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ABSTRACT. In this paper we study boundary integral formulations of the interior
and exterior Dirichlet problem for the bi-Laplacian in a plane domain with a piece-
wise smooth boundary having corner points. The mapping properties of single and
double layer biharmonic potentials, of the Calderon projections and the Poincaré-
Steklov operators for such domains are analysed. We derive direct boundary integral
equations equivalent to the variational formulation of the problem.

1. INTRODUCTION

The paper is devoted to boundary int.egral methods for solving the Dirichlet problem of the
biharmonic equation

A*u=0 in QCR?,
ulr = 'Ulr‘ ’ 3nu|r = auv|1‘ ’

(1.1)

where () is an interior or exterior domain bounded by a closed piecewise smooth curve T
having corners and the Dirichlet data are the trace (v|r, 8,v|r) of a function v belonging on
a neighbourhood of T to the Sobolev space H?. For the exterior problem one has to impose
additionally a special behaviour of the solution at infinity.

The aim of the present paper is the study of direct boundary integral formulations which are
equivalent to the variational solution of (1.1). As the main result we derive different systems
of integral equations on I' and describe their solvability conditions. To do so we introduce
certain boundary integral operators for the bi-Laplacian and study mapping properties in
the corresponding trace spaces of H2-functions. As byproduct we are able to analyse the
Steklov-Poincaré operators which map the Dirichlet data of biharmonic functions u to their
Neumann data (Aulr, 8,Aulr).

Among the different methods which exist for solving (1.1), integral equation methods play an
important role, especially in connection with the boundary element method. For the interior
problem and for sufficiently smooth boundary I' such methods were investigated by several
authors. Let us mention some results related to the contents of our paper. In [4] and [12] a
system of direct boundary integral equations was studied which is closely connected with the
system (6.10) of our approach. In [12] Fuglede derived necessary and sufficient conditions for
the equivalence of these equations to (1.1) if the Dirichlet data are sufficiently smooth. A
general approach of direct first kind integral equations for (1.1) can be performed using the
results of Costabel and Wendland (see [6] and [11]). Based on the theory of pseudodifferential
operators a complete description of the mapping properties of boundary integral operators,
Calderon projections and Steklov-Poincaré operators can be obtained. This is mentioned in
the paper of Costabel, Lusikka and Saranen [8], where approximation methods for solving the
interior Dirichlet problem are studied, which are based on three different boundary integral
formulations. Besides the equations coinciding with our systems (6.12) and (6.10) the authors
consider also an indirect method which goes back to Hsiao and MacCamy [14] and is based
on a single layer representation. This approach was extended by Costabel, Stephan and
Wendland studying in [10], to our knowledge for the first time, boundary integral equations
for the bi-Laplacian on a nonsmooth curve. The authors consider the related boundary
value problem gradu|r = f and obtain a system of two integral equations of the first kind
with logarithmic principal part. Using Mellin techniques the continuity in Sobolev spaces
and a Garding inequality of the corresponding boundary integral operator are shown and the
regularity of solutions is studied. Finally we mention the paper [2] of Bourlard which proposes
a direct Galerkin BEM for solving the interior Dirichlet problem on a polygonal domain and
obtains optimal convergence rates for special graded meshes. Many of the stability results
for the Galerkin method appear also in our approach and we will comment these results at
the corresponding places.



The paper is organized as follows. In Sect. 2 we consider the space of Dirichlet data of
H2-functions and the space of Neumann data of H2-functions u with A%u € L?. In Sect. 3
we introduce the biharmonic potentials and their traces, the boundary integral operators.
- We investigate mapping properties with respect to the trace spaces, the jump relations of
the potentials and prove the Garding inequality for the single layer potential operator. In
Sect. 4 the behaviour at infinity for solutions of the exterior Dirichlet problem is specified
and we prove representation formulas for the variational solutions of (1.1). This allows to
represent the Calderon projections via boundary integral operators. The special structure of
these projections is used in Sect. 5 to analyse the Steklov—Poincaré operators for biharmonic
functions. We remark that in [16] a fast method for solving the interior Dirichlet problem
(1.1) on convex polygonal domains is developed based on boundary reduction and mapping
properties of Steklov-Poincaré operators. In the last Section we derive systems of integral
equations for solving (1.1), partially new even for smooth I', and study the solvability of these
equations.

To conclude the introduction we briefly comment some topics not treated in this paper. We do
not consider the approximate solution of the integral equations. The convergence of Galerkin
and certain collocation methods for the strongly elliptic system (6.6) is rather clear, whereas
the stability of approximation methods for solving the other systems seems to be open. To
get error estimates one has to know the regularity of the corresponding solutions. This topic
and also the continuity of boundary integral operators in other than the energy norms we
do not study because of the lack of space. Since we are dealing with direct methods some
regularity results can be derived from the known singularities of the solutions of the Dirichlet
problem (see [1]). On the other hand, the calculus of Mellin operators provides a useful tool
in this direction. A more interesting problem not treated is the analysis of direct integral
methods for the biharmonic equation with other boundary conditions. The application of
our methods to this problem will be considered in a forthcoming paper (see Remark 5.3).

