Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

On an evolutionary model for complete damage based on energies and stresses

Alexander Mielke^{1,2}

submitted: 20th December 2007

1 Weierstraß-Institut

für Angewandte Analysis und Stochastik Mohrenstraße 39 10117 Berlin Germany E-Mail: mielke@wias-berlin.de

2 Institut für Mathematik Humboldt-Universität zu Berlin Rudower Chaussee 25 12489 Berlin-Adlershof Germany

No. 1287 Berlin 2007

W I A S

2000 Mathematics Subject Classification. 35K65, 35K85, 49S05, 74C05, 74R05.

Key words and phrases. Weak energetic solution, rate independent energetic system, complete damage, Gamma convergence.

This research was partially supported by DFG Research Center Matheon, subproject C18: Analysis and numerics of multidimensional models for elastic phase transformations in shapememory alloys. The author is grateful to Tomáš Roubíček and Ulisse Stefanelli for helpful discussions.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

The model recently developed in [BMR07] allows for complete damage, such that the deformation is not well-defined. The evolution can be described in terms of energy densities and stresses. We introduce the notion of weak energetic solution and show how the existence theory can be generalized to convex, but non-quadratic elastic energies. We also discuss Γ-convergence from partial to complete damage.

1 Introduction

There is a rich literature on rate-independent mechanical models for damage in brittle materials, cf. [Ort85, FrM93, DPO94, FrN96, DMT01, MaA01, HaS03], and recently several mathematical approaches [FrM98, FKS99, FrG06] were developed, in particular the abstract theory of rate-independent processes [MiT99, MiT04, Mie05] proved very helpful as it allows one to employ the machinery of incremental minimization.

Here we want to contribute to the models discussed in [MiR06, BMR07, MRZ07]. Let u : Ω → R^d be the displacement and z : Ω → [0, 1] the damage variable, then the rate-independent system is given by the triple (F×Z, E, D), where u ∈ F, z ∈ Z. The energy-storage functional has the form

E_δ(t, u, z) = � Ω W (x, e(u_D(t)+u)(x), z(x)) + δ|e(u_D(t)+u)|^p dx + G(z),

and the dissipation is D(z, ^z) = � Ω D(x, z(x), ~z(x)) dx. For δ > 0 existence of energetic solutions (u_δ, z_δ) is known for general W , see [MiR06]. The limit passage for δ → 0 in the sense of Γ-limits works under the assumption that e → W (x, e, z) is quadratic, see [BMR07, MRZ07]. The difficulty is that W is not coercive, hence in the limit δ → 0 we are not able to control u_δ, and convergence should only be valid for z_δ. The task is to define a limit equation in terms of z. In particular one needs a replacement of the power of the external forces giving the limit of ∂_tE_δ(u_δ(t), z_δ(t)).

Here we discuss the changes needed to generalize from a quadratic W (x, ·, z) to arbitrary strictly convex potentials with p growth from above. The main idea is to use a reduced functional I_δ(t, z) avoiding the usage of u; however, to keep control over stresses one introduces an auxiliary functional V_δ : L^p(Ω; R^{d×d}_{sym})×Z → R such that I_δ(t, z) = min{ E_δ(t, ~u, z) | u ∈ F } = V_δ(e(u_D(t)), z) + G(z), and D_eV_δ(e(u_D(t)), z(t)) ∈ L^{p/(p−1)}(Ω; R^{d×d}_{sym}) gives the equilibrium stress.

In (Z, I_δ, D) it is possible to pass to the Γ-limit for δ → 0 with respect to the weak convergence in Z ⊂ W^{1,r}(Ω). However, the Γ-limit I(t, ·) loses in general differentiability in t, since we are not able to show that the Γ-limit V(e, ·) of V_δ(e, ·) remains differentiable in e. Nevertheless, the convexity of V(·, z) allows us to characterize the Clarke differential using the left and right partial derivative in t:

∂^{Cl}_t I(t, z) = � ∂^−_t I(t, z), ∂^+_t I(t, z) � , where ∂^±_t I(t, z) = ± sup{ ⟨±σ, e(u̇_D(t))⟩ | σ ∈ ∂^{sub}_e V(e(u_D(t)), z) }.

