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ON LOWER BOUNDS OF THE MODERATE AND CRAMER
TYPE LARGE DEVIATION PROBABILITIES
IN STATISTICAL INFERENCE

Mikhail S. Ermakov

Summary. We indicate new simple assignments of the lower bounds for
the probabilities of the moderate and Cramer type large deviations of type I
and type II errors of statistical tests. These assignments are based on a one
natural property of the normal distribution. Using these results we deduce
easily the lower bounds for the probabilities of the moderate and Cramer
type large deviations of estimators. The lower bounds were obtained under
the more weak assumptions then in the previous papers. The lower bound
for the probabilities of the Cramer type large deviations of estimators has
not been proved earlier. The results are also extended on the problems of
asymptotically minimax statistical inference about a value of functional.

Key words and phrases: moderate large deviations, Cramer type large de-
viations, asymptotic efficiency, asymptotically minimax estimation, asymp-
totically minimax hypothesis testing, Bahadur efficiency, Chernoff efficiency.
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1. Introduction
Nowadays the theory of the large deviations of tests and estimators has been
obtained the comprehensive development. A wide range of problems of statis-
tical inference has been studied on the base of the Bahadur (1960), Chernoff
(1952) and Hodges-Lehmann (1956) efficiencies. The moderate and Cramer
type large deviations of tests and estimators were also considered in many
papers. However for such types of large deviations the problem of asymptotic
efficiency has been treated by the unit authors. Up to the last time there
existed only the Kallenberg (1983) intermediate efficiency for the character-
ization of the moderate large deviations and did not exist any asymptotic
efficiency for the Cramer type large deviations.

In the last years the essential progress has been made by Borovkov and
Mogulskii (1992a),(1992b), Ermakov (1990), (1993) and Radavichius (1991).
In Ermakov (1990),(1993) a new natural lower bound has been proposed for
the probabilities of the moderate large deviations in the problems of hypoth-
esis testing. This lower bound allowed to introduce a new type of efficiency
called in this paper by the moderate large deviation or MLD efficiency. Ra-
davichius (1993) has obtained the lower bound for the moderate large devi-
ations of estimators. This lower bound can be interpreted as intermediate
between the Hajek-Le Cam (1972) and Bahadur (1960) lower bounds. At
the same time it is easy to show that the Radavichius (1991) lower bound
is a particular case of the lower bound for the MLD-efficiency in hypothesis
testing.

The comprehensive analysis of the moderate and Cramer type large de-
viations of the Bayes and maximum likelihood ratio tests has been made
by Borovkov and Mogulskii (1992a),(1992b). On the base of these results
they extended the lower bound for the MLD efficiency on the multivariate
case and proposed a similar version of this lower bound for the Cramer type
large deviations. Note that their version of the last lower bound has an-
other assignment than in this paper and has been proved under the strong
assumptions.

Our results are based on the following property of the normal distribution.

Let Xi,...,X, be Gaussian i.i.d.r.v.’s, EX; = 0, DX; = 1. Suppose
a hypothesis § = 0 has to be tested versus alternatives § = u,, u, — 0,
nuZ — oo as n — oo . For any test K, = K,(Xi,...,Xn) let an(K,) =
Eo K, be its level and let 8,(K,) = B(Kn,un) = E,,(1 — K,) be its type
II error probability. Put X, = n~}(X; + ...+ X,) and define the tests
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L, = x(X, > cn), 0 < ¢, < up,. Here x(A) denotes the indicator of event A.
Denote by ®(s) = (2r)~Y/2 [*_ exp{—x?/2}dz, s € R', the standard normal
distribution function. Define the inverse function s = ®~'(y) by the equation
y = ®(s). Since ! (an(Ln)) = —n'%c,, ®7Y(Ba(Ln)) = —n'/?(u,—c,) then

7 an(La)) + 71 (Ba(Ln)) = =P, (11)
Hence for any sequence of tests K,
lim jnf (ru2) (87 en(Ko)) + 8B (K) 2 -1 (12)

and if a,(K,) < ¢ < 1, B.(K.) < ¢ < 1 additionally then we obtain the
lower bound for the LD efficiency proved in Ermakov [5]

lim sup n_l/zuzl(]Qlog on(Ko) Y2 + |210g B.(K,)|Y?) < 1. (1.3)

n~+00

The more exact version of (1.2) is as follows

lim inf n'/2u,{n"?u, + 07 Han(Kn)) + @71 (Bu(Ka)} > 0. (1.4)

n—oo

The similar results are also valid for the problem of hypothesis testing § = 0
against the twosided alternatives |8| = u,. For any test K, let B(K,,u,),
B(K,, —u,) be respectively its type II error probabilities for the alternatives
0 = u, and § = —u,. Denote

:Bn(-[{n) = Sup{ﬂ(Km un)1 IB(KM _un)}-

Then the relation (1.3) remains valid. Define the function s = ®~!(y) by the
equation y = 2®(s). Put L, = x(|X,| > ¢). Then

277'1/2“" + 26_1(0%([’71)) + @_l(ﬁ(l’m Up) + q)—l(ﬂ(Lm —up) =0
and for any sequence of tests K,
lim inf n'/u,(n'/?u, + 87 (an(Ka)) + @71 (Ba(Kn)) 2 0. (1.5)

It is easy to see that the equality in (1.2) or (1.3) takes place if and only
if for any sequence of tests N,, a,(N,) < an(K,),

lim sup log 8.(K.)/log Bu(Na) <1. (1.6)
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At the same time if we assume additionally that the nu? — 0 as n — oo
then the equality in (1.4) or (1.5) implies that for any sequence of tests
Nry an(Nn) < on(Ka),

limnsgg ﬂn(Kn)/ﬂn(Nn) <L (1'7)

Thus the inequalities (1.2)—(1.5) can be considered as the lower bounds for
the moderate and Cramer type large deviation probabilities of sequences of
tests.

The purpose of the paper is to show that these lower bounds are valid
for arbitrary regular families of distribution and.to deduce easily on the base
of these results the lower bounds for the moderate and Cramer type large
deviations of estimators. After that the similar lower bounds will be obtained
for the problem of asymptotically minimax statistical inference about a value
of functional. For the estimation problems the lower bound of the Cramer
type large deviations is proved in the traditional local asymptotic minimax
setting. At the same time we show that the lower bound for the moderate
large deviations can be obtained as a lower bound in essentially more simple
problem of estimation of one from two possible values of parameter. In
the paper we do not indicate directly the lower bounds for the problems of
testing composite parametric hypothesis. As wellknown such results follow
easily from the lower bounds for the simple hypothesis. The asymptotic
minimax lower bounds for the problem of hypothesis testing about a value
of functional confirm excelently this assertion.

On the base of the proposed lower bounds we introduce two new asymp-
totic efficiencies. A sequence of tests or estimators is called moderate large
deviation or MLD asymptotic efficient if a lower bound for its probabilities
of the moderate large deviations is achieved. If a lower bound for the prob-
abilities of the Cramer type type large deviations is achieved we say that
the corresponding sequence of tests or estimators is strong large deviation or
SLD asymptotic efficient. }

As abovementioned in the problems of hypothesis testing there exists a
wide range of different asymptotic efficiencies. In this connection it is natural
to discuss the advantages of the new asymptotic efficiencies in comparison
with the asymptotic efficiencies proposed earlier. As it follows from the lower
bounds (1.2)-(1.5) in the case of the MLD and SLD asymptotic efficiencies
the type I and type II error probabilities can tend to zero simultaneously
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with increasing sample size. Thus, the MLD and SLD asymptotic efficiencies
allow us to study the widespread problems of hypothesis testing with the
small probabilities of the type I and type II errors. Earlier the asymptotic
behaviour of test statistics in this situation has been characterised only on
the base of the Chernoff efficiency. For the Pitman, Kallenberg intermediate,
Bahadur, Hodges-Lehmann efficiencies at least one of the error probabilities
is supposed to be fixed. The MLD-efficiency has also another merit. The
Kallenberg intermediate and local Bahadur, Chernoff, Hodges-Lehmann effi-
ciencies turn out to be particular cases of the MLD efficiency. From our point
of view these arguments justify such general names of the new efficiencies.