2. TRACES OF H?-FUNCTIONS ON PIECEWISE SMOOTH BOUNDARIES

For the following let I be a simple closed curve in the plane (z,,z;) of the form

where T; are of the class C® and adjacent arcs I'; form corners with angles different from
0 and 27. The interior of ' we denote by €, the exterior IR*\Q; by 03, and let the unit
normal n on I' be directed into ;. The differentiation with respect to n is denoted by 0,.
The starting point of our analysis is

Lemma 2.1. (Jakovlev [15]). Let u € H*(€4). Then

ulr; € Ha/z(ri) ) aﬁu[f‘i € Hl/z(ri)a

Ou Ou 1/2
B2, € H'*(T)

-~ ulp € HY(T), ,
I (T) Bl

and there ezists a constant ¢ > 0, not depending on u, such that

n

> (Ilullasrary + 10l meraey

i=1

+ ”3:::1 "Hll’(l‘) ” 9z "Hx/z(r) Cllullzaay -

If the projections of the normal 7 onto the z;— and z;—axis are denoted by ﬁl and 'nz,

respectively, then
ou
321 r

Ou

—| =n30,u+mn0,u,
aicg r

=n; 0, u—ny0,u,




where 9,u denotes the differentiation with respect to the arc length s. In the sequel we
identify functions on I' with periodic functions depending on s and write 8,u = u'. It is well
known that for |{| < 1 the Sobolev spaces H!(T) can be identified with the corresponding
periodic Sobolev spaces.

Note that n,(s) and ns(s) as well as 8,¢|r and 8,¢|r for smooth ¢ € C°(IR?) are piecewise
functions of the class C? and C®, respectively, with jumps at the cornmer points. Let us
introduce the trace space

u
wm={@9:MEmemW“M%EHm@LMW+m%eﬂm@ﬁ

equipped with the canonical norm and define the generalized trace

YU = U
=\ ouulr |-

Lemma 2.2. (Jakovlev [15]). The linear mapping
7: H2,(R?) - V(D)
15 continuous and has a continuous right inverse
V(D) > B (R .
In particular, ¥ maps CP(IR?) onto a dense subspace of V(T).
Let us describe the dual space of V(I'). We introduce the duality form

[(Z:) 3 (Z:)l = -’('U],,'ll.1)1‘ + ('!/3,71,2)1- , ‘ (2.1)

where (-, -)r denotes the extension of the usual L?*-scalar product on T'.

Lemma 2.3. The vector (*!) belongs to (V(T')) iff there ezist 21,2z, € H™Y/*(T) such that

the equations

U3
Uy = M12y + NaZg,
<(plr7'v1>l" = _(as(pll")nZZl - nlzZ)P; V 14 € Cgo(IRz) ]
are satisfied.

The trace yu € V(T') will be called the Dirichlet datum of u € H2 (IR*).on . Now we define
the Neumann datum. We introduce the space

H*(Q,,A?) = {u € H*(Q,): A%u € L*()}
‘ with the graph norm.

Lemma 2.4. C®(Q,) is dense in H*(Qy, A?).
The proof is based on the same arguments as the proof for the case H(;, A) given in the
book of Grisvard [13].

Lemma 2.5. Let u € H*(Qy,A?). Then the mapping

Su: b — [bu, ] = / (Au-A(y~9) — 7% - APu)dz (2.2)

(23

is a continuous linear functional on V(T') that coincides for sufficiently smooth u with the

functional
L 6,,,A'LLI1'\
bu = ( Al ) .



Moreover, the mapping
§: H*(Q4,A%) — (V(T)Y ‘ (2.3)

15 conlinuous.

Proof . The first Green formula

/(Au cAv — v A’u)dz = /(A'u. - Opv — v - 0, Au)ds
Qs r

is valid for all w € H*(Q,), v € H*(Q,). Hence for sufficiently smooth u

|[6w, ]| lAu]l o) |ACY %)@y + 1A% ull L@y 17~ ¥ 22y

lull r3ga,,a) |7~ ¥l #3gay) -

IAIA

From Lemmas 2.2 and 2.4 the assertion follows by continuity. =

Corollary 2.1. For u,v € H*(Q;, A?) the second Green formula

/('u; Ay — u - A?v)dz = [§v,yu] — [6u,yv]
Q

holds. If u € H*(Q4) solves the biharmonic equation A’u =0 then
[6u,yu] > 0.
The construction of the Neumann data §u is standard, for second order equations we refer to

[13] and [T7], for the biharmonic equation a similar construction is given in [2]. We note that
the definition of §u is based on the bilinear form

a(u,v) := /Au-Avd:c ,
o,

corresponding to the variational solution of the Dirichlet problem
Ay = fin Qy, =19, (24)

with f € L*(Q,), ¥ € V(T). Since a(u,u)'? is an equivalent norm on HZ2(€,) (see [5]) we
derive by using Lemma 2.2 the unique solvability of (2.4) in variational sense.

Lemma 2.6. The Dirichlet problem (2.4) has for any f € L*(Q), ¥ € V(T) a unique
solution w € H*(Q,, A?). The solution operator

T:L*(Q,) x V(T) » H*(Q,,A?) (2.5)
s continuous.
Now we can prove

Lemma 2.7. § maps CP(IR?) onto a dense subspace of (V(T'))'.
Proof . Assume that for some ¢ € V(T') it holds

[5‘)01 ¢] =0 (2'6)



for all ¢ € C°(IR?). Due to Lemma 2.6 the boundary value % and an arbitrary f € L3(£,)
lead to solutions T'(0,%),T(f,0) € H?(Q,,A?) of the corresponding Dirichlet problems.
Applying Corollary 2.1 we obtain

[6T(£,0),4] = [6T(f,0),7T(0,%)] - [6T(0,%),7T(f,0)]
[ @(5,0)- 427(0,9) - T(0,9) - A°T(£,0)) da

Q

- [ £-70,9)da
Qy

From Lemma 2.4 we conclude that (2.6) holds even for ¢ = T(f,0) € H%(Q,, A?), such that

/f.T(0,1/;)dm:0 for all f€L2(91)-

Thus T(0,%) = 0 and the relation 9 = yT(0,%) = 0 shows that §(CP(IR?)) is dense in
(V(r)y. =
In the sequel we consider also the Dirichlet problem in the exterior domain ;. Besides the
Dirichlet datum we have therefore to define the Neumann datum of functions given outside
of ;. Let Q be a domain containing {; and let u € H2({()\Qy, A?). For v € H(\Q,) we
define

[6u,yv] = / (pv - A?u — A(pv) - Au)de

o\n,

where ¢ € CP(Q) with ¢ = 1 on a neighbourhood of ;. It is clear that the definition of §
does not depend on ¢. Moreover, it ensures that for ¢ € CP(IR?) there holds

6((p|92) = 6(‘!"‘01) .

