Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

A complete-damage problem at small strains

Guy Bouchitté^1, Alexander Mielke^{2,3} and Tomáš Roubíček^{4,5}

1 Départemant de Mathématiques, Université du Sud Toulon-Var, BP 132, F-83957 La Garde Cedex, France, E-Mail: bouchitte@univ-tln.fr 2 Weierstraß-Institut für Angewandte Analysis und Stochastik, Mohrenstraße 39, 10117 Berlin, Germany, E-Mail: mielke@wias-berlin.de 3 Institut für Mathematik, Humboldt-Universität zu Berlin,

Rudower Chaussee 25, 12489 Berlin-Adlershof, Germany 4 Mathematical Institute, Charles University, Sokolovská 83, CZ–18 675 Praha 8, Czech Republic, E-Mail: roubicek@karlin.mff.cuni.cz 5 Institute of Information Theory and Automation, Academy of Sciences, Pod vodárenskou věží 4, CZ–18208 Praha 8, Czech Republic

submitted: 30th May 2007

No. 1228 Berlin 2007

W I A S

2000 Mathematics Subject Classification. 35K65, 35K85, 49S05, 74C05, 74R05. Key words and phrases. Inelastic damage; small strain; variational inequality; energetic formulation.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

The complete damage of a linearly-responding material that can thus completely disintegrate is addressed at small strains under time-varying Dirichlet boundary conditions as a rate-independent evolution problem in multidimensional situations. The stored energy involves the gradient of the damage variable. This variable as well as the stress and energies are shown to be well defined even under complete damage, in contrast to displacement and strain. Existence of an energetic solution is proved, in particular, by detailed investigating the Γ-limit of the stored energy and its dependence on boundary conditions. Eventually, the theory is illustrated on a one-dimensional example.

1 Introduction

Damage, as a special sort of inelastic response of solid materials, results from microstructural changes under mechanical load. important relevance in applications and routine computational simulations using various models are performed, although mostly without being supported by rigorous mathematical and numerical analysis. This convincingly indicates the mathematical non-triviality of the damage problem.

We will consider damage as a rate-independent process by neglecting all rate dependent processes like viscosity and inertia, This is often, although not always, an appropriate concept and has applications in a variety of industrially important materials, especially to concrete [13, 16, 33], filled polymers [10], or filled rubbers [18, 24, 25]. Being rate-independent, it is necessarily an activated process, i.e. to trigger a damage the mechanical stress must achieve a certain activation threshold. The mathematical difficulty is reflected that only local-in-time existence for a simplified scalar model or for a rate-dependent 0- or 1-dimensional model has been recently performed in [2, 9, 14, 15]. The 3-dimensional situation was investigated in [27, 28, 11] with the focus to incomplete damage. The main focus of this paper is on complete damage, i.e. the material can completely disintegrate and its displacement completely loses any sense on such regions. The related mathematical troubles are immediately expected and specific mathematical techniques urgently needed.

We consider a nonhomogeneous anisotropic material but confine ourselves to a materials with linear elastic response and an isotropic damage using only one scalar damage parameter under small strains (as in [1, 2, 13, 17]) and the gradient-of-damage theory [8, 13, 16, 17, 22, 23, 34] expressing a certain nonlocality in the sense that damage of a particular spot is to some extent influenced by its surrounding, leading to possible hardening or softening-like effects, and introducing a certain internal length scale eventually preventing damage microstructure development. From the mathematical viewpoint, the damage gradient has a compactifying character and opens possibilities for the successful analysis of the model. Anyhow, some investigations are still possible without gradient of damage, as shown in [11] for incomplete damage, leading to a possible microstructure in the damage profile.

To present a relevant formulation of the rate-independent evolution of the damage, in Section 2 we first scrutinize the static problem with a prescribed damage profile under a prescribed boundary condition. Then, in Section 3, the energetic solution to the evolution problem is formulated in terms of the damage profile and stress (or, equivalently, of the shape of completely damaged part and the strain in the rest) and its existence is proved with help of results from [26, 27, 28]. Eventually, an illustrative one-dimensional example is presented in some detail in Section 4.

2 Static problem and its perturbation analysis

We consider a bounded Lipschitz domain Ω ⊂ R^d, an open nonempty part Γ ⊂ ∂Ω of its boundary ∂Ω on which we prescribe the Dirichlet boundary condition w ∈ W^{1/2,2}(Γ; R^d). We use the standard notation W^{k,p} for Sobolev or Sobolev- Slobodetskiĭ spaces whose p-power of the k-order derivatives is integrable, allowing for k > 0 non-integer. Further, we will consider ζ ∈ W^{1,r}(Ω) valued in [0, 1] as a scalar damage parameter assumed prescribed in this section but later, in Sections 3 and 4, it will evolve in time. The meaning of ζ is the portion of the undamaged material, i.e. ζ(x) = 1 means that the material is completely undamaged at the current point x ∈ Ω while ζ(x) = 0 means just the opposite, i.e. complete damage at x. Let us abbreviate the set of admissible damage profiles

Z := � ζ ∈W^{1,r}(Ω); ζ(·) ∈ [0, 1] a.e. on Ω � (2.1)

and denote the set of the complete damage by

N_ζ := � x∈Ω; ζ(x) = 0 � , (2.2)

then u : Ω\N_ζ → R^d will denote a displacement. Naturally, we do not consider u defined on the damaged part N_ζ where the material is completely disintegrated.

Our aim is to investigate a minimization problem that can be formally written as

minimize V_0(u, ζ) := � Ω ζ(x)φ � x, [e(u)](x) � + κ(x) r |∇ζ(x)|^r dx

subject to u is a displacement such that u|_Γ = w.

� � � (2.3)

where κ : Ω → R is a so-called factor of influence of damage and φ : Ω × R^{d×d}_{sym} → R is a Carathéodory function such that φ(x, ·) : R^{d×d}_{sym} → R is a quadratic coercive form on the set of the symmetric (d × d)-matrices R^{d×d}_{sym} describing the elastic stored energy, say

φ(e) = 1 2 d� i,j,k,l=1

C_{ijkl}(x)e_{ij} e_{kl}, (2.4)

and where, as usual in linear elasticity (where small deformations are assumed), e(u) denotes the linearized strain tensor, called the small-strain tensor:

e(u) = 1 2 (∇u)^⊤ + 1 2 ∇u. (2.5)

The 4-th order tensor C(x) of elastic moduli satisfies the usual symmetries, uniform positive-definiteness and boundedness:

∀(a.a.) x∈Ω : C_{ijkl}(x) = C_{jikl}(x) = C_{klij}(x), (2.6a)

∃η > 0 ∀(a.a.) x∈Ω ∀e ∈ R^{d×d}_{sym} : d� i,j,k,l=1

C_{ijkl}(x)e_{ij} e_{kl} ≥ η|e|^2, (2.6b)

C_{ijkl} ∈ L^∞(Ω). (2.6c)

The term^1_r κ(x)|∇ζ(x)|^r models a certain nonlocality as mentioned in Sect. 1 and is quite often used in literature [8, 13, 16, 17, 22, 23]. The scalar coefficient κ determines a certain length-scale of the possible fine structure that might develop in a damage profile and, in accord with the adopted nonhomogeneous-material concept, is assumed possibly x-dependent and to satisfy

κ ∈ L^∞(Ω), ess inf_{x∈Ω} κ(x) > 0. (2.7)

In particular, for the usage in Sect. 3, we are interested in a certain stability of this problem with respect to perturbations of the damage profile ζ with respect to the weak W^{1,r}(Ω)-topology. Here, in accord with [27], we consider r > d. Then N_ζ from (2.2) is closed in Ω since ζ ∈ W^{1,r}(Ω) ⊂ C(Ω̄) with r > d. Let us remark that the theory of incomplete damage was alternatively developed also for ζ ∈ W^{α,2}(Ω) with α > 0 in [28] but it is not obvious how it would be transferred to complete damage because, in the following consideration, we will heavily rely on the compact embedding ζ ∈ W^{1,r}(Ω) ⊂ C(Ω̄).

Let us agree that occasionally we will omit the explicit x-dependence of φ for brevity.

2.1 Regularized problem

The mentioned essential trouble with (2.3) is that the displacement u has no obvious meaning on the completely damaged part N_ζ , which is why (2.3) must be considered only formally, as said above. For the purpose of further analysis based on the results from [27, Sect.4] and, perhaps even more importantly, for a conceptual numerical strategies (see Remark 3.10 below), it is relevant to investigate limit behavior (for ε → 0+) of a regularized problem

minimize V_ε(u, ζ) := � Ω � ζ(x)+ε � φ � x, [e(u)](x) � + κ(x) r |∇ζ(x)|^r dx

subject to u ∈ W^{1,2}(Ω; R^d), u|_Γ = w.

� � � (2.8)

Obviously, V_0 from (2.3) is just V_ε for ε = 0. For ε ≥ 0, let us define

G_ε(u, ζ) := � V_ε(u, ζ) if u|_Γ = w and ζ ∈ Z, +∞ elsewhere, (2.9)

where Z is from (2.1). The theory for complete damage developed in [27, Sect.4] relies on a substantial stored energy defined, for a given damage profile ζ and a hard-device loading w, as the Γ-limit of the sequence {g_ε}_{ε>0} (considering only a countable number of ε converging to 0) where

g_ε(ζ) := min

u∈W^{1,2}(Ω;R^d)

G_ε(u, ζ). (2.10)

Let us note that the minimum in (2.10) is attained by the standard coercivity arguments.

Thanks to the regularization term � Ω κ r |∇ζ|^r dx, the relevant topology used for the damage variable ζ will be the weak topology of W^{1,r}(Ω). It is important for the subsequent analysis that we assumed r > d so that the weak convergence of a sequence {ζ_ε} (denoted as usual by ζ_ε ⇀ ζ) implies the uniform convergence as continuous functions on Ω.

Recall now that the sequence {g_ε}_{ε>0} is said to be sequentially Γ-convergent to g for the weak topology of W^{1,r}(Ω) if the following properties hold: (i) lower bound: for every sequence {ζ_ε}_{ε>0} converging weakly to ζ ∈ Z, we have:

lim inf_{ε→0} g_ε(ζ_ε) ≥ g(ζ). (2.11)

(ii) recovering sequence: for every ζ ∈ Z there exists a sequence {ζ_ε}_{ε>0} ⊂ Z converging to ζ such that lim sup ε→0 g_ε(ζ_ε) ≤ g(ζ). (2.12)

When properties (i) and (ii) are satisfied, we write g = Γ- lim_{ε→0} g_ε. In our case the sequence {g_ε}_{ε>0} is monotone and the existence of a Γ-limit is guaranteed by the following lemma:

Lemma 2.1 (See [6].) Assume that g_ε is nonincreasing with respect to ε and let g_0(ζ) := inf_{ε>0} g_ε(ζ). Then {g_ε}_{ε>0} does Γ-converge to the lower semicontinuous envelope of g_0 with respect to the weak topology on W^{1,r}(Ω).

In our case, the computation of g_0 is quite easy: by using (2.10) and by switching the infimum in ε with the infimum in u, one has

g_0(ζ) = inf_{ε>0} inf_{u∈W 1,2(Ω)} G_ε(u, ζ) = inf_{u∈W 1,2(Ω)} inf_{ε>0} G_ε(u, ζ) = inf_{u∈W 1,2(Ω)} G_0(u, ζ) . (2.13)

As a consequence of Lemma 2.1, g_0 will be the Γ-limit we are looking for provided g_0 given above enjoys the lower semicontinuity property. Unfortunately, as shown in Section 2.2, this property fails and the determination of g is a more involved problem which we are going to solve later, see Proposition 2.10.

