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Abstract.

In this paper we consider a quadrature method for the numerical solution of a sec-
ond kind integral equation over the interval, where the integral operator is a compact
perturbation of a Mellin convolution operator. This quadrature method relies upon sin-
gularity subtraction and transformation technique. Stability and convergence order of
the approximate solution are well known. We shall derive the first term in the asymp-
totics of the error which shows that, in the interior of the interval, the approximate
solution converges with higher order than over the whole interval. This implies higher
orders of convergence for the numerical calculation of smooth functionals to the exact
solution. Moreover, the asymptotics allows us to define a new approximate solution
extrapolated from the dilated solutions of the quadrature method over meshes with dif-
ferent mesh sizes. This extrapolated solution is designed to improve the low convergence
order caused by the non-smoothness of the exact solution even when the transformation
technique corresponds to slightly graded meshes. Finally, we discuss the application to
the double layer integral equation over the boundary of polygonal domains and report
numerical results.



0 INTRODUCTION

It is'well known that the convergence of various numerical methods can be improved by
extrapolation, i.e., the combination of approximate solutions obtained for different values
of discretization parameters is closer to the exact solution than the approximate solutions
themselves. A review of this topic is given e.g. in the works by Marchuk/Shaidurov [19]
and Khoromski/Zhidkov [14]. The application of extrapolation to second kind integral
equations with smooth kernel functions is described e.g. in the books of Baker [2] and
Hackbusch [11] or in the papers by McLean [22] and Lin/Sloan/Xie [17]. The case of
one-dimensional boundary integral operators over smooth curves is considered e.g. by
Heise [12] and Saranen [28]. However, it seems to us that the theory of extrapolation
techniques for boundary integral operators over non-smooth boundaries is rather incom-
plete. The only results in this direction we know about are those of Lin/Xie [18], Shi [29],
and Graham/Lin/Xie [10], where Mellin convolution equations and double layer poten-
tial operators over polygonal curves are considered. The extrapolation in these papers
improves the low order convergence which is caused by the low order of the implemented
discretization scheme, i.e., caused by the low degree of the trial functions in the Galerkin
scheme or by the low order quadrature rules used for discretization. The price for the
faster convergence rate is that a stronger mesh grading near the points of singularity of
the Mellin convolution kernels is required. Note that the use of strongly graded meshes
is, in some sense, equivalent to the application of a transformation of variables with a
large number of vanishing derivatives at the points of singularity. Finally, we remark
that there are also other methods improving the numerical convergence in the case of
these equations. We refer the reader to results on superconvergence and on p- and h-p-
methods by Amini, Chandler, Elschner, Graham, Jeon, Kress, Mastroianni, Monegato,
McLean, and Sloan [23, 1, 3, 16, 7, 13, 8, 21, 24].

In the present paper we also consider Mellin convolution equations. We shall estab-
lish the first term of an asymptotic error expansion and define an extrapolation method
which is different from that in [18, 29, 10]. This extrapolation does not improve the
convergence rate due to the low order discretization scheme. Instead, it improves the
low order caused by the non-smoothness of the exact solution. In order to describe the
nature of the asymptotics and the extrapolation, let us consider a Mellin convolution
equation of the second kind on the interval [0,1] (cf. Equ. (1.1)), where the singularity
of the kernel function is located at 0. Roughly speaking, for the approximate solution
of the quadrature method, we shall derive an error expansion of the type (cf. Theorem
1.3)

&n(t) = 2(1) — Zx(f) = ATf(E/R) + O(A™), 0<i< 1,

where v and 7, are positive reals with ¥ < ; and h is the mesh size of the grid used
for the quadratures. For the function f, we shall show | f('r)l = O(T'ﬁl) T —> 00 Wlth
B1 > 0. If f admits the asymptotic expansion f (1)~ T2, ™, 1 < B2 < fs..

T — 00, then we arrive at

s(d) ~ S KT F() + O(R™), 0<f<l. (0.1)

i=1
The functions f;, however, are singular, i.e., we get fi() = ¢t # for b < i < 1. Hence,
the supremum norm error ||&|| L[0,1] is of order A only. Fixing an € > 0 and considering
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the supremum norm error over the interval [¢, 1], we get the better estimate |én|zoe,1)
Rinfim, v+8ii=1.2.} - If we apply the usual Richardson extrapolation algorithm to our
quadrature process and denote the extrapolated solution by Z}, then some of the first
terms in (0.1) cancel out, i.e., the extrapolation error &} satisfies

g = 5(0) — 330 ~ SRS + O(h™), 0<i<1.
=R

This gives the better convergence order v, := inf{y;, v+ 8;: ¢+ = R, R+1...} for the
supremum norm error ||&;||ze[,1] ~ A" but no improvement of the overall error.

However, one often seeks a good error estimate over the whole of [0,1]. To get this,
we observe

9V&,m(20) = 277(2R) f ((2{&')/(2h)> +O(k™) = KTF(E/B) + O(A™) . (0.2)

Thus éx(f) has the same error expansion as 2~ 7&,n(2%) and l|én(?) — 2- ’7egh(2t)||Loo[o g~
k™. Unfortunately, Z(¢) and &n(f) are unknown. However, using the previous kind
of argument for the expansion of the ”discrete” error #s4(f) — Za(f) instead of &, =

&(t) — &n(f), we shall observe (cf. Theorem 1.6) ||&() — £5(2)||peoo,1] ~ h™, Where

#5(1) = san(?) + XL: 271 {3,(218) — 2 (21)

=1

and L denotes the largest integer such that 2-*f < 1/2. Moreover, if we seek a lin-
ear functional [Z§ of the exact solution & with a smooth function g, then the asymp-
totics (0.2) implies new orders for the convergence of the quadrature approximation
Y Z(:)§(t:) to [fZg (cf. Corollary 1.5) without any extrapolation. These new orders
improve those obtained by estimating the error for the functional by the LP-errors for
the function &.

The plan of this paper is as follows. In Sects. 1.1-1.2 we introduce the equation
together with the necessary assumptions. The quadrature method including singularity
subtraction and transformation technique will be derived in Sect. 1.3. A stability and
convergence theorem follows. This theorem is perhaps new for the space LP[0,1], (1 <
p < o0) and for the special kind of singularity subtraction. However, it should also be
possible to prove this result by extending the arguments of 3, 16, 7, 5, 21, 25] to the LP
setting. We shall present some details of the proof here only to prepare the derivation
of an error expansion. In Sect. 1.4 we give this asymptotic error expansion and derive
the corresponding extrapolation process. Sects. 2 and 3 are devoted to the proof of the
error expansion. To this end, we first prove an error estimate for the quadrature rule
analogous to the Euler-Maclaurin summation formula in Sect. 2.1. Then we show the
stability of the quadrature method for the case of the half-axis in Sect.2.2. From this and
well-known localization principles the stability for the equation over the interval follows.
In Sect. 2.3 we analyse the solution of the quadrature method when the right-hand side
is of the type y(t) = yn(t) := f(t/h). Since functions of the type t — f(i/h) appear
in the asymptotic expansion of the quadrature error (cf. Sect. 3.2), the structure of
these special solutions is crucial for the proof of the asymptotic error expansion for the



quadrature method. In Sect. 3.1 we split the error of the approximate solution into
several terms, and we estimate these terms in Sect. 3.2. Finally, in Sect. 3.3 all previous
results are combined to prove the error expansion of Theorem 1.3. The last section is
devoted to the application of Theorems 1.1-1.6 to the special case of the double layer
equation over polygonal boundaries. The presented numerical computations confirm our
results or show even better results.

1 QUADRATURE METHOD AND EXTRAPOLATION

1.1 The equation

Let us consider an equation of the type

- 1. . - .
5(5) + f k(3,5)5(3)ds = 3(3), 0<i<1, - (1.1)
0
where '
s B\ . S
k(t,3) = km (:) i ks(t,3), 0<t,3<1. (1.2)
S .

We shall formulate necessary assumptions on I::M, ks in Sect.1.2. Here we mention only
that the double layer equation over polygonal boundaries is equivalent to a system of
equations of the form (1.1). Namely, for the double layer kernel over a curve with angle
8, we get equations including the kernel functions (cf. e.g. [4, 3])

1 tsind 1 osinf (1 3)

w12 + §2 — 2t cos b’ mo2+1—20cosf’ '
The application of our quadrature method to (1.1) requires first a singularity sub-

traction and then a substitution of variables corresponding to a transformation of the

interval [0,1]. Let us start with the singularity subtraction (cf.[26] and also the
slightly different techniques in [3, 16, 5]). We introduce

k(#,3) =+ km(o) ==+

-~ 1 ~ -~ -~
a(f) =1 +/ k(%,5)d5, 0<i<1
0
and write (1.1) in the form

a(t)z(t) + fo 1 k(,3)[#(5) — 2()]ds = §(f), O0<i<l | (1.4)

The new integrand k(Z,3)[2(3) — &()] of (1.4) is smoother than k(f,3)Z(3) in (1.1).
Consequently, the quadrature for the integral in (1.4) converges faster.

For the transformation of variables, we choose a positive integer g and substitute
= 1%, § = s? in (1.4). Since there holds ||Z|zr = ||z|lzs, 1 < p £ oo for z(2) :=
Z(t7){/q1777, we multiply our equation (1.4) by ¢/q%T and get

S

a(t)a(t) + | ' k(i) [m(s)—m(t) (;)(q'”/”] ds=y(t), 0<t<l,  (15)

where



a(t) = a(t?), =z(t):= 52(tq){/qt‘1‘1, y(t) 2=‘Q(tq){/q;——17 (1.6)

Here we define p’ by % +$ =1 and set 1/p := 0 for p = 0. The new solution z of (1.5)

is smoother in the neighbourhood of 0 than &. For instance, if #(£) ~ ” for { — 0 with
4 > 0, then z(t) ~ t47+@=1/? with gy + (¢ — 1)/p > 7.

1.2 Assumptions on the kernel, the right-hand side, and the solution
In view of (1.6) and (1.2) we get

B(ts) = hn (f) §+ ks(t, ), | (1.7)

s
kum(r) = gy (79 Va1, ks(t,s) = thq‘ll::s(tq,sq)”\'/qsq‘l.