We generalize the notion of energetic solutions [Mie05] to weak energetic solutions by keeping stability (S) and replacing the energy balance by

I(t, z(t)) + Diss_D(z, [0, t]) = I(0, z(0)) +

�_t 0 p(τ)dτ,

where p has to satisfy p(τ) ∈ ∂^{Cl}_τ I(τ, z(τ)) a.e. in [0, T ], see Definition 4.3. Theorem 4.4 establishes existence of such weak energetic solutions to (Z; I, D). Moreover, assuming that a certain conjecture holds, we show that a subsequence (z_{δj} )_{j∈N} converges to weak energetic solution for (Z, I, D).

2 Setup of the model

The body Ω ⊂ R^d is described by a bounded Lipschitz domain. The state of the system is described by the displacement ~u : Ω → R^d and the scalar damage variable z : Ω → [0, 1], where z = 1 denotes no damage and z = 0 means that the maximal damage has been reached (all microscopic breakable structures are broken). The displacement ~u will satisfy time-dependent Dirichlet boundary conditions on Γ_D ⊂ ∂Ω via u_D ∈ C^1([0, T ], W^{1,p}(Ω)) in the form

~u(t) = u_D(t) + u(t) with u(t) ∈ F = { v ∈ W^{1,p}(Ω) | v|_{ΓD} ≡ 0 }.

We also use the infinitesimal strain tensor e(u) =^1_2 � ∇u + (∇u)^T � and set

e_D(t) = e(u_D(t)) and ė_D(t) = e(u̇_D(t)) where ˙ = ∂_t.

The stored energy of the system is given via the functional

E(t, u, z) = � Ω W (x, e_D(t, x)+e(u)(x), z(x))dx + G(z) with G(z) = � Ω b(z(x)) + κ(x)|∇z(x)|^r dx,

where κ ∈ L^∞(Ω) and κ(x) ≥ c_0 a.e. Thus, the suitable space for the deformation states is Z = { z ∈ W^{1,r}(Ω)|0 ≤ z ≤ 1 }. The additional term b is intended to model cohesive effects and should satisfy b^′(z) ≤ 0, i.e., if the stresses in the material are released then the damage may heal (ż > 0) by using up some energy.

The stored energy density W : Ω×E_d ×[0, 1] → R, where E_d = R^{d×d}_{sym}, is a Carathéordory function satisfying

∀ (x, z) ∈ Ω : W (x, ·, z) ∈ C^1(E_d), (1a) ∃ C > 0 ∀ (x, e, z) : W (x, e, z) ≤ C|e|^p + C, (1b) ∀ (x, z) : e → W (x, e, z) is strictly convex, (1c) ∀ (x, e) : z → W (x, e, z) is nondecreasing, (1d) ∃ c_1, c_2 ∀ (x, e, z) : |∂_eW (x, e, z)| ≤ c_1(W (x, e, z)+c_2)^{1−1/p}. (1e)

Condition (1d) means that the material becomes weaker if damage increases, and (1e) is called “stress control”, since it allows us to control the size of the stresses in terms of the energy alone, uniformly in (x, z). A typical function W has the form

W (x, e, z) = W_0(x, e) + a(z)W_1(x, e),

where W_0 and W_1 are smooth and convex, W_0 may be non-coercive while W_1 is coercive, a(z) ≥ cz^α and a^′(z) ≥ 0.

Finally we describe the dissipation functional D : Z × Z → [0, ∞] via

D(z_0, z_1) = � Ω D(x, z_0(x), z_1(x))dx,

where, for each x, D satisfies the triangle inequality and the coercivity D(x, z, ~z) ≥ C|z−~z|. The typical choice is D(x, z, ~z) = δ_+(z−~z) for ~z ≤ z and δ_−(~z−z) for z ≤ ~z, where δ_+ ∈ (0, ∞) and δ_− ∈ (0, ∞]. Here δ_− = ∞ forbids healing, which can only take place if δ_− + b^′(z) < 0 for some z.