In the following the pair of Dirichlet and Neumann data (yu, §u) will be called Cauchy data
of u.

3. BOUNDARY INTEGRAL OPERATORS FOR THE BI-LAPLACIAN

Here we follow a method described in Costabel 7] for the study of boundary integral operators
for second order equations on Lipschitz domains. The boundary integral operators for the
bi-Laplacian A? are based on the fundamental solution

G(a,9)i=o-lo—9f'llo 4], z,yeR?,
satisfying
A}G(z,y) = DIG(z,y) = §(z - v).
It is well known that the operator
Gu(z) := (G(z, ), u)g2

is the two—sided inverse of A? on the space of compactly supported distributions on IR? and
represents a pseudodifferential operator of order —4, i.e.

G : H:amp(IR'z) - H:o-:4(m‘2) ’ sE ]R., (3'1)
is continuous. Furthermore ’
' A,G(z,y) = AG(z,y) = —lnlz—yl + -—. (3.2)



We have the following representation formula.

Lemma 3.1. Let u € L*(IR?) be a function with compact support such that the restrictions
ula, € H¥(Q1), tla, € H2pmp(Q2) and f = A’ulgs\y € LX(IR?). Then for o € R*\T it holds
u(:z:) = Gf(z) - [{67.1.},7G($, )] + [6G(.’B, '): {7”'}] ’ |

where
{’Y’U} = 7(”'92) - 7(1"’!01) ’ {au} = 5(”]‘72) - 6(?!.[91) ’
denote the jumps across T'.
The proof follows immediately from the second Green formula (Corollary 2.1) and the known

representation formula for sufficiently smooth functions applied in a small ball enclosing the
point z.

Next we define the biharmonic layer potentials for z € R’\T as
’COX(w) = [X,’)’G(m, )] 3 X € (V(r))la
ICI":[’(:B) = [6G($: ')> "tb] ) Y€ V(r) )
and the boundary integral operators
Ax:=29Kox , Bx:=26(Koxla,),
C:=29(Kila,) , DY := —26(K1¥la,) -
Lemma 3.2. The mappings
Ko: (V(I)Y — HE(R?®), K.:V(T)- H* ),
A: (V@) - v(T), B:(V(D)->W(T), C:V()-V()

are continuous and

(3.3)

(3.4)

DYy=0, ¢eV(l).
Proof . Because of
Kox(z) = (G(z,), YX) g2
we can write '
Kox = Gv'x. | (3.5)

The adjoint of the trace map 7' : (V(T)) — H_2 (IR?) is continuous, therefore the assertion
for K, follows from (3.1). '

Due to Lemma 3.1 the solution » = T(0, %) of the Dirichlet problem (2.4) can be represented
in the form

T(0,9) = KobT(0,9) - K9 ,

such that from Lemmas 2.5 and 2.6 we derive

I1K1¥ |l a3an < cllbllviry -

Now the mapping properties of A and C are a simple consequence of Lemma 2.1. The
boundedness of B follows from Lemma 2.5 since A?Kox = 0 in ;.

For ¢ = () € V(T') we get from (2.1) and (3.2) the representation

Kb(e) = 5= [0(0) 00 lale ~ ylds, + 5= [os(a) (ale— g+ 1)dsy.  (36)
J |

r
Hence, K19 € H?(,,A?) is a harmonic function and for any ¢ € V(T)

(D, 0] = 2/(7'(,0 Ky — A(y ) AKyp)dz =0. ®
Q,



The layer potentials provide the following jump relations:

Lemma 3.3.

{7}C0X} =0, {6Kox}=-x forall x € (V(I‘))I’
(k) =9, {KWy=0  forall pe V(D).

Proof . Since u = Kox € H2 (IR?) we have v(u|q,) = 7(u|a,).

loc

Further, from (3.5) we obtain A?u =+'x in distributional sense, i.e.
/ uAledz = (Yx, o)gz = [, 7]
]R2
for any ¢ € C°(R?). On the other hand
/ uApdz = / Au Apdz — [§¢, vu] = [8(ula, ), 7¢] — [0, 74],
2

Q;

[ubteds = —l6(ula,), 701+ (b, 70,

Q2

Thus

679l = =[6(Koxla,) — §(Koxla, ), 1¢], VYo € C2(R?).

Let now v = K19, ¢ = () € V(T). From (3.6) and the jump relations of the harmonic
potentials (proved for example in [9] for the more general case (v1,v;) € HY*(T) x H-Y*T))
we obtain

’I.l,|n2 - ulnl =1 , 3nu|m - an'll.lnl =v;. H

Now we consider the adjoints of the boundary integral operators with respect to the duality
form (2.1). Here and in the following Id denotes the identity mapping in the spaces V(T'),
(V(T))Y and V(T') x (V(T))'.

Corollary 3.1. It holdls A=A and B =C+21d.

Proof . The assertion follows immediately from the symmetry of the kernel function G and
the jump relations, for example:

Bl = [6(oxla,) + 6(0oxta,) + x,¥]
= (G7xla, + G1'Xlan, 8%)_, + [x, 91,
where &1 denotes the compactly supported distribution on IR? defined by
(¢,6'b) g2 = [6p, %] for all p € CP(R?).
Since the jump relation yields for u = 1%
/ uA2pde = [6p,9] for all ¢ € C(IR?)
R?
we have A%u = §’¢ in distributional sense and

Kiyp=G8'y.



