Weierstraf3-Institut
fiir Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 — 8633

Positivity and Time Behavior of a General Linear

Evolution System, Non-local in Space and Time

Andrii Khrabustovskyi!, Holger Stephan?

submitted: 23 October 2007

Mathematical Division, 2 Weierstrass Institute

B. Verkin Institute for for Applied Analysis and Stochastics
Low Temperature Physics E-Mail: stephan@wias-berlin.de

and Engineering, Kharkov

E-Mail: andry9Qukr.net

No. 1264
Berlin 2007

wl1lals

2000 Mathematics Subject Classification. 35B27, 35K60 .

Key words and phrases. diffusion-reaction systems, positive solutions, maximum principle,
homogenization, Riemannian manifold.



Edited by

Weierstra-Institut fir Angewandte Analysis und Stochastik (WIAS)
Mohrenstrafie 39

10117 Berlin

Germany
Fax: + 49 30 2044975
E-Mail: preprint@Qwias-berlin.de

World Wide Web:  http://www.wias-berlin.de/



Contents

[1__Introduction|

5 The id I . ]

5T . & . Told

4  Homogenization of the diffusion equation|

15 Proof of Theorem 3

6__Proofs of the main theorems

[7  Acknowledgments|

Abstract

We consider a general linear reaction-diffusion system in three dimensions
and time, containing diffusion (local interaction), jumps (nonlocal interac-
tion) and memory effects. We prove a maximum principle, and positivity of
the solution, and investigate its asymptotic behavior. Moreover, we give an
explicite expression of the limit of the solution for large times. In order to
obtain these results we use the following method: We construct a Riemannian
manifold with complicated microstructure depending on a small parameter.
We study the asymptotic behavior of the solution of a simple diffusion equa-
tion on this manifold as the small parameter tends to zero. It turns out that
the homogenized system coincides with the original reaction-diffusion system
what allows us to investigate its properties.
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1 Introduction

Linear reaction-diffusion systems play an important role in applied mathematics.
They describe, for instance, the transport of particles of various species in a random
medium and the transformation of the particles into each other, that means linear
reactions. The transport can be forced by local (diffusion) and nonlocal interaction
(jumps) of the particles with the medium. Moreover, the transport and the reactions
can be nonlocal in time (memory effects).

Let Q be a bounded domain in R? and [0, c0) the time interval. We consider m kinds
of species with concentrations uy = uy(z,t), for k=1,....m, z € Q and t € [0,00).
In the following, we give every species a special color and call transformations of the
particles into each other “changing of color”.

We consider a general linear reaction-diffusion system in © x [0, 00), describing the

mentioned reactions and transport effects:

auk
0 = (915 — Ay, + l %ﬁk Akl (uk(ZB, t) — ul(a:, t))

~

=1

0
Y STRRE—
0
a t
+ E/Ekl( Je Fkl(x)(t’T)(uk(w,T)+ul(x,r))dr
=12k
+ 3 [ 5 [ Gulepe e (gl )+ wly.r))ardy (1)
=19 0
up(z,0) = fi(z), (1.2)
=1

with & = 1,...,m, a smooth function f;(x), nonnegative smooth functions Ay (x),
Bu(x,y), ..., Hu(x,y) satisfying the conditions

Au(z) = Aw(r), Bulz,y) = Bu(y,z),

Eu(z) = Ey(x), Fu(z) = Fy(r), (14)
le(ﬂi,y) = sz(y,:v), sz(l",y) = Hlk(yax)a .

Au(z) > Ey(z), Bu(z,y) > Gu(x,y),

and a symmetric matrix U = {Uy, k,l = 1, m} consisting of zeros and unities with
one and only one unity in every line.



From a physical point of view our system can be understood in the following way.
System ([1.1)) describe the diffusion of particles of m colors with concentrations uy,
which can change their coordinates and colors, in the following way in each point of
Q:

e Change their color (this is described by the terms with Ag;).
e Jump from one point of € to another one (described by the Byi-terms).

e Jump and change its color simultaneously (described by the By-terms with

k1)

e Disappear and appear after some period of time in the same place without
change of color (this is described by the terms with Cy, and Dy,).

e Disappear and appear after some period of time in the same point of €2, but
with another color (described by the terms with Ey; and Fj).

e Disappear and appear after some period of time without change of color, but
in another point of 2 (described by the terms with Gy and Hyy).

e Disappear and appear after some period of time with another color and in
another point (described by the terms with Gy and Hy; for k # 1).

The last three processes influence the terms with Ay and By, too.

When a particle with the k-th color reaches the boundary of €2, it is reflected and if
U = 1 for some [ # k, it changes to the [-th color.

Important for the positivity of the solution to our system is the absents of differential
operators on the off-diagonal of the main part. This problem was investigated in [19)
for general linear drift-diffusion systems without memory effects.

We analyze the system (1.1)-(L.3), transforming the analytical difficulties into geo-
metric ones but for a much simpler equation. The idea of this method comes from
the article [5], where the authors consider the diffusion equation on a Riemannian
manifold with a complicated microstructure. After homogenization they get a sys-
tem of equations, which describes nonlocal spatial and time interactions of a systems
of various species. In some sense we solve the inverse to this problem and that we
construct a special Riemannian manifold and homogenize the diffusion equation
(Theorem 3). As a result we obtain the desired system (1.1)-(L.3) and are able to
prove some of its important properties (Theorems 1 and 2).

The homogenization of the diffusion equation was studied by many authors (see, for
example, the monographs (2], [§], [10], [14], [16], [17], |[21] and the references there).
The effect of the appearance of memory terms in the homogenized equation also was
investigated in many articles, see, in particular, [3], [4], [11], [13]. Homogenization
problems on manifolds with complicated microstructure were studied, except [5],
in [6], [7], [9], [12], [15].



2 The ideas and main results

It is well known, that the solution u(x,t) of the initial-boundary value problem for
the simple diffusion equation

ou

o —Au=0, (2.1)
u(r,0) = f(x), (2.2)
)
8—2 —0, 7 €99 (2.3)

satisfies the following properties

L max max u(z,t) = max f(z) (maximum principle),

II. If the function f(z) is nonnegative then w(z,t) is nonnegative for all ¢ > 0
(conservation of positivity).

1
III. u(x,t) converges to the constant M = @/ f(z)dz as t — oo, where |Q2| is the
Q

volume of the domain ). M is the solution to the stationary equation.
IV. [u(z,t)dz = [ f(z)dx for t > 0 (conservation of mass).
Q Q
These properties are valid for general linear evolution problems, conserving positivity
(see, e.g., [1L/18]).