With these functionals we define notion of energetic solution (see [MiT99, MiT04] and the surveys [Mie05, MiR08]) for the rate-independent energetic system (Q, E, D), where Q = F × Z. A mapping q = (u, z) : [0, T ] → Q is called energetic solution if for all t ∈ [0, T ] we have stability (S) and energy balance (E):

(S) ∀ ~q = (~u, ~z) ∈ Q : E(t, q(t)) ≤ E(t, ~q) + D(z(t), ~z); (E) E(t, q(t)) + Diss_D(z, [0, t]) = E(0, q(0)) +

�_t 0 ∂_τ E(τ, q(τ))dτ. (2) Here Diss_D(z, [r, s]) is defined to be the supremum of

�_N 1 D(z(t_{j−1}, z(t_j )) over all finite partitions r ≤ t_0 < t_1 · · · t_N ≤ s. Here we use that for each q the power of the external forces ∂_tE(t, q) is well defined by using (1e), and (E) implicitly assumes that t → ∂_tE(t, q(t)) is measurable.

For non-coercive problems, where u is no longer well-defined, we will see that it is the main problem how to define this partial derivative ∂_tE(t, q). Thus, it is an open problem whether under the above assumption a general existence result holds. However, the coercive case was solved under more general assumptions including unilateral constraints and volume forces, cf. [MiR06]. To make this theory applicable we strengthen the lower bound in (1b) to make it coercive in e for all z ∈ [0, 1].

Theorem 2.1 If the above assumption hold with p > 1 and r > d and if W additionally satisfies

∃ C, c > 0 ∀ (x, e, z) : c|e|^p − C ≤ W (x, e, z),

then for all stable initial states q_0 ∈ Q (i.e., (S) holds at t = 0 with q(0) replaced by q_0) there exists an energetic solution q : [0, T ] → Q with q(0) = q_0 and q ∈ L^∞([0, T ], W^{1,p}(Ω)×W^{1,r}(Ω) and z ∈ B([0, T ], W^{1,r}(Ω)).

3 Reformulation based on stress and energy

The approach for solving non-coercive problems was indicated already in [MiR06] and finally solved in [BMR07] under the additional assumption that W is quadratic: W (x, e, z) =^z_2 e:C:e; however more general quadratic forms^1_2 e:C(z):e + g(z):e + γ(z) would work equally well. The main idea is to approximate the non-coercive case with a coercive one by setting

W_δ(x, e, z) = W (x, e, z) + δ(1+|e|^2)^{p/2}. (3)

Then for each δ > 0 there is a solution q_δ = (u_δ, z_δ) of the rate-independent energetic system (Q, E_δ, D). Moreover, using the stress control (1e) it is not difficult to show that there exists C > 0 such that for all δ ∈ (0, 1) and all t ∈ [0, T ] we have E_δ(t, q_δ(t)) + Diss_D(z_δ, [0, t]) ≤ C.

Now, using the theory of Γ-convergence of rate-independent energetic systems [MRS07] it is then possible to pass to the limit in the reduced system, where the displacement u is minimized out. The latter step is essential, since it is not to be expected that u_δ or e(u_δ) converges in any reasonably sense. In regions where z = 0 holds we may have W (x, e, 0) = 0 for a large and possibly unbounded set of strains e ∈ E_d due to the missing coercivity.

To define the reduced problem we use the strict convexity (1c) to find that E_δ(t, ·, z) has a unique minimizer u = U_δ(t, z) ∈ F. With this we have

I_δ(t, z) = � Ω W_δ(x, e_D(t)+e(U_δ (t, z)), z)dx + G(z).

A classical argument [KnM07, KMZ07] shows that ∂_tI_δ (t, z) = ∂_tE_δ(t, U_δ(t, z), z).

While the limit of the energy I_δ(t, z_δ) along energetic solutions q_δ can be understood in the sense of Γ-limits, it is nontrivial to control the power

∂_tI_δ (t, z_δ) = � Ω σ_δ (t):ė_D(t)dx with σ_δ (t, x) = ∂_eW (x, e_D(t, x)+e(u_δ(t))(x), z_δ(t, x)).

The main observation is that the stress-control assumption (1e) and the usual energy a priori estimates provide bounds for σ_δ in L^{p/(p−1)}(Ω, E_d) that are independent of δ > 0.

