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Abstract

New approach to construction of weak numerical methods, which are intended
for Monte-Carlo technique, is proposed for a stochastic system with small noises.
The theorem on estimate of method error in terms of product hie’/ (h is a time
increment, ¢ is a small parameter) is proved. Various efficient weak schemes
are derived for a general system with small noises and for systems with small
additive and small colored noises. The Talay-Tubaro expansion of the global
error is considered for such systems. The efficient approach to reduction of the
Monte-Carlo error is proposed. The derived methods are tested by calculation of
Lyapunov exponents and by simulation of a bistable dynarmcal system for which
multiplicative stochastic resonance is observed.
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1. Introduction

Naturally, for specific systems peculiar numerical methods may be more effective than
general methods. One of the important particular cases of a stochastic system is
stochastic differential equations with small noises because often fluctuations, which
affect a dynamical system, are sufficiently small.

In the previous paper [11] mean-square approximation for stochastic differential
equations with small noises was systematically considered. As is known, mean-square
numerical methods are used for trajectory simulation of a stochastic dynamical system,
for the problem of estimating parameters, and they are the basis for construction of
weak schemes. Weak methods [7], [8], [9], [10], [14], [18] are simpler for realization
than mean-square ones, and they are effectively applied to calculation of the expec-
tation for functionals of the solution of a stochastic system. For example, by weak
schemes it is possible to simulate moments, evaluation of Wiener function space inte-
grals, and to solve problems of mathematical physics by Monte-Carlo technique. That
is, weak methods are sufficient for most physical problems. Moreover, weak methods
are always efficient as to simulation of needed random variables, while in the case of a
general system efficient mean-square schemes have been obtained only with time order
1/2 . However, in the case of a general system third order weak methods already re-
quire laborious calculations. Besides, there are no sufficiently efficient high-order weak
Runge-Kutta schemes.

Herein we systematically consider weak numerical methods for a stochastic system
with small noises

q
dX = a(t,X)dt +e)_ or(t, X)dW,, X(t,) = X,, t € [t,, T (1.1)
r=1
where X = (XL, X?%...,X"), a(t,z) = (a'(t,2),...,a"(t,z)) and
or(t,z) = (o}(t,z),...,00(t,z)), r = 1,...,q, are n-dimensional vectors, W,, r =
1,...,q, are independent standard Wiener processes, and ¢ is a small parameter.

In the paper we propose an approach to construction of weak methods for a system
with small noises; we prove a theorem on relation between properties of one-step weak
approximation and estimate of error of the corresponding weak method on the whole
interval; we derive various peculiar weak schemes for a system with small noises in-
cluding explicit Taylor-type methods, implicit methods and Runge-Kutta schemes; the
concept of the Talay-Tubaro expansion of the global error is applied to a system with
small noises; a method for efficient reduction of the Monte-Carlo error is proposed.

As in the case of mean-square approximation [11], here errors of the proposed meth-
ods are also estimated in the terms of product hic’, where & is a step of a discretization.
That is, estimates of errors on the whole interval have a form

|ELF(X(T)) = FX(@))) = O(k? + 3 h'e’®)

leS

where f is a function from a sufficiently wide class, X(7T') is an approximation of the
exact solution X (7'), p is a natural number, S is a subset of positive integers [ < p, and
J(1) is a decreasing function with natural values. Time-step order of such a method is
equal to [, = minjeg [ (of course, if S is not empty) which may be low. But under small
e the sum 3" hte’® is also small and, therefore, the method error is sufficiently low.



It gives us an opportunity to construct effective weak methods the time-step order of
which is not high but which nevertheless have low errors.

The paper is organized as follows. In Section 2 we briefly explain an approach to
construction of weak methods for the system (1.1) and in Section 3 the theorem on
estimate of a method error is stated (see Appendix (Section 13) for the proof of the
theorem).

Section 4 is devoted to Taylor-type methods for a general system with small noises
where weak schemes with errors from O(h? + €2h) up to O(h* + €*h?) are proposed.
Section 5 deals with Runge-Kutta methods for a general system with small noises. We
write down full (derivative free) Runge-Kutta methods with the errors from O(h2+¢2h)
up to O(h* + €*h). Runge-Kutta schemes without derivatives of the drift coefficients
(semi-Runge-Kutta schemes), which may be useful in the case of simple functions
o.(t,z), are also considered. We obtain the semi-Runge-Kutta schemes with the errors
from O(h® + £2h?) up to O(h* + €*h?). In Section 6 we propose implicit schemes
O(h?+...). In Section 7 a Stratonovich system with small noises is considered. Sections
8 and 9 are devoted to systems with small additive and colored noises. For a system
with small additive noises we propose Taylor-type methods from O(h? + €2h) up to
O(h* 4+ &*h3) and full Runge-Kutta methods from O(h%+¢2h) up to O(h* +e*h?). For
a system with colored noises we obtain Taylor-type methods from O(h? + £2h) up to
O(h*+e*h®) but we do not write down them because firstly they follow easily from the
corresponding schemes for a system with additive noises, and secondary we propose
Runge-Kutta schemes from O(h% + €2h) up to O(h* + €2h®) which are more effective,
as to calculation expenses, than the Taylor-type ones. Note that here we obtain full
Runge-Kutta method with the error O(h3), i.e., the scheme which has the third weak
order for a general system with colored noises (¢ = 1). Such a method has not been
proposed in the previous papers (see ref. [12] and refs. therein). Thus, in Sections 4-9
we write down various methods which, as we believe, would be useful for applications.
In the paper we do not give derivations of all methods. We restrict ourselves to the
detailed derivations only of two methods for a general system with small noises: the
Taylor-type scheme with the error O(h* + ¢*h?) [see Section 14] and the semi-Runge-
Kutta scheme with the error O(h* + £2h?) [see Section 15]. These derivations, jointly
with Section 2, have all typical features and receptions to derive the other methods of
the paper. :

In Section 10 we apply the Talay-Tubaro concept [20] of expansion of the global
error which is similar to the Runge estimation method for a deterministic system. In
contrast to the Talay-Tubaro expansion, according to which the global error is expanded
in powers of time increment &, we present the global error in terms of €'h?. We prove
a theorem on such an expansion for one of our methods in Appendix (Section 16). As
it follows from the proof, the similar expansion can be obtained for the other methods.

As is known, dealing with Monte-Carlo technique we have two errors: error of a
weak method and the Monte-Carlo error. The second error can be reduced by increasing
the number of independent realizations of the solution. However, it leads to heavy
calculation expenses. In Section 11 the effective approach to reduction of the Monte-
Carlo error by conversion from the original system to another system with small noises
is proposed.

In Section 12 numerical tests of the proposed methods are presented.



2. Preliminary consideration

In connection with the system (1.1) let us introduce an equidistant discretization Ay
of the interval [t,,T): Ay = {t; : i =0,1,...,N;t, < t; < ... < ty = T}; the time
increment h = t;y; — t;; the approximation X or X (¢x) of the exact solution X (t);
operators

L =1L, +¢&%Ly,
Ll.—.%+(a,a—i):%+§ e

L= %g(o—r,a%)z = %éé o i@m?;mj’
AT—(ar,;)*icﬁ%y

Ito integrals

t+h 9 9 Tz
Ly (t0) = [ dW,(9) /t dWi,_, (d) /t /t AW, (9;1)

where 74, ...,%; are from the set of numbers {0,1,...,¢} and dW,(¥;) designates dd;.

We assume that restrictions on the coefficients of the system (1.1) are so that they
ensure the existence and uniqueness of the solution on the whole time interval [t,, T].
For construction of high-order methods the coefficients must be sufficiently smooth
functions.

To estimate a method error on the whole interval we need properties of the cor-
responding one-step approximation. According to Theorem 3.1, which will be stated
and proved below, under one-step approximation error

|Ef(Xso(t + k) — Ef(X,o(t+R))] < K(hPH 4+ 3 al+1T0) (2.1)

leS

the error of the corresponding method on the whole interval [t,, 7] is estimated as

|Ef(X(t)) — Ef(Xx)| < K(h? + 3 k'e’0) (2.2) |

les

Thus, to prove error of a weak method we need estimate (2.1). By Taylor expansion
of function f it is possible to obtain that if the inequalities

IET[ A5 — ET] A% < KR+ RHI0) 5=1,... 0, m=1,...,s—1 (2.3)

A= X5t +h)—a, A =X+ h)—2% X(t)=X(t)=¢2

ETTIAY < K(RP + 3" AH*1eT0), 4, =1,...,n (2.4)
i=1 les

are fulfilled for the corresponding s which depends on p then the estimate (2.1) holds.
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To construct a one-step approximation the expansion of the exact solution in Ito
integrals (the stochastic Taylor-type expansion [7], [10], [21]) is usually used. For
instance, in refs. [9], [10] on the base of such an expansion one-step approximation
with the time-step order 3 was derived for a general system (e= 1) which in the case
of the system (1.1) has the form v

q q q
X(t+h)=z+ed ol +ha+e® Y Noylip+e) (L1 + 2 Ly)or Lo+

r=1 1,r=1 r=1

. .
+e Z A,.CLIro + hz(Ll + 62L2)a/2 + p (25)
: r=1
The coefficients o,, a, A;o,, etc. in (2.5) are calculated at the point (¢,z), and the
remainder p has the properties

|Ep| < Kb®, Ep* < K [h® + &%), e|Epl,| < Keh?,

e?|Eply| < Ke'h®, ?|EpLI,| < Ke*h®, i,r=1,...,q (2.6)

Then, it can be proved that the error of the one-step approximation X(t + k) =
X(t + k) — p is equal to O(h®). '

As is known, the important advantage of weak approximations is that they give
an opportunity to avoid the problem of simulation of complicated random variables.
For instance, the approximation X contains multiple Ito integrals which are difficuls

to simulate. But on the base of the approximation X the following weak method can
be derived (see refs. [9], [10])

q q

q
X1 = Xp+eht/? S (orér)kthart+e’h S (Aioréir)k+eh>? S [(Li+e La) o, (€ —n, )+

r=1 i,r=1 r=1

g ;
+eh®2 S [Aran, ]k + hA(Ly + €2L2)ax/2 (2.7)
r=1
where the random variables ., 7, and ¢, are such that the inequalities (2.3), (2.4)
hold with the right sides equal to Kh®. To fulfill these inequalities it is sufficient to
simulate 2¢ independent random variables ¢, and (, according to the simple laws

nr = 67‘/29 Eir = (é'ié.r - 7i7§i<-r)/2’ Yir = { _1:,1’ : ;;

P(€=0)=2/3, P(¢ = —3) = P€ = /3) = 15,
P((=-1)=P((=1)=1/2 23)

Due to fulfilling of (2.3) and (2.4) with p = 2 and empty S, the error of the method
(2.7) on the whole interval is equal to O(h?) [see (2.2)].

As it has been mentioned in Introduction, the system (1.1) is the peculiar one
because error of a method, constructed for this system, can be expanded not only in
powers of time increment h but also in powers of small parameter ¢. Like it was done in
ref. [11], we can transfer some sufficiently simply simulated terms from a remainder to

5



a method thereby reducing the error. And vice versa, terms, simulated in a complicated
way and multiplied by €%, can be transferred from a method to its remainder; such a
procedure reduces (that, of course, is important for applications) calculation expenses
but according to smallness of € it does not lead to substantial increasing of the error.

For instance, we can transfer from the remainder p to the method (2.7) the term
h®L}a/6 (see details in Section 14). As it turns out, by this way we obtain the method

Xiyr = Xpy1 + h3L2a, /6 (2.9)

where X4y is from (2.7). The error of this method is equal to O(h® + ¢2A2) on the
whole interval. Although the method (2.9) has time-step accuracy order 2, just as the
method (2.7), but A% in the error of the method (2.9) is multiplied by £2. That is why,
the new method has lower error than the method (2.7).

By transferring most complicated (from the computational point of view) terms, for
instance, £3h%/2Ly0,¢,/2 if the diffusion coefficients o, are composite functions, from
the method (2.9) to its remainder we obtain another method for the system (1.1). It
is found that such a method has order O(h® + €*h). Moreover, if after transferring of
the terms e3h%/2L40,£, /2 we omit the terms e2hA;0,&;, in the method (2.9) then it can
be proved (such a proof essentially uses the expressions E¢;, = 0, E¢;.¢; = 0) that the
accuracy of the method, in the sense of smallness with respect to both h and e, does
not reduce. As a result we write down the method

9q.

q q
Xep1 = Xi + eRM? Y (0,6 ) + hag + eh®? Y [L10,6: /2 + h®? Y [Aral,]i/2+

r=1 r=1 r=1
+ hz(Ll + €2L2)ak/2 + hstak/ﬁ (210)
the accuracy order of which is equal to O(h® + ¢*h). For its realization it is sufficient
to simulate only ¢ independent random variables ¢, according to the law P({ = —1) =

P(¢ =1) =1/2. Time-step accuracy order of the method (2.10) is equal to 1, i.e., it is
lower than time-step order of the methods (2.7) and (2.9). Nevertheless, under small
¢ the method (2.10) has sufficiently low error. For instance, if we choose time-step h
so that A = Ce*, 0 < a < 4, the method (2.10) even exceeds the method (2.7) in
the sense of smallness order with respect to €. Further, if we choose time-step % so
that h = Ce*, 0 < a < 2, the method (2.10) does not yield to the method (2.9) in
the same sense. It is important to emphasize that in addition the method (2.10) has
essentially lower calculation expenses on account of both fewer number of simulated
random variables and fewer number of calculated operators.