Also note that g is always bounded from below because we do not consider any external dead loading like gravity force; obviously, we always have g ≥ 0. In fact, due to the regularization term � Ω κ r |∇ζ|^r dx and (2.7), we have even the coercivity g(ζ) ≥ (ess inf^κ_r )‖∇ζ‖^r_{Lr(Ω;Rd)} and therefore the sequential Γ-limit g is weakly lower semicontinuous.

Remark 2.2 (Mosco convergence.) In fact, later in the proof of (3.21) we will show even strong convergence of recovery sequences. This allows for replacing the weak topology in (ii) by the strong one, which means that the convergence of g_ε to g in the sense of U. Mosco [32].

2.2 A 1-dimensional counterexample

Let us show a 1-dimensional example of a failure of weak lower-semicontinuity of g_0. Being inspired by [3, Example 3], let us consider d = 1, the interval Ω := (−1, 1), the Dirichlet condition w prescribed on Γ := {−1, 1} as w(x) := x, φ(e) =^1_2 |e|^2, and the damage profile

ζ(x) := � �x � �^α with 1 − 1 r < α < 1. (2.14)

Direct calculations easily shows that ζ ∈ W^{1,r}(Ω). Then we consider the sequence {ζ_n}_{n∈N} of

ζ_n(x) := � max � 0, |x| − 1 n �α . (2.15)

Obviously ζ_n → ζ for n → ∞ even in the norm topology of W^{1,r}(Ω). Moreover, g_0(ζ_n) = 0 because obviously g_0(ζ_n) = G_0(u_n, ζ_n) = 0 for the piecewise affine displacement profile

u_n(x) := � � � −1 for −1 ≤ x ≤ −^1_n , nx for −^1_n < x <^1_n , 1 for^1_n ≤ x ≤ 1.

(2.16)

Therefore g(ζ) = 0 because

0 ≤ g(ζ) ≤ lim inf_{n→∞} G_0(u_n, ζ_n) = lim_{n→∞} 0 = 0. (2.17)

On the other hand, we will show that inf_{u∈W} 1,2_{(Ω;R}d_) G_0(u, ζ) > 0. Since α < 1, ‖ | · |^{−α}‖_L1_{(Ω)} = 2/(1 − α) and, in particular, 1/ζ : x → |x|^{−α} ∈ L^1(Ω). We realize that in our 1-dimensional case we have^d_{dx} u = e(u) and, by Young’s inequality, the estimate � � � du dx � � �_{L1(Ω)} = sup

‖v‖_L∞_{(Ω)}≤1 � Ω du dx v dx

≤ sup

‖v‖_L∞_{(Ω)}≤1 � Ω ζ 2 � � � du dx � � �^2 +

|v|^2 2ζ dx ≤ � Ω ζφ(e(u)) dx + 1 2 � � � 1 ζ � � �_{L1(Ω)}. (2.18)

This shows that each set of u’s that has a bounded energy is inevitably bounded in W^{1,1}(Ω). Note that both subintervals (−1, 0) and (0, 1) which a.e. cover Ω = (−1, 1), are connected with Γ where the boundary conditions are fixed so that the boundedness of u’s in L^∞(Ω) is also granted. In particular, it holds for a minimizing sequence {u_n}_{n∈N} for G_0(·, ζ). Hence it contains a subsequence converging weakly* in BV(Ω), the space of bounded-variation functions, to some limit u. In particular, d dx u_n^∗⇀ Du in the space of measures on [−1, 1]. Let us consider a weighted Lebesgue space L^2_μ(Ω) := {v; � Ω μ|v|^2 dx < +∞} with μ ∈ L^1(Ω) fixed; this is a Hilbert space which we identify standardly with its dual. Replacing both L^1(Ω) and L^∞(Ω) in (2.18) by L^2_μ(Ω) shows that {^d_{dx} u_n}_{n∈N} is bounded also in L^2_μ(Ω) if the weight μ is taken 1/ζ. Note that such μ is absolutely continuous with respect to the Lebesgue measure. Hence the subsequence {^d_{dx} u_n}_{n∈N} converges also in L^2_μ(Ω), hence Du ∈ L^2_μ(Ω). In particular, Du is absolutely continuous with respect to μ, and thus also with respect to the Lebesgue measure. This, however, shows that

g_0(ζ) := inf

u∈W^{1,2}(Ω;R^d)

G_0(u, ζ) = lim_{n→∞} G_0(u_n, ζ), = G_0(u, ζ) > 0 (2.19)

because G_0(u, ζ) = 0 would be possible only for u constant on (−1, 0) (being equal to −1) and on (0, 1) (being equal to 1). Yet, such u has its gradient 2δ_0, with δ_0 denoting the Dirac measure at 0, which is not absolutely continuous.

Corollary 2.3 For the scalar situation and Ω, φ, and ζ from the above example, it holds g(ζ) < inf_{u∈W} 1,2_{(Ω;R}d_) G_0(u, ζ).

Proof. Just use (2.17) and (2.19). �

In fact, the above Corollary 2.3 just gives the counterexample for the (thus wrong) conjecture in [27, Remark 4.1].

2.3 Realizable strain, stress and energy

The important question is the behavior of the stress

σ_ε = (ζ_ε + ε)φ^′_e(e(u_ε)) = (ζ_ε + ε)Ce(u_ε), (2.20)

where u_ε is the minimizer of G_ε(·, ζ_ε) as well as the corresponding strain e(u_ε) and the energy G_ε(·, ζ_ε) itself, when ζ_ε approaches ζ weakly in W^{1,r}(Ω) and ε → 0+. We will denote such sort of limit objects by the adjective “realizable”. For this, let us first define (possibly nonuniquely) a realizable strain e. Let us define standardly

L^2_{loc}(Ω\N_ζ ; R^d) := � u : Ω\N_ζ → R^d; ∀A ⊂ Ω\N_ζ open, cl(A) ∩ N_ζ = ∅ : u|_A ∈ L^2(A; R^d) � . (2.21)

Lemma 2.4 (Realizable strains.) The sequence {e(u_ε)}_{ε>0} is bounded in L^2_{loc}(Ω\N_ζ ; R^{d×d}_{sym} ) and there is e ∈ L^2_{loc}(Ω\N_ζ ; R^{d×d}_{sym}) and a subsequence such that e(u_ε) ⇀ e weakly in L^2_{loc}(Ω\N_ζ ; R^{d×d}_{sym}), i.e. e(u_ε)|_A ⇀ e|_A weakly in L^2(A; R^{d×d}_{sym} ) for any A ⊂ Ω\N_ζ as in (2.21).

Proof. Let N_ζ ≠ Ω, otherwise the statement is trivial. Without loss of generality, we can assume A’s in (2.21) to be organized into an increasing sequence whose union is just Ω\N_ζ . As ζ_ε → ζ in C(Ω̄), for any A_j from this sequence there is δ_{Aj} > 0 and ε_0 > 0 such that ζ_ε + ε ≥ δ_{Aj} provided ε ≤ ε_0. Then, for ε ≤ ε_0, � A_j

φ(e(u_ε)) dx ≤ 1 δ_{Aj} � A_j

(ζ_ε + ε)φ(e(u_ε)) dx ≤ 1 δ_{Aj} � Ω (ζ_ε + ε)φ(e(u_ε)) dx =

G_ε(u_ε, ζ_ε) δ_{Aj}

, (2.22)

which is bounded uniformly with respect to ε > 0. By the assumed coercivity of φ, we have e(u_ε) bounded in L^2(A_j; R^{d×d}_{sym} ). Then we can select a subsequence of ε’s such that {e(u_ε)|_{Aj} } converges weakly in L^2(A_j ; R^{d×d}_{sym}) if ε → 0 to some limit, let us denote it by e_{Aj} . Then we can take A_{j+1} and select further subsequence from this already selected one. This will keep the convergence of {e(u_ε)|_{Aj} } and gives some e_{Aj+1} as a weak limit of the sub-subsequence {e(u_ε)|_{Aj+1} }. Of course, e_{Aj+1} |_{Aj} = e_{Aj} . Inflating A_j’s by passing j → ∞ gives by the diagonalization procedure a subsequence of {e(u_ε)}_{ε>0} and e defined a.e. on Ω\N_ζ by e|_{Aj} := e_{Aj} with the claimed properties. �

The following assertion introduces and characterizes a realizable stress s provided e is constructed by Lemma 2.4.

Proposition 2.5 (Realizable stress.) The sequence {σ_ε}_{ε>0} is bounded in L^2(Ω; R^{d×d}_{sym} ), and each subsequence selected in Lemma 2.4 converges weakly to a realizable stress s that satisfies s = � ζφ^′_e(e) on Ω\N_ζ , 0 on N_ζ .

(2.23)

Moreover, this convergence is even strong on N_ζ .

Proof. It has already been observed in [27, Formula (4.11)] that {σ_ε}_{ε>0} is bounded in L^2(Ω; R^{d×d}_{sym} ). Indeed, using the property of the quadratic form φ

∃C_φ < +∞ ∀e ∈ R^{d×d}_{sym} : |φ^′_e(e)|^2 = φ^′_e(e) : φ^′_e(e) ≤ C_φφ(e), (2.24)

we obtain

lim sup ε→0 � �σ_ε � �^2_{L2(Ω;Rd×dsym )} = lim sup ε→0 � Ω (ζ_ε + ε)^2|φ^′_e(e(u_ε))|^2 dx

≤ lim sup_{ε→0} � ‖ζ_ε‖_L∞_{(Ω)} + ε � � Ω (ζ_ε + ε)|φ^′_e(e(u_ε))|^2 dx

≤ lim sup_{ε→0} � ‖ζ_ε‖_L∞_{(Ω)} + ε � C_φ � Ω (ζ_ε + ε)φ(e(u_ε)) dx

= ‖ζ‖_L∞_{(Ω)}C_φ lim sup_{ε→0} � Ω (ζ_ε + ε)φ(e(u_ε)) dx < +∞. (2.25)

Hence we can consider a subsequence and a limit realizable stress s such that σ_ε ⇀ s in L^2(Ω; R^{d×d}_{sym} ).

Having ζ_ε → ζ weakly in W^{1,r}(Ω), hence strongly in L^∞(Ω), and e(u_ε)|_A ⇀ e|_A (a subsequence) in L^2(A; R^{d×d}_{sym} ) for each A as in (2.21), we can just pass to the limit in (2.20) to get the equality s = ζφ^′_e(e) on A. For this, we used that φ^′_e in (2.20) is linear. Inflating A yields this equality on the whole Ω\N_ζ in the sense of L^2_{loc}(Ω\N_ζ ; R^{d×d}_{sym} ) and thus also L^2(Ω\N_ζ ; R^{d×d}_{sym}) because s ∈ L^2(Ω; R^{d×d}_{sym} ). On the other hand, s = 0 on N_ζ because ζ_ε → 0 in L^∞(N_ζ ) and, similarly as in (2.25), we can estimate � �σ_ε � �^2_{L2(Nζ ;Rd×dsym )} ≤ � sup_{Nζ} ζ_ε + ε � � � �

converges to 0

C_φ � N_ζ

(ζ_ε + ε)φ(e(u_ε)) dx � � �

remains bounded for ε → 0

−→ 0. (2.26)

Hence we have the complete formula (2.23) for the realizable stress. As we identified the limit by means of e constructed by a subsequence selected for Lemma 2.4, we do not need to select a further subsequence here. �

In view of (2.4), we obtained

s_{ij} = � ζ �_d

k,l=1 Cijklekl on Ω\Nζ ,

0 on N_ζ .

