Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

On the inviscid limit of a model for crack propagation

Dorothee Knees^1, Alexander Mielke^{12}, Chiara Zanini^3

submitted: 7th November 2007

1 Weierstraß-Institut für Angewandte Analysis und Stochastik Mohrenstraße 39 10117 Berlin, Germany E-Mail: {knees, mielke}@wias-berlin.de

2 Institut für Mathematik Humboldt-Universität zu Berlin Rudower Chaussee 25 12489 Berlin, Germany

3 Max Planck Institute for Mathematics in the Sciences Inselstraße 22 04103 Leipzig, Germany E-Mail: zanini@mis.mpg.de

No. 1268 Berlin 2007

1991 Mathematics Subject Classification. 49J40, 49L25, 35K90, 74B20, 74G65, 74R10. Key words and phrases. Rate-independent problems, energetic formulation, energy release rate, Griffith fracture criterion, vanishing viscosity method.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract We study the evolution of a single crack in an elastic body and assume that the crack path is known in advance. The motion of the crack tip is modeled as a rate-independent process on the basis of Griffith’s local energy release rate criterion. According to this criterion, the system may stay in a local minimum before it performs a jump. The goal of this paper is to prove existence of such an evolution and to shed light on the discrepancy between the local energy release rate criterion and models which are based on a global stability criterion (as for example the Francfort/Marigo model). We construct solutions to the local model via the vanishing viscosity method and compare different notions of weak, local and global solutions.

1 Introduction

The prediction of the growth of cracks in brittle materials is of importance in many practical applications. However, mathematical models involving the full elastic interaction as well as the evolution of a freely growing crack are rare. Only within the last decade such models were developed based on the pioneering work in [FrM93, FrM98] that developed a quasistatic framework based on energy minimization. In a series of technical papers [DaT02, FrL03, DFT05, FrG06] the necessary analytical results have been developed to provide existence results for such solutions. In this setting the crack path may be an arbitrary set of finite Hausdorff dimension d−1 with the restriction that it is a nondecreasing family as a function of time. The displacements are allowed to lie in the function space GSBV (generalized special functions of bounded variations), where for each time instant the jump set of the deformation has to be contained in the corresponding crack set.

These solutions are in fact special cases of the so-called energetic solution for rateindependent processes as developed in [MiT99, MTL02, CHM02] for modeling the evolution of phase transformations in shape-memory materials or elastoplasticity. The energetic solutions can be considered as weak solutions of the flow laws usually posed in engineering. For the crack problem this relates to the Griffith criterion [Gri20] that states that a crack grows as soon as the energy release rate is bigger than the fracture toughness and it is stationary otherwise. The energetic concept is based on a global energetic stability principle that says that a crack grows if there is any bigger crack such that the total energy release is larger than the energy dissipated by creating the crack (surface). Otherwise the state is (globally) stable. A process is called an “irreversible quasistatic evolution” or, equivalently, an “energetic solution”, if for each time instant the state is (globally) stable and the total energy balance holds.

In this work, we are interested in the discrepancy between the local energy-release-rate criterion (Griffith) and the global stability criterion. The problem is that energetic solutions tend to jump earlier because global minimizers are used. In many systems it is expected that physical systems will stay in local minimizers, and hence crack growth will occur later.

To generate solutions staying in local minimizers we will use the vanishing viscosity limit which again is close to the physical modeling. In fact, true physical systems are not strictly rate-independent but have some internal time scales (relaxation times) that are usually neglected when very slow loading is considered. However, if the rate-independent solutions are not continuous, then the corresponding solution with small viscosity develops very large rates that are governed by the viscosity. The aim is to understand the limits of viscous solutions when the viscosity is made smaller and smaller, see [EfM06, MRS07] for the general philosophy. For nontrivial PDE applications see also [DD^∗07, MiZ07].

The application of this idea to crack problems turns out to be technically very difficult. Hence, all of the rigorous results are restricted to problems where the crack path is prescribed in advance and either (i) the position of the crack tip is to be determined (cf. [NeO07, ToZ06]) or (ii) a function along the crack path, which measures the maximal opening of the crack, is to be calculated in so-called cohesive zone models or delamination problems, cf. [KMR06, Cag07].

In this work we mainly study the motion of one crack tip that is driven by stresses arising from elastic deformations. We fix an arbitrary crack path that is assumed to be twice continuously differentiable. We consider small strains and assume that the elastic energy is coercive and strictly convex, but not necessarily quadratic or uniformly convex. The external loading occurs through time-dependent displacement boundary conditions as well as volume and surface loading. Having given these data, we define the stored energy functional E on [0, T ] × Q, for a suitable state space Q, as the elastic energy minus the work of external loadings. The dissipative nature of the crack propagation is encoded in a fracture-toughness function κ : [s_0, s_1] → ]0, ∞[, which we assume to be continuous, and a positive viscosity parameter ν. The viscous crack-tip propagation problem for determining the displacement u(t) and the crack-tip position s(t) reads

u(t) = argmin{ E(t, v, s(t)) | v ∈ Q }, 0 ∈ ∂_ṡ R_0(s(t), ṡ(t)) + νṡ(t) − G(t, u(t), s(t)),

(1.1)

where R_0(s, ṡ) = κ(s)ṡ for ṡ ≥ 0 and ∞ otherwise. The generalized energy-release rate G takes the form

G(t, v, s) := − lim_{δ→0} 1 δ � E(t, v ∘ T^{−1}_{s,δ} , s+δ) − E(t, v, s) � , where T_{s,δ} is a diffeomorphism between the domains with crack length s and s + δ, respectively (see Section 3.2 for details).

In Section 2 we give the precise definitions and state the existence result that (1.1) has a solution (u^ν, s^ν ) ∈ L^∞([0, T ]; W^{1,p}) × H^1([0, T ]) for each ν > 0. The proof is done in Section 4 using a time-incremental minimization procedure.

The main goal of this work is to study the limiting behavior of (u^ν , s^ν ) for the vanishing viscosity limit ν → 0 and to identify a rate-indepedent limit problem, which is satisfied by all possible limit solutions. For this purpose we use the convexity of E(t, ·, s), which guarantees that u → E(t, u, s) has a unique minimizer U(t, s). We define the reduced functional I : [0, T ] × [s_0, s_1] → R by minimizing out the displacements:

I(t, s) := E(t, U(t, s), s).

The first major result (see Theorem 3.6) states that under fairly general conditions on the elastic energy E the reduced functional I is continuously differentiable and satisfies the relation G(t, s) := −∂_sI(t, s) = G(t, U(t, s), s). (1.2)

Moreover, we obtain an explicit formula for G(t, s) in terms of the Eshelby tensor associated with U(t, s). Actually, we provide simplified proofs for more general situations and derive Theorem 3.6 from an abstract Theorem 3.2. In this theorem, we study the differentiability properties of reduced energies, which correspond to rather general (elastic) energy functionals depending on a finite number of parameters. Theorem 3.2 is also applicable to the case with interface cracks, non-interpenetration conditions and to finitestrain elasticity, where the energy density is no more convex, but polyconvex and may take the value +∞. We refer to [DeD81, KhS00, Kne06, KnM07] for the discussion of representative special cases.

In Section 5 we study the limit behavior. Using suitable a priori estimates, we show that a subsequence converges pointwise on [0, T ] to a limiting process s ∈ BV([0, T ]). Moreover, defining the jump set J(s) = { t ∈ [0, T ] | s(t+) ≠ s(t−) } and the set of differentiability D(s) = { t ∈ [0, T ] | ṡ(t) exists }, then any such limit has to satisfy the following rate-independent limit problem: u(t) = U(t, s(t)) and

(a) s : [0, T ] → [s_0, s_1] is nondecreasing;

(b) κ(s(t)) − G(t, u(t), s(t)) ≥ 0 for all t ∈ [0, T ]\J(s);

(c) if κ(s(t)) − G(t, u(t), s(t)) > 0 then t ∈ D(s) and ṡ(t) = 0;

(d) for all t ∈ J(s) and all s_∗ ∈ [s(t−), s(t+)] we have κ(s_∗) − G(t, U(t, s_∗), s_∗) ≤ 0.

Here (a) provides the irreversibility saying that a crack can never heal. In (b) we see that the release rate G can never exceed the fracture toughness except in jumps, while (c) says that a crack cannot move if the release rate G is strictly less than the fracture toughness κ. Condition (d) states that along a jump path the release rate can never be smaller than the fracture toughness as then the crack would immediately stop, see (c).

Our formulation of the limit process via (a)–(d) is essentially the same as that given in [NeO07]. However, our approach using the vanishing-viscosity method is completely different from the monotonicity approach there. In fact, our approach can be generalized in several aspects. First we may allow healing of cracks by adding to the stored energy a suitable surface term and redefining R_0 as κ^+(s)ṡ for ṡ ≥ 0, and as κ^−(s)|ṡ| for ṡ ≤ 0. Moreover, we are able to treat the case of several noninteracting cracks in one body, see Section 7 for details. In the latter case we rely on the theory developed in [EfM06].

2 Problem formulation and results

2.1 Setting of the problem

Throughout the paper we assume that the conditions described in this paragraph are satisfied.

Let Ω ⊂ R^2 be open, bounded with Lipschitz boundary ∂Ω. We assume that ∂Ω is the union of two disjoint subsets Γ_D and Γ_N , with H^1(Γ_D) > 0, where H^1 denotes the one dimensional Hausdorff measure.

The prescribed crack path is a simple C^2-path C ⊂ Ω with H^1(C) := L and let γ : [0, L] → C be its arc-length parameterization. We assume that for every s ∈ ]0, L[ we have γ(s) ∈ Ω \ ∂Ω, while the endpoints of C, that is γ(0) and γ(L), can meet the boundary ∂Ω. Let us fix 0 < s_0 < s_1 < L and for each s ∈ [s_0, s_1] we define the admissible crack set by C_s := { γ(σ) | 0 ≤ σ ≤ s }. The cracked domain is then the set Ω_s := Ω \ C_s.

We consider small strain elasticity and assume that the stored energy density ~W : R^{2×2}_{sym} → R belongs to C^1(R^{2×2}_{sym}; R) and is strictly convex. Furthermore, there exist p ∈ (1, ∞) and constants c_i > 0 such that for every A ∈ R^{2×2}_{sym} we have

c_1 |A|^p − c_2 ≤ ~W (A) ≤ c_3(1 + |A|^p). (2.1)

The convexity of ~W and (2.1) imply that there is a constant c_4 > 0 such that � �D~W (A) � � ≤ c_4(1 + |A|^{p−1}) (2.2)

for every A ∈ R^{2×2}_{sym}. Here, D~W : R^{2×2}_{sym} → R^{2×2}_{sym} denotes the derivative of ~W . The given Dirichlet datum and the applied forces shall satisfy

u_{Dir} ∈ C^1([0, T ]; W^{1,p}(Ω_{s0/2}; R^2)), f ∈ C^1([0, T ]; W^{1,q}(Ω; R^2)), h ∈ C^1([0, T ]; L^q(Γ_N ; R^2)),

(2.3)

where p^{−1} + q^{−1} = 1. The rather strong assumption f(t) ∈ W^{1,q}(Ω) is made for technical reasons and could slightly be weakened, see Remark 3.7. For shortness, we put

⟨ℓ(t), v⟩ := � Ω f(t) · v dx + � Γ_N

h(t) · v dσ

for every v ∈ W^{1,p}(Ω_{s1} ; R^2). For given t ∈ [0, T ], x ∈ Ω and A ∈ R^{2×2} we define

W (t, x, A) := ~W ((A + ∇u_{Dir}(t))_{sym}),

where A_{sym} =^1_2 (A + A^⊤) is the symmetric part of A. Furthermore, we set

W^{1,p}_{ΓD} (Ω_s; R^2) := { w ∈ W^{1,p}(Ω_s; R^2) | w = 0 on Γ_D },

and the equality is understood in the sense of traces. We assume that the state space Q is the product Q := W^{1,p}_{ΓD} (Ω_{s1} ; R^2) × [s_0, s_1].

On this state space we define energy functional E : [0, T ] × Q → R_∞ = R ∪ {∞} by

E(t, u, s) := � Ω_s W (t, x, ∇u(x))dx − ⟨ℓ(t), u⟩ if u ∈ W 1,p Γ_D (Ωs; R 2) ∞ else.

(2.4)

The assumption on ~W and the data guarantee that for every t ∈ [0, T ] and s ∈ [s_0, s_1] there exists a unique element U(t, s) ∈ W^{1,p}_{ΓD} (Ω_s) with

U(t, s) = argmin E(t, ·, s). (2.5)

The reduced energy I : [0, T ] × [s_0, s_1] → R is defined as

I(t, s) := min{ E(t, v, s) | v ∈ W^{1,p}_{ΓD} (Ω_{s1} ; R^2) } = E(t, U(t, s), s). (2.6)

We observe that for any t ∈ [0, T ] and any s ∈ [s_0, s_1] we have

I(t, s) = E(t, U(t, s), s) ≤ E(t, 0, s) < ∞.

By the definition of E, our assumption (2.1), and Hölder’s inequality we derive � Ω_s � c_1|(∇U(t, s)+∇u_{Dir}(t))_{sym}|^p−c_2 � dx ≤ E(t, 0, s)+‖ℓ(t)‖_{(W}1,p_{ΓD (Ωs;R2))′} ‖U(t, s)‖_W1,p_{ΓD (Ωs;R2)}.

Applying then Korn’s inequality to the left hand side and Young’s inequality to the last term on the right hand side and using the assumptions on the data ℓ and u_{Dir}, we finally obtain that there exists a positive constant (independent of t and s) such that

‖U(t, s)‖_W1,p_{(Ωs;R}2_) ≤ C.

We fix once and for all u_0 := U(0, s_0) and we are interested in finding an evolution starting from (u_0, s_0).

The energy release rate is defined by

G(t, s^∗) := − d ds E(t, U(t, s), s) � � �_{s=s∗} = − ∂ ∂s I(t, s^∗). (2.7)

In Theorem 3.6 we show I ∈ C^1([0, T ] × [s_0, s_1]) and, hence, G is continuous. For the explicit formula and further properties of G, we refer to Theorem 3.6 again. In particular it holds that G(t, s) = G(t, U(t, s), s) and

G_{max} := sup{ G(t, s) | (t, s) ∈ [0, T ] × [s_0, s_1] } < ∞.