Thus, we briefly explain the concept of construction of weak methods for a system
with small noises. Let us mention that to prove new methods strictly one must thor-
oughly analyze the remainder, prove relations like (2.6) and the inequalities (2.3), (2.4)
for the appropriate p, S and J(!), and apply Theorem 3.1.

3. The theorem on estimate of a method error on the whole
interval

Let us consider more general Ito system with small noises than the system (1.1)

}
dX = a(t, X)dt + €%b(t, X)dt + € 3 o,(t, X)AW,, X(t,) = X, t € [t, T]  (3.1)

r=1



where b(t,z) is n-dimensional vector, the other notation is the same as in (1.1). A
system like (3.1), even with o, = 0, r = 1,..., ¢, is significant by itself. Besides, the
reason of the generalization is the following: a Stratonovich system with small noises
can be easily rewritten in the form of the system (3.1) [see Section 7).

The operator L for the system (3.1) has the form

L 3]
L=1L 2 - b —
1+€°Ly, Ly L2+(’8:1:)

where L, and L, are the same as aboVe.
Definition. A function f(z) belongs to the class F, f € F, if constants K > 0 and
k > 0 are such that the inequality

[f(z)] < K(1 + |=[%) (3:2)

is fulfilled for any x € R™. A function f(s,z), which depends both on © € R™ and on
a parameter s € @Q, belongs to the class F (with respect to ) if the inequality (3.2)
uniformly fulfills with respect to s € Q).

Note that below the same letter K is used for various constants, and the same
notation K(z) is used for various functions. ‘

Theorem 3.1 Let us assume that the following conditions are fulfilled

(1) The coefficients of the system (3.1) are continuous and satisfy the Lipschitz
condition, they and their partial derivatives up to sufficiently high order belong to the
class F;

(2) The error of a one-step approzimation X, ,(t+h) of the ezact solution X, ,(t+h)
of the system (3.1) with initial condition X (t) = X (t) = z is estimated as

|Ef(Xeo(t + 1)) = Ef(Xeu(t + 1)) < K(@)[RPH + 3 A*e70], K(z) e F - (3.3)
leS

where function f(z) and its partial derivatives up to sufficiently high order belong to
the class F, S is a subset of positive integers | which are less than natural number p,
J(1) is a decreasing function with natural values;
(3) For sufficiently large number m the moments E|X;|™ exist and are uniformly
bounded with respect to N, k =0,1,...,N, and 0< ¢ < ¢, for some number ¢, > 0.
Then for any N and k=0,1,...,N

B f (X0 x,(t8)) = BF (Ko, (te)] S K[R? + 3 R0 (3-4)
IGS

where the constant K depends on the random variable X, and onT.

Although the proof of Theorem 3.1 is dlstlngulshed from the proof of the Weak con-
vergence theorem of refs. [9], [10] in a small way, for completeness of the presentation
we provide the detail proof of this important theorem in Appendix (see Section 13).

Remark. If a method is so that it satisfies to the inequality (3.3) either with p > 1
and minges! > 1 in the case of not empty subset S or with p > 1 and empty S then
from Theorem 3.1 it follows the convergence of such a method. However, the primary
meaning of Theorem 3.1 is to estimate error of a method on the whole interval in terms
of h and e. :



4. Taylor-type weak methods for a general system with small
noises

Our aim is to construct weak methods which have low errors under the condition that
¢ is a small parameter and which are sufficiently effective as to calculation expenses.
Herein we present weak methods for the system (3.1) the errors of which are estimated
from O(h%+€2h) up to O(h*+*h?). By the developed approach it is possible to derive
methods O(h® +...), O(h® +...), etc. But we do not write down them because most
popular deterministic schemes have orders not higher than four. It is also possible to
derive the methods O(h® + €®h?%), O(h®), O(h* +8h?%), O(h* + e*h?), « = 2,...,8, but
they are not proposed for the system (3.1) because of their heavy calculation expenses.

Proofs of the proposed methods are based on estimate of one-step errors and on
Theorem 3.1 as it is done in Appendix (see Section 14) for the Taylor-type method
O(h* + €*h?).

Let us introduce the notation R for error of a method on the whole interval.

Note that used random variables are mutually independent.

4.1. Euler method
Method O(h) coincides with the well-known weak Euler method.

4.2. Methods O(R% +...)
The first method, which is the simplest one among schemes O(h% + .. .), has the form
g
Xk+1 =X, + ehl/? Z(Urfr)k + h(a + 62b)k + h2L1ak/2, (4.1)
r=1
R=0(h? +%h)

where the random variables ¢, are simulated as

Pl¢=-1)=P(¢=1)=1/2 (42
The second method is
q q
Xk+1 = X; + €h1/2 Z(Grér)k + h(a + €2b)k + Eh3/2 Z(Llarér)k/2+
r=1 r=1
q : .
+ &R (Ara&,)k/2 + h*La(a + €2b)i/2 + €*h* Lyax/2, (4.3)

r=1
R = O(h* + &*h)
where the random variables &, are simulated by the law (4.2).
The method O(h?) has been written down above [see Section 2, the formula (2.7)]

for the system (1.1). For the system (3.1) it can be easily rewritten by substituting
a + €%b instead of a (note that the operator L; contains a).



4.3. Methods O(R® +...)
The first method, which is the simplest one among schemes O(h® + .. .), has the form

. , :
Xer1 = X + chl/? Z(O'rfr‘)k + h(a + €2b)k + h2L1ak/2 + hSLfCLk/& (44)
r=1

R = O(h® + ¢2h)

where &, are from (4.2).
The second method is

q q .
Xiy1 = Xi + b2 Y (0,6 )k + h(a + €20)x + eh®? Y (Lyov6,)n/2+

r=1 r=1

q ~
+ &b 3" (Avabn)i/2 + R Li(a + €%b) /2 + e2h2Loar /2 + h*L2ay /6, (4.5)

r=1
R = O(K® + ¢*h)

where £, are from (4.2).
The third method is

q q
Xes1 = Xi + b2y (0,6, + hla + &%)k + 2R Y (Aiovir )it

r=1 t,r=1

q q

+eh® 237 ([Ly + €2 La)o, & )i /2 + eh®2 S (AL (a + 7)€, )/ 2+

r=1 r=1
+ R Ly + €2Ly)(a + €2b)x/2 + h3L2ax /6, (4.6)
R =0(h® +£R?)
where the random variables ¢, and &;, are simulated according to either [9], [10]

P(£=0)=2/3, P(6=~V3)=P(=3)=1/6,

-1, 1 <r

fir = (éiﬁr - '7ir(i€r)/27 Yir = { 1’ Z 2 r P(C = —1) = P(C = 1) = 1/2 (47)

or [18]
P(¢ =0)=2/3, P(¢ = -V3) = P(£ =V3) =1/6,
éir = (éifr - (ir)/27Ciib= 1, Cir = —Cri’i # r
P(lir=-1)=PCr=1)=1/2,i<r ' (4.8)

The fourth method, which is the most accurate one among the proposed schemes O(h%+
...), has the form

. q q
Xk+1 = X+ €h1/2 Z(Urgr)k + h(a + azb)k + e’h Z (Aiarﬁir)k‘*"
r=1 t,r=1
q . | , .
+eR*? 3 ([Ly + €*Lalor (& — pe))k + €B* D0 (Ar(a + €20) )i+

r=1 r=1



~ q
+h*[ Ly + 2 Lo(a + €2b)i/2 + b2 > ((Lio, + LiAra + ArLia)é )k /6+

r=1
+ h3L2(a + €2b)1/6 4+ e2h (L1 Lo + LyLq)ar /6, | (4.9)
R = O(h® + ¢*h?)

where &,, &;» and p, are simulated according to either
P(¢=0) =23, P(e = —V3) = P(6 = V3) = 1/6, i = &,/2+ G./VI2,

1, :1<r

Eir = (giér - 7ir<iCT)/2v Yir = { _1 i>r P(C = _1) = P(C = 1) = 1/2 (4'10)

or ’
P(¢=0)=2/3, P(¢ =~V3)=P(¢=3) =1/6,
§ir = (éigr - Cir)/27 Gi=1, Gr=—Criyt 7£ T P(Cir = _1) = P(éir = 1) = 1/2,i <r,

pe=&/24n, Pln= VI =Pln=1/VID) =1/2 (411)

4.4. Methods O(h* +...)
The first method, which is the simplest one of the family O(h* +...), has the form

q
Xk+1 = X; +€h1/2 Z(O’T«fr)k + h(a +626)k + h2L1ak/2 + hBLf(lk/ﬁ-{- h4L?ak/24, (412)
; r=1
R= O(h4 + €%h)
where ¢, are from (4.2).
The second method is

q q q

Xit1 = Xp+eb? > (0.6 )k +h(a+eb)p+eh®? Y (L10v6 )i /2+eh** Y (Arabs )i /24
r=1 r=1 r=1
+ h2Ly(a + €2b)1/2 + e2h?Lyar /2 + h3L2ay /6 + hiL3a; /24, (4.13)

R = O(h* + &%h? + ¢*h)

where ¢, are simulated as in (4.2).

The third method is

q . g
Xip1 = Xi +ehY?> (0.6 )k + h(a+ €%0) + eh®? Y (Liov(6:/2 — 7r) )it

r=1 r=1

. i}
+eh®2 3 (A,a(€:/2 4+ 1))k + h2Li(a + €2b)x/2 + e*h? Loar/2+

r=1

q
+eh31 3 ((L20, + LoAsa + A, Lya)é, ) /6 + h3L2(a + €2b)/6+

r=1

+ 2R3 (LyLy + LyLy)ar/6 + h*L3a, /24, (4.14)
R = O(h* + &*h)
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where the random variables &, and 7, are simulated as
P6=-1)=P(E=1)=1/2, P(n=-1/V12)=P(n=1/V12)=1/2  (4.15)

The fourth method is

q

q
Xeyr = Xi + b2 Y (0,6 )1 + hla + €20)x +%h Y (Aiov&in )it

r=1 i,r=1

q9 q

+eh3/2 Z([Ll + €2E2]Ur£r)k/2 1 ep3/? Z(Ar(av—*- €2b)§r)k/2+

r=1 r=1
+ BY[Ly + €2 Ly)(a + €%b)1/2 + h®L2ay /6 + h*L3ay/24, (4.16)
R = O(h* + *h?)
where the random variables £, and ¢;, are simulated according to either (4.7) or (4.8).

The fifth method, which is the most complicated and the most accurate one among
the proposed Taylor-type schemes for the system (3.1), has the form

q

q
Xip1 = Xe + b2 30 (0060 )k + hla + €7b)e + €2 Y (Mioy&ir )it

r=1 i,r=1

q q

+eh®/? Z([L1 + €2z2]0r(§r — )k + eh®/? Z(Ar(a + "))t

r=1 r=1

g
+RY[Ly + €2 Ly)(a + €20)1/2 + eh®? Y (L2, + LiAsa+ A, Lya)é ) /6+
r=1 ‘
+ h3L%(a 4 €2b)1/6 + e*h3(Ly Ly + LyLy)ax/6 + h*L3a;/24, (4.17)
R = O(h* +&*h?)
where the needed random variables are simulated either as in (4.10) or as in (4.11). In
Appendix (see Section 14) the method (4.17) is derived in details in the case of b = 0.

4.5. Remark on selection of increment & depending on ¢

Let us illustrate selection of time increment & depending on parameter € by the methods
of Subsection 4.4. :

Let us choose time increment A so that h = Ce®. Then error of a method on the
whole interval can be estimated in powers of small parameter €

R = 0(eP)
where A
B = min {ap, rlréiél(al + J(l))}

If b = Ce?, the method (4.17) gives R = O(e** + g?***), and the method (4.12) has
R = O(g* + 2*?). In the case of 0 < a < 2/3 both errors are estimated by O(e**),
and so, both methods have the same order with respect to ¢. However, if a > 2/3,
the method (4.17) has higher order with respect to ¢ than (4.12) [for instance, if
a = 2, we have O(e?) for (4.17) and O(e?) for (4.12)]. Thus, in the case of selection of
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comparatively large time increment A with respect to ¢ (it may be interesting in the
case of sufficiently small €, when an error, estimated by ¢?, is not large), complicated
methods like (4.17) and sufficiently simple methods like (4.12) have the same order
with respect to €. And, usually, in such a situation simple methods are preferable
because of considerably lower calculation expenses. But, if one wants to reach high
order error with respect to €, complicated methods are preferable.

