Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Monotonicity properties of the quantum mechanical particle density

Dedicated to Professor Hellmut Baumgärtel

Hans-Christoph Kaiser, Hagen Neidhardt, Joachim Rehberg

submitted: 6th December 2007

Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 10117 Berlin Germany

E-Mail: kaiser@wias-berlin.de

neidhardt@wias-berlin.de rehberg@wias-berlin.de

No. 1275 Berlin 2007

2000 Mathematics Subject Classification. 47H05, 47B10.

Key words and phrases. Trace functionals, trace class operators, monotonicity.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

An elementary proof of the anti-monotonicity of the quantum mechanical particle density with respect to the potential in the Hamiltonian is given for a large class of admissible thermodynamic equilibrium distribution functions. In particular the zero temperature case is included.

1 Introduction

The Kohn-Sham system of Density Functional Theory, see e.g. [15, 13, 3], has become a widely used tool in the simulation of the electronic structure of matter since it was introduced by Kohn and Sham in 1965 [9]. This was acknowledged by awarding the Nobel prize for Chemistry in 1998 to Walter Kohn [8]. On the other hand there are few mathematical investigation of the Kohn-Sham system up to now: The interesting question of bifurcation of solutions has been treated in [14]. For the Kohn- Sham system as a nonlinear system of partial differential equations on a bounded spatial domain existence of solutions and a priori estimates have been proved, see [6], [7]. The proof for the Kohn-Sham system with an exchange–correlation term rests on the existence (and regularity properties) of an unique solution for the corresponding Schrödinger–Poisson system with only self-consistent electrostatic interaction. The underlying fundamental result is the anti-monotonicity of the quantum mechanical particle density with respect to the potential in the Hamiltonian. This was observed in 1990 independently by Nier [12] and Caussignac et al. [1], and is closely related to the convexity of von Neumann-type trace functionals [11, chapter V.3], [10], [5].

In this note we prove in an elementary way the anti-monotonicity of the quantum mechanical particle density with respect to the potential in the Hamiltonian. Thus, we additionally enlarge the class of admissible thermodynamic equilibrium distribution functions used for the composition of the quantum mechanical particle density.

2 Results

In the following H is an infinite dimensional, separable Hilbert space with scalar product (·, ·), and H is a self-adjoint operator on H with compact resolvent.

Theorem 2.1. Let U and V be bounded, self-adjoint operators on H. If f : R → R

Preprint 1275, Weierstrass Institute for Applied Analysis and Stochastics, Berlin 2007

is a function such that f(H + U) and f(H + V ) are trace class operators, then

tr([f(H + U) − f(H + V )][U − V ]) = ∞∑ k,l=1

|(ψ_k, ζ_l)|^2(f(λ_k) − f(μ_l))(λ_k − μ_l), (1)

where {λ_k}^∞_{k=1} and {μ_l}^∞_{l=1} are the sequences of eigenvalues (counting multiplicity) of the operators H + U and H + V , respectively, and {ψ_k}^∞_{k=1}, {ζ_l}^∞_{l=1} are the corresponding sequences of (normalised) eigenvectors.

Remark 2.2. In contrast to previous results (see e.g. [5]) Theorem 2.1 does not require that the distribution function f is continuous or (Lebesgue) measurable. This is due to the fact that all occurring spectral measures E are discrete and, hence, all (scalar) measures (E(·)φ, φ) are purely atomic. Consequently, every function f : R → R is measurable with respect to measures (E(·)φ, φ) with φ ∈ H, see e.g. [2, chapter 13.18]. Thus, the integrals ∫ R f(λ) d(E(λ)φ, φ) are well defined for all φ ∈ H.

In particular, the characteristic function of the negative half axis is an admissible distribution function. This case corresponds to a quantum system at zero temperature.

Corollary 2.3. Under the assumptions of Theorem 2.1: If there are real numbers ϵ_U and ϵ_V such that the operators f(H + U − ϵ_U ), and f(H + V − ϵ_V ) are nuclear and, additionally, satisfy

tr(f(H + U − ϵ_U )) = tr(f(H + V − ϵ_V )), (2)

then

tr([f(H + U − ϵ_U ) − f(H + V − ϵ_U )][U − V ]) = ∑_∞

k,l=1 |(ψk, ζl)|

2 [f(λ_k − ϵ_U ) − f(μ_l − ϵ_V )] [λ_k − ϵ_U − μ_l + ϵ_V ] . (3)

These results have consequences for the quantum mechanical particle density. Let us assume that H is a semi-bounded, self-adjoint operator with compact resolvent in L^2(Ω), where Ω is a bounded Lipschitz domain in the up to three dimensional space R^d. In particular, H can be a Schrödinger operator. The operator H is perturbed by a bounded, self-adjoint multiplication operator U induced by a real potential U from L^∞(Ω). Then H +U has also a compact resolvent, and we denote by {λ_k(U)}^∞_{k=1} and {ψ_k(U)}^∞_{k=1} the sequences of eigenvalues and (normalised) eigenfunctions of H + U counting multiplicity.