(2.27)

The further important quantity is the realizable energy density E describing the limit behavior of the specific stored energy E_ε := (ζ_ε + ε)φ(e(u_ε)) related to the unique minimizer u_ε of the regularized problem G_ε(·, ζ_ε). Let us also note that u_ε is the minimizer of G_ε(·, ζ_ε) satisfies the Euler-Lagrange equation, i.e. in the weak form,

∀v ∈ W^{1,2}(Ω; R^d), v|_Γ = 0 : � Ω (ζ_ε + ε)φ^′_e(e(u_ε)) : e(v) dx = 0. (2.28)

Considering u_D is a continuation of the Dirichlet boundary data w onto Ω, using v = u_ε − u_D in (2.28) and realizing also (2.4) and (2.20) then yield the formula for the total energy � Ω E_ε(x) dx = � Ω (ζ_ε + ε)φ(e(u_ε)) dx = 1 2 � Ω (ζ_ε + ε)φ^′_e(e(u_ε)) : e(u_ε) dx = 1 2 � Ω (ζ_ε + ε)φ^′_e(e(u_ε)):e(u_D ) dx = 1 2 � Ω σ_ε :e(u_D ) dx. (2.29)

Proposition 2.6 (Realizable energy.) The sequence {E_ε}_{ε>0} is bounded in L^1(Ω), and thus, as a subsequence, converges weakly* to a realizable energy density, let us denote it by E. This density is a measure on Ω̄ such that lim_{ε→0} G_ε(u_ε, ζ_ε) = lim_{ε→0} � Ω E_ε(x) dx =

�_¯ Ω E(dx). In particular, it holds for the subsequence selected already in Lemma 2.4 and then, for e from Lemma 2.4 and s from (2.27), it holds � Ω̄ E(dx) = 1 2 � Ω s:e(u_D ) dx = � Ω\N_ζ ζ d� k,l=1

C_{ijkl}e_{kl} :e(u_D ) dx, (2.30)

where u_D ∈ W^{1,2}(Ω; R^d) is an (arbitrary) continuation of w onto Ω.

Proof. It just suffices to apply Proposition 2.5 to (2.29) and apply (2.27). �

Example 2.7 (Nonuniqueness of e, s, and E.) Referring to Section 2.2, we consider ζ_ε := ζ_n from (2.15) with n = n(ε) such that n → ∞ but εn(ε)^{1/α} → 0 for ε → 0. Then, for ε small, ζ_ε + ε and the corresponding u_ε essentially approach the profiles ζ_{n(ε)} and u_{n(ε)} from (2.15) and (2.16), respectively. This is because the overall stiffness of the slot of the length 2n(ε)^{−1/α} filled of “material” with the elastic modulus ε is^1_2 εn(ε)^{1/α} and asymptotically goes to zero so that asymptotically we approach the situation in Section 2.2. For this u_{n(ε)}, we have got e(u_{n(ε)}) = 0 on Ω\[−^1_{n(ε)} ,^1_{n(ε)} ]. For ζ_ε +ε, this holds only asymptotically but, nevertheless, the limit is the same, namely e = 0 on Ω \ {0}. Also the corresponding stress and the energy is (asymptotically) zero, and thus in the limit both s and E are zero. On the other hand, for ζ_ε := ζ from (2.14), the displacement profile u_ε ∈ W^{1,2}(Ω) corresponding to ζ_ε + ε essentially imitates (2.19), i.e. G_0(u_ε, ζ_ε + ε) converges to G_0(u, ζ) > 0 constructed in Section 2.2. In particular, e = e(u) ≠ 0, s = ζe(u) ≠ 0, and also � [−1,1] E( dx) > 0. Of course, in both cases ζε + ε converges to the same limit profile ζ. In view of the above Example 2.7, it makes sense to consider the set of all realizable stresses s for a given damage profile:

S(ζ) := � s∈L^2(Ω; R^{d×d}_{sym}); ∃ζ_ε ⇀ ζ weakly in W^{1,r}(Ω) : σ_ε ⇀ s weakly in L^2(Ω; R^{d×d}_{sym}) with σ_ε from (2.20) � . (2.31)

Proposition 2.8 The set S(ζ) is weakly compact in L^2(Ω; R^{d×d}_{sym}).

Proof. By arguments like in the proof of Proposition 2.5, we can see that the set S(ζ) is bounded in L^2(Ω; R^{d×d}_{sym} ); in fact, all its elements must share the bound in (2.25). Due to metrizability of the weak topology on bounded sets of L^2(Ω; R^{d×d}_{sym} ), we can equally focus on sequential compactness. Take a sequence {s_j}_{j∈N} ⊂ S(ζ). As it is bounded in L^2(Ω; R^{d×d}_{sym}), it contains a subsequence (for simplicity denoted by the same indexes) converging weakly in L^2(Ω; R^{d×d}_{sym} ); let s denote its limit. As s_j ∈ S(ζ) for each j, there are sequences {ζ_{εjk} }_{k∈N} such that lim_{k→∞} ε_{jk} = 0, w-lim_{k→∞} ζ_{εjk} = ζ_j (meant weakly in W^{1,r}(Ω)) and w-lim_{k→∞} σ_{εjk} = s_j with σ_{εjk} = (ζ_{εjk} +ε_{jk})φ^′_e(e(u_{εjk} )). By the diagonalization procedure we obtain a sequence {σ_{εjnkn} }_{n∈N} converging to s, which shows that s ∈ S(ζ). �

Proposition 2.9 It holds

g(ζ) = min_{s∈S(ζ)} 1 2 � Ω s : e(u_D ) dx (2.32)

where u_D ∈ W^{1,2}(Ω; R^d) is as in Proposition 2.6.

Proof. As u_D ∈ W^{1,2}(Ω; R^d), also e(u_D ) ∈ L^2(Ω; R^{d×d}_{sym}), and s →^1_2 � Ω s : e(u_D ) dx is a weakly continuous functional which obviously attains its minimum on the set S(ζ) which is, due to Proposition 2.8, weakly compact.

By the definition (2.10) of g, the sequence (ε, ζ̃) → (0, ζ) infimizing the expression in (2.10) gives a cluster point s of the corresponding sequence {σ_{ε,}~_ζ } with σ_{ε,}~_ζ = (ζ̃ + ε)φ^′_e(e(u_{ε,}~_ζ )) where σ_{ε,}~_ζ minimizes G_ε(·, ζ̃), cf. (2.20). This yields s ∈ S(ζ) and, using also (2.29),

g(ζ) = lim

(ε,ζ̃)→(0,ζ) � Ω (ζ̃ + ε)φ(e(u_{ε,}~_ζ)) dx = lim_{(ε,ζ̃)→(0,ζ)} 1 2 � Ω σ_{ε,}~_ζ : e(u_D ) dx = 1 2 � Ω s : e(u_D ) dx ≥ min_{es∈S(ζ)} 1 2 � Ω ~s : e(u_D ) dx. (2.33)

Conversely, taking s ∈ S(ζ) at which the minimum in (2.32) is attained and, by (2.31), the sequence {ζ_ε}_{ε>0} such that the corresponding {σ_ε}_{ε>0} attains s, using again also (2.29), we obtain

g(ζ) ≤ lim inf_{ε→0} � Ω (ζ_ε + ε)φ(e(u_ε)) dx = lim_{ε→0} 1 2 � Ω σ_ε : e(u_D ) dx = 1 2 � Ω s : e(u_D ) dx = min_{es∈S(ζ)} 1 2 � Ω ~s : e(u_D ) dx. �

Let us note that the formula (2.32) determines (still nonuniquely) a stress s that realizes the minimum in (2.32). Let us call it a minimizing realizable stress. Naturally, we can think also about the corresponding minimizing realizable strain e ∈ L^2_{loc}(Ω\N_ζ ; R^{d×d}_{sym}) related with s by

e(x) = � φ^′_e

�_{−1}� s(x) ζ(x) � for a.a. x ∈ Ω\N_ζ . (2.34)

Let us agree to call the realizable stress s ∈ S(ζ) which realizes the minimum in (2.32) an effective stress and e corresponding to it via (2.34) the effective strain.

2.4 Effective stress and strain, and sensitivity to the boundary data

Now, we construct a particular effective stress, i.e. a minimizer for (2.32), that provides a characterization of the Γ-limit (2.11)–(2.12) as a pointwise limit and it leads to a selection of a particular effective stress and that this effective stress can be recovered by using a particular approximating sequence ζ_ε. Thus we will be able to prove a specific differentiable behavior (sometimes, in optimization theory, called a sensitivity) of this Γ-limit with respect to varying boundary conditions.

For this, we apply the standard shift of the Dirichlet condition. Let us abbreviate the linear space W^{1,2}_Γ (Ω; R^d) := {v ∈ W^{1,2}(Ω; R^d); v|_Γ = 0}. Considering e_D ∈ L^2(Ω; R^{d×d}_{sym} ), we define

F_ε(e_D , v, ζ) := � Ω (ζ+ε)φ � x, e_D + e(v) � dx. (2.35)

Note that, considering again the continuation u_D of the Dirichlet condition w as in Proposition 2.6 and G_ε from (2.9), we have

G_ε(u, ζ) = F_ε(e_D , v, ζ) with e_D := e(u_D ) and v := u − u_D , (2.36)

for any v ∈ W^{1,2}_Γ (Ω; R^d) or, equally, for any u ∈ W^{1,2}(Ω; R^d) such that u|_Γ = w. For e_D ∈ L^2(Ω; R^{d×d}_{sym} ) let

f_ε(e_D , ζ) := min

v∈W^{1,2}_Γ (Ω;R^d)

F_ε(e_D , v, ζ). (2.37)

For ε > 0, the strictly convex quadratic functional F_ε(e_D , ·, ζ) on W^{1,2}_Γ (Ω; R^d) has a unique minimizer, say v, and the mapping L_{ζ+ε} defined as

e_D → L_{ζ+ε}v : L^2(Ω; R^{d×d}_{sym} ) → W^{1,2}_Γ (Ω; R^d), v minimizes F_ε(e_D , ·, ζ), (2.38)

is linear and bounded. Hence, we conclude that, for each ζ, the functional

e_D → f_ε(e_D , ζ) = F_ε(e_D , L_{ζ+ε}e_D , ζ) (2.39)

is a quadratic form on L^2(Ω; R^{d×d}_{sym}) which, moreover, is bounded uniformly, namely 0 ≤ f_ε(e_D , ζ) ≤ C‖e_D ‖^2_{L2(Ω;Rd×dsym )} with C := (‖ζ‖_{C(}¯_{Ω)} + ε)‖C‖_L∞_{(Ω;R}d×d×d×d_).

Now, like in (2.10), we consider the Γ-limit of the collection {f_ε(·, ζ)}_{ε>0,ζ∈Z} as

f(e_D , ζ) := lim inf_{ε→0+}

ζ̃⇀ζ, ζ̃∈Z

f_ε(e_D , ζ̃) (2.40)

with Z defined in (2.1). The following assertion is based on an explicit construction to a universal recovery sequence for the Γ-limit (2.40).

Proposition 2.10 (A formula for the Γ-limit f.) For all ζ ∈ Z the functional f(·, ζ) : L^2(Ω; R^{d×d}_{sym}) → R is convex and quadratic, and can be obtained as follows:

f(e_D , ζ) = lim_{δ→0+} � lim_{ε→0+} F(ε, δ, e_D , ζ) � , (2.41)

where

F(ε, δ, e_D , ζ) = f_ε � e_D , (ζ−δ)^+ � with (ζ−δ)^+ := max{ζ−δ, 0}. (2.42)

Proof. Note that each F(ε, δ, ·, ζ) is a bounded convex quadratic form on L^2(Ω; R^{d×d}_{sym} ). If the limit exists, then it will be a convex quadratic form again.