The results of the paper show that the MLD and SLD efficiencies are
closely connected with the Pitman efficiency in hypothesis testing and lo-
cally asymptotically minimax efficiency in estimation. Although these effi-
ciencies correspond to different situations, they have the Fisher information
as a common lower bound. Thus for the essentially more wide spectrum
of the problems of statistical inference there exists the common measure of
efficiencies and this measure equals to that of the traditional efficiencies in
estimation and hypothesis testing.

In the paper a large number of different positive absolute constants will
be used. All these constants will be denoted by the letters ¢, C.



2. Lower bounds of the MLD and SLD-asymptotic efficiencies

2.1. General setting. In the most general form the results will be
obtained in the terms of the Hellinger metric. The Hellinger metric gives
the best approximation of the Kullback-Leibler information than the Fisher
one and this turns out essential in the problems of the moderate and Cramer
type large deviations.

Let A be the set of all probability measures on a measurable space (S,B)
and let X;,...X, be ii.d.r.v.’s with pm. P; € A, § € R'. Suppose the
p.m.’s Py, 8 € R, are absolutely continuous with respect to measure v € A
and have the densities f(z,0) = dPy/dv(z), = € S. The Hellinger distance
of p.m.’s Py,, Py,, 01,05 € R, equals

p(P91’P92) = p(01, 02) = ([g(fll2(m7 01) - f1/2($a 92))2(1”)1/2

Fix 6 = t and denote by P#, P; the absolutely continuous and singular
components of pm. Py, § € R! wrt. pm. P. Put g(z,t+u) =
(Ff(z,t+w)/fz, )2 = 1)f*(z,t) for all z € S, u € RL.

The main results are proved under the following assumption.
A. There exists a function w(u), w(u) < rw(u/r) for all > 1, w(u) — 0 as
u — 0, such that P, ,(S) = O(v*w(u)) as u — 0 and

[ggz(x,t +uw)x(lg(z,t + u)| > r™1)dP; < Cp*(t,t + w)w(ur) (2.1)

for any r > 1 and all u € R.

Note that A does not imply the existence of the Fisher information. At
the same time the existence of the Fisher information implies (2.1) with some
function w(u), w(u) — 0 as u — 0.

The statistical experiment E = {(B, S), P;,8 € R'} has the finite Fisher
information at the point 8 = ¢ if there exists the function ¢(z) = 1/2fs(z,t) f~(z,t) €
Ly(P;) such that

A0, [(g(a,t+u) —up(@)2dP = o(u?), P4, (S) =o(w?)  (22)
as u — 0.

The Fisher information equals I = I(t) = 4 [ o*(z)dP..
Let a finite Fisher information exist at the point § = ¢. Then A fulfilled
under the following sufficient conditions.
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Al. Forallr>1and all u € R!
J (g, t+u) —up(@))*x(lg(z, t+u) —up(a)| > r)dP, < Culu(ur)  (23)

and Pf(S) = O(v*w(u)) as u — 0.
A2. fs P2 (@)x(le(z)| > u™1)dP; < Cw(u), u € R (2.4)

The results can be expressed in the terms of the Fisher information if one
of the following additional assumptions is valid.

A3.  |[s¢¥(z,t+u)dP, — [u?| < CuPw(u), uweR.  (2.5)

Ad. fs(g(z,t + u) — up(z))2dP, < Culw?(u), u € R! (2.6)
and P;_(S) = O(v*w(u)) as u — 0.
In section 4 we show that A1-A3 follows from A2,A4.
Let w(u) =u”, 0 <y <1, and let
(e, t+u) = (flz,t +u)/ (=, 1)+ — 1.
Then A holds if

/Sg3+'7(z,t+ w)dP; < Cu®*, u € R! (2.7)

and P, (S) = O(u**") as u — 0.
The assumptions A1,A2 are valid if

/S ©**(2)dP, < C, (2.8)

/$ (92, + 1) — 2/(2 + 7)up(2))*dP, < Cu*,  weR'  (2.9)

and P} ,(S) = O(u**") as u — 0.

2.2. MLD and SLD asymptotic efficiencies in hypothesis testing.
First we indicate the lower bounds of the MLD efficiency and discuss the
relation of the MLD efficiency and the Pitman, Kallenberg intermediate, local
Bahadur, Chernoff, Hodges-Lehmann efficiencies. Then Theorems 2.2,2.3
about the lower bounds of the SLD efficiency will be given.



Sﬁppose the hypothesis H;, : § = t,; = t + v, has to be tested versus

the alternatives H; , : 0 = t,; =t + v, + u, with v, — 0,u, — 0, nu2 — oo

as n — oo . For any test K, let a,(K,) = a(Ky, P,,) and B.(K,) =
B(Kx, P:,,) be respectively its probabilities of the type I and type II errors.
Denote p, = p(tn1,tn2)-

Theorem 2.1. Assume A. Let K, be a sequence of tests for testing a hy-
pothesis H; , against the alternatives H;, such that

|(n2p,) 107 (en(K,))| < C..  (2.10)
Then

lim sup (2n*/2,) |87 (en(Kn) + 7 (Bu(Ka))| S 1. (211)

n—rCC

The equality in (2.11) is achieved on the sequences of the likelihood ratio tests
L, satisfiing the same assumption

|(n?pn) 1@ an(La))| < €, (212)
that is,
lim sup (202 0,) 7O (an(Ln)) + @71 (Bu(Ln)) = 1. (2.13)

This implies that if a(K,) < C <1 and B,.(K,) < C <1 then

lim sup (2n'/%p,) (| 2log an(Ky) 2 + | 2log Bu(Ky) V%) <1 (2.14)

and if a,(L,) < ¢ <1 and (2.12) is valid then

lim (2n'/2p,) 7 ([210g an(L,) [ + [210g Ba(Ln)['?) = 1. (2.15)

Assume AO. Then in all relations of the Theorem we can take 2p,, = u, 12,

Remark 2.1. A similar result is valid for the problem of testing a simple
hypothesis against twosided alternatives. Suppose a hypothesis § = ¢ has
to be tested versus the alternatives § = 6,; = t 4+ u, or 8 = t — u,. For
any test K, denote B,(K,) = sup{B(Kn, Ps,,), B(Kx, Ps,,)} and put p, =
prn = min{p(t, 0n1), p(t,0,2)}. Then (2.14), (2.15) are valid under the same
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assumptions. It is easy to see that this assertion is a direct consequence of
Theorem 2.1. ; |

Remark 2.2. The lower bound for the Kallenberg intermediate efficiency
follows easily from (2.14),(2.15). To obtain this bound it suffices to put
B(Kp, Pry, )= const < 1.

Similarly to section 1 we say that a sequence of tests K, satlsﬁmg (2.10) is
moderate large deviation or MLD-asymptotically efficient 1f the right hand-
side of (2.11) equals one.

Indicate two important corollaries of Theorem 2.1. These corollaries are
given in the terms of the Fisher information to emphasize their connection
with the traditional results.