The goal of the present paper is to prove analogous statements for the problem
(1.1)-(L.3) except the statement IV and the tending of the solution to the stationary

solution. This properties are not fulfilled because of the memory effects.

Theorem 1. The system (1.1)-(1.3) has a unique solution u(x,t) = (ui(x,1), ..., up(z,t))
with the following properties.

1) If M := ml?xr;léig%{fk(x) >0, we have

u(z,t) < M for almost all (z,t) € Q x [0,00), Vk.
2) If m := mkmglelél fr(x) <0, we have

m < ug(z,t) for almost all (z,t) € Q x [0,00), Vk.

Moreover, if Cy(x) = Dg(z) = En(x) = Fu(x) = Gu(z,y) = Hy(z,y) =0, Vk,I,
then the statements 1) and 2) are true even without the conditions M > 0 and m < 0.

Corollary. Let fy(x) > 0, k = 1,....,m. Then ug(x,t) > 0 for almost all (x,t) €
Q % [0,00), VE.



Theorem 2. Let the functions Ag(x)...Hy(x,y) be strictly positive and let u(x,t) =
(ur(z,t), ..., um(, 1)) be the solution to (1.1)-(1.3). Then, Vk ux(z,t) converges in

Ly(2) as t — oo to the constant

I —

= Ck = Ey = G '
m-\Q\+Z/—d:c+2 Z /F—Mdaﬁ+22//H—dedy
Q = Q 0

In order to prove these theorems we use the following method. We construct a
special Riemannian manifold M*¢, called the main manifold, depending on a small
parameter €. On M*® we consider the initial-boundary problem for the usual diffusion
equation

85; — A%uf =0, (7,t) € Me x 0,77, (2.4)
ut(7,0) = f(7), (2.5)
ous —~
= T M*® 2.
57 0, T € OM°®, (2.6)

where f€ is a smooth function, and A® is the Laplace-Beltrami operator. We prove
that it is possible to choose such manifolds M€ and initial function f¢ that the
solution of (2.4)-(2.6) u®(z,t) converges (in a certain sense) to the solution of (L.1)-
(1.3) w(z,t) = (ui(z,t), ..., upm(z,t)) as € — 0. It is well known, that the statements
[-1IT are still true for the problem —. Using the convergence of u®(Z,t) to
u(x,t), we will extend the statements I-III to the problem ([L.1])-(L.3).

Remark 1. It seems to be possible to prove Theorems 1, 2 directly analyzing
—. This is done for some particular cases. Our method gives a microscopic
interpretation of the terms of the system as diffusing particles in different domains
and allows us to calculate the constant L explicitely.

At first, we give an idea how to choose the manifold M¢ (see Figures 1 and 2). Note
that all objects in the following are three dimensional. Because we cannot draw
them, we will use two dimensional figures and use two dimensional notations for the
objects like sheets, holes, tubes and bubbles.

Instead of particles of m colors moving in the domain €2, we consider particles with
one color moving on m copies (sheets) of the domain €2 which are connected between
each other in a special manner. On the sheets are distributed holes D5". All holes
on all sheets are connected by special manifolds consisting of tubes, or bubbles and
tubes.

All kinds of interaction between the particles and the medium and between different
kinds of particles can be realized by a simple diffusion on explicitely constructed
manifolds. We call this manifolds A, B, CD, EF and GH-manifolds to show the un-
derlying connection with the term in the system —, containing the functions

>



A, B, C, and Dy, Ey and Fy, Gy and Hy resp. Note that the EF-manifolds
give a contribution to the terms with A and the GH-manifolds to the terms with
Bkl; too.

e Color change: diffusion through a thin tube connecting two points with the
same coordinate in € but on different sheets (see Figure 1: A-manifold),

B-manifold (k =1)
B-manifold (k # 1)

\\<G272‘7> )nanifbld

UL o

Figure 1: Manifolds without bubbles

GH-manifold (k =1)

GH-manifold (k # 1) M
& S p—
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CD-manifold
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Figure 2: Manifolds with bubbles

e Jump from one point to another: diffusion through a thin tube connecting two
points on the same sheet, but with different coordinates in 2 (see Figure 1:
B-manifold (k = 1)),
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Simultaneous change of color and jump from one point to another: diffusion
through a thin tube connecting two points with different coordinates in €2 and
on different sheets (see Figure 1: B-manifold (k # 1)),

Disappearance of a particle and appearance after some period of time: diffusion
in a bubble which is joined to the sheet by a thin tube (see Figure 2: CD-
manifold),

Disappearance of a particle and appearance after some period of time with
another color and/or in another place: diffusion through a manifold connecting
two points with different coordinates in 2 and/or lying on the different sheets.
This manifold consists of bubble and two thin tubes (see Figure 2: EF/GH-
manifold).

Behavior of particles on the boundary of the domain €2 can be realized by
connecting the external boundaries of the k-th and the [-th sheets if Uy =
1,k #L

The construction of the main manifold

Let 2 be a bounded domain in R? {D% C Q,i = 1..N(e)} be a system of balls
(holes) of radius d; and centers x5 and

N(e)
=0\ | J D
1=1

We consider m copies of the domain §2*. We denote by Qf the k-th copy and call it
the k-th sheet. By D§" we denote the copy of the i-th ball on the k-th sheet.

We associate with each hole D5 at most one hole D, 2 (possibly, k = 1,i = j)
and connect them via a manifold GZZ with boundary O‘Fklj, where a counts the
components of the boundary.

o If k =1 and i = j we glue to DI a 3-dimensional manifold G$i with a

boundary consisting of one component OT¢!. More exactly, we suppose that
OT¢" is diffeomorphic to 9D, according to these diffeomorphism we glue the
manifold G¢% to the sheet QE identifying °T'¢" and dD5" (see Figure 2: CD-
manifold).