However, we formulate the assumptions in terms of the original kernels. Here and
in the following C stands for a generic constant the value of which varies from instance
to instance. Even, if C appears twice at one line, the values may be different.

(A1) The kernel function ks : [0,1] x [0,1] — IR is smooth, i.e., it is infinitely differen-
tiable.

(A2) The kernel function kys : R* := (0,00) — IR is infinitely differentiable and there
exists constants C' and real numbers a, o with 1/p < a < a; such that

(08/00) ky(0) = Co®+0(c™), o —> 0,
(00/80)™kp(c) = Co~*+0(c™%), ¢ —

form=20,1,2,....

Note that the exponents could have been different for 0 — oo and for ¢ — 0. For
simplicity we choose them to be equal. Furthermore, we note that the condition on the
differentiability can be relaxed. A fourth order continuous derivative should be enough
for our considerations.

Now we observe that, for ks = 0, the operator A on the right-hand side of (1.1) is
the restriction (”Wiener-Hopf” operator) of the Mellin convolution operator Iy + Ky,
where Iy € L(LP(IR")) is the identity and

Kaf())= [ "k (é) % f(8)ds, fe R*.

The operator Iy + Kp is invertible if and only if its symbol does not vanish, i.e., if the
Mellin transform of its kernel function

(Mag)(€) == /0 Z ha(o)o P g, ¢ € R
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is different from —1 over JR. By (A2) the function ¢ — (MI;'M)(E) is continuous and
vanishes at { = Foco. Our next assumption (A3) is nothing else then the invertibility
of the operator A. Using the theory of Wiener-Hopf operators, this assumption can be
formulated as

* (A3) i) For any ¢ € IR, there holds 1 + (Mbky)(€) # 0.

ii) The winding number of the curve {[1 + (MEkx)(¢)], € € IR} is zero.

iii) The homogeneous equation (1.1) (i.e., (1.1) with § = 0) has only the trivial
solution.

Next we need some assumptions on the resolvent kernel. It is a well-known
fact that the inverse (Ig + K )~' takes the form Iy + Ly, where

Luf(d) = /0 “7 (f) % f(3)ds, te R*.

S

Note that the resolvent kernel Ixs is the solution of (Ig + R’H)ZM = —kys. Thus the
regularity theory of Mellin type equations implies the regularity of the resolvent kernel
Ipr. We require

(A4) The kernel function Ips : R* — IR is infinitely differentiable and there exists
constants C' and real numbers v, v, with 1/p < v < 7, such that

(68/80)™Ipm(c) = Co'+0(c™), o — 0,
(60/80)™Ip(0) = Co™"+0(c™™), ¢ —

form=10,1,2,....
For the right-hand side and the solution, we assume the following.

(A5) The function 7 : [0,1] — IR is infinitely differentiable.

(A6) The solution  of (1.1) is continuous on [0, 1] and infinitely differentiable on (0, 1)

such that
| i(t) = C+C"+0(i"), t—0,
(t8/8t)"z(t) = Cf" +0(tm), t—0

for m =1,2,.... Here v, 7, are the same as in (A4).

Finally, we shall need the following technical assumption.

(AT) Suppose q(y + 1/p) < min{4, qa}.



1.3 The quadrature method

First we need a quadrature formula. For this purpose we take the trapezoidal rule
with end point correction. Thus we set

[ #()ds ~ RS (), (18)

where h :=1/N, t; := j/N for j € Z and

127 59 39 31 N-4

i
T. .— _%
; j 48T1 48T2+ T3+48T4+JX_;T
49 59 17
+48TN 3+ TN 2+48TN 1+48TN

Note that this quadrature will be derived in part a) of the proof to Lemma 2.1 and has
convergence order four (cf. Corollary 2.2). Using (1.8) for the integral in (1.5), we arrive
at the following quadrature method:

a(t)zn(t) + hz k(t:, 1) [a:N(t,) — an(t) ( z)(q_l)/p] —y(t), i=1,...,N. (L9)

To force stability we also introduce a slight modification (cf. (3, 16, 7, 26, 21]). We
note, however, that in numerical computations this modification has often turned out to
be not necessary (cf. also [5], where stability is proved without this modification under
additional assumptions). So we only recommend to work with the modified method
if a numerical instability has been observed in the unmodified version. Let us fix a
non-negative integer j, and set

T; if 7> 7.
T; == =9 T
DZJ_ Z {0 if 7<7..

Then the modified method looks like

(a-1)/p
a(t)en(t) + hY k(t t;) [mt,) —an(s) () ] =y(t), i=1,...,N.(110)
J>de 4

Clearly, (1.10) coincides with (1.9) if j, = 0.

The solution zy of (1.10) is given on a set of discrete points. To get an approxi-
mate function zy, we introduce the interpolation zy := E;V . N(tj)c,oJ where @Y i
a continuous and piecewise cubic function with m1n1rna1 support such that ¢; Ntm) =
8im, m=1,2,... N. More exactly, the basis function (,o is defined as the unique func-
tion whose restnctlon to (ti,tit1), ¢ € Z is the cublc polynomial P;; which satisfies
P;i(tm) = bm j for m = m;,m; + 1,m; + 2, m; + 3 with

1 if 1=1
m; =< 1—1 if 2<2<N-2
N-3 ifi=N-1,N .



It is not hard to see that supppl C [t;_s,t;42] and that

CT Y hl{en () Hlle < lewllzeer < OVhR{on () e, (1.11)

where || - ||i» denotes the norm in the N-dimensional discrete [P-space IP(N).

Let A € £L(L?P(0,1)) be the operator defined by the left-hand side of (1.5) and let
Ay be the operator given by the left-hand side of (1.9) or (1.10). In view of (1.11), we
consider Ay in L(IP(N)). Let us recall that the method (1.10) or the sequence {An}n
is called stable if the Ay are invertible for sufficiently large N and if the norms of
their inverses || Ax'||cu»(v)) are uniformly bounded with respect to N. The stability is
an important prerequisite for the proof of error estimates and for the estimates of the
condition numbers of the arising linear systems of equations.

THEOREM 1.1 Suppose that the assumptions (A1)-(A6) together with the technical con-
dition (A8) of Sect.2.2 are satisfied. Then the quadrature method (1.10) is stable. In
particular, (1.9) is stable if condition (A8) holds for j. = 0. If z is the ezact solution of
(1.5) and zn that of the quadrature method, then we get

min «p ) 1 if min{4, ga} > q(v+1/p)
|z — zn||ze(o1) < CR i) e { (log A1)z else, k

where py; will be defined in Sect. 8.8. Especially, the number py; is zero if

qo # 47 qv # 27 -1 ?é a,
d1+7) # 4 q(r-1) # 4 q(71+,1;5 # 4
o —% # m, *qlaty) # 4, 2y # aq (1.12)
a 7é v, Q('Yl - a) 7£ 4’ Y # 17
a—v # L

REMARK 1.2 If the operator A of (1.5) corresponds to the double layer operator or
| K| cre(r+)) < 1 and if j, is large enough, then condition (A8) is always satisfied for
(1.10) (cf. [26]). For an arbitrary but invertible Mellin convolution operator, we do not
know whether (A8) holds even for large j,. However, if another singularity subtraction
step is performed (cf. [8, 16]), then the corresponding condition (A8) for (1.10) with
large j. can be derived from the theory of finite section methods (cf. [27]). In particular,
this condition (A8) holds even for (1.9) in the case of the double layer operator and for
“KH”,C(L‘”(R"‘)) <1 (cf. [5]). We feel that, similarly to the assumption of a second kind
Fredholm integral operator to be invertible, it would be a rare accident if (A8) is not
satisfied. ’

The proof of the stability will be given in Sect.2. The error estimate follows from
the stability and from (3.22). Results like that of Theorem 1.1 have already been proved
in [3, 16, 7, 25, 26] (cf. also [1, 23, 21, 5, 13]).

1.4 Asymptotic expansion of the numerical error and extrapolation

In view of (1.11), we shall consider the discrete L?-error {’/h > l=(t) — zn(tj)lP. To
demonstrate the usefulness of this norm, let us suppose that we have to compute a linear
functional of the solution Z, i.e., we seek [; £3, where § € L?'(0,1). We get
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/Ols;(s)g(g)ds= /c)la:(s)g(s)ds, o) =g e ()

Note that ||§||z»* = ||9]|lr»- Replacing z by the approximate solution zy and the inte-
gration by the quadrature, we get an approximation for fj §:

[ 8 ~ S en(t)alt;).

We remark that this approximate value for [} #j is independent of the numbers p and
p' used in (1.5), (1.10) and (1.13). For the error of this approximation, we obtain

<

‘ IR

[ #(e)(s)ds — B a()as5)
+hY 7 lo(t;) — an (i) lg(ts)]- (1.14)

If g is sufficiently smooth (e.g. if g is infinitely differentiable), then assumption (A6) for
Z implies

(t8/0t)™(xg)(t) = Ctor¥a~t 4 O(rdlr+)+e-1y L g(gam+a-1)
{ 0 ifm>1

gO(t) fm=0" m:O)I,... ,

where go is smooth. Hence, we get (cf. Corollaries 2.2 and 2.3)

L o, h* if glvy+1)>4
l/ z(s)g(s)ds — hY . z(t;)g(t;)| < C{ hPlogh™ if g(y+1)=4 . (1.15)
0 7 R gy +1) < 4

Consequently, using the Cauchy-Schwarz inequality as well as the boundedness of the
discrete I*'-norm of our smooth test functional g, we arrive at

=1

1 , N
l /o g — hZ z(t;)g(t))| < C {' RS |z(t;) — zn(t;)P (1.16)

min{ta(v+1)} J 1 if g(y+1)#4
+CR { logh™ if g(y+1)=4.

In other words we have to estimate the error z(¢;) — zy(t;) in the discrete LP-norm.
Moreover, we seek an extrapolation z§; of the approximate solutions zy and z,y§ such
that the discrete LP-norm of z(t;) — z5/(¢;) is smaller than that of z(¢;) — zn(2;). Let
us express the dependence of ¢; on N by writing ¢ :=¢; in the rest of this section. The
error expansion which is fundamental for our extrapolation looks as follows.