The motion of the crack tip is associated with the dissipation of energy via a dissipation potential R. Let κ ∈ C^0([0, L]) be positive and ν nonnegative, and define the dissipation potential

R_ν (s, ṡ) := � κ(s)ṡ +^ν_2 ṡ^2 if ṡ ≥ 0 ∞ else.

(2.8)

The function κ takes into account the toughness of the material. Throughout the paper we will assume κ(s_1) > G_{max}. (2.9)

This condition will prevent the evolution s(t) from reaching the endpoint s_1. On the other hand, in order to obtain a nontrivial evolution, we will assume

κ(s_0) < G_{max}. (2.10)

We are now ready to define the viscous crack evolution model (Section 2.2) and to formulate the rate-independent limit problem (Section 2.3). In the remainder of this section we formulate the different types of solutions (u, s) in terms of the elastic equilibrium condition and a crack-propagation law. To highlight the coupling between these two balance laws we use the full energy functional E and the generalized energy-release rate G. Of course, using the elastic equilibrium u(t) = U(t, s(t)) we have I(t, s(t)) = E(t, u(t), s(t)) and the crucial identity (1.2), namely G(t, s(t)) = G(t, u(t), s(t)). In fact, in Section 4 and 5 the proofs depend essentially on this reduction to a problem in s alone.

2.2 Viscous problem

We start with our notion of viscous solution, depending on a (small) parameter ν.

Definition 2.1 For ν > 0, a viscous solution associated with E and R_ν is a map t → (u^ν (t), s^ν(t)) with u^ν ∈ L^∞([0, T ]; W^{1,p}_{ΓD} (Ω_{s1} ; R^2)), s^ν ∈ H^1([0, T ]; [s_0, s_1]) satisfying

u^ν (t) = U(t, s^ν (t)) := argmin E(t, ·, s^ν(t)) for every t ∈ [0, T ] (2.11) 0 ∈ ∂_ṡR_ν (s^ν (t), ṡ^ν (t)) − G(t, u^ν (t), s^ν (t)) for a.e. t ∈ [0, T ]. (2.12)

We note that from the definition it follows that u^ν (t) ∈ W^{1,p}_{ΓD} (Ω_sν_{(t)}; R^2) for every t ∈ [0, T ]. Moreover, it is not difficult to prove that any viscous solution (u^ν(·), s^ν (·)) associated with E and R_ν guarantees that the map t → ∂_tE(t, u^ν(t), s^ν (t)) ∈ L^1(0, T ) and that the following energy balance condition is satisfied for every 0 ≤ t_1 < t_2 ≤ T (for a proof see Lemma 4.5 below):

E(t_2, u^ν(t_2), s^ν (t_2)) +

�_{t2}

t_1 � κ(s^ν (t))ṡ^ν (t) + ν|ṡ^ν (t)|^2 � dt = E(t_1, u^ν(t_1), s^ν(t_1)) +

�_{t2}

t_1

∂_tE(t, u^ν(t), s^ν (t))dt.

(2.13)

The main result of this section is the following one, the proof is given in Section 4.2 after Theorem 4.2.

Theorem 2.2 There exists a viscous solution t → (u^ν (t), s^ν (t)) associated with E and R_ν such that (u^ν (0), s^ν (0)) = (u_0, s_0).

2.3 Rate-independent limit

We are now interested in the limit of the solutions (u^ν , s^ν) in the case of vanishing viscosity, i.e., ν → 0. The limit s : [0, T ] → [s_0, s_1] will in general not stay continuous but will lie in BV([0, T ]) only. We want to make precise what can be said about the limits and define a limit problem that contains as much information about the limits as possible, in particular at jump points.

We recall some basic properties of general functions in BV([0, T ]) and introduce some notations to formulate the limit problem. For a function s ∈ BV([0, T ]) the limit from the right s(t+) and the limit s(t−) from the left exist for all t ∈ [0, T ], if we let s(0−) = s(0) and s(T +) = s(T ). As common in rate-independent evolution problems we consider the function s to be defined everywhere such that the three values s(t−), s(t), and s(t+) may be different. We define the jump set J(s) ⊂ [0, T ] to be the set of points where s is not continuous.

The distributional derivative Ds of s is a bounded, signed measure that can be decomposed into three parts, namely Ds = D^js + ṡdt + D^cs = D^js + ~Ds. Here ~Ds = ṡdt + D^cs is the diffuse part of the derivative Ds, while D^js is the discrete part associated with the jumps, namely D^js = � t∈J(s)(s(t+)−s(t−))δt. Let D(s) ⊂ [0, T ] denote the set of points

where s is differentiable, ṡ(t) = lim_{h→0}(s(t+h) − s(t))/h, then D(s) has full measure and ṡ ∈ L^1([0, T ]).

Note that in general the fundamental theorem of calculus s(t_2)−s(t_1) =

�_{t2}

t_1 ṡ(t)dt does

not hold because of jumps and because of the singular part. However, we have

s(t_2) − s(t_1) = � ]t_1,t_2[

Ds(dt) + � s(t_2) − s(t_2−) � − � s(t_1) − s(t_1+) � (2.14)

because we did not enforce continuity from the left or from the right, and there is a suitable generalization for the chain rule (see (5.9)). To avoid all these complications the following formulation does not make usage of derivatives like in the global energetic formulation (GES) given in Definition 2.5.

Definition 2.3 A local energetic solution to the rate-independent problem associated with E and R_0 is a map t → (u(t), s(t)) with u ∈ L^∞([0, T ]; W^{1,p}_{ΓD} (Ω_{s1} ; R^2)) and s ∈ BV([0, T ]; [s_0, s_1]) such that

u(t) = U(t, s(t)) := argmin E(t, ·, s(t)) for every t ∈ [0, T ] (2.15)

and the following four conditions hold true

(a) s : [0, T ] → [s_0, s_1] is nondecreasing;

(b) κ(s(t)) − G(t, u(t), s(t)) ≥ 0 for all t ∈ [0, T ]\J(s);

(c) if κ(s(t)) − G(t, u(t), s(t)) > 0 then t ∈ D(s) and ṡ(t) = 0;

(d) for all t ∈ J(s) and all s_∗ ∈ [s(t−), s(t+)] we have κ(s_∗) − G(t, U(t, s_∗), s_∗) ≤ 0.

Condition (b) states that the energy-release rate has to be smaller than the fracture toughness everywhere except at the jump times. However, assuming continuity from the left or from the right and continuity of κ and G would even prove this estimate at the jump times t ∈ J(s). Condition (c) states that the crack cannot move if the energy-release rate is strictly less than the fracture toughness. Thus, so far the evolution is in full accordance with the Griffith criterion. Finally, condition (d), which is the essential new feature of the present formulation, states that during a jump the energy-release rate is not allowed to go below the fracture toughness. It is clear that this formulation is local in the sense that the evolution of s is determined solely by local properties of κ and G.

We observe that if (u(·), s(·)) is a local energetic solution, then since E(t, u(t), s(t)) < ∞ we have u(t) ∈ W^{1,p}_{ΓD} (Ω_{s(t)}; R^2).

As a consequence of Definition 2.3, we deduce that any local energetic solution t → (u(t), s(t)) associated with E and R_0 satisfies t → ∂_tE(t, u(t), s(t)) ∈ L^1([0, T ]) and the following energy inequality

E(t_2, u(t_2), s(t_2)) +

�_{s(t2)}

s(t_1)

κ(s)ds ≤ E(t_1, u(t_1), s(t_1)) +

�_{t2}

t_1

∂_tE(t, u(t), s(t))dt, (2.16)

holds true for every 0 ≤ t_1 ≤ t_2 ≤ T (for a proof see Corollary 5.6).

For each jump time t ∈ J(s) we define the nonnegative quantities Δ^+(t) and Δ^−(t) by

Δ^+(t) :=

�_{s(t+)}

s(t)

[G(t, U(t, s), s) − κ(s)]ds ≥ 0,

Δ^−(t) :=

�_{s(t)}

s(t−)

[G(t, U(t, s), s) − κ(s)]ds ≥ 0.

(2.17)

Through them, we can define a nonnegative function μ on closed subintervals of [0, T ] as follows:

μ([t_1, t_2]) := Δ^+(t_1) + Δ^−(t_2) + � t∈ ]t_1,t_2[ ∩J(s)

(Δ^+(t) + Δ^−(t)). (2.18)

Note that μ is finite, since G and κ are bounded and the sum of all jumps does not exceed s_1 − s_0. Using a chain rule for BV functions, (see, e.g.,[AFP00, Theorem 3.96] and (5.9)), it is then possible to derive an exact energy balance, i.e., we are able to characterize the energy missing in (2.16) via the function μ (see Lemma 5.5). For all 0 ≤ t_1 < t_2 ≤ T we have E(t_2, u(t_2), s(t_2)) +

�_{s(t2)}

s(t_1)

κ(σ)dσ + μ([t_1, t_2])

= E(t_1, u(t_1), s(t_1)) +

�_{t2}

t_1

∂_tE(τ, u(τ), s(τ))dτ.

(2.19)

We are now in a position to state the main result of this section.

Theorem 2.4 There exists a local energetic solution t → (u(t), s(t)) to the rate-indepen-dent problem associated with E and R_0 such that (u(0), s(0)) = (u_0, s_0). In particular, every limit point of a subsequence of viscous solutions t → (u^ν (t), s^ν (t)) starting from (u_0, s_0) is a local energetic solution.

2.4 Discussion and comparison with other types of solutions

We give now three different notions of solutions. For this reason we need some preliminary additional notations. Via the dissipation metric R_0 we introduce the dissipation distance D : [s_0, s_1] × [s_0, s_1] → [0, ∞] defined by

D(s^0_∗, s^1_∗) := � � � �_s1_∗

s^0_∗

R_0(s, ds) for s^1_∗ ≥ s^0_∗,

∞ otherwise.

Obviously, D satisfies D(s_∗, s_∗) = 0 and the triangle inequality, but we put in evidence that due to the definition of R_0, it turns out that D is a non-symmetric distance, since D(s, ~s) = ∞ for ~s < s.

The D-dissipation of a curve s is defined by

Diss_D(s; [t_1, t_2]) := sup{ M� j=1 D(s(r_{j−1}), s(r_j)) | M ∈ N, t_1 ≤ r_0 < · · · < r_M ≤ t_2 }.

We observe that Diss_D(s; [t_1, t_2]) < ∞ implies that s : [t_1, t_2] → [0, L] is nondecreasing and then Diss_D(s; [t_1, t_2]) = D(s(t_1), s(t_2)).

Definition 2.5 (LS) A local solution to the rate-independent problem associated with E and R_0 is a map t → (u(t), s(t)) with u ∈ L^∞([0, T ]; W^{1,p}_{ΓD} (Ω_{s1} ; R^2)) and s ∈ BV([0, T ]; [s_0, s_1]) satisfying the following three conditions:

(1) local stability:

u(t) = U(t, s(t)) := argmin E(t, ·, s(t)) for every t ∈ [0, T ], (2.20) κ(s(t)) − G(t, u(t), s(t)) ≥ 0 for a.e. t ∈ [0, T ], (2.21)

(2) irreversibility: the map t → s(t) is nondecreasing, (3) energy inequality: the map t → ∂_tE(t, u(t), s(t)) lies in L^1([0, T ]) and

E(t_2, u(t_2), s(t_2)) +

�_{s(t2)}

s(t_1)

κ(σ)dσ ≤ E(t_1, u(t_1), s(t_1)) +

�_{t2}

t_1

∂_tE(t, u(t), s(t))dt, (2.22) for every 0 ≤ t_1 ≤ t_2 ≤ T ;

(GES) a global energetic solution associated with E and D is a map t → (u(t), s(t)) with t → ∂_tE(t, u(t), s(t)) ∈ L^1([0, T ]) satisfying for every t ∈ [0, T ] stability (S) and energy balance (E):

(S) E(t, u(t), s(t)) ≤ E(t, ~u, ~s) + D(s(t), ~s) ∀(~u, ~s) ∈ W^{1,p}_{ΓD} (Ω_{s1} ; R^2) × [s_0, s_1], (E) E(t, u(t), s(t)) + Diss_D(s; [0, t]) = E(0, u(0), s(0)) +

�_t 0 ∂_tE(t, u(t), s(t))dt;

(AS) an approximable solution associated with the energy functional E and the dissipation metric R_0 is a local solution t → (u(t), s(t)) which is the point wise limit of a subsequence of some viscous solution t → (u^ν (t), s^ν (t)) associated with E and R_ν .

Remark 2.6 We note that if t → (u(t), s(t)) is a local solution to the rate-independent problem associated with E and R_0, then

0 ∈ ∂_ṡR_0(s(t), ṡ(t)) − G(t, u(t), s(t)) for a.e. t ∈ [0, T ].

Indeed, from the energy inequality we derive � κ(s(t)) − G(t, u(t), s(t)) � ṡ(t) ≤ 0 for a.e. t ∈ [0, T ],

but actually we can substitute inequality by equality due to the irreversibility condition and to stability (2.21).

By the previous definition it follows that the weakest notion of solution is the local one (LS) and therefore any other solution (among those defined in this work, including the local energetic one) is in particular a local solution. Its left-continuous version corresponds to the notion of irreversible quasistatic evolution given in [ToZ06, Definition 3.1].

The study of global energetic solutions (GES) is well developed in the literature, see, e.g., [MaM05, Mie05, FrM06] (and references therein). Moreover, the notion of global energetic solution in the case of a non-symmetric dissipation distance (like in this work) corresponds to the definition of irreversible quasistatic evolution considered in [FrM98, FrL03, DFT05] (see also references therein).

We note that the left-continuous version of an approximable solution (AS) fits the definition of approximable irreversible quasistatic evolution given in [ToZ06, Definition 3.7]. Anyway, in that paper, the authors considered a different viscous approximation, taking into account viscosity also for the bulk energy in the dissipation metric, and confined themselves to the case ~W (∇u) = |∇u|^2 and κ(s) ≡ 1.