The essential idea to make the limit tractable is to introduce an auxiliary functional in which it is possible to keep control over the Γ-limit. Denote by E = L^p(Ω; E_d) the strain space, and for (e, z) ∈ E × Z let

H_δ(e, z) = V_δ(e, z) + G(z) with V_δ(e, z) = min{ � Ω W_δ(x, e+e(u), z)dx | u ∈ F }. (4) In fact, the functional V_δ should not be considered as a functional on E but rather on B = { u|_{∂Ω} | u ∈ F }, since all the other information is minimized out. Moreover, for fixed z ∈ Z, the mapping e → V_δ(e, z) is convex and differentiable with

D_eV_δ(e, z) = ∂_eW (x, e+e(V (e, z)), z) ∈ E^∗ = L^{p/(p−1)}(Ω; E_d),

where V (e, z) ∈ F is the unique minimizer in (4). This shows that σ = D_eV_δ(e, z) is in fact an equilibrium stress, and thus satisfies div σ = 0 in Ω and σ ν = 0 on ∂Ω\Γ_D.

The importance of the functional V_δ is that on the one hand it is possible to do the Γ-limit for δ → 0 and keep some of the main features and that on the other hand, by construction the reduced functional I_δ and its partial derivative with respect to t can be easily expressed:

I_δ(t, z) = V_δ(e_D(t), z)+G(z) and ∂_tI_δ(t, z) = ⟨D_eV_δ(e_D(t), z), ė_D(t)⟩.

Thus, we have found a way to express the energies in terms of the damage alone and we still have control over the equilibrium stresses D_eV_δ(e_D(t), z) that are needed to control the power generated by the boundary data u_D(t).

4 Existence for the complete-damage problem

A functional I(t, ·) : Z → R is called the Γ-limit of (I_δ(t, ·))_δ if

(Γ1) z_δ ⇀ z in Z =⇒ I(t, z) ≤ lim inf_{δ→0} I_δ(t, z_δ), (Γ2) ∀ z ∈ Z ∃ (z_δ)_δ : z_δ ⇀ z in Z and I_δ(t, z_δ) → I(t, z).

We note that Γ-convergence is quite different from pointwise convergence, see Example 4.2. Moreover, while each I_δ was strongly continuous, this is not true for I(t, ·); only the important weak lower semicontinuity is maintained (as for all Γ-limits).

The main difficulty is to control the temporal smoothness of I, or more precisely to show that the following implication holds

z_δ ⇀ z in Z I_δ(t, z_δ) → I(t, z) � =⇒ ∂_tI_δ(t, z_δ) → ∂_tI(t, z),

cf. condition (2.9) in [MRS07]. To provide this result we use the functional V_δ, since its Γ-limit can be studied more easily. The following result is a direct generalization of [BMR07, Prop. 2.10].

Proposition 4.1 Let (1) hold with p > 1 and r > d. On E × Z define

V(e, z) = lim_{ε→0+} � lim_{δ→0+} V_δ � e, max{z−ε, 0} � . Then, V satisfies

∃ C > 0 ∀ (e, z) ∈ E × Z : −C ≤ V(e, t) ≤ C + C‖e‖^p_E, (5a) ∀ z ∈ Z : V(·, z) is convex on E, (5b) if W (x, ·, z) is quadratic, then V(·, z) is quadratic. (5c)

Moreover, we have I(t, z) = V(e_D(t), z) + G(z).

The proof relies on the compact embedding of W^{1,r}(Ω) into C^0(Ω) and uses essentially the monotonicity properties of the mapping (ε, δ) → V_δ � e, max{z−ε, 0} � : it is non-increasing in ε because of (1d) and it is nondecreasing in δ because of the definition of W_δ in (3). Thus, the limit V(e, z) always exists as a pointwise limit in δ and then in ε. Moreover, for each fixed z the convexity in e is preserved by pointwise convergence. The following example, which is inspired by [BoV88, Ex. 3] and further discussed in [BMR07], shows that in general V is strictly smaller than V_0(e, z) = lim_{δ→0}+ V_δ(e, z).

Example 4.2 Consider Ω = ]−1, 1[ and the energy

I_δ(t, z) = � Ω δ + z 2 (e_D(t)+u^′)^2 dx + G(z).

Then, V_δ(e, z) = � � Ω e dx

�_2 / � Ω 2 δ+z dx. Clearly, the pointwise limit V_0 is obtained by letting δ = 0. However, the Γ-limit V(e, ·) in W^{1,r}(Ω) satisfies

V(e, z) = V_0(e, z) for min z > 0 and V(e, z) = 0 for min z = 0.