For the existence of the limits, we use the following monotonicities of F:

0 < ε_1 < ε_2 =⇒ F(ε_1, δ, e_D , ζ) < F(ε_2, δ, e_D , ζ); (2.43a) 0 < δ_1 < δ_2 =⇒ F(ε, δ_1, e_D , ζ) ≥ F(ε, δ_2, e_D , ζ). (2.43b)

This follows easily from the monotonicity F_{ε1} (e_D , v, ζ_1) ≤ F_{ε2} (e_D , v, ζ_2), and hence also f_{ε1} (e_D , ζ_1) ≤ f_{ε2} (e_D , ζ_2), whenever 0 < ε_1+ζ_1 ≤ ε_2+ζ_2.

Thus, the existence of the inner limit ε → 0+ follows because the function is nonincreasing in ε, let us denote it as F_0(δ, e_D , ζ) := lim_{ε→0+} F(ε, δ, e_D , ζ), Hence, F_0(δ, ·, ζ) exists and is a bounded quadratic form on L^2(Ω; R^{d×d}_{sym}). Moreover, F_0(·, u_D , ζ) is still non-decreasing on [0, 1]. Hence, F_{00}(e_D , ζ) := lim_{δ→0+} F_0(δ, u_D , ζ) exists and for each ζ ∈ Z, the functional F_{00}(·, ζ) : L^2(Ω; R^{d×d}_{sym}) → R is a bounded quadratic form.

As F_{00}(u_D , ζ) is just the right-hand side of (2.41), it remains to show that f = F_{00}.

To show f ≥ F_{00}, we take a recovery sequence ζ_ε for (2.40), i.e. such that ζ_ε ⇀ ζ, ζ_ε ≥ 0, and f_ε(e_D , ζ_ε) → f(e_D , ζ). For each δ > 0 there exists ε_δ > 0 such that ζ_ε ≥ (ζ−δ)^+ for ε ∈ (0, ε_δ); note that here r > d was essential. Hence, we find f_ε(e_D , ζ_ε) ≥ F(ε, δ, e_D , ζ). Keeping δ > 0 fixed and letting ε → 0+ we find g(e_D , ζ) ≥ F_0(δ, e_D , ζ). Now taking the limit δ → 0+ we obtain f(e_D , ζ) ≥ F_{00}(e_D , ζ).

To show f ≤ F_{00}, we use a diagonalization argument to find a sequence 0 < δ_ε → 0 for ε → 0+ such that F(ε, δ_ε, e_D , ζ) → F_{00}(e_D , ζ). Now consider the functions ζ_ε = (ζ−δ_ε)^+, so that F(ε, δ_ε, e_D , ζ) = f_ε(e_D , ζ_ε). Because of δ_ε → 0 we easily find that ζ_ε ⇀ ζ in W^{1,r}(Ω) because obviously ζ_ε → ζ in C(Ω̄) and because always

|∇ζ_ε| ≤ |∇ζ| a.e. on Ω. Also, ζ_ε ∈ Z because ζ ∈ Z and δ_ε ≥ 0. Hence we conclude by the definition of the Γ-limit that

f(e_D , ζ) ≤ lim inf_{ε→0+} f_ε(e_D , ζ_ε) = lim_{ε→0+} F(ε, δ_ε, e_D , ζ) = F_{00}(e_D , ζ). (2.44) � Let us now focus on sensitivity with respect to the boundary condition w or, more conveniently, to its extension u_D . In the “language” of this subsection, it means rather sensitivity with respect to e_D . As f(·, ζ) was proved to be a bounded quadratic form, its derivative is a bounded linear operator, let us denote it by T_ζ : L^2(Ω; R^{d×d}_{sym} ) → L^2(Ω; R^{d×d}_{sym} ). Thus we define a stress

τ = τ(e_D , ζ) := T_ζ e_D := f^′_{eD} (e_D , ζ). (2.45)

Let us now relate this to the original quantities as defined before. The following lemma uses an argument developed in [26, Proposition 5.6], which in turn is an abstract version of a result in [7].

Lemma 2.11 Let {ζ_ε}_{ε>0} be a recovery sequence for f(e_D , ζ) as defined by (2.40), let e_D = e(u_D ), and let σ_ε be the stress corresponding to ζ_ε and u_D due to the formula (2.20). Then, referring to (2.45), it holds σ_ε ⇀ τ in L^2(Ω; R^{d×d}_{sym} ).

Proof. In view of (2.40), having assumed {ζ_ε} a recovery sequence, we just assume f_ε(e_D , ζ_ε) → f(e_D , ζ), ε → 0+, and ζ_ε ⇀ ζ. For any other e ∈ L^2(Ω; R^{d×d}_{sym} ), we have only

lim inf_{ε→0} f_ε(e, ζ_ε) ≥ f(e, ζ) (2.46)

just by the definition of the Γ-limit (2.40). Let us put τ_ε := [f_ε]^′_{eD} (e_D , ζ_ε). We want to show that τ_ε ⇀ τ with τ from (2.45). As {τ_ε}_{ε>0} is bounded in L^2(Ω; R^{d×d}_{sym} ), there is at least a subsequence converging to some τ̃ weakly. By the definition of τ_ε and by the convexity of f_ε(·, ζ_ε), for any h > 0 and any e ∈ L^2(Ω; R^{d×d}_{sym} ), we have � Ω τ_ε : ẽ dx ≤ f_ε(e_D , ζ_ε) − f_ε(e_D − hẽ, ζ_ε) h . (2.47)

Passing ε → 0+ in (2.47) and using (2.46) for e := e_D − hẽ, we obtain � Ω τ̃ :ẽ dx = lim_{ε→0+} � Ω τ_ε :ẽ dx ≤ lim sup_{ε→0+} f_ε(e_D , ζ_ε) − f_ε(e_D −hẽ, ζ_ε) h = 1 h lim_{ε→0+} f_ε(e_D , ζ_ε) − 1 h lim inf

ε→0+

f_ε(e_D −hẽ, ζ_ε) ≤ f(e_D , ζ) − f(e_D −hẽ, ζ) h . (2.48)

Passing h → 0+ in (2.48), by (2.45) we obtain � Ω τ̃ : ẽ dx ≤ � Ω f^′_{eD} (e_D , ζ) : ẽ dx = � Ω τ : ẽ dx. Making the same procedure with −ẽ instead of ẽ, we get also the opposite inequality. Taking ẽ arbitrary, we can see that that τ̃ = τ. In particular, the whole sequence {τ_ε}_{ε>0} converges to τ.

Now it remains to show that σ_ε = τ_ε. Referring to L_{ζ+ε} from (2.38) and the definition of u_ε from (2.20) as a minimizer of G_ε(·, ζ_ε), by using the shift v_ε = u_ε −u_D (cf. 2.36)) and v_ε := L_{ζε+ε}e(u_D ), we have u_ε = u_D + L_{ζε+ε}e(u_D ). By (2.39) with (2.35), we have f_ε(e_D , ζ_ε) = F_ε(e_D , L_{ζε+ε}e(u_D ), ζ_ε) = � Ω (ζ_ε+ε)φ(x, e_D + e(L_{ζε+ε}e(u_D )) dx = � Ω (ζ_ε+ε)φ(x, e_D + e(u_ε−u_D )) dx . (2.49) Differentiating both sides of (2.49) with respect to e_D , we obtain τ_ε := [f_ε]^′_{eD} (e_D , ζ_ε) = (ζ_ε+ε)φ^′_e(x, e_D + e(u_ε−u_D )). (2.50) In particular, for e_D = e(u_D ), we can still continue as (ζ_ε+ε)φ^′_e(x, e_D + e(u_ε−u_D )) = (ζ_ε+ε)φ^′_e(x, e(u_ε)) =: σ_ε. (2.51) � Corollary 2.12 Setting

s ≡ s(ζ) := τ(e_D , ζ) for e_D = e(u_D ) with u_D |_Γ = w, (2.52) we obtain an effective stress and, moreover, it holds g(ζ) = 1 2 � Ω s(ζ) : e_D dx. (2.53)

Proof. As f(·, ζ) is quadratic, in view of (2.45), we have the formula f(e_D , ζ) = 1 2 � Ω τ(e_D , ζ) : e_D dx. (2.54) As a consequence of (2.36) with (2.10) and (2.37), we have g_ε(ζ) = f_ε(u_D , ζ), and this equality is inherited be the respective Γ-limits defined in (2.10) and (2.40), i.e. we have g(ζ) = f(e_D , ζ) for e_D = e(u_D ) with u_D |_Γ = w. (2.55) Substituting s defined by (2.52) into (2.54) and using (2.55), we obtain (2.53). For the specific recovery sequence {ζ_ε} from the proof of Proposition 2.10, by Lemma 2.11, the corresponding stresses σ_ε converge and we have σ_ε ⇀ s(ζ) so that, by the definition (2.31), we have s(ζ) ∈ S(ζ). In view of (2.32), we can see that we have constructed a particular realizable stress s(ζ) that attains the minimum in (2.32), i.e. an effective stress. � For further use it is important that (2.53) yields an explicit information about sensitivity of g(ζ) with respect to u_D .

3 Rate-independent damage evolution

Now, we will let the “hard-device” loading vary in time t ranging [0, T ] with T > 0 a fixed time horizon, i.e. w = w(t, x). Then the damage parameter will depend on both x and t, i.e. ζ = ζ(t, x). Instead of G_ε(u, ζ) from (2.9) with (2.8), we will consider

G_ε(t, u, ζ) := � V_ε(u, ζ) if u|_Γ = w(t, ·) and ζ ∈ Z, +∞ elsewhere, (3.1)

where Z is again from (2.1). A further important concept consists in specific dissipation of energy during the damage process, which is given by a phenomenological activation threshold, denoted by a(x) > 0 (of a physical dimension J/m^d) at a given spot x ∈ Ω. Roughly speaking, the damage starts evolving when the elastic energy φ(e(u)) reaches the activation threshold a, cf. (3.4b) and Sect. 3.1 for more details. At the same, a(x) says how much energy (per d-dimensional “volume”) is dissipated by accomplishing the damage process, i.e. by decreasing ζ(x) from 1 to 0.