Corollary 2.1. Assume A0. Let K,(u),u € R, be a sequence of tests for
testing a hypothesis 8 = t against the alternatives 8 = t + un~'? such that
an(Kn(u)) < C <1 and (Iu?)"! | 2log an (K, (v)) |< C < 1. Then

lim sup lim sup (uIlﬂ)—l(l 2log an(Kn(uw)) |1/2 +

uU—+0o0 n—+00

| 2log Bu(Ka(w)) ?) < 1. (2.16)

Remark 2.3. Corollary 2.1 shows that, under the natural assumptions, the
LD efficiency turns into the Pitman efficiency. It is clear that (2.16) also
follows directly from the lower bound for the Pitman efficiency.

Corollary 2.2. Assume A0. Let K,(v,u), v,u € R! | be a sequence of tests
for testing a hypothesis § =t + v against the alternative § =t + v+ u. Let
an(Kn(v,u)) < C <1 and Bp(Knp(v,u)) < C < 1. Then

lim sup lim sup (nu?I)~2(| 2log an (K, (v, w)) [V/% +

70 n—00

| 2log Bu(Kn(v,w)) 7)) <1 (217)

with r = |v| + |w].
If K, (v,u) is a sequence of the likelihood mtzo tests then the equality takes
place in (2.17). .

Remark 2.4. The lower bounds of the local Bahadur, Chernoff and Hodges-
Lehmann efficiencies are the particular cases of (2.17). To obtain these lower
bounds it suffices to put in (2.17) Bn(Ka(v,u)) = B=const, a,(K.(v,u)) =
Bn(Kn(v,u)), an(Kn(v,u)) = a = const respectively. In such a way the MLD
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efficiency implies the local Bahadur, Chernoff and Hodges-Lehmann ones.
Corollaries 2.1, 2.2 indicate the direct relation of the local Bahadur, Chernoff,
Hodges-Lehmann and Pitman efficiencies. Such relations have been studied
by Wieand (1976) and Kourauklis (1989),(1990) under the more restricted
assumptions.

Remark 2.5. Assume A. Then (2.17) is valid if u2I is replaced by 4p%(t +
v,t + v + u). Note that under the Assumption A0 and v = 0 Theorem 2.1
and Corollary 2.2 has been proved in Ermakov (1990),(1993).

Theorem 2.2. Assume A. Let u, > Cn~Y2 |v,| < Cun, nulw(u,) — 0 as
n — oo . Then for any sequence of likelihood ratio tests L, satisfiing (2.12)

lim (2rY%p,) "1 (2n 2, + @7 (an(Ln)) + 71 (Ba(Ln))) =0.  (2.18)

n—co

This implies that for any sequence of tests K, satisfiing (2.10)
lim inf (2n'/%p, )7} (202 p, + @7 (an(K,)) + @71 (Ba(Kn))) 2 0. (2.19)

There exists a sequence of events Uy,, Py(U,) — 1 as n — oo , such that if
the equality takes place in (2.19) then

Jlim, B, {|Ky - x(i(g(xi,t +vn) +1/2p7) > (np7) 7207 (oK) |

X(Bn)}Hen(Ka)) T =0, (2.20)

B B {1~ X(3(0(X £+ v2) +1/262) > (mpd) /227 (a(K)I x

=1 .

X(Bu)}(Bu(Kn)™ =0,  (2:21)
lim B {Ka(1 = x(Un)} an(Ka) =0, (2.22)

T}Eglo Et{(l - Kn)(l - X(Un))}/ﬂn(Kn) = 0. (2'23)
If A1-A3 are also valid then (2.18),(2.19) can be replaced by

Jim (nup 1)Y2((nup 1)? + @7 (an(Ln)) + @71 (Ba(Ln))) =0, (2:24)

lim inf (nu2 1)/2(ne2 )" + @7 (an(Kn)) + 07 (Bu(Kn))) 20 (2:25)
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respectively.

If A2,A4 holds then (2.20),(2.21) can be replaced by

i, e 1 = (3 (6 F D/ 1Kt + 07 >

i=1

(n/4)287Y(an(K))Ix(Bn) Hen(Ka)) ™ =0, (2.26)

) |
Jim B, {|Kn — X3 9(Xi,t) > (nI/4)207 (an(Ka)))|

i=1
X(Ba)}(Bu(Ka))™h =0 (2.27)
respectively.
Theorems 2.1,2.2 will be proved in section 4.

Remark 2.6. It follows frorn the proof of Theorem 2.2 that the set U,, can be
defined as follows

U, = {Xl, vy Xn : ]fl/Z(X;7tn1) - fI/Z(Xhtn?)l < efl/Z(Xi’ tnl)a]- << n}

Remark 2.7. Since we do not assume in (2.18)-(2.23) the existence of the
Fisher information these results are also of interest for the standard problem
of hypothesis testing 6 = ¢-+vn~1/2 versus the alternatives 8 = t+(v+u)n=1/2.
Remark 2.8. It follows from the Hajek (1970) Theorem that if the regular
sequence of estimators g, is locally asymptotically minimax then

a6, —t) — 2(nI) ™YY p(X;) — 0

i=1

in probability as » — oco. The relations (2.19)—(2.23),(2.26),(2.27) and the
further relations (2.29)-(2.32),(2.37),(2.38) are the versions of this assertion
for the strong large deviation efficiency.

Ezample 2.1. Let Xi,...,X, be iid.r.v.’s with pom. P € A and let the
function ¢ satisfy (2.4) w1th P, = Py, Py € A. Denote

n(z) = e(@)x( ¢(2) I< &nvir’),  &al2) = Ca(z) — E(Ca(X1))

where €, — 0 as n — oo . Define the probability measures P, with the
densities fn(z) = dP,/dPy(z) = 1 + 2un&,(z). Suppose the problem is to

11



test a hypothesis P = P, against alternatives P = P,. It is easy to test that
for this problem the assumptions A1,A3 are fulfilled and (2.18) is valid with
pl=1/4 421

Theorem 2.3. Assume A. Let u, > Cn~? nulw(u,) — 0 asn — oo .
Suppose the problem is to test a hypothesis Hy : 8 =t against the alternatives
H,:0=0,=t+u, or0 =0, =t —u, . Then for any sequence of tests
K, such that o,(K,) < ¢ <1 and (np2)~*|2log o, (K,)| < 1 it holds

lim inf (4np%)"/?(4n"/?py, + 207 (an(Kn)) + @7 (B(Kn, Pagay)+

T(B(Kny Pag,)) 2 0. (2.28)

For any sequence a, < C < 1, (4np?)~|2log a,| < 1 there exists a sequence
of the likelihood ratio tests Ly, o, = an(Ly), such that the left handside of
- (2.28) equals zero.

Assume A1-A3. Then in (2.28) we can put 2p, = u,I'/2.
Assume A2, A4. Then there ezists a sequence of sets Uy, P,(U,) — 1 as
n — oo , such that if in (2.28) the equality takes place then

lim E{|K, —x IZSD Ol > (1/4n1) @7 (an(Ka))) %

1=1

XU} oK) =0, (229
B B, (1L = Ko = X( 9(X0] < (/40178 (K] x
XU} /B(Kn Pr) =0, (230)
lim B{Kall — XU} en(Ka) =0, (231

nllglo Etnj{(l - Kn)(l - X(Un))}/ﬂ(l{m P9nj) =0 (2°32)
for3=1,2.
Here the assignment of p,, is the same as in Remark 2.2.

The proof of Theorem 2.3 is similar to that of Theorem 2.2 and is omitted.
We call the sequence of tests K, satisfiing (2.12) strong large deviation or

SLD-asymptotically efficient in the problem of hypothesis testing § = + v,

against alternatives § =t + v, + w, (respectively twosided alternatives
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| § —t — v, |= wy) if the left hand-side of (2.18) (respectively (2.28))
equals zero.