THEOREM 1.3 Suppose that the assumptions (A1)-(A7) hold, that the quadrature meth-
od (1.9) or (1.10) is stable (cf. Theorem 1.1), and that = is the ezact solution of (1.5).
Then there ezists a function f: Rt — IR with

1f(5)] < Cimmna-strit/e)atr=1/p)ala—r-1/p)}=1/p(1og ;)2 (1.17)

such that, for the solution zy of the quadrature method, we get

o(t) — aw(tl) = WOFPLG) 4y,

N
‘\th IrnilP < Ch®(log A1)%" (1.18)
j=1

with p := min{q(v1+1/p),q(v+1),492v,4,q,9ca}. The non-negative integers g9 and 027
will be defined in Sect. 3.8. In particular, pag = pa7 =0 if (1.12) holds.

REMARK 1.4 For many applications the convergence order min{q(y + 1/p), 4,qc} of
Theorem 1.1 1s equal to g(y + 1/p). In this case the error term ry; is of higher order
and h3OVFUPI=1P£(3) is the main part of the error z(t¥) — zn(t)).

The proof of this theorem will be given in Sect.3.

COROLLARY 1.5 Let p = oo, fiz an € > 0 and a smooth function § : [0,1] — IR, and
suppose the assumptions of Theorem 1.8 are satisfied. Then there holds

sup |z(t) — zn(t)| < Ch®(log RT1)ese
e<t<1

< Ch%(log h71)®s | (1.19)

/0 a5 - R on(t)g(t;)

where p is as in Theorem 1.8 and the integers pzs and p3e will be defined below. In
particular, p3s = p3e = 0 if (1.12) holds.

PROOF: Setting
P if ¢ <min{4, q2v, ga}
' maz{gar, 020} else,

the first assertion is obvious. Let us turn to the second. In view of (1.14) and (1.15), we
have to estimate hY;'|z(¢;) — zn(t;)] |9(t;)|- Let us set B := min{4 —q(v+ 1/p), q(y —
1/p), (a — v —1/p)} + 1/p. Using Theorem 1.3 and the smoothness of g, we conclude

lg(t5)| = 1g(23) "il/ 37 < CE/t4 as well as
B la(ts) = an(t;)lla(t;)] < CRY hrH1/R-1/p=B (i) a1/ (Jog h1)es
I 3

+Che(log h1)eer
C pminlalr+1)a(r+1/p)-1/p+BY |6 p=1 Y053 | ORe(log h™1)e"
Chmiﬂ{4,q(7+1)-q21,qa}(log B~1)es 4 Che(log B™1)eT

{ 029 if B—1+#(qg—1)/p

IAIA

140 if B—1=(¢g—-1)/p".
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In other words,

BY le(ts) — @n(ts)llg(ts)| < Ch¥(log A1)

e if min{4, ¢(v+1), 427, ga} > 0
03¢ =
maz{ g2z, 933} else .

This and (1.14),(1.15) lead to (1.19), where
— J maz{l, paa} i 4=¢q(v+1) <o
fss 034 else .

Theorem 1.3 allows us to derive an extrapolation result. We conclude from (1.18)

z(t) — zuy(tY) = “’(tgifv) - wz'N(tngv) (1.20)
= (NP b,
eun(tY) — zpy(tY) = (@7IN)e@Nieg, (2071 (1.21)

FTat-1N 911y — TolN 24,

gili) = {f(0) — 2D p(2),
Equation (1.21) with [ =1 yields
N-ov-(a-1) Pgi(1) = fﬂzN(tfv) - wN(th) + ToN2i — TNi-

Hence, we obtain

(B(tfv) = (L'zLN(tfv) + 7"2LN,2L" + (2LN)-Q1_(Q—1)/pf(2Li)

i |
= an(tl) + Yloan(t)) — eaw ()] + rasnan + (28 N) DR f(9Es)

I=1
L
= ay(t{)+)] {(QI-IN )o@ /Rg, (2471) + rya gy — 7'2‘N,2‘i}
=1
Fryny gz + (2EN) (e /p £(2L4)

L
= zn(t))+ g~(-Dler+(a-1)/el {332N (t30-1:) — e (t3i-13) + Taw o — T‘N,zl—li}
=1

ryi+ (2L N)—q-r—(q—l)/p f(sz-)

L
= ay(tl)+ 3 2 U0t g (i) — oy (th1)}

=1

L
=1

trysi+ (2EN) @D/ f(oly), | (1.22)

11



We define the extrapolated solution z§ by

Lg »

25 (t) = o (tl) + 3 27D/l [y (1) — an (i) } (1.23)
(=1

—1; $1/2, 1,1 < 275N,

THEOREM 1.6 Suppose that the assumptions (A1)-(A7) hold, that the quadrature meth-
od (1.9) or (1.10) is stable (cf. Theorem 1.1), that = is the ezact solution of (1.5), and
that z5; ts the approzimate solution extrapolated from mN_and zan by (1.23). Then there
holds ‘

where L; is the largest non-negative integer such that tz,,

N
th Ja(t:) — o5, ()|P < Ché(log h~1)%s (1.24)

1=1

with ¢ and pss as in Theorem 1.8 and Corollary 1.5.
PROOF: Let us assume, for simplicity, that N = 2". From (1.22) we conclude

Vhla) - a3l < CVR{[rawit el + Irwi, ,uzp}zz v+ (a-ol

+<j h i[(QLiN)—q'v—(q—l)/Pf(QLii)]P . (1.25)

=1
First we estimate the last term. We set ¢ := ¢y + (¢ — 1)/p and { := min{4 — q(y +

1/p),a(v = 1/p),q(a —v — 1/p)} + 1/p. Then (1.17) implies | f(3)| < 7¢(log ). We
get L =n— Lfors=2"14+1,201 42 ... 2F and

\th (LY f(aRi)p < C{th 5 ()b og( e

L=1i=2L-141

n 2L
< CO¥h(log Ny=» N~%-¢ 73" 2la(e+t) 3~ j~¢p
L=1 i=2L-141

< C¥/h(log NY= N-%=¢ 8 3~ 2Le(e+0)-L(¢p-1)

L=1
< C\Vﬁ(log N)mN—f—Gl/p < h‘f""c(log RT1)Pe
Together with (1.18) and (1.25), this implies (1.24). |

2 PROOF OF STABILITY AND SOME CONSEQUENCES

2.1 Euler-Maclaurin formula for the quadrature

Analogously to the Euler-Maclaurin summation formula we get the following.

12



LEMMA 2.1 For any function f : (0,N) — IR which has an integrable fourth order

derivative, we get

[ $0)e =3 16) = [ H(o)fo)de,

where H = Hy : (0, N) — IR is uniformly bounded with respect to o and N. Moreover,
H(o) = 30* if 0 <o < 1.

PROOF: a) Let us first derive our fourth order rule (1.8) as a sum of quadratures over
the subintervals. Clearly, Simpson’s rule ‘

3+l 1,.. 2,.....1,..
[ #oyo ~2{GG - 1)+ S5G) + 356G + 1)} (2.1)
j-1 3 6
is of order four. To get fourth order interpolatory rules over (0,1) and (1,2), we denote
the unique cubic polynomial with P(i) = f(z), ¢ = 1,2,3,4 by P and get
1 1 55 59 37 9
| fo)de ~ [ Plo)de = 5(1) - f2) + ) - 5 f(8),  (22)
[ foda ~ [ Ploddo = o f(1) + 1 £(2) — i f(3) + oo f(4) . (23)
1 1 24 24 24 24
Similarly, we obtain

Y fo)o ~ S f(N)+ N 1) = DAV —2)+ ZF(N=-3). (24)
N-1 24 24 24 24 ) )

Using (2.1)-(2.4) as well as

N-1

/0 N f(o)do = /01 f(g)da'_|__;_ { /12 f(o)do + =_2 /:1 f(o)do + fN Iil f(a)da} (2.5)

we get the rule [ f(o)do ~ > f(4). The substitution s = ch yields (1.8).
b) Now let P be as in part a) of the present proof and let T stand for the cubic Taylor

polynomial of f at 1. For the quadrature error, we obtain

B o= [ flo)e—{3250) - 2 52) + 5:£3) - o f(4)]

= /:{f — PYo)do = /(Jl{(f =T)~ (P ~T)}Ho)do
= [(f~T)o)do -

{%(f -T)(1) - %(f - T)(2)+ g—Z(f —T)(3) — 2—94(f _ T)(4)} ,

Now the formula for the remainder of the Taylor series expansion implies

'/Ol(f—T)(a)da = /: /:’ %if(‘*)(r)dfda: —‘/01 /O‘Tg—o;—;!——’r)idaf(‘l)(v')d'r

13



= [Ty,
_'éﬂf()h.

Hence, we get

14 59 2(2—o) 37 P (3-oa)®
E = /0 Ef(l;)('r)d’r—{—'z-z\/l Tf(4)(0')d0+§—4‘ X —_3"‘—f(4)(0')d0‘

-5 | &5 e

Similar formulas hold for the quadrature errors of the other integrals in (2.5). Summing
up these errors, we get the assertion of the lemma. B

COROLLARY 2.2 For any f which has an integrable fourth order derivative over (0,1),
we get

lfol f(s)ds — hzlf(tj) < Ch* /01 lf(4)(s)|ds,

where C s independent of f and N.
The proof is straightforward.
COROLLARY 2.3 Suppose the function Z satisfies (A6). Then

pr+t if y<3
< C{ htlogh™! if y=3
h* if v>3

l / 5(s)ds — Y '(t;)

Proor: We get

1 ' ' N '
/0 #(s)ds — hY 5(t;) = h { fo #(ch)do — 3 :E(jh)}

7

= h /0 Y H(0)(8/80)*{5(ho)}do

1 o N
C’h{ / o*|2W)(ho)|hido + / |5:(4)(ha)|h4da}
0 1

IA

l/: Z(s)ds — hzli:(tj)

IN

oh{ /0 (ho)H3®) (ho)|do + /1 N(ha)4|£<4>(ha)|a-4da} .

Using (A6), we arrive at

lfol Z(s)ds — hz'i(tj) < Ch {/{;l(hg)‘vdg + /;N(ha)7a‘4da}

R+ if y<3
< C{ h*logh™ if y=3
h* if v>3.