5. Runge-Kutta weak methods for a general system with small
noises

To reduce calculations of derivatives in the methods of Section 4 we propose Runge-
Kutta schemes. Herein we consider (i) full (derivative free) Runge-Kutta schemes, (ii)
Runge-Kutta schemes without derivatives of the coeflicients a(t, ) and b(¢, z) but with
derivatives of the diffusion coefficients o,(,z) (semi-Runge-Kutta schemes) which may
be useful in the case of simple functions o,.

As is known [7], [10], in the case of a general system (¢ = 1) there are no sufficiently
constructive high-order Runge-Kutta schemes. Here we obtain full Runge-Kutta meth-
ods with the errors O(h? + €2h), O(h? + e*h), O(h® + €%h), O(h® + €*h), O(h* + €2h),
O(h*+e*h?+e*h) and O(h*+e*h). For higher orders we have succeeded in construction
of semi-Runge-Kutta schemes with the errors O(h® +¢2h?), O(h® +e*h?), O(h* +€2h?)
and O(h* + ¢*h?). ‘

In Appendix (see Section 15) we give the detailed derivation of the semi-Runge-
Kutta scheme O(h*+¢?h?). The other Runge-Kutta methods are obtained in the same
way.

To construct the Runge-Kutta methods for the system (3.1) we use as a subsidiary
tool deterministic Runge-Kutta methods. To this end we select most convenient, from
our point of view, concrete deterministic schemes. Obviously, it is possible to derive
families of stochastic Runge-Kutta methods which are similar to the proposed ones but
which use other deterministic Runge-Kutta schemes.

5.1. Methods O(h% +...)
The first method, which is the simplest one, has the form

q
Xes1 = X + €2 (0,6, ) + €?hby + hlag + a(t + b, Xk + har)]/2, (5.1)

r=1
R = O(h? + ¢2h)

where ¢, are from (4.2).
The second method, which has the same error as the Taylor-type method (4.3), is

q .
Xip1 = Xi +eb? > (o0 (t, Xi) + 0r(thsr, Xi + har)ér, /2 + hlar+

r=1

q .
+ a(tryr, Xi +eh?/? > (0:8:)k + h(a+€%0)r)]/2 + €2 hlbr + b(tit1, Xk + hai)]/2, (5.2)

r=1
R = O(h? + &*h)

where ¢, are from (4.2).

12



5.2. Methods O(R® +...)
The first method is

q .
Xipr = Xi + b2 (006, ) + €2hby, + [ky + 4k + k3] /6, (5.3)

r=1
R = O(h® + &%h)

where

ki = haw, ks = ha(tigya Xi + k1/2), ks = ha(tesr, Xk — by +2ky)  (5.4)

and &, are from (4.2).
The second method is

g

Xpy1 = X + eh?/? > [on(te, Xi) + or(tigr, Xi + har)lér, /2+

r=1

+ [ky + 4ko + k3] /6 + €2h[br + b(te1, Xk + har)]/2, (5.5)
R =O(h® +¢*h)

where
q

kl = h(lk, k2 = ha(tk+1/2,Xk + a1€h1/2 Z(U’,‘&‘)k + k1/2),

r=1

q

ks = ha(terr, Xi + ageh? > (0,6, )5 — k1 + 2Kz + 3%hby),

a1 = (6+v6)/10, oz = 3F2V6)/5 (5.6)

and &, are from (4.2).
The third method is

g

Hq
Xer1 = Xi + eh/? > o (tks Xi) + 00 (trsr, Xi))ér /2 + €20 D (Aiorbin )it

r=1 1,r=1

9 n . . ; g -
b)Y ((a, T ew)aﬂ.&) [2+ R Y (La0r6)e/2 + [y + 4k + kol 6+
k

r=11i=1 81}2 r=1

+ €2h[bk + b(tk+1, X + chl/? i(ar&-)k + h(a + 626)]9)]/2, (57)

r=1
R = O(h® + £*R?)

where k;, 1 = 1,2, 3, are from (5.6) and the needed random variables ¢, {;, are simulated
as in the method (4.6). The method (5.7) contains the operators with first and second
derivatives of the diffusion coefficients o, with respect to z.

We have obtained the semi-Runge-Kutta method with the error R = O(h® +¢*h?).
But it requires the same number of coefficient recalculations as the semi-Runge-Kutta
method O(h* + *h?) which is provided below [see (5.17)]. So, here we do not write
down the Runge-Kutta scheme O(h3 4 e*h?).
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5.3. Methods O(h* +...)

The first method, which is the simplest Runge-Kutta scheme among methods O(h* +
...), has the form :

q

Xep1 = X + eh'/? Z(O’Tfr)k + Ezhbk + [kl + 2ko + 2k3 + k4]/6, (58)

r=1
R = O(h* + %h)

where
ki = ha, ky = ha(tiyrjz, X + k1/2), ks = ha(teyr2, Xi + k2/2)

k4 - ha(tk+1,Xk + kg) ' (59)

and &, are from (4.2).
The second full Runge-Kutta method, which has the same error as the Taylor-type
method (4.13), is

q
Xk+1 = Xk + €h1/2 Z[Ur(tk) Xk) + ar(tk-{-la Xk + hak)]érk/2+

r=1

+ [y + 2ky + 2ks + kal/6 + €2hbe + b(tesr, Xi + hap))/2,  (5.10)
R =O(h* + €*h* + &*h)
where

q

ki = hak, ky = ha(tipi2, Xk + k1/2), ks = ha(tppr/e, Xk +eb?d (0,6 + k2/2),

r=1

’ q
ks = ha(trsr, X + b > (0,6 )k + ks + 3€2hby), (5.11)

r=1

and £, are from (4.2).
The third full Runge-Kutta method is

q
Xk+1 = Xk + 5h1/2 Z[ar(tkyxk)(ér + 677r)k + 40r(tk+1/2’ Xk + k2/2)§rk+

r=1

q
0 (the1, X + k) (& — 67)8]/6 + Bla(te, Xk + b (o7, )k)—

r=1

q

— a(tk,Xk - €h1/2 Z(U,-'l]r)k)]/2 -|- [kl + 2]62 -I- 2k3 + k4]/6 -|- 62[11 + 3[2]/4, (512)

r=1
R =O(h* + ¢*h)

where

ky = hag, ky = ha(tiy1/2, Xk + k1/2),

q
k3 = ha(tk+1/2, Xk + 6h1/2 Z(O‘T&-)k + k2/2 + 62/11/4 -+ 36212/4),

r=1
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: q
ks = ha(tirr, Xi + bV Y 00 (tesr, Xi + ki )br, + ks + °1),

r=1

L = hbg, lp = hb(t, + 2h/3, Xy + 2k1 /9 + 4k3/9) (5.13)

and &, n, are simulated as in (4.15). This full Runge-Kutta method requires six
recalculations of the function a(t,x), three recalculations of the functions ¢.(¢,z) and
two recalculations of the function b(t, z).

The fourth method, which contains first and second derivatives of the functions o,
with respect to z, is

q

. .
Xpp1 = Xp + eh/? Y or(te, Xi) + 07 (tkr, X)l€rn /2 + €2 S (Aiorin )it

r=1 1,r=1

n q

q . .
+eR32YN ((az + 5261)%§,> [2+ 3032 (Loarby i /2 + [ky + 2k + 2ks + kq] /6+
k

r=1t=1 r=1
g
+ SQh[bk + b(tk+1, Xk + €h1/2 Z(Urgr)lc + h(a + €2b)k)]/2, (514)
r=1
R = O(h* + &*h?)
where k; ¢ = 1,...,4, are from (5.13) and the needed random variables ¢, ;. are

simulated as in the method (4.16). The method (5.14) is derived in Appendix (see
Section 15).

Let us note that in the case of one noise (¢ = 1) we succeeded in constructing of
the full Runge-Kutta method with the error estimated by O(h* + ¢2h?). It has the
form

Xepr = X +eh'/? {o(te, X))k + 0(tepr, Xi — eh/20(ty, Xi) + h(a + e2)p)[€ — €+

+1]1/2 + o (tpyr, Xi + b 20 (tr, Xi) + ha + %)) [€ + €2 — 1]k/2} /2 + [ky + 2ko+

+ 2ks + k4] /6 + €2h[b + b(tes1, Xk + b 20 (te, Xi)(E)k + ha + €2b)1)]/2,  (5.15)
| R = O(h* + &2h?)

where

ky = hag, ky = ha(tria/2, X + k1/2), ks = ha(tk+1/2;Xk +eh' ¥ (ob)k + k2/2),

ks = ha(tipr, Xx + €h?(0€)x + k3 + 3c2hby),

and the needed random variables ¢ are simulated as
P(£=0)=2/3, P(=-V3)=P(=V3)=1/6 (5.16)

The last semi-Runge-Kutta scheme is

q
Xiep1 = Xk + ghl/? Z[a’r(tk,xk)(fr + 67, )k + 4Ur(tk+l/27 X + k2/2)&r, +

r=1
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q
+0r(tesr, Xe + k1 )(€ — 67, )] /6 + hla(tr, Xk + b /* Y (o0, i) —

r=1
q

_a(tlm Xk — 5h1/2 Z(Urnr)k)]/2 + Egh zq: (Aiargir)k'*‘

r=1 t,r=1
. ,
+ 3RS [ Laonb, /21 + [ky + 2Ky + 2ks + k4]/6 + €2[1y + 315) /4, (5.17)
r=1
R= O(h4 + s4h2)
where
ki = hak, ky = ha(tiq1/2, Xi + k1/2),

q

ks = ha(tigaja, Xi + b2 S (0,6 ) + ka/2 + €21y /4 + 3621y/4),

r=1

g ,
ky = ha(tppr, Xk + eh!/? Z O (trg1, Xe + k1)ér, + ks + e2ly),

r=1
q

l1 = hb(tk,Xk + €h1/2(1 + \/-:);) Z(O’rfr)k/Q), l2 = hb(tk + 2h/3,Xk + 2€2l1/3+

r=1

+ 2k /9 + 4ky /9 + b (3 — V/3) Zq:(arg,)k/fs) (5.18)

r=1

and the needed random variables are simulated as

€ir = (é‘ifr - 7irCi<r)/2a Yir = { _1:’[’ 71: ; : » e = Cr/\/ﬁ>
P(€=0)=2/3, P(6=-V3)=P((=V3)=1/6, P((=-1)=P((=1) =1/2
(5.19)

6. Implicit weak methods for a general system with small
noises

We write down implicit methods only with the orders O(h? + ¢2k) and O(h? + e*h).
Some implicit methods for a general system (¢ = 1) may be found in refs. [7], [10]. We
do not write down implicit methods which under ¢ = 0 have time-step orders higher
than 2 because, as is known, increasing of time-increment order leads to deterioration
of stability properties of a method.
The family of implicit methods with R = O(h*4+¢?h) is the following
q

X1 = Xi + eh/? > (0:&)k + Rlaag + (1 — o)agya] + e2hlab + (1 — a)bei]+

r=1

+ h2,3(262 — 1)L1ak/2 + h2(1 - ﬂ)(QOﬁ - 1)L1£Lk+1/2 (61)
where 0 < o < 1,0 < 3 <1, and &, are from (4.2).
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The family of implicit methods with R = O(h*+€*h) has the form

q
Xigr = X + €h1/2 Z(O‘,«ér)k + h[aak + (1 — a)ak.H] -+ E2h[abk + (1 —_ a)ka]—I—

r=1

+eh3/? i[(ler + (2a — 1)A,a)& ]k /2 + R2B(2c — 1)(Ly + 62z2)ak/2+

r=1
+h2(1 = B)(2a — 1)(Ly + €2Ly)ars1/2 + €2h26(2a — 1) Ly by )2+
+&*h*(1 — B)(2cc — 1) Lybry1 /2 (6.2)
where 0 < a <1,0< 4 <1, and & are from (4.2). '

These methods follow from the corresponding implicit schemes of ref. [10] by omit-
ting of the terms which do not influence on the one-step errors O(h® + £2h?) and

-O(h3 + €*h?) of the methods (6.1) and (6.2) respectively.
Under a equal to 1/2 we obtain the simplest schemes of the families (6.1) and
(6.2). In this case the method (6.1) becomes the derivative free implicit Runge-Kutta
scheme. Under a = 1/2 the method (6.2) contains derivatives of the diffusion co-

efficients o,(¢,z) but it is possible to obtain the derivative free implicit Runge-Kutta
scheme with R = O(h*+¢*h)

q
Xpp1 = X + eh!/? Z {o'r(itk) + Ur(tk+17Xk + hak)} 5Tk/2+

r=1
+ h(ak + ak+1)/2 + €2h(bk + bk+1)/2 (63)
where ¢, are from (4.2).
7. Stratonovich system with small noises

It is known that a stochastic system in the Stratonovich sense (marked by ”*”)

q
dX = a(t, X)dt + ?c(t,X)dt + €D _ o (t, X) ¥ dW,, X(t,) = X, t € [t, T]  (7.1)

r=1

is equivalent to the following system in the Ito sense

, q
dX = a(t,X)dt + *b(t, X)dt + ¢ > or(t, X)dW, (7.2)
r=1
where
1 . do,
b(t,z) = c(t,z) + = > —=(t,z)o:(t, z) (7.3)
24 Oz

In Sections 4-6 we have proposed weak methods for the Ito system in the form of (7.2).
Thus, the methods of Sections 4-6 are also appropriate for the Stratonovich system
(7.1). Let us note that the full Runge-Kutta methods of Section 5 are not full for
the system (7.1) because b(Z,z) in (7.3) contains derivatives 8_0 But if the diffusion

coefficients o, are simple functions, the methods of Section 5 may be efficient and
useful for the Stratonovich system (7.1). Nevertheless, in some cases we obtain the full
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Runge-Kutta schemes for (7.1). Here we restrict ourselves to the proposition of the
full Runge-Kutta method with R = O(h* + £2h?) for the Stratonovich system with one
noise

Xiy1 = Xg + (n1 + 2ng + 2n3 +ng) /6 4 (k1 4+ 2ky + 2k + k4) /6 + (L + 1) /2 (7.4)
where

ny = €h1/2(o'£)k, N9y = 5h1/20’(tk+1/27Xk + n1/2 + k1/2 -+ 11/2)(§)k,

Ng = €h1/20'(tk+1,Xk + 'I’L2/2 + kl + ll)(ﬁ)k, Ng = €h1/20'(tk, Xk + 7’2;3)(6)&
kl = hak, ]Cg = ha(tk+1/2,Xk -+ k1/2), kg = ha(tk+1/2,Xk -+ kg/? -+ ng),
ks = ha(trsr, Xk + ks + no + 30), b = ?her, lp = e2he(tepr, Xk + i + k1 + n2)

and ¢ are simulated as in (5.16).