3. MLD and SLD asymptotic efficiencies in estimation prob-
lems. The lower bound of the MLD and SLD-asymptotic efficiencies in
estimation problems are easy consequences of the similar lower bounds in
hypothesis testing. Such a direct connection of the lower bounds of prob-
abilities of large deviations in hypothesis testing and estimation has been
discovered by Bahadur (1960).

Consider the problem of hypothesis testing 6 = ¢ against the alternatives
=t,=1t+2u,. Ona sequence of estimators 8, = 0, (Xl, ., X,) define the
sequence of tests K, = x(f,—t > u,). Let a,(K,) = P,(6, —t >u,)<C<1
and B,(K,) = P, (0, — t, < u,) < C < 1 then by (2.14) we have

(4np?(t, 1,)) " V2(|2log P(f,—t > u,) Y2 +|210g P, (Bn—t, < un)|Y?) < 140(1)

as n — oo . Since Pt(0 —t>u,) < Pt(la —t| > u,) and P,H_gun(ﬂ —2u, <
uy) < Pt+2un([9 — 2u,| > u,) this implies as follows.

Theorem 2.4. Assume A. Let u, >0, u, — 0, nu? — 0o asn — oo . Then
for any sequence of estimators 8, of parameter 0

lim inf sup (2np(t,t+ 2u,)) ! log Py(|6, — 9] > u,) > —1. (2.33)

N0 gt t42un

It is easy to see that the traditional local asymptotical minimax lower
bound (see Radavichius (1991) ) follows from Theorem 2.4.

Corollary 2.3.(see Radavichius (1991)) Assume AO. Let u, > 0, u, — 0,

A

nul — oo asn — oco. Then for any 6 > 0 for any sequence of estimators 6,

lim inf sup (nu2I/2) “Llog Py(|6, — 0] > uy) > —1.  (2.34)
n— 1o tl<6

We say that a sequence of estimators én is u,—consistent if Ppy( |én -6 >
du,) —+0asn —ooforany é§>0andallf,|0—t<e,e>0.

Arguing similarly to the proof of Theorem 2.4 we obtain the following
assertion.

Theorem 2.5. Assume A. Let a sequence of estimators 0, is un—consistent.
Then R
lim sup (4np?)~Y%(|21og P;(|0, — t] > cun)|/*+
n—oo
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|21og Pt+un(|én —t—un| > (1 = cJu,)[?) <1 (2.35)
forany0<e< 1.

For the Cramer type large deviations of estimators we could not prove
the direct analogues of (2.18),(2.19). Here the proof of the lower bound is
also reduced to the problems of hypothesis testing . However the number of
problems of hypothesis testing under consideration increases with increasing
sample size. The Hellinger distance p(0;, 8,) can satisfy the assumption A and
have as the function of two variables a rather irregular character. To take into
account such a variation of the Hellinger distance the lower bound of the SLD
efficiensy are given in the terms of the function R(¢,C,u) = sup{p(6,0+u) :
|0 — u| < Cu}. The values of R(t,C,u) used in the lower bound can be
considered as the least favourable values of the Hellinger distance.

Theorem 2.6. Assume A. Let u, > 0, nulw(u,) — 0, nul — 00 asn — co.
Then for any sequence of estimators 6,

lim inf  sup  Py(|0n—0] > un)(28(—202R(¢,Cr,un))) 1 21 (2.36)

N0 16 _t|<Crun

for any sequence C, — 00 asn — oo.

If A1-A3 is valid then (2.36) can be replaced by
liminf  sup  Pp(|fn — 0] > ua)(28(—(nD)V?u,))) > 1. (2.37)

=, |0—t|<Crun

Assume A2, A4. Then there ezists a sequence events U,, P(U,) — 1 as
n — oo, such that if in (2.37) the equality takes place for a sequence Co,
Clulw(u,Cy) — 0 as n — oo then

Jimy Eg, {x(10 = 0a] > ua)—

x(| Xn:gn(Xm',Gn)l > 1/2nu,D)Ix(Un) }(28(=(n1)/*ua)) ™ =0, (2.38)

i=1
 EgX(102 — 0a] > un)(1 — x(Un))(22(—(n])?u,)) ™ =0 (2.39)
for any sequence 0, |0, — t| < Cpu,.

Similarly to the problems of hypothesis testing we say that a sequence of
estimators 6,, is MLD (SLD-respectively) asymptotically efficient if in (2.34)
((2.36) respectively) the equality takes place.
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Remark 2.9. Theorems 2.1-2.6 are easily generalized on the k —sample case.
Let Xj1,...,Xjn;, 1 £j <k, be iid.r.v.’s with p.m.’s P, § € R, n =
ni+...+ng and let nj/n — v; as n — co . Let the p.m.’s Pjs, 1 < j <k,
satisfy the assumption A. Then (2.11),(2.13),(2.33),(2.35) are valid with

ZVJP Jtnl’ Jth)

Let the p.m.’s Py, 1 < j < k, satisfy A1-A3 and let I; = Ij; be the
Fisher information of Pjy at the point § = . Let v;,1 < j < k satisfy the
following assumption.

A5. u2max{|n; —ny;|,1<j<k}—>0asn—oo.

Then under this additional assumption (2.24), (2 25),(2.37) hold with I =
%_yv;I;. For the brevity we omit here the versions of Theorem 2.3 and
(2. 20) (2.23),(2.26), (2.27),(2.38),(2.39).

Remark 2.10. Let U(P,;) be the set of all maps ® : u — Piy,, u € (—6,9),
§ > 0, satisfiing (2.1) with a fixed constant C. Then it is easy to see
from the proofs of Theorems 2.1,2.2,2.6 that the lower bounds given by
(2.11),(2.14),(2.18),(2.25),(2.28),(2.33)-(2.37) are uniform on ® € YU(PR,).
This implies that if we put infscy(p,) after liminf,_. in (2.19),(2.25), (2.28),
(2.33),(2.34),(2.36), (2.37) and supgcy(p, after limsup,_,,, in (2.11),(2.14),
(2.35) then these inequalities remain valid. It is easy to see that the conver-
gence in (2.13),(2.15) is also uniform on ® € ¥(P,).

Remark 2.11. The proofs of Theorems 2.4 and 2.6 show the direct connection
of the MLD and SLD asymptotic efficiencies in the problems of estimation
and hypothesis testing. It follows from the proof of Theorem 2.6 that the
SLD asymptotic efficiency of the sequence of estimates g, is equivalent to the
SLD asymptotic efficiency of the sequence of tests statistics f,. At the same
time the MLD asymptotic efficiency of tests statistics 8, for all sequencies
Un, Nul — 00 as n — oo , implies that the sequence of estimators 6, is MLD
asymptotically efficient.

Proof of Theorem 2.6. The proof will be given under the assumptions
A2,A4. In the other cases the differences in the proof of (2.36) are insignif-
icant. For a sequence of parameters ¢, whose values will be defined later
consider the [-problems of hypothesis testing H,; : § = t,; = t. + 2ju,
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versus the alternatives H, ;4y : 0 = t,;41, 0 < 7 < I — 1. Define the se-

quences of tests K,; = X(én —tn; > un). Denote by ayj, Bn; respectively the

type I and type II error probabilities of the tests K,;, 0 < j < I — 1. Put
Tni = i [®(=(RD)Y?u,)) — 1, 5p5 = 1 = B/ (= (nI)Y?u,)).

~ Assume that (2.37) is not valid. Then there exist a sequence t,, |t, —t| <

Cnun, and € > 0 such that

Tni—2—Sni-1 < —€ and 7, ;_1—58p; < 0(1) 1<j<i-2. (2.40)

Note that r,; < 1+ o(1) since otherwise implies
P10, —t] > un) > P(f, — t > uy,) = 28(—(nD)Y?u,)(1 + o(1)).