14



Analogously to the quadrature (1.8) over the finite interval, we introduce the cor-
responding rule over the half-axis.

[ fs)ds ~ 3, (2.6)

n_ 127 59 39 31 o
20 = Fhogght Bt ght T
J

j=5

Similarly to Lemma 2.1 we get

LEMMA 2.4 For dny f: Rt — IR which has an integrable fourth order derivative, we
get

| #@)de =" 16) = [ 601 o)do
J B
where G : RY — IR 1s bounded and G(o) = 50* if 0 < o < 1.

2.2 The quadrature method over the half-axis and the stability proof

It is well known that localization principles apply to the stability analysis of numerical
methods for Mellin convolution operators (cf. [24, 25, 26]). In other words, the quadra-
ture method (1.10) is stable if and only if the corresponding methods for the ”"locally
equivalent” operators over the "tangent spaces” are stable. Since the kernel is smooth
for t # 0 and s # 0, the only non-trivial localized method is that over the half-axis which
we shall introduce next (cf. (2.7)). If the stability of this method is proved (cf. Theorem
2.5), then the localization technique implies Theorem 1.1. For the details, we refer to
[15, 30, 24, 25, 26].

~ The equation (1.5) over (0,1) is "locally equivalent” at ¢ = 0 to the equation (Igx +
Kyg)zy = yg over the half-axis R*, where Iy is the identity and

o0 t\ 1 .
Ky f(t):= / ka (—;) ;f(s)ds, 0<t<oo.
0
Writing equation (Iy + Kg)zg = yg with singularity subtraction, we get
1
s

(14 &)zu(t) + /Ooo km (é) [:ISH(S) — zg(t) (;)01-1)/?] ds=yu(t), 0<t< oo,

where

oo (g-1)/ ] -
o= [The(2)2(3)" ds= [ k()o@ tdr = (Mar)(0)
0 s/ s\t 0

The corresponding modified quadrature method for the equation over the axis is defined

as follows (cf. (2.6)).
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AN | NG
(1 + m)zuan(t)+ > ku o) 5 |zEa(t) — zan(t) (t_) =yu(t:), (2.7)
I>T J 2 t

i=1,2,.
In particular, we set j, = 0 in (2.7) if we consider the quadrature method (1.9) without
modification. The operator defined by the left-hand side of (2.7) will be denoted by
Agyn. In view of (1.11) we consider Ay in L(IP). Having defined Ay n, we are in
position to formulate our last technical assumption of Theorems 1.1 and 2.5.

(A8) The null space of Ay, € L(IP) (i.e., of Agy for N = 1) is trivial.

For the validity of (A8), we refer to Remark 1.2.

THEOREM 2.5 Suppose the assumptions (AI) (A6) and (A8) are satisfied. Then the
quadrature method (2.7) is stable.

ProoF: The approximate operator Ay n takes the form

AHN = Id+ /LHNId+ KHN (2.8)
L{f(t:)}2: = {F@)I2 wanld{f(t:)}2; = {pan(t:) ()12,

Kan{ft)}2, = {hZ"kM (t)t, (tj)}l_1 {Z"kM (1) f(t,)}ml,

>3« J>3x
D\ 1o/t (/e
prn(t) = k—hY ky (_> t (_J> '
i>ds tj) b \ti

Of course, we have

) = sl =), ) =n- e (22T )

>3«

We observe that the matrix operator Ay y is independent of N. Hence, the Ay y are
invertible and their inverses are uniformly bounded with respect to N if and only if Ay,
is invertible. The null space of this operator is trivial by assumption. To finish our proof
1t is sufficient to show the next lemma. ‘ B

LEMMA 2.6 The operator Ay is Fredholm and its indez is zero.

PROOF: a) First we shall estimate the function y for large values of 7. By Lemma 2.4
we get

II T q-l)/p T ]_ (a-1)/p
0 - g (3O (I
j ] J<] .7 .7
1 (3-1)/p " \1 (g-1)/p
T (Z) 5 (2) e (5)50)
1 (g-1)/p
+ElkM ( ) = (l)
3<d J\T

- [Faworent{u(5)3 (6) e g (5) ()

<5«

Il

Il
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Using

(a/aa)‘*{kM( )%(—)(Q"I)/”} — (8/80)* {q'M ((

_ Z C’k(’")( Z)q

m=0

as well as (A2), we arrive at

1 —ag - —aq ] o ag
o < o[ () s [ () i [ ()

+C0r™™ < CT"min{aq"l}{ logr if ag=4 (2.10)
1 else

for 7 — oo. This estimate implies that py nId € L(I?) is a compact operator and
we are left with showing the Fredholmness of (Id + Kp n). Moreover, we may suppose
J« = 0 since the difference between Ky x for j. > 0 and Ky n for j. = 0 is a finite rank
operator.

b) In order to prove that (Id + Ky n) is Fredholm, we shall construct a left regularizer.
This will be done in such a manner that with the same technique the existence of a

left regularizer for (Ad + Kz n), A ¢ {Mkpu(¢), ¢ € R} can be shown. Hence, (A d +
Kun) € ,C(l") is a ®-operator (semi Fredholm operator) for any A € €\ {MkM(f) £ e
R}. Since 1 is contained in the unbounded component of @'\ {Mkx(¢), ¢ € R} (cf.
assumptions (A3)i) and ii)) and since (AId+ K, n) is invertible for large |A|, we conclude
that (Id + Kg ) is a Fredholm operator with index zero.

To construct a left regularizer of (Id+ Kgu,n), we consider the Mellin convolution operator
with the resolvent kernel I3s. More precisely, analogously to (I + Kg)™* = (I + Ly)
(cf. Sect.1.2) we get (Iy + Kg)™! = (Ig + Lg) with

| o (i\1
Luf(t) = /0 Int (;) ~f(s)ds, 0<t<oo
Ia(r) = qlpg(r9)¥/ra1 . (2.11)
It is natural to seek the regularizer of (Id + Ky ) in the form (Id + Ly ) with

Lo FEVE = {hZ"’M () (t’)}: i {;HZM 5)5 (t")};

Indeed, we get (Id + Ly n)(ld+ Kun) = Id+ Ran with

Ran{f(t:)}2, = {z”n.jf(m} :

J 1=1

t\ 1 o ( ) tm\ 1
o= - - Iy | — - .
T P (t:‘) tj ¥ R (ta) th Z tm b (tj) tj
It remains to show that Ry y € L(IP) is compact. From (g + Ly)(Ig + Ku) = Ig we

conclude Ly + Ky + Ly Ky =0, i.e.,
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I (£> '1' + kar (£> l + = In (i) ‘1'kM (E) ld‘“f = 0.
s/ s s/ s Jo u/ u s/ s
Consequently, we obtain

o0 t\ 1 U " Y 1 tm 1
rij = ~h {fo he () oo (?) =% b () - (t,- >} 2

oo ) ) 1

= {7 ) e () - () o (5))5
0 c/ o 7/ ooy m/ m J J

In view of Lemma 2.4, we arrive at
rg=— [ G(o)3/0)" {zM (g) L (;) } d% ,
where (cf. (1.7) and (2.11)) ' '
e ) & m(l)]
- oo {au(() )2 () 6))
- vl () )
- qzi(q—l)/p{ s ol ([

my+ma+my=4

= g% lp { 3 ciim

my+ma+my=4

*
g
qm3
. fms) ((3) ) (2) 0—4} ~a-1/p
M j ; J

It remains to apply the properties of G in Lemma 2.4 and the assumptions (A2), (A4).
For 7 > j, this yields -

Ireil < CileDipj-(a-1/et { / (-)_“3 (;) do+ [ (;)_tn L ( )—q:a‘4da+
) e LG

< Ci—q‘v+(q—1)/pj—qa—(q—l)/p—

[e W
o

+ i a1/ jar=(a-1)/p-8 logj if gly+a)=4
: 1 else

18



(2.12)

4+t (a-1)/p=4592—(a-1)/p-1 logi if g(y—a)=4
1 else .

For 7 < j, we arrive at

a5 csepenrs (070w [ ()T e
LOTHE) e [ Q)7EE) o)

< Ci‘q‘7+(qf1)/Pj—qa—(q—l)/p—l_I_
Ciqa—4+(q—1)/pj—4a—(q-1)/p—'1 { lOg v if q(a + 7) =4

1 else +
av+(a-1)/p;~g7—(a-1)/p-5 | 108§ if gla—v)=
Car+a-1)/pj-ar-(a-1)/» s{ 8 J Llsg(.a 7) =4 (2.13)

From these estimates and the inequalities 1/p < v and 1/p — 4/q < a (cf. assumptions
(A2) and (A4)) we conclude {332,[>52, |r; ;P 1P/P}1/? < 0. Hence, Ry y is compact.
|

2.3 Special solutions of the quadrature equation

For the derivation of the asymptotic expansion in Theorem 1.3, we need the following
property of the quadrature method.

THEOREM 2.7 Suppose we are given a real number 8 > 1/p, an integer w > 0, and a
function g : RY — IR such that |g(7)| < Ct7P(logT)* for T —> oco. Let us consider
the right-hand side y(t) := yn(t) := g(t/h), 0 < t < 1 and let {zn(t:)}, stand for the

solution of (1.10), i.e., of An{zn(t:)}Y, = {ynv(t)WY, := {g())}Y,. Then there ezists
a function f: IRt — IR such that

17G)| < Ci®(logi)®, i — oo , (2.14)
o1 min{q(c—1/p) +1/p, g(v —1/p) +1/p, B, 4 + 1/10}
_ { ¢ if f<q(a—1/p)+1/p
22 oy if B>qla—1/p)+1/p,
Hew(@)H, - {f@/R)HL e < Ch®(log A7) (2.15)
o3 = min{q(y—1/p), (e —1/p), B—1/p, 4, ¢(1 - 1/p)},

where the integers o), 03, and ps are defined as in the following proof.

