Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Uniqueness in determining polyhedral sound-hard

obstacles with a single incoming wave

Johannes Elschner^1, Masahiro Yamamoto^2

submitted: January 11, 2008

1 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 10117 Berlin Germany E-Mail: elschner@wias-berlin.de

2 The University of Tokyo Department of Mathematical Sciences 3–8–1 Komaba Meguro Tokyo 153 Japan E-Mail: myama@ms.u-tokyo.ac.jp

No. 1289 Berlin 2008

2000 Mathematics Subject Classification. 35R30, 35B60.

Key words and phrases. Inverse scattering problem, uniqueness, sound-hard, poly hedral obstacle.

The first author gratefully acknowledges the support by the D epartment of Mathematical Sciences of the University of Tokyo during his stay in January/February of 2007. The work was continued while the second author was visiting the Weierstrass Institute for Ap plied Analysis and Stochastics in March/April of 2007, and he thanks the Institute and the DFG Research Cent er Matheon for the support.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochas tik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We consider the inverse acoustic scattering problem of dete rmining a sound-hard obstacle by far field measurements. It is proved that a polyhe dral scatterer in R^n , n ≥ 2, consisting of finitely many solid polyhedra, is uniquely d etermined by a single incoming plane wave.

1 Introduction

Let D be a compact subset of R^n , n ≥ 2, and assume that a time harmonic plane wave u^{in} (x) = exp( ikd ·x), x ∈ R^n , is incident on the scatterer D . Here k > 0 is the wave number, which is kept fixed throughout the paper, and d ∈ S^{n − 1} is the incident direction. In the case of a sound-hard scatterer D , the total field u which is the sum of u^{in} and the scattered field u^{sc} satisfies the following exterior boundary value problem in D^c := R^n \D :

Δ u + k^2u = 0 in D^c , ∂_ν u = 0 on ∂D , lim_{r →∞} r^{(n − 1)/2}(∂_r u^{sc} − iku^{sc} ) = 0 , r = |x| . � (1.1)

Here ν is the unit normal to ∂D pointing to D^c, and the relation in the second line of (1.1) is the Sommerfeld radiation condition which holds u niformly in all directions x̂ = x/|x| ∈ S^{n − 1} as |x| → ∞ . This condition implies that the asymptotic behaviour at infinity of the scattered field u^{sc} is governed by the relation

u^{sc} (x) = r^{(1− n )/2} exp(ikr ){ u_∞ (x̂) + O(r^{− 1})} , r → ∞ , (1.2)

holding uniformly in all directions ^x ∈ S^{n − 1}; see, e.g., [3], [11]. The function u_∞ defined by (1.2) on S^{n − 1} is called the far field pattern of u^{sc} . In the case of a sound-soft scatterer D , the boundary condition on ∂Din (1.1) is replaced by u = 0.

The inverse acoustic scattering problem consists in determ ining a (sound-soft or soundhard) scatterer by its far field pattern u_∞ for one or several incident directions, and its uniqueness presents important and challenging open proble ms since many years; see, e.g., [3], [4], [7]. Uniqueness results with a minimal number of in cident waves have recently been obtained within the class of polygonal and polyhedral s catterers.

Definition 1 A compact set D ⊂ R^n is called a polyhedral obstacle if D is the union of finitely many convex polyhedra and its exterior D^c is connected. We shall say that a compact set D ⊂ R^n with connected exterior D^c is a polyhedral scatterer if D is the union of a polyhedral obstacle and finitely many cells, where a cell is defined as the closure of an open connected subset of an (n − 1)-dimensional hyperplane.

Note that a polyhedral obstacle coincides with the closure o f its interior, whereas a polyhedral scatterer may also contain ( n − 1)-dimensional components (e.g., screens).

It was proved in [1] that any sound-soft polyhedral scattere r is uniquely determined by the far field pattern of a single incident wave. The method in [ 1] is based on a careful study of the nodal set N = { x : u(x) = 0 } of the direct solution in D^c, the reflection principle for the Helmholtz equation, and the construction of a path in D^c connecting a point on ∂Dto infinity and intersecting N suitably.