By (2.18) we also have log(1 + ry;) + log(1 — sn;) > o(1)

Using (2.40), rmo < 1+ 0(1) and (1 + 74;)(1 — s»;) > 1 + o(1) we obtain
inductively spo < 1/2 4 o(1), rp1 < 1/2+ 0(1),8,1 < 1/3 4+ 0(1), ..., 8,5 <
1/(G+2)+0(1), rnj1 < 1/(j+2)+0(1) and so on. Since o(1) in all estimates
does not depend on [ the last inequalities contradict -2 — $p -1 < —€ as
l— o0.

Assume that in (2.37) the equality takes place. Let I = I, = o(Ch),
l, — o0 as n — oo . Then, arguing similarly, we obtain that s,; < 1/j+0(1),
rei < 1/7 4+ 0(1) as n — oo . By (2.20)—(2.23) this implies (2.38),(2.39) for
0, = ty;., Jn — 00 as n — oo . Since here the choice of t,, |t, —t| < Cru,/2,
is arbitrary we can take tn;, = 0, |0, — t| < Cyru,/2. This completes the
proof of Theorem 2.6. '
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3. MLD and SLD asymptotically minimax lower bounds.
In section we consider k-sample case in contrast to section 2. This caused
the applications considered in the further papers.

Section treats the following setting. Let (S, B) be a measurable space,
let A be the set of all probability measures on (S, B), let Xjy,..., Xjn; be
ii.d.r.v.’s with probability measure P; € A ,1 < j < k, and let the functional
T : A* — R! be defined. Suppose the a priori information is given that
P=P x...xP, €T CAF. Denote n = ny + ...+ n; and assume
nj/n — vj, 1 <3 <k, asn — oo . The problems under consideration
are as follows. The estimation problem is to estimate a value of functional
T(P) on the set I'. The hypothesis testing problem is to test a hypothesis
PeTl;=TyT) ={P :T(P) =t,P € I'} against the alternatives P €
DT, u,) ={P:T(P)—t>u,, PeT}u,>0.
~ Such an approach to the theory of nonparametric statistical inference has
been proposed by C.Stein (1956) and developed by Levit (1974), Koshevnick
and Levit (1976), Millar (1983), Phanzagl (1982), van der Vaart (1991),
Ibragimov and Khasminskii (1991) and others. ‘

3.1. MLD asymptotic minimaxity. Introduce the standard terminol-
ogy arising in the problems of asymptotic statistical inference on a value of
functional (see Phanzagl (1982), van der Vaart (1991) and Ermakov (1992)).

For a fixed P = P, x ... x P, € T let II(T', P) be the set of all maps
® : u — P, from some interval (0,6) into I' satisfiing for some function

Pa(21, - Tk) = (P1(21)s - - -, r(2h)), 5 € L2(P;), 1 < j < K,

,, |
> [HdPs/dP)® =1 up;dP; = o(u®), PA(S)=o(u?)  (31)

J=1

as u — 0. Here P§, and P}, , 1 < j < k, denote the absolutely continuous
and singular components of p.m. P, w.r.t. p.m. P;. Let A(T,P) be the
set of all functions ¢g, ® € II(T, P), thus defined and let A(T, P) be the
closure in Ly(P) of A(T, P). Define the linear space L(I', P) as the closure
in Ly(P) of the linear space generated by the functions pg € A(T, P). The
linear space L(T', P) can be interpreted as a tangent space of I at a point P
in the Hellinger metric. In the problems of asymptotic statistical inference
the derivative of functional T is natural to define as an element of the linear
space L(T', P).
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We say that the function {p € L(T', P) is a gradient T on I' at a point
P e T if it holds '

T(P,)—T(P)=uFEtlpps + o(u), ul0 (3.2)

for all @ € II(T, P). Here {/pyps is the scalar product of ép = (&1,..., &)
and @g.

The Fisher information of functional 7 on T at a point P equals I(T, P) =
(4V1E£%(X11) +... 4+ 4I/kE€z(Xk1))—l.

Denote I(I';) = sup{I(T', P): P € T;}.

Make the following assumption. A
B. For all P € T'; there exists a gradient {p of the functional T" on I' and
ép € A(T, P).

For any sequence of tests K, denote a(K,) = sup{a(K,,P) : P € T';}
and B(Kn,un) = sup{B(Kn, P) : P € Ty(T,un)}.

Theorem 3.1. Assume B. Let u, — 0, nuZ — 0o asn — oo . Then fbr any
sequence of tests K, such that

(nu2)™M? | 87 (a(KL)) IS C (33)
it hold.s
lim sup (nu2 I(T))™? | N (a(Ky)) + 0 (B(Knyun)) |< 1. (3.4)

Remark 3.1. It easy to see that a similar result holds for the sets of alter-
natives I'j(T,u,) = {P : |T(P) —t| > u,, P € T'} under the additional

assumptions on the sequences of tests K,
oK) < C<1, (nu? I(T))-1|21og o K,)[Y2 < C < 1.

Corollary 3.1. Assume B and let u, = u. Then for any sequences of tests
Ko such that o(Kp,) < C <1, (nu?I(T,)"V? | 2loga(K,) [V2< C < 1 it
holds '

limsu% lim sup (nuI(T))~Y?(| 2log oK) |2 +

| 21og B(Knuyu) [2) < 1. (3.5)

The asymptotically minimax lower bounds for the local Bahadur, Hodges-
Lehmann and Chernoff efficiencies are the particular cases of (3.5).
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Indicate the similar lower bounds for the probabilities of the moderate
large deviations of estimators.

Theorem 3.2. Assume B. Let u, — 0, nu? — 0o asn — oo . Then for any
sequence of estimators 0, for all § > 0

.. . 2 -1/2 i _ —1
lim inf pe‘zl}(fs,t)(""nl(rt)) log P(|0, — T(P)| > un) £ —1.  (3.6)

Here U(8,t) = {P: |T(P)—t| <6, P eT}.

The proofs of Theorems 3.1,3.2 are omitted. These proofs follow directly from
Theorems 2.1,2.4 using the same arguments as the proof of the traditional
asymptotically minimax lower bound for the problem of functional estima-
tion (see Koshevnick and Levit (1976) Theorem 2). Note that the proof of
asymptotically minimax lower bound for the Pitman efficiency is also based
on the same ideas (see Ermakov (1992)). X

We say that a sequence of tests K, satisfiing (3.3) (estimators 6,,) is mod-
erate large deviation or MLLD asymptotically minimax if the left hand-side
of (3.4) ((3.6) respectively) equals one. Similarly the sequence of test statis-
tics V, is called MLD asymptotically minimax if any sequence of tests K,
generated by the test statistics V,, and satisfiing (3.3) is MLD asymptotically
minimax.

3.2. SLD asymptotic minimaxity. Section treats the two settings.
The first setting is the standard approach of the section 3.1. The second
setting has the geometrical character and uses the Hellinger distance as a
measure of asymptotic efficiency. The results are given in the case of w(u) =
u,0<y <1

For the SLD asymptotically minimax inference the approach of section 3.1
has the more complicated form. We were compelled to make the assumptions
of uniform convergence similar to that used in Theorems 2.2,2.6.

