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Summary. We consider the problem of hypothesis testing about a value of functional.
For ct given functional T the problem is to test a hypothesis T(P) = 0 versus alternatives T( P) > b0 > 0 where P is an arbitrary probability measure. Under the natural
assumptions we show that the test statistics T( Pn) depending on the empirical probability measures Pn are asymptotically minimax. Since the sets of alternatives is fixed
the asymptotic minimaxity is considered in the senses of Bahadur and Hodges-Lehmann
efficiencies. In particular the functional T can be the functional corresponded to the test
statistics of Kolmogorov and omega-square tests.
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1.Introd uction. In nonparametric hypothesis testing a statistician has not usually the
information about the parametric structure of sets of alternatives. From this point it
is natural to study the properties of nonparametric tests in essentially nonparametric
setting. A natural approach to the assignment of nonparametric sets of alternatives has
been proposed by Ch.Stein (1956). For the setting under consideration this approach is
as follows.
Let S be a separable Hausdorff space, B the a-field of Borel sets in S, A the set of
all probability measures (pms) on (S, B) and T a real function on A. Let Xi, ... , Xn
be i.i.d.r.v.'s with pm P E A and let Pn be their empirical pm. Suppose the problem
is to test a hypothesis P E il(O) = ilT(O) = {P : T(P) = 0, P E A} versus alternatives
PE <P(bo) = <PT(bo) = {P: T(P) > bo > 0, PE A}. For this problem we show that the
sequence of test statistics T( Pn) are asymptotically minimax in the senses of Bahadur
and Hodges-Lehmann efficiencies. In the case of Kolmogorov and omega-square tests
the functional T equals respectively.
T(P) = max{IF(x) - Fo(x)lq(Fo(x)): x E (0, 1)}
and

T(P) = [ (F(x) - Fo(x)) 2 q(F0 (x))dF0 (x).
Here F and F 0 .are the distribution functions ( dfs) of pms P and Po respectively, and q
is a nonnegative continuous function on [O, l].
This setting is the setting of hypothesis testing about a value of functional. This
problem has not obtained such a comprehensive development as in estimation (see Levit
(1974), Koshevnick and Levit (1976), Millar (1983), Ibragimov and Khasminskii (1991),
van der Vaart (1991 ), Bickel, Klaassen, Ritov and Wellner (1993), and others). We can
mention only the papers of Ermakov (1990),(1992),(1993). In this papers the lower bound
for the Pitman efficiency has been indicated and results about asymptotic minimaxity of
Kolmogorov, omega-square and chi-square tests has been announced.
The study of Bahadur and Hodges-Lehmann efficiencies of test statistics is a traditional theme in the theory of hypothesis testing. We should mention the papers of Bahadur (1971 ), Hodges-Lehmann ( 1956), Abrahamson (1967) , Mogulskii (1977), Nikitin
(1979), Groeneboom and Shorack (1981), Kallenberg and Ledwina (1987), and others.

2.Main Results.. For any pms P, Q E A define the Kullback-Leibler information

K(Q,P) = LqlogqdP

if

Q<<P

(2.1)

and K(Q,P) = oo otherwise. Here q = dQ/dP. For any PE A and any n c A, <Pc A
denote K(il,P) = inf{K(Q,P): Q EA} and K(il,<P) = inf{K(il,P): PE <P}.
Introduce on A the topologies T and Tc of weak convergence. The topology T is
used traditionally in the theory of large deviations (see Groeneboom, Oosterhoff and
Ruymgaart 1979 ). The topology Tc will be necessary for the receipt of the more subtle
results which could not be obtained on the base of the topology T. We say that a sequence
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of pms Pn converges to a pm Pin the topology r (the topology re) iff for each bounded
measurable function f (continuous bounded function f respectively)
lim

n-oo

1
S

f dPn =

1
S

f dP.