The approach of [1] was considerably simplified in [8] to obta in a shorter proof in the sound-soft case, together with the result that any sound-ha rd polyhedral scatterer is uniquely determined by the far field patterns for n linearly independent incident directions, generalizing previous work in the 2D case [2]. Moreover, the se uniqueness results can be extended to scatterers with impedance and mixed type (Diric hlet/Neumann) boundary conditions [9], [10].

What about uniqueness in the inverse Neumann problem with on ly one incident direction? The counter-examples of [9] show that, in general, a po lyhedral scatterer cannot be uniquely reconstructed using less than n incident waves. On the other hand, it was shown in [6] and [10] that one incident wave is enough to recover a po lygonal obstacle (in the sense of Definition 1 for n = 2). The aim of this paper is to prove the higher dimensional analogue of that result.

Theorem. For fixed k > 0 and d ∈ S^{n − 1}, a polyhedral obstacle D ⊂ R^n (n ≥ 2) is uniquely determined by the far field pattern u_∞ .

For the proof of our uniqueness result, the notion of a Neuman n plane is of importance (cf. also [8]).

Definition 2 Let Π ⊂ R^n be an (n − 1)-dimensional hyperplane. A non-void open connected component π of Π ∩ D^c such that ∂_ν u = 0 in π (where u is the solution of (1.1)) is called a Neumann plane of u.

Note that in contrast to a Dirichlet plane in the sound-soft c ase, which is always a bounded set (see [1], [8]), a Neumann plane may be unbounded. As a key p reliminary result, we will show in Section 2 that there are at most finitely many unbo unded Neumann planes of u (Lemma 2). To carry out the proof of the theorem in Section 3, w e modify the path and reflection arguments of [1] and [8] in that we construct a p ath to infinity avoiding the unbounded Neumann planes. Note that our approach here differ s essentially from that in the 2D case [6], [10], which is mainly based on the finitenes s of the set of bounded Neumann planes (lines) and is difficult to extend to higher dim ensions.

2 Preliminaries

Let D ⊂ R^n be a polyhedral obstacle, and let u ∈ H^1_{loc} (D^c) be the unique solution of the direct problem (1.1); see, e.g., [5, Chap. 3.4]. Note t hat the solution u to the homogeneous Helmholtz equation is real-analytic in D^c. We first collect some properties of the Neumann planes of u, which will be needed in the sequel.

Let π ⊂ Π be a Neumann plane of u, where Π ⊂ R^n is an ( n − 1)-dimensional hyperplane. Then its boundary ∂πis always a subset of ∂D(but may be void) since otherwise the zero set of ∂_ν u on Π ∩ D^c could be extended.

A Neumann plane π ⊂ Π may be bounded or unbounded, but Π can contain at most one unbounded Neumann plane for n ≥ 3 and at most two Neumann planes (lines) if n = 2. This is clear for n = 2 since a connected open set in R is a (bounded or unbounded) interval, and there cannot lie more than two unbounded inter vals on an infinite straight line. Here and in the following, we refer to [12, Chaps. 2.9, 2 .10] for the properties of connected sets. For n ≥ 3, assume there are two different unbounded Neumann planes π_1, π_2 on Π. However, outside a sufficiently large ball B ⊂ Π, there is no continuous curve on Π connecting points from π_1 and π_2 since it would intersect ∂D. Note that ∂D is bounded and B^c is connected.

Moreover, a hyperplane Π contains at most finitely many bound ed Neumann planes. Note that D^c is the union of Q^c and finitely many bounded convex polyhedra, where Q is a sufficiently large closed cube. Hence D^c is the union of finitely many (possibly unbounded) convex polyhedra. Moreover, the intersection of the interi or of such a polyhedron with Π is either void or an ( n − 1)-dimensional open convex polyhedron. Thus the intersect ion of Π with D^c can only have finitely many connected components.

Lemma 1 The normal to an unbounded Neumann plane is always orthogona l to the wave vector d of the incident wave u^{in} .