If k # 1 or i # j we connect dD5* and dD;” by a 3-dimensional manifold G5
with boundary consisting of the components ll"kl] and 2T, More exactly,
we suppose that 'T%7 is diffeomorphic to dD57, 2T, is diffeomorphic to D},
according to these diffeomorphisms we glue the manlfold Gzll'j to the sheets €2,
and QF identifying 'T%7 and 0D5, 2I'Y7 and D’ (see Figure 1,2: A, B, EF,
GH mamfolds)



As a result we obtain a differentiable manifold M¢

) {)
k kg

Let U = {Uy, k,l = 1,m} be the symmetric matrix described in the previous

section. If Uy = 1 we identify the boundaries of the A-th and the [-th sheets. We

denote the obtained manifold by M?®.

The boundary of M¢ consists of U 099 and the boundaries of holes Df* which
k:Upp=1

do not have an associated hole Df’.

We denote the points of Me by z. If z € QF, then we assign the pair (z, k) to Z,
where x is the corresponding point in €.

We supposed that Me is equipped by the Riemannian metric g; 5 (Z), which coincides

with the Euclidian metric on the domains (€.
k

Now, we specify the size of the holes D and the form of the manifold GZ]'. We
consider two associated to each other holes D§' and D;’. We set

3 . .
ag’, 1 =j,
d;?—{ Sl as (3.1)
ac®, i # Jj,
Moreover, we suppose that
Jer, e >0, Vit e -1 < df <y 1S, e < g, (3.2)

where 7§ = min (dist(a5, acj))
j

We introduce the set of smooth positive functions

an(x), qh(z,y), ¢ (x), b (2), ghi(x), by (x), qS(z,y), b (v,y)

such that

an(7) = gp(2), an(z.y) = ai(y, 2), an(z) = qh(z), bh(x) = bj(x),
a5 (z,y) = ¢4 (y, x), bi(z,y) = bii(y, ). (3.3)

They will describe the metric on the manifolds GZ? and the coefficients of 1} will
depend on these functions.

We describe the form of the manifolds sz and the metric on them.

m Ifk=1i=jthen

G = B'UT{" (CD-manifold), (3.4)



where
Bt = {(p,,0) : p €10,27],9 € [0,7],0 € [«9?,%]} (bubble), (3.5)
Te = {(p.9,2) - p € [0,20),p € 0,72 € 0, 1]} (tube),  (3.6)

so that °I'y = {z € T§*|z = 0}, B;' and T}" are connected in the points 6 = 65’
and z = 1, correspondingly. The metric is defined by the formula for the
element of length

gs — (5)2d2% + (d5)(sin® Yd? + dip?), 7 € T,
(b57)2(sin® 0 sin? ydp? + sin® Ody? + db?), & € B,

| | @
where b7 = b (%) - 3/ds, qi' = qf (25) - d5, sin 67 = b_‘,‘:}

If £ # 1 or i # j then two situations are possible

Gyl = {(p.¥,2) 1 ¢ € 0,27],9 € [0,7],2 € [0,1]}, (3.7)
so that 'TY, = {7 € G|z = 0}, 2T}, = {# € G|z = 1}. The metric is
defined by the formula

ds® = (q/)*d=" + (d7)* (sin” Ydig? + dy?),

. s C_ ) .
where ¢ = { (@) i, =g (Amanifold),
(@5, x5) - d, i % j (B-manifold);

Gil =Ty VB VT, (3.8)
where
By = {(p,1,0) : p € [0,27], ¢ € [0,7],0 € [0, 7 — 6;7]},
T =Tir7 = {(p.9,2) : ¢ € [0,2],9) € [0,7], 2 € [0,1]},
so that 1Y} = {7 € 4]z = 0}, 1Y) = {7 € T892 = 1}, B and T e

joined in the points with § = 6}’ and z = 1, correspondingly, B’ and T
are joined in the points with § = = — ;) and z = 0, correspondingly.

The metric is defined by the formula

2 — J a2+ (d) (i wdig? + d?), € TP U TS,
(bzzlj)2(3in2 0 sin2 wdng + Sin2 deQ + d92), = BZ;J,

IThe metric on Bf is the usual metric on the sphere S C R* with radius b’. The metric on
T¢" is the usual metric on the cylinder S? x [0,1] with radius d5 and length a5’

9



where b;’l] =

b (5) - /ds, i = j,

bg Lis ] </d—f7 %ja
eij G (%5) - d5, i=j (EF-manifold), . . df
K = S i sind, = —
qsi (5, J) di, i#j (GH-manifold),

b&lj :

4 Homogenization of the diffusion equation

We consider the following Cauchy problem on Me

85; W =0, (1) € M° x [0,T], (4.1)
us(z,0) = f°(2), (4.2)

ou® _ ~
= =0, &€ 0N, (4.3)

where A° is the Laplace-Beltrami operator which has the following form in local

coordinates
0
s aﬁ
\/GE Zl ( e >

Oé

where G° = det g; 4, g2” are the components of the tensor inverse to Gop- [T is a
smooth function, which coincides with fi(x) on the sheets and is equal to zero on
G}, (outside some small neighborhood of 9G;;). More exactly

0,7 € G?ﬂ\U}Z]( ),
where
{:L‘ € GE = (p,h,2) €T - |2| < o}, if G is of type 1 ;
{3 €G3 = (p,h,2) €GY 1 ]2] <5V |L—2| <4},
U (0) = if G777 is of type 1)
{z e G = (p,1h,2) €T 2| <6V
VI=(p1,z2) € T,?l“j 1=z < (5}, if GZ? is of type |)

is a d-neighborhood of G5. We also require f(7) < nax max fulz), € U UL ().
=1l..m x€ k,li,j

We set § = o(d5).
Let LQ(M ¢) be the Hilbert space of real-valued functions with the norm

1/2

e = / ()di y

Me

10



where di = VGedzydradas is a volume element on M¢; let H'(M*?) be the Hilbert
space of real-valued functions with the norm

[\t arey = [ floe + 1V locs
let Ly(2)™ be the Hilbert space of the real-valued m vector-functions with the norm

1/2
m

fullo =4 [ (wxda

k=1

It is well known that the system (4.1])-(4.3) has a unique generalized solution in
Ly(0,T; H(M*)) (see, e.g., [20]).