Define the space Ly4(P),P = P; X ... X Py, with the norm

2+ ; 24
€15 = X /{16 +dp,

where ((z1,...,zt) = (G(z1), - - -, Ck(zk))-
Fix C > 0 and introduce the set IIo(T', P), P € T, of all maps ® : u — P,
from some interval (0, §) into I' satisfiing for some function ¢g(zy,...,zr) =
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(p1(z1), - -+ Pr(zk)) € Logy(P), ”<P<1>H2+., <C,
Y |
D [[(BaldP =1 —upiPdB < C, - B(S) <O (31)

for 1 < j < k. Let Ac¢(I, P) be the set of all functions e, ® € (T, P),

thus defined and A¢(T, P) denote the closure in Ly, (P) of Ag(T, P).
Make the following assumptions ‘

B1. There exists C such that (p € Ag(T, P).

Here ¢p is a gradient T on I' at the point P.

B2. There exists C; such that

IT(P.) - T(P) - uBt1pg| < O™
~ for all & € II(T, P).

Theorem 3.3. Assume B1,B2,A5. Let u, > Cn~Y/2? nut’ = 0as n — oo.
Then for any sequence of tests K., satisfiing (3.3)

lim inf (nu2I(T))2((u21(T))Y? + @7 (o Kn))+

o~ (B(Knyun))) 2 0. (35)

Remark 3.2. Under the same assumptions the similar results are valid for the
sets of alternatives I'{(T,u,). For any sequence of tests K,, a(K,) < C <
1, (nu2I(T;))7!2log a(K,)| < 1 it holds

lim jnf (i I(T))2((n021(T))? + 87 oK)+

27 (B(Kn,ua))) 2 0. (3.9)

Theorem 3.4. Assume B1,B2,A5 and let nu} — oo , nulw(u,) — 0 as
n — oo . Then for any sequence of estimators 0,

limsup sup  P(|§.=T(P)| > u,)/(28(—n"Y2u, I"*(Ty))) > 1.  (3.10)
n—00 PeU(Cr,tun,t)

for all sequences C, — 00 asn — 0o .
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The main idea of the proofs of Theorems 3.3,3.4 is the same as in the
proofs of Theorems 3.1,3.2. Let ®, : u — P,,, ®, € II¢(T, P) be a sequence
of maps such that ||¢n — €p|la4y < Cul, on = @s,. Since II(T', P) C ¥(P)
then by Remark 2.10 we have

o Pros(10—8] > un)/(20(—20Y?u, EV?02(X1))) > 146,(C)  (3.11)
8|<Crun

where 6,(C;,) — 0 as n — oo for any sequence C,, — 0o as n — 0o and §,(C,)
does not depend on the sequence of maps ®,, € II.(T', P). This implies (3.10).
The proof of Theorem 3.3 is similar and is omitted.

The second setting is as follows. For any p.m.’s P, = Pj; X ... x Py,
P, = Py X...X Py € A denote '

Pw(Pth) = (i /S((dplj/de)l/(zﬂ)f' (szj/de)l/(Hﬂ)ZMdQ)l/(zH)

i=1

with Q; = 1/2(Py; + Py;). Put p,(P1, Py) = pyo(P1, P;). For any C > 0
define the functions

R(t,u,C) =inf{p(P, P2): P, €I}, P, € Ti1u, py(P1, P2) < Cu}.  (3.12)

If the p.m.’s P, € Ty, P, € T4y, such that p,(P;, P;) < Cu do not exist then
put R(t,u,C) = 0. For any C,C, denote Rg,(t,u,C) = sup{R(6,u,C) :
|6 —t| < Cpu}.

Make the following assumption.

B3. There exist A > 0, a > 0 such that R(¢,u, A) > au,for all u, 0 < u < uo.

Note that in B3 we do not make any direct assumptions on the functional
T. The essential role plays only the geometrical structure of the sets I';y,
defined on T'.

Theorem 3.5. Assume B3,A5. Let u, > Cn~ 2 nu2*" - 0 asn — oo .
Then for any sequence of tests K, satisfiing (3.3)

lim inf (4nR2(t, un, C))*((nR2(t, un, C))"/* + @7 (an(K))+
(I)_l(ﬂ(Kmun)))) 2 0. (3'13)
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for all C > 0.

Theorem 3.6. Assume Bl. Let nu? — oo , nu2*” — 0 asn — oo . Then
for any sequence of estimators 0,

lim inf sup P(Ién —T(P)| > un)
"% PeU(Cnyunst) 28(—2n12 R, (T, un, C))

>1  (3.14)

for all sequences C,, — 00 asn — o0 .

The proofs of Theorems 3.5,3.6 are based on the same arguments as the

proofs of Theorems 3.3,3.4 and are omitted. The uniform convergence of the
reminder term in the corresponding version of (3.11) is ensured here by the
condition p,(Py, P;) < Cu in (3.12).
_ Wesay that a sequence of tests K, satisfiing (3.3) (respectively estimators
6,) is strong large deviation or SLD-asymptotically minimax if (3.8) or (3.13)
(respectively (3.10) or (3.14)) is valid. Similarly we call SLD asymptotically
minimax a sequence of test statistics generating the SLD asymptotically min-
imax sequences of tests.
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~ 4. Proofs of Theorems 2.1,2.2.
To simplify the notations we assume ¢ = 0 and denote E{ = E,( , P(D) =
P,(D) for any random variable { and event D. For any v € R! put

Ti(U) = ‘P(Xi)f—lﬂ(X,-,v), nm-(v) = (f(Xi’v + Un)/f(X,-,v))1/2 ~1,

7; = 7(0), Mmi = Mni(0), 1 < 7 < n. Since the relations are proved usually
for the arbitrary value of index i, 1 < ¢ < n, we shall omit in such cases
the index ¢ in notations assuming that the value ¢ = 1 is considered, that is,
7(v) = 11(v), P, = N1 and so on. For a fixed € > 0 and all 1 < i < n define
the events

Ani = {Xi t| mni |> €}y Bri = {Xi | ms |< €}

Denote U, = N=; Bni-
For fixed constants C, , [Cn| < Cn/?p,, define the sequence of the like-
lihood ratio tests

Ln = X{ﬁ f(Xi,un + vn)/f(Xiavn) > exp{—Cn}}

=1

and the sequences of tests

N = x{a )7 > npp, — Ca/2}x(Un),

i=1

Npz = x{D_ (i +1/2 %) > npl — Cu/2}x(Uni)
i=1
where the sets U,; will be defined later.

The plan of the proof is as follows. First we find the asymptotics of
an(Ln), Bn(Lr) and as a result obtain (2.10)—(2.15),(2.18),(2.19),(2.24),(2.25).
Then we prove that the asymptotics of the type I and type II error probabil-
ities of the tests N,; and N,, coincide with the corresponding asymptotics
of a(Lyn), Br(Ls). A simple analysis of the proof of the Neyman-Pearson
Lemma (see Lehmann (1986)) shows that this implies (2.20)-(2.23),(2.26),(2.27).

For the sake of simplicity the estimates will be given under the assumption
P;(S) =0, |08] < 6,6 > 0. The additional addendums arising without this
assumption are easily estimated and have the smaller order.
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For the proof of Theorems 2.1,2.2 we shall use the following representation
of the likelihood ratio

ﬁ F(Xiy tn +0,)/ f(Xi,vn) = exp{2 Zn:(nni(vn) —-1/2 Pi) - in’i + Cur}

1=1 =1

with (,3 — 0 in probability as n — oco.

This representation allow us to prove the results under Assumption A
instead of the traditional assumptions assuming the existence of the finite
Fisher information. Thus we refuse from the traditional representation of

the likelyhood ratio (see Hajek (1970),(1972))

T £(Xeyttn + 0)/ F(Xy00) = exp{2n Y75 =m0 /2 + Cuo)}

=1 i=1 :

with (n2 — 0 in probability as n — oo.