PROOF: a) Consider yn(t) := g(t/h). First we shall show that there is a function f such
that the solution {zn(t:)}2; of A n{zn(t:)}2, = {yn(t:)}2, satisfies {xn(t:)}2, =
{f @/ h)} 2, = {f(3)}2, and that f satisfies (2.14). Since the matrix of the operator
Apg n is independent of N and the right-hand side {yn(¢:)}2, := {9(2)}2, is independent
of N too, it is clear that {zn(%:)}2; takes the form {a:N(t 132, = {f(3)}2;. It remains
to prove (2.14). Let us start with the special case j, = 0. Using the notation of the
proofs to Theorem 2.5 and Lemma 2.6, we get '
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(Id + punld+ KH,N) {f@O}2, = {9(7')}1=1:
(Id+ Kan) {f()}2; = {9() — p(@)f()}2s,
(ld+ Ran){f(1)}Z: = (Hd+ Lan){9(i) — p(i)f()}2,,
{fG}2, = {9(8) — () f(D}21 — Ren{f()}Z, +
Lan{g() = p(2) f(2)} 21,
{1+ p@IfG)}E = {96} + LHN{g( 121 — Rew{f(1)}2,
—Lun{p()f(3)}2, - (2.16)

Using (A4), for the 4-th component [Lgn{g(5)}2,}i of the sequence Ly n{g(7)}321, We
get

Baaloal = e e (2) a0

i —-gv+(g-1)/p
Lan{g(N}2:li| < Z (;) 77 (log 5)“ +
9
q7+(q-1)/p
c> (‘) “A~1(log j)*
3:5>i \J
iP(log 1)” if g(y—1/p)+1/p>8
< 04 iP(log i)'+ if g(y—1/p)+1/p=8 (2.17)
i~d-1P)-p(log 1) if g(y—1/p)+1/p < B.

Furthermore, by the Cauchy-Schwarz inequality, by (A4), and by (2.10) we conclude

. ‘ —gv+(a-1)/p ., . o1 ]-Og 7 if ga =4
'[LH,N{lL(])f(])};;l]' < CJ;‘( ) (])]_mm{qa, }- { 1 1f qa;é4:
av+(g-1)/p s
lo if ga=4
. _min{ga, 4}~1 gJ 9
+ C’J%t() f(g) 3™ {1 if qa#4
< OGNl (2.18)

Nyl 1/p
L gorH(e-)/pe Z jlar=(a=1)/p~1-min{ge, 4}]p’ (log )7 if qa=4
1 if gqa#4

7:3<i

1/p'
‘qv+(a-1)/p -[~gy—(g-1)/p—1-min{ga, 4}}p (log j )p if ga=4
te [Z J { 1 if ga#4

33>
< Ci™%(log 2)®°

1 if go=4 and g(y—1/p) >4
) 1/ if ga#4 and ¢(y—1/p) = min{qa, 4}
G0N 141/p if ga=4=q(y—1/p) |
0 else ,

09 := min{qa+1/p, ¢(y—1/p) + 1/p, 4 + 1/p} .
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Using (2.12),(2.13) and p > 1/ from (A2) as well as p > 1/ from (A4), we conclude

1/p
l[RH,N{f(j)};;1]il < gele ey {Zj[-(q'l)/p_qa_”p'}
' )

i, { llogi if1 WY =) =4 a-1)/p-gamtf § jl-la-1)/praa-tp /e

eise 33
+C’{ 110g ? lﬁ glaty)=4 .,;(q—l)/p+qa—4{ Z j[-(q-l)/p—qa—llp’}llp'

eise jii>i
_|_Ci(‘1"1)/1’“1‘7{ logi if g(y+ta)=4 (s i@ /ptar=sl' 1177

1 else 55

Np! : 1/p
4 Cile-D/ptay { 3 ji-aDe-ersly { (log 2)7 if gla—7)=4 }
1

el else
73>
, 1 if g(y—1/p)#4 and Lg(y+a)#4
< gi~minlhaly-1p-1p | (log §)1/P' if g(y—1/p) =4 and +q(y+a)#4 (2.19)
log 2 else .

Let us set g5 := min{qa, 4} and ps := 1 if ga = 4 and pe := 0 if go # 4. Then (2.10)
yields |u(3)| < Ci~%(log 7)%. Applying the assumptions on the right-hand side {g(%)}2;
and (2.16)-(2.19), we get that

If6)| < Ci~o(log i)® + Ci~®(log )%, (2.20)
or = min{B, ¢(y—1/p) +1/p, 4 +1/p},
(0 if 4+1/p <min{q(y—1/p)+1/p, B}
and *gqlaty)#4 ,
1 if 441/p <min{q(y—1/p)+1/p, B}
and gla—v)=4 or g(y—a)=4
w if 8 <min{4+1/p, g(v—1/p)+1/p}
w if g(y—1/p)+1/p <min{B, 4 +1/p}
: and +g(aty)#4
S if 4<q(y—-1/p) , B=4+1/p,
8 - and +glaty)#4

maz{w, 1/p'} if 4+1/p=q(v—1/p)+1/p<B
and *g(aty)#4

maz{w,1} if B>q(y=1/p)+1/p , 4> q(y—1/p)
and gla—v)=4 or gla+vy)=4

maz{w, 1} if 4<q(v—1/p), B=4+1/p , and
gla—7v)=4 or gla+7)=4

| w+1 if g(y—=1/p)+1/p=B<4+1/p

This proves the estimate (2.14) for j, = 0 and for p, replaced by
' { 0s if B< oo
1
02 =

210 if ga+1/p < g7
maz{os, 010} else.
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To treat the case j, > 0, we express the dependence on j, in the notation Kg y =: K };, N-
We get

(I + panId+ K ) {f@}2, = {96}y,
(B +panld+ K n) (FOI2 = {56)}2, (2:21)
{§@}2 = {920 + (Kiw — KEn{FEIZ: -
Note that pgn depends also on j.. However, p fulfills (2.10) for any choice of j.
and, therefore, (2.14) with p, replaced by p; holds for {f(3)}2, = (Id + panId +

Kg n)"H{9(:)}2, including pgx with j, > 0. Using the definition of Kz n and (A2),
we get the estimate

(K% y - KONl = 3 ke (J) 116

3%

. oo o A

(K — KE )G < CILFG) Il sup ae (;) ;|
< C”{f(J)};?__l”zp ;—(a-1/p)-1/p ’

15G)| < CimmmBala-1pt/e) jog 5)er |

. 0 if gla—1/p)+1/p<p
& = w else.

If gl —1/p) +1/p > B, then § satisfies the same estimate as g and the just proved
estimate (2.14) with p, replaced by g}, applies to the solution of (2.21). This yields
(2.14) for g(a — 1/p) +1/p > B and j, > 0. If g(a — 1/p) + 1/p < B, then § satisfies
a similar estimate as g, where 3 is to be replaced by 8" := g¢(a@ — 1/p) + 1/p and w by
w" := 0. Let us define pg analogously to gg but with 8”, w” instead of 3, w, i.e., we set

(0 if 4<gq(y—1/p) ,4<g(e—1/p),
and + g(a—7) # 4
0 if gla—1/p) <min{4, ¢(y—1/p)}
0 if ¢(y—1/p) <min{g(a—1/p), 4} and

glaty) #£4
oo ) UP A=y =1/p) < g(a—1/p)
® and g(a—-17)#4 ,

1 if 4<q(y—1/p) , 4<g(a—1/p) , and
- gle—9)=4or g(y—a)=4
1 if a>y, 4>4q(y—1/p) , and
gla—7) =4 or glaty)=4
(1 if 4249(y-1/p)=q(a—-1/p) .
Using this gg instead of gs and g7 := min{B”, q¢(y — 1/p) + 1/p, 4 + 1/p} instead of gz,
we define p; analogously to .

| o8 if B"< oo
07 = 10 if ga+1/p <oy
maz{py, 010} else
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_ { o if g(a—1/p) <min{4, q(y - 1/p)}
maz{cg, e} if g(a—1/p) 2 min{4, oy~ 1/p)} .
Now, for the solution of (2.21), the estimate (2. 14) holds with p,, B replaced by oY, 8".
This yields (2.14) for ¢(e — 1/p) +1/p < B and j, > 0.
b) Let us suppose that ks = 0. We observe that the equation Ax{zx(t:)}Y; = {g(3)}Y,

is just the finite section of Ay n{f(?)}2, = {9(?)}2;. Let Ily denote the restriction
operator

MW} = @z i) = { o B ISV

Since our finite section method is stable (cf. Theorem 1.1), we get

{en(t)H — {fOYle < CII = D) {F()}2 lr-

This and the estimate (2.14) together with A = N~! yield (2.15) with g4 replaced by p,.
c) Now consider kg # 0, set

3>3

Tn{fOHL, = {hz ks(ti,5) f(t )} » In{fGHL = {f6}HL

and let A}, denote the approximate operator on the left-hand side of (1.10) for ks = 0.
Then Ay = Ay + T and Ay' = (AY) ™ — AF' Tw(A%)™ . To estimate ANl{yN(t B,
we first apply Tw to the solution {fy(t:)}Y, of AX{ fN(t YL, = {yn(t:)}Y, which
satisfies (2.15) with p4 replaced by g, (cf. part b) of the present proof). Moreover, since
| A7 Tv|| is bounded and since (2.15) is true for {fn(t:)}Y,, without loss of generality
we may assume that fx(t;) = f(t;/h) and that f satisfies the estimate (2.14). We obtain

[In{fGYL): = Y kst )f(),

DT
N
|[TN{f(.7)};V=1]:| < Cht,(q_l)/p E ts-q—l)/pj_"l(log 7%,
J=Js«+1
< C,;(q—l)/z’hmin{m+(q-1)/P,q}(10g h‘l)"*,
{92+1 if o1 =(¢—1)/p +1

&4 02 else .