We say, that f© € LQ(ME) converges to the function f € Lo(2)™ if
lim Q%% — Fll s = 0. (4.4)
where the operator Q)¢ : LQ(M ?) — Ly(Q)™ is defined by the equality

. us (), = (z,k), if v € Q°,
(@) (@)= Y0, ite e YD,

Similarly, we say that u® € LQ(M € x [0,T]) converges to the function u € Ly(§2 X
[0,T])™ if

T
lim [ |Q°us (-, t) — u(-, t)||7,qmdt = 0, (4.5)
0

Theorem 3. Let Ay(x), By(z,y)..Hu(z,y) be an arbitrary set of smooth non-
negative functions which satisfy the conditions . Then there exist a number
a > 0, a distribution of the points x;, which satisfy and a set of functions
qiy(z), ..., bl (z,y), which satisfies the condition , such that the solution u®(Z,1t)

of — converges in the sense to the solution u(x,t) of the initial-
boundary value problem —. Moreover, the following equalities are valid

Akl(l‘) = Ekl(w)+#’ Bkl(w) - le+ql§(flﬁ’
dam 2
Cilr) = {TEE Dile) = TREPED T (4
R (OET) = S T
le(x,y) = m, Fkl($ay) = ﬂ_<bg(x’y))3(q’§l<x7y)+2)

11



5 Proof of Theorem 3

The asymptotic behavior of the solution of the diffusion equation on Riemannian
manifolds with the same form as in Section 3 (without additional assumptions about
the form of the manifolds G57) was investigated in [5]. We will use the results
obtained there.

We denote:
= {7 = (k) € Q5 < |v—af| < rf/2),
=i = (2, k) € Qo — 25| = r5/2),
{RiiUG?,j, k=1Ni=]

RYUG UR, k#£1Vi#j,

We consider the following boundary value problem in the domain sz :
~Au AN =0, T€G, A>0, (5.1)
v=1,%¢€S
v=0,72€S7 (ifk#IVi#j).
where ;. is the characteristic function of G7.

Let vkl] be the solution of the problem (| . . We set

) €ij 9 €ij
Vkﬁllj _ / Z { gﬂ allcl 'Ukl +)\ EZ] (U’i’;j) }d!i‘,
< ap=1 «

(5.4)

y k v ol
€1 6] I3 I3 1 ~
Wy’ = / Z g2 A o, ax + AXG v v ¢ d,
1

and introduce the following m x m matrix-valued generalized functions
{z YWeis(x — )ik, = 1,..,m, k # z}

+ dlag{zue)l Vils(x — af); k = 1,..,m}, (5.5)
We(z,\) = {Zgj(i)l#j We7o(x — x5)6(y — x%)ik, 1 =1, ..,m} :

Ve(z, \)

We suppose that VA > 0 the following limits exist (in D'(R™) and D'(R" x R"),
respectively)

i VE(z, A) = V(a, A),  Em W=z, y, A) = W(z,y, ), (5.6)

where V' (z, ), W (x,y,\) are continuous matrix-valued functions in 2 and Q x €,
respectively.

12



It is possible to show, that V(z, A\) and W (z, \) have analytic continuation with
respect to the parameter A to the domain C\{arg A = 7}, where the matrix-valued
functions A™'V(z,\) and A'W(z,\) are the Laplace transforms of the matrix-
valued functions V(z,t) and W(z,1):

o+i00
1 V(z, \)
V(.I',t) = % T Atd)\
1 J—i—iooW \
Wiat) = - %e”dx, o> 0.

Now, we formulate the main result of [5].

Theorem 4. Let
(i) the condition be fulfilled,
(i) the limits (5.6]) exist,

(111) the function f€(Z) converges in the sense to the vector-function f(x) =
(f1(@), ., fm (),

m N E)
(i) lim 32 5 [ (f5(#))*dz =0,
kl 1i4,5=1
Gir
Then the solution u®(Z,t) of the problem (4.1)-({4.5) converges in the sense to
the solution of the following problem

t
m
8uk

0
" Ay, + Z e /Vkl(:c,t — 7wz, 7)dT+

=1 0

+ 2_: / % /Wkl(x, y, t — 1wy, 7)drdy =0,k = 1...m, (5.7)
=la 0
Uk(ii 0) = fu(2), (58)
Guk 6 (1
+ ZUkl = € 9. (5.9)

In the case, when Gﬁj have a structure like 1’ 1) or 1' then (with a
suitable distribution of the points z5) the limits (5.6]) exist and it is possible to find
the functions V(z,t) and W(z,t) explicitely.

At first we consider some typical cases of the manifold M?¢ with different types of
G- We restrict ourself to the case of a manifold M€ which consist of m = 2 sheets.
For the case m > 2 the Theorem is proved in a similar way.

13



Since we use the same method as in [5], we do not replay all details in every case.
We explain in more detail the Case 3.

Case 1. We divide the domain € in cubes K in such a way that they form a
periodic cubic lattice with side length €. The number i counts the cubes, x; are the
centers of the cubes. Further, in the center of each cube K¢, fully lying in Q, we
cut out a ball D" with radius d5 = ae® and center z¢ (Figure 3). As before,

N(e) ' Kei Dsi
=Q\ | D%, Qf and Qf are the L
=t : ;. 1o | e
two copies of the domain €2, D’ is / ™\
the copy of the i-th ball on the k- >< olo ol e
th sheet, £k = 1,2. We connect the A d \
boundaries of Df* and D5" by the / S N A B B
manifold G75 which has the form \ oloelololoe /
(3.7). Finally, we obtain the man- ' -
— N(e) oo
ifold M= = Q5 UQsU | U G% \\ ////< 90
i=1
It is easy to see that the conditions
(1),(iii),(iv) of Theorem 4 hold.
Figure 3
We obtain
y ) ) y 4ame® _
Vi = Vil = Wi = Wi = (1+3(1))

qiy(x5) + 2

Let ¢(x) € C*°(Q), then

Z Viis(z — af > Z Viip(z5) (14 0(1)) =
_ Z 114 f ‘Km‘( 5(1)) - /4(?47T80(55)d$

z Q12(x) +27
Q
1.e.
Via(r ) = Vir(. ) = ~Wia(r ) = Won(.3) = s =
o, o (1, 12(, 2185 qiy(z) +2
dam
= V(o t) = Var(,t) = =Wl ) = =War(,0) = o5,

Thus, the homogenized system has the form

aul da
— Ay A — t) — £) =0
B St gt ) =0
Us arm B
5 Aus + —Q1A2(x) ) (uQ(:c,t) — ul(x,t)) =0.