The asymptotics of the type I and type II error probabilities of tests
L, Nu1 and N,; will be obtained on the base of the following Theorem about
the moderate and Cramer type large deviations of sums of independent iden-
tically distributed random variables. This Theorem is a version of Theorem
3.2 in Saulis and Statuliavichius (1990).

Let Y:,...,Y, beiid.rv.s, EY; = 0, EY? = o2 Denote S, = Yi+...+Y,
and put Fn(z) = P(S, < zon'/?).

Make the following assumption.

P. There exist a constant C and a sequence of constants D,, nD2 — oo as
n — oo , such that

|log E exp{sY1}| < Cs?, |s| < Dn,.  (4.1)
Theorem 4.1. Assume P. Then there exists 6§ > 0 such that
(1- Fa@)/1—0(@) =1+0(1)  (42)
for0<z< min.{5n1/6,n1/2Dn} and
 log(1 - Fiy(z)) = log(1 - 3(@))(1 +o(1)  (43)

for 0 < z < min{n'/2D,,6n'/?} as n — co . The convergence in (4.2), (4.3)
is uniform on the sets of all distributions satisfiing (4.1).
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The next four Lemmas have the auxilliary character.

Lemma 4.1. Assume A and let |v,| < Cu, . Then

Eu ()X (In(va)] > €/7) < Cugw(run) — (4.4)

for anyr > 1.

Proof . Denote m,(v,) = (f(X1,vn)/f(X1,0))/2—1. Since 7,(vn) = (7 (vn +

tn) — (V) /(1 + 17n(va)) then |n.(va)| > €/r implies |7j,(va)| > €/(2r) or
|77n (v + un)| > €/(2r). Therefore

Evnni(vn)x(lnn(vn)l > efr) =

E(a(vn + tn) = 17n(v2))*X(I1n(vn)| > €/r) <
4 (vn + un)X(17n(va + un)| > €/ (2r))+
4B (v2)X(17n(va)] > €/(2r)) < Crugw(un /7).
This completes the proof of Lemma 4.1.
Lemma 4.2. A1,A2 imply A.
Proof. We have

EW?»X(lnnl > 6/7') < 4E(n, — unT)ZX(Inn‘ - upT| > 6/(27'))+

. 4l Erx (|| > €/(2r)u;?).
By A1,A2 this implies A.

Lemma 4.3. Assume A. Then
P(A,) = O(uiw(un)), (4.5)

P, (A,) = O(vlw(uy)), (4.6)
Elnalx(Bn) = O(upw(ua)).  (4.7)
Proof. By A and the Chebyshov inequality

P(4,) < 2 Enix(lnal > €) = O(u2w(ua)).  (4.8)
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Denote ﬁn = (f(X170)/f(X1)un)1/2 - 1, 1 S i S k. Since |77n| > € implies
" |7in]l > €/2 then, by Lemma 4.1,

Pop(An) < Py (7a] > €/2) <

€ By oX(1a] > €/2) = O(uzw(un)).  (4.9)
Prove (4.7). Let k£ > 1/2|log(unw(ux))|/ log 2. Then

k
EnaPx(Bn) < Culw(u,) + CEnZ S 27 x (277 < na| < e2'7) <

i=

.k
Culw(u,) + CQ"‘E’?]?1 Zx(d—j <|m] <€)<

i=1

k
Culw(u,) + C27*u2 Y 2= (27Fe) < Culw(u,) (4.10)

=1
since w(277€) < 2F7Iw(27%e) < C2Tw(uy,).
Lemma 4.4. Assume A2, A4. Then
0 —u2l| < Cudw(u,),  (4.11)

| B T(00) (10 (v5) — unT(vp))| < Cunw(us). (4.12)

Proof. By the Schwartz inequality we have -
B\ T(0) (2 (vn) — tunT(vn)) <
(Bun(v0))*(Bup (1a(v) = 2a7(02))?)/? = O(upw(un)).  (4.13)

Hence we obtain

P2 = U2 B, 3 (0a) + 2un B, 7(0) (1 (0n) — T (v))+

By, (Mn(vn) — uaT(v2))? = 21 + O(viw(u,))). (4.14)

This completes the proof of Lemma 4.4.
In that follows the proofs will be given in the case v, = 0. The estimates
in the general case are obtained similarly using (4.4) instead of (2.1).
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Lemma 4.5.1. Assume A. Let u, — 0,nu2 — 0o asn — oo . Then
a(La) > exp{—(2np} — Cy)*[(8np})(1 + (1)) + o(np)},  (4.15)

Bu(Ln) > exp{—(2npy, + Ca)/(8np)(1 + o(1)) +o(np})}  (4.16)

asn — o .
Now (2.14) follows from (4.15),(4.16).

Lemma 4.5.2. Assume A. Let u, > Cn~'/2, nulw(u,) — 0 as n — oo.

Then
on(Ln) = ®(—(2p2 — C,)/(2n2p,))(1 + (1),  (417)

Bn(Ln) = @(—(ani + Cn)/(2n1/2pn))(1 +0o(1)) (4.18)

asn— oo .

Now (4.17),(4.18) imply (2.18).

Proof of Lemmas 4.5.1, 4.5.2. By the simmetry of the problem it suffices to
prove only (4.15),(4.17).

Denote Y;; = log(f(Xi,un)/f(X:,0)), 1 < ¢ < n. Define the random
variables Y,;(¢), having the conditional distribution Y;; under the condition
Bm'. Put

n

Sn:'ZY;zia S, (E) ZK;:

By (4.5) we have )
P(B,) = [1(1-P(Aw)) < exp{= 3 P(4n)) < exp{O(neleo(un))}.  (4:19)

i=1 i=1

Hence we obtain
an(Ln) 2 P(Sy > —Cp) = P(S, > —Cy | By) exp{O(nulw(u,))} (4.20)

as n — 0o.
Thus, for the proof of (4.15),(4.17) it suffices to apply Theorem 4.1 to
Sn(e€). We have

E(Yy|B) =2Ju —Juz+Jus  (4.21)
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where

with0 <y <1.
By (4.7) we obtain

Ju3 < CE(In.? | By) = O(vlw(uy,)).  (4.22)
By Al and (4.5),(4.6) we obtain
T = 024 Ou(u,)),  (423)

J1 = =1/2 Jog + O(vlw(uy,)). (4.24)
Now (4.21)—(4.24) together imply

E(Ya | Ba) = =2p;, + O(unw(ua)).  (4.25)
Arguing similarly we obtain |
B(Y?| B,) = 472 + O(w(un).  (426)
Thus it remains to test (4.1). By the Taylor formular we have
E(exp{sY,}|B,) = 1 + sE(Y,|B,) + s*/2 E(Y2|B,) + M,,  (4.27)

with M, = s%/6 E(Y,?exp{vsY,}|B,) and 0 < v < 1.
By (4.7) we obtain

My, = 4/3 s*E(log’(1 + 12)(1 + 72)*"*| Bn) <

Cs*E(log®(1 4 1,)|Bn) < CSPE(|na[*|Bn) < Csulw(u,).  (4.28)
Now (4.26)-(4.28) together imply that

log E(exp{s(Ya — E(Ya|Ba))}Bx) = 25y, + O(s*unw(un) + s*uzw(un)).

Therefore the Assumption P of Theorem 4.1 is satisfied with D, = u,/w(u,).
This completes the proof of Lemmas 4.5.1, 4.5.2.
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Lemma 4.6.1. Assume A. Let nu? — co asn — oo . Then
@n(Ln) < exp{=(2np, = Cu)*/(8npr)(L + o(1)) + o(np})},  (4.29)
Bn(Ln) < exp{—(2np}, + Cn)*/(8np})(1 + o(1)) + o(npl)}  (4.30)

asn — oo .