(2.2)

If otherwise is not stipulated all topological properties will be considered with respect to
topology T. The closure and the interior of a set n in the topology T will be denoted by
cl (n) and int (n} respectively.
The results will be given for the k-sample setting since their generalization on this case
is trivial. The changes in the setting and notations are as follows. Let Xii, ... , Xin, be
i.i.d.r.v.'s taking values in S according to pm Pi EA, 1 ::=:; i ::=:; k. Denote n = n 1 +... +nk
and suppose that ni/n-+ Vi > 0 as n-+ oo for all l ::=:; i:::; k. Put Pn = P1~ 1 x ... x P;nk
where P;n, is the empirical pm of Xi1, ... , Xin,, 1 ::=:; i ::=:; k. A is endowed with the topology
r and Ak is given the product topology. For a given functional T : Ak -+ R 1 and any
a, b E R 1 define the sets !Z(a) = {P: T(P) <a, PE Ak} and ~(b) = {P: T(P) 2:: b, PE
Ak}. As mentioned the problem is to test a hypothesis P E !1(0) versus alternatives
PE ~(bo), bo > 0.
.
For any Q =Qi x ... x Qk, P = P1 x ... x Pk E Ak denote

Iv(Q, P) =

k

L ViK(Qi, Pi)· .

(2.3)

i=l

For any P E Ak and any n c Ak, ~ c Ak put I 11 (!l,P) = inf{I11 (Q,P) : Q E n},
Iv(n, ~) = inf{I11 (n, P) : P E ~}. We show that the asymptotically minimax lower
bounds can be given in the terms of functional I 11 (!l, ~ ).
For any test Wn denote.a(Wn) its type I error probability and f3(Wn, Q) its type
II error probability under the alternative Q E ~(b). Put f3(Wn, b) = sup{f3(Wn, Q) :
Q E ~(b)}. If Ln is the test statistics of test Wn then denote f3(a, Ln, Q) = f3(Wn, Q),
f3(a, Ln, bo) = f3(Wn, bo) where a= a(Wn)·
We say that a sequence of test statistics L = {Ln} have the uniform Hodges-Lehmann
index d(L, b0 ) if

d(L, bo) = -2 lim n- 1 log f3( a, Ln, bo).
n-oo

(2.4)

The uniform Bahadur slope e(L, b0 ) is defined similarly

e(L, bo) = -2 lim n- 1 logr(/31, Ln, bo)
n-oo

(2.5)

where r(/31, L, bo) =sup{ a: f3(a, L, bo) < /3i}, /31 E (0, 1).
.Note that in these definitions we assume that the left handsides of (2.4),(2.5) do
not depend on a and /31 respectively. This assumption is usually satisfied for the test
statistics.
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We say that the sequence of test statistics L = {Ln} is asymptotically minimax in the
sense of Hodges-Lehmann efficiency (Bahadur efficiency respectively) if for any sequence
of test statistics V = {Vn} it holds
lim sup log,B(a, Vn,bo)/log,B(a,Ln,bo) :2: 1
n--+-oo

for all a E (0, 1) (respectively
lim sup logr(,B, Vn,bo)/logr(,B,Ln,bo) :2: 1
n--+-oo

for all /3 E (0, 1)).
It is clear, that d(V, b0 ) ~ d(L, b0 ) and e(V, b0 ) ~ e(L, b0 ).

Theorem 2.1. Let T : Ak

-7

R 1 be a nonnegative continuous functional and let one of

the following properties be satisfied
i). n(O) = {P0 }, P0 E Ak.
ii). S is a compact set. There exists bi, b1 < b0 , such that the sets cI>(b), b1 < b < b0 ,
and n(O) are closed in the topology Tc.
Then the sequence of test statistics T(J\) is asymptotically minimax in the sense of
Bahadur efficiency and e(T, b0 ) =Iv( cI>(b0 ), n(O)).

R 1 be a nonnegative continuous functional. Let S be a
compact set and let there exist ao > 0 such that the sets cI>(bo ), n( a) with 0 ~ a ~ a 0 are

Theorem 2.2. Let T : Ak
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closed in the topology Tc· Then the sequence of test statistics T(Pn) are asymptotically
minimax in the sense of Hodges-Lehman efficiency and d(T, b0 ) = Iv(n(o), cI>(bo)).