For α ∈ ](r−1)/r, 1[ we let z_α(x) = |x|^α, then z_α ∈ Z and 0 = V(e, z) < V_0(e, z) = (1−α) � � Ω edx

�_2 /4. The formula for I allows us to study the question whether the power exists. For this, we use that convex functions have one-sided Gateaux derivatives in all points:

δ_eV(e, z; ^e) = lim_{h→0+} 1 h � V(e+h^e, z) − V(e, z) � = sup{ ⟨σ, ^e⟩ | σ ∈ ∂^{sub}_e V(e, z) }, (6)

where ∂^{sub}_e V(e, z) ⊂ E^∗ denotes the subdifferential of the convex function V(·, z). Using e_D ∈ C^1([0, T ]; E) we find that the left and right partial derivatives ∂^±_t I(t, z) = lim_{h→0}+^{±1}_h � I(t±h, z) − I(t, z) � with respect to t of I exists. We have the relations

∂^−_t I(t, z) = −δ_eV(t, e_D(t); −ė_D(t)) ≤ δ_eV(t, e_D(t); ė_D(t)) = ∂^+_t I(t, z).

Definition 4.3 Let z : [0, T ] → Z satisfy (S) in (2) for all t ∈ [0, T ]. Then, z is called a weak energetic solution of the rate-independent energetic system (Z, I, D), if there exists p : [0, T ] → R such that p(τ) ∈ ∂^{Cl}_τ I(τ, z(τ)) a.e. in [0, T ] and for all t ∈ [0, T ] we have

I(t, z(t)) + Diss_D(z, [0, t]) = I(0, z(0)) +

�_t 0 p(τ)dτ. (7)

Now a slight generalization of the abstract existence theory for rate-independent systems gives the following. Note that we construct weak energetic solutions for (Z, I, D) directly directly, without reference to the solutions z_δ for (Z, I_δ, D).

Theorem 4.4 For all stable z^0 ∈ Z there exists a weak energetic solution for (Z, I, D).

Proof: The existence theory follows the usual steps in the abstract theory for rateindependent processes (cf. [Mie05, FrM06]) via incremental minimization, uniform a priori estimates and Helly’s selection principle. This part and the proof of the stability of the limit process work as in [BMR07].

For the upper energy estimate we obtain, by setting A(t) = I(t, z(t)+Diss_D(z, [0, t]),

A(s) − A(r) ≤

�_s r p^{max}(t)dt with p^{max}(t) = max ∂^{Cl}_t I(t, z(t)).

With a slight generalization of [Mie05, Prop. 5.7] we see that stability of the limit process z implies the lower bound A(s) − A(r) ≥

�_s r p^{min}(t) dt with p^{min}(t) = min ∂^{Cl}_t I(t, z(t)).

Thus, we conclude that A is absolutely continuous and satisfies p^{min}(t) ≤ A^′(t) ≤ p^{max}(t). Hence, setting p(t) = A^′(t) the proof is complete.

In the following example we show that the notion of weak energetic solution, which involves the weakened energy balance (7) with the Clarke differential, is really necessary in cases where the one-sided partial derivatives satisfy ∂^−_t I(t, z) < ∂^+_t I(t, z) at some points. In particular, it is not possible to make an a priori choice like p(t) = max{∂^{Cl}_t I(t, z(t))}, which worked in [KMZ08, MiR08], since there ∂^−_t I(t, z) ≥ ∂^+_t I(t, z) holds.

Example 4.5 This example has a smooth energy I_δ such that ∂_tI_δ exists, while in the limit I is only Lipschitz in t. We let Z = R and D(z, ~z) = |~z−z|. The energy functional reads

I_δ(t, z) = H_δ � z−α(t) � and I(t, z) = 2|z−α(t)|,

where α ∈ C^1([0, T ]) is given and H_δ(u) = 2u^2/ √ δ^2+u^2. For the partial derivatives with respect to time we have

∂_tI_δ(t, z) = −H^′_δ(z−α(t))α̇(t) and ∂^{Cl}_t I(t, z) = −2 Sign(z−α(t))|α̇(t)|.