The rate of energy dissipated in the whole body is then

R(ζ̇) := � Ω ϱ � x, ζ̇(x) � dx, where ϱ(x, ż) = � −a(x)ż if ż ≤ 0, +∞ elsewhere. (3.2)

The value +∞ reflects that we consider damage as a unidirectional process, i.e. damage can only develop, but the material can never heal. We qualify the activationthreshold profile as:

a ∈ L^∞(Ω), ess inf_{x∈Ω}a(x) > 0. (3.3)

3.1 Classical formulation of the regularized evolution prob- lem Let us first consider the regularized case with ε > 0 where the displacement u_ε = u_ε(t, x) is well defined a.e. on the whole Q := (0, T ) × Ω. The evolving damage profile will now also depend on ε hence we denote it by ζ_ε. Taking into account our Gibbs energy (3.1) and the dissipation potential (3.2), the classical considerations in rational thermodynamics leads to the generalized force f ∈ −∂_{(u,ζ)}G_ε(t, u_ε(t), ζ_ε(t)) to belong to (0, ∂R(^{dζε}_{dt} )), where the notation ∂ stands for subdifferential of the involved convex functionals. This, at least formally, leads to the classical formulation (cf. [12]) consisting in the balance of the stress and the evolution of the damage parameter: div � σ_ε � = 0 with σ_ε = (ζ_ε+ε)φ^′_e � e(u_ε) � , (3.4a) ∂ζ_ε ∂t ≤ 0,

φ(e(u_ε)) − r_{ζε} − a − div � κ|∇ζ_ε|^{r−2}∇ζ_ε � ≤ 0, ∂ζ_ε ∂t � a − φ(e(u_ε)) + div � κ|∇ζ_ε|^{r−2}∇ζ_ε � + r_{ζε} � = 0

� � � � � (3.4b) on Q, where r_{ζε} ∈ ∂χ_{[0,1]}(ζ_ε). The notation χ_{[0,1]} stands for the indicator function of the interval [0, 1] where the damage parameter ranges; in fact, [0, +∞) can be used equally. The complementarity problem (3.4b) represents the evolution inclusion

∂˙_ζ ϱ � x, ∂ζ_ε ∂t � − κ div � |∇ζ_ε|^{r−2}∇ζ_ε � + φ(x, e(u_ε)) + ∂χ_{[0,1]}(ζ_ε) ∋ 0 . (3.5)

The second inequality in (3.4b) can bear the interpretation that the driving force for the damage process can be identified as the specific energy φ(x, e(u_ε)) and the damage evolves if it reaches the activation threshold a(x) modified by the term div(κ(x)|∇ζ_ε(x)|^{r−2}∇ζ_ε(x)) which reflect in some way hardening-like effects (if the spot x is surrounded by a less damaged material) or softening (in an opposite case); we refer to [1].

We must complete the system by some boundary conditions not only for u_ε but now also for the damage ζ_ε. In accord with previous sections, we assume the mentioned Dirichlet conditions for u_ε combined with zero normal stress implicitly imposed already in (2.3) while for ζ_ε we assumed, for simplicity, zero Neumann condition as any condition for it is a bit artificial anyhow. Hence,

u_ε = w on Γ, (3.6a) σ_εν = 0 on ∂Ω \ Γ, (3.6b) ∂ζ_ε ∂ν = 0 on ∂Ω. (3.6c)

An initial condition should be prescribed for the damage parameter, considering some prescribed initial profile ζ_0 and, rather formally, also the initial displacement u_0 (qualified later):

ζ_ε(0, ·) = ζ_0, u_ε(0, ·) = u_0 on Ω. (3.7)

3.2 Energetic solution of the regularized problem

The relevant and mathematically amenable concept of a “weak solution” to the doubly-nonlinear problem (3.5) with degree-1 homogeneous ϱ(x, ·) is a so-called energetic solution, formulated in [30, 31], see also [26] for a survey. Recently, this concept was also exposed in the context of Γ-limits in [29].

Let us first derive it formally from (3.4). For this, let us consider u_D (t, ·) as a suitable (qualified later) extension of w(t, ·). The weak formulation of the Euler-Lagrange equation (3.4a) tested by^∂_{∂t} (u_ε − u_D ), which has zero traces and is thus a legal test function, yields � Ω σ_ε : e(^∂_{∂t} u_ε) dx = � Ω σ_ε : e(^∂_{∂t} u_D ) dx. Then, as there is no explicit dependence of G_ε on t in (3.1),^∂_{∂t} G_ε = 0 and we can formally apply the chain rule in the form d dt G_ε � t, u_ε(t), ζ_ε(t) � = � Ω σ_ε:e

�∂u_ε ∂t � + φ � e(u_ε)

�∂ζ_ε ∂t + κ|∇ζ_ε|^{r−2}∇ζ_ε·∇

∂ζ_ε ∂t dx = � Ω σ_ε:e

�∂u_D ∂t � + φ � e(u_ε)

�∂ζ_ε ∂t + κ|∇ζ_ε|^{r−2}∇ζ_ε·∇

∂ζ_ε ∂t dx. (3.8)

Using (3.5) in the weak formulation tested formally by^∂_{∂t} ζ_ε together with (3.6c), one gets � Ω φ � x, e(u_ε)

�∂ζ_ε ∂t + κ|∇ζ_ε|^{r−2}∇ζ_ε·∇

∂ζ_ε ∂t dx = − � Ω ∂˙_ζ ϱ � x, ∂ζ_ε ∂t �∂ζ_ε ∂t dx = − � Ω ϱ � x, ∂ζ_ε ∂t � dx = −R

�∂ζ_ε ∂t � (3.9)

due to the degree-1 homogeneity of ϱ(x, ·), see definition (3.2). Putting (3.9) into (3.8), integrating it over a time interval [t_1, t_2], and expressing the dissipated energy

�_{t2}

t_1 R( ∂ ∂t ζ(t)) dt as the total variation without referring explicitly to the time derivative^∂_{∂t} ζ, i.e.

Var_R(ζ; t_1, t_2) := sup j� i=1 R � ζ(s_i) − ζ(s_{i−1}) � (3.10)

with the supremum taken over all j ∈ N and over all partitions of [t_1, t_2] in the form t_1 = s_0 < s_1 < ... < s_{j−1} < s_j = t_2, we eventually obtain

G_ε � t_2, u_ε(t_2), ζ_ε(t_2) � + Var_R(ζ_ε; t_1, t_2)

= G_ε � t_1, u_ε(t_1), ζ_ε(t_1) � + �_{t2}

t_1 � Ω σ_ε :e

�∂u_D ∂t � dx dt (3.11)

In our special situation with R defined via (3.2), we have simply

Var_R(ζ; t_1, t_2) = R � ζ(t_1)−ζ(t_2) �

= � � � �

� Ω a(x) � ζ(t_1, x)−ζ(t_2, x) � dx if ζ(·, x) is nondecreasing on [t_1, t_2] for a.a. x ∈ Ω,

+∞ otherwise.

(3.12)

The particular terms in (3.11) represent respectively:

∘ the stored energy at the final time t_2, ∘ the energy dissipated by damage during the time interval [t_1, t_2], ∘ the stored energy at the initial time t_1, and ∘ the work done by external loadings during the time interval [t_1, t_2].

The global-minimization hypothesis related to (3.4a) is related with a stability property, i.e.

∀(ũ, ζ̃) ∈ W^{1,2}(Ω; R^d)×Z, ũ|_Γ = w(t) : G_ε � t, u_ε(t), ζ_ε(t) � ≤ G_ε(t, ũ, ζ̃) + R �~ ζ−ζ_ε(t) � . (3.13)

The philosophy of (3.13) is that the gain of Gibbs’ energy G_ε(t, u_ε(t), ζ_ε(t)) − G_ε(t, ũ, ζ̃) at any other state (ũ, ζ̃) is not larger than the dissipation R(ζ̃ − ζ_ε(t)); cf. [31] for discussion.

Now, following [30], see also [26, 31], we introduce a definition of an energetic solution to the considered problem. By B([0, T ]; X) or BV([0, T ]; X) we denote the Banach space of bounded Bochner-measurable or bounded-variation X-valued mappings defined everywhere on [0, T ], respectively.

Definition 3.1 (Energetic solution to the regularized problem.) A process (u_ε, ζ_ε) : [0, T ] → W^{1,2}(Ω; R^d) × Z is called an energetic solution to the problem (3.4) and (3.6)–(3.7), i.e. given by the data φ, κ, ϱ, r, w, u_0, ζ_0, and ε > 0, if, beside (3.7), also (i) (u_ε, ζ_ε) ∈ B([0, T ]; W^{1,2}(Ω; R^d)) × � BV([0, T ]; L^1(Ω)) ∩ B([0, T ]; W^{1,r}(Ω)) � , (ii) it is stable in the sense that (3.13) holds for all t ∈ [0, T ], and (iii) the energy balance (3.11) holds for any 0 ≤ t_1 < t_2 ≤ T and, in particular, the function t → � Ω σ_ε :e(^∂_{∂t} u_D ) dx belongs to L^1(0, T ).

Remark 3.2 In fact, Definition 3.1 is based on a global-minimization hypothesis competing with the maximum-dissipation principle (or rather Levitas’ realizability principle [21]).

Remark 3.3 (Normal stress: reaction to the Dirichlet loading.) Due to (2.20) and Definition 3.1(i), σ_ε ∈ B([0, T ]; L^2(Ω; R^{d×d}_{sym})) and, in order to ensure that t → � Ω σ_ε :

e(^∂_{∂t} u_D ) dx belongs to L^1(0, T ), one needs just u_D ∈ W^{1,1}([0, T ]; W^{1,2}(Ω; R^d)). In fact, one needs only to qualify w ∈ W^{1,1}([0, T ]; W^{1/2,2}(Γ; R^d)) because then such extension u_D of it will always exists. Even more, (3.11) and thus the whole Definition 3.1 depends only on w and not on any particular choice of its extension u_D . Actually, we could define the normal stress ⃗σ_ε as the linear bounded functional on W^{1/2,2}(Γ; R^d) by the formula � ⃗σ_ε, v|_Γ � = � Ω σ_ε : e(v(x)) dx. (3.14)

It is a consequence of the stability (3.13) with ζ̃ := ζ_ε(t) that u_ε(t) minimizes G_ε(t, ·, ζ_ε(t)) so that the corresponding Euler-Lagrange equation, cf. (2.28) for the static case, says in particular that

div(σ_ε) = 0 in the sense of distributions on Q. (3.15)

Then the right-hand side of (3.14) is independent of the particular extension v of v|_Γ into Ω and thus the normal stress ⃗σ_ε is well defined by (3.14). This can easily be seen by an extension of Green’s formula using Neumann boundary conditions (3.6b) and by the symmetry of the stress tensor 0 = � Ω div(σ_ε)·v dx = � ∂Ω (σ_εν)·v dS− � Ω σ_ε : ∇v dx = � Γ (σ_εν)·v dS− � Ω σ_ε : e(v) dx,

In a regular case thus ⃗σ_ε = σ_εν. The last term in (3.11) can equivalently be expressed as �_{t2}

t_1 ⟨⃗σε, ∂w ∂t � dt, which is just the more explicit form of the work of the external

“hard-device” load

�_{t2}

t_1 � Γ ⃗σ_ε ·^{∂w}_{∂t} dS dt. In what follows, we will confine ourselves to

w ∈ C^1(I; W^{1/2,2}(Γ; R^d)), (3.16)

which has nearly the same generality in the context of rate-independent processes and makes the proofs easier, cf. in particular [29, Assumption (2.8)] pointed also out later in Remark 3.9. Then (3.16) allows for considering u_D ∈ C^1([0, T ]; W^{1,2}(Ω; R^d)).

Proposition 3.4 (Existence of energetic solutions to ε-problems.) (See [27].) Let (2.6), (3.3), (3.16), (u_0, ζ_0) ∈ W^{1,2}(Ω; R^d)×Z be stable in the sense

∀ (ũ, ζ̃)∈W^{1,2}(Ω; R^d)×Z, ũ|_Γ = w(0, ·) : G_ε(0, u_0, ζ_0) ≤ G_ε(0, ũ, ζ̃) + R(ζ_0 − ζ̃), (3.17)

and let ε > 0. Then a solution (u_ε, ζ_ε) in the sense of Definition 3.1 does exist.

Comments to the proof. The above assertion has been proved, except the Bochner measurability of u_ε, in [27] for the case φ and ϱ independent of x but our x-dependent generalization is trivial. Also, a special loading and initial stable initial condition was chosen in [27], namely w(0, ·) = 0, u_0 = 0, ζ_0 = 1, i.e. unloaded undamaged body at the original time. Our, only slightly more general initial condition makes just a trivial and standard modification, cf. [12, 26, 28, 29]. Also, w ∈ W^{1,1}(I; W^{1,∞}(Γ; R^d)) has been used in [27] but the generalization to w ∈ W^{1,1}(I; W^{1/2,2}(Γ; R^d)) is routine since, unlike [27], we do not treat any contact problem at large strains and then (3.16) works, too.