14



This is a two species diffusion-reaction system.

Case 2. We divide the domain € in cubes K in such a way that they form a
periodic cubic lattice with side length €. Let n(e) be the number of cubes which
fully lie in €. In each of such cubes we cut out n(g) balls D" with radiuses d5 = ae®
and centers 5. Thus, the total number of holes is equal to n*(g). Moreover, we
distribute the balls in such a way that condition (3.2]) holds (e.g., choosing the
centers of the balls in the knots of the periodic lattice with period ~ ce?).
N ,
Again QF = Q\ |J D=, Q5 and € are the two copies of Q, D7’ is the copy of the
i=1
ball D on the k-th sheet, k = 1, 2.
Within each cube K** we renumber the out-cut balls from 1 to n(e). For each ball
D#" we denote by a(i) the number of the cube containing the ball and by 3(i) the
number of the balls inside this cube. If a(i) = 8(j),a(j) = B(i) (and only in this
case) we join the boundaries of the balls D" and D5’ by manifolds G7§ having form
(3.7). Figure 4 shows an example of two copies of {2 where some holes are connected
by tubes.

Figure 4

We obtain the manifold M = Q5 U Q5 U (U G?g'). Conditions (i),(iii),(iv) of
2%

Theorem 4 hold.

In this case we have
dameb

VeI Y W — W = T (14 5(1)).
12 21 12 21 qﬁ(ﬂ?f,ﬂf) + 2( ( ))
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Let ¢(x,y) € C(2 x ), then

<ZW1”5x—x )0 (x — 25); > Z Wil (s, z5)(1+0(1)) =

dam ; ; j
_ MH{”(Z)I | KD|(1+ o(1)), (5.10)

i q13(, 5) + 2

where the sum contains only the terms with pairs (7, j), which are connected by the
tube G37. Since VK=, K**2 there exists a joining pair of the holes Dj* and D5’
such, that D' ¢ K*1| DS ¢ K= (by the construction of the M¢), the sum (5.10)
Amp(z, y)

b S L7
qb(x,y) + 2

is an integral sum for the function

dam 4am
Wia(, 9, ) = — e Wy (1,4, A) = — et
12(2,9, ) B,y +2 2@y, A) = B(z,y) +2

V12(5U )\ /W12 z y)dy, V21 5U >\ /W21 xz y

Finally, the homogenized system has the form

ouq / dam
— A+ [ 1) — 1))dy =0,
Uy qﬁ(m,y)-i—?(ul(x ) —ua(y )) Y

Ous / dam
— —Aug+ | —-— 1) — 1))dy = 0.
wt | gyra et — )

This is a two species diffusion-reaction system with nonlocal spatial interaction.

Case 3. Let €)° be the domain constructed in Case 1. To the boundary of the
i-th hole we glue a manifold G% of the form (3.4). So we obtain the manifold

M =QF U (U Gﬁ).

Now, we calculate the function Vij(z,\). Let v° = v¥(Z,\) be the solution to

(5.1)-(5.3)). We represent v in the form v® = v° + w®, where

€

1— A5 Oy (jx — 2f|le™), T=(x,1)¢€ O,

2
|z — 5|
V= { A%y 4 B T = (p,,2) € T{, (5.11)
ci . cot o o y
AO +A1 C0t65®2(9)7 x_(907¢70)€‘817

®,(r) is a smooth function equal to 1 when r < 1/4 and equal to 0 when r > 1/2 and
®4(6) is a smooth function equal to 1 when 6 < /3 and equal to 0 when 6 > 27/3.

16



We choose the constants A5, AS', A5 A%, B in such a way that the function v° €

H?(GY) satisfies the following condition

/ (= A0 + \o°)dz = 0. (5.12)

€14
Gll

As a result we obtain for € — 0 the asymptotic

2

A= @ @ )

L A (0P (a5))? }

A= @) roamepEp W)

A5 — Am (b7 (25))° (14 (1), (5.13)

T (@) + )M
a APl ) i
AT = e + b L)

B = A5+ AT - A%

Estimating w®, we set

ri) - | > {270 el
A= | XN G, P
-~ a,p=1
G

where ¢ is the characteristic function of G5%.

Since v° minimizes the functional I° in the class of functions in H'(G5/) equal to 1

—

on G =S¢, w® minimizes the functional

JEw®] = IF[wf] — 2 / (A" — A0 )w'dE

1]
le

in the class H}(G%7). Therefore J[w®] < J[0] = 0 and using (5.12) we have

] < 2 /A@de 42 /(Aﬁf CAF) - (uf — @) da| | (5.14)

1 11

where w° is the average value of w® in G5%.
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It follows from Friedrich’s and Poincare’s inequalities that

/ wf 2di < Ce2I[ur),

£1
Rl

(5.15)
/ lw® — 0w |2dz < Ce?IF[wf].
GiY
Moreover, from - and - we have
/ | A% |?dT + / (|A° > + ANo°|*) dE < C - €°. (5.16)

£ €11
Rl Gll

Taking into account the inequalities (5.15)), (5.16) and using Cauchy’s inequality,
from ([5.14) we obtain the estimate

IFluf] < C - €. (5.17)

On the other hand we get from (5.11]) and (5.13])

4a7r( (x ))
2+ A (b0 (z )) (¢f (25) +2))

Therefore from — we have
dam? (bP (x5 ))3
2+ /\7T(bD )3 (qlc )

IF[0°] = e? - (1+0(1)). (5.18)

S
1 —

e? - (1+0(1)).

In the same way as in Cases 1 we obtain

dam® (bP(x)) A
2+ A (b9 (2))° (¢ () +2))

Y

‘/11(.%', )‘) =

hence

dam —2
V(@) = cory 5 &P (w(b{j(x))g(Q?(l‘) + 2)> |

The homogenized equation has the form

- Y : | o ex 2t =) u(z, 7)dr =
" +8to/ (@) +2 p(w(b?@))‘”’(qﬂx)w)) =0
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This is a one-species diffusion equation with memory.