Hence

[Bx,¥] = (Gv'x, 6Pz + [x: ¥]

(7%, G8'bla, + G8'Pla, gz + [x, %]
= Dov(Kla,) +v(Kadla,)] + [x: ¥]
[x: 27(K1¥la,) + 9] + [x, ¥]

= D6Cyl+20x 9] =
Let us introduce the operator
W= Id;l—C. (3.7)
Then
B=1Id+ W' (3.8)

and from Lemma 3.3 we derive for j = 1,2

TKtla,) = SOV + (-1F1d) , 6(Kaxla,) = 5(OV' - (~1)Td)x . (39)

Therefore we call W the double layer potential operator of the bi-Laplacian on I'. The
corresponding single layer potential operator on I' satisfies a Garding inequality.

Lemma 3.4. The operator A is strongly elliptic, i.e. there ezist a compact operator
T : (V(T)) — V(T') and a positive constant ¢ such that

D6 (A+ Tl 2 clixlifvryy» Vx € (V(T)) -
Proof . For x € (V(T)) and u = —Kyx we have the relations
) ,
'Yu|01 = 7u’|ﬂa = _-2—AX ? {6u} = X *

We choose ¢ € C°(IR?) with ¢ = 1 on a neighbourhood of Q; and set u; = ulg,, uz = Yulg,.
Then

1 .
§[X: Ax] = [5141,’7”1] - [57‘2,7’”2] = /{Au1|2dm + / IAuglzdm - /uzAzuzdm.
Qs n: : Q2

Thus

Il oy = 180 = 6walify ey < e(lluallraqay) + lealldoga,) + 1A%al220,)
< 500 A + e (luslaga,y + l1ualliagan + 1A% sy + [ uaAuads).
Qa
Since A?u; has a compact support in Q; and is C*({2;), the term in the brackets is generated
by a compact bilinear form of y. ® '
Corollary 3.2. The operator
A:(V(T)) - V(T)

is Fredholm with indez zero. If Ax € V(T') then x € (V(T)).



4. CALDERON PROJECTIONS

Now we are in the position to define the Calderon projections which map onto the Cauchy
data of functions blharmomc in 4 or ;. Here we follow a method developed in [9] for second
order equations.

We define the linear spaces
L; == {u(z) = Kox(z) — K19(z) : (¥,x) € V(T) x (V(T)Y, z € Q;},

in which solutions of the biharmonic equation are sought. From the Lemmas 3.1 and 3.2 we
conclude that L, is the set of functions u € H?(,) satisfying A%u = 0. Moreover, for u € L,
the representation formula

u(a:) ,a:EQl,

4.1
0 7z€Q2: ( )

Kobu(z) — Kyyu(z) = {

holds.

The space L, consists of u € HZ () providing A?u = 0 and a special behaviour at infinity,
which we refer as radiation condition. The asymptotics of functions belonging to L, can be
described as follows: :

Using the functions

91(73;1/) =1 ) gz(l','y) l I

z-y)?
s =P, o= E

(here z-y denotes the inner product of vectors z,y € R? and |y|? = y-y), we introduce
Iix(z) = [x,795(z,)] , x € (V(T)), j7=101)}4,
Isp = [6gs(=,-), %] , ¥ € V(T).
Note that I, I3 and Iy are constants while I, and I, depend on the direction of z.
Lemma 4.1. For given (¢,x) € V(I') X (V(T'))’ the function
- u(z) = Ksh(z) - Kox(a)

(4.2)

behaves for large |z| = R as

u(z) = — —8—17—r- (le R*In R — Lx(z)(2RIn R + R)+ (Isx — Is¥)In R + Iix(z) — Isz,b)
+O(R™Y). ‘ (4.3)

This expansion was proved in [4] for the case of % and x having continuous components, such
that from Lemmas 2.2 and 2.7 the assertion follows immediately.

A representation formula similar to (4.1) holds also for functions u € L,.
Lemma 4.2. For u € L, with Cauchy data (yu, 6u) there holds
Kivu(z) — Kobu(z) = { ua) @€, (4.4)
0 ,z€8,.

Proof . We enclose ; by a ball Bg with radius R > |z|. Then the representation formula
(4.1) is valid for the bounded domain Q; N By yielding

u(z) = Kyyu(e) — Kobu(z)
+ / ('u. 0., AG(z,2) — AG(z, 2) 8,u + Au,,G(z, 2) — G(z, 2) BﬂAu) ds, .



Using the asymptotics (4.3) of u(z) as R = |2] — oo and the asymptotics of the fundamental
solution given in [4]

2
Ge,7) = o (R B~ 2am)(RIn B+ B) + o' ln R + L 4 (oom)?) + 0(27),

one obtains with the help of a computer algebra system that the integrand permits the
expansion

= (((en.) Libu — Léu(2) (302 B - 1) - 2(1n B)?)

~2 (2(e-n.)? ~ |af") Lbu + 26 — 2Lu(=))) + O(R™?) .

Obviously
/(m-n,)ds, = /Izﬁu(z) ds, =0,
Sn Sr

such that the integral of the first term in the brackets vanishes. Further, denote by 8, the
angle between z and the integration point z. Then

2(z-n,)? - |z|* = |z|*(2cos? §, — 1) = |z|?cos 26, ,

implying

/(2(:1:-71,,)2 —|of*) Liéuds, = 0.
Sgr

Finally, we have
Lbu(z) — Ii6u = [6u,vh(z2,")]
with the function

2.7)? 2 2
h(z,y) = (z9)" I;IJQ) - B%l— = |_1;_|_ cos 24, ,

where now 6, is the angle between y and 2. Denoting by a the angle between y and n, we
get

8, h(2,y) = 2(y-n.)(ny 1) — (y1my)
= |y|(2 cos b, cos(8, — a) — cos a) = |y| cos(20, — a) .