N (U)^{def}= ∞∑ k=1 f(λ_k − ϵ_U )|ψ_k(U)|^2 (4)

is the quantum mechanical particle density associated with the potential U with respect to the free Hamiltonian H and the thermodynamic equilibrium distribution

Preprint 1275, Weierstrass Institute for Applied Analysis and Stochastics, Berlin 2007

function f. If there is Fermi-Dirac distribution, then, in the three-dimensional case (d = 3) at positive temperature, f is the Fermi function f(s) = 1/(1 + exp(−s)). If the sum

∑_∞ k=1 f(λ_k − ϵ_U ) converges, then the (non-linear) particle density operator N is a map from L^∞(Ω) to L^1(Ω). The normalising shift ϵ_U is the Fermi level defined by N = ∫ Ω N (U)(x) dx = ∞∑ k=1 f(λ_k − ϵ_U ), (5)

where N is total number of particles confined in Ω. If f is not strictly monotone, then the Fermi level is not necessarily uniquely determined by (5). However, we call any solution of (5) a Fermi level of the quantum system.

Corollary 2.4. Let H be a semi-bounded, self-adjoint operator in L^2(Ω) and {λ_k}^∞_{k=1} the sequence of its eigenvalues counting multiplicity. If the distribution function f : R → R_+ is monotonously decreasing and obeys ∞∑ k=1 |f(λ_k + α)| < ∞ for any real number α, (6)

then the particle density operator (4) is anti-monotone from L^∞(Ω) to L^1(Ω), i.e. ∫ Ω (N (U)(x) − N (V )(x))(U(x) − V (x)) dx ≤ 0 (7)

for all real potentials U, V ∈ L^∞(Ω).

Remark 2.5. Corollary 2.4 can be extended to more general perturbations U, V than just bounded ones. If, e.g. H and f are chosen such that f(H + W )X is nuclear for all multiplication operators W and X induced by functions from L^2(Ω), then the (extended) mapping

L^2(Ω) ∋ W → −N (W ) ∈ L^2(Ω)

is also monotone, see [6], [7], [5].

3 Proofs

For the proof of our results we need the following simple facts on the summability of double sums

∑_∞

k,l=1 akl. We say the double sum converges if the sequence

{A_n}^∞_{n=1} of partial sums A_n =

∑_n

k,l=1 akl converges. If

∑_∞ k=1 ∑_∞ l=1 |a_{kl}| converges, then

∑_∞

k,l=1 akl is summable, the sums

∑_∞ k=1 ∑_∞ l=1 a_{kl} and

∑_∞ l=1 ∑_∞

k=1 a_{kl} converge, and_∞ ∑ k,l=1

a_{kl} = ∞∑ k=1 ∞∑ l=1 a_{kl}, = ∞∑ l=1 ∞∑ k=1 a_{kl}, (8)

see [4, Theorem XI.5.2].

Preprint 1275, Weierstrass Institute for Applied Analysis and Stochastics, Berlin 2007

Proof of Theorem 2.1

Because H is a self-adjoint operator with compact resolvent in the separable Hilbert space H the operators H + U and H + V also have a compact resolvent. Since f(H + U) and f(H + V ) are trace class operators, there is tr((f(H + U) − f(H + V )) (U − V )) = tr(f(H + U)(U − V )) − tr(f(H + V )(U − V )).

The trace can be expressed in terms of an eigensystem:

tr(f(H + U)(U − V )) = ∞∑ k=1 (f(H + U)(U − V )ψ_k, ψ_k) = ∞∑ k=1 f(λ_k)((U − V )ψ_k, ψ_k),

where the sum on the right-hand side is absolutely convergent. Further, one can develop each ψ_k into a Fourier series with respect to the system {ζ_l}^∞_{l=1}:

ψ_k = ∞∑ l=1 (ψ_k, ζ_l)ζ_l.

Hence,

tr(f(H + U)(U − V )) = ∞∑ k=1 f(λ_k)((U − V )ψ_k, ψ_k) = ∞∑ k=1 f(λ_k) ∞∑ l=1 (ψ_k, ζ_l)((U − V )ψ_k, ζ_l).

As the sum

∑_∞

k=1 |f(λ_k)|

∑_∞ l=1 | |(ψ_k, ζ_l)((U − V )ψ_k, ζ_l) | | converges, (8) implies

tr(f(H + U)(U − V )) = ∞∑ k,l=1

f(λ_k)(ψ_k, ζ_l)((U − V )ψ_k, ζ_l).