The proof is analogous to that of Lemma 9 in [2], using the fact that lim_{r →∞} |∇ u^{sc} | = 0; see also Lemma 2 in [8].

For n = 2, it was proved in [10, Cor. 2.16] that all unbounded Neuman n lines must lie on one infinite straight line, so that there exist at most two unb ounded Neumann lines of u. Using Lemma 1, we can prove the following weaker version of th is result which is valid in any dimensions and is sufficient for our purposes.

Lemma 2 There is at most a finite number of unbounded Neumann planes of u, say π_j ⊂ Π_j , j = 1 , · · ·, N , where Π_j are (n − 1)-dimensional hyperplanes. Of course, the set of unbounded Neumann planes may be void, N = 0 .

Note that the hyperplanes Π_j must be mutually different for n ≥ 3, whereas this need not be the case for n = 2.

Proof of Lemma 2. Assume there exists a sequence of (different) hyperplanes { Π_j : j ∈ N} such that there is (at least) one unbounded Neumann plane π_j ⊂ Π_j for each j . We first show that the convex hull D of the polyhedral obstacle D must be symmetric with respect to each Π ∈ { Π_j }.

Let R denote the reflection with respect to Π. If D were not symmetric, i.e. D ≠ R(D), there would exist a vertex P ∈ R(D) such that P ∈ D^c. Applying even reflection to the solution u of (1.1) and using the fact that at least n faces (cells) of D meet at the vertex R(P ) of D (and D ), we obtain n unbounded Neumann planes passing P and having linearly independent normal vectors. Note that P ∈ D^c ⊂ D^c is a vertex of the convex set R(D), and u is even symmetric with respect to Π and analytic in D^c. This contradicts Lemma 1 since there do not exist more than n − 1 linearly independent vectors orthogonal to x_n -direction.

Finally, we observe that D cannot be symmetric with respect to infinitely many hyperplanes since the number of vertices of D is finite. This contradiction finishes the proof of the lemma. □

3 Proof of Theorem

3.1 The case N = 0

To prove the theorem in this case (where no unbounded Neumann plane of u exists), we employ path and reflection arguments due to [1] and later modi fied in [8]. Here we follow [8] in spirit, but present a shorter version.

Step 1: existence of a Neumann plane Assume contrarily that there is another polyhedral obstacl e D_1 ≠ D such that the far fields of u and u_1 (the solution of problem (1.1) for D_1) coincide on S^{n − 1}. The following arguments are standard, and we refer to [6], [8] for the detai ls. We have

u_1 = u in the unbounded connected component Ω of R^n \(D ∪ D_1) . (3.1)

Furthermore, since D^c and D^c_1 are connected, we obtain ∂Ω ⊄ D ∪ D_1 and can assume without loss of generality that

S := ( ∂D_1\D ) ∩ ∂Ω ≠ ∅ . (3.2)

By (3.1) and (3.2), there is a cell F ⊂ S such that ∂_ν u = 0 on F , and denoting by Π the hyperplane containing F and by int( F ) the interior of the set F , we find a Neumann plane π of u such that int( F ) ⊂ π ⊂ Π which must be bounded by our assumption.

Step 2: path argument Choose a point P ∈ int( F ) and a continuous and injective path γ(t), t ≥ 0, starting at P = γ(0) and leading to infinity in the connected set Ω. In fact, if B is a sufficiently large ball (centered at the origin), we can first connect P with some point Q ∈ B^c ∩ Ω by finitely many segments parallel to the coordinate axes, an d Q may be connected to infinity e.g. by a ray parallel to x_n -direction. Note that the set γ := { γ(t) = t ≥ 0} is homeomorphic to [0 , ∞ ).

Let M be the set of intersection points of γ with all (bounded) Neumann planes of u. By Step 1, M ≠ ∅ . Moreover, M is bounded since there is no bounded Neumann plane outside a sufficiently large ball B . (A Neumann plane π, with π ∩ B^c ≠ ∅ and B large, must be unbounded since ∂Dis bounded.)