Since I_δ(t, ·) is smooth and strictly convex, the energetic solutions for (R, I_δ, D) are exactly the solutions of the doubly nonlinear equation (cf. [MiT04])

0 ∈ Sign(ż(t)) + H^′_δ(z(t)−α(t)).

For δ > 0 the system is smooth, while for δ = 0 we have H_0(u) = 2|u| and set I(t, z) = H_0(z−α(t)).

Consider the special case α(t) = t and z_δ(0) = 0. If β_δ is the unique solution of H^′_δ(β_δ) = 1, then the unique energetic solution is z_δ(t) = max{0, t−β_δ}. Using 0 < β_δ → 0 we find the limit solution z(t) = t = lim_{δ→0} z_δ(t). It is a weak energetic solution in the sense of Definition 4.3 by using p(t) = 1 ∈ [−2, 2] = ∂^{Cl}_t I(t, t).

5 Γ-convergence for δ → 0

Here we discuss the Γ-limit for the solutions z_δ of the rate-independent energetic system (Z, I_δ, D). First note that the a priori estimates give the boundedness of the family (z_δ)_δ in BV([0, T ], L^1(Ω)) ∩ L^∞([0, T ], W^{1,r}(Ω)), and hence Helly’s selection principle allows us to extract a subsequence (z_{δk} )_{k∈N} which converges pointwise on [0, T ] to a limit z : [0, T ] → Z satisfying the same bound, i.e., z_δ(t) ⇀ z(t) in Z.

To conclude that z is a weak energetic solution for (Z, I, D) it is sufficient to check two compatibility conditions, namely conditioned continuous convergence of the power, cf. [MRS07, (2.9)], and conditioned upper semicontinuity of stable sets, cf. [MRS07, (2.11)]. The latter condition is purely static and it is not difficult to generalize it to the present case. As in [BMR07] we obtain the energy convergence I_δ(t, z_δ(t)) → I(t, z(t)), which in turn implies strong convergence ‖z_δ(t)−z(t)‖_W1,r → 0. The conditional continuous convergence of the power would be satisfied if the following conjecture would be true.

Conjecture 5.1 Assume that z_{δj} is stable for (Z, I_{δj} , D) at time t, z_{δj} ⇀ z, I_{δj} (t, z_{δj} ) → I(t, z), and σ_{δj} = D_eV_{δj} (e_D(t), z_{δj} ) ⇀ σ_∗ in E^∗, then σ_∗ ∈ ∂^{sub}_e V(e_D(t), z).

The conjecture holds under the assumption that W (x, e, z) is quadratic in e, see [BMR07]. The relevant consequence is obtained via (6):

∂^−_t I(t, z) ≤ lim inf_{δ→0} ∂_tI_δ(t, z_δ) ≤ lim sup_{δ→0} ∂_tI_δ (t, z_δ) ≤ ∂^+_t I(t, z). (8)

Combining this estimate with the abstract Γ-convergence for rate-independent systems from [MRS07] and the existence theory for complete damage from [BMR07] it is possible to obtain the following convergence result.

Theorem 5.2 Assume that the (yet unproved) estimate (8) holds. If (z_δ )_{δ∈(0,1)} is a family of solutions to (Z, I_δ, D) satisfying

z_δ(0) ⇀ z^0 in W^{1,r}(Ω) and I_δ(0, z_δ(0)) → I(0, z^0),

then there exist a subsequence (z_{δj} )_{j∈N} and a weak energetic solution z : [0, T ] → Z for (Z, I, D) with z(0) = z^0 such that for all t ∈ [0, T ]

z_{δj} (t) → z(t) in W^{1,r}(Ω), I_δ(t, z_δ(t)) → I(t, z(t)), Diss_D(z_δ, [0, t]) → Diss_D(z, [0, t]).

References

[BMR07] G. Bouchitté, A. Mielke, and T. Roubíček. A complete-damage problem at small strains. ZAMP Z. Angew. Math. Phys., 2007. To appear (WIAS preprint 1228).

[BoV88] G. Bouchitté and M. Valadier. Integral representation of convex functional on a space of measures. J. Funct. Anal., 80, 398–420, 1988.