8. Weak methods for a system with small additive noises

The important particular case of the system with small noises is the system with small
additive noises

dX = a(t,X)dt + ¢ i o ()dWs, X(t) = X,, ¢ € [to,T] (8.1)

r=1

Here for simplicity we restrict ourselves to the system with b6 = 0 (note that in the
case of additive noises the Stratonovich system coincides with the Ito one). For the
system (8.1) we obtain methods with the errors estimated by O(h® + €®h?), O(h3),
O(h* 4+ 2h® + e®h?), O(h* + c®h?), O(h* + €2h3), O(h* + €*h®) and also with the same
orders as in Section 4. Let us note that methods O(h* + €543) and O(h* + €8h%) are
too complicated, and therefore we do not write down them.

Methods for the system (8.1) with the same orders as in Section 4 follow from the
corresponding methods for a general system with small noises taking into account that
for the system (8.1) we have

ATU,' = 0, Lgai = 0, Llo',' =%, b= 0

8.1. Taylor-type methods

Methods O(h% + ...) easily follow from the corresponding methods of Section 4, and
here we do not write down them.

Methods O(h® + .. .), except methods O(h® + €h?) and O(h?), can be also written
down from the corresponding methods of Section 4.

The method O(h® + €8h?) is written as

g 1 (do,
Xepr = Xi +h? 3" (0,6, )i + hag +h®* Y ( CZ (&/2 - Ur)) +
r=1 r=1 k
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q ;
+8h3/2 Z (Ara(&_/2 + nr))k + h2(L1 + €2L2)ak/2+

r=1

., d%o,

+e2h? i Z (AiAra(&lr — GiGr)), /6 + eh®/? Z(( di2
r=1

A+ A(Ly 4 €2 Lo)a)6, )k /6 + B3 (L1 + €7 Ly)%ar /6 (8.2)
where the random variables &,, 1, and (, are simulated as
P(¢=0)=2/3,P(¢ = —V3) = P(¢ = V3) = 1/6,
P(n=-1/v12) = P(n=1/V12) = 1/2,
P((=-1)=P(=1)=1/2 (8.3)

The method O(h3) has the same form (8.2) but requires simulation of the needed
random variables by the laws

+ (L1 + €2 L3)Ara+

P(¢=0)=1/3,P(¢ = —1) = P(¢ = 1) = 3/10, P(¢ = —V6) = P(¢ = V6) = 1/30,
P(n=-1/V12)= P(n=1/V12)=1/2, P((=-1)=P((=1)=1/2  (84)

This method coincides with the third order weak method proposed in refs. [9], [10] for
a general system with additive noises (e = 1).

Methods O(h*+...) for the system (8.1), except the methods O(h* + £2h3 + £8h2),
O(h*+¢€%h?), O(h* +€%h3), O(h* +*h3), are obtained from the corresponding methods
of Section 4.

For instance, the method O(h* + £*h?) follows from the scheme (4.17) and has the
form

-9 q d
Xip1 = Xi +eh? > (0,6 )k + har + b2 > ( o (6./2 — m)) +

r=1 r=1 dt k
q q d20.r
+eh2 3 (Aval6e/2 + 7))y + H(Ln + €2 La)ar/2 +€h®/2 3 (S22 + Lideat
. r=1 r=1
+ ArL1a)e,)e/6 + h3L2ak /6 + €2h3(Ly Ly + LoLy)ax /6 + h*L3a;/24 (8.5)

where ¢, and 7, are simulated as
P(¢ =0)=2/3,P(§ = —V3) = P(£ = V3) = 1/6,

P(n = -1/V12) = P(p = 1/V12) = 1/2, (8.6)
The method O(h*+e?h3+€5h?) is written as

g 1 /(d
Xip1 = Xi +eht/? > (ol )i + hay + eh3/? > (—dc;—r(fr/Q - 771')) +
k

r=1 r=1

q

+eh32Y " (Aval&r/2 4 1)), + BP(Ly + €2 La)ar/2+

r=1

LR IS (Aihva(6ibs — GG))y /6 + R 3

r=11=1 r=1

d’o,

-z (Lt e’ La)Ara+
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+ A(Ly +€2L2)a)E )k /6 + B3(Ly + €2L,)%ar /6 + h*L3a; /24 (8.7)

where the random variables are simulated by the laws (8.3).

The method O(h*+¢®h?) has the form

q q d
Xk+1 = Xk + Ehl/z Z(Jrér)k + hak + 5h3/2 Z (..EC(&'T/Q - 777‘)> +

r=1 r=1 dt k

q

+eh¥2 3" (Ara(& /2 + n0))y + BH(Ly + €2 Lo)ag/2+

e i i (Aihsa(&is — GC)), /6 + ehd/? i (L1 +€2La)Asat,) /64
+€h5/2 Xq: (Ar(Ll + 62[/2)0(67/6 + 777./2))k + €h5/2 Zq: (%(67/6 - 777'/2)) +
r=1 r=1 k

q

3
+R3(Ly + €2 Ly)%ax /6 + eh™/? Y [(A,Lfa + LiALya + L2Ara + %) érJ [24+
r=1 k

+ h4L:13ak/24 + €2h4(L2L§G’ + L%Lga + LngLla)k/24 (88)

where the random variables are simulated according to the laws (8.3).

The method O(h*+&2h3) has the form (8.7) but the random variables are simulated
as in (8.4). Note that this method distinguishes from the method O(h?®) only by the
additional term h*L3a;/24.

The method O(h*+e*h3) has the same form (8.8) as the method O(h* + £%h2) but

the needed random variables are from (8.4).

8.2. Runge-Kutta methods

Herein we restrict ourselves to full (derivative free) Runge-Kutta schemes.
Methods O(h*+ ...) easily follow from the corresponding methods of Section 5.
Methods O(h®+...) also follow from the corresponding methods of Section 5. Note
that the semi-Runge-Kutta method (5.7) in the case of additive noises becomes full
Runge-Kutta scheme and has the form

q

Xip1 = Xi + b " (0, (th) + 07 (tesn))re /2 + (R + Ak + k3) /6 (8.9)

r=1
R = O(® + £?h2)

where .

kv = hak, k2 = ha(tpgry, X + c1eh? 3 (0,6 )k + k1/2),

r=1

q

k3 = ha(tk+1,Xk + a2€h1/2 Z(Urgr)k - kl + 2k2)7

oy = (6£v6)/10, oz = (3F 2V6)/5 (8.10)
and ¢, are simulated as
P(6=0)=2/3,P(t =—V3)=P(¢=V3)=1/6 (8.11)
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We also obtain the full Runge-Kutta method O(h®+£*h?). But it requires five recalcu-
lations of the function a(t,z) and three recalculations of the functions o,(t) while the
full Runge-Kutta method O(h* 4 c*h?) (see (8.14) below) requires six recalculations of
the function a(t,z) and three recalculations of the functions o,(¢). Therefore, we do
not write down it. ~
Methods O(h*+...) follow from the corresponding methods of Section 5. Fortu-
nately, the methods (5.14) and (5.17) for the system with additive noises become full
Runge-Kutta schemes and for reader’s convenience we write down them below.

The full Runge-Kutta method O(h* 4 £2h?) has the form

q

Xir1 = Xi + B2 (00(th) + 0r (tegn))era /2 + (k1 + 2k + 25 + kg) /6 (8.12)

r=1

where
ki = hag, k2 = ha(tpyrj2, Xe + k1/2), ks = ha(tir/2, Xx + ka/2+

q q

+eh'? Y (0,6 )8), ka = halter, Xi + ks + eh2 Y (0,6, )k) (8.13)

r=1 r=1

and &, are simulated ac'cording to (8.11).
The full Runge-Kutta method O(h* + £*A?) for the system (8.1) is written as

Xk+1 = Xk + €h1/2 Z {Ur(tk)(gr + 677r)k + 40r(tk+1/2)§rk + o-r(tk-!-l)(fr - 6777')1::} /6+

r=1
‘ g g
h {a(tk,Xk +eh'? Y (oume)k) — alt, Xi — eh'/? Z(arm)k)} /24 (k1 +2ko+2k3+k4)/6
r=1 r=1

(8.14)

where

ki = hag, ky = ha(tey1/2, Xk + £1/2), ks = ha(tiyrj2, Xi + ka/2+
q ' q

+eht 23 (0:6)1), ka = haltigr, Xi + ks + b2 Y 0y (tga)ér) (8.15)

r=1 r=1

and &, 7, are simulated as in (8.6).

8.3 Implicit methods

The implicit methods for the system with additive noises (8.1) are easily obtained from
the methods of Section 6, where the implicit methods for a general system with small
noises have been proposed.

9. Weak methods for a system with small colored noises

For some physical applications it is preferable to model random perturbatiohs by col-
ored noises [13]. In previous papers (for instance, see refs. [11], [12] and refs. therein)
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various peculiar methods for numerical solution of a system with colored noises were
proposed. Herein we consider weak methods for a system with small colored noises

dY = f(t,Y)dt + £G(t,Y)Zdt,

7 = A(W)Zdt + 3" 7 (dW, | (9.1)

r=1

Y(t,) =Y, Z(t,) = Z,, t € [to, T)

where Y and f(¢,Y) are [-dimensional vectors, Z and ~,(t) are m-dimensional vectors,
A(t) is mxm-matrix, G(t,Y) is Ixm-matrix, W,,r = 1,..., q, are uncorrelated standard
Wiener processes, and ¢ is a small parameter.

By introducing new variable U = ¢Z we obtain the system (9.1) in the convenient
form

dY = f(t,Y)dt + G(¢,Y)Udt,

dU = A(t)Udt + ¢ Xq: ¥+ (t)dW, (9.2)

r=1
Y(t) = Yo, U(t) = eZ0, ¢ € [to, T}

The system (9.2) is the simplified version of the system with small additive noises (8.1).

For the system (9.2) we have X = }(; is the [+m-dimensional vector,i.e., n = [+m,
- / _,:g v is the n-dimensional vector, o, = { N } is also n-dimensional vector,

the first { components of which are equal to zero. For convenience we write down the
operators

L= (,ft +(flt9) + Gl §>+<A( )

0
-,;,Z_: 7r7r8 za 57 (77‘7%)
WJ= . (9.3)

and the expressions

I [ fll(f-l-Gu)
14 = A 2

0
Lo, = [ ﬁ ] ’ Lyo, = 0’ Ao, =07
dt

LyAva =0, A;A,a=0, i,7=1,...,q, etc. (9.4)

By the formulas (9.3)-(9.4) the methods of Sections 4-6 and 8 can be rewritten for
the system (9.1). That is why, herein we do not write down Taylor-type explicit and
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implicit methods. Below we provide the most useful full Runge-Kutta methods with
the errors O(h® + €8h?%), O(h®), O(h* + £2h3® + €®h?), O(h* + €2h3).
Runge-Kutta methods O(h*+...) easily follow from the corresponding methods of
Section 5, and we do not write down them. »
Runge-Kutta methods O(h®+...) are obtained from the methods of Sections 5 and

8. However, for the system with colored noises (9;1) we obtain sufficiently effective full
Runge-Kutta method with the error O(#3 + 84?)