By Lemma 2 in [8], M is also closed, hence compact. Thus there exists t_0 ≥ 0 such that no Neumann plane of u can intersect γ(t) for t > t_0. Let π_0 ⊂ Π_0 be a Neumann plane passing γ(t_0), where Π_0 is an ( n − 1)-dimensional hyperplane.

Step 3: reflection argument and final contradiction We now apply the reflection argument of [1, Lemma 3.7] to prove the existence of a Neumann plane π^′ intersecting γ(t) at some t^′ > t_0 which is a contradiction.

Let R denote the reflection with respect to the plane Π_0, and choose x^+ = γ(t_0 + ε) for ε > 0 sufficiently small and x^− = R(x^+ ). Let G^± be the connected component of D^c\π_0 containing x^± , and denote by E^± the connected component of G^± ∩ R(G^∓ ) containing x^± . We set E = E^+ ∪ π_0 ∪ E^− . Note that E is a connected open set whose boundary consists of cells of ∂Dand R(∂D).

Then, by the (even) reflection principle for the Helmholtz eq uation in D^c, we obtain that u is even symmetric in E (with respect to Π_0), so that ∂_ν u = 0 on ∂Eand E ∩ Π_0. Moreover, E is bounded since otherwise Π_0 would contain an unbounded Neumann plane.

Hence, γ(t) must intersect ∂E at some t^′ > t_0, so that there exists a Neumann plane π^′ passing γ(t^′). □

Remark 1 The decisive step in the above argument is the boundedness of the set E . Here this is ensured by the fact that Π_0 does not contain an unbounded Neumann plane.

Another possibility to prove boundedness of E is to use a bounded connected component G^− of D^c\π_0 with ∂_ν u = 0 on ∂G^− , in which case Π_0 may contain an unbounded Neumann plane. We will employ a version of this argument to prove exis tence of a bounded Neumann plane in the case N ≥ 1.

3.2 The case N ≥ 1

We now assume that there is at least one unbounded Neumann pla ne of u.

Definition 3 Let π be a Neumann plane of u. We write π ∈ P_0 if π is either an unbounded Neumann plane (π_j ⊂ Π_j , j = 1 , · · ·, N ) or a bounded Neumann plane lying on one of the hyperplanes Π_j (j = 1 , · · ·, N ). Otherwise, if π is bounded and not contained in one of the hyperplanes Π_j , we write π ∈ P_1.

To prove the theorem for N ≥ 1 by contradiction along the lines of Section 3.1, we will modify the path and reflection arguments appropriately. Mor e precisely, we construct a path γ(t), t ≥ 0, which starts at a Neumann plane of u and leads to infinity avoiding the finitely many (cf. Section 2) Neumann planes of P_0 for all t > 0. Then we prove existence of a bounded Neumann plane intersecting γ(t) at some t^∗ > 0 by using the reflection argument. Finally, the path and reflection arguments of Sect ion 3.2 are applied again to obtain a contradiction to the existence of a “last” intersec tion point of { γ(t) : t ≥ t^∗} with the Neumann planes of P_1.

Step 1. By Lemma 2 we can assume that P_0 = { π_1, · · ·, π_{N + M} }, where M ≥ 0 and π_j , j > N , are bounded Neumann planes lying on the hyperplanes Π_k , k = 1 , · · ·, N . We introduce the open set (cf. (3.1))

Σ := Ω \

N + M�

j =1

π_j , (3.3) which has only finitely many bounded and unbounded connected components, but at least one unbounded connected component. In fact, Ω̄ is the union of finitely many (possibly unbounded) convex polyhedra, and by the hyperplanes Π_1, · · ·, Π_N each of these convex polyhedra is cut into a finite number of polyhedral connected components. Recall that each π_j (j = 1 , · · ·, N + M ), i.e. any Neumann plane on Π_1, · · ·, Π_N , extends to the boundary of Ω and/or to infinity. Let Ω_1, · · ·, Ω_l be the bounded components of Σ if there is any, and the case l = 0 is not excluded. We remove the bounded components (which may bl ock the exit to infinity) from Σ by setting

Σ_1 := Σ \ l� j =1

Ω̄_j (3.4)

and observe that ∂Σ_1 consists of cells lying on ∂Ω and the Neumann planes from P_0. The following lemma is crucial for the path and reflection argume nts of the next step.