Due to our formula u_ε(t) = u_D (t)+L_{ζε(t)+ε}e(u_D (t)), the claimed Bochner measurability of u_ε in time, not proved in [27], is here a simple consequence of the measurability of ζ_ε : [0, T ] → W^{1,r}(Ω) and of the continuity of the mapping (e_D , ζ) → v := L_{ζ+ε}e_D as a mapping L^2(Ω; R^{d×d}_{sym} ) × W^{1,r}(Ω) → W^{1,2}_Γ (Ω; R^d). The mentioned measurability of ζ_ε follows from measurability of the BV-function ζ_ε : [0, T ] → L^1(Ω) and from the a-priori estimate of {ζ_ε(t)}_{t∈[0,T ]} in the separable space W^{1,r}(Ω) by Pettis’ theorem. The mentioned (even locally Lipschitz (L^2×L^∞, W^{1,2})-) continuity of (e_D , ζ) → v := L_{ζ+ε}e_D can be proved quite standardly: We take the Euler- Lagrange equation for v := L_{ζ+ε}e_D defined in (2.38), i.e. in the weak formulation � Ω ζC(e_D + e(v)) : e(z) dx = 0 for all z ∈ W^{1,2}_Γ (Ω; R^d). Considering other ẽ_D , ζ̃, and ṽ := L~_{ζ+ε}ẽ_D , we have � Ω ζ̃C(ẽ_D + e(ṽ)) : e(z) dx = 0. Subtracting these equations and testing the difference by z := v − ṽ gives, after some algebra and Hölder’s and Young’s inequalities, εη � �e(v − ṽ) � �^2_{L2(Ω;Rd×dsym )} ≤ � Ω (ζ + ε)C(e(v − ṽ)) : e(v − ṽ) dx = � Ω (ζ − ζ̃)C(e_D + e(ṽ)) : e(v − ṽ) + (ζ̃ + ε)C(e_D − ẽ_D ) : e(v − ṽ) dx

≤ C‖ζ − ζ̃‖^2_L∞_{(Ω)} + C‖e_D − ẽ_D ‖^2_{L2(Ω;R}d×d_{sym )} + εη 2 � �e(v − ṽ) � �^2_{L2(Ω;Rd×dsym )} with η > 0 from (2.6b) and with C = max(‖e_D +e(ṽ)‖_L2_{(Ω;R}d×d_{sym )}, ‖ζ̃‖_L∞_{(Ω)} +ε)^2/(εη). Absorbing the last term in the left-hand side and involving still Korn’s inequality ‖v − ṽ‖_W 1,2_{(Ω;R}d_) ≤ K_{Ω,Γ}‖e(v − ṽ)‖_L2_{(Ω;R}d×d_{sym )}, we clearly get the claim continuity. �

3.3 Energetic solution of the complete-damage problem

Let us observe that, due to the definition (3.1) with (2.29),

G_ε � t, u_ε(t), ζ_ε(t) � = � Ω 1 2 σ_ε(t, x):e(u_D (t, x)) + κ(x) r � �∇ζ_ε(t, x) � �^r dx, (3.18)

hence both (3.11) and (3.13) can be expressed in terms of σ_ε and ζ_ε. Moreover, as explained above, (3.15) implies that σ_ε itself is essentially determined by ζ_ε(t, ·) and w(t, ·).

Like (2.10), let us now define

g(t, ζ) := lim inf

ε→0+, ζ̃∈Z, ζ̃ ⇀ ζ in W 1,r(Ω) min u∈W^{1,2}(Ω;R^d)

G_ε(t, u, ζ̃) (3.19)

with G_ε defined in (3.1). Since min_{u∈W} 1,2_{(Ω;R}d_) G_ε(t, u, ζ̃) = f_ε(e(u_D (t)), ζ̃) + � Ω κ r |∇ζ̃|^r dx with f_ε from (2.37), we have equivalently

g(t, ζ) = lim inf

ε→0+, ζ̃∈Z, ζ̃ ⇀ ζ in W 1,r (Ω)

f_ε(e(u_D (t)), ζ̃) + � Ω κ r � �∇ζ̃ � �^r dx. (3.20)

Lemma 3.5 Any recovery sequence {ζ_ε}_{ε>0} ⊂ Z for (3.20), i.e. ζ_ε ⇀ ζ and f_ε(e(u_D (t)), ζ_ε) + � Ω κ r |∇ζ_ε|^r dx → g(t, ζ), in fact converges strongly. Moreover, referring to f(u_D , ζ) defined by (2.40), we have now

g(t, ζ) = f(e(u_D (t), ζ) + � Ω κ r � �∇ζ � �^r dx. (3.21)

Proof. First, we prove (3.21). The inequality “≥” is by the weak lower semicontinuity of ζ → � Ω κ|∇ζ|^r dx and by the definition of the Γ-limits g and f in (3.19) and (2.40), respectively. It suffices to take any recovery sequence {ζ_ε}_{ε>0} for g and make a limit passage in

g(t, ζ) = lim_{ε→0+} min_{u∈W 1,2(Ω)} G_ε(t, u, ζ_ε) = lim_{ε→0+} � f_ε(e(u_D (t)), ζ_ε) + � Ω κ r � �∇ζ_ε � �^r dx �

≥ lim inf_{ε→0+} f_ε(e(u_D (t)), ζ_ε) + lim inf_{ε→0+} � Ω κ r � �∇ζ_ε � �^r dx

≥ f(e(u_D (t)), ζ) + � Ω κ r � �∇ζ � �^r dx. (3.22)

The opposite inequality “≤” is by the same limit passage but now using the special recovery sequence ζ_ε = (ζ−δ_ε)^+ for f from the proof of Proposition 2.10. It converges to ζ not only weakly but also strongly. Indeed, ∇ζ_ε(x) → ∇ζ(x) for a.a. x ∈ Ω because ∇ζ = 0 = ∇ζ_ε a.e. on N_ζ and because, for a.a. x ∈ Ω\N_ζ , there is ε_x > 0 such that 0 < ζ_ε(x) = ζ(x)−δ_ε and thus ∇ζ_ε(x) = ∇ζ(x) for all 0 < ε < ε_x, and then, by Lebesgue dominated-convergence theorem, � Ω |∇ζ_ε(x)|^r dx → � Ω |∇ζ(x)|^r dx and, having convergence of the norms as well as weak convergence, we can conclude strong convergence by uniform convexity of W^{1,r}(Ω) and a Fan-Glicksberg type theorem.

Let us now consider an arbitrary recovery sequence {ζ_ε}_{ε>0} ⊂ Z for (3.19). Denote ^α = � Ω κ r |∇ζ|^r dx. For a subsequence and some α and β, � Ω κ r |∇ζ_ε|^r dx → α and f_ε(e(u_D (t)), ζ_ε) → β. Simultaneously, f_ε(e(u_D (t)), ζ_ε) + � Ω κ r |∇ζ_ε|^r dx → g(t, ζ) = α + β. By the weak lower semicontinuity, always ^α ≤ α. Assume ^α < α. Using (3.21), we would have

β = lim_{ε→0+} f_ε(e(u_D (t)), ζ_ε) = lim_{ε→0+} � g(t, ζ) − � Ω κ r � �∇ζ_ε � �^r dx �

= g(t, ζ) − α < g(t, ζ) − ^α = f � e(u_D (t)), ζ � , (3.23)

a contradiction with (2.40). Hence ^α = α and we have � Ω κ r |∇ζ_ε|^r dx → α = ^α = � Ω κ r � �∇ζ � �^r dx. Due to the strict convexity of the integrand κ(x)| · |^r and due to the weak convergence ζ_ε ⇀ ζ, we can conclude strong convergence, cf. e.g. [35]. �

Considering an effective stress, as in (2.53), we can write

g(t, ζ) = � Ω 1 2 s(t, ζ) : e(u_D (t)) + κ r � �∇ζ � �^r dx. (3.24)

Motivated by this and by the investigations for ε → 0 in the static case in Sect. 2, we introduce the following “energetic” definition without referring to the problem (3.4) for ε = 0 because the displacement need not have a well defined sense any longer. For simplicity and without much restriction for possible applications, we consider the initial damage profile from Z away from zero

min_{x∈Ω} ζ_0(x) > 0. (3.25)

Then, prescribing the initial displacement u_0 makes sense and we thus automatically prescribe also the initial stress σ(0) = ζ_0φ^′_e(e(u_0)). As for the stability (3.17) of the initial conditions, for example, w(0) = 0, u_0 = 0 and 0 < ζ_0 ≤ 1 constant will satisfy (3.17) even for any ε > 0, which is what we will assume later in Theorem 3.7. This can be however satisfied for some non-constant damage profiles ζ_0 too, depending on a(·) and κ(·).

Definition 3.6 (Energetic solution to the complete-damage problem.) The process (s, ζ) : [0, T ] → L^2(Ω; R^{d×d}_{sym}) × Z is called an energetic solution to the problem given by the data φ, ϱ, w, and ζ_0, if, beside (3.7), also

(i) (s, ζ) ∈ B([0, T ]; L^2(Ω; R^{d×d})) × � BV([0, T ]; L^1(Ω)) ∩ B([0, T ]; W^{1,r}(Ω)), (ii) it is stable in the sense that

g(t, ζ(t)) ≤ g(t, ζ̃) + � Ω ϱ(x, ζ̃ − ζ(t)) dx for any ζ̃ ∈Z, and (3.26)

(iii) and, for any 0 ≤ t_1 < t_2 ≤ T , the energy equality holds:

g(t_2, ζ(t_2)) + Var_R(ζ; t_1, t_2) = g(t_1, ζ(t_1)) +

�_{t2}

t_1 � Ω s:e �∂u_D ∂t � dx dt,(3.27)

in particular, the function t → � Ω s(t, x) : e(^{∂uD}_{∂t} (t, x)) dx belongs to L^1(0, T ), (iv) div(s) = 0 in the sense of distributions and s(t) is an effective stress with respect to ζ(t) and w(t) for any t ∈ [0, T ]; in particular (3.24) holds.

Theorem 3.7 (Existence of energetic solutions, convergence of (u_ε, ζ_ε).) Let (2.6), (3.3), w ∈ C^1([0, T ]; W^{1/2,2}(Γ; R^d)), (u_0, ζ_0) ∈ W^{1,2}(Ω; R^d)×Z satisfy (3.17) for all ε > 0 and (3.25). Then, there exists a subsequence {ε_n}_{n∈N} converging to 0 and a process (s, ζ) : [0, T ] → L^2(Ω; R^{d×d}_{sym}) × Z being an energetic solution according to Definition 3.6, in particular u_D ∈ C^1([0, T ]; W^{1,2}(Ω; R^d)) is considered for (3.27) in accord with Remark 3.3, such that the following holds for all t ∈ [0, T ]: (i) E_{εn} (t, u_{εn} (t), ζ_{εn} (t)) → g(t, ζ(t)), (ii) Var_R(ζ_{εn} ; 0, t) → Var_R(ζ; 0, t), (iii) ζ_{εn} (t) → ζ(t) strongly in W^{1,r}(Ω), (iv) σ_{εn} (t) = (ζ_{εn} (t) + ε)φ^′_e(e(u_{εn} (t))) ⇀ s(t) weakly in L^2(Ω; R^{d×d}_{sym} ).