Yirr = Yi + (k1 + 4k + £3) /6,

Uk+1 = Uk + €h1/2 Z {’YT(tk)(gr + 677r)k + 47r(tk+1/2)€1‘k + 7r(tk+l)(§r - 677r)k} /6+

r=1
+ (l+4l+13)/6 (9.5)

where
F(t,y,u) = f(t,y) + G(t,y)u, ky = hFy, ko = hF(tpy12, Yt

q

+k1/2,Ux + 11/2 + €h? Y (7:6,)k/2), ks = hF(tigr, Yi — k1 + 2k2, Up—

r=1

q
_ll + 212 + 5h1/2 Z 7r(tk+1)(€r + 67]1‘)1&:)’ ll = h(AU)k7

r=1

q
l, = hAk+1/2(Uk +hL/2+ eh'/? Z(’)’rfr)k/Q), Is = hAks1(U—

r=1

q
- ll + 2l2 + 5h1/2 Z’Yr(tk+1)(§r + 67]7‘)19) (96)
r=1
and the random variables are simulated according to (8.6).
The full Runge-Kutta method O(h®) has the form (9.5) but the needed random

variables are simulated as
P(£=0)=1/3,P(¢ = —1) = P(§ = 1) = 3/10, P(¢ = —V6) = P(¢ = V6) = 1/30,
P(n=—-1/V12) = P( = 1/v12) = 1/2 (9.7)

The method (9.5) requires only three recalculations of the functions f(¢,y), G(t,v),
A(t) and ~,(t). For a general system with colored noises (¢ = 1) the full Runge-Kutta
scheme (9.5) with the random variables simulated by (9.7) also has the accuracy O(R®%).
Note that third time-order full Runge-Kutta schemes for a system with colored noises
were not obtained in the previous papers (see ref. [12] and refs. therein).

Runge-Kutta methods O(h*+...) follow from the methods of Sections 5 and 8. But
for the system (9.1) we also obtain effective Runge-Kutta methods O(h* + ¢2h® + ®h?)
and O(h* + £2h®) which are provided below. ’

The full Runge-Kutta method O(h* + €2h® + €%h?) is written as

Y1 = Y + (k1 + 2k + 2ks + k4)/6,

U1 = Ug + h'/? > {%(tk)(fr + 60, )k + 47 (tega/2)re + ¥r(te41) (& — 677r)k} /6+A

r=1
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+(h+20L+23+1,)/6 (9.8)

where :
F(t,y>u) = f(tay) + G(tay)ua kl = th, k2 = hF(tk-l-l/?, Yk+

' q
+k1/2,Ux + 11/2), ks = hF (tppr2, Ye + ka/2,Ur + 1/2 + b2 (1.6 )8),

r=1

q
k4 = hF(tk+17 Y;c + kBa Uk + 13 + 8h1/2 Z’}/r(tk-i-l)(gr + 67]7’)/6)5 ll = h(AU)ky

r=1

q

Iy = hAgp1s2(U + 11/2), I3 = hApyr/2(Us + 1o/2 + eh'/? > (1€ )k),

r=1

g
li = hApp1 (Uk + I3 + €h? Y 3 (tign ) (& + 61, k) (9-9)

r=1
and the random variables are simulated according to the laws (8.6).
The Runge-Kutta method O(h*+¢%h3) has the form (9.8) but the random variables
are simulated as in (9.7). This method requires three recalculations of the functions
A(t) and 4,(t), and four recalculations of the functions f(¢,y) and G(¢,y).

10. Talay-Tubaro expansion of the global error

In ref. [20] the authors prove that it is possible to expand error of a method for a
stochastic system on the whole interval in powers of time increment h. Their approach
is analogous to the Runge estimation method for ordinary differential equations and
allows to estimate the global error and to improve the method accuracy. Herein we
expand the global error not only in powers of time increment h but also in powers of
small parameter €. Therefore, we cannot directly apply Talay-Tubaro theorems.
Theorem 10.1 The error of the method (4.1) on the whole interval is equal to

R = Ci(e)h? + €*Ca(e)h + O(h® + €*h?) (10.1)

where the functions C;(e), ¢ = 1,2, do not depend on h and are equal to Ci(¢) =
C? 4+ O(€?), and constants C?(e), 1 = 1,2, do not depend on both h and ¢.

The proof of Theorem 10.1 and the expressions for the coefficients C;(g) see in
Appendix (Section 16). It follows obviously from the proof that in the same way as
the expansion (10.1) of the global error for the method (4.1) is derived, the expansions
of errors for other methods can be obtained. For instance, for the method (4.14) with
the error O(h* 4 ¢*h) we have

R = Ci(e)h* + €*Cy(e)h® + e*Cs(e)h® + *Cy(e)h + O(h® + °h?)

The expansion like (10.1) can be used in the following way. Let us twice simulate
u(to, X,) = Ef(X{ x,(T)) by the method (4.1) under the given ¢ and with dif-
ferent time steps hy, hy and obtain @M (t,, X,) = Ef(Xf;f“o(T)), ash(t,, X,) =
Ef(X3" (T)). We can write

u® = ’L_l,s’hl + Cl(E)hg + 6202(€)h1 + O(h3 + 62h2)

24



u® = ’t_f’h2 + Cl(E)hg + 6202(6)h2 =+ O(hs + €2h2)

Then the constant Cy(¢) is calculated as
e2Cy(e) = *Cy(e) — €2C2 - (hy + hy) + O(R* + €%h) (10.2)

where B
e?Cale) = (@™ — a™")/(ha — hy)

Using the method (4.1) under ¢ = 0 with different time steps hy, hy we obtain
uoh(t,, X,) = f(Xt"ofZl (1)), uoh(t,,X,) = f()_(fo’f”o(T)), where X° A s the ap-

proximation of the solution X x of the deterministic system. Then by the Runge
estimation method we find the constant CyY = C;(0)

Cy; = C¢ + O(h) (10.3)

where

Cp = (wh — aohs) /(13— B2)

By (10.2) and (10.3) we obtain the improved value @, with the accuracy order O(h® +
£2h?)
U = ° ha +e€ 02( )hl — 62C_’fh1h2 (104)

imp

According to the approach to construction of weak methods for a system with small
noises, we can transfer some terms, contribution of which to the error is proportional
to h'e’, from a method to its remainder and vice versa. By calculation of the constants
Ci(e) it is possible to estimate real weight of the terms and select the most appropriate
scheme for solution of a certain system with small noises in the sense of calculation
expenses and accuracy order.

11. Reduction of the Monte-Carlo error

Let us calculate the expectation Ef(X(T)) by Monte-Carlo technique using a weak
method for solution of the system (3.1). Then, as is known, two errors arise: error of a
weak method, which is considered in the previous Sections, and the Monte-Carlo error
which is discussed below. We have

BAX(T) = 5 X AR+ prxm)]”

where N is the number of independent realizations X (™) simulated by a weak method,
and c is a constant. If the constant c is equal to 1, 2, or 3, the calculated value
belongs to the interval defined by (11.1) with confidence probability 0.68, 0.95, or
0.997 correspondingly.

According to the closeness of Df(X(T)) to Df(X(T)), the Monte-Carlo error can
be estimated by [Df(X(T))]Y2 If Df(X(T)) is large, to reach the needed accuracy
we must take sufficiently large N which leads to heavy calculation expenses. If instead
of f(X(T)) we succeed in constructing a variable Z such that EZ = Ef(X(T)) but
DZ <« Df(X(T)), simulation of the variable Z instead of f(X(7")) would make it

possible to obtain more accurate results with the same calculation expenses.
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One of approaches to constructing Z was proposed in ref. [10]. As is shown below,
this approach allows effectively reduce the Monte-Carlo error in the case of a system
with small noises.

Together with the system (3.1) let us consider the following system

q q
dX = a(t, X)dt + €%b(t, X)dt — e Y pr(t, X)o,(t, X)dt + € > o (2, X)dW,,

r=1 r=1

dY = szur (¢ X)Ydt (11.2)

r=1

where p, and Y are scalars.
According to the Girsanov theorem for any u, we have

YEf(Xso(T)l1) = £ Yoy (T)f(Xsz(T))) la1.2) (11.3)
The function u(s,z) = Ef(X,(T))|@s.1) satisfies the equation

2 4 n n 2

_Ou < 0u 8u €
Lu:aﬁ-Za—a—;-l-e; ) 92027

=1

=0 (11.4)

r=11:=1j=1

with the condition at the instant T

u(T,z) = f(z) (11.5)

Under sufficiently wide conditions on the coefficients and the function f, the solution
u(s,z) = u(s, ) of the problem (11.4)-(11.5) has the form (see ref. [4, Chapt. 2])

u®(s,z) = u’(s,z) + c*ul(s, z;¢€) (11.6)

The function u® satisfies the first-order partial differential equation
+ Z —=0 (11.7)
=1

with the condition (11.5). Obviously, the solution of (11.7) has the form

u’(s,z) = f(X7.(T)) (11.8)

where X?_ is the solution of the Cauchy problem for the deterministic system of dif-

ferential equations
dX

dt

Let us assume that the solution u(s,z) of the problem (11.4)-(11.5) exists.
By the Ito formula let us calculate the following expression with respect to the
system (11.2) (note that Lu = 0)

a(t, X), X(s) == (11.9) |

‘ q
d[u(t, Xon(t)Yora(8)] = Lu¥dt — &3 i a,,g vt +62(a‘r,g YW, (8)+

r=1

q

+uZuTYdW +e Z ar, 5 ),uTYdt > (e(ar,g )+ pru ) YdW,(t)

r=1 r=1 r=1
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Then

utt X”a)mx,y()-u(sww/z( (00 3+ ru) YW (1110

s r=1

If we suppose that t =T,y =1, Ur =0, we obtain

T
g Ou
J(XoalT)) = u(s,2) + / £ 3 (on g AW (1)
Therefore
D )=¢ /EL_1 > (o, 52) } dt (11.11)

because of u(s,z) = Ef(X,(T))|@.1)-

Thus, if we calculate E f(X(T")) by Monte-Carlo technique using a weak method for
solution of the system (3.1), the Monte-Carlo error, evaluated by c[Df(X(T))/N]/?
and close to ¢[Df(X(T))/N]'/?, has the small factor equal to €.

As it follows from (11.3), the mean value EZ = E (Y, ¢ ,(T) f(X;2(T))) |(11.2) does
not depend on g, but D (Y, z4(T)f(Xs2(T))) |11.2) depends on p,. So, now our aim is
to select functions y,., r = 1,...,¢, in such a way that the variance DZ would be less
than the variance (11.11).

Let us assume that f > 0. Then u® > 0. Note that if function f is not greater than
zero but there exist constants K and C such that Kf + C > 0 then for the function
g = Kf + C this assumption holds. In this case we can simulate Fg and then easily
obtain Ef.

If we suppose that in the formula (11.10) t =T, y = 1 and

urz_i(,,a“> r=1,...,q (11.12)
0 ;

we obtain

T q
- 3 oy, 2N
F(Xoo(T)Y = u(s,z) + / e ;[(ar, =)~ (0n ) 5| AW ()
Therefore
| 6T-‘ I oul oue utl)’
DM = [ (3 |1 G - (on 5% ])

That is, the Monte-Carlo error for the system (11.2) with y, from (11.12) has the small
factor equal to &3.

The system (11.2) with g, from (11.12) is again the system with small noises, and
all methods, proposed in the paper, are suitable for it. And even for not large number
of simulations N the Monte-Carlo error for this system is small. Of course, to apply
the approach we must know the function u°(s, z).
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12. Numerical tests

12.1. Simulation of Lyapunov exponent of a linear system with small noises

Lyapunov exponents are useful for investigation of stability of a dynamic stochastic
system [1], [6]. The negativeness of upper Lyapunov exponent is an indication of
system stability. Usually, it is impossible to obtain analytical expressions for Lyapunov
exponents. That is why, a numerical approach to calculation of Lyapunov exponents
is needed. Previously D.Talay [19] proposed such an approach which was based on
ergodic property and allowed to calculate Lyapunov exponent by simulation of a one
trajectory with the help of weak methods. This method is attractive because of its
visuality and low calculation expenses. But it is difficult to analyze the errors arising
in this approach.

Herein we calculate Lyapunov exponent as a convenient example to illustrate cor-
rectness and effectiveness of the proposed methods. In addition we pay a certain
attention to analysis of the errors.

For our numerical tests we take the following two-dimensional linear Ito stochastic
system

g
dX = AXdt +¢)  B,XdW, (12.1)
r=1 :
where X is two-dimensional vector, A and B, are constant 2x2-matrices, W, are inde-

pendent standard Wiener processes, € > 0 is a small parameter.
In ergodic case the unique Lyapunov exponent A of the system (12.1) exists [6] and

A= lim lE’p(t) = lim %p(t) a.s.

t—oo ¢ t—o00

where p(t) = In | X (¢)|, and X(¢), t > 0, is a non-trivial solution of the system (12.1).
If D(p(t)) — oo in the limit of ¢t — oo then [6]

E (f’-f;l = )\)2 =D (&)) (1+ %)) (12.2)

t

where ¢(t) — 0 in the limit of ¢ — oo. And it is not difficult to estimate that
D(p(t)/t) — 0 in the limit of t — co. From (12.2) and the equality

o(8)-5(20-) - (s2)-

B (#0) | - o o (22)]” 29

In refs. [2], [15] the expansion of Lyapunov exponent of the system (12.1) in powers
of small parameter ¢ was obtained. Herein we consider the system (12.1) with the
matrices A and B, which are such that

a c b, d. _
A:(_c a),B,.:(_dr br),,,ﬁ.'r—-l,Q (124)
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In this case the Lyapunov exponent is exactly equal to [2]

A=at+ S I - (b)) O 2s)

r=1
By Monte-Carlo technique we numerically calculate the function

NT) = 2 Bp(T) ~ X(T) = % BA(T), H(T) = In| X(T) (12.6)
Let us remind that X(T') denotes an approximation of the exact solution X (7). The
function A(t) in the limit of large time (¢ — o) tends to the Lyapunov exponent A.
In this case three errors arise: (1) method error, i.e., |Ep(T)/T — Ep(T)/T|, which is
estimated by Theorem 3.1 (the function f(z) from the theorem statement is equal to
In|z|/T), (2) the Monte -Carlo error which is estimated by [D(5(T)/T)]'/?//N [see
(11.1)], and (3) the error with respect to the choice of integration time T' [see (12.3)].