In general, we expect that a global energetic solution (GES) is different from a local energetic one. On the other hand, as stated in Theorem 2.4, we will prove that any approximable solution (AS) is a local energetic solution. On the contrary, maybe not any local energetic solution is approximable. For a specific situation comparing global energetic solution (GES), local energetic solution and approximable solution (AS) with each other, see Example 6.3.

The more general concept of BV-solution has been recently introduced in [MRS07]. This notion works on general metric spaces, but in the context of the present work it coincides with the local energetic solution.

We would like to mention also another notion of evolution which was recently introduced in the work [NeO07]:

(WS) a weak solution associated with E and R_0 is a mapping t → (u(t), s(t)) with u ∈ L^∞([0, T ]; W^{1,p}_{ΓD} (Ω_{s1} ; R^2)) and s ∈ BV([0, T ]; [s_0, s_1]) such that (u(0), s(0)) = (U(0, s_0), s_0) and the following three conditions are satisfied:

(1) local stability condition: for every t ∈ [0, T ]

u(t) = U(t, s(t)) := argmin E(t, ·, s(t)), κ(s(t)) − G(t, u(t), s(t)) ≥ 0,

(2) irreversibility: the map t → s(t) is nondecreasing, (3) weak activation criterion:

s(·) not constant in ]t − η, t + η[ ⇒ G(t, U(t, ŝ), ŝ) ≥ κ(ŝ) ∀ŝ ∈ [s(t−), s(t+)] \ {s_1}.

The weak solution (WS) is defined according to [NeO07, Definition 2.2]. In that work the authors consider the case of bulk energy ~W (∇u) = |∇u|^2 and fracture toughness κ(s) ≡ G_c > 0. This notion is very close to our definition of local energetic solution, and the main difference with the previous definitions is that they both do not require any condition on energies and that on the contrary they are given in terms of “slopes”, involving energy release rate and toughness. Moreover both notions satisfy the extended energy balance (2.19), which easily implies the usual energy inequality (2.22). In general, a weak solution is a local energetic solution and vice versa, any local energetic solution s(t) can be modified to be a weak solution, with s(t) ∈ {s(t−), s(t+)} for every t.

3 Reduced energy and energy release rate

In the proofs of Theorems 2.2 and 2.4 we use frequently that the energy release rate G is continuous. We will therefore investigate in this section the continuity and differentiability properties of the reduced energy I and derive a formula for G. We treat first a rather general case, where the energy E may depend on several parameters and have nonunique minimizers. Afterwards, the results are applied to the situation with a crack as described above.

3.1 Variation of reduced energies with respect to a finite number of parameters

Let V be a topological Hausdorff space and Σ = [σ^1 , σ^1_2 ] × . . . × [σ^m_1 , σ^m_2 ] ⊂ R^m a set of parameters. For the energy functional E_0 : Σ × V → R_∞ = R ∪ {∞} we define

I(σ) = inf{ E_0(σ, v) | v ∈ V }, U(σ) = Argmin E_0(σ, ·) = { v ∈ V | E_0(σ, v) = I(σ) }.

The following assumptions are imposed on E_0, cf. [FrM06].

Compactness of energy sublevels:

∀ σ ∈ Σ ∃ E ∈ R : L_{σ,E} := { u ∈ V | E_0(σ, u) ≤ E } is not empty. Furthermore, L_{σ,E} is compact for every σ ∈ Σ and every E ∈ R.

(E1)

This assumption implies that for every σ ∈ Σ the set U(σ) is not empty and that I : Σ → R is well defined.

Uniform control of ∂_σ E_0:

∃ c_0 ∈ R ∃ c_1 > 0 ∀(~σ, u) ∈ Σ × V with E_0(~σ, u) < ∞ : E_0(·, u) ∈ C^1(Σ) and |∂_σ E_0(σ, u)| ≤ c_1(c_0 + E_0(σ, u))∀ σ ∈ Σ.

(E2)

Using Gronwall’s inequality, the following fundamental estimate can be deduced from assumption (E2), see e.g. [FrM06]: For every σ_1, σ_2 ∈ Σ and u ∈ V with E_0(σ_1, u) < ∞ it holds

E_0(σ_1, u) ≤ � c_0 + E_0(σ_2, u) � e^{c1|σ1−σ2|} − c_0.

This inequality implies in particular that for every σ_1, σ_2 ∈ Σ and u ∈ U(σ_2), we have

I(σ_1) ≤ E_0(σ_1, u) ≤ � c_0 + I(σ_2) � e^{c1|σ1−σ2|} − c_0,

and therefore,

sup_{σ∈Σ} I(σ) < ∞, sup{ E_0(σ, u) | σ ∈ Σ, u ∈ ∪_{τ ∈Σ} U(τ) } < ∞. (3.1)

Proposition 3.1 Assume that (E1) and (E2) are satisfied. Then the mapping I : Σ → R is Lipschitz continuous. Moreover, for every sequence σ_n → σ and every sequence (u_n)_{n∈N} with u_n ∈ U(σ_n) we have lim_{n→∞} E_0(σ, u_n) = I(σ).

Proof: Let σ_1, σ_2 ∈ Σ and u_2 ∈ U(σ_2). By condition (E2) and estimate (3.1) we obtain

I(σ_1) − I(σ_2) ≤ E_0(σ_1, u_2) − E_0(σ_2, u_2)

≤ |σ_1 − σ_2|

�_1 0 |∂_σE_0(σ_2 + s(σ_1 − σ_2), u_2)| ds ≤ c |σ_1 − σ_2| ,

and the constant c is independent of σ_1 and σ_2. Interchanging σ_1 and σ_2 in the previous inequality shows that I is Lipschitz continuous.

Let (σ_n, u_n)_{n∈N} be a sequence as described in the second statement of Proposition 3.1. Again by property (E2) and estimate (3.1) we see that

|E_0(σ_n, u_n) − E_0(σ, u_n)| ≤ |σ_n − σ|

�_1 0 |∂_σE_0(σ + s(σ_n − σ_0), u_n)| ds ≤ c |σ_n − σ| .

Together with continuity of I it follows that E_0(σ, u_n) → I(σ) for n → ∞. For the proof of differentiability properties of I, we need also a continuity assumption for ∂_σE_0 along sequences (σ_n, u_n)_n, where u_n ∈ U(τ_n) for some τ_n.

Continuity of ∂_σE_0 along sequences (σ_n, u_n)_n:

For n ∈ N let τ_n, σ_n ∈ Σ, u_n ∈ U(τ_n). Then the following implication holds: (σ_n, τ_n, u_n) → (σ, σ, u) with u ∈ U(σ) =⇒ ∂_σE_0(σ_n, u_n) → ∂_σE_0(σ, u).

(E3)

If V is identified with a Banach space, which is equipped with the weak topology, then there are at least two cases such that assumption (E3) is satisfied. In the case, where E_0 has nonunique minimizers (like in finite–strain elasticity), a sufficient condition for (E3) to hold is: For every E ∈ R there exists a modulus of continuity ω_E : [0, ∞) → [0, ∞) such that |∂_σ E_0(σ_1, u) − ∂_σ E_0(σ_2, u)| ≤ ω_E (|σ_1 − σ_2|) for every u ∈ V with E_0(σ_1, u) ≤ E. Property (E3) is then an immediate consequence of the fundamental convergence theorem in [FrM06], where it is proved that the convergence of a sequence (u_n)_{n∈N} together with the convergence of the corresponding energies implies the convergence of ∂_σ E_0(σ_n, u_n). The case, where E_0(σ, ·) is strictly convex, is discussed in detail in the next section.

For τ ∈R^m\{0} and σ ∈ Σ the right and left directional derivatives of I are denoted by

∂^+_τ I(σ) = lim_{h↘0}^1_h � I(σ+hτ) − I(σ) � , (3.2)

∂^−_τ I(σ) = lim_{h↘0}^1_h � I(σ) − I(σ−hτ) � . (3.3)

Theorem 3.2 Let (E1)–(E3) be satisfied. For every σ ∈ Σ and τ ∈ R^m\{0} with σ+hτ ∈ Σ for small h > 0, the right and left directional derivatives with respect to τ exist and are given by

∂^+_τ I(σ) = min{ ∂_σE_0(σ, u) · τ | u ∈ U(σ) }, ∂^−_τ I(σ) = −∂^+_{−τ} I(σ) = max{ ∂_σE_0(σ, v) · τ | v ∈ U(σ) }.

Moreover, ∂^+_τ I and ∂^−_τ I are measurable and ∂^+_τ I(σ) = ∂^−_τ I(σ) for a.e. σ ∈ Σ. Finally, if h_n > 0 with lim_{n→∞} h_n = 0, then ∂^±_τ I(σ±h_nτ) → ∂^±_τ I(σ).

Remark 3.3 From the last assertion we may conclude the following, using Theorem 2.5.1 of [Cla83]: Let Σ = [σ_0, σ_1] ⊂ R. Then, under assumptions of Theorem 3.2, the Clarke generalized gradient of I is given by ∂^{Cl}I(σ) = [∂^+I(σ), ∂^−I(σ)], σ ∈ (σ_0, σ_1). This fact will be used in a forthcoming paper.

Proof: Let σ ∈ Σ, τ ∈ R^m\{0} such that σ+hτ ∈ Σ for 0 < h < h_0, where h_0 is chosen small enough. The goal is to calculate the limit in (3.2). Upper estimate: Let u ∈ U(σ) be arbitrary. Then 1 h � I(σ+hτ) − I(σ) � ≤^1_h � E_0(σ+hτ, u) − E_0(σ, u) � = �_1 0 ∂_σE_0(σ+rhτ, u) · τ dr.

By assumption (E2) and inequality (3.1), the integrand is bounded by a constant, which is independent of s and r. Therefore, Lebesgue’s Theorem of dominated convergence implies

lim sup h↘0 1 h � I(σ+hτ) − I(σ) � ≤ lim_{h↘0}

�_1 0 ∂_σE_0(σ+rhτ, u) · τ dr = ∂_σE_0(σ, u) · τ.

Since u ∈ U(σ) is arbitrary, we can take the infimum on the right hand side. In fact, the infimum is a minimum, which can be seen as follows. Let (u_n)_{n∈N} ⊂ U(σ) be an infimizing sequence for ∂_σE_0(σ, ·) · τ with respect to U(σ). By assumption (E1) the set U(σ) is compact and therefore, there exists an element u ∈ U(σ) and a subsequence (u_n′ )_n′_{∈N}, which converges to u. Assumption (E3) implies that ∂_σ E_0(σ, u_n′ )·τ → ∂_σE_0(σ, u)·τ. Thus, u is a minimizer of ∂_σ E_0(σ, ·) · τ on U(σ) and we have proved that

lim sup h↘0 1 h (I(σ+hτ) − I(σ)) ≤ min{ ∂_σE_0(σ, u) · τ | u ∈ U(σ) }.

Lower estimate: For every h ∈ [0, h_0] let u_{σ+hτ} ∈ U(σ+hτ). The lower semicontinuity of E_0 (assumption (E1)) and Proposition 3.1 imply that there exists a sequence h_n → 0 and an element u_∗ ∈ U(σ) such that u_{σ+hnτ} → u_∗. By assumption (E3) and Lebesgue’s Theorem we obtain therefore

lim inf n→∞ 1 h_n � I(σ+h_nτ) − I(σ) � ≥ lim_{n→∞}^1_{hn} � E_0(σ+h_nτ, u_{σ+hnτ} ) − E_0(σ, u_{σ+hnτ} ) �

= lim_{n→∞}

�_1 0 ∂_σ E_0(σ+rh_nτ, u_{σ+hnτ} ) · τ dr = ∂_σE_0(σ, u_∗) · τ.

A proof by contradiction shows finally that

lim inf h↘0 1 h � I(σ+hτ) − I(σ) � ≥ min{ ∂_σE_0(σ, v) · τ | v ∈ U(σ) }.

This finishes the proof of the first part of Theorem 3.2.

For the proof of the second part we extend I by reflection to a Lipschitz continuous and bounded function ~I : R^m → R. For τ ∈ R^m\{0}, h > 0 and σ ∈ Σ we define I^+_{τ,h}(σ) = h^{−1}(~I(σ+hτ) − ~I(σ)) and I^−_{τ,h}(σ) = h^{−1}(~I(σ) − ~I(σ−hτ)). Obviously, the functions I^+_{τ,h} and I^−_{τ,h} are measurable with respect to Σ and we have due to the first part of Theorem 3.2 that I^±_{τ,h}(σ) → ∂^±_τ I(σ) for every σ ∈ Σ. Therefore, ∂^±_τ I is measurable. Let φ ∈ C^∞_0 (int Σ) be arbitrary. Lebesgue’s Theorem and a change of coordinates imply that � Σ ∂^+_τ I(σ)φ(σ)dσ = lim_{h→0} h^{−1} � Σ (~I(σ+hτ) − ~I(σ))φ(σ)dσ

= lim_{h→0} h^{−1} � Σ ~I(σ)(φ(σ−hτ) − φ(σ))dσ = − � Σ I(σ)(∇φ · τ)dσ.

And similarly � Σ ∂^−_τ I(σ)φ(σ)dσ = − � Σ I(σ)(∇φ · τ)dσ.

Since φ ∈ C^∞_0 (int Σ) is arbitrary, we finally obtain ∂^−_τ I(σ) = ∂^+_τ I(σ) for a.e. σ ∈ Σ.

For the proof of the last part of Theorem 3.2 let σ_n := σ+h_nτ and v_n ∈ U(σ_n) such that ∂^+_τ I(σ_n) = ∂_σE(σ_n, v_n) · τ. In view of (E1) and Proposition 3.1 we may assume that v_n → v with v ∈ U(σ). Thus, by (E3) and formula (3.2) we have

∂^+_τ I(σ_n) = ∂_σ E_0(σ_n, v_n) · τ → ∂_σ E_0(σ, v) · τ ≥ ∂^+_τ I(σ). (3.4)

Moreover,

∂^+_τ I(σ) ≥ lim_{n→∞}^1_{hn} � E_0(σ_n, v_n) − E_0(σ, v_n) � = ∂_σE_0(σ, v) · τ. (3.5)

Combining (3.4) and (3.5) finishes the proof.