Hence, we get

I AN T {f ()}l e <C|ITN{f(J)},—1Hzr < Cpmmtat/madoi/el(log pt)e

Tn other words, A5 {um(t)}or = (45)Hun(t)} s + A5 T(A%) ™ um (£}, where
(A%)~ 1{ylv(tj)}g_1 is bounded by the right-hand side of (2 15) with p4 replaced by g, (cf.

part b) of the present proof) and Ay'Tw(A%)™{yn(t;)}iL, is bounded by the right-hand
side of (2.15) plus Ch™™e=1/p.a(1-1/p)}(1og h~1)es. This proves (2.15) for ks #0. B
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3 PROOF OF THE ASYMPTOTIC ERROR EXPANSION

3.1 Structure of the approximate operator and the corresponding splitting
of the error

Let us introduce the restriction operator Ryy := {y(%)}Y,. Then the error ey :=
{z(t;) — zn ()}, is equal to
en = Ryz — A;,-IRNy = AEI[ANRNm - RNA:IJ] (31)

Since we have defined Ay by singularity subtraction, we get AyRyzo — RyAzg = 0 for
zo(t) := ¥/qte1. In other words, without loss of generality we may suppose that the
exact solution of Az =y admits the asymptotic expansion (cf. (A6) and (1.6))

z(t) ~ crr+a-1/e o O(tqv1+(q—1)/p) . (3.2)
Analogously to (2.8) the approximate operator Ay takes the form

Ay =In+ pnIn + Kn + I, (3.3)

where
IN{f(ti)}ilil = {f(t) i=1)
pnIN{fE)HL = {en(t)FE)HL
Knl{fHY, = {hz b (£) 21 ,)} ,

I>I

N
Tn{f@)}L, = {hz,ks(ti,tj)f(tj)} ,
#N(ti)‘ 1= /01 k(t;, s) (;i)(q_l) ds—h), k(t,,tJ)( )(q_l)/p .

I>Js

Clearly, the operators K and Ty are approximate operators for the operators K and T
defined by

Kf(t) = | ko (é) %f(s)ds and  Tf():= [ “ks(t, $)f(s)ds

respectively.
In accordance to (3.3), we arrive at the following splitting of the error ey:

ev = {AR:-Ti - Tz Ja (& )} (3.4)
T1 = (RNK KNRN)m Tz —(RNT TNRN):E 3 —,LLNIN:I:
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3.2 Consistency estimates

To estimate the consistency error (Ay Ry — Ry A)x we have to consider the terms Tj,
j=1,23.

LEMMA 3.1 i) There ezists a function f : RY — IR such that

IA

. o1z ) log i if q(a+'y)=4
MOl cie { 1 else (3.5)

o1z = man{q(a—1/p)+1/p, 4 —q(v+1/p) +1/p},

1Ty — REOHPPL G |l < Cho3(log A71)% (3.6)
f13 = m"‘n{Q(71 + 1/p) - 1/P, 4- 1/?} )
1 i gn—a)=4
1 i gly—a)=4
o 1/p if g(m+1/p)=4
0 else.

The function f is equal to zero if q(y — o) > 4.
it) There holds

mind4— - log h™' if g(v+1)=4
| Telle < Ch {4-1/p,a(v+1) 1/p}{ ) else(. ) (3.7)

i43) There ezists a function f : Rt — IR such that

IA

£ ; (3.8)

p1s = min{g(a—v—1/p)+1/p, 4—a(y+1/p) + 1/} ,

Ci-o { log: if ga=4

1 else

ITs — hOHR=URLFGYY 1y < Ch&S(log h71)e (3.9)
o1 = min{qg—1/p, gqa—1/p,4—1/p, ¢(m1 +1/p) —1/p},
1 if ga=4 and 1 #a—-1/p

1/p if min{e,4/q} —1/p=m and qa#4
1+1/p if a—1/p=< and qa=4
0 else . -

o7

PrOOF OF LEMMA 3.1 i): Set Z/,-"’g(j) = Y;"9(7) — £,'9(4) and z(t) = = (¢) +
Ctart1/P)=1/p with |z, (t)| < Ctan+1/P)-1/P (cf(3.2)). Then we get Ty = Ty + Thay —
T13 — T14, Where T1j Z=’{T1j,,‘}ﬁ__1, l= 1,2,3 and

Tn,.,; = /'oo kM (E) 1039('7+1/P)—1/Pd3 _ thIkM (E) }_Ctg('y+1/p)—1/p ,
0] 3 T
J

S tj tj
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Tis; = /0 kar (t ) —z4(s)ds — hZ knm (t,) %m(tj) ;

J

Tiz; := / kM( ) 2o sar+i/p)- l/pds—hzmk th(1+1/p) —ip
* 1 s tg

Tiai = B kM( )Z]—_z(t,-).

3<gx

Since G(o) = H(o) over [0, N — 4], Lemmata 2.1 and 2.4 imply

nt
Ti3; = /N kar (0') C(o-h)Q(‘Y+1/P) l/de'-—Z ks (J) C(Jh)q('y-l-l/p) 1/p

_ fNoo (G(0) — H(c))(8/80)* {kM (_) _C(ah)4(1+1lp)—1/p} do

oo {ae () (2)* wwr)

Using (A2) and (oh)¥1+1/e)-1/P < (gh)de+1/p)-1P with min{a + 4/q, 7} > w > 0, we
get

do .

|Tiz:] < C
N—4

IA

C 00 ( 7 )Qa-l-(‘l—l)/l’ (a.h)Q(w'H-/P)"l/P 0.—5d0.

N-s\o
< Qgeet(e-)/ppa(ett/p)-1/p /' ® jalw—a)-54,
N-4
< Oide+1/p)-1/ppa(a+1/p)-1/p+4

| T3,

In other words, we get

|Twslle < CR*MP. (3.10)

For T4, we conclude

1
Tui = b)Y, kM( )t_ ()
J<Jl
1
— hz kM( )_1_ tQ("H'l/P) 1/P+hz kM( ) —$+(tj)
7< T« ¢ < t’ tj

—-q{a—1 -1
hz (t> Aemi/p)=ilp ltq(’n-(—l/p) -1/p

t 2
J<J‘
< Ci~a-1/p)-1/ppa(m+i/p)-1/p

Ay kM( ) Lo(t;)

i<ix J

This and assumption (A2) yield
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N

J<Jt

| Ty — pa(r+1/p)-1/p { Z ks (]) ]C]q(ﬂ-l/p) l/p} e < C ha(n+1/p)-1/p ,(3.11)

=1

3 kM( ) ~¢jartt/p)-1/p
7)1

_‘]<]‘

Now consider T3;. From Lemma 2.4 we get

T.; = hq(v+1/p)—1/pf(i)

fi@) = /0 kas (a> Z ¢ gir+i/p)- l/pd‘f—hZ"kM (J) S jatri/e)-t/p

= [T a0 0/00) {ku (;) ;caqhﬂfﬂ-l/z’} do .

In view of G(0) = 54 0* (cf. Lemma 2.4) and assumption (A2), we get

—qga+ 1
sl < o [ (B Loty

ag o
—qo -1
+C/ (7’) e lgq(%l/") “Hrg=tds
g g
a+(g—1
iy, / ( )q WL riin1ipy-ag,
g

< (i-minlala-1/p)+1/pA-a(v+1/p)+1/p} | 1081 i 4=g(a+7)
= 1 else,

where we have assumed g(y — o) — 5 < —1.
Let us turn to T,. Analogously to the estimation of f(2), we obtain

Tod = [ " H(o)(8/80)* (s (l) Zai(0)}do

< C’/ ( )-Qa+(4—1)/1’1(ha_)q(,n+1/p)_1/pda_

o
+Cf <-)—qa+(q 1)/p 1 ( )q("ll'i'llp) -1/p —4d0.
o
+C/ ( )qa+(q—1)/1’ 1 (ha)q(*/ﬁl/p) Up 544y
o
< CRAmHID A pimsla/p 1
;s-ala=1/p)~1/p if glat+m)<4

+CheA1/P)=1/p ¢ j=a(a=1/P)-1/Plog 1 if g(a+ ) =4
nAURUo4 i gla 4 y) > 4

hq(—u+1/p)—1/pz'q(71+1/p)—1/p—4 if g(m—a)<4
+C { R +1/P)-1/plog pljalntl/p)-1/p—4 if gn—a)=4¢

R4ta(eti/p)-1/p;a(at1/p)-1/p if gly—a)>4.
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Hence, we obtain

log A™! if gln—a)=4
| Tiallie < CRmmUEMpalntt/e)1/ek L (log h=1)P if g(yi+1/p) =4 (3.15)

1 else .

Now (3.5) and (3.6) follow from the Eqgs. (3.10)-(3.15) if g(y—a) < 4. For g(y—a) >

4, we can repeat the arguments leading to (3.15) to obtain

' log A~! if gly—a)=4
| Tyl < Ch™E-Uralt1/e)-1/p | (1og B=1)P if g(y+1/p) =4
~ 1 else

< Ch4—1/p ].0g h—1 if Q('Y - a) =4
- 1 else .

This proves Lemma 3.1 1).
PROOF OF LEMMA 3.1 ii): Setting Tp = To1 + T2, T = {Tri}4,

1 !
Toy;:= /0 ks(ti, s)z(s)ds — Y ks(ti, t;)z(t;), Toai:= hZ'ks(t;,tj):z:(tj) ,
J 7<5

we get (cf. Lemma 2.1)

N /
Tn; = h {/‘; ks(ti,och)z(oh)do —’Z ks(t,-,jh)a;(jh)}

N
= h /0 H(0)(8/00){ks(t;, oh)z(oh)}do .

From (Al), (3.2), and (A6) we obtain

(8/00)*{ks(t:;, ch)z(ch)} = (8/0a)*{CtV/Pks(t3, (ch)?)(ah) @ 1/7 .
- &((oh)7)(oh) e}

= (8/80)* {CHVPhs (82, (ah)?) (o) V(o h)D)}

(8/80)*{ks(t;, ch)z(ch)}| < Cila~N/pp(a-1)(+1/p)+argla-1)tar—4

Inserting this into the last formula for T, ;, we get

Tl < m(e—1>/ph<q—1><1+"”*‘”+1{/ Loy [ Na<q—1>+q7-4da}
Y 1

< Oila-D/ppmin{a+a-1)/p (a-1)(+1/p)0ar+1} | log BT i g(y+1) =4
- 1 else ,

Tl < Chmints-tmatrrn-is | log B70 i g(y+1) =4
- 1 else .
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On the other hand,

|Th2:] < ChZ'tSq‘l)/P(jh)(e—1)+q«/ < CilaD/ppeta-Diptar

335
| Toe|| < Chev+1)-1/p ‘ (3.17)
Egs. (3.16) and (3.17) imply Lemma 3.1 ii). B

PROOF OF LEMMA 3.1 iii): We get un(t) = pan(t) — prn(t) + psn(t) + prw(t),
where pg n(t) = p(t/h) is given by (2.9) and

—— 1 (a-1)/p m 1 tj (¢-1)/p
prN(t) = /1 kM(s)Z(E) ds — Z kM( )t (t) ,

L3
t;
1 (a-1)/p t:\ (a-1)/p
psn(t) = /; ks(t,s) (5> ds — hz ks(t,t;) (—tl)
3
)(q—l)/p

I

() = BYks(h,t;) (?’

