐⇒ χ ∈ V^⊥_2 ˙+ span {(ρ 0 )} . (6.16)

Thus δu + (_ρ 0 ) is a nontrivial solution of the homogeneous system (6.11).

Remark 6.1. The system (6.10) with the operator S replaced by the usual weakly singular operator

S_1φ(x) := − 1 π ∫ Γ ln |x − y| φ(y) ds_y was introduced in [4] and analysed in [13] for the case that the data satisfy the conditions Γ ∈ C^{1,α}, f_1 ∈ C^1(Γ), f_2 ∈ C(Γ). It was proved that the corresponding integral equations are uniquely solvable and provide the solution of the interior Dirichlet problem iff cap Γ ∉ {e^{−1}, 1}. It can be easily seen that under this assumption the assertions of Theorems 6.1 and 6.3 remain true for the systems (6.10) and (6.11) with the operator S_1 instead of S. Finally we mention the problem to describe the assumption A1 in terms of the boundary Γ. If Γ is a circle of radius r then a straightforward calculation shows that the homogeneous system Aχ = 0 has a nontrivial solution if and only if r = e^{−1}. Therefore it was conjectured in [9] that in general A1 is valid iff cap Γ ≠ e^{−1} , i.e. coincides with our assumption A2. We tried to verify the conjecture by using the fact that A1 and A2 are the solvability conditions of integral equations for the same Dirichlet problem, but unsuccessfully. By Corollary 5.1 the kernel of the operator A has an empty intersection with l (Γ)^⊥ ⊂ (V (Γ))^′. We conjecture that χ ∈ ker A implies I_1χ = 0 , such that there exist at most two linear independent solutions of the exterior Dirichlet problem having zero trace and satisfying the radiation condition (4.3).

In the special case of the circle with radius r = e^{−1} we have the following situation. The kernel of A is spanned by of the two vectors (e x_k, −x_k) ∈ V^⊥_1 , k = 1, 2 , and the corresponding solutions of the homogeneous Dirichlet problem for the exterior of this circle are the functions

u_k(x_1, x_2) = x_k ( 2 ln |x| + 1 + e^{−2} |x|^{−2} ) .

References

[1] H. Blum, R. Rannacher, On the boundary value problem of the biharmonic operator on domains with angular corners, Math. Meth. in Appl. Sci. 2 (1980), 556–581.

[2] M. Bourlard, Problème de Dirichlet pour le bilaplacien dans un polygone: résolution par éléments finis frontières raffinés, C.R.Acad.Sci.Paris, Sér. I, 306 (1988), 461-466.

[3] G. Chen, J. Zhou, Boundary element methods, Academic Press, London et al, 1992. [4] S. Christiansen, P. Hougaard, An investigation of a pair of integral equations for the biharmonic problem, J.Inst.Maths.Applics 22 (1978) 15-27.

[5] P.G.Ciarlet, The finite element method for elliptic problems, North-Holland, Amsterdam, New York, Oxford, 1978.

[6] M. Costabel, Starke Elliptizität von Randintegraloperatoren erster Art, Habilitationsschrift, Darmstadt 1984.

[7] M. Costabel, Boundary integral operators on Lipschitz domains: elementary results, SIAM J. Math. Anal.

19 (1988), No.3, 613-625.

[8] Costabel, M., Dauge, M. (1995): Invertibility of the biharmonic single layer potential operator. Institut de Recherche Mathématique de Rennes, Prépublication 95-13, Rennes

[9] M. Costabel, I. Lusikka, J. Saranen, Comparison of three boundary element approaches for the solution of the clamped plate problem, Boundary Elements IX.2 (C. A. Brebbia, G. Kuhn and W. L. Wendland, eds.), Springer-Verlag, Berlin, Heidelberg, New York, 1987, 19–34.

[10] M. Costabel, E. Stephan, A direct boundary integral equation method for transmission problems, J. Math.

Anal. Appl. 106 (1985), 367-413.

[11] M. Costabel, E. Stephan, W. L. Wendland, On boundary integral equations of the first kind for the bi-Laplacian in a polygonal plane domain, Ann. Scuola Norm. Sup. Pisa, Cl. Sci. (4), 10 (1983), 197–241.

[12] M. Costabel, W. L. Wendland, Strong ellipticity of boundary integral operators, J. Reine Angew. Math.

372 (1986), 39-63.

[13] B. Fuglede, On a direct method of integral equations for solving the biharmonic Dirichlet problem, ZAMM

61 (1981), 449–459.

[14] P. Grisvard, Boundary value problems in nonsmooth domains, Pitman, London 1985. [15] G. C. Hsiao, R. MacCamy, Solution of boundary value problems by integral equations of the first kind, SIAM Rev., 15 (1973), 687-705.

[16] G. N. Jakovlev, Boundary properties of functions of the class W^{(l)}p on domains with corners, Dokl. Akad.

Nauk SSSR 140 (1961), No. 1, 73–76 (in Russian).

[17] B. N. Khoromskij, G. Schmidt, Fast interface solvers for the biharmonic Dirichlet problem on polygonal domains, Preprint WIAS 1995.