PSfrag replacements

Figure 3.1: Local description of the crack C via φ_s

Corollary 3.4 Let (E1)–(E3) be satisfied. If for every σ ∈ Σ the corresponding minimizer of E_0(σ, ·) is unique, then I ∈ C^1(Σ). Moreover, DI(σ) = ∂_σ E_0(σ, v), where v = v_σ is the minimizer of E_0(σ, ·).

Proof: Note first that for every τ ∈ R^m\{0} and every σ ∈ Σ it holds

∂_τ I(σ) ≡ ∂^+_τ I(σ) = ∂^−_τ I(σ) = ∂_σE_0(σ, v_σ) · τ,

where v_σ is the unique minimizer of E_0(σ, ·). It remains to prove the continuity of ∂_τ I(σ). Let (σ_n)_{n∈N} ⊂ Σ be a sequence with σ_n → σ and let (u_n)_{n∈N} ⊂ V be the corresponding minimizers. The uniqueness assumption and Proposition 3.1 imply that u_n → u, where u ∈ V is the minimizer of E_0(σ, ·). Assumption (E3) now guarantees that ∂_σE_0(σ_n, u_n) → ∂_σE_0(σ, u) and the proof is finished.

3.2 Application to the problem with prescribed crack path

The scope of this section is to show that the reduced energy I : [0, T ] × [s_0, s_1] → R, which is defined in (2.6), is well defined and belongs to C^1([0, T ] × [s_0, s_1]). Moreover, we provide a formula for the energy release rate G(t, s) = −∂_sI(t, s).

In order to study the differentiability properties of I with respect to s we introduce a family of diffeomorphisms T_{s,δ} : Ω_s → Ω_{s+δ} for s ∈ [s_0, s_1] and |δ| ≤ δ_0, where δ_0 > 0 is some small enough constant. Due to the smoothness assumptions on the crack path C, the subsequent considerations can be carried out uniformly with respect to s ∈ [s_0, s_1].

Since the crack path C is a simple C^2–curve, after a suitable rotation, it can locally be described as the graph of a C^2–function. Let s ∈ [s_0, s_1], r_0, δ_l, δ_r > 0 and φ_s ∈ C^2([−r_0, r_0] , R) such that for δ ∈ [−δ_l, δ_r] we have (for simplicity, we neglect the rotation):

γ(s+δ) =

�_{r(δ)}

φ_s(r(δ)) � , C_{s+δ}\C_{s−δl} = { (r, φ_s(r)) | r ∈ ]−r_0, r(δ)] } and r(0) = 0,

see figure 3.1. Choose θ ∈ C^∞_0 (B_{r0} (0)) with θ � B_{r0/3}(0) = 1. Similar to [Kov03] we define

the mapping T_{s,δ} : R^2 → R^2 via

T_{s,δ}(x) = x + � (γ_1(s + δ) − γ_1(s))θ(γ(s) − x) φ_s(x_1 + (γ_1(s + δ) − γ_1(s))θ(γ(s) − x)) − φ_s(x_1) � .

Lemma 3.5 (Properties of T_{s,δ}) There exists a constant δ_0 > 0 such that we have (a) T_{s,·} ∈ C^2([−δ_0, δ_0] × R^2, R^2) and for every |δ| ≤ δ_0 the mapping T_{s,δ} is a C^2– diffeomorphism. Moreover, T_{s,δ}(Ω_s) = Ω_{s+δ}, T_{s,δ}(γ(s)) = γ(s + δ), T_{s,δ}(C_s) = C_{s+δ} and T_{s,δ}(x) = x for every x ∈ R^2\B_{r0} (γ(s)).

(b) The norms ‖T_{s,δ}‖_{C2(R2)} and � T^{−1}_{s,δ} � C^2(R^2) are uniformly bounded with respect to δ.

There exist constants c_3, c_4 > 0 such that for every |δ| ≤ δ_0 and x ∈ R^2 we have c_3 ≤ det ∇T_{s,δ}(x) ≤ c_4.

(c) Some derivatives: ϱ_s(x) := ∂_δ (T_{s,δ}(x)) � �_{δ=0} = γ^′_1(s)θ(γ(s) − x) �^1_{φ′s(x1)} � , (3.6) ∂_δ(det ∇T_{s,δ}) � �_{δ=0} = div ϱ_s, ∂_δ (∇T_{s,δ})^{−1} � �_{δ=0} = −∇ϱ_s. (3.7)

(d) There is a constant c > 0 such that for every u ∈ W^{1,p}_{ΓD} (Ω_s) and |δ| ≤ δ_0 we have ‖u‖_W1,p_{(Ωs)} ≤ c � �(∇u(∇T_{s,δ})^{−1})_{sym} � �_{Lp(Ωs)} . (3.8)

Proof: The proofs of parts (a)–(c) of Lemma 3.5 are carried out in [GiH96] for C^∞– diffeomorphisms. Without any changes, the arguments are also applicable to C^2 mappings T_{s,δ}. Part (d) follows by a perturbation argument. We make use of the following abbreviations x_δ(y) = T_{s,δ}(y), q_δ(y) = det ∇T_{s,δ}(y), B_δ(y) = (∇T_{s,δ}(y))^{−1}.

For elements v ∈ W^{1,p}_{ΓD} (Ω_s) and (t, δ) ∈ [0, T ] × [−δ_0, δ_0] we define

E_0(t, δ, v) = � Ω_s

q_δ(y)W (t, y, ∇v(y)B_δ(y)) dy − � Ω_s

q_δ(y)f(t, x_δ(y)) · v(y) dy − � Γ_N

h(t) · v dσ. (3.9)

The definition of E_0 is chosen in such a way that for every v ∈ W^{1,p}_{ΓD} (Ω_{s+δ}) we have E(t, v, s + δ) = E_0(t, δ, v ∘ T_{s,δ}). (3.10) Note that T_{s,δ} induces an isomorphism between the spaces W^{1,p}_{ΓD} (Ω_s) and W^{1,p}_{ΓD} (Ω_{s+δ}) through u → u ∘ T^{−1}_{s,δ} . Therefore, for every |δ| ≤ δ_0 the following identity is valid with I as in (2.6):

I(t, s + δ) = min{ E_0(t, δ, v) | v ∈ W^{1,p}_{ΓD} (Ω_s) }, and argmin E_0(t, δ, ·) = u ∘ T_{s,δ}, where u is the unique minimizer of E(t, ·, s + δ).

Theorem 3.6 Assumptions (2.1) and (2.3) imply that I ∈ C^1([0, T ] × [s_0, s_1]) and the following formulas are valid with ϱ_s from (3.6)

∂_tI(t, s) = � Ω_s

∂_tW (t, y, ∇u(y)) dy − � Ω_s

ḟ(t) · u dy − � Γ_N

ḣ(t) · uds, (3.11)

−G(t, s) = ∂_sI(t, s) = � Ω_s � W (t, y, ∇u)I − ∇u^⊤D_AW (t, y, ∇u) � : ∇ϱ_s dy − � Ω_s

u · div(f(t) ⊗ ϱ_s) dy. (3.12)

In both formulas, u is the unique minimizer of E(t, ·, s).

The quantity ∇u^⊤D_AW (t, y, ∇u) − W (t, y, ∇u)I is the Eshelby or Hamilton tensor. It follows from the proof of Theorem 3.6 that

G(t, s) = G(t, U(t, s), s). (3.13)

Moreover, we observe that G_{max} which appears in (2.9) is in fact a maximum.

Remark 3.7 Integration by parts shows that � Ω_s div(f ⊗ ϱs) · v dx = − � Ω_s f · (∇vϱs) dx.

This indicates that it would be sufficient to assume f(t) ∈ L^q(Ω; R^2) instead of f(t) ∈ W^{1,q}(Ω; R^2). In [KnM07], we deduced a formula for the energy release rate in the stationary case with this weaker assumption on f.

Proof: In order to prove Theorem 3.6, we apply Corollary 3.4 to the energy density E_0. Thus, we only have to show that E_0 satisfies conditions (E1)–(E3) from the previous section. The formula for the energy release rate can then be calculated using ∂_δI(t, s+δ) = ∂_δE_0(t, δ, u), where u = u_δ is the minimizer of E_0(t, δ, ·). We choose V = W^{1,p}_{ΓD} (Ω_s) together with the weak topology and Σ = [0, T ] × [−δ_0, δ_0].

Condition (E1) is an immediate consequence of the growth and convexity properties of the energy density W and relies on identity (3.10). Moreover, for every (t, δ) ∈ Σ and v ∈ W^{1,p}(Ω_s) the partial derivatives ∂_tE_0 and ∂_δE_0 exist and are given by

∂_tE_0(t, δ, v) = � Ω_s

q_δ(y)∂_tW (t, y, ∇v(y)B_δ(y)) dy − � Ω_s

q_δ(y)ḟ(t, x_δ(y)) · v(y) dy − � Γ_N

ḣ(t) · vds, (3.14) and ∂_δE_0(t, δ, v) = � Ω_s

∂_δq_δ(y) W (t, y, ∇v(y)B_δ(y)) dy + � Ω_s

q_δ (y) � ∇v(y)^⊤D_AW (t, y, ∇v(y)B_δ(y)) � : ∂_δB_δ(y) dy − � Ω_s

∂_δq_δ (y) f(t, x_δ(y)) · v(y) dy − � Ω_s

q_δ(y) � ∇f(t, x_δ(y))∂_δx_δ(y) � · v(y) dy. (3.15)

These formulas can be verified using Lebesgue’s Theorem, see also [Els05, Satz IV.5.7], and by applying a generalized variant of Lemma 4.1 from [KnM07]. There, for a straight crack it is shown that f(t, x_{δn} ) → f(t, x_δ) strongly in L^q(Ω_s) for δ_n → δ and that δ^{−1}_n (f(t, x_{δn} ) − f(t, x_δ)) → ∇f(t, x_δ)∂_δx_δ strongly in L^q(Ω_s). The generalization of this lemma to a smooth, curved crack is straightforward.

Furthermore, ∂_tE_0, ∂_δE_0 : Σ × W^{1,p}_{ΓD} (Ω_s) → R are strongly continuous. This is again a consequence of Lemma 4.1 from [KnM07] together with properties of Nemytskij operators [Zei86] (for the terms with W ) and the Lebesgue Theorem.

It remains to verify the estimate in (E2) and property (E3). Taking into account the uniform bounds of the family T_{s,δ} and assumptions (2.1) and (2.3), we obtain, based on the generalized Korn’s inequality (3.8) and relation (3.10), the following estimate for elements v ∈ W^{1,p}_{ΓD} (Ω_s):

E_0(t, δ, v) ≥ c_2 ‖v‖^p_{W1,p(Ωs)}

− c_3(1 + ‖u_{Dir}‖^p_{C1([0,T ];W1,p(Ωs))} + ‖f‖^q_{C1([0,T ];W1,q (Ωs))} + ‖h‖^q_{C1([0,T ];Lq(ΓN ))}). (3.16)

The constants c_i > 0 are independent of v, δ and t. On the other hand, from (3.14) and (3.15) by Hölder’s inequality we obtain the estimate

|∂_tE_0(t, δ, v)| + |∂_δE_0(t, δ, v)| ≤ c � ‖v‖^p_{W1,p(Ωs)} + ‖f‖^q_{C1([0,T ];W1,q (Ωs))} + ‖u_{Dir}‖^p_{C1([0,T ];W1,p(Ωs))} + ‖h‖^q_{C1([0,T ];Lq(ΓN ))} � and c > 0 is independent of v, t and δ. Together with (3.16) this proves (E2).

Let now t, t_n, t̃_n ∈ [0, T ], δ, δ_n, δ̃_n ∈ [−δ_0, δ_0] with (t_n, t̃_n) → (t, t), (δ_n, δ̃_n) → (δ, δ) and assume that u_n is the unique minimizer of E_0(t̃_n, δ̃_n, ·) with u_n ⇀ u weakly in W^{1,p}_{ΓD} (Ω_s), where u is the minimizer of E_0(t, δ, ·). Proposition 3.1 implies that the sequence (u_n)_{n∈N} is a minimizing sequence for E_0(t, δ, ·). Since the energy density ~W is assumed to be strictly convex, it follows from a result by Visintin [Vis84] that the minimizing sequence converges also strongly in W^{1,p}(Ω_s). From the continuity properties of ∂_tE_0 and ∂_δ E_0 we conclude therefore that

∂_tE_0(t_n, δ_n, u_n) → ∂_tE_0(t, δ, u), ∂_δE_0(t_n, δ_n, u_n) → ∂_δE_0(t, δ, u).

This proves condition (E3). Corollary 3.4 now implies that I ∈ C^1([0, T ] × [s_0, s_1]). The formulas for the derivatives of I follow from (3.14) and (3.15) with δ = 0 taking into account relations (3.6) and (3.7).

Remark 3.8 Non-interpenetration can be included in our model for both, straight and curved cracks. This means that we have to restrict the space W^{1,p}_{ΓD} (Ω_s; R^2) to the convex cone V_≥(Ω_s) = { v ∈ W^{1,p}_{ΓD} (Ω_s) | [v]ν ≥ 0 }, where [v] = v^+ − v^− denotes the difference of the traces of v on the positive and negative side of C_s, and ν is the unit normal to C_s pointing from the negative to the positive side. If the crack is straight, the proof of Theorem 3.6 is still valid, since T_{s,δ} induces an isomorphism between V_≥(Ω_s) and V_≥(Ω_{s+δ}). In the case of a curved crack we use the Piola transform P_δ : V_≥(Ω_{s+δ}) → V_≥(Ω_s) with P_δ v = (cof ∇T_{s,δ})^⊤ v∘T_{s,δ}, where cof denotes the cofactor matrix. The Piola transform generates an isomorphism between V_≥(Ω_{s+δ}) and V_≥(Ω_s). The energy E_0 from (3.9) has to be replaced by E_≥ with

E_≥(t, δ, v) = � Ω_s

q_δ W (t, y, ∇ � (cof ∇T_{s,δ})^{−⊤}v � B_δ) dy − � Ω_s

q_δ f(t, x_δ) · � (cof ∇T_{s,δ})^{−⊤}v � dy − � Γ_N

h(t) · v dσ.