Theorem 2.1 are easily transfered on the problems of testing complex nonparametric
hypothesis. As an example consider the problem of testing a hypothesis of homogenity
with k = 2 and S = (0, l].
Denote tP the set of all dfs and tPc the set of all continuous dfs. On a functional
T: A2 -7 R 1 define the functional Tc: tP 2 -7 R 1 such that Tc(H1,H2) = T(Q1,Q2)
for any dfs Hi,H2 having pms Qi,Q2 EA respectively. Denote H = v1H1 + v2H2. For
any H E tPc define the inverse function n- 1 such that n- 1 (t) = s, t = H(s) for any
t E (0, 1). Suppose that the functional Tc has the following properties which are assigned
traditionally for the tests of homogenity.

A. For any Hi,H2 E tPc Tc( Hi, H2) = 0 implies H1 = H2

B. For any Hi,H2 E tPc Tc(H1,H2)
H 2 (H- 1 (t)) for all t E (0, 1).
Theorem 2.3. Let T : A2
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= Tc(Gi, G2) where G1(t) = H1(H- 1(t)), G2(t) =

R 1 be a continuous functional satisfying A,B. Then the

sequence of test statistics T(Pn) is asymptotically minimax in the sense of Bahadur efficiency and e(T, b0 ) = Iv( cI>(b0 ), n(O)).
.

The equivariance property B together with the assumption A allows us to modify
easily the proof of Theorem 2.1 on this case. Thus the proof of Theorem 2.3 will be
omitted.
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3.Proofs of Theorems 2.1,2.2. Since the arguments for one and several samples are
similar we consider only the one sample case, that is, k = 1.
Denote II= IIm = {Sj}} a finite partition of S consisting of Borel sets Sj, 1 ·~ j ~ m,
and say that a partition IIm embeded in a partition Ilz iff for each S E IIm there exists
S' E Ilz such that S C S'. If for each m a partition IIm+i embedded in IIm then we shall
say that we have a sequence of embedded partitions IIm.
For any P, Q E A denote
m

K(Q,PIIT)

=L

Q(Sj)logQ(Sj)/P(Sj)·

(3.1)

j=l

c

A and PE A put K(n,PIII) = inf{K(Q,PIII)IQ En}. Note that
K(Q,PIITz) ~ K(Q,PIIIm) if IIm embedded in Ilz.
The next Lemma is a refinement of Lemma 3.1 in Groeneboom, Oosterhoff and Ruymgaart (1979).
For any set n

Lemma 3.1. For any open set

n E A and any pm P E A

P(Pn En)< exp{-nK(n, PIIIm) + nwm(n)}
where Wm (n) -+ 0 as n
partition IIm.

-+

(3.2)

oo and Wm (n) does not depend on a choice of pm P and a

The proof of Lemma 3.1 is obtained by a simple revision of estimates in the proof of
Lemma 3.1 in Groeneboom, Oosterhof£ and Ruymgaart (1979) and is omitted.
The next Lemma 3.2 and Theorem 3.1 have also the auxilliary character. Their proofs
will be given in sections 4 and 5 respectively.
Lemma 3.2. Let the assumptions of Theorem 3.1 be satisfied. Then
d). Iv( <P(b ), n(O)) is continuous from the left in b = b0 •
. dd). For any b < b0 it holds
lim

sup P(T(Pn < b) = 0.

n-+oo PE<P(bo)

(3.3)

Theorem 3.1. Let S be a compact set, let T : Ak -+ R 1 be a continuous functional and
let the sets <P(b), n(O) be closed in the topology Tc. Then
lim

sup logP(Pn E <P(b)) = -Iv(<P(b),n(O))

n-+oo PEO(O)

(3.4)

Proof of Theorem 2.1. Suppose that ii) is valid and prove the upper bound, that is,
e(bo, T) ~ Iv( <P(bo), n(O)).
Let Wn be a sequence of tests with the test statistics T(Pn) and let ,B(Wn) = ,8,
0 < ,8 < 1. Let r n be the cri'tical region of Wn. Then, by (3.3),

rn

= <P(bo - €n)