Hence

/ (Iséu — Idu(z))ds, =0,
Sr
such that

/(u 0,,AG(z,z) — AG(z, z) 8pu+ Aud, G(z, z) — G(z,z) 0,Au)ds, = O(R™*). ®
Sr

Now we introduce the linear operator

V(T V(T
mz(-WA) (r) ()

: X — X
o w’ ’
V()Y vy
where O denotes the zero mapping, and define
1 oy |
Ty = S(H- (-12) ,i=12. (4.5)

10



Theorem 4.1. The operators ‘B; are bounded projections in V(T') x (V(T)) mapping onto
the set of Cauchy data (yu,6u) of functions u € L;.

Proof . The boundedness of B; follows from Lemma 3.2. Further, for any (¢, x) € V(T) x
(V(T)) we have '

A w=(=1Y (K19 — Kox) € L;
and by Lemma 3.2 and (3.9)

(7") = (-1y (WC“““J’) - 7(’C°X'“f)) = (-1y (%WV +(=1) Ty - %Ax>
5u §(K1la,) — 6(Koxla,) ~LW’ ~ (~1yId)x

1 Id+ (1YW —(-1¥A \[¥\ 1 ion [ ¥ Y
- () s (D) -5 ()

Let now u € L;. Then the representation formulas (4.1) and (4.4) yield
u(z) = (-1Y (Kiyu(z) - Kobu(z)), z €y,
after applying the jump relations of Lemma 3.3 and (3.9) we obtain

() ==:(52)

showing that the mappings 9P, are projections and that the Cauchy data of all functions from
L; belong to the image of ;. =

Since the Calderon projections corresponding to the interior and the exterior problem are
conjugate

P+ P2 =1d,
the space V(T') x (V(T'))' can be decomposed as the direct sum of closed subspaces
V() x (V(I) = {(yu,0uw) : w € L} + {(yu,6u) : u € Ly} .
Further, since P = P; we get

Corollary 4.1.

i(Idj:W)":-;—(Id:I:W) , WA= AW’ (4.6)

5. STEKLOV-POINCARE OPERATORS

In this section we derive equations with the strongly elliptic single layer potential operator
A for the solution of the interior and of the exterior Dirichlet problem

A’y =0 in Qy, yu=19 e V(I),

5.1
if 7 =2 then u satisfies the radiation condition (4.3), (5:-1)
and study the corresponding solution operators.
From Theorem 4.1 we know that a solution u € L; satisfies the relation
Tu
(1d—%B;) (M) =0, (5.2)

the first line of this system yields in particular the equality
(Id - (-1 W)yu+ (1Y Abu=0.

11



Hence, if we consider the Dirichlet problem (5.1) then for given yu = ¢ the unknown x = éu
has to solve the equation ‘

Ax=(W - (=1Y d) v . ‘ (5.3)
In order to study the solvability of these equations we make the assumption

A1l: The exterior homogeneous Dirichlet problem (5.1), i.e. % = 0, has only the trivial
solution. '

Theorem 5.1. Suppose Al. The equations (5.3) are uniquely solvable for any ¢ € V(T)
and the weak solution w € L; of the corresponding Dirichlet problem (5.1) is given by

u(z) = (1) (Ki9p(z) - Kox(z)), z€9;.
Proof . The unique solvability of the interior Dirichlet problem (Lemma 2.6) and the jump
relations for the operator Ko (Lemma 3.3) imply that the equation

Ax =0

has a nontrivial solution if and only if our assumption does not hold. Since by Corollary 3.2
A is Fredholm with index zero we derive that A : (V(T')) — V(T) is bijective. ®

Remark 5.1. For a smooth boundary I' and the interior Dirichlet problem this result
follows from the general theory of boundary integral operators developed in [6] and [11]. It
was formulated in [8]. ‘

Now we analyse the solution operators of the equations (5.3)
T =AY W-—(-1Y1d) : V(T) - (V(T)) (5.4)

which exist under assumption Al and map the Dirichlet data yu of a biharmonic function
u € L; to its Neumann data du. The mappings 7; are the Steklov-Poincaré operators of the
biharmonic equation.

Let us define the operators
1 .
P; = §V(Id— (=1YW):v(T) - V(T), (5.5)

which are bounded projections by Corollary 4.1. In the following Lemma we prove that these
operators coincide with the well known Calderon projections for the Laplace equation, but
corresponding to the fundamental solution

1 1
9(2,9) == ~A.G(z,9) = ~== (lna — 3] + 1) = - In (elz — v]).
Lemma 5.1. I holds
V) =Vi+ Vs
with the closed subspaces

Vii=imP, = {yu : v € B2 (Q;), Au=0,
‘u(z) = a(lnlz| + 1) + O(|z|™!) for some a € R as|z| = o0},

Va:=imPy; = {yu : ve H*(Q;), Au=0}.
Proof . We define the boundary integral operators for z € T'

Se(z) =2 [ g(@,1)p(u)ds,  De(e) =2 [ 8u, o(a, w)p(u)dsy,

(5.6)
D'y(z):=2 6,,,/g(a:,y)<p(y)dsy , Hp(z) = -2 6n=/3nv g9(z,y)p(y)ds, .
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It is clear that D’ is the adjoint of the operator D with respect to the L*-inner product on
T. Using formula (3.6) and the jump relations of harmonic potentials it is easy to see that
for ¢ = () € V(T) it holds

D -5 V1
= (Id = . ;
womtron=( 2 =3)(2) .
From the results in [9] it is evident that the mappings
1
S(Id+ (-1)W)
are bounded in HY/2(T') x H~Y/%(T) and project onto the boundary values of weak solutions
of the Laplace equation in 0, behaving for £ = 2 at infinity as
u(z) = aln (elo]) + O(e]™*) = alln 2] + 1) + O(Jz[™Y) . (5.8)

By Lemma 3.2 the restrictions of these projections are bounded in V(I'). m

Note that due to the definition (5.5) the mappings P; appearing on the right-hand side of
the boundary integral equation (5.3) for the interior (j = 1) and exterior (j = 2) Dirichlet
problem project onto the traces of functions harmonic in the opposite domain.