Proof. Most of the assertions have been proved in [27, Sect.4] but the most essential properties remained open in the context of non-quadratic quasiconvex φ considered there. Namely, only an energy inequality in (3.27) has been proved in [27], only the weak convergence of ζ_{εn} (t) ⇀ ζ(t) instead of (iii), and, instead of the properties claimed in Definition 3.6(iv), s(t) was shown only a realizable stress only. Moreover, instead of (iv), only σ_{εn} ⇀ s weakly* in L^∞(0, T ; L^2(Ω; R^{d×d}_{sym} )) was proved in [27]. Let us remark that, in fact, instead of (ζ + ε)φ(e), the regularization ζφ(e) + ε|e|^2 has been used in [27], homogeneous material (i.e. φ, ϱ, a, and κ independent of x), and only special initial conditions u_0 = 0, ζ_0 = 1, w(0) = 0 were considered, but these modifications are easy under our data qualification. Let us now prove the remaining properties.

The property div(s) = 0 claimed in Definition 3.6(iv) is inherited by a trivial limit passage from (3.15).

Due to (i), {ζ_{εn} }_{n∈N} is a recovery sequence for (3.20), by Lemma 3.5 we have strong convergence in (iii). Moreover, by Lemma 2.11, we have σ_{εn} (t) ⇀ τ(e(u_D (t)), ζ(t)). Hence, modifying s obtained in [27], if neccessary, on a zero-measure set on [0, T ], we have s(t) = τ(e(u_D (t)), ζ(t)) and s(t) being thus proved an essential stress.

Energy equality in (3.27) is then a consequence of [26, Proposition 5.7] provided one shows the power of external loading to be in L^∞(0, T ) and the last term in (3.27) to be equal to

�_{t2}

t_1 ∂g ∂t (t, ζ(t)) dt. Here, by using successively (3.21), (2.54), and (2.45), for any ζ ∈ Z fixed, we have

g(t, ζ) = f(e(u_D (t), ζ) + � Ω κ r � �∇ζ � �^r dx = � Ω 1 2 τ(e(u_D (t)), ζ) : e(u_D (t)) + κ r � ∇ζ �_r dx = � Ω 1 2 T_ζ e(u_D (t)) : e(u_D (t)) + κ r � �∇ζ � �^r dx. (3.28)

In particular, u_D ∈ C^1([0, T ]; W^{1,2}(Ω; R^d)) implies g(·, ζ) ∈ C^1([0, T ]) for each ζ ∈ Z. Also, by using (3.28) and (2.52), we have the desired formula for the power of external loading: ∂g ∂t (t, ζ) = � Ω T_ζ e(u_D (t)) : e

�∂u_D ∂t � dx = � Ω τ(e(u_D (t)), ζ) : e

�∂u_D ∂t � dx = � Ω s(t) : e

�∂u_D ∂t � dx. (3.29)

The Bochner measurability of s follows from the measurability of u_ε : [0, T ] → W^{1,2}(Ω; R^d) proved in Proposition 3.4 implying measurability of σ_ε : [0, T ] → L^2(Ω; R^{d×d}_{sym} ) and from the point (iv) together with Pettis’ theorem. �

Remark 3.8 (Alternative formulation in terms of strains.) Based on formula (2.34), we could define the energetic solution to the complete-damage problem not as a couple (s, ζ) but as a couple (e, ζ) with e(t) defined on Ω\N_{ζ(t)} and belonging to the time-dependent locally-convex space L^2_{loc}(Ω\N_{ζ(t)}; R^{d×d}_{sym}). Taking into account (2.23), the energy equality (3.27) would then take the form

g(t_2, ζ(t_2)) + Var_R(ζ; t_1, t_2) = g(t_1, ζ(t_1)) +

�_{t2}

t_1 � Ω\N_{ζ(t)}

ζφ^′_e(e):e

�∂u_D ∂t � dx dt, (3.30)

Remark 3.9 (Direct Γ-limit convergence.) In terms of ζ only, we could obtain existence of the energetic solutions and convergence of solutions of our ε-regularized problem by using abstract results about Γ-limits, see [29, Theorem 3.1]. In fact, [29, Assumptions (2.9)–(2.10)] had been proved here in Section 2, [29, Assumption (2.8)] can be easily verified if w ∈ C^1(I; W^{1/2,2}(Γ)), and [29, Assumptions (2.11)] had been proved in [27], while the other assumptions in [29] are satisfied quite obviously. However, by this way, we would lose tack on the mechanical interpretation involving stress; in particular, the key information in (3.29) would be completely out.

Remark 3.10 (Numerical strategies.) The regularized problem introduced in Section 3.1 suggests a direct numerical treatment: applying implicit discretization in time with a time step τ > 0 and, considering a polyhedral domain Ω triangulated by simplicial finite elements with a mesh-parameter h > 0, applying P1-finite elements for spatial discretization of both u and ζ (let us denote the corresponding discrete spaces U_h and Z_h, respectively), we get a recursive coercive mathematicalprogramming problem with a nonlinear objective and box-constraints for (u^k_{τ hε}, ζ^k_{τ hε}):

Minimize � Ω ζ^k_{τ hε}+ε 2 Ce(∇u^k_{τ hε}) : e(∇u^k_{τ hε}) − aζ^k_{τ hε} + κ r � �∇ζ^k_{τ hε} � �^r dx

subject to 0 ≤ ζ ≤ ζ^{k−1}_{τ hε} , u^k_{τ hε}|_Γ = w(kτ), u^k_{τ hε} ∈ U_h , ζ^k_{τ hε} ∈ Z_h

� � � � � (3.31)

for k = 1, ..., K := T/τ with (u^0_{τ hε}, ζ^0_{τ hε}) := (u_0, ζ_0). This is an implementable conceptual algorithm. Unfortunately, it does not have a quadratic cost functional, which makes it not entirely simple for numerical treatment; for a similar problem with trilinear objectives we refer to numerical simulations in [20]. On the other hand, the approximate solution (u_{τ hε}, ζ_{τ hε}) considered as a piece-wise constant interpolant (u_{τ hε}(t), ζ_{τ hε}(t)) := (u^k_{τ hε}, ζ^k_{τ hε}) for t ∈ ((k−1)τ, kτ] has a guaranteed convergence (in terms of suitable subsequences), based on the abstract results from [29, Theorem 3.3], cf. also [28, Sect.5.5].

Remark 3.11 (Bourdin’s approach to cracks.) A functional that is of a similar type as (3.31), namely � Ω(ζ +ε^α)φ(∇u)+ε|∇ζ|^2 +ε^{−β}(1−ζ) dx, was used in the context of approximation of Francfort-Marigo’s crack model [4, 5]. At least for fixed ε > 0 the mathematical properties of that functional are exactly as those of ours. However, suitable scalings in ε yields in the limit ε → 0 the mentioned crack problem.

4 A one-dimensional example

Let us illustrate the above introduced objects on a one-dimensional situation, having an interpretation of a bar undergoing a tension/compression experiment by a “harddevice” loading, where all mathematical objects can be described explicitly. We consider a bar of the length L fixed at the end-points with a (possibly spatially varying) elastic modulus C (that may reflect a possibly varying thickness of the bar). Let us thus put d := 1, Ω := (0, L), Γ := ∂Ω = {0, 1}, w(0) := w_0, w(L) := w_L, and now C : (0, L) → R^+. In accord with (2.6b), C(x) ≥ η > 0 for a.a. x ∈ (0, L).

4.1 Static case

Minimization of

V_ε(u, ζ) =

�_L 0 (ζ(x) + ε)

C(x) 2 � du dx �_2 dx (4.1) on {u ∈ W^{1,2}(0, L); u(0) = w_0, u(L) = w_L} gives the Euler-Lagrange equation d dx � (ζ(x) + ε)C(x) du dx � = 0 on (0, L). (4.2)

The stress σ_ε = (ζ + ε)C^d_{dx} u is thus necessarily constant along the whole bar, and its value can be calculated by using ζ + ε ≥ ε > 0 and

w_L − w_0 = u(L) − u(0) =

�_L 0 du dx dx =

�_L 0 σ_ε (ζ(x)+ε)C(x) dx. (4.3)

Thus we find the formulas for the (constant) stress and for the strain:

σ_ε = H � (ζ+ε)C

�w_L − w_0 L and du dx = w_L − w_0 L H � (ζ+ε)C � (ζ(x)+ε)C(x)

, (4.4)

where H denotes the harmonic mean of an indicated profile over the interval [0, L], i.e.

H(z) := 1 1 L �_L 0 dx z(x)

. (4.5)

In particular, we find the explicit formula for g_ε from (2.10):

g_ε(ζ) = H � (ζ+ε)C

�(w_L − w_0)^2 2L . (4.6)

Similarly, the functional f_ε from (2.37) as a quadratic function of e_D ∈ L^2(0, L) can explicitly be written down as:

f_ε(e_D , ζ) = H � (ζ+ε)C � 2L � � L 0 e_D (x) dx

�_2

. (4.7)

The counterexample from Section 2.2 (where L = 2 and C = 1 were considered) is easily obtained by letting ζ(x) := |x − L/2|^α. Clearly,

lim_{ε→0+} g_ε(ζ) = g_0(ζ) = H � ζC �(w_L − w_0)^2 2L . (4.8)

However the Γ-limit f(e_D , ζ) vanishes for this particular damage profile ζ. Indeed, for all δ > 0, we have (ζ − δ)^+ = 0 on the interval [L/2 − δ^{1/α}, L/2 + δ^{1/α}] and therefore by (4.8) and (2.42):

F(ε, δ, e_D , ζ) =

(w_L − w_0)^2 2 �_L 0 dx ((ζ(x)−δ)^++ε)C(x) ≤ (w_L − w_0)^2 2 �_{L/2+δ}1/α

L/2−δ^{1/α} dx εC(x) ≤ (w_L−w_0)^2 4 � �C � �_{L∞(0,L)} ε δ^{1/α}

so that the limit in ε already vanishes. By using the same reasoning for a general ζ ∈ Z, one checks easily that f(e_D , ζ) is given as follows:

f(e_D , ζ) =

(w_L − w_0)^2 2 � 1/ �_L 0 dx ζ(x)C(x) if min[0,L] ζ(·) > 0,

0 if min_{[0,L]} ζ(·) = 0.

(4.9)

Note that f(e_D , ·) : Z → R^+ is not continuous in the strong topology of W^{1,r}(0, L), r > 1.

This example can also be used to show that the set S(t, ζ) of realizable stresses may contain more than one stress distribution. For this, take any ζ ∈ Z such that

�_L 0 dx ζ(x)C(x) is finite. Now, choosing ζε ≡ ζ, we find the stress σε from (4.4)

and the limit reads σ_0 = (w_L−w_0)/

�_L 0 dx ζ(x)C(x) . On the other hand, for a suitable

sequence δ_ε → 0+, the sequence ζ̂_ε = (ζ − δ_ε)^+ satisfies

�_L 0 dx (ζ_ε(x)+ε)C(x) → 0 and

the corresponding stresses σ̂_ε converge to zero. Thus S(t, ζ) contains at least two constant stress profiles. In fact, it is not difficult to see that all intermediate constant stresses are realizable, that is

S(t, ζ) = � � σ constant; 0 ≤ σ(·) ≤ σ_0 � under tension, i.e. if w_L ≤ w_0, � σ constant; 0 ≥ σ(·) ≥ σ_0 � under compression, i.e. w_L ≥ w_0.

The effective stress is obviously zero. This is well intuitive for tension experiment but a bit paradoxical for a pressure experiment, but this is a usual consequence of (infinitesimally) small strain concept.

This is a general observation that, as the stress distributions are constant in this 1-dimensional case, the set of S(t, ζ) realizable stresses is composed from constants and is therefore linearly ordered and thus always a minimizer in (2.32), i.e. the effective stress, is unique.