Case 4. We construct the manifold M¢ in the same way as in Case 1, but G55 we
choose in the form (3.8)). In this case we obtain
2 + Mt (b5(2))° (g5 (z) + 2
Vig(w,A) = Vo (, A) = dam— () £Q12($§ E) ,
(%2(37) + 2) ) (4 + )‘W(blz(ﬂf)) (%2(37) + 2))

Wig(z, A) = Woy (2, A) = —dan 3 :
(qﬂ(m) + 2) . (4 + AT (bfz(x)) (qﬂ(x) + 2))

Further we get
2am —4t
\V (:E,t):V (x)t):— 14 exp )
2 7 g5 () + 2 M (b () (a5 () + 2)

2am —4t
Waale,) = Wai(e:t) = =z {1 I (M(bﬂ(x))s(q{%(w) + 2>) } |

The homogenized system has the form

% - Auﬁ%(ul(gg,t)—m(ag,w) +

+ %/ rAEETh (w(biz(a:);lgiqg(;) n 2)) (i) sl =0
% _ Auﬁ%(@(m)—ul(z,ﬂ) +

' %/ ARt <w<bg<$5t<qé?l> n 2)) ()t ) =0
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Case 5. Finally, we construct the manifold M in the same way as in Case 2, but
G5 we choose in the form 1' In this case the homogenized system has the form

ouq 2ar
A b e LR
t
e )
B e L )
J o) (e y) +2 7\ w (bl () (a0 y) +2)
(w1 (2, 7) + ua(y, 7)) drdy = 0,
Ous 2am
YR A e _
5 U2+Q/‘q2G1(x7y>+2(u2(xat) ul(yat>)dy+
¢
J ot dfi(e.y)+2 (b (2, )" (S (2, ) + 2)

(u2(x, T) + ul(y,T))dey =0.

Let us combine the results of Cases 1-5. We divide the domain  in cubes K¢ in
such a way that they form a periodic cubic lattice with side length e. In each cube
we pick out 7 disjoint cubes K%, s = 1..7, such that diamK** ~ ce. We call them
sub-cubes. In the sub-cubes K'¢, K% K% we cut out a single hole - a ball with
radius ae®, whereas in the sub-cubes K*¢, K¢ K% K™ we cut out n(e) holes - balls

with radius ag® (we require the condition (3.2)) holds - see Case 2). We obtain a
. N
system of balls D i = 1..N(g) = 3n(e) +4n?(e). As before, Q° = Q\ |J D*. Now,
i=1
we consider two copies (sheets) of the domain Q° - Q5 and Q5. We denote by D5’

the copy of the i-th ball on the k-th sheet (K = 1,2). We can write the index ¢
in the form ¢ = i, 53, where « is the number of the cube containing the ball, s is
the number of the sub-cube, and index (3 appears only in the case s = 4,5,6,7 and
denote the number of the ball within the sub-cube.

Now, we connect the manifolds GZ? with the sheets by the following rules:

1. Via the manifold Gttt of the form (3.7) (see Case 1) we join the boundaries
of the holes D{"*" and D5"*".

2. Via the manifold Gié‘j“Qi”"Q of the form (3.8) (see. Case 4) we join the boundaries
of the holes D{"** and D;"**.

3. We glue the manifold Gt of the form (3.4) to the boundary of the hole
Dy*? and glue the manifold G5 of the form (3.4) to the boundary of the
hole D5"** (see. Case 3).

4. Via the manifold Gi?,él,ﬁiﬁﬁlﬁa of the form (3.7) (see. Case 2) we join the bound-
aries of the holes D}**” and D;"”*°.
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5. Via the manifold Gi;‘”wiﬁ’f”a of the form (3.8) (see. Case 5) we join the bound-
aries of the holes D}'** and Dy***.

6. Via the manifold G5**""%* of the form (3.7) we join the boundaries of the
hole D{"%" and D;*** and via the manifold G55"**"*** of the form (3.7) we
join the boundaries of the holes D;i“’ﬁ’ﬁ and D;iﬁ e This is analogously to
Case 2, but here the tube starts and ends on the same sheet.

7. Via the manifold G577 of the form we join the boundaries of the
holes D™ and D™ and via the manifold G55 ™*"*™* of the form
we join the boundaries of the holes D;ww and D;iﬁ "~ This is analogously to
Case 5, but as before the tube starts and ends on the same sheet.

As a result we obtain the manifold M¢ as a combination of the Cases 1-5. In this
case the homogenized system has the form

ou dam 2am
S e (et ) (e ) +

2
dam 2am
+ + up(x,t) — w(y, t))dy +
t

O [ daw —2(t — 7) o
" 3t/q1§(x)+2 p(ﬂ(bf(x))3(qg(x)+2)> k(7 7)dT +

o [ 2am 4t — ) e e

Ik
9 t
. /Q/M_wexp< —A(t—7) ) .
= ot / ag(z,y) +2 (b (x, y))g(qg(a:,y) + 2)
(ur(z,7) +wly,7))drdy =0, k = 1,2. (5.19)

Note, that the introduced metric gj; has a discontinuous part on the boundary of
the manifolds GZ?, but it is possible to approximate it by a smooth metric gg;(d).
This metric differ from g; in a small § = d(¢)-neighborhood of OGS Tt § = d(e)
tends to zero sufficiently fast as ¢ — 0, then the functions Vi(z,\) = Vi(x, A, )
and Wi(z,y, A) = Wi(z,y, A, §), calculated by the formulas — with metric
gy (6), are equal to the functions Vi (x, A) and Wy (z, y, A) calculated with the metric

£1]

i -
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dar dar
A x e — 2, B T = - 27
G () /ilkz(f) — Eu(z) G (7) B(z,y) — Gu(x,y)
aT x
¢ () = -2, b (z) = V =

Ck (33) 2am2 Dy (x)’
aG(x) = Zam 2 bh(z) = ¢f 2wl (5:20)
kl Ekl (l’) Y kl a7T2Fkl(I) ’

2am

G _ H 3/ 2GR (z,y)
x, = — =2, by (x, = S
le( y) le(x7 y) kl( y) am?Hy(z,y)

The functions (5.20]) satisfy the conditions (3.3) and are positive, if a is sufficiently
large. Then the system ([5.19)) has the form (|1.1)). In the same way the proof can be
done for m > 2 sheets . Theorem 3 is proved.

6 Proofs of the main theorems

P r o o f of Theorem 1. Using the same methods as in [7] it is easy to show
that (1.1)-(1.3) has the unique solution u(-,t) € C(0,T; H*()™) with Lu(-,t) €
LQ(O, T, LQ(Q)m), vT > 0.