The dual space (V(T')) is the direct sum of the corresponding polar sets
(V@) =vi-+v;,
which in view of
Vit = (im P;)* =ker P; = im (Id— P;) (5.9)

coincide with the image of the adjoint of the conjugate projection. The commutative relation
(4.6) implies that

AP, =P; AP, =P; A,
yielding the equality
A=PiAP, + P, AP,.
Using (5.9) and Theorem 5.1 we derive
Lemma 5.2. The operator A is the direct sum of the mappings
A: Vi -V, and A: V-V,

which are bijective if the assumption A1 is satisfied.

Now we show that .4 is a positive definite operator on a subspace of (V(I'))’. Let us denote
by IP; the space of linear functions on IR? and set I(T) := y(IP,).

Lemma 5.3. For any x € [(T')* it holds

[x, Ax] > CHX”?V(I‘,))' .
Proof . We set u = —KoX, 1 = u|g, and uz = u|g,. For any ball By enclosing Q, the first
Green formula yields

1 .
E[X: Ax] = [6us, Yua] — [6uz, Yua]
= /IAullzdm + / |Aug|?dz — / (Aug Bpuz — ua 8, Aug)ds .
(921 Q2 Sr
Because of x € I (T')* and the definition (4.2) it is clear that I;x = Ix(z) = 0 leading to

1
ug(z) = ——8—;(I3x1nR + ILix(z)) + O(R™!) for|z|=R.

13



Hence, Au,; € L?(;) and the integral over Sg converges to zero as R — oo such that

[x, Ax] = 2(/|Au1|2dz+/|Au2[2dz) >0
8, 0z

for x # 0. Since A is symmetric and strongly elliptic the last inequality implies that A is
even positive definite on {(T)!. =

Remark 5.2. Since [(T')* can be identified with the dual of the factor space V(T')/I(T) it
is evident that

D6 AX] > ellxlitvmynay ¥ x € (V(T)/U(T)) .

This was used by Bourlard in [2] to prove the existence of the solution u € L, of (5. 1) in the
form

u(z) = |Kox)(z) + pu(z) , z€ @,
where x € (V(T')/I(T)) solves '
[0, AX] = 2[p,9] , Ve € (V(T)/L(T)),

|Kox| is an element of the corresponding factor class in L,/IP; and p; € IP; is the linear
function satisfying

¥p1 =% —7[Kox] -

Now we come to some consequences of the previous results.

Corollary 5.1. The restriction of A on V;* C (V(T)) is a symmetric and positive definite
operator between the dual spaces

.A:V"‘:im'P;——»Vl=im'P1.
If the assumption A1 is violated then ker A C Vi* andker ANI(T)* =0

Corollary 5.2. x € (V(T')) coincides with the Neumann data §u of a function w € L; if
and only if [x,7v] = 0 for any harmonic function v € HZ (S;) satisfying additionally the
radiation condition (5.8) in the case j = 2.

Corollary 5.3. Ifx € le then the function Kox € HZ.(Q;) is harmonic in Q; and satisfies,
in the case j = 2, the radiation condition (5.8).

Proof . Corollary 5.2 states that for any x € V}-‘- there exist v € L, k = 3 — 7, such that
X = 6u. The representation formulas (4.1) and (4.4) imply that

Kiyu(z) = (=1)*u(z) ,z€Q,
Kox(e) = { Kiyu(z) ,Z€EQ; . m

Now we are in the position to formulate some properties of the Steklov-Poincaré operators.
By (5.4) and (5.5) we get

T =2 (-1 AP = 2. (-1 1P, AP
such that the following assertions hold.

Theorem 5.2. The Steklov-Poincaré operator T, which maps the Dirichlet data yu of a
function w € H*(Q,) biharmonic on the bounded domain ), with piecewise smooth boundary
T to its Neumann data u is continuous from V(T') into (V(T')), symmetric wzth respect to
the dualzty (2.1) and

(719, %] > c||Prd|lvey Vk'tﬁ eV(T).

Moreover, the tmage im T; C (V(T')) is the closed subspace of elements which are orthogonal
to the traces yv of all harmonic functions v € H*((,).
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Theorem 5.3. Suppose A1. Then the Steklov-Poincaré operator T; which maps the Dirichlet
data yu of a function u € L; to its Neumann data §u is continuous from V(T') into (V(T)Y,
symmetric with respect to the duality (2.1) and =

[T, 41 2 cllPabliveey Vo € AQ(T)T).
The image im T, C (V(T)) is the closed subspace of elements which are orthogonal to the
traces yv of all harmonic functions v € HE () satisfying the radiation condition (5.8).

Remark 5.3. The previous results confirm the well-known fact that the Neumann problem
A*u=0 in Q;, bu=x e (V(I))

is not elliptic. A variational approach to boundary conditions different from the Dirichlet
one is based on the bilinear form
0w 0% 0?ud®v  0%ud®v
Au A 1-) 20— - - — .
/ ( v+ ( a)( 0z,0c, 02,0z, 022022 Oz 8m§)>dz 0 <o <1, (510)

9

which is closely connected with the plate equation. A detailed analysis of certain indirect
integral equation methods on smooth boundaries for these problems is contained in the book
[3] of Chen and Zhou. The case of a nonsmooth curve I' has not been analysed in the
literature, up to now. It is possible to modify our methods accordingly to the form (5.10)
such that direct boundary integral equations for plate problems on domains with corners can
be derived and analysed. '

6. BOUNDARY INTEGRAL EQUATIONS FOR DIRICELET PROBLEMS

In this section we derive systems of integral equations for the interior and exterior Dirichlet
problem. We consider the existence and uniqueness of solutions and discuss the assumption
Al. '

First we consider the concrete form of the mappings A and P; which are 2 X 2 matrices of
integral operators. In view of (2.1) and (3.4) the action of the operator A can be written as

Ax = (f;' 5) (Z:) , X= () e (V)Y (6.1)

with the integral operators

Ap(z) = -2 / G(z,y) p(y)ds,, By(z):= -2 f On, G(z,9) p(y)dsy
B'y(z) = -2 Bn,fG(w,y) o(y)dsy, Cy(z):= 23,,,/6,‘, G(z,y) p(y)ds, .