Note that E(t, v, s + δ) = E_≥(t, δ, P_δv) for every v ∈ V_≥(Ω_{s+δ}). Now the same arguments as in the proof of Theorem 3.6 can be applied to E_≥ under the additional assumption that the crack is C^3-smooth. The energy release rate is given by (with u = U(t, s)):

−G(t, s) = ∂_δ E_≥(t, 0, u) = � Ω_s � W (t, y, ∇u)I − ∇u^⊤D_AW (t, y, ∇u) � : ∇ϱ_s dy − � Ω_s

v · div(f ⊗ ϱ_s) dy − � Ω_s f · � (∇ϱ_s − div ϱ_sI)v � dy + � Ω_s

D_AW (t, y, ∇u) : ∇ � (∇ϱ_s − div ϱ_sI)v � dy. (3.17)

If the crack is straight, then this formula reduces to (3.12). It remains open whether this is also true in the general case. This investigation will be continued in a subsequent paper.

4 Solutions for the viscous problem

In this section we deal with the reduced functional I(t, s) defined in (2.6) and with the corresponding energy release rate G(t, s) defined in (2.7).

The existence of a viscous solution s^ν is obtained by minimizing a sequence defined through time-discretization, i.e., using the minimizing movements theory of De Giorgi [De 93] (see also [Amb95] and the recent book [AGS05]). In this section the viscosity parameter ν > 0 is fixed.

4.1 Time-incremental problems

For N ∈ N \ {0} we define the time-step τ = T/N and t_k := kτ for k = 0, 1, . . . , N. We define by induction s^ν_k as follows: s^ν_0 := s_0 and for k ≥ 1 the value s^ν_k is defined by

s^ν_k ∈ argmin{ I(t_k, ~s) + τR_ν � s^ν_{k−1},

~s − s^ν_{k−1} τ � | ~s ∈ [s_0, s_1] }. (4.1)

The existence of s^ν_k is an easy consequence of the direct method in the calculus of variations, since s → I(t, s) is continuous and s → R_ν (s^ν_{k−1},^{s−sνk−1}_τ ) is lower semicontinuous. We observe that s^ν_k satisfies

0 ∈ ∂_ṡR_ν � s^ν_{k−1}, s^ν_k − s^ν_{k−1} τ � − G(t_k, s^ν_k) + ∂χ_{[s0,s1]}(s^ν_k), (4.2)

for every k = 1, . . . , N.

If s^ν_k < s_1, then by (4.2) we deduce that � κ(s^ν_{k−1}) − G(t_k, s^ν_k) + ν s^ν_k − s^ν_{k−1} τ ) �sν_k − sν_{k−1} τ = 0. (4.3)

Indeed, let us first observe that (4.2) is equivalent to

R_0 � s^ν_{k−1},

~s − s^ν_{k−1} τ � − R_0 � s^ν_{k−1}, s^ν_k − s^ν_{k−1} τ � + � ν s^ν_k − s^ν_{k−1} τ − G(t_k, s^ν_k)

�~s − sν_k τ ≥ 0 for all ~s ∈ R. Using R_0(s, ṡ) = ∞ for ṡ < 0, it is sufficient to consider ~s ≥ s^ν_{k−1} which gives � κ(s^ν_{k−1}) + ν s^ν_k − s^ν_{k−1} τ − G(t_k, s^ν_k))

�~s − sν_k τ ≥ 0.

In particular, for any ~s > s^ν_k we obtain κ(s^ν_{k−1}) + ν^{sνk −sνk−1}_τ − G(t_k, s^ν_k) ≥ 0. If we choose now ~s = s^ν_{k−1} then we derive � κ(s^ν_{k−1}) + ν s^ν_k − s^ν_{k−1} τ − G(t_k, s^ν_k)

�sν_k − sν_{k−1} τ ≤ 0.

The last two inequalities together with the fact that s^ν_k ≥ s^ν_{k−1} give (4.3).

Let s^ν_τ and s^ν_τ be the left-continuous and right-continuous piecewise constant interpolants of s^ν_k such that s^ν_τ (t_k) = s^ν_τ (t_k) = s^ν_k, i.e.,

s^ν_τ (t) := s^ν_k ∀t ∈ ]t_{k−1}, t_k], s^ν_τ (t) := s^ν_{k−1} ∀t ∈ [t_{k−1}, t_k[, k = 1, . . . , N. (4.4) Let t_k : [0, T ] → [0, T ] be given by t_τ (0) := 0, t_τ (t) := t_k for t ∈ ]t_{k−1}, t_k].

Moreover, we define the piecewise affine interpolants

ŝ^ν_τ (t) := s^ν_{k−1} + t − t_{k−1} τ (s^ν_k − s^ν_{k−1}) ∀t ∈ ]t_{k−1}, t_k] . (4.5)

Hence, we can rewrite the time-incremental problem (4.2) by 0 ∈ ∂_ṡR_ν (s^ν_τ (t), ^̇s^ν_τ (t)) − G(t_τ (t), s^ν_τ (t)) + ∂χ_{[s0,s1]}(s^ν_τ (t)). (4.6) We now prove that these interpolants satisfy suitable a priori bounds.

Lemma 4.1 There exists a positive constant C such that for every ν > 0 and every τ > 0 the following estimates hold true.

‖s^ν_τ ‖_L∞_{(0,T )}, ‖s^ν_τ ‖_L∞_{(0,T )} ≤ C (4.7) �_T 0 R_ν (s^ν_τ (t), ^̇s^ν_τ (t))dt ≤ C (4.8)

‖^̇s^ν_τ ‖_L2_{(0,T )} ≤ C √ ν (4.9)

‖s^ν_τ − ŝ^ν_τ ‖_L∞_{(0,T )}, ‖s^ν_τ − ŝ^ν_τ ‖_L∞_{(0,T )} ≤ C √ τ √ ν . (4.10)

Moreover, for every ν > 0 there exists τ_0 = τ_0(ν) such that s^ν_τ (t) < s_1 ∀τ < τ_0 ∀t ∈ [0, T ]. (4.11)

Proof: Since s^ν_k belongs to [s_0, s_1] for every k = 1, . . . , N, estimate (4.7) is trivially satisfied by any constant C ≥ s_1. By the minimality of s^ν_k and taking s^ν_{k−1} as test function we deduce

I(t_k, s^ν_k) + τR_ν � s^ν_{k−1}, s^ν_k − s^ν_{k−1} τ � ≤ I(t_k, s^ν_{k−1}) + τR_ν (s^ν_{k−1}, 0)

= I(t_{k−1}, s^ν_{k−1}) +

�_{tk}

t_{k−1}

∂_tI(t, s^ν_{k−1})dt,

that is

I(t_k, s^ν_k) − I(t_{k−1}, s^ν_{k−1}) +

�_{tk}

t_{k−1}

R_ν � s^ν_{k−1}, s^ν_k − s^ν_{k−1} τ � dt ≤

�_{tk}

t_{k−1}

∂_tI(t, s^ν_{k−1})dt.

By adding this inequality we obtain, for every 0 ≤ i ≤ k ≤ N,

I(t_k, s^ν_k) − I(t_i, s^ν_i ) +

�_{tk}

t_i

R_ν (s^ν_τ (t), ^̇s^ν_τ (t))dt ≤

�_{tk}

t_i

∂_tI(t, s^ν_τ (t))dt.

Thus

I(t_τ (t), s^ν_τ (t)) +

�_{tτ (t)} 0 R_ν (s^ν_τ (r), ^̇s^ν_τ (r))dr ≤ I(0, s_0) +

�_{tτ (t)} 0 ∂_tI(r, s^ν_τ (r))dr

holds true for every t ∈ [0, T ]. Since now I ∈ C^1([0, T ] × [s_0, s_1]) by Theorem 3.6, we deduce the existence of a positive constant C independent of τ and ν such that �_T 0 R_ν (s^ν_τ (t), ^̇s^ν_τ (t))dt ≤ C(T + 1) + I(0, s_0),

which proves estimate (4.8). From the definition of R_ν given by (2.8) it follows that (4.8) is equivalent to �_T 0 � κ(s^ν_τ (t))^̇s^ν_τ (t) + ν 2 |^̇s^ν_τ (t)|^2 � dt ≤ C.

The non-negativity of the first term implies the estimate (4.9).

In order to prove (4.10), let now t ∈ ]t_{k−1}, t_k]. Then by the definition of s^ν_τ (t) and ŝ^ν_τ (t) given by (4.4) and (4.5), respectively, we derive

s^ν_τ (t) − ŝ^ν_τ (t) = s^ν_k − s^ν_{k−1} − t − t_{k−1} τ (s^ν_k − s^ν_{k−1}) = (τ − t + t_{k−1})^̇s^ν_τ (t) ≤ τ|^̇s^ν_τ (t)|.

Thus,

|s^ν_τ (t) − ŝ^ν_τ (t)| ≤

�_{tk}

t_{k−1}

|^̇s^ν_τ (t)|dt ≤ √ τ � � t_k

t_{k−1}

|^̇s^ν_τ (t)|^2 dt

�_{1/2} ≤ √ τ ‖^̇s^ν_τ ‖_L2_{(0,T )},

which, thanks to (4.9), gives the first estimate in (4.10). The second one is obtained in a similar way, since for every t ∈ ]t_{k−1}, t_k[ we have

|s^ν_τ (t) − ŝ^ν_τ (t)| = | t − t_{k−1} τ (s^ν_k − s^ν_{k−1})| ≤ τ|^̇s^ν_τ (t)|.

We observe that from (4.7), (4.9) and (4.10) it follows that ŝ^ν_τ ∈ L^∞(0, T ).

To conclude, we need to prove the existence of τ_0 such that (4.11) is satisfied. We start by defining the quantity s_{max} as

s_{max} := max{ s ∈ [s_0, s_1] | κ(s) ≤ G_{max} }.

By assumptions (2.10) and (2.9) it turns out that s_{max} is well defined and that s_{max} < s_1. Moreover, κ(s) > G_{max} for every s ∈ ]s_{max}, s_1].

Let k^∗ ∈ N be such that s^ν_k ≤ s_{max} for all k = 1, . . . , k^∗ and (for N > k^∗) let us assume s^ν_k∗_{+1} > s_{max}. If s^ν_k∗_{+1} < s_1 then κ(s^ν_k∗_{+1}) > G_{max} and therefore by (4.3) s^ν_k = s^ν_k∗_{+1} for all k = k^∗ + 1, . . . , N.

On the other hand, if s^ν_k∗_{+1} = s_1, then, by the definition (4.1) we get

−G(t_k∗_{+1}, s_1) + κ(s^ν_k∗ ) + ν τ (s_1 − s^ν_k∗ ) ≤ 0

or, equivalently, since s_1 − s^ν_k∗ > 0, ν τ ≤ G(t_k∗_{+1}, s_1) − κ(s^ν_k∗ ) s_1 − s^ν_k∗ ≤ G_{max} − κ(s^ν_k∗ ) s_1 − s^ν_k∗ < κ(s_1) − κ(s^ν_k∗ ) s_1 − s^ν_k∗ ≤ κ(s_1) s_1 − s_{max}

=: L_∗

where the second inequality is derived from the definition of G_{max} and the third one comes from our assumption (2.9).

Therefore, by taking τ_0 < ν/L_∗ we deduce that this second case cannot occur and hence s^ν_k∗_{+1} < s_1 for every k^∗ and the proof is complete.

From now on we will consider τ < τ_0 so that, thanks to (4.11) the time-incremental problem (4.6) becomes

0 ∈ ∂_ṡR_ν (s^ν_τ (t), ^̇s^ν_τ (t)) − G(t_τ (t), s^ν_τ (t)). (4.12)

4.2 Existence of a viscous solution

We consider now the limit in τ and prove that it is a viscous solution.

Theorem 4.2 There exist a function s^ν ∈ H^1([0, T ]; [s_0, s_1]) and a subsequence of τ (not labeled) such that

s^ν_τ , s^ν_τ , ŝ^ν_τ → s^ν in L^∞([0, T ] ; [s_0, s_1]) (4.13) ^̇s^ν_τ ⇀ ṡ^ν in L^2([0, T ] ; R). (4.14)

Moreover, for a.e. t ∈ [0, T ]

0 ∈ ∂_ṡR_ν (s^ν (t), ṡ^ν (t)) − G(t, s^ν (t)). (4.15)

Proof: We essentially use the continuous embedding H^1([0, T ]) ⊂ C^{0,1/2}([0, T ]) and the compact embedding of C^{0,1/2}([0, T ]) ⊂ C^0([0, T ]) (via the Arzela-Ascoli theorem).

Using estimates (4.9) the sequence (ŝ^ν_τ )_τ is bounded in H^1([0, T ]; [s_0, s_1]) and we find a weakly convergent subsequence (not renamed). In particular, (4.14) holds.

By the compact embedding into C^0([0, T ]) it also converges uniformly on [0, T ]. Employing (4.10) we have also proved (4.13).

To establish the differential inclusion (4.15) we pass to the limit in (4.12). First note that G is continuous, hence we have

g^τ (t) := G(t_τ (t), s^ν_τ (t)) → g^0(t) := G(t, s^ν (t)) for all t ∈ [0, T ].

Equation (4.12) is equivalent to �_T 0 R_ν (s^ν_τ (t), w(t)) − R_ν (s^ν_τ (t), ^̇s^ν_τ (t)) − g^τ (t)(w(t)−^̇s^ν_τ (t))dt ≥ 0 (4.16)

for all w ∈ L^2([0, T ]). In fact, it suffices to consider w with w ≥ 0 a.e. in [0, T ]. For passing to the limit τ → 0 note that the first term converges pointwise with a majorant κ_{max}w +^ν_2 w^2, hence its limit is

�_T 0 R_ν (s^ν , w) dt. The third term converges because it is a scalar product of a strongly and a weakly convergent sequence. For the second term, using the fact that ^̇s^ν_τ (t) ≥ 0, we estimate

�_T 0 |R_ν (s^ν_τ (t), ^̇s^ν_τ (t)) − R_ν (ŝ^ν_τ (t), ^̇s^ν_τ (t))|dt ≤ ω_κ � ‖s^ν_τ −ŝ^ν_τ ‖_∞

� �^T 0 ^̇s^ν_τ (t)dt,

where ω_κ is a modulus of continuity of κ ∈ C^0([0, L]). As the last integral equals s^ν_τ (T ) − s^ν_τ (0) ≤ s_1 − s_0 and by (4.10), the difference tends to 0 for τ → 0. Thus it remains to show the convergence of

�_T 0 R_ν (ŝ^ν_τ (t), ^̇s^ν_τ (t)) dt but this equals again

�_sν_{τ (T )}

s_0 κ(s) ds + ν 2 �_T 0 |^̇s^ν_τ (t)|^2 dt. The convergence of the first term follows with (4.13), while according to (4.14) lower semicontinuity can be applied to the second term. In particular, taking the lim inf as τ → 0 in (4.16) we find �_T 0 R_ν (s^ν (t), w(t)) − R_ν (s^ν (t), ṡ^ν (t)) − g^0(t)(w(t)−ṡ^ν (t))dt ≥ 0

for all w ∈ L^2([0, T ]), which is equivalent to the desired equation (4.15). This concludes the proof.