We construct the manifold M¢ in the same way as in Theorem 3. Moreover, we
require that the point .., providing the maximum to max max fr(x), does not
xe

lie in any out-cut ball D#. This can be done, because of the construction of the
manifold M*. Let the function f¢(Z) be the same as in the proof of Theorem 3, i.e.,
it coincides with fi(z) if & = (z,k) € Qf and is equal to zero in G, except of a
small neighborhoods of °T¢%, ' and 2I';. In these neighborhoods we construct f*
in such a way that f¢(z) < nax max fr(x). Then, I%/?EX fe(z) is reached on some

sheet and, therefore, max f¢(Z) = max max filx) = M.
Me e
In view of the maximum principle (see, e.g., [20]) we have

u?(Z,t) < max f°(Z) = M,
MEe

where u° is a solution of the problem (4.1))-(4.3]). We get
(que)k(x,t) <M, zeQ, t>0, Vk.

By Theorem 3 (Qaus)k converges to ug in Lo(2 x [0,T7]), YT' > 0. Therefore, there
exists a sequence € = ¢, such that for almost all x € 2, ¢t > 0

(qug)k(%t) — ug(z,t), e =g, — 0.

Then, for almost all z € Q, ¢t > 0,Vk : ui(x,t) < M.

In the same way the minimum principle can be proved.
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Finally, we consider the case Cy(z) = Di(z) = En(z) = Fu(z) = Gu(z,y) =
Hy(xz,y) = 0, Vk,I. Again, we construct the manifold M® so, that the point
Tmax does not lie in any ball D*. Let the function f°(Z) coincides with fi(z) if
T = (x,k) € Qf, while in G}} we set f°(Z) equal to the constant C' (except some
small neighborhood of 9G;7), such that C' < M (Theorem 3 is still true, because
N() m .

> > |G — 0 for e — 0). Then again max f¢(Z) = M (i.e. the maximum of
i,j=1k,l=1 Me

fe(Z) is reached on the sheets). Further, the proof is done in the same way. Theorem
1 is proved.

Remark 2. We give an example which shows that the condition max max fr(x) >0
re
is necessary for the maximum principle.

We consider a particular case of the problem ({1.1))-(1.3):

t

0 0
a—?: — Au+ 5 / Ce PU=y(z, 7)dr =0, (6.1)
0
ou
where C, D and f are constant.
It is easy to see that the function u(z,t) = C’—l—LD (D+C- e’(CJrD)t) is a solution

of (6.1)-(6.2)). If f < 0 then, obviously, the maximum principle is not fulfilled.

P r oo f of Theorem 2. We construct the manifold M¢ in the same way as in
Theorem 3. Let u®(Z,t) be the solution of the problem (4.1)-(4.3). In order to
estimate u®(Z,t) we prove the following uniform Poincare inequality

— 1
Lemma. For all u¢ € H'(M?) such that @ = N /ug(i)di = 0 the following

e
inequality holds
3

2 ou® Ou®
E (A ~, < Oéﬂ .
/ (u*(2))"dz < cp/ E gs Fr agcﬁd:r, (6.3)

g are Pt

where the constant c, does not depend on ¢.

P r oo f. We prove the Lemma for two special cases of the manifold M?®. For the
general case it can be proved in a similar way.

1°. Suppose that our manifold M has the same form as in Case 3 in the proof of

Theorem 3.
N(e)

Meo=iu | |G
i=1
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Remind, that G5§ = B UTS", B" and T¢" are defined by the formulas (3.5)), (3.6).

Proving the lemma indirectly, we assume the opposite, i.e., (6.3) does not holds.
Then a sequence (still denoted by €) and functions u®(%) € H'(M*) exist such that

~/ (u(7))d7 =1,

e = u®(2)dz =
4= ’Me|/ (#)dz =0, (6.4)

Me

5 ou® out
> g —
€ 8% 8333
= a,B=1
ME

Then, it follows from (6.4 that Q°u® converges in Ly(€2) to some constant Cp.
Denote by Cf the average value of «¢ in the domain B’ i.e.,

ofF —
? £1
1B J
Bsi
We represent u° in the form u® = v® + w®, where

N(e)

|z — 25\
C t = 1) € Qf
O+Za — ( c y & (ZE, )6 1

cot@ _ i
CE—{'HE cot 02 (9)7 I':(QO,@/J,Q) eBl

and

CT T cos B 1 ¢C(a)

e __ € ) e __ & Cy..e e __ €
B = —aj -cos ', Aj =i -qy (25), Bf = Co+ af,

7

®,(r) is a smooth function equal to 1 when r < 1/4 and equal to 0 when r > 1/2,
®,(0) is a smooth function equal to 1 when 6 < 7/3 and equal to 0 when 6 > 27/3.
The coefficients of, 55, A%, B¢ are taken in such a way that v* € H'(M¢®) and

A% =0, er[Bfiu{iy:(m)eQE: d§<yx—x§|<d§+r§/4}]

We have

IVEufllge = IVFllo. + 2(VEos, Vauf)oe = [VoF[lg. — 2(A%%, wf)o.  (6.5)
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From the explicit form of the function v® and Poincare’s inequality for the domain
B$t, we obtain the following inequalities

N(e) N(e)
My ) (Co— CEP|BY| < ([ VAR5, < My > (Co — C5)?|BS,
i=1 i=1
N(e)
1A% 5. < My Y (Co — C)?| BT,
i=1
N(e)
01 ey < 2l = Coll ) + Mac D (Co — CEPBR 6.5
=1 9
N(e) N(e)
Z w13, ety < €°Ms Z Vw13 per) + Z ’Ba / (Cs—v)di | <
7iE
N(e) .
< 262 M5 (|| V08|13, + | Vouflf5.) + ' Ms ) (Co — C)?IBY],
i=1
where M;, 7 = 1..6 are positive constants.
Further, we prove that
N(e)
Jer,e2,> 00 e < Y (Co— C5)|Bf| < ca (6.7)
i=1
From the inequalities (6.6]), (6.7), using Cauchy’s inequality, we have
IVoelle. = e My >0,
(A% w)o| < [[A%0 [ Lycae) - [A%W | Loc00)
N(e) % N(e) %
2 2
+ Z ||A€UE||L2(B§Z') : Z ||w5||L2(B;i) — 0.
i=1 =1