By the duality (2.1) and (5.7) we have

, (D S
v (7-5);

hence the commutative relation (4.6) yields the equalities

AD'-BS=DA-SB" ,AH+BD=-DB-S5C,

2
BD+CS=-HA-D'B,BH-CD=HB-D'C. (6-2)

Accordingly to (5.5) the projections P; have the form

,P___l_(I—(—l)jD (-1)'8 ) ,P,___I_(I—(—l)fD' —(-1¥H )
7T 2\ (-1YH I4+(=1)yD)’ " T 2\ —(-1¥S I+(-1)¥D )’
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For the following we mention briefly some results concerning the bounda.ry integral operators
(5.8) for the Laplace equation.

It is well known that there exists a unique p, the Robin potential, which belongs to H~/*(T')
and (p, 1)r = 1 such that the logarithmic potential

[ewyale - yids,
r

is constant (say = v) on I'. The positive number
capT = ¢
is called the logarithmic capacity of I'. We introduce the assumption
A2: The curve T is such that cap T # e~ !

Hence, if A2 holds then the operator S has a trivial kernel. Moreover, S maps H~Y/?(T)
isomorphically onto H*/?(T') and the subspaces V; C V(T') can be characterized by the relation

V2

%= (vl) eV, < un=8'D+(-1yDv. (6.3)
Turning to the duals we obtain the characterization of Vi- c(V(D)Y
*T () €V = wu=ST(D+(-1)Du, (6.4)
2

which means of course (s, @|r)r = (v2,5~(D + (=1)YI)¢|r)r for all ¢ € CE(RR?).
Concerning the double layer potential D we note that the kernel of the operator I — D is
trivial, whereas the operators I + D and I + D’ have onedimensional kernels spanned by
the constant function on T' and by the Robin potential p, respectively. We will utilize also
the relations
D*+SH=D*+HS=1I,
DS=SD,HD=D'H.

Remark that A2 does not hold if and only if the exterior Dirichlet problem for the Laplace
equation

(6.5)

Av=0 in Q,, v|p=0, v satisfies (5.8),

has a nontrivial solution v € H}.(Q3).

The mentioned properties can be easily deduced from known results about harmonic poten- -
tials corresponding to the fundamental solution —-In|z — y|, from Corollary 4.1 and the
fact that the projections P; are bounded in V(T').

In Sect. 5 we studied already the equations for solving the interior (j = 1) and exterior (5 = 2)
Dirichlet problem

Ax=2-(-1y*"'P;9y,
which can be written as the system ‘
Av, — Bu, (D - (’1)jI)f1 -Sfa
B'vy+Cv; = —Hfy — (D' +(-1Y 1D fa,
where (£ ) = ¥ € V(T') are the given Dirichlet data and (J}) = 6u = x € (V(I‘))’ are the

unknowns From the results of Sect. 5 follows that under the assumption A1l the unique
solution x belongs to the closed subspace

X €imP; =ker(I-P;).

(6.6)
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Consequently, if A1 is satisfied then for j = 1,2 the solution (1) € (V(T)) of (6.6) solves
the corresponding systems of boundary integral equations

Avy — By = (D - (“1)jI)f1 - sz

Svy— (D - (=1YI)v, = 0. (6.7)
and
B'vy+Cvy = ~Hfy — (D' + (-1Y D) f
Svy— (D= (=1)I)v; = 0. (6.8)
To consider the opposite direction we assume A2 and use the equality
I a1 j
B'S™*(D-(-1YI)+C (6.9)

=81 (D+(-1¥I)(AS (D - (-1¥I) - B),
which follows immediately from (6.2) and (6.5). Indeed,
B'S™Y(D-(-1YI)+C=(B' (D' - (-1¥I)+CS8)§!
=(-HA-D'B—-(-1YB)S '=8"1((D*~I)A- (D +(-1Y1)SB) s
=S5 Y (D+(-1YI)(~(-1YA+AD'-BS)S™!
=S YD+ (-1YI)(AS™ (D~ (-1¥I)-B).
Furthermore, (6.3) shows that
—Hfi = (D'+(-1YD)fa =S (D + (-1 )(D - (1Y D) 1 - Sf) -

Comparing with (6.9) we see that the second equation of (6.6) is a consequence of the first
equation of this system and (6.4), i.e. the second equation of (6.7). Using the fact that I — D
is invertible we obtain for the case of the interior problem (j = 1) that the first equation of
(6.6) holds if the second equation of this system and (6.4) are satisfied.

Consequently, the assumption A2 implies that any solution of the system (6.7) solve (6.6),
too. Moreover, in the case 7 = 1, i.e. the interior problem, any solution of the system (6.8)
solves (6.6). Thus we derive

Theorem 6.1. Supposé that T satisfies the assumption A2. For any ¢ = (ﬁ) € V(T) the
systems of boundary integral equations
A’U1 - B’Uz = (D +I)f1 - S_fg

Svy — (.D + I)'vz =90 (610)

and
B'vi+Cvy = —Hf, — (D'-1)f,

S'Ul - (.D +I)’U2 =0 (6.11)

are uniquely solvable. The solution x = (::) € (V(T')) coincides with the Neumann data éu
of u € H*(Q,) solving the interior Dirichlet problem

A*w=0 1inQ,, Tu=1.