Lemma 3 There is a cell F^∗ ⊂ ∂Σ_1 with the following properties. (i) int (F^∗) is contained in a Neumann plane π_0 (which may be unbounded), (ii) F^∗ lies on the boundary of a bounded connected component, say G^− , of R^n \(Σ̄_1 ∪ D ) such that ∂_ν u = 0 on ∂G^− , (iii) F^∗ belongs to the boundary of some (unbounded) connected compo nent Ω^∗ of Σ_1.

Proof of Lemma 3. Let first l ≥ 1 and set K =

�_l

j =1 Ω̄ j . Note that Ω̄, Σ̄ 1 and K are

unions of finitely many convex polyhedra (bounded ones in cas e of K), and by (3.3), (3.4) we have Ω̄ = Σ̄ = K ∪ Σ̄_1 , int( K) ∩ int(Σ̄_1) = ∅ . (3.5)

The connectedness of Ω and (3.5) imply S^∗ := ∂Σ̄_1 ∩ ∂K ∩ Ω ≠ ∅ , (3.6) and since ∂Σ̄_1 and ∂K consist of cells, there exists a cell F with F ⊂ S^∗ ⊂ ∂Σ̄_1 ⊂ ∂Σ_1 . (3.7) Moreover, there is a subcell F^′ ⊂ F such that F^′ ⊂ ∂Ω_j ∗ for some j^∗ ≤ l . (3.8) To verify (3.8), we note that each Ω̄_j is the union of finitely many convex polyhedra, and the intersection of the boundary of such a polyhedron with F is either a cell or a convex set of dimension ≤ n − 2 (possibly void). However, the latter case cannot occur for each of those convex polyhedra since its intersection with F is nowhere dense in F . From (3.6)–(3.8) we now observe that the cell F^′ satisfies (i) and (ii). In particular, it is contained in a Neumann plane of P_0, and we can choose as G^− the bounded component Ω_j ∗ .

Let now l = 0, i.e. Σ_1 = Σ. As in Step 1 in Section 3.1 we can choose a cell F ⊂ S ⊂ ∂Ω, which additionally belongs to the boundary of a bounded co nnected component of D^c\∂D_1, say G^− , for which ∂_ν u = 0 on ∂G^− . This follows immediately from (3.1) and (3.2), provided there exists a bounded connected compon ent of D^c\(∂D_1 ∩ ∂Ω). If the latter set is unbounded and connected, we obtain ∂_ν u = 0 on ∂(D^c\∂D_1). Note that we have D^c\∂D_1 ⊂ D^c\(∂D_1 ∩ ∂Ω) and thus u = u_1 in D^c\∂D_1. Therefore, since ∂(D^c\∂D_1) ⊂ ∂D∪ ∂D_1, ∂_ν u = 0 on ∂Dand ∂_ν u_1 = 0 on ∂D_1, we obtain ∂_ν u = 0 on ∂(D^c\∂D_1). Furthermore, by (3.2), and since D and D_1 are assumed to be polyhedral obstacles, there is a bounded connected component of D^c\∂D_1, so that we have ∂_ν u = 0 on its boundary.

Therefore, in any case, there exists a cell F satisfying (i) and (ii). Finally, since Σ_1 (where Σ_1 = Σ for l = 0) only consists of finitely many (unbounded) polyhedral co mponents, we can choose a subcell F^∗ ⊂ F which also satisfies (iii); see the proof of (3.8). □

Step 2. Now we select a (continuous and injective) path γ(t), t ≥ 0, starting at some point P^∗ = γ(0) ∈ int( F^∗) and leading to infinity in the connected set Ω^∗ (from Lemma 3). Indeed, for a sufficiently large ball B centred at the origin, we first connect P^∗ to some point Q^∗ ∈ B^c ∩ Ω^∗ by finitely many segments parallel to the coordinate axes. Th en, by Lemma 1 and because there is no bounded Neumann plane outside B , we may connect Q^∗ to infinity by a ray parallel to x_n -direction.