Then, from 1} we have lir% |Vu||oe > 0 — a contradiction.
e—

Now, we prove the inequalities (6.7]). The right-hand inequality follows from ||uf||o. =
1. Now, suppose that the left-hand inequality does not hold. Then, there exists a
sequence (again denoted by ¢) such that

lim Z — CH? B =0. (6.8)
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From ([6.8)) we obtain the inequalities

N(e) ‘ 2 N(e) ‘
Y (Co=CHIBY] < N(e)) (Co—CiPIB[P <
i=1 i=1
N(e) '
<) (Co—Ci)P|Bi|, c>0 (6.9)
i=1
Using Poincare’s inequality for the domain B we have
N(e) N(e)
e(\\2 44 €\2| Ret 2 €,,€]12
0= Y03 [wr@)ds - (CPBEL <Y IV ) — 0
i=1 . =1
B
Hence,
N(e)
. g2 _ 2 : €\2| pet
L= i . = G+ iy 37 B (6.10)
Further, we get
N(e) ‘
0=lim [ u(&)dz = Co|Q| +£%Z Ce|Bsi| =
e =1
- N(e) A
:co;g%|M5|+;g%;<cf—co>|3i’|. (6.11)

It follows from and (6.11)) that Cy = 0. But this, together with contradicts
(6.10). Thus, the right-hand inequality of (6.7) is true.

20, Suppose that our manifold ME® has the same form as in Case 1 in the proof of

Theorem 3:
N(e)

M=05u | (G5 | uas
i=1
Remind that the manifolds G54 are defined by the formulas (3.7)).

We suppose the opposite: (6.3)) does not hold. Then, there exist functions u®(z) €
H'(M?) such that

1 /
W = —— [ uf(F)di =0,
|M€|N€ ) (6.12)
> ou® ou®
/ > gef di —0, e —0
J G 0z, 0z



It follows from (6.12)) that (Q°u®); converges in Lo(£2) to some constant C; and
(Q7u®)y converges in Lo(§2) to some constant Cy. Later we prove that C; # Cs.

Again, we represent u° in the form u® = v® + w®, where

( V) dc |z — xf|
5 7 7 ~ £
Cl+;ai‘x—xﬂq)( ),x—(x,l)EQl

g
v = A2+ B;, @ = (9,1, 2) € GTy (6.13)
C+NZ(€:)KF i g () iy eos
; r =\
\ i i=1 "o — x| € ’ ’ 2
and
Cy — Cy

£

o = —

b 24 gih(af)

®(r) is a smooth function equal to 1 for » < 1/4 and equal to 0 for r > 1/2. The
coefficients af, 35, AZ, Bf are taken in such a way that v € H(M?).

We have
IVeuf]5 > IVEo I3, + 2(VE0%, Veuw)oe = [[VE0%[|oe — 2(A%°, wf)o.  (6.15)

B = —af, Al =l qi(x), B =Ci+ai,  (614)

From the explicit form of the function v° it is easy to obtain the following inequalities

Mi(Cr = Co)? < ||VEof||3. < Ma(Ch — ()2,
A3, < Ms,
N(e) (6.16)

||w€||i2(9;) < 2uf — Ck”%z(gi) + Mg Z B[, k=1,2,
i=1
where M;,© = 1..4 are positive constants.
From the inequalities (6.16])) we have

V=0 loe > (C1 — Cs)? - My > 0,
2

(A0 0 )ae] < S 180 g - ¥l zagop) — 0.
k=1

. I3 2 . . . .
and from (/6.15) we have lg% |Vus||g. > 0. We obtain a contradiction, i.e., 1} holds.

N(e)
Now, let’s prove that C; # Cy. It is easy to prove that ll_I)IéZ ||“E||%2(G§i;’) = 0.
i=1

Then we have

1= lim |||, = (CF + C3)[Q, (6.17)
0=lim [ w(2)d7 = (Cy + )|, (6.18)
Me
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(6.17) and (B-18) imply C # Cs.

The lemma is proved.

We continue the proof of Theorem 2.

From Gronwall’s lemma we get that the solution of (4.1])-(4.3)) satisfies the inequality

—2t 1 L
||u€—LE||3es||ff—LE||3€-exp{—},L€= L / @ (6.19)
o Rk,
ME

It is clear, that the norms ||f¢ — Lf||o. are uniformly bounded with respect to e.
Therefore 3 ¢; > 0:

—2t
o = LR < e | 2 (6.20)
P
hence,
2t 3
0w L1 < v vexp | ] + (29 Y 2107 (6.21)
p k=1 i=1

By the construction of ME we have

m N(e) m  N(e) m  N(e)
A7 € €it 1 €t 1 €tj
|M]:m|QH—ZZ| kk’+§ Z Z’ kl‘—i_iz Z Gyl (6.22)
k=1 i=1 kl=1]k#l i=1 kd=114,j=1]ij
From the formulas (3.3)), (4.6) and (6.22)) it follows that
~. - 3 1 « 3
|Me| — m - |9 + 27 Z/a(bg(x)) dr+5 ) /a(b}j‘,(x)) da+
k=14 kd=1]k#l &
m 1 5
+ Z 5 /a(bﬁ(az,y)) dxdy | =
Ki=17 5 4
[ Ci(x) - By (z) - Gu(z,y
=m |QH—Z/ dr + 2 Z / d —l—QZ/ dxdy,
k=1 { Di(x) kl=1]k£L { Fia(w) k=1, Hu(z,y)
[ F@as — 3" [ s
s k=1 ¢,
ME
ie.,
lim L¢ = L. (6.23)



The formula (6.22)) give a heuristic idea to obtain the constant L.
Let 6 > 0 be an arbitrary number, let’s fix . We have

s t) = LIE < 3+ {1Qeu (1) = wl DI + 1Q°w (1) = L3 + | L° = LI}
(6.24)
From Theorem 3 and (6.23)) it follows, that there exists such € > 0 that

m N(e)

1Qu (1) — ul O + I1L° = LIZ + () Y. S IDf| <6

k=1 i=1

Then

—2t
|u(-,t) — L||2 <35 +3-¢c;-exp {—} :
Cp

Passing to the limit as 6 — 0 we have

—2t
|lu(-,t) — LH% <3.¢-exp [c_} )

P

Theorem 2 is proved.
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