Now we are in a position to prove the main result of Section 2.2, which turns out to be an easy consequence of the previous Theorem 4.2.

Proof of Theorem 2.2: For the given s^ν : [0, T ] → [s_0, s_1] we choose u^ν (t) ≡ U(t, s^ν (t)) for every t ∈ [0, T ], then (2.11) of Definition 2.1 is satisfied. Moreover, (4.15) together with (3.13) provides (2.12).

Lemma 4.3 The subdifferential formulation (4.15) is equivalent to the following three properties which hold true for a.e. t ∈ [0, T ]:

(a^ν ) ṡ^ν (t) ≥ 0;

(b^ν ) κ(s^ν (t)) + νṡ^ν (t) − G(t, s^ν (t)) ≥ 0;

(c^ν ) (κ(s^ν (t)) + νṡ^ν (t) − G(t, s^ν (t)))ṡ^ν (t) = 0.

We note that by Lemma 4.3 it turns out that the viscous solution t → s^ν (t) satisfies the Karush-Kuhn-Tucker conditions ([Kar39, KuT51]).

Proof: It is sufficient to prove that conditions (a^ν )–(c^ν ) are equivalent to the following evolutionary variational inequality

R_0(s^ν (t), σ̇) − R_0(s^ν (t), ṡ^ν (t)) + � νṡ^ν (t) − G(t, s^ν (t)) � (σ̇ − ṡ^ν (t)) ≥ 0 ∀σ̇ ∈ R. (4.17) The direction (a^ν )–(c^ν ) ⇒ (4.17) is immediate, while the opposite direction is obtained by an argument very similar to the one proving (4.3) and therefore it is omitted.

We define s_{min} := min{ s > s_0 | κ(s) ≥ G_{max} } and note that by our assumption (2.9) we have s_{min} < s_1. It turns out that s^ν (t) ≤ s_{min} < s_1 for every t ∈ [0, T ]. (4.18) Indeed, if there is t_∗ ∈ ]0, T ] with s^ν (t_∗) > s_{min} then there exist t_1 < t_2 ≤ t_∗ such that s^ν (t_1) = s_{min}, s^ν (t) > s_{min} ∀t ∈ ]t_1, T ] and κ(s^ν (t)) > G_{max} ∀t ∈ ]t_1, t_2] (see also Figure 4.1).

PSfrag replacements

Figure 4.1: A possible situation for the graph of κ and the quantities s_{min} = s^ν (t_1), s^ν (t_2) and s^ν (t_∗).

Therefore κ(s^ν (t)) − G(t, s^ν (t)) > 0 for every t ∈ ]t_1, t_2]. Condition (c^ν ) in Lemma 4.3 implies then ṡ^ν (t) = 0 a.e. on ]t_1, t_2]. By the continuity of s^ν we derive s_{min} = s^ν (t_1) = s^ν (t_2) > s_{min}, a contradiction and (4.18) is proven.

Let us note that the same argument can be used to prove the following lemma. Lemma 4.4 Let s^ν be a viscous solution for I and R_ν and let t ∈ [0, T ] be such that κ(s^ν (t)) − G(t, s^ν (t)) > 0. Then there exists δ > 0 such that the map s^ν is constant in [t − δ, t + δ] ∩ [0, T ].

Proof: By continuity, there exists δ > 0 such that κ(s^ν (t̂)) − G(t̂, s^ν (t̂)) > 0 for every t̂ ∈ [t − δ, t + δ] ∩ [0, T ].

Now we can conclude following the same argument as above (replacing the interval ]t_1, t_2] with [t − δ, t + δ] ∩ [0, T ]).

We end this section by proving the energy balance condition.

Lemma 4.5 Let s^ν ∈ H^1([0, T ]; [s_0, s_1]) be a function satisfying (4.15). Then the following energy balance condition holds true

I(t_2, s^ν (t_2))+

�_{t2}

t_1 � κ(s^ν (t))ṡ^ν (t)+ν|ṡ^ν (t)|^2 � dt = I(t_1, s^ν (t_1))+

�_{t2}

t_1

∂_tI(t, s^ν (t))dt, (4.19)

for every 0 ≤ t_1 < t_2 ≤ T .

Proof: By Lemma 4.3 it follows that the map s^ν satisfies conditions (a^ν )–(c^ν ). Moreover, for a.e. t ∈ [0, T ] we have, via the chain rule for s^ν ∈ H^1([0, T ]),

−G(t, s^ν (t))ṡ^ν (t) = ∂_sI(t, s^ν (t))ṡ^ν (t) = d dt I(t, s^ν (t)) − ∂_tI(t, s^ν (t)).

Now (4.19) is an immediate consequence of the integral version of condition (c^ν ).

We observe that, since u^ν (t) = U(t, s^ν (t)), condition (4.19) turns out to be equivalent to energy balance (2.13).

5 Rate-independent limit

In this section we want to pass to the limit in ν, in order to prove the existence of a local energetic solution associated with I and R_0. This procedure is usually called vanishing viscosity method. We begin by stating some a priori estimates.

Lemma 5.1 Let s^ν ∈ H^1([0, T ]; [s_0, s_1]) be a solution of (4.15). Then there exists a positive constant (independent of ν) such that the following estimates hold true:

‖s^ν ‖_L∞_{(0,T )} ≤ C (5.1) �_T 0 R_ν (s^ν (t), ṡ^ν (t))dt ≤ C (5.2) ν �_T 0 |ṡ^ν (t)|^2 dt ≤ C. (5.3)

Proof: Since s^ν (t) ∈ [s_0, s_1] for every t ∈ [0, T ], we deduce that estimate (5.1) is satisfied by any constant C ≥ s_1. Lemma 4.3 guarantees that condition (c^ν ) holds true. Thus we derive

�_T 0 � κ(s^ν (t))ṡ^ν (t) + ν|ṡ^ν (t)|^2 � dt =

�_T 0 G(t, s^ν (t))ṡ^ν (t)dt

= −I(T, s^ν (T )) + I(0, s_0) +

�_T 0 ∂_tI(t, s^ν (t))dt

and the last right-hand side is bounded since I ∈ C^1([0, T ] × [s_0, s_1]), by Theorem 3.6. By condition (a^ν ) and (2.8) we get that (5.2) and then (5.3) hold true, and therefore the proof is complete.

Theorem 5.2 There exist a function s ∈ BV(0, T ; [s_0, s_1]) and a subsequence of ν (not labeled) such that

s^{ν ∗}⇀ s in BV(0, T ; [s_0, s_1]) (5.4) s^ν (t) → s(t) for all t ∈ [0, T ]. (5.5)

Moreover, the limit function s is a local energetic solution for R_0 and I as defined in Definition 2.3, namely

(a) s is nondecreasing;

(b) κ(s(t)) − G(t, s(t)) ≥ 0 for all t ∈ [0, T ]\J(s) ; (c) if κ(s(t)) − G(t, s(t)) > 0, then t ∈ D(s) and ṡ(t) = 0; (d) for all t ∈ J(s) and all s_∗ ∈ [s(t−), s(t+)] we have κ(s_∗) − G(t, s_∗) ≤ 0,

where J(s) and D(s) denote the jump set and the set of differentiability, respectively.

Proof: An application of the classical Helly selection theorem (see, e.g., [Rud76]) together with the a priori estimates of Lemma 5.1 provide the existence of a subsequence of ν and of a function s ∈ BV([0, T ]; [s_0, s_1]) satisfying (5.4)–(5.5).

Taking into account these convergences, we want to derive the limit problem solved by the map t → s(t). The idea is to consider the limit in the formulation (a^ν )–(c^ν) which is equivalent to (4.15) as shown in Lemma 4.3.

First of all, let us note that condition (a) is an immediate consequence of Helly’s Theorem. It follows that t → s(t) is continuous at a.e. t ∈ [0, T ], and the jump set J(s) is at most countable, since the sum of jumps is bounded by s_1 − s_0.

Further, we observe that a priori bound (5.3) implies

νṡ^ν → 0 in L^2([0, T ]). (5.6)

Moreover, by condition (b^ν ) �_T 0 ψ(t) � κ(s^ν (t)) − G(t, s^ν (t)) + νṡ^ν (t) � dt ≥ 0

for every ψ ∈ L^2([0, T ]) with ψ ≥ 0. Thanks to (5.6) we can pass to the limit and obtain an integral version of condition (b), namely �_T 0 ψ(t) � κ(s(t)) − G(t, s(t)) � dt ≥ 0 ∀ψ ∈ L^2([0, T ]), ψ ≥ 0

because of convergence (5.5), and continuity of κ and of G. Then, κ(s(t)) − G(t, s(t)) ≥ 0 for a.e. t ∈ [0, T ]. In particular, the inequality is true for every t in which the map s is continuous, and therefore condition (b) is proven.

In order to obtain condition (d), let us fix t̂ ∈ J(s) and s(t̂−) ≤ s^a < s^b ≤ s(t̂+). From the continuity of the map t → s^ν (t) we deduce that for every ν there exist t̂^ν_− and t̂^ν_+ such that t̂^ν_− < t̂^ν_+, t̂^ν_− → t̂, t̂^ν_+ → t̂, s^ν (t̂^ν_−) ≡ s^a, s^ν (t̂^ν_+) ≡ s^b.

Condition (c^ν ) of Lemma 4.3 implies �_{t̂}ν_+

t̂^ν_−

φ(s^ν (t)) � κ(s^ν (t)) − G(t, s^ν (t)) � ṡ^ν (t)dt ≤ 0 (5.7)

for every φ ∈ L^2([s_0, s_1]) with φ ≥ 0. Now we change variables, putting σ := s^ν (t) and defining t^ν (σ) := min{ t ∈ [t̂^ν_−, t̂^ν_+] | s^ν (t) = σ } so that inequality (5.7) becomes �_sb

s^a

φ(σ) � κ(σ) − G(t^ν (σ), σ) � dσ ≤ 0

for every φ ∈ L^2([s_0, s_1]), φ ≥ 0. Passing now to the limit as ν → 0, since t^ν (σ) → t̂, for every σ ∈ [s(t̂−), s(t̂+)], and since G is continuous thanks to Theorem 3.6, we get �_sb

s^a

φ(σ) � κ(σ) − G(t̂, σ) � dσ ≤ 0.

Therefore, κ(s_∗) − G(t̂, s_∗) ≤ 0 for every s_∗ ∈ [s^a, s^b] and by the fact that s^a and s^b were arbitrarily chosen in [s(t̂−), s(t̂+)] we obtain finally condition (d).

We are left with condition (c). Let t be such that κ(s(t)) − G(t, s(t)) > 0. Then by condition (d) t /∈ J(s) so that the map s is continuous in t. By continuity of κ and G and the pointwise convergence (5.5) we derive the existence of ν_0 > 0 and of δ > 0 such that for every ν ∈ [0, ν_0] and every t̂ ∈ [t − δ, t + δ] ∩ [0, T ] we have κ(s^ν (t̂)) − G(t̂, s^ν (t̂)) > 0. Applying now Lemma 4.4 we deduce that (for some possibly smaller δ > 0) the map s^ν is constant on [t − δ, t + δ] ∩ [0, T ] for every ν ∈ [0, ν_0]. Therefore, the limit map s is constant on [t − δ, t + δ] ∩ [0, T ], so that t ∈ D(s) and ṡ(t) = 0.

This concludes the proof of condition (c) and the theorem is proven.

We observe that from (4.18) and (5.5) it follows that

s(t) ≤ s_{min} < s_1 ∀t ∈ [0, T ]

and therefore s(t) does not reach the point s_1 during the time interval [0, T ].

With the help of the monotone inverse t̂ : [s(0), s(T )] → [0, T ] of s : [0, T ] → [s_0, s_1], we can distinguish between the following three different regimes:

Regime I (sticking crack tip, i.e., no motion of crack tip):

ṡ(t) = 0, t̂(s) jumps, κ(s(t)) − G(t, s(t)) ≥ 0; Regime II (crack grows slowly):

both t̂ and s are continuous and κ(s(t)) − G(t, s(t)) = 0; Regime III (crack tip jumps):

s jumps at t, t̂^′(s) = 0 and κ(s(t)) − G(t, s(t)) ≤ 0.

When κ(s(t)) − G(t, s(t)) = 0 the three different situations are all admissible. On the other hand, the case κ(s(t)) − G(t, s(t)) > 0 will always express Regime I (i.e., no crack growth), while the case κ(s(t)) − G(t, s(t)) < 0 shall correspond only to Regime III. However, by additionally assuming s(t) ∈ {s(t−), s(t+)} this last case disappears even though jumps occur along which κ(~s) < G(t, ~s) for ~s ∈ ]s(t−), s(t+)[ is possible.

Remark 5.3 Under the additional assumption that the map s → G(t, s) is Lipschitz continuous, uniqueness of the viscous solution s^ν is guaranteed, and then s^ν (t) converges monotonically to the limit s(t) (personal communication by Negri). Therefore in this situation t → s(t) turns out to be continuous from the left (i.e., s(t) = s(t−)), and the situation κ(s(t)) − G(t, s(t)) < 0 cannot occur.