3<3e

Using (A1), we get

Voo - _ (a-1)/p
@] S b3t elks(en )" ()
< ChY (jh)e1) < Che. | (3.18)

3<73.

With the help of Lemma 2.1, we arrive at

psn(t) = h{ /0 ks(t,oh) (t/ah)(q_l)/pda—Z'ks(t,jh) (t;_.h>(q_1)/,,}

(a-1)/p
—nf H(axa/aaf{f‘“‘l”%(t“ (R (2] }d‘“

lpsn(t)| < Ch./o |H(o)| 3 Clagm)ics(tq,(O'h)q)|(ah)mq+(q'1)0"4da
m: m<4, ‘

mg+(g—1)—-4>0

Ch f H(o)| > pmat(a-1) gmat(a—1)-4 4

m: m<4,

mq+(gq—1)—4>0

IA

1 N
< C 3 pl+mat(a-1) { / o™t (a1 gy 1 / amq+(q“1)‘4da}
m: m<4, ° !
mq+(q—1)—4>0
< Cpminrladl (3.19)

29



For pgr n(t), we obtain (cf. Lemmata 2.1 and 2.4 and use H(o) = G(c¢) for o € [0, N —4])

urn(t) = /kaM (t/h) (t/h)(q—l)/pda_zmkM (tﬁh) (t;_-h>(q—1)/p
= Je- H(a)](a/aa)4{kM (YL ()" ”’”}da

= q oi [G(e) - H(G)](a/ad)"{fw ((t—f,-’f)q) %} do

i 5 [ 5l ()] (4)" e

m<4

. oo qoe
< C (ﬂﬁ> o °do < Ch*®™ . (3.20)

N-4 (o}

From (3.18)-(3.20), (2.10), and (2.9) we conclude

min —min o logT if ga=4
j(0) = e/ R) < OB, [y(r)] < o {087 E 1 (3.21)

Together with (3.2) we get

pn(t)z(t:) = p(e) {C(ih)Q(‘HI/P)-l/P +0 ((ih)Q('Yl‘f'l/p)—l/p)}
+0 (hmiﬂ{% a(; h)a(~/+1/p)—1/p)
— hq(""'l/p)_l/"f(i) +0 (iu(i)l(ih)q(vﬁllp)—l/p + hmin{4,q}(ih)q(1+1/p)—1/p) ’

where

f6) = Cp(iyitrisae,

' —min{g(a—7-1/p)+1/p,4~q(r1/p)}+1/p} | 1081 if qa =14
Ol < s {1 else .

Hence, we arrive at

e (t:)(t) iy — REOHPRLfOML 1

N i/p
< Qpminleat+a(r+1/p)-1/p { z ja(r+1/p)p-1 }

=1
N i/p
+CRpIn+1/p)-1/p {Z | #(i)lpiq(wﬁl/p)p—l}

=1

S Chmin{q, 4}-1/p + ChQ(‘Yl'H-/P)—l/p .
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N yUp -1
. Zi-miﬂ{‘i,qa}p+q(‘71+1/p)pf1 ] logh Pif ga=4
= 11 else

< ¢ pmin{4-1/p,qa-1/p,a-1/p,a(m+1/p)-1/p}

log A7! if go=4 and 1 #Fa—1/p

(log ")/ if v =min{qa, 4}/qg—1/p and qa # 4
(log A")HMYP if 4y =a—1/p and qa =4

1 else .

This proves Lemma 3.1 iii). | B

3.3 Proof of the asymptotic error estimates

From (3.4), the stability of Ay, and Lemma 3.1 we get

en = RO ARG, + 0 (ke (log ke ) (322)
030 = min{4—1/p,q—1/p,qa—1/p, a(m +1/p)—1/p, ¢(1 +~) — 1/p},
' 014 if p13 < min{pss, 020}
017 if g16 < min{pis, 020}
021 if p20 < min{p1s, 016}
032 = 1 max{ps, 017} if p13 = p16 < P20
maz{p14, 021} if 13 = p20 < 016
maz{p17, 021} if 016 = p20 < 013
\ maz{ois, 017, on} if 013 = 016 = 020,

1 if g(v+1)=4

020 = min{4—1/p, q(v+1)—1/p} , on 3={ 0 else

where

96 < i (log Ay |
o2a = man{g(a—v—-1/p)+1/p,4—q(yv+1/p) +1/p},
06 if gy—a)24
P25 = Os if gy —a)<4 and p15 < p12
ma:c{g% 96} if ‘1("/ - a) <4 and pi; = 015,

. 1 if ga=4 1 if gy +a)=4
2e 0 else » 024797 0 else.

We observe that (A7) implies min{g(a—v—1/p), 4—q(v+1/p)} > 0 and {g(3)}2, € .
Hence, Theorem 2.7 applies and we get '

ey = RITH/P)-1/RL Flt:/R)}YL, + O (h"“(log h“)”’) ., | ~(3.23)
026 = min{4—1/p, ¢—1/p, qa—1/p, g(m1 +1/p) —1/p, ¢(1 +7) — 1/p,
| q2y — 1/p},
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{ 022 if p30 < a1

P27 = 032 if 031 < 030
maz{o2s, 032} 1if 030 = 031
as well as
fG) < Cimem(log h7t)e, (3.24)
o8 = man{4—q(y+1/p)+1/p, a(v—1/p) +1/p, (e — v —1/p) +1/p}.

Here we have set

021 = q(y+1/p)—1/p+ 03, 032: =04, 029:= 02,

where g2, 03, and p4 are the numbers defined as in Sect. 2.3 under the special choice
B 1= p23, w := po5. Egs. (3.23) and (3.24) imply Theorem 1.3.

4 APPLICATION TO THE DOUBLE LAYER EQUATION OVER POLY-
GONAL DOMAINS AND NUMERICAL TESTS

4.1 The quadrature method for the double layer equation

In this section we shall apply the results of Sect. 1 to the numerical solution of the
double layer integral equation over polygonal boundaries. For definiteness, we shall
restrict ourselves to the case p = co. Before we consider the equation over the polygonal
boundary let us have a look at a model problem. This model problem is the equation
(1.1) with the kernel function (1.3) corresponding to the angle § # 7, 0 < 6 < 2.
We note that the double layer equation over a polyhedral boundary can be written as
a system of equations, where the main part of the matrix operator is a diagonal matrix
the entries of which take the form of our model operator (cf. e.g. [4, 3, 26]).

It is not hard to derive from (1.3) that the kernel kp satisfies (A2) with the param-

eters a = 1, a; = 2. From the asymptotics of solutions to Mellin convolution equations
(cf. [4, 6, 20]) we conclude the validity of (A6) with

_ s "= min{;2, 2} if §< 7
maz{2r — 0,6}’ min{;%, &} if 6> 7.

The formula (cf. e.g. [4])

. sin([r — 6]¢)
(Mhar)(©) = F sin(7¢)
for the Mellin symbol implies (A3) i) and ii). Moreover, because (1.1) is a ”Wiener-Hopf”
equation with Mellin convolution and because either the null space or the cokernel of
such an operator is trivial, we conclude that (A3) iii) is satisfied too. As mentioned in
Sect. 1.2, the resolvent kernel Iy is the solution of (Ig + K H)lM = —kps. Thus the
asymptotics in (A6) implies the relation (A4) for ¢ — 0. To obtain the relation for
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o — o0, we perform the transformation of variables ¢ ~— £~ ', 5 57! in the equation

(Ig + KH)lM = —kp. Observing kM(l/T) = ku( (1) and (_KHf)(t 1) = (Kgg)(@) for
3(3) = f(571), we conclude (I + KH)h = —kps for h(3) = [3y(571). Since the operator
(I + Ky) is injective, we get In(3) = Iy (5 ~1) and the asymptotics for ¢ — oo in (A4)
follows from that for ¢ — 0. Assumption (A7) is obvious for ¢ = 1,2,3,4. In other
words, all the assumptions (A1)-(A7) are fulfilled for the choice p = co and ¢ = 1,2, 3, 4.

Let us suppose p = oo and ¢ = 1,2,3,4 and consider the solution z of (1.5) with the
kernel given by (1.7) and (1.3). Let zy stand for the approximate solution obtained from
(1.9) or (1.10) and let the extrapolated solution z% be given by (1.23). Furthermore, let
us consider a smooth function § : [0,1] — IR. From Theorem 1.1, Corollary 1.5 and
Theorem 1.6 we get

|z —znlz=py < CRT, (4.1)

sup lo() - ax(o)] < one{ PP K 2=t («2)
3= K en(ete)) < ow{ PR L=t «3)
e o) —sh) < om{PEFTRISE

The estimates (4.2)-(4.4), however, can be improved. Namely, using the special form
(1.3), it is not hard to conclude that

,rqa.gq—S + Tqu-—S

Jormr(2)3] < 25
[ foroeysa (2) o < o

Hence instead of (2.10) we even have |u(7)| < C7™% On the other hand, the choice

= 0 and p = oo leads to pry = 0 and psy = O(h*) (cf. (3.18) and (3 19)). This
means that Lemma 3.1 iii) holds without the factor logs in the estimate for |f(z)| and
with p15, p16, and p17 replaced by 4 — g, min{4, gv1}, and 0, respectively. Applying this
result in the proof of Sect. 3.3, we arrive at (3.22), (3.23), and (3.24) with 23, g25, 030,
022, 028, 029, 026, and 027 repla'ced by mzn{4—Q77 q}) 0) mzn{4, qf)'l}a 0) m’m{4—-q'y, Q7}7

[ 1 if g=3and 6e{f, ¥
929—{0 else |

min{4, gy1}, and pq9, respectively. Finally, from this improved error expansion, we get

sup |z(t) — mN(t)l
e<t<1

l RO

else ,

< Chm;n{4,q,,1}{ log h~' if ¢=3 and § € {%, ¥} (45)
— 1 . *

< Qpminthan} log h™ if ¢g=3 and 8 € {3, ¥} (4.6)
1 else,
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Yan

sup |a(t) —af(t)] < Chmin{tand

1=1,...,

{logh1 if g=3 and §€ {3, 3

else .