As it follows from the computational results, in our tests the third error, i.e., |A\(T") —
Al = |E (p(T)/T) — M|, is negligibly small, at any rate for 7 > 2, in comparison with
the method error or/and the Monte-Carlo error.

In our case the function [D(p(T)/T)]/? tends to zero with the rate as 1/v/T. So,
the Monte-Carlo error is proportional to 1/ VTN. Therefore, to reduce the Monte-
Carlo error we can increase N or T. As to calculation expenses it does not matter to
increase N or T'. But in practice for large time T some computational problems arise
according to the fact that |X(T")| for the system (12.1) decreases to zero or increases
to infinity exponentially fast. That is why, we prefer to increase N. It is clear that in
our case the Talay’s approach requires the same calculation expenses as simulation of
Lyapunov exponent by Monte-Carlo technique. And by Monte-Carlo simulations we
find not only Ep(T)/T but also D(p(T)/T) which is useful for estimation of the errors.

We estimate the system (12.1) by four weak schemes. They are (1) the method (4.1)
with the error O(h% + 2h) which is the simplest method among the schemes proposed
in the paper, (2) the method (4.3) with the error O(h% +£*h), (3) the ordinary method
(2.7) with the error O(h?), (4) the semi-Runge-Kutta scheme (5.17) with the error
O(h* + €*h?) which is the most accurate (in the sense of product ¢*h?) scheme among
the methods proposed in the paper for a general system with small noises.

From Table I and Figures 12.1, 12.2 it follows that the proposed methods for a
system with small noises require lower calculation expenses than ordinary methods.

Table I. Lyapunov exponent. Computational results for Lyapunov exponent
MT) fora=-2c=1,b=by=2dy =1,dp = -1, ¢ = 0.2, X1(0) = 0, X2(0) = 1,
T = 10, and for various steps h with averages over N realizations, where N = 4.10*
for the methods O(h? +...) and N =1-10° for the method O(h* + ¢*h?). The exact

solution is A = —2.12.

2\ 1/2
4 _ q 3 2 . _ m
% mz___l A™(T)/T + 727\[- (—1{7 m2=1 [p(m)(T)/T] - [% mz=:1 P )(T)/T]
h 02T eTh)  O(RZ+eh) oR?) O(R ¥ Th7)
0.3 —2.461+£0.004 —-2.067+0.002 —2.067 £ 0.002 —2.1228 £ 0.0004
0.2 —2.290 £+ 0.003 —2.106 £ 0.002 —2.097 +0.002 —2.1195 £ 0.0004
0.1 —2.186 £ 0.002 —2.119840.0018 —2.114040.0017 —2.11920.0004

0.05 —2.150+0.002 —-2.1219+0.0018 —2.1186+0.0018 —2.1197 4+ 0.0004
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Figure 12.1: Lyapunov ezponent. Time dependence of the function A(T) = Ep(T)/T
for time step h = 0.45. Other parameters are the same as in Table I. The solution
of the system (12.1), (12.4) is approximated by (1) the method (4.1), (2) the method
(4.3), (3) the method (2.7). Dashed line is the exact value of the Lyapunov exponent A
(A = —2.12). The number of realizations N = 400 which ensures that the Monte-Carlo
errors at I' > 7 are not greater than 0.04 for the curve 1 and not greater than 0.02 for
the curves 2,3 and are less than the method errors.

From Fig. 12.1 one can conclude that the methods O(h? + ...) with the time step
h equal to €!/2, i.e., their errors are estimated by O(¢), give similar results but our
method (4.1) has the lowest calculation expenses and, therefore, is preferable. As is
shown in Fig. 12.2, the methods (4.3) and (2.7) under A = € and the method (5.17)
under h = /2 (the errors of these methods are estimated by O(?)) give similar results.
Obviously, in this case the semi-Runge-Kutta method (5.17) is preferable because it
permits to safe CPU time.

By the data of Table I it is possible to improve the methods O(h?+¢?h), O(h?+¢c*h)
and O(h?) by the Talay-Tubaro expansion (see Section 10). For instance, one can
calculate the constants C; and C; from the expansion of the global error of the method
(4.1) [see Section 10, Theorem 10.1] and obtain that C; ~ 2.1 and C; ~ 10.2. Let us
note that if constants of the error expansion have opposite signs, the error becomes
non-monotone function of time step A and can increase with decreasing of h. Such a
behaviour is demonstrated in Table I [see the methods O(h% + e*h) and O(h* + €*R?)].

In Figure 12.3 we show the time dependence of the function p(T")/T in the case
of the Talay’s approach to calculation of Lyapunov exponents, i.e., along a one weak
trajectory. One can see that in this case our methods also give accurate results and
allow to reduce computation expanses. However, we must mentioned that the Talay’s
approach would give the same accuracy, as we reach by the Monte-Carlo simulations
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Figure 12.2: Lyapunov exponent. Time dependence of the function A\(T) = E5(T)/T
simulated by (1) the method (4.3) with A = 0.2, (2) the method (2.7) with A = 0.2, (3)
the method (5.17) with h = 0.45. Other parameters are the same as in Table I. Dashed
line is the exact value of the Lyapunov exponent A (A = —2.12). The Monte-Carlo
errors at T' > 7 are not greater than 0.002 (N = 40000) and are less than the method

€ITOrIS.

using the method (5.17) under h = 0.2 (see Table I), if the system (12.1) is solved
during a period T' ~ 108, which is difficult task from the computational point of view.

In our tests to generate uniform random numbers we use the procedure RAN1 from
ref. [16].

Remark. Note that the function In |z| does not belong to the class F. If A > 0 then
to provide strictness it is possible to consider the function In(1 + |z|) instead of In |z|.
The function In(1 + |z|) already belongs to the class F, and lim; o In(1 + | X (2)])/t =
im0 In(| X (2)])/t. As it follows from numerical tests, simulations of the function
In(1 + |z|) give the same results as simulations of In|z|. Under A < 0 it is possible to
consider either the function In(1 4 1/|z|) or the system

q )
dX = (vI + AX)dt + €Y B, XdW, (12.7)
r=1

instead of the system (12.1). The Lyapunov exponent of the system (12.7) is equal to
v + A, and if we choose v such that v + A > 0, we can again consider the function

In(1 + |z|).

12.2. Stochastic resonance

Stochastic resonance (SR) is a term which describes a cooperative effect of noise and
periodic forcing in a bistable system. It finds applications in a wide variety of physical,
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Figure 12.3: Lyapunov exponent. Time dependence of the function p(7T")/T computated
along a one trajectory using (1) the method (4.3) with ~ = 0.1, (2) the method (2.7)
with A = 0.1, (3) the method (5.17) with A = 0.3. Other parameters are the same as
in Table I. Dashed line is the exact value of the Lyapunov exponent A (A = —2.12).

physicochemical and biological systems (see, for instance, [17] and refs. therein). Asis
known, SR includes a variety of resonant effects which usually can be observed under
small noises. Herein we illustrate effectiveness of our methods by simulation of the
Stratonovich system with small noises which is similar to the system proposed in ref.
[3] for description of multiplicative stochastic resonance in optical bistable system. For

the solution of this system, which has the expansion X(t) = § ay, cos(newt — é,,)
n=0 :

on the interval [0,T], T = 27 /e’w, we calculate the mean values of amplitude «; and
phase ¢; of the first harmonic. Under some parameters these mean values have non-
monotone behaviour with increasing of noise intensity. In ref. [3] the amplitude was
investigated by numerical solution of the Fokker-Planck equation, and non-monotone
behaviour of the amplitude was found. Phase shifts in SR is a subject of many year’s
studying (for instance, see [17, M.I.Dykman et. al. pp.463-478]). Previously, it was
shown for bistable systems with additive noises that phase shifts accompany SR, and
phase lag in SR varies non-monotonically with increasing of noise level. In our example
we also observe these features of SR.
We consider the following one-dimensional Stratonovich equation

_ 2cX
14 X2

dX =(yo— X + A cos(e’wt))dt + (o, x dWy + 0.dW,)  (12.8)

X
1+ X2
where W;, 7 = 1,2, are independent standard Wiener processes and ¢ is a small param-
eter. ‘
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Figure 12.4: Stochastic resonance. The dependence of the mean amplituda EFa; on the
. . 4
noise intensity oy for y, = 7, ¢ =6, =01, 0, =12, w=2,T = T7r-,’ X(0) =1,
elw

u(0) = 1, v(0) = 0. Dotted line - the Euler method with A = 0.5, dashed line - the
Euler method with A = 0.1, and solid line - the semi-Runge-Kutta method (5.17) with
h = 0.5. The Monte-Carlo error is not greater than 0.01 (N = 4000).
To find the mean values of oy and ¢; we additionally consider the equations
| dZy = X - cos(e®wt)dt,
dZ; = X - sin(e’wt)dt (12.9)

D 2
If we choose the integration time T such that T = —;— then
elw

Boy = 2B(ZX(T) + ZH(T)V*/T,

E¢, = Earctan(Z2(T)/Z:(T)) (12.10)
To reduce calculation expanses we simulate cos(e?wt) and sin(e?wt) by the system
- du = —c*wudt,
dv = e2wudt ' (12.11)

To find parametric dependence of Ea; and E¢; on the noise intensity oy we use the
Euler method with the error O(h) and the proposed in the paper semi-Runge-Kutta
method (5.17) with the error O(h* 4 £*h?). The computational results are presented in
Figures 12.4 and 12.5. We can add that under A = 0.1 the semi-Runge-Kutta method
(5.17) gives visually almost the same curves as under A ="0.5. Thus, the curves of
Figures 12.4 and 12.5, which correspond to the method (5.17) with A = 0.5, may be
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Figure 12.5: Stochastic resonance. The dependence of the mean phase E¢y, grad, on

the noise intensity o7. The parameters and the notation are the same as in Figure 12.4.
The Monte-Carlo error is not greater than 1.3 (N = 4000).

considered as sufficiently accurate. For the Euler method such an accuracy is attained
for the amplitude under A = 0.05 and for the phase under A =~ 0.01. The computational
results are in a good quality agreement with the results of other authors. One can see
that the proposed method (5.17) gives quite accurate results under large time step
and, therefore, allows to safe CPU time. It is important for this problem because to
investigate effects of SR one must integrate a system during a long period of time and
simulate sufficiently large number of independent realizations to reduce Monte-Carlo
error.

13. Appendix. Proof of Theorem 3.1

Let us involve the function
u(s,z) = Ef(X;z(tn)) (13.1)

According to the conditions (1) and (2) of Theorem 3.1 the function u has partial
derivatives with respect to = up to sufficiently high order, and the function v and its
derivatives belong to the class F [5]. The function u(s,z) uniformly (with respect to
s € [to,tn] and 0 < € < ¢, for some number g, > 0) satisfies such an inequality as (3.3).
Because of X, = X,, X;, x,(t1) = X(t1), Xu x,, £, (tN) = X(tn), we have

Ef(X(tn)) = Ef(Xt,.x,, ¢, (IN)) = Ef(Xy 5, (tn)) +Ef (Xiy,x, (tv)  (13.2)
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From X, g,(tx) = Xox, 5, (a)(tn) it follows
Ef(Xy 5, (tn) = Ef(Xu.x, g @)(tN) = Ef (X, x,(t8)) + Ef(X,, 5,(tn))  (13.3)
Substituting (13.3) in (13.2) we obtain '
Ef(X(tn)) = Ef(Xe x,, 1,000 (tN)) = B (X 5, () +
+E (X x,, ¢, (0)(n)) = Ef(Xy, 2, (in)) + Ef (X, 2, (In))

Continuing further in the manner as above, we write

N-2
BAX () = 3 [BF (Xt g ) (5)) = BF Koy 200 (0) |+ B (Ko 0 (1))

= | (13.4)
Then » .
N~—-2
EF(QX(tn) = Bf(Xw) = 3 { BB [§(Xuin . st ()Xo 1, i) -
—EE [[(Xyy 200 (001X 1, (tis1)] } 4 EF Xy, 20, (t0)) — EF (X, 2y, (W)
(13.5)

According to the definition of the function u (see (13.1)), from the expression (13.5)
we have

|Ef(X(tv)) = Ef(Xn)| =
N=2

Z [Eu(ti+l)Xt.',Xi(ti + h)) - Eu(ti+1’Xte,X¢ (ti + h))} +

1=0

FEF(Xiyy xy (t8) = Ef (Xiy_, 1, (t0))] <

. N-2
< Y BB [ultivn, Xy, x, (6 + b)) = ultion, X, x, (6 + B)I X | +
=0

+ E|E[f(Xiyy gy (t8) = F(Xoyy gy ) Xna] | (13.6)

Let us assume that both for u(s,z) and for f(z) the function K(z) of the inequality
(3.3) has K = m (see & in the definition of the class F, Section 3). Then from (3.3) and
(13.6) we obtain

N—
EF(X(n) — EFEN)| < 3 K(L+ BIX™) [h”“ iy h’ﬂ%:””} N
: i=0 les

+K(1+ E|Xn_1|™) [h”“ +3 h‘“sJ(’)}
les

Hence, from the third condition of the theorem we have

|Ef(X(tn)) — Ef(Xx)| < K [h” iy h‘sJ(’)]
, les
It is obvious that for any £ < N the procedure, proposed above, can be carried out
and the inequality (3.4) holds. Theorem 3.1 is proved.
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14. Appendix. Construction of the weak method with the
order O(h* + &*h?)