(3.5)
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where €n ---t 0 as n ---t oo.
Fix €, 0 < € < b0 • By (3.4) we have
lim

sup log P(T(Pn) > bo - €) =-Iv( <P(bo - €), n(O)),

n-+oo PEO(O)

(3.6)

By Lemma 3.2
limiv(<P(bo - €),n(O)) = Iv(<P(bo),n(o))

€-+0

(3.7)

that completes the proof of upper bound.
If the assumption i} fulfilled then (3.6),(3.7) follows respectively fiom Theorem 3.1
and Lemma 3.3 in Groeneboom, Oosterhoff and Ruymgaart (1979).
Prove the lower bound. Fix € ~ 0. Then there exist pms Q0 E <P(bo ), Po E n(O)
such that Iv(Qo,Po) ::; Iv(<P(bo),n(O)) + €. Consider the problem of testing the simple hypothesis P = P0 versus the simple alternative P = Q0 as the problem with
"the least favourable" hypothesis and alternatives (see Lehmann (1986)). By BahadurRagavachary inequality the Bahadur slope of likelihood ratio test in this problem equals
Iv( Q 0 , P0 ) that proves the lower bound.
Theorem 2.2 follows directly from Theorem 3.1. It suffices to note that if we interchange the sets of hypothesis and alternatives then the Bahadur efficiency becomes the
Hodges-Lehmann one.
4.Proof of Lemma 3.2. In ·sections 4 and 5 IIm = {Sjm}r denotes a sequence of
embedded partitions such that the sets Sjm, 1 ::; j :s; m, endows the a-algebra B. Then,
for any pms P E A, Q E A

K(Q,P) = lim K(Q,PIITm)
m-+oo

(4.1)

Denote 8A the boundary of the set A. Prove· the following auxilliary Lemma.
Lemma 4.1. Let S be a compact set. Let the sequences of pms P1,Q1 E A converges in
the topology re to pms P ,Q E A respectively. Then
lim inf K (Q1, P1) ~ K (Q, P)
l-+oo

(4.2)

Proof.· The arguments will be given under the assumptions that the pms P and Q has
not atoms. This does not cause any principal differences in the proof.
Suppose that the partitions IIm is choosed such that P( 8Sjm) = 0, Q( 8Sjm) = 0.
Then Q1(Sjm) ---t Q(Sjm), P1(Sjm) ---t P(Sjm) as l ---t oo for all 1 ::; j ::; m, 1 ::; m ::; oo.
Hence
lim K(Q1, PdIIm) = K(Q, PIIIm)
(4.3)
l-+oo

Now (4.1),(4.3) imply (4.2).
Prove (3.3). Suppose that (3.3) is not valid. Then, by (3.2), for each m there exist
pms Pm E <P(bo) and Qm E n(b) such that Qm(Sjm) = Pm(Sjm) for all 1 ~ j ~ m.
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Denote Am and Bm respectively the sets of all pms Pm and Qm satisfying this property.
For all j ~ m define the sets Dmj = { v : Vmj .= P(Sjm), v = { Vmj }i, P E Aj} and put
Mm = nJ=mDmj· The sets Mm are closed and nonempty. Let the pm R be such that
{R(Sjm)}i E Mm for all m and the sequences ofpms Pm E Am, Qm E Bm be such that
Pm(Sjm) = Qm(Sjm) = R(Sjm) for all 1:::; j :::; m. Then the sequences of pms Pm, Qm
converge to pm R. This implies RE cl(<l>(b0 )) = <l>(b0 ) and RE cl(il(b)) = il(b). Thus
we obtain the contradiction with the continuity of the functional T.
Proved). If the condition i) of Theorem 2.1 is satisfied then d) follows from Lemma
3.3 in Groeneboom, Oosterhof£ and Ruymgaart (1979). Suppose that the condition ii)
is not valid. Then ,for any € ~ 0, there exist a sequence b1 :::; b0 with b1 ---+ b0 as l ---+ oo
and sequences P1 E il(O), Q1 E <l>(b1) such that

K( Q1, P1) :::; K( <l>(bo), il(O)) -

€.