[DMT01] A. DeSimone, J.-J. Marigo, and L. Teresi. A damage mechanics approach to stress softening and its application to rubber. Eur. J. Mech. A Solids, 20, 873–892, 2001.

[DPO94] E. De Souza Neto, D. Peric, and D. Owen. A phenomenological three-dimensional rate-independent continuum damage model for highly filled polymers: Formulation and computational aspects. J. Mech. Phys. Solids, 42, 1533–1550, 1994.

[FKS99] M. Frémond, K. Kuttler, and M. Shillor. Existence and uniqueness of solutions for a dynamic one-dimensional damage model. J. Math. Anal. Appl., 229, 271–294, 1999.

[FrG06] G. Francfort and A. Garroni. A variational view of partial brittle damage evolution. Arch. Rational Mech. Anal., 182, 125–152, 2006.

[FrM93] G. A. Francfort and J.-J. Marigo. Stable damage evolution in a brittle continuous medium. European J. Mech. A Solids, 12, 149–189, 1993.

[FrM98] G. Francfort and J.-J. Marigo. Revisiting brittle fracture as an energy minimization problem. J. Mech. Phys. Solids, 46, 1319–1342, 1998.

[FrM06] G. Francfort and A. Mielke. Existence results for a class of rateindependent material models with nonconvex elastic energies. J. reine angew. Math., 595, 55–91, 2006.

[FrN96] M. Frémond and B. Nedjar. Damage, gradient of damage and principle of virtual power. Internat. J. Solids Structures, 33, 1083–1103, 1996.

[HaS03] K. Hackl and H. Stumpf. Micromechanical concept for the analysis of damage evolution in thermo-viscoelastic and quasi-static brittle fracture. Int. J. Solids Structures, 30, 1567–1584, 2003.

[KMZ07] D. Knees, A. Mielke, and C. Zanini. On the inviscid limit of a model for crack propagation. Math. Models Meth. Appl. Sci. (M^3AS), 2007. Submitted (WIAS preprint 1268).

[KMZ08] D. Knees, A. Mielke, and C. Zanini. Crack propagation in polyconvex materials. In preparation, 2008.

[KnM07] D. Knees and A. Mielke. Energy release rate for cracks in finite-strain elasticity. Math. Methods Applied Sciences, 2007. Published online: 9 Jul 2007. WIAS Preprint 1100.

[MaA01] P. M. Mariano and G. Augusti. Basic topics on damage pseudopotentials. Int. J. Solids Structures, 38(10-13), 1963–1974, 2001.

[Mie05] A. Mielke. Evolution in rate-independent systems (Ch. 6). In C. Dafermos and E. Feireisl, editors, Handbook of Differential Equations, Evolutionary Equations, vol. 2, pages 461–559. Elsevier B.V., Amsterdam, 2005.

[MiR06] A. Mielke and T. Roubíček. Rate-independent damage processes in nonlinear elasticity. M^3AS Math. Models Methods Appl. Sci., 16, 177–209, 2006.

[MiR08] A. Mielke and T. s. Roubíček. Rate-Independent Systems: Theory and Application. In preparation, 2008.

[MiT99] A. Mielke and F. Theil. A mathematical model for rate-independent phase transformations with hysteresis. In H.-D. Alber, R. Balean, and R. Farwig, editors, Proceedings of the Workshop on “Models of Continuum Mechanics in Analysis and Engineering”, pages 117–129, Aachen, 1999. Shaker- Verlag.

[MiT04] A. Mielke and F. Theil. On rate–independent hysteresis models. Nonl.

Diff. Eqns. Appl. (NoDEA), 11, 151–189, 2004. (Accepted July 2001).

[MRS07] A. Mielke, T. Roubíček, and U. Stefanelli. Γ-limits and relaxations for rate-independent evolutionary problems. Calc. Var. Part. Diff. Equ., 2007. Online first. WIAS Preprint 1156.

[MRZ07] A. Mielke, T. Roubíček, and J. Zeman. Complete damage in elastic and viscoelastic media and its energetics. Comput. Methods Appl. Mech. Engrg., 2007. Submitted (WIAS preprint 1285).

[Ort85] M. Ortiz. A constitutive theory for the inelastic behavior of concrete.

Mech. Materials, 4, 67–93, 1985.