Proof of Theorem 2.4: Arguing in the same manner as in the proof of Theorem 2.2, for the map s : [0, T ] → [s_0, s_1] obtained from Theorem 5.2 we choose u(t) := U(t, s(t)) = argmin E(t, ·, s(t)) so that (2.15) in Definition 2.3 is satisfied. Theorem 5.2 together with equality (3.13) provides conditions (a)-(d).

The following lemma implies that any local energetic solution is a local solution (LS), which was defined in Definition 2.5.

Lemma 5.4 Conditions (a)–(c) of Theorem 5.2 are equivalent to the subdifferential formulation 0 ∈ ∂_ṡR_0(s(t), ṡ(t)) − G(t, s(t)) for every t ∈ D(s).

The proof is very similar to the proof of Lemma 4.3 and therefore it is omitted.

Now we are in a position to prove our extended energy balance. For the sake of clarity, we recall first the definition of the function μ given in (2.18):

μ([t_1, t_2]) := Δ^+(t_1) + Δ^−(t_2) + � t∈ ]t_1,t_2[ ∩J(s)

(Δ^+(t) + Δ^−(t)),

where for each jump time t ∈ J(s) we defined in (2.17) the nonnegative quantities Δ^+(t) and Δ^−(t) by

Δ^+(t) :=

�_{s(t+)}

s(t)

[G(t, σ) − κ(σ)]dσ and Δ^−(t) :=

�_{s(t)}

s(t−)

[G(t, σ) − κ(σ)]dσ

respectively. We observe that μ is a nonnegative set function defined on closed subintervals of [0, T ], that it is finite and additive, so that

μ([t_1, t_2]) = μ([t_1, t_3]) + μ([t_3, t_2]) ∀0 ≤ t_1 < t_3 < t_2 ≤ T.

Lemma 5.5 Every local energetic solution t → s(t) associated with I and R_0 satisfies the following extended energy balance: for every 0 ≤ t_1 < t_2 ≤ T we have

I(t_2, s(t_2)) +

�_{s(t2)}

s(t_1)

κ(σ)dσ + μ([t_1, t_2]) = I(t_1, s(t_1)) +

�_{t2}

t_1

∂_tI(τ, s(τ))dτ, (5.8)

where the function μ is given by (2.18).

Proof: The proof is essentially an application of the chain rule in BV. Indeed, we have that I(·, s(·)) ∈ BV([0, T ]) and

DI(·, s(·)) = ∂_tI(·, s(·))dt + ∂_sI(·, s(·))~Ds + � t∈J(s) � I(t, s(t+)) − I(t, s(t−)) � δ_t (5.9) where J(s) ⊂ [0, T ] is the set of discontinuity points of s, and ~Ds = ṡdt + D^cs is the diffuse part of the derivative Ds (for a proof see, e.g., [AFP00, Theorem 3.96]).

We note that ∂_sI(·, s(·))~Ds = −κ(s(·))~Ds since by conditions (b) and (c) we have (κ(s(·)) − G(·, s(·)))~Ds = 0. On the other hand, for the jump part of the derivative we have

D^jI(·, s(·)) = − � t∈J(s)

�_{s(t+)}

s(t−)

G(t, σ)dσ δ_t.

Now, by (2.14) we derive

I(t_2, s(t_2)) − I(t_1, s(t_1)) = � ]t_1,t_2[

DI(·, s(·)) −

�_{s(t2)}

s(t_2 −)

G(t_2, σ)dσ −

�_{s(t1+)}

s(t_1)

G(t_1, σ)dσ.

Therefore, (5.9) and �_{s(t+)}

s(t−)

G(t, σ)dσ = Δ^+(t) + Δ^−(t) +

�_{s(t+)}

s(t−)

κ(σ)dσ

yield

I(t_2, s(t_2)) − I(t_1, s(t_1)) =

�_{t2}

t_1

∂_tI(t, s(t))dt − μ([t_1, t_2]) − � ]t_1,t_2[

κ(s(·))~Ds − �_{s(t2)}

s(t_2−)

κ(σ)dσ −

�_{s(t1+)}

s(t_1 )

κ(σ)dσ − � t∈J(s)∩]t_1,t_2[

�_{s(t+)}

s(t−)

κ(σ)dσ δ_t,

which is equal to (5.8), and the proof is complete.

This proves also (2.19).

Now the usual energy inequality turns out to be a direct consequence of the previous result, (simply by using the fact that μ([t_1, t_2]) ≥ 0).

Corollary 5.6 Every local energetic solution t → s(t) associated with I and R_0 satisfies the following simplified energy inequality: for every 0 ≤ t_1 ≤ t_2 ≤ T we have

I(t_2, s(t_2)) +

�_{s(t2 )}

s(t_1)

κ(s)ds ≤ I(t_1, s(t_1)) +

�_{t2}

t_1

∂_tI(t, s(t)) dt.

This gives energy inequality (2.16).

6 Examples

Here we present a few examples, which highlight the features of the functionals and solutions constructed above. Throughout we restrict to the case of linearized elasticity, such that the energy E is quadratic in u. For Dirichlet boundary conditions and loading of the form (u_{Dir}(t, ·), ℓ(t)) = a(t)(u^0_{Dir}, ℓ^0) the reduced energy I takes the form I(t, s) = a(t)^2Î(s). Moreover, we will assume that the crack path is the straight line C := [0, L]×{0} and that the fracture toughness is constant, i.e., κ(s) ≡ κ.

Example 6.1 In this example we treat a toy problem, which can be considered as a singular limit of a very thin body Ω = ]0, L[ × ]−h, h[ with 0 < h ≪ 1. The prescribed crack path is γ(s) = (s, 0) and the displacement u is restricted to be symmetric with respect to the x-axis, i.e., u(t, x, y) = diag(1, −1) u(t, x, −y). Moreover, for very small h, it is reasonable to assume that the displacement has the form u(t, x, y) = (0, v(t, x)sign(y)), where v(t, x) = 0 for x > s(t) (ahead of the crack). The purpose of the resulting toy model is to show that we are able to generate a large class of possible release rate functionals G in the form G(t, s) = a(t)^2Ĝ(s). Moreover, we find the asymptotics for crack length going to 0. In our toy problem we have Ĝ(s) ∼ s^2 which indicates that we are not able to describe crack initiation.

Under these assumptions the PDE problem reduces to the following ODE problem. For any s ∈ ]0, L[ we set

V_s := { v ∈ H^1_0([0, L]) | spt(v) ⊂ [0, s] } and E(t, v) :=

�_L 0 [^1_2 v^′(x)^2 + a(t)f̂(x)v(x)]dx.

With Î(s) := min{ E(1, v) | v ∈ V_s }/a(1)^2 we find

I(t, s) = a(t)^2Î(s) and G(t, s) = a(t)^2Ĝ(s),

where Ĝ(s) = −Î^′(s) ≥ 0. In fact, Î can be determined explicitly using F (x) =

�_x 0 (x − ξ)f̂(ξ) dξ, i.e., we have F (0) = 0 = F^′(0), F^{′′} = f̂. The unique minimizer v = V_s ∈ V_s of E(1, ·) reads

V_s(x) = � � � F (x) −

F (s) s x for x ∈ [0, s],

0 otherwise.

Some explicit calculations yield

Î(s) = F (s)^2 2s − 1 2 �_s 0 F^′(x)^2 dx and Ĝ(s) = −Î^′(s) = 1 2 � F^′(s) −

F (s) s �_2 ≥ 0.

From the last expression we see that every Ĝ in the form Ĝ(s) =^{s2}_2 γ(s)^2 with γ ∈ W^{1,1}([0, L]) can be realized as a release rate by taking F (s) = s

�_s 0 γ(x) dx, i.e., f̂(s) = sγ^′(s)+2γ(s).

Example 6.2 Let us recall the example proposed in [ToZ06, Section 7]: there, a(t) = t, ℓ(t) = 0, and E(t, u, s) = � Ω_s |∇u(x)|

2 dx for u = tu^0_{Dir} on Γ_D. The reduced energy functional then takes the form I(t, s) = t^2Î(s). The authors focus on the shape of the graph of Î (instead of Ĝ) and provide an explicit example in which Î is concave on some subinterval of [s_0, s_1]. Actually the construction goes by approximation, and a domain Ω_ε ⊂ R^2 and a prescribed boundary displacement u^ε_{Dir}, both dependent on a small parameter ε, are provided.

Specifically Ω_ε consists of two discs B_{−2} and B_2 of radius 1 centered at (−2, 0) and (2, 0) respectively, connected by a rectangle T_ε of height ∼ 2ε. The boundary displacement u^ε_{Dir} is such that on half part of T_ε (the left one) the body experiences some “closing” force,

PSfrag replacements

Figure 6.1: The set Ω_ε and the effect of the prescribed boundary displacement.

while on the other half part (the right one), the body experiences some “opening” force (see Figure 6.1).

Then, the limit of the energy

Î_ε(s) := min{ � Ω_ε\C_s

|∇u|^2 dx | u ∈ H^1(Ω_ε \ C_s; R), u = u^ε_{Dir} on ∂Ω_ε \ C_s }

as ε → 0 is considered. Note that here the prescribed crack path is C = [−3, 3] × {0}.

As s → Î_ε(s) is a C^2-function, in order to obtain that the map is not convex on the whole interval [−2, 2] the following three facts are established: lim sup_{ε→0+} Î_ε(2) is finite, lim inf_{ε→0+} Î_ε(−2) = +∞; while lim sup_{ε→0+} Î^′_ε(−2) is finite.

We note here in addition that it is possible to prove that lim sup_{ε→0+} Î^′_ε(2) is finite, too. The proof follows the lines of the one proving that lim sup_{ε→0+} Î^′_ε(−2) is finite, for which we refer to [ToZ06, Section 7].

Thus, we can conclude that the profile of Î(s) is concave in a first subinterval of [−2, 2] and it is convex in the last part.

Example 6.3 We discuss here the different behavior of our local energetic solution defined in Definition 2.3, the global energetic solution (GES), and a “generic” local solution (LS) defined in Definition 2.5, in the particular case of a(t) = t, ℓ(t) = 0, and

Ĝ(s) = � s − s_0 + 1 if s_0 ≤ s ≤ 2s_0 3s_0 + 1 − s if 2s_0 ≤ s ≤ L.

Thanks to our Example 6.1 such a choice for Ĝ(s) is admissible.

In general, we have to compare the position of Ĝ(s(t)) with the line^κ_{t2} , which is moving down as time increases. According to Griffith, we distinguish between three different situations (see also Figure 6.2):

(1) Regime I: no crack growth in the region strictly above the graph of Ĝ, since there we have^κ_{t2} − Ĝ(s(t)) > 0;

(2) Regime III: jumps in the region strictly below the graph of Ĝ, where^κ_{t2} −Ĝ(s(t)) < 0; (3) Regime II: slow crack propagation when^κ_{t2} − Ĝ(s(t)) = 0.

PSfrag replacements

Figure 6.2: Interplay between Ĝ(s(t)) and κ/t^2.

Let us start with the global energetic solution (GES), that we denote here by s_G(t). According to the stability condition (S), we have

t^2Î(s_G(t)) ≤ t^2Î(ŝ) + κ(ŝ − s_G(t)) ∀ŝ ≥ s_G(t), ∀t ∈ [0, T ]

which is equivalent to �_ŝ

s_G(t) �^ G(σ) − κ t^2 � dσ ≤ 0 ∀ŝ ≥ s_G(t), ∀t ∈ [0, T ].

On the other hand, energy balance condition (E) gives � − Ĝ(s_G(t)) + κ t^2 � ṡ_G(t) = 0.

Therefore, assuming s_G(0) = s_0, we expect that s_G will start to propagate (with a jump) at the first time t = t_1 such that the following equal-area rule is satisfied: �_{sG(t)}

s_0 �^ G(σ) − κ t^2 � dσ = 0. (6.1)

This behavior is represented in picture (GES) of Figure 6.3. At time t_1 we have (6.1) satisfied, so that the two triangles denoted by Λ in the picture have the same area. For t ∈ ]t_1, T ], the global energetic solution will grow continuously.

In our specific example, we get

s_G(t) = � � � s_0 if 0 ≤ t <

�_{κ(1+√2)} 1+ √ 2(1+s_0) =: t1

3s_0 + 1 −^κ_{t2} if t_1 < t ≤ T.

We continue now with the local energetic solution s(t). As already discussed, according to the Definition 2.3, we expect that for any time t, s(t) will belong to the epigraph of Ĝ. By condition (c) s(t) will remain constantly equal to s_0 until some time t_2 ≥ t_1 for which^κ_{t2} − Ĝ(s_0) = 0. The local energetic solution has then to move, and according to condition (d) it will jump to the next point at which^κ_{t2} − Ĝ(s(t_2+)) = 0. From this time on, the solution will grow continuously. See picture (LES) of Figure 6.3.

PSfrag replacements PSfrag replacements PSfrag replacements

Figure 6.3: Different behavior of three notions of evolutions. Picture (GES) corresponds to the global energetic solution, picture (LES) to the local energetic solution, and picture (LS) to a possible local solution.

In this specific example, it turns out that approximable solution (AS), weak solution (WS) and BV-solution introduced in subsection 2.4 coincide with the local energetic solution. To be precise, here we get:

s(t) = � s_0 if 0 ≤ t < √ κ =: t_2 > t_1 3s_0 + 1 −^κ_{t2} if t_2 < t ≤ T.

Finally, concerning the local solution (LS), denoted here by s_L(t), from the energy inequality (2.22), we derive

t^2 �^ I(s_L(t+)) − Î(s_L(t+)) � + κ(s_L(t+) − s_L(t−)) ≤ 0

or, equivalently, �_{sL(t+)}

s_L(t−) � − Ĝ(σ) + κ t^2 � dσ ≤ 0.

Hence, a local solution can also jump at some time t_3 ∈ ]t_1, t_2] in the region above the graph of Ĝ, then remaining constant up to time t_4 at which equality^κ_{t24} − Ĝ(s(t_4)) = 0 holds, and hence growing continuously.

A possible local solution is represented in picture (LS) of Figure 6.3. Starting from s_0, a local solution s_L(t) can jump at any time t_3 in the interval [t_1, t_2]. The maximal reachable position of s_L(t_3+) is the one such that the sum of the areas of the triangles 1 and 2 is equal to the area of the triangle 3.