Lemma 4.6.2. Assume A. Let u, > Cn~'/2 nulw(u,) = 0 asn — oo .
Then

an(Ln) < B(=(20g% = Co)/(20p))(1 +o(1)),  (431)
BalLn) < B(—(2npk + C)/(2n2p))(1 +o(1)  (432)

as n — OQ0.

Lemmas 4.5.1, 4.5.2 and 4.6.1, 4.6.2 together imply that the left and right
handsides of (4.29)—(4.32) equal. Thus we obtain the exact asymptotics of
an(Ly), Bn(Ly) that implies (2.13),(2.18).

Proof. Show that the asymptotics of a,(Nyn1), Bn(Nyn1) are given by the

right handsides of (4.29)—(4.32). Then (4.29)-(4.31) will follow from Lemmas

4.5.1,4.5.2 and the Neyman-Pearson Lemma. We find only the asymptotics

of ap(Nn1). The estimates in the case of £,(/N,1) are similar and are omitted.
Similarly to (4.23),(4.24),(4.27) we have

Bro(Ba) = ~1/2 4+ O((u)),  (439)
Enax(Bn) = pn + O(upw(ua)),  (4:34)
E exp{snax(Ba)} = L+ sEnux(Ba) + 5*/2 Enix(By) + Mpy  (4.35)
with M,; = s3En3 exp{syn.}x(Br) and 0 < v < 1.
By (4.7) we have |
M < CSPEnaPx(Bn) < Cs®ulw(u,).  (4.36)

Now (4.33)—(4.36) together imply that Assumption P of Theorem 4.1 is sat-
isfied with D, = u, /w(u,). Therefore a,(N,1) has the required asymptotics.
This completes the proof of Lemmas 4.6.1, 4.6.2.

Since 0, (Nn1), Bn(Nn1) have the same asymptotics as an(Ly), Ba(Ln) then
by the Neyman-Pearson Lemma this implies (2.20)—(2.23).
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Prove (2.26),(2.27) and the corresponding versions of (2.22), (2.23). In
this case we change the definitions of the sets An;, Bpi,1 < ¢ < n, and the
set U, = Uy,;. Put

A = {Xi : Innil > € or |r:| > eu'},

B = {X; : |7mi| < € and || < eu;'}.
Denote U, = Up; =i~y Bni-
Lemma 4.7. Assume A1,A2. Then

E,,.(nn(vn + v) — uaT(vn +v))? < Crlw(u,) (4.37)
for all v, |v — v,| < Cu,. It also holds
By, v (on)x(I7(va)] > eu7’) < Cw(un),  (4.38)

P, .(I7(va)] > Cu;t) < Culw(u,), (4.39)
Un By |7 (vn) [Px(By) < Cw(u,), (4.40)
Un By, |T(v0) P x(B,) < Cw(uy), (4.41)
Un By 72 (vn)x(IT(vn)] > eu?) < Cg(un), - (4.42)
P,.(I7(v)] > eu;t) < Culw(u,). (4.43)

Here w,;, = u, + v,.

Note that (4.37),(4.38) coincide with (2.3),(2.4) in the case v, = 0,v = 0.
Thus if we prove (4.37),(4.38) then in the furher arguments it suffices to
consider the case v, = 0. '

Proof. Since
(f*72(2, 00 +v) = f3(2,00))* < 2(f2(2, va 4 0) = f172(2,0))7+

2(f**(z,v,) — f/*(2,0))?

then (4.37) follows from Lemma 4.2.
By A2 and Lemma 4.2 we have

By, m ()X (I7(vn)] > euz’) =
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Erx(|r(va)] > euz’, |7] < €/2u3?) + O(w(un)) <
Cu 2 P(|7(va)l > eu?, 7| < €/2u;") + O(w(u,)) =
Cu?P(|r(va)| > euh 7] < €/2u;?, Ina] < €) + O(w(un)).  (4.44)

Since 7(vn) = 7(1 + 21,)/(1 + 7.) then the first addendum in the right
handside of (4.44) equals zero that implies (4.38).

The proof of (4.40) is similar to that of (4.7). Let £ > |logu,/log2|.
Then we have

k T . .
U E|TPx(Bn) < Cun + E7?) 277 x(277u; < |r| < 277 t) <

i=1

k
Cun, + C27FET?Y x(279u;' < |7] < uz?) <

=1
k ‘ -
Cuy + 0275 Y w(27u,) < Cuw(y,)
J=1
since w(2un,) < 2w(uy).
We have
Un Bo |TPX(Ba) = unE|TP(1 4 72) " x(Bs) <

Cu,E|r|®x(B,) < Cc_a(un).

This implies (4.41). _

The proof of (4.42) is similar to that of (4.41) and is omitted.

By the Chebyshov inequality we obtain (4.39),(4.43) from (4.38),(4.42).
This completes the proof of Lemma 4.7

Lemma 4.8. The asymptotics of an(Np1), Bu(Nn1) are given by the right
handsides of (4.31),(4.32) respectively.

Proof. Using A2,A4,(4.39), E7 = 0 and the Chebyshov and Schwartz

inequalities we obtain
E7rx(B,) = Etx(An) <

E|r|x(|nn = unT| > €/2 or |7| > €/2u;t) <
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Elr|x(Ina — uat| > €/2) + E|r|x(I7] > €/2u;") <
2ETH)Y2PY2(|n, — upt| > €/2)+
EY2r (|7 > €/2ut)x
PY2(|7] > €/2u;) < Cunw(u,).  (4.45)
Estimate E72x(B,). By A2,A4 we obtain

|ET?x(B,) — ET?| < Erzx(|7'| > e/du;t)+

ET?x (|1 — unT| > €/4,|7| < e/4u;?) <
Cw(un) + u72P(|nn — un7| > €/4) < Cw(uy).  (4.46)

We have
EUnTX(Bn) = ET(l + nn)ZX(Bn) =

ET(1 4 (N — unT) + unr)zx(Bn) =
Erx(Bp) + 2u, Et*x(B,) + w2 ET®X(B,) + Ray + Raz + Rys (4.47)

where, by A4,
Rpy = 2E7(n — un7)X(Bn) <

2EV2Ir B2 (n, — upm)? < Cupw(uy), (4.48)
 Rup = 20, B0, — uat)X(Ba) <
CE|T(n — uaT)| < Cunw(u,), (4.49)
Rpz = ET(nn — unt)?x(Br) <
CE|1(Mn — unTn)| < Cupw(uy). (4.50)
Now (4.47)-(4.50) together imply that

E..mx(B,) = 1/2u,I + O(upw(u,)).  (4.51)
By (4.40),(4.49) we have
|Ewn™X(Br) = ET?x(B,)| = E7*((1 4 1,)* — 1)x(B) <

3ET n.lx(B,) < 3u, ET®x(B,) + 3u 'Ry < Cw(u,).  (4.52)

3T
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Thus it remains to test (4.1) for the random variables Y; = u,7;x(By;). We
have ‘ '
Eexp{suntx(Bn)} =1+ su Erx(B,)+
1/2*u2ET?Xx(B,) + Myy  (4.53)
where

M., = Z 1/k! skuﬁErkx(Bn)
k=1

By (4.40) we obtain

[Mn2] <> 17K sFudeFBE|TPx(B,) <

k=3 :
C Y 1/k sFule 3w (uy).
k=3
This implies that
|log E exp{su.(Tx(B,) — ETx(Bn))}| < Cs*uEr*x(B,)
for all |s|] < A, = u,/w(u,). The estimates of E, exp{su,7x(B,)} are
similar. This implies (2.26),(2.27).

The proof of (2.22),(2.23) follows easily from (4.39),(4.43) and Lemmas
4.2,4.8. This completes the proof of Theorem 2.2.
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