Next we show that γ must intersect another Neumann plane π at some point P = γ(t^∗), t^∗ > 0. For this we apply the reflection argument of Section 3.1 to u with respect to the hyperplane Π_0 ⊃ F^∗, where F^∗ is the cell from Lemma 3.

In particular, we use the bounded component G^− from Lemma 3 and choose G^+ as the connected component of D^c\π_0 containing γ(ε) for sufficiently small ε > 0 (cf. Section 3.1, Step 3). Thus the existence of such a Neumann plane π is guaranteed (cf. also Remark 1), and by our construction of the path γ, π must belong to P_1.

Denoting by M^∗ the set of intersection points of γ^∗ = { γ(t) : t ≥ t^∗} with all Neumann planes of P_1, we can repeat the arguments of Section 3.1 to show that M^∗ is compact. Hence, there exists a “last” intersection point of γ^∗ with the (bounded) Neumann planes from P_1.

Step 3. Performing another reflection step, we obtain a final contrad iction as in Section 3.1 since γ^∗ can only intersect Neumann planes from P_1. This finishes the proof of the theorem. □

Remark 2 The theorem is not true for polyhedral scatterers in the sens e of Definition 1 as counter-examples in [9] show. In fact, the results of Liu a nd Zou [8] on the uniqueness of polyhedral scatterers in the inverse Neumann proble m with n linearly independent incident directions cannot be improved in general. We also n ote that the arguments of Section 3.1 are sufficient to prove these uniqueness results w ith n incident waves since the corresponding (simultaneous) Neumann planes are always bo unded.

Remark 3 Combining our approach with some of the arguments in [9], [10 ], the theorem can be extended to polyhedral obstacles with mixed type and impedance boundary conditions.

References

[1] Alessandrini, G. and Rondi, L. 2005 Determining a sound- soft polyhedral scatterer by a single far-field measurement Proc. Am. Math. Soc. 133 1685–91 (Corrigendum: http://arxiv.org/abs/math.AP/0601406)

[2] Cheng, J. and Yamamoto, M. 2003 Uniqueness in an inverse s cattering problem with non-trapping polygonal obstacles with at most two incoming waves Inverse Problems 19 1361–84 (Corrigendum: Inverse Problems 21 1193)

[3] Colton, D. and Kress, R. 1998 Inverse Acoustic and Electromagnetic Scattering 2nd edn (Berlin: Springer)

[4] Colton, D. and Kress, R. 2006 Using fundamental solution s in inverse scattering Inverse Problems 22 R49–66

[5] Cessenat, M. 1996 Mathematical Methods in Electromagnetism (Singapore: World Scientific)

[6] Elschner, J. and Yamamoto, M. 2006 Uniqueness in determi ning polygonal soundhard obstacles with a single incoming wave Inverse Problems 22 355–64

[7] Isakov, V. 2006 Inverse Problems for Partial Differential Equations 2nd edn (New York: Springer)

[8] Liu, H. and Zou, J. 2006 Uniqueness in an inverse acoustic obstacle scattering problem for both sound-hard and sound-soft polyhedral scatterers Inverse Problems 22 515–24

[9] Liu, H. and Zou, J. 2007 On unique determination of partia lly coated polyhedral scatterers with far field measurements Inverse Problems 23 297–308

[10] Liu, H. and Zou, J. 2006 Uniqueness in determining multi ple polygonal and polyhedral scatterers of mixed type Preprint 2006–03 (337) The Chinese University of Hong Kong

[11] Potthast, R. 2001 Point Sources and Multipoles in Inverse Scattering Theory (Boca Raton: Chapman & Hall/CRC)

[12] Schwartz, L. 1967 Analyse Mathématique (Paris: Hermann)