Next we note

((U − V )ψ_k, ζ_l) = ([(H + U) − (H + V )]ψ_k, ζ_l) = (λ_k − μ_l)(ψ_k, ζ_l) for all k, l ∈ N. Hence,

tr(f(H + U)(U − V )) = ∞∑ k,l=1

f(λ_k)(ψ_k, ζ_l)(λ_k − μ_l)(ψ_k, ζ_l)

= ∞∑ k,l=1

f(λ_k)(λ_k − μ_l)|(ψ_k, ζ_l)|^2. (9)

Similarly one gets

tr(f(H + V )(U − V )) = ∞∑ k,l=1

f(μ_l)(λ_k − μ_l)|(ψ_k, ζ_l)|^2,

which, together with (9), implies (1).

Preprint 1275, Weierstrass Institute for Applied Analysis and Stochastics, Berlin 2007

Proof of Corollary 2.3

From (2) one gets

tr (f(H + U − ϵ_U ) − f(H + V − ϵ_V )) [ϵ_V − ϵ_U ] = 0,

and consequently

tr ([f(H + U − ϵ_U ) − f(H + V − ϵ_V )][U − V ]) = tr ([f(H + U − ϵ_U ) − f(H + V − ϵ_V )][(U − ϵ_U ) − (V − ϵ_V )]) .

Now, Theorem 2.1, applied to Ũ = U − ϵ_U and Ṽ = V − ϵ_V , implies the relation (3).

Proof of Corollary 2.4

One has to check that for any U, V ∈ L^∞ the relation (7) holds. First, one verifies that f(H + W − ϵ_W ) is a trace class operator for any bounded operator W . Indeed, there is H − ‖W ‖ − |ϵ_W | ≤ H + W − ϵ_W in the sense of forms. Due to the minimax principle, the monotone decay of the distribution function f, and the supposition (6) the operator f(H + W − ϵ_W ) is trace class. Thus, the series (4) converges in L^1(Ω). By straightforward calculations one verifies that the expression on the left hand side of (7) equals (3). As f decreases monotonously, the pre-factors

(f(λ_k − ϵ_U ) − f(μ_l − ϵ_V )) ((λ_k − ϵ_U ) − (μ_l − ϵ_V ))

are all non-positive, what proves the assertion.

References

[1] Ph. Caussignac, B. Zimmermann, and R. Ferro. Finite element approximation of electrostatic potential in one dimensional multilayer structures with quantized electronic charge. Computing, 45:251–264, 1990.

[2] J. Dieudonné. Elements d’analyse 2. Gauthier–Villars, Paris, 1974.

[3] R. M. Dreizler and E. K. U. Gross. Density Functional Theory. Springer, Berlin, 1990.

[4] G. M. Fichtenholz. Differential- und Integralrechnung II (Differential and integral calculus II). Frankfurt am Main, 1990.

[5] H.-Chr. Kaiser, H. Neidhardt, and J. Rehberg. Convexity of trace functionals and Schrödinger operators. J. Functional Analysis, 234:45–69, 2006.

Preprint 1275, Weierstrass Institute for Applied Analysis and Stochastics, Berlin 2007

[6] H.-Chr. Kaiser and J. Rehberg. About a one-dimensional stationary Schrödinger–Poisson system with Kohn–Sham potential. Zeitschrift für Angewandte Mathematik und Physik (ZAMP), 50:423–458, 1999.

[7] H.-Chr. Kaiser and J. Rehberg. About a stationary Schrödinger–Poisson system with Kohn–Sham potential in a bounded two- or three-dimensional domain. Nonlinear Anal. Theory Methods Appl., 41:33–72, 2000.

[8] W. Kohn. Electronic structure of matter: Wave functions and density functionals. Rev. Mod. Phys., 71:1253–1266, 1999.

[9] W. Kohn and L. J. Sham. Self-Consistent Equations Including Exchange and Correlation Effects. Physical Review, 140:A1133, 1965.

[10] E. Lieb and G. K. Pedersen. Convex multi-variable trace functions. Rev. Math.

Phys., 14:631–648, 2002.

[11] J. von Neumann. Mathematische Grundlagen der Quantenmechanik (Mathematical foundations of quantum mechanics), volume 38 of Grundlehren der mathematischen Wissenschaften. Springer, Berlin, 1932.

[12] F. Nier. A Stationary Schrödinger-Poisson System Arising from the Modelling of Electronic Devices. Forum Mathematicum, 2:489–510, 1990.

[13] R. G. Parr and W. Yang. Density–Functional Theory of Atoms and Molecules, volume 16 of International Series of Monographs on Chemistry. Oxford University Press, Oxford, 1989.

[14] E. Prodan and P. Nordlander. On the Kohn-Sham equations with periodic background potentials. J. Statist. Phys., 111:967–992, May 2003.

[15] U. von Barth. Density Functional Theory for Solids. In P. Phariseau and W. M. Temmerman, editors, The Electronic Structure of Complex Systems, volume B 113 of NATO ASI Series. Plenum Press, New York and London, 1984.

Preprint 1275, Weierstrass Institute for Applied Analysis and Stochastics, Berlin 2007