In our specific case, for any y ∈ [0,^{√2}_{1+}^√_2 s_0] and any ~s ∈ [3s_0−y, 3s_0−y+ � 2(s_0 − y)^2 − y^2] we obtain the following local solution

s(t) = � � � � � s_0 if 0 ≤ t ≤

�_κ

1+y =: t_3

~s if t_3 < t <

�_κ

1+3s_0−es =: t4

3s_0 + 1 −^κ_{t2} if t_4 < t ≤ T.

An example using full two dimensional elasticity and showing the different behavior of the global energetic solution (GES) and the approximable solution (AS) is already present in [ToZ06, Section 4]. However, our Example 6.3, which is constructed following a completely different approach, provides some geometrical characterization of the two solutions, and, additionally, it also gives a description of the general behavior of the local solution (LS), which was not discussed in [ToZ06, Section 4].

7 Discussion and outlook

We have shown that the rate-independent limit problem and its solutions are quite different from other solutions suggested in the literature. However, they essentially coincide with the “weak solutions” of [NeO07] and the BV-solutions in [MRS07]. This coincidence may be lost if we generalize the model.

First consider a situation where the crack tip may move backward and forward. This may model the delamination of a tape that is originally glued to a glass plate. After pulling it off it is possible to glue it again by pushing hard onto the plate again. In this case, the surface energy is not totally dissipated and part of it is stored. Hence, to model this situation we need to consider a new (reduced) energy functional obtained by adding to the previous one a nonnegative term representing the created surface energy:

I(t, s) := E(t, U(t, s), s) +

�_s

s_0

a(σ)dσ

where E and U are defined in (2.4) and (2.5), respectively, and a ∈ C^0([0, L]) is positive. The dissipation metric takes the form

R_0(s, ṡ) = � κ^+(s)ṡ for ṡ ≥ 0, κ^−(s)|ṡ| for ṡ ≤ 0,

with κ^± ∈ C^0([0, L]) positive. Note that the case of nondecreasing crack tip studied in this paper corresponds to the choice κ = κ^+ + a and κ^− = ∞. Then, the viscous problem 0 ∈ ∂_ṡR_0(s, ṡ) + νṡ + ∂_sI(t, s) can be still solved by the same incremental method developed in Section 4 and the extraction of a limit process still works. To have global existence of solutions, we make the following assumptions on κ^+ and κ^−. Let us denote J_{max} = max_{(t,s)} ∂_sI(t, s) and J_{min} = min_{(t,s)} ∂_sI(t, s). To prevent the crack tip from reaching the endpoint s_1 we assume κ^+(s_1) > −J_{min} which corresponds to (2.9), while to do not returning to the starting point s_0 we assume κ^−(s_0) > J_{max}. Moreover, in order to obtain a nontrivial solution we assume κ^+(s_0) < −∂_sI(t, s_0) for some t ∈ [0, T ] (which corresponds to (2.10)), while for allowing the crack tip to move backward we assume that there exists (t, s) ∈ [0, T ] × [s_0, s_1] such that κ^−(s) < ∂_sI(t, s). The corresponding limit problem then reads

(a) s ∈ BV([0, T ]; [s_0, s_1]);

(b) for all t ∈ [0, T ]\J(s) we have ∂_sI(t, s(t)) ∈ [−κ^+(s(t)), κ^−(s(t))]; (c) if ∂_sI(t, s(t)) ∈ ]−κ^+(s(t)), κ^−(s(t))[, then t ∈ D(s) and ṡ(t) = 0; (d) for t ∈ J(s) and s_∗ between s(t−) and s(t+) we have ∂_sI(t, s_∗) ∉ ]−κ^+(s_∗), κ^−(s_∗)[.

A second generalization concerns the modeling of several, noninteracting crack paths C_1, . . . , C_N . Let s = (s_1, . . . , s_N ) ∈ Σ ⊂ R^N denote the N-tuple containing the position of each crack tip. As above we obtain a reduced energy functional I : [0, T ] × Σ → R, such that G_j(t, s) = −∂_{sj} I(t, s) denotes the energy release rate for the j-th crack tip if all the others stay fixed. Moreover, we define the dissipation functional

R_0(s, ṡ) =

� �_N j=1 κ_j (s_j)ṡ_j for ṡ ∈ [0, ∞[^N , ∞ otherwise.

Introducing the vector G(t, s) = (G_1(t, s), . . . , G_N (t, s)) of all release rates, the viscous approximation takes the form

R^N ∋ 0 ∈ ∂_ṡR_0(s, ṡ) + νṡ − G(t, s).

Again the methods in Sections 4 and 5 provide viscous solutions s^ν ∈ H^1([0, T ]; R^N ) which are bounded in BV([0, T ]; R^N ), independently of ν. Hence, Helly’s selection principle still allows us to select a subsequence that converges pointwise to a limit function s ∈ BV([0, T ]; R^N ).

However, it is not so easy to see what problem the limit solutions have to satisfy. The problem is that some cracks may behave well while others jump. In particular, one should expect that a jump in one crack path changes the other release rates significantly and hence generates jumps at these cracks as well. One way of obtaining a limit problem is to use the arclength parameterization introduced in [EfM06]. We will not give the details here but just state the result if we transform back the limiting equation from there into the original time setting. For this we introduce the dissipation potential

R^∞(s, ṡ) = � R_0(s, ṡ) for |ṡ|_2 ≤ 1, ∞ otherwise.

Here the Euclidian norm |v|_2 = (v · v)^{1/2} corresponds to the viscous dissipation potential R_{visc}(s, ṡ) =^ν_2 |ṡ|^2.

Now the limit functions s satisfy

(a) s ∈ BV([0, T ]; R^N ) with s(t) ∈ Σ;

(b) for t ∈ D(s) we have 0 ∈ ∂_ṡR_0(s(t), ṡ(t)) − G(t, s(t)); (c) for each t_∗ ∈ J(s) there exists σ_∗ ∈ W^{1,∞}([0, 1]; R^N ) with

(c1) σ_∗(0) = s(t_∗−), σ_∗(1) = s(t_∗+), and

(c2) σ^′_∗(τ) ≠ 0 and 0 ∈ ∂_ṡR^∞ � σ_∗(τ), σ^′_∗(τ) |σ^′_∗(τ)|_2 � − G(t, σ_∗(τ)) for a.e. τ ∈ [0, 1].

Note that s has at most a countable number of jump points in J(s). The function σ_∗ may be considered as connecting the point s(t_∗−), where the jump starts, with the point s(t_∗+) where the jump ends. Condition (c2) says that along the whole curve σ_∗ at least for one of the crack tips the energy release rate has to reach the corresponding fracture toughness.

Thus, this type of solution is close to the notion of BV-solutions in [MRS07], but there the viscosity norm R_{visc}(s, ṡ) =^ν_2 R_0(s, ṡ)^2 is used instead of^ν_2 |ṡ|^2. This simplifies the theory but seems less physical.

To conclude, we point out that our model is not suitable to describe crack initiation unless the crack toughness vanishes in a similar fashion at the proposed crack tip or stress concentrations make the release rate much bigger. Example 6.1 shows that the release rate Ĝ tends to 0 for the crack length s tending to 0. In that toy problem the decay is like O(s^2), while for the full crack problem we expect O(s) only. This behavior is justified in [DTV07].

References

[AFP00] L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded variation and free discontinuity problems. Oxford Mathematical Monographs. The Clarendon Press Oxford University Press, New York, 2000.

[AGS05] L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space of probability measures. Lectures in Mathematics ETH Zürich. Birkhäuser Verlag, Basel, 2005.

[Amb95] L. Ambrosio. Minimizing movements. Rend. Accad. Naz. Sci. XL Mem. Mat. Appl.

(5), 19, 191–246, 1995.

[Cag07] F. Cagnetti. Some results in free discontinuity problems: second order optimality conditions, cohesive zone models in fracture mechanics, and homogenization in perforated domains. PhD thesis, SISSA, Trieste, 2007.

[CHM02] C. Carstensen, K. Hackl, and A. Mielke. Non–convex potentials and microstructures in finite–strain plasticity. Proc. Royal Soc. London, Ser. A, 458, 299–317, 2002.

[Cla83] F. H. Clarke. Optimization and Nonsmooth Analysis. Wiley, 1983. [DaT02] G. Dal Maso and R. Toader. A model for quasi–static growth of brittle fractures:

existence and approximation results. Arch. Rational Mech. Anal., 162, 101–135, 2002. [DD^∗07] G. Dal Maso, A. DeSimone, M. Mora, and M. Morini. A vanishing viscosity approach to quasistatic evolution in plasticity with softening. Arch. Rational Mech. Anal., 2007. To appear.

[De 93] E. De Giorgi. New problems on minimizing movements. In Boundary value problems for partial differential equations and applications, volume 29 of RMA Res. Notes Appl. Math., pages 81–98. Masson, Paris, 1993.

[DeD81] P. Destuynder and M. Djaoua. Sur une interpretation mathématique de l’intégrale de Rice en théorie de la rupture fragile. Math. Meth. Appl. Sci., 3, 70–87, 1981.

[DFT05] G. Dal Maso, G. Francfort, and R. Toader. Quasistatic crack growth in nonlinear elasticity. Arch. Rational Mech. Anal., 176, 165–225, 2005.

[DTV07] M. Dauge, S. Tordeux, and G. Vial. Selfsimilar perturbation near a corner:

matching and multiscale expansions. Preprint, ENS de Cachan, France, 2007. submitted to Comm. PDE.

[EfM06] M. Efendiev and A. Mielke. On the rate–independent limit of systems with dry friction and small viscosity. J. Convex Analysis, 13(1), 151–167, 2006.

[Els05] J. Elstrodt. Maß- und Integrationstheorie. Springer-Verlag, Berlin, 5 edition, 2005. [FrG06] G. Francfort and A. Garroni. A variational view of brittle damage evolution.

Arch. Rational Mech. Anal., 182(1), 125–152, 2006.

[FrL03] G. A. Francfort and C. Larsen. Existence and convergence for quasi-static evolution of brittle fracture. Comm. Pure Applied Math., 56, 1495–1500, 2003.

[FrM93] G. A. Francfort and J.-J. Marigo. Stable damage evolution in a brittle continuous medium. European J. Mech. A Solids, 12, 149–189, 1993.

[FrM98] G. Francfort and J.-J. Marigo. Revisiting brittle fracture as an energy minimization problem. J. Mech. Phys. Solids, 46, 1319–1342, 1998.

[FrM06] G. Francfort and A. Mielke. Existence results for a class of rate-independent material models with nonconvex elastic energies. J. reine angew. Math., 595, 55–91, 2006.

[GiH96] M. Giaquinta and S. Hildebrandt. Calculus of variations I. Springer-Verlag, Berlin, 1996.

[Gri20] A. A. Griffith. The phenomena of rupture and flow in solids. Philos. Trans. R. Soc.

Lond. Ser. A, 221, 163–198, 1920.

[Kar39] W. Karush. Minima of functions of several variables with inequalities as side constraints. M.Sc. Dissertation. Dept. of Mathematics, Univ. of Chicago, 1939.

[KhS00] A. M. Khludnev and J. Sokolowski. Griffith formulae for elasticity systems with unilateral conditions in domains with cracks. Eur. J. Mech., A/Solids, 19, 105–119, 2000.

[KMR06] M. Kočvara, A. Mielke, and T. Roubíček. A rate–independent approach to the delamination problem. Math. Mech. Solids, 11, 423–447, 2006.

[Kne06] D. Knees. Griffith-formula and J-integral for a crack in a power-law hardening material.

Math. Mod. Meth. Appl. Sci., 16(11), 1723–1749, 2006.

[KnM07] D. Knees and A. Mielke. Energy release rate for cracks in finite-strain elasticity.

Math. Methods Applied Sciences, 2007. Published online: 9 Jul 2007. WIAS Preprint 1100.

[Kov03] V. A. Kovtunenko. Shape sensitivity of curvilinear cracks on interface to nonlinear perturbations. Z. Angew. Math. Phys., 54(3), 410–423, 2003.

[KuT51] H. Kuhn and A. Tucker. Ninlinear programming. Proc. Berkeley Sympos. math.

Statist. Probability, 1950, pages 481–49, 1951.

[MaM05] A. Mainik and A. Mielke. Existence results for energetic models for rate– independent systems. Calc. Var. PDEs, 22, 73–99, 2005.

[Mie05] A. Mielke. Evolution in rate-independent systems (Ch. 6). In C. Dafermos and E. Feireisl, editors, Handbook of Differential Equations, Evolutionary Equations, vol. 2, pages 461–559. Elsevier B.V., Amsterdam, 2005.

[MiT99] A. Mielke and F. Theil. A mathematical model for rate-independent phase transformations with hysteresis. In H.-D. Alber, R. Balean, and R. Farwig, editors, Proceedings of the Workshop on “Models of Continuum Mechanics in Analysis and Engineering”, pages 117–129, Aachen, 1999. Shaker-Verlag.

[MiZ07] A. Mielke and S. Zelik. On the vanishing viscosity limit in parabolic systems with rate-independent dissipation terms. In preparation, 2007.

[MRS07] A. Mielke, R. Rossi, and G. Savaré. Modeling solutions with jumps for rateindependent systems on metric spaces. In preparation, 2007.

[MTL02] A. Mielke, F. Theil, and V. I. Levitas. A variational formulation of rate– independent phase transformations using an extremum principle. Arch. Rational Mech. Anal., 162, 137–177, 2002. (Essential Science Indicator: Emerging Research Front, August 2006).

[NeO07] M. Negri and C. Ortner. Quasi-static crack propagation by Griffith’s criterion.

Math. Models Methods Appl. Sci., 2007. To appear.

[Rud76] W. Rudin. Principles of mathematical analysis. McGraw-Hill Book Company, 1976. [ToZ06] R. Toader and C. Zanini. An artificial viscosity approach to quasistatic crack growth.

SISSA Preprint 43/M, 2006.

[Vis84] A. Visintin. Strong convergence results related to strict convexity. Commun. Partial Differ. Equation, 9, 439–466, 1984.

[Zei86] E. Zeidler. Nonlinear Functional Analysis and its Applications, volume 2/B Nonlinear Monotone Operators. Springer Verlag Inc., New York, 1986.