4.2 Stability

Further, we investigate the global stability of the undamaged state ζ = 1. For simplicity, we consider r = 2 and homogeneous material, i.e. constant coefficients C, a, and κ. Let us abbreviate

ζ_{min} := min_{0≤x≤L} ζ(x) and ζ_{max} := max_{0≤x≤L} ζ(x). (4.10)

Lemma 4.1 Let E(ζ) :=

�_L 0 κ 2 |^d_{dx} ζ|^2 + a(1−ζ) dx and z ∈ [0, 1), then we have min � E(ζ); ζ ∈Z, ζ_{min} = z � = aL λ � z, √ aL √ 2κ � (4.11)

with

λ(z, ϱ) = � 1 − z − ϱ^2/3 for 0 < ϱ ≤ √ 1−z, 2(1−z)^{3/2}/(3ϱ) for ϱ ≥ √ 1−z.

(4.12)

Proof. Since E is coercive on Z ⊂ W^{1,2}((0, L)), and convex, there is a minimizer ζ_∗ on the weakly closed (but non-convex!) set {ζ ∈Z; ζ_{min} = z}.

As the integrand of E is decreasing in ζ because a > 0, it is easy to see that the graph of ζ_∗ on any interval [x_1, x_2] has to lie above the segment connecting (x_1, ζ_∗(x_1)) and (x_2, ζ_∗(x_2)) if ζ_∗(·) > z on [x_1, x_2], i.e. the value ζ_∗(·) = z is attained somewhere outside [x_1, x_2]. Hence, ζ_∗ has at most one point x_∗ ∈ [0, L] such that ζ_∗(x_∗) = z if z < 1, and it is strictly concave on both [0, x_∗] and [x_∗, L].

After some rather lengthy algebra, the formula (4.12) is obtained by assuming x_∗ = 0 (or, equally, x_∗ = L). For small L, we obtain a solution satisfying^d_{dt} ζ_∗(L) = 0 and ζ_∗(L) < 1. For larger L, we have ζ_∗(x) = 1 for x ≥ � 2κ/a.

The condition ζ_∗(x_∗) = z with x_∗ ∈ (0, L) then leads to aL λ(z, √ aL/ √ 2κ) + a(L−x_∗)λ(z, √ a(L−x_∗)/ √ 2κ) as the minimal value of E(ζ) under the (convex) condition ζ(x_∗) = z, ζ ∈ Z. The concavity of ξ → ξλ(z, ξ/ √ 2aκ) now implies that only x_∗ = 0 or x_∗ = L can be optimal. �

To study the stability of the undamaged state ζ = 1 at a specific (and now considered fixed) time t, we define

m(γ) := min_{ζ∈Z} J_γ (ζ) with

J_γ (ζ) := γH_0(ζ) + E(ζ) and H_0(ζ) := � H(ζ) if ζ_{min} > 0, 0 if ζ_{min} = 0,

(4.13)

where E from Lemma 4.1, H from (4.5) and

γ = γ(t) := C ℓ(t)^2 2L ≥ 0 with ℓ(t) := w(t, L) − w(t, 0) (4.14)

is the energy stored in the body if no damage would occur, i.e. if ζ ≡ 1; of course, we then have J_γ (1) = γ. Note that E, γ, J_γ , and m have a physical dimension as energy (i.e. J=kg m^2s^{−1}), while λ, ζ, z, and ϱ = √ aL/ √ 2κ have a dimension 1. Also, γ = g_0(1) with g_0 from (2.10) with ε = 0 or in the evolution context, equivalently, γ = min_{u∈W} 1,2_{([0,L])} G_0(t, ·, 1) with G_0 from (3.1).

Also, we can see that stability of ζ = 1 at time t is equivalent to m(γ) = γ whereas m(γ) < γ means that the (global!) stability of ζ is lost.

Proposition 4.2 (Some conditions for stability of the undamaged state.) Let us define functions Λ_1, Λ_2 : R^+ → [0, 1] (of physical dimension 1) by

Λ_1(ϱ) := 2 4 + 3ϱ and Λ_2(ϱ) := � 1 − ϱ^2/3 if 0 < ϱ ≤ 1, 2/(3ϱ) if ϱ ≥ 1.

(4.15)

Then we have Λ_1(ϱ) < Λ_2(ϱ) and (i) γ > aLΛ_2( √ aL/ √ 2κ) implies m(γ) < γ, i.e. ζ = 1 is not globally stable, (ii) γ ≤ aLΛ_1( √ aL/ √ 2κ) implies m(γ) = γ, i.e. ζ = 1 is globally stable.

Proof. Part (i) follows easily by using the minimizers of Lemma 1 for z ∈ (0, L) and then taking the limit z → 0.

For Part (ii), the argument is more involved. First, note that a global minimizer ζ_γ of J_γ in Z must exist. As we only consider 0 < γ ≤ aLΛ_1( √ aL/ √ 2κ) and Λ_1 ≤ Λ_2, we use the arguments of Part (i) to conclude that [ζ_γ ]_{min} > 0, and hence ζ_γ solves the Neumann boundary-value problem for the following differential inclusion: −κ d^2ζ dx^2

− a + γH(ζ)^2 L 1 ζ^2

+ ∂χ_{(−∞,1]}(ζ) ∋ 0, dζ dx (0) = 0 = dζ dx (L). (4.16)

By [19, Chap.3, Theorem 2.3], each solution lies in W^{2,p}((0, L)), p < +∞ arbitrary; possibly it has a flat part with ζ(·) = 1.

Testing (4.16) by^d_{dx} ζ gives κ 2 � � dζ dx � �^2 + aζ + γH(ζ)^2 L 1 ζ^2

= ac (4.17)

for a suitable constant c. Note that this also holds if the “reaction force” from ∂χ_{(−∞,1]}(ζ) does not vanish. It holds either ζ = 1 (and then (4.17) is trivial) or 0 < ζ_{min} < 1. In the latter case,^d_{dx} ζ(x) = 0 whenever ζ(x) = 1 and (4.17) again holds on [0, L].

Now, assume 0 < ζ_{min} ≤ ζ_{max} ≤ 1. Then inserting these values into (4.17) (using that^d_{dx} ζ(·) = 0 when these values are attained) gives

aζ_{max} + γH(ζ)^2 L 1 ζ_{max}

= ac = aζ_{min} + γH(ζ)^2 L 1 ζ_{min}

. (4.18)

First, consider ζ_{min} = ζ_{max}, then ζ ≡ ζ_{min} and J_γ (ζ_{min}) = γ + (aL−γ)(1−ζ_{min}). Because of γ < aL, we have J_γ (ζ_{min}) > J_γ (1) for ζ_{min} < 1. Hence we have a contradiction. Second, assuming that we have a minimizer with ζ_{min} < ζ_{max} ≤ 1, we conclude from (4.18) that

c = ζ_{min} + ζ_{max} and H(ζ)^2 = aL γ ζ_{min}ζ_{max}. (4.19)

Using H(ζ) ≤ ζ_{max} and ζ_{max} ≤ 1, we find ζ_{min} ≤ γ/(aL). Now, using J_γ (ζ) ≥ E(ζ), we may employ Lemma 4.1 and find J_γ (ζ_γ ) ≥ aL λ(γ/(aL), √ aL/ √ 2κ).

Some elementary calculations show that γ ≤ aLΛ_1( √ aL/ √ 2κ) implies aL λ(γ/(aL), √ aL/ √ 2κ) > γ. In fact, since γ → λ(γ/(aL), ϱ) strictly decreases on [0, aL] and attains the value 0 at γ = aL, there is a unique solution γ_∗ of γ = λ(γ/(aL), ϱ) and J_γ (ζ_γ ) ≥ γ holds for any γ ∈ [0, γ_∗]. An explicit calculation gives γ_∗ = aLΛ( √ aL/ √ 2κ), where Λ(ϱ) is the unique solution of z = λ(z, ϱ).

We find Λ(ϱ) = 1/2 + ϱ^2/6 for ϱ^2 ≤ 3/7 and the estimate Λ(ϱ) ≥ 2/(3(1+ϱ)) for ϱ^2 ≥ 3/7. Hence we obtain a contradiction to the assumption that a nontrivial (i.e. not identically 1) global minimizer exists, and Part (ii) is proved. �

4.3 Evolution conjectured

We conjecture that the bound Λ_2 in Proposition 4.2 is sharp, i.e. the upper bound Λ_1 can be replaced by Λ_2. In such case, we could give an exact solution for the

1-dimensional damage evolution problem as follows. We now consider γ = γ(t) evolving in time, cf. (4.14).

Consider g(t, ζ) = γ(t)H_0(ζ) +

�_L 0 κ 2 |^d_{dt} ζ|^2 dx and R as before, cf. (4.13)–(4.14) and (3.2). The prescribed elongation/shrinkage ℓ(t) is continuous, cf. (3.16) where even C^1-smoothness was assumed. Let ℓ be strictly monotone, say decreasing, in time, starting from ℓ(0) = 0, and the body is initially undamaged and undeformed, i.e. ζ_0 ≡ 1 and u_0 ≡ 0, which is compatible with (3.17). Then

ζ(t, x) = � 1 for 0 ≤ t < t_∗, x ∈ [0, L], ζ_{dam}(x) for t ≥ t_∗, x ∈ [0, L],

(4.20)

where t_∗ is the unique value such that

ℓ(t_∗)^2 = 2a C L^2Λ_2

�√aL √ 2κ � (4.21)

and where ζ_{dam} is one of the two minimizers of E under the constraint ζ_{min} = 0, cf. (4.11) with z = 0. We have immediate total damage at one point since the instability criterion in Proposition 4.2(i) is obtained by complete damage. From (4.21), we can identify a critical strain e_{crit} := |ℓ(t_∗)|/L above which the (even total) damage starts evolving, namely

e_{crit} :=

|ℓ(t_∗)| L = � 2a C Λ_2

�√aL √ 2κ � (4.22)

For very short bars, i.e. small L, we have asymptotically ϱ = √ aL/ √ 2κ → 0 and then Λ_2(ϱ) → 1, cf. (4.15), so that, from (4.22), we can see that

e_{crit} ≈ � 2a/C. (4.23)

In particular, we can see that the resistivity to damage is determined by the ratio (physically of dimension 1) of the activation stress and the elastic modulus, while κ > 0 plays (asymptotically) no role as well as the length L itself.

Conversely, for long bars, in particular for L ≥ � 2κ/a, we have ϱ = √ aL/ √ 2κ ≥ 1 and thus Λ_2(ϱ) = 2/(3ϱ), cf. (4.15), so that, substituting it into (4.22), we can see that

e_{crit} = 2 4√ 2aκ √ 3LC . (4.24)

In particular, we can see that e_{crit} decays with increasing length L as O(1/ √ L). A paradoxical effect can thus be expected (at least asymptotically if L → ∞) that the bar tends to break already even when a very small strain is achieved by the loading (although the boundary displacement, i.e. the loading ℓ(t_∗) = e_{crit}L ≈ √ L itself, must be sufficiently large). This effect is caused be the adopted concept of global stability (3.13) which is ultimately favorite for damage at small spots if there is enough energy stored in the whole body. Fortunately, large engineering workpieces (as e.g. long bridges or tall towers) rely rather on local stability principles for which, however, a rigorous mathematical theory is not developed yet. This reveals certain limits of applications the presented model.

Acknowledgment: The second author acknowledges the support from C18-subproject of the Research center “Matheon” (Deutsche Forschungsgemeinshaft). The third author acknowledges the hospitality of the Université Sud Toulon–Var and of the Weierstraß Institut, Berlin, where majority of this research has been carried out, in the latter case supported through the