( 4.4)

Since il(O), <l>(b) are the compact sets in the topology Tc there exists subsequences Pin
Q1i converging in this topology to some pm P0 E il(O) and Q0 E <l>(b0 ) respectively. By
Lemma 4.1 we have
lim .inf K( Qin Pli) ~ K( Qo, Po)
i-+oo

that contradicts (4.4).
5.Proof of Theorem 3.1. The arguments are based on the same ideas. By Lemma 3.1

sup P(Pn E <l>(b)):::; exp{-n(Jm

PEG

+ wm(n))}

(5.1)

where Jm = inf{K(<l>(b),PIIIm) IP E il(O)}.
Let the sequences pms Pm E n(O), Qm E <l>(b) satisfy

and let the pms Po, Qo be the limits points (in the topology
Qm respectively. Then, by Lemma 4.1 and (4.1),
·
lim sup K(Qo,PolIIm)/Jm:::; 1
m-+-oo

Tc)

(5.3)

At the same time Po E n(O), Q0 E <l>(b) and

K(Qo,Po) > K(<l>(b),n(O)) ~ Jm
Now (4.1),(5.1)-(5.4) together implies (3.4).

(5.4)

of the sequences Pm,

8

References
Abrahamson, LG. (1967). Exact Bahadur efficiencies for the KolmogorovSmirnov and Kuiper one:- and two-sample statistics. Ann.Math.Stat. 38
1475-1490
Bahadur, R.R.(1971). Some Limit Theorems in Statistics. SIAM, Philadelphia.
Bickel, P.J., Klaassen, C.A.J., Ritov, Ya. and Wellner, J.A. (1993). Efficient and
Adaptive Estimation for Semiparametric Models. The Johns Hopkins University Press. Baltimore and London
Ermakov, M.S. (1990). Asymptotic minimaxity of usual goodness of fit tests.
Probab. Theory and Math.Statistics. Proc. of the Fifth Vilnius Conf.1
Grigelionis et all. VSP /Mokslas, Vilnius 323-331.
Ermakov, M.S. (1992). On asymptotic minimaxity of rank tests. Statist. Probab.
Letters 15 191-196.
Ermakov, M.S. (1993). Large deviations of empirical measures and hypothesis
testing. Zap.Nauchn.Semin.POMI RAN 20137-60.
Groeneboom, P., Oosterhof£, J. and Ruymgaart, F.H. (1979). Large deviations
theorems for empirical probability measures. Ann.Probab., 7, 553-586.
Groeneboom, P. and Shorack, G.R. (1981). Large deviations of goodness of fit
statistics and linear combinations of order statistics. Ann.Probab. 9 971987.
Hodges, J .L. and Lehmann, E.L. (1956). On some nonparametric competitors
oft-test, Ann.Math.Statist. 27 324-335.
Ibragimov,I.A. and Khasminskii,R.Z. (1991). Asymptotically normal families
of distributions and efficient estimation. Ann.Statist. 19 1681-1721.
Kallenberg, W.C.M. and Ledwina, T. (1987). On local and nonlocal measures
of efficiency. Ann.Statist. 15 987-1014.
Koshevnik, Yu.A. and Levit, B.Ya. (1976). On a nonparametric analogue
of the information matrix. Theory Probab.Appl. 21 738-753.
Lehmann, E.L. (1986). Testing Statistical Hypothesis Wiley New York
Levit, B.Ya. (1974). On optimality of some statistical estimates. Proc. Prague
Sympos. on Asymptotic Statistics. 2 Prague 215-238
Millar, P.W. (1983). The minimax principle in asymptotic statistical theory.
Ecole d'ete de Probabilities de Saint Flour XI Lecture Notes in Math. 976
New-York, Springer. 76-265.
Mogulskii, A.A. (1977). Remark on large deviations of omega-square test
statistics. Theory Probab.Appl, 22, 170-175.
Nikitin, Ya.Yu. (1979). Large deviation and asymptotic efficiency of test
statistics of integral type. Zapiski Nauchn. Semin. LOMI AN USSR 85 175-188.
Stein, Ch. (1956). Efficient nonparametric testing and estimation. Third
Berkeley Symp. Math. Statist. and Probab. 1 Univ. California
Press, Berkeley 187-195.
van der Vaart, A.W. (1991 ). On differentiable functionals. Ann.Statist. 19
178-204.