14.1. Construction of the one-step approximation

As the point of departure we take the stochastic Taylor-type expansion [7], [10], [21]
for the solution of the system (1.1) in the form

q 9 ¢ q
Xt,a:(t + h) =xr+e€ Z o'r-[r + ah + 82 Z Z ArUiIri +¢€ Z(Ll + €2L2)Jrlor+

r=1 r=11i=1 : r=1

9 9 49

q
ey Avalo+e) D Y ANion i + %(Ll +e%Lo)h*+

r=1 r=11=1s=1

it et ]”h /tﬂ /t " L2a(8, X(95))d03)dd;)do (14.1)

where

=€4§“’:z":i2/t+"/ / / A Aioy (B3, X () dW;(93)) x

r=11=1s=

AW, (82))dW; (1)) dW, (9)+

+522q;i1/t+h/ (/:91 LAio'r(ﬂ%X(ﬁZ))dﬂﬁdI’Vi(ﬂl))dWr(19)+’

eSS /Hh / ( /fl Lo (93, X (92))dWi(05))ddy ) AW, (9)+

r=11i=1

+e2§zl /”h / ( /t " Aihra(9, X (92))dWi(92))dW, (91))dd +

+2Y VY / o / / / LAsA i, (93, X (92))dds)dW, (92))dW:(91)) AW, (9),
r=11=1 s=1 h (142)
pr=c¢ / ’ / / L20, (5, X(8))dds)dd:)dW, (8)+

r=1

+€rz-:1 /”h / / LA a(9, X (92))dds)dW, (91))dd+

iy /“h(/ / Ao La(92, X (92))dW, (92))d9:)dd (14.3)

r=1

Here ¢ = X(t), 0, = 0,(t,2), a = a(t,x), L;;,.i; = Liy,..i;(t, b), Ara = Ara(t, z), etc.
Let us rewrite the expression p, by the Ito formula in the form

q q 9
P2 =¢€ Z L%O’,.Ioo,- +e Z LlAranm +e€ E ArLlaIma + ﬁg (144)
r=1 r=1 r=1

where

q q -
ﬁ? = 63 Z(L1L2 + LZLI)arIoor + 55 Z Lgo'rIoor'l'

r=1 r=1
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4233 / . / / " / AL2a,(93, X (95))dWi(93))dd)ddy )dW, (9)+

r=1:=1

ey /”h / ( " / L2, (93, X (85))d0o)dd )iy )W, ()4 6%3" LoAralrot

r=1 r=1

S / . / (f " / " ML Asa(Da, X (92))dWi(95))db)dVW, (9,))do+

r=11=1

s J T / / / L7 Avalda, X(33))dds)dda)aW, (91))do +93 A, Lyalyort

r=1 r=1

+5222 /“" / /‘91( / il La(F3, X (93))dWi(93)) AW, (95))diy )dd+

_1 'l—

Fey /Hh( /t ( /tgl( /t LA La(93, X (93))dds)dW, (93))dd: ) dI (14.5)

r=1

The last integral in the formula (14 1) we rewrite as

/ Hh/ / a(f2, X (92))dd2)dd)dd =

1 1
= L2+ %L1 Lo + LoLy)] ah® + 57 Liah* + Bs (14.6)

where
1

ﬁg = —€4Lgah3

5 LZLz + L2L2 + L1LyLy) +¢ (L1L2 + LyLy Ly + L2 sL1) +

=1

+e°L3) ah® + ¢ i /fh(/f(/fl( A+ L2a(93, X (93))dW, (93))di)dd: )dd+

s /M / /’91 / / A L2a(9s, X(9.)) AW, (91))dBs)d0z)dd: )b+

r=1

+ /Hh / /61 /ﬁz /’9 a(Da, X (94))ds)dd3)dd5)dd; ) dd (14.7)
By (14.1)-(14.7) we obtain

Xw(t+h) —a:-I-EZaTI +ah+EZZZAUTLT+€Z (L1 + €’ Ly)o, Ior+

r=1 r=11i=1 r=1

q q q q

+e Z AraIro + %(Ll + 52L2)ah2 +¢ Z L%JTIOOT +e€ Z Ll Aranro + € Z ATLlaITOO+

r=1 r=1 r=1 r=1

1 1
+5 L2 + €%(L1Ly + LoLy)] ah® + spliak +p (14.8)
where
) 9 9 9
p=e>Y > AN a,Iw +5 (14.9)
r=1 =1 s=1

p=p1+ph2+ps (14.10)
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Thus, in comparison with the ordinary approximation (14.1), which does not take into
account smallness of noises, the main part of (14.8) contains the following new terms
8L%0’,-Ioor, ELlAT(ZIorO, 6A,L1aIr00, [L% + 62(L1L2 + L2L1)] ah3/6 and L?ah“/?ﬁl As it
will turn out below these additional terms do not lead to substantial increasing of
calculation expenses but in the case of small noises essentially increase accuracy of
the method in the sense of product 'h?. So, the peculiar features of the system with
small noises give an opportunity to construct effective and accurate special numerical
methods.
Lemma 14.1 Let us assume that the Lipschitz condition

la(t,2) — a(t, )| + 3 low(t,2) = o (t,9)] < K(z—y) (14.11)

r=1

holds, and the coefficients a, 0., r = 1,...,q, and their partial derivatives up to suffi-
ciently high order belong to the class F. Then

|Ep| < K(2) [1® +€*4%], K(z) € F,

|Ep*| < K(z) [hw +e*ht + 56h3] , K(z) € F,
e|Epl;| < K(z) [e*h* + €'h?], K(z) € F,
2|Epl;| < K(z)e*h®, K(z) € F,
e|EpL| < K(z) [*h® + £*h?|, K(z) € F,
e|Epli,| < K(z) [?h® +£*h°], K(z) € F,
e} |EpL;1}| < K(z) [522;6 + e4h3] , K(z)eF,jl=1,...,r (14.12)

Proof of Lemma 14.1 is similar to the proof of the corresponding lemma in ref.[10]
and is based on the following properties of Ito integrals

EL . ;; =0, if at least one of the indices ix # 0,
EIL,...;; = O(K), if all indices i = 0,
[E(L,...,) ]2 = O(h"), r =1 + 1/2 (14.13)

where [; is the number of zero indices #; and [; is the number of non-zero indices i;
and

E(Iil,-..,im : Ijly---yjl) =0, E(Iilym,im : Ijlw'vjl . ITl,-a-v?‘p) =0 (1414)

if the number of non-zero integers among all indices is the odd number;
E(Liy - I;) =0 “ (14.15)

where s, i, r and j are from the set {1,...,q}.
By Lemma 14.1 we obtain the following lemma.
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Lemma 14.2. If the conditions of Lemma 14.1 are fulfilled, then we have the
inequalities

H H AN < K(z)(h® + '8, i;=1,..,n, s=1,...,5, K(z) € F (14.16)

where A is the zJ—component of the vector A = X, ,(t + h) — z, and A'J s the
i;—component of the vector A = X, ,(t + h) — z, Xio(t+h) = X, o(t + h) — p.

Lemma 14.2 is proved by the following reasons: (1) the inequalities (14.16) for
s = 1 and s = 2 directly follow from (14.12); (2) it is clear that the odd (third and
fifth) moments have not less smallness orders than the first moments, and the fourth
moments have not less smallness order than the second.

The approximation X = X — p [see (14.8)] contains multiple Ito integrals I,; which
cannot be easily simulated. That is why, we shall try to obtain another approximation
X such that the inequalities

E(TIAY -] AY)| < K(2)(B* +€*h?), 3= 1,..un, s =1,...,5, K(z) € F, (14.17)

J=1
A = Xt,x(t + h) — T,

6 y
ET[IAY] < K(z)(h® +€*h®), i;=1,..,n, K(z) €F (14.18)
L

hold, but X contains only sufficiently simple random variables. It is clear that the
inequalities

E(JTAY - T A9)| < K(2)(h® +®), i;=1,..,n, s = 1,...,5, K(z) € F, (14.19)

i=1

follow from Lemma 14.2 and (14.17). As it will turn out below in Theorem 14.1,
the inequalities (14.18), (14.19) are sufficient to estimate error of a one-step weak
approximation.

Now let us construct the approximation X on the base of X in the form

q q q q
X =z +eh!'/? Z o.& + ah + €h Z Z Ao iy + eh®/? Z(Ll + &2Ly)o, [& — pr]+

r=1 r=11=1 r=1

q q q
+6h3/2 Z A,aur—i-%(L1+62L2)ah2+€h5/2 Z L%Ur [éfr - 797‘] +5h5/2 Z LlAra [2797' - NT] +

r=1 r=1 r=1

g 1 1.
+ b2y AcLiafp, — 9] + 5 [Lf +e*(LiLa + L2L1)] ah® + ﬂL?ah" (14.20)

where the random variables &,, &, pr, ¥, are such that the following lemma takes
place.
Let us introduce the notation

—/ W.(9) — W (£))(9 — t)d9

r=1
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and remind that §;; is the Kronecker delta.
Lemma 14.3. Under the conditions of Lemma 14.1 the inequalities (14.18) and
(14.19) hold if the random variables &, &y pr, and 9, satisfy the equalities

E&hM? = EI =0, Etph = ElL, =0, Ep,h*? = EI, = 0,

- E9,h°*? = EG, = 0; (14.21)
E&ié.h = ELL = é,h, E&& 0% = ELL; =0,

Ef,-,ujhz = EITIJ'O = %(5”%2,

p2ife=4,r=s
e P2 T 7. =4 2 5T ’
Eirtjsh” = EL. I, { 0, otherwise,
Etu;h®? = EL,I;, = 0, Ep,p;h® = EL,I;, = éaﬁhi”,
E¢9;R% = ELG; = %&th; (14.22)

Eti€.6;h3 = ELLI; =0, E&iéj,éqh% = ELI;, Iy =0,

2h? if j # sand eitheri=j, r=sori=s, r =
B¢ 6k = ELLL;,={ R ifi=r=j=s,

0, otherwise,
E¢& pu;h? = ELIL I, = 0; (14.23)

h%, if {i,7,j,s} consists

of two pairs of equal numbers,
3h?, ifi=r=j=s,

0, otherwise,

B £i6ah®? = ELLILIy = 0 (14.24)
E&i&,6;6.60°* = ELLLIL =0 (14.25)

Proof. The inequality (14.18) follows obviously from the expression (14.20) because
each term of A = X — z has a smallness order with respect to A which is equal or
greater than 1/2, and the term with order 1/2 is multiplied by e.

The equalities (14.21)-(14.25) have two parts. The right parts, which we need for
construction of the random variables &, &, g, and 9,, are proved in ref.[10]. The
left parts of (14.21) are sufficient to fulfill the inequality (14.17) with s = 1, the left
parts of (14.21)-(14.22) give (14.17) with s = 2, and the left parts of (14.21)-(14.23)
are sufficient for s = 3; (14.21)-(14.24) for s = 4; and (14.21)-(14.25) for s = 5. As
it has been mentioned above, the inequalities (14.19) follow from (14.17) and Lemma
14.2. Lemma 14.3 is proved.

E&6.66h* = ELL LI, =
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14.2. The theorem on estimate of the error of the approximation (14.20)

Theorem 14.1. If the inequalities (14.18), (14.19) and the conditions of Lemma 14.1
are fulfilled, a function f and its partial derivatives up to the sizth order belong to
the class F, and the random variables ., &iry pr and ¥, have sufficiently high finite
moments then for X of (14.20), we have '

|[Ef(X)— Ef(X)| < K(z)(h® +¢*h®), K(z) €F (14.26)

Proof. The proof is similar to the proof of the corresponding theorem on one-step
approximation for a general system, i.e., ¢ = 1, with one-step weak accuracy order 3
[10].