Now we turn to the double layer equation over the polygonal boundary and introduce
the same quadrature method as in [26]. Let Q be a bounded simply connected polygon,
and let ' denote its boundary. The Dirichlet problem for Laplace’s equation

AU() = 0, teq, “ (4.8)
Ur = ¢

with a continuous function g, can be reduced to the second kind integral equation (cf.
e. g. [20, 3])

(I-2W)z = —2g, (4.9)
(Wa)t) = o / It s)m(s)dI‘——x(t)w(t), €T, (410

where v(s) is the exterior normal of at s € I' = 0Q and x(s) € (—1,1) is chosen
such that [1 + x(s)]m is the exterior angle between the tangents to I' at ¢ as ¢ — s=.
Especially, x(s) = 0 if s is not a corner point of I'. We shall consider (4.9) in the space of
continuous functions. Taking into account that the constant functions are eigenfunctions
of W corresponding to the eigenvalue -1/2, we can write (4.9) as

2a(t) - © [ %ﬂ[m(s) _ a(t)4.T = —24(t), teT. (4.11)
Let N¢ stand for the number of corners of I' and suppose I' is parameterized by the
function [0, N¢] 3 o — I'(o) such that {I'(l),! = 0,1,..., Ng} are the corner points
of I'. Moreover, we suppose I'(0) = I'(N¢) and that [,/ + 1] 5 o — I'(0) is linear for

1=1,2,...,N.. We fix an integer N > 1 and a real number ¢ > 1 and introduce the
graded mesh

= (L), =T 1442, ) =T 4V)2),

, 1=12,...,N¢, j=0,1,...,N.
For the quadrature, we introduce the rule (cf. (1.8))

JF(s)r
_ Z ’F'(” 1/2)l { / £(P0 =1+ 04/2)) 0" 4o + [ 1 £(T - 0/2)) g0 do}

- f'—ri"—?-@-'{hm 0(3) st ()"

=1

= 3 f(s$ ;.
Li
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If we substitute in (4.11) the point ¢ by .s( ) and replace the integration by the quadrature,
then we arrive at the following generallzatlon of the quadrature method (1.9).

() . (o) _ o)
N *V(s, ) (Smid = 8i;°) N
2en (% ))——Z_ |(N) (N)|2 lan(sfy)) - en(shdlung = —29(shd), (4.12)

Lj

m=1,2,...,2Ng, i=1,...,N .

This quadrature method together with a modification (cf. method (1.9) and its modifica-
tion (1.10)) is well-known to be stable and convergent (cf. e.g. [26]). Now we introduce
the interior angle §; := [1 — x(!)]r at the I-th corner and set

U T
T = maz{2T — 0y, 6}’

- mm{mr 7 ;’l if <=
Nno= { mm{h_el, %1’5 if >,
v = min{y, 1=1,2,...,N¢c},

yr = min{y, 1=1,2,...,N¢c}.

Using the approximate solution zy from (4.12), we define the extrapolated solution by

(cf. (1.23))

L; i
25 (s0) = an(s8) + 3. 270 Lo (™) — (P} (4.13)
=1 -

where L; is again the largest non-negative integer such that + < 2-Li N. Furthermore, let
§ denote a smooth function over I'. Then, analogously to the estimates (4.1),(4.5)-(4.7),
we obtain

o — oxllzmry < CH™, (414
log h™! if ¢=3
sup |z(t) — zn(t)] < Chm™n{hanrl { and y,r = 4/3 (4.15)
e<|t-T()},I=1,...N¢ 1 else ,
log h~* if ¢=3
[o2d =X an(sl (sl Yns| < Ohminttamal { and 7. = 4/3
P Lj 1 else ,
| (4.16)
log b7t if ¢g=3
sup Im(sfﬁ-’)) mN(s(N))I < C'h’""“{4"’,""r}{ and v, =4/3 (4.17)
1=1,....2Ng, 1 else .
i=1,..,.N
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Figure 1: Dirichlet error.

4.2 Numerical tests

For a numerical example, we take the equilateral triangle @ = AABC with corner
points A4 := (=1/2,0), B := (1/2,0), and C := (0,4/3/2). We consider the harmonic
function U(t) := U(4t,2t) := log \/(lt —0.1)2 4 (2t — e — 0.15)? and get

1 rv(s)-(t—s)
Ut) = o= [ B2 a(s)ar, ten, 4.18
0 =5 [ X Dear, e (418)
where z is the solution of (I — 2W)z = y := 2U|r. In accordance with Sect.4.1 we
determine an approximate solution zy of « by the quadrature method (4.12). Note that
the number of linear equations in (4.12) is equal to 3 - (2N — 1). For the interior point
t# = (0.1,0.15), we compute the approximation

(N . (43 _ (M) ’
V(s ) (= s0) oy
|t# — 351;’)|z zw(si; o (4.19)

1
#\ —

3
of U(t*) = 1. By DEy we denote the error |Uyx(t#) — U(t#)| of the Dirichlet solution
U at t* and by SEy the supremum norm error ||zx — zn/s|lze ~ ||z — @n |z of the
solution z to the integral equation. ,

The last supremum is computed over the coarser grid {sg/ 2)}. Furthermore, for the
orders 8% and BP of the errors SEy ~ h8° and DEy ~ hﬂD, we determine the approxi-
mate values By := —[log SEx~log SEyy,]/ log 2 and SR := —[log DEy—log DEy/,]/ log 2.
Finally, we compute the extrapolated solution z§; following (4.13) and consider the supre-
mum norm error EEy := H;cjw2 — 3allLe ~ ||z — 2|z~ and the convergence order
BE := —[log EEy — log EEyy5)/log2. In Table 1 (cf. Figure 1-3) we present the corre-
sponding numerical results. Numerical test over other triangles and with different kind
of Dirichlet data yield similar errors.
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[a] N [DE [ BR[SBw | BulEEx [ %]
1 8 | 0.00047

16 | 0.0000032 7.19 | 0.1148 0.08355

32 | 0.00000035 3.20 | 0.0735 0.64 | 0.01569 2.41
64 | 0.000000014 4.62 | 0.0477 0.62 | 0.00674 1.22
128 | 0.00000000054 4.72 | 0.0311 0.61 | 0.00292 1.21
256 | 0.000000000021 4.65 | 0.0204 0.61 | 0.00127 1.20
512 | 0.00000000000093 | 4.52 | 0.0134 0.60 | 0.00055 1.20
1024 | 0.000000000000047 | 4.31 | 0.0089 0.60 | 0.00024 1.20

2 8 | 0.0014

16 | 0.00023 2.63 | 0.02744 0.0255233380

32 | 0.00000056 8.66 | 0.01195 | 1.20 | 0.0000950151 | 8.07
64 | 0.00000015 1.96 | 0.00520 | 1.20 | 0.0000079896 | 3.57
128 | 0.0000000063 4.51 | 0.00226 | 1.20 | 0.0000014369 | 2.47
256 | 0.00000000020 4.99 | 0.00099 | 1.20 | 0.0000002683 | 2.42

512 | 0.0000000000048 5.37 | 0.00043 1.20 | 0.0000000506 | 2.41
1024 | 0.000000000000042 | 6.86 | 0.00019 1.20 | 0.0000000096 | 2.40
3 8 | 0.00544

16 | 0.00109 2.32 | 0.059912 0.0386

32 | 0.000042 4.70 | 0.016680 | 1.84 | 0.0023330037 | 4.05

64 | 0.00000023 7.47 | 0.004753 | 1.81 | 0.0001926554 | 3.60
128 | 0.000000034 2.78 | 0.001362 | 1.80 | 0.0000158881 | 3.60
256 | 0.0000000012 4.73 | 0.000391 | 1.80 | 0.0000013096 | 3.60

512 | 0.000000000032 5.31 | 0.000112 | 1.80 | 0.0000001080 | 3.60
1024 | 0.00000000000019 | 7.39 | 0.000032 | 1.80 | 0.0000000089 | 3.60

4 8 | 0.0197
16 | 0.00148 3.73 | 0.1024866 0.051365
32 | 0.000212 2.80 | 0.0190687 | 2.42 | 0.001789 4.84
64 | 0.00000195 6.77 | 0.0035983 | 2.41 | 0.00006329517 | 4.82
128 | 0.000000093 4.39 | 0.0006812 | 2.40 | 0.00000223962 | 4.82
256 | 0.0000000048 4.28 | 0.0001290 | 2.40 | 0.00000008362 | 4.74
512 | 0.00000000014 5.11 | 0.0000245 | 2.40 | 0.00000000453 | 4.21

1024 | 0.0000000000017 6.38 | 0.0000046 | 2.40 | 0.00000000025 | 4.17

Table 1: Errors and orders of convergence.

The results of Table 1 (cf. Figure 1) show that the approximate values Uy(t#) of
the linear functional U(t#) of z converge with an order which is much higher than the
predicted one (cf. (4.16)). Moreover, it turns out that quite good approximations can
be obtained already with the choice ¢ = 1. This high order is due to the cancellation of
low order terms arising in the error expansion from different sides of the triangle. We
suggest that such a cancellation happens for all polyhedra and for all computations of
function values at fixed points in the interior of the domain. However, numerical tests for
the Mellin convolution equation over the interval with kernel (1.3) show that the order
in (4.6) cannot be improved.

If the equation (I —2W )z = y corresponds to a direct boundary integral formulation
for the Neumann problem, then the solution z itself is of interest. For this case or for
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Figure 2: Supremum norm error.

the computation of U(t) with ¢ close to the boundary I', small errors SE, or EEy are
required. Table 1 (cf. Figure 2) shows that the convergence order By of SEx tends to
0.6 - g. Since 4 = 0.6, the estimate (4.14) is confirmed. The extrapolated solution z3
converges (cf. Figure 3)also with the predicted order 1.2- g (cf. (4.17)).
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Figure 3: Extrapolation error.
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