Proof . We have seen that under A2 any solution x = (::) of (6.10) or (6.11) solves the
. system :

A‘l)l—B'Ug (D+I)f1—Sf2

B"’l)1 + Cv, = —Hfl - (DI _ I)_fz . (6.12)

Now Corollary 3.2 and (6.3) imply that x € V;*, hence due to Corollary 5.1 the solution is
uniquely determined. &
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Theorem 6.2. Suppose that I' satisfies the assumption Al. Then for any ¢ = (;:) e V(T)
the systems of boundary integral equations

A'Ul - B’Uz = (D— I)fl - sz

6.13
B'vy+Cvy, = —-Hfi — (D' + I)fa . ( )

and
A'Ul - .B'Uz = (.D hat I)fl - ng

Svy—(D-Iv; =0 (6.14)

are uniquely solvable. The solution x = (;}) € (V(T)) coincides with the Neumann data u
of the function u € L, solving the ecterior Dirichlet problem (5.1) with yu = v. If Al is
violated, then the systems (6.13) and (6.14) with vanishing right-hand side possess nontrivial
solutions.

Proof . We have seen that under A1l the solution of (6.13) solves (6.14), too. Hence in view
of Theorem 5.1 it suffices to prove that (6.14) is uniquely solvable. To this end we show that
the second equation of this system determines V- even if the assumption A2 is violated.
Indeed, in this case the Robin potential p spans the kernel of the operator S and we have
(2) = yw with a nontrivial solution w of the homogeneous Dirichlet problem for Laplace’s
equation in (; satisfying the radiation condition (5.8). Note that in general yw ¢ V(T'), this
requires a smoother curve, say I' € C*. But the vector (£) € (V(T')), in view of Corollary
5.2 we obtain that (£) € V;- and consequently

X = (ZI> EVIJ' — S'Ul—(D—I)'Uz‘:O. (615)
2

Thus the solution x = () of the homogeneous system (6.14) belongs to Vi, from Corollary
5.3 we conclude that Kox € H?(Q,) is harmonic. But the first equation of this system requires
Kox|r = 0 such that Kox = 0 in Q3 and Ax = 0. Hence, the homogeneous system (6.14) has
a nontrivial solution only if the assumption A1 is violated. =

The previous result gives a necessary and sufficient condition on I' to derive equivalent bo-
undary integral equations for the exterior Dirichlet problem, whereas Thm. 6.1 contains only
a sufficient condition for the interior Dirichlet problem. We can prove that the assumption
A2 is also necessary for the unique solvability of the systems of integral equations if T is
sufficiently smooth.

Theorem 6.3. LetI' € C**,0< a < 1l,cap [ = ¢! and f = f; = 0. Then the systems
(6.10) and (6.11) possess nontrivial solutions.

Proof . We construct the nontrivial solution of (6.10) following a method in Fuglede [12].
Since cap T = e~ ! there exists a function w harmonic in §,, satisfying the radiation condition
(5.8) such that w|p = 0 and yw # 0. The condition I' € C»* ensures yw € V(T') such that
the solution u of the Dirichlet problem

Auw=0 in Q;, yu=1qw,

provides 0 # du € V;* and Afu = 2P;yw = 2yw. Hence 6u € (V(T)) solves the homoge-
neous system (6.10).

To get the nontrivial solution of (6.11) we start with Ko(5) € H?(Q) (see the proof of Thm.
6.2) and denote A(§) = 2yKo(§) = 2(}!). Then we solve the Neumann problem for the
Laplace equation

Av=0 in Q, O.v|p=—-w;, v satisfies (5.8).
It is well known that I' € C** implies yv € V(I‘), hence the solution of the Dirichlet problem

Av=0 in Q;, yu=7v,
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gives §u € V;+ with Afu = 2P;yv = 2yv. So we derive

A(Su+ (g)) = 2(”"‘;’"’1> .

Now we use that A2 is violated. Then Sp = 0 and for x = (3}) € (V(T))’ we obviously obtain
the relation

Svl—(D+I)v2ﬁ0 < XE'VZ'L-i- Span{(g)} . (6.16)

Thus éu+ (§) is a nontrivial solution of the homogeneous system (6.11). =

Remark 6.1. The system (6.10) with the operator S replaced by the usual weakly singular
operator

. |
Sip(e) 1= —— /ln |z — yl ¢(y) dsy
J .

was introduced in [4] and analysed in [12] for the case that the data satisfy the conditions
I e CY*, f, € CY(T), f, € C(T'). It was proved that the corresponding integral equations are
uniquely solvable and provide the solution of the interior Dirichlet problem iff cap T ¢ {e~?,1}.
It can be easily seen that under this assumption the assertions of Theorems 6.1 and 6.3 remain
true for the systems (6.10) and (6.11) with the operator S; instead of S.

Finally we mention the problem to describe the assumptions A1 in terms of the boundary T'.
If T is a circle of radius r then a straightforward calculation shows that the homogeneous
system Ax = 0 has a nontrivial solution if and only if » = e~!. Therefore it was conjectured
in [8] that in general A1 is valid iff cap T' # e, i.e. coincides with our assumption A2. We
tried to verify the conjecture by using the fact that A1 and A2 are the solvability conditions
of integral equations for the same Dirichlet problem, but unsuccessfully.

By Corollary 5.1 the kernel of the operator A has an empty intersection with  (T')* c (V(T))'.
We conjecture that x € ker A implies I;x = 0, such that there exist at most two linear
independent solutions of the exterior Dirichlet problem  with zero trace and satisfying the
radiation condition (4.3).

. In the special case of the circle with radius 7 = e~ we have the following situation. The kernel
of A is spanned by of the two vectors (ez;, —zx) € Vi*, k = 1,2, and the corresponding
solutions of the homogeneous Dirichlet problem for the exterior of this circle are the functions

ug(z1,22) = 2 (21n|z| + 14 e lz|%) .
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