In the same way as (14.18) has been proved in Lemma 14.3, we obtain

6 N
ET[ 1A% < K(z)(h® +&*h®), ij=1,..,n, K(z) € F (14.27)

i=1

Let us expand f(z) in powers of A’ = X' — g’ about the point z by the Taylor
formula with the Larangian remainder containing sixth-order terms. Analogously, let
us expand f(X) in powers of Ai = X — 2. Then by the inequalities (14.18), (14.19)
and (14.27) we obtain (14.26). Theorem 14.1 is proved.

14.3. Simulation of the needed random variables

Now we shall form the random variables &;, pi, &;, and 9;, 1,5 = 1,...,q, so that the
expressions (14.21)-(14.25) hold. We propose the following two ways.
The first way [9], [10]. Let us present the random variables &;, u;, &; and 3; in the
form
1 1 —-1, 1 < 7, 1

pi = 5&‘*‘7—1—2-(1'7 Gij = %(fi‘fj — 3504, ¥ ={ 11>y o li=gh (1428)

where the random variables &; and (; have all needed moments.
Lemma 14.4. If the independent random variables & and (; of (14.28) have the
properties

E&; =EE=FE =0, E¢=1, Bt} =3 (14.29)

and

| E(;=E@=0, E¢}=E(! =1 (14.30)
then the expressions (14.21)-(14.25) hold.

The random variables, which satisfy Lemma 14.4, can be simulated as

(14.31)

BN =

P(E=0)=2, PE=—VB) = P(E=VA) =, P(=1)=P((=-1) =

The second way [18]. Let us present the random variables ;, pi, &; and 9J; in the
form . . oy
pi = g€t & = 566 = Gy), =36 (14.32)

where the random variables ¢;, 7;, and (;; have all needed moments.
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Lemma 14.5. If the random variables &;, n;, and (;; of (14.32) satisfy expressions
(14.29) and
Eyi=0, Brl =5, By =0, BGG =1, i 5, (14.33)

Gi=—Gi, 1 #J, Ga=1 (14.34)

where the random variables &;, ni, and (i;, ¢ < j, are independent then the expressions
(14.21)-(14.25) hold.

One of the simplest ways to satisfy (14.29), (14.33) is to simulate the random
variables so as

Pe=0)=2, Pe=—V)= Pl = V)= ¢,

1 1 1
P(U-—--E):P(TI:E):?
P(Gi=1)= PG = 1) =5, i <] (14.35)

Proofs of both lemmas consist in direct checking of the expressions (14.21)-(14.25)
and are distinguished from the proof of the corresponding lemma of ref.[10] in a small
way. ,

The first way requires to simulate 2r independent random variables at one step, and
the second way requires r(r + 3)/2 independent random variables at one step. That is
why, under large r the first way is preferable.

As a result we obtain the following theorem.

Theorem 14.2. Let us assume that the conditions of Lemma 14.1 hold and function
f has the appropriate properties (see Theorem 14.1). Then the one-step approzimation

q 9 49 q
X(t+h)=z+eh?Y 0.6 +ah+eh Y)Y Niovbin +eh®? > (L1 +€2La)or (&, — o)+

r=1 r=11i=1 r=1

q 1 d
4P S Attt + 5L+ € Ea)al + 5eb YolLo, + Laa+ A Lyalé +

r=1 r=1

+ -é— [L% + 62(L1L2 + L2L1)] ah3 + -Q'%Li)ah‘i (1436)

where the random variables &, &, and p, are simulated according to either (14.28),

(14.81) or (14.82), (14.34), (14.35), has the error

|Ef(X) — Ef(X)| < K(z)(h* + &%), K(z) € F

From Theorem 14.2 and Theorem 3.1 it follows that the method, which is based on the
one-step approximation (14.36), has the error estimated by O(h* + £*h?) on the whole
interval.

15. Appendix. Derivation of the error estimate for the Runge-
Kutta method (5.14)

In connection with the semi-Runge-Kutta method (5.14) let us consider the one-step
approximation X = X(t + h) of the exact solution X (¢ + h) with the initial value
X(t) = X(t) = z and introduce the notation

A=Xt+h =z, A=X-2,A=X-2
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where X is the one-step approximation corresponding to the Taylor-type method (4.16).
We shall prove the inequalities

E(IAY - [[AY)| < K(h®* +6*h3), i5=1,.,n, s=1,..,5 ~  (15.1)
L iU
E H |A7] < K(h® + e2h3) ij=1,..,n (15.2)
J=1

because by these inequalities it is easy to obtain the error of the method (5.14).

* Indeed, the one-step approximation X can be estimated in the same way as the
one-step error of the approximation (14.36) has been obtained in Section 14. So, for
the approximation X we can derive

E(JTAY = [J AY)| < K(B® +€2h%), 45 =1,...,n, s =1,..,5 (15.3)

i=1

Then, as it has been done in Section 2, from (15.1)-(15.3) we obtain the estimate of
one-step error of the approximation X in the form

IEF(X(t+h)) — EF(X(t+ h))| < K (kS + €?h?) (15.4)

From (15.4) and Theorem 3.1 it follows that the semi-Runge-Kutta method (5.14) has
the error on the whole interval estimated as

|Ef(X(t:)) = Ef(Xe)| < K(h* +€%h?) (15.5)

for any N and k£ =0,1,..., V.

Now let us prove the 1nequaht1es (15.1) and (15.2). The inequalities (15.2) evidently
follow from the form of the one-step approximation X by reasoning similar to proving
of the inequalities (14.18) in Lemma 14.3. :

To prove (15.1) let us expand the terms of X in powers of A at the point (¢, :z:) For
the first term we have :

¢

Jo, &,

eh?(o.(t,z) + or(t + R, m))—Q— = chio, +eh? 5 2 + p1, (15.6)
where 52 f
5 GrGr
P, = eh? o2 4 0(6]7’ )6

It is clear that p,, has the properties
Ep,, =0, r=1,..,q
|Ep1,p1,| < Ke®R®, rys=1,...,q
ehi|Epy &) < Keh®, rys=1,...,q | v (15.7)
The term

2 g
B= %—h {b(t,w) +b(t+h,z +ch? > o0&+ h(a+ ezb))}

i=1
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is expanded as

B=—2@{2b+h%’+shzZZa§Jaz Z(a+52b)§é+

J=11=1 1=1

+TZZ.§:§:" éjésaaab ,}+A+O( ) (15.8)

Here A contains terms like Ajye®h3¢;¢;€1, A;e3h3€;, where Ajy and A; are constants
containing a, b, o, and their derivatives at the point (¢, z).
Let us remain the mean value

in the braces of (15.8) instead of the term 1 Y0, 29, % Y, oioléié 52y 81“82:1 Then
the expression (15.8) is rewritten as

2
B = 2h {26+h%b-+eh ZZ ’fja +h2 a + ¢*b) 5%+52th6}+,02 (15.9)
j=11=1

where

2h €2h q9 9 n n
pr =54 —€’hLb+ TZZZZwma a, +A+0(*h%)

j=1s=11=1 =1

For the remainder p; we have
‘EPQI S 1{52]2'37

|Ep3] < K(e'h® +€%hY),
eh?|Epatm| < Ke*h®, m =1, ..., 4,
e2h|Epobm,| < K(e*h* + %R, m,r =1,..., ¢,
eXh|Epabn&s| < K(e*h* +%h%), myr=1,...,4¢,
|Ep1.p2] < Ke*h®, r=1,....q (15.10)
For k;, i = 1,..., 4, of (5.13) we have

1 1 1 1
E(kl + 2k2 + 2k3 + k4) = ha + §h2L1a + ghBLia + —22’14_[1?(1-!-

+ = ghz Z Za‘ﬁr—— +5 2h2 Zb‘ + leZhZLza + p3 (15.11)

r=11=1 =1
where

q q9 n n
= ——52h2L a+e’h?) Zzzawgr@ 18 s +A+ O + elr®)  (15.12)

r=1s=1 i=1 j=1
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The expression A of (15.12) contains 53h%Arsj§r§5§j, sh%Arﬁr, where A,;;, and A, are
constants containing a, b, o, and their derivatives at the point (¢, z).
The remainder ps has the properties

|Eps| < K(R® + €%h%),
|Ep2| < K(R' 4+ &2h® + *h?),
eh?|Epsén| < Ke?h®, m=1,...,q,
2h|Epsbmr| < Ke*h®, m,r=1,....q,
e2h|Epstnt.| < Ke*h®, m,r =1,..,q,
|Epspr,| < Ke?h®, r=1,...,q,

|Epapz| < K(e*h® +€°h*) (15.13)

From (15.6), (15.9), (15.11) and from the forms of the one-step approximations X and
X we have

_ . q
A-A=3 p,+p+ps (15.14)

r=1

Then from (15.7), (15.10), (15.11), (15.13) and (15.14) we obtain (15.1).

16. Appendix. Proof of Theorem 10.1
Let us introduce the notation
u®(s,z) = Ef(X;,(T))

and note that
us(s,z) = u’(s,z) + e*ul(s, z;¢€) (16.1)

Similarly to the formula (13.6) we obtain

R=Ef(X(T))— Ef(X*(T)) = Ef(X*(Tn)) — Ef(X¥) =

N-1
= Z {Eu(ti.,.l, XZ’Xi(tH-l)) - EU(ti.{.l, XZ,Xi(ti-f-l))} =

1=0

N-1
=E Y E(u(tin, X; g, (ti1)) — u(tivr, X5, 5, (ti41))1X7) (16.2)

1=0

From ref.[10] we have

Eu(t+ hy Xy z(t+ h)) =u+hLu+ %hzﬁu + %h3L3u + O(h*)

and taking into account that L = Ly + €21, we write

Eu(t+h, X 2(t+ 1)) = u+h(Ly +€2Lo)u+ % hA(Ly+e2L,) u+ éhSqu +O(h*+€2R%)
(16.3)
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At one step the method (4.1) has the form
X=z+eh? Z orér + h(a+€%) + = h2L1a (16.4)
r=1 '
Expanding Eu(t + h, X; -(t + b)) by Taylor formula in powers of A, we obtain

Eu(t+h, Xt,x(t-*-h)) = u+h(L1+52f/2)u+%th%u+€2th2+€4h2A3+h3A1+O(h4+52hg)

(16.5)
where
1 & Ly ; O%u 103u1"““ij, Pu
= 22( ! )ata ,+2 ;;a S r 68t3+61=1§,=1aa 921027021
LI 2u 1 EREEA K F3u
— % Lo - t gl
Az ;b Btoz ngzlb it QTZIEJ;;"T"T“ 00z 0a |
1 q n n 3
+2;;;"T T rT
n i 0*u 1 L& in Pu R
;Jz:lb Ozidzi + ETZ:;;J:”:ZIU 7 S iowita aw’amiazl
-l-iig:iiii 010‘ 'u (166)
24 et < UJ $7% 0z2t0zi0x! 0™ '

1=1j5=11=1 m=1

=1
All coefficients in (16.5) and (16.6) are calculated at (¢,z) and depend on €. By (16. 3)
and 16.5) we have

Eu(t+h, Xiz(t+h))— Eu(t+h, X, (t+h)) = e?h® By +c*h* B3 + h* B; + O(h* + £%h°)

(16.7)
where
1, 1. . 1. 1.,
Bl = ngu - Al, B2 = §L1L2’U, + §L2L1U - Ag, Bg = 5[12'& - A3 (168)
Substituting the conditional variant of (16.7) in (16.2) we obtain
N-1 _ . _ o _
R=EY" {Bg(e;ti,Xf)szhz + Bs(e;ti, XF)e*h? + B (e; t,~,X§)h3} + O(h® + €%h?)
i=0
(16.9)
Let us for each j = 1,2,3 consider the (n + 1)—dimensional system
g
dX = (a+%)dt + > ordW,, X(t,) =X
r=1
dY = Bjdt, Y(t,)=0 (16.10)
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where the first n equations are the original ones (see (3.1)) and the last equation
describes Y. :
Solving the system (16.10) by the method (4.1) we obtain

N-1 |
> [Bj(5§ ti, XE)h + %LlBj(E; ty Xf)hz]} i

1=0

E/tT Bj(e;9, X°(9))dd = EY(T) = E{

N-1
+O(h2 + €2h) =F Z Bj(e;t,-, Xf)h + O(h)

1=0

Therefore Mot
. _ T
E Y Bj(e;ti, Xf)h = E/ B;(e; 9, X*(9))dd + O(h) (16.11)
=0 to . '

Substituting (16.11) in (16.9) we obtain
R = Ci(e)h® + Ca(e)e®h + O(h® + €*h?) (16.12)
where

Ci(e) = E [ Bile; 9, X*(8))do,

to
T T .
Cale) = B | Balesd, X*(9))d0 +*E /t Bs(e; 9, X(9))dd (16.13)

The coefficients C;(¢) do not depend on time-increment & but depend on ¢ (see (16.1))
as

Ci(e) = C? + O(e%) (16.14)
Theorem 10.1 is proved.
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