Recent publications of the
WeierstraB-Institut fiir Angewandte Analysis und Stochastik
Preprints 1994
99. Michael H. Neumann: Spectral density estimation via nonlinear wavelet meth-

ods for stationary non-Gaussian time series.

100. Karmeshu, Henri Schurz: Effects of distributed delays on the stability of

structures under seismic excitation and multiplicative noise.

101. Jorg Schmeling: Estimates of Weyl sums over subsequences of natural num-

bers.

102. Grigori N. Milstein, Michael V. Tret'yakov: Mean-square approximation for

stochastic differential equations with small noises.

103. Valentin Konakov: On convergence rates of suprema in the presence of non-

negligible trends.

104. Pierluigi Colli, Jurgen Sprekels: On a Penrose-Fife model with zero interfacial

energy leading to a phase-field system of relaxed Stefan type.

105. Anton Bovier: Self-averaging in a class of generalized Hopfield models.
106. Andreas Rathsfeld: A_ wavelet algorithm for the solution of the double layer

potential equation over polygonal boundaries.

107. Michael H. Neumann: Bootstrap confidence bands in nonparametric regres-

sion.

108. Henri Schurz: Asymptotical mean square stability of an equilibrium point of

some linear numerical solutions with multiplicative noise.

109. Gottfried Bruckner: On the stabilization of trigonometric collocation methods

for a class of ill-posed first kind equations.

110. Wolfdietrich ·Muller: Asymptotische Input-Output-Linearisierung und Stor-

grofienkompensation in nichtlinearen Reaktionssystemen.

111. Vladimir Maz'ya, Gunther Schmidt: On approximate approximations using

Gaussian kernels.

112. Henri Schurz: A note on pathwise approximation of stationary Ornstein-

Uhlenbeck processes with diagonalizable drift.

113. Peter Mathe: On the existence of unbiased Monte Carlo estimators.
114. Kathrin Buhring: A quadrature method for the hypersingular integral equation on an interval.
115. Gerhard Hackl, Klaus R. Schneider: Controllability near Takens-Bogdanov
points.
116. Tatjana A. Averina, Sergey S. Artemiev, Henri Schurz: Simulation of stochastic auto-oscillating systems through variable stepsize algorithms with small
n01se.
117. Joachim Forste: Zurn Einflufi der Warmeleitung und der Ladungstragerdiffusion auf das Verhalten eines Halbleiterlasers.
118. Herbert Gajewski, Konrad Groger: Reaction-diffusion processes of electrically charged species.
119. Johannes Elschner, Siegfried Prossdorf, Ian H. Sloan: The qualocation method for Symm's integral equation on a polygon.
120. Sergej Rjasanow, Wolfgang Wagner: A stochastic weighted particle method
for the Boltzmann equation.
121. Ion G. Grama: On moderate deviations for martingales.
122. Klaus Fleischmann, Andreas Greven: Time-space analysis of the clusterformation in interacting diffusions.

123. Grigori N. Milstein, Michael V. Tret'yakov: Weak approximation for stochastic differential equations with small noises·.
124. Gunter Albinus: Nonlinear Galerkin methods for evolution equations with
Lipschitz continuous strongly monotone operators.

125. Andreas Rathsfeld: Error estimates and extrapolation for the numerical solution of Mellin convolution equations.
126. Mikhail S. Ermakov: On lower bounds ofthe moderate and Cramer type large
deviation probabilities in statistical inference.

127. Pierluigi Colli, Jurgen Sprekels: Stefan problems and the Penrose-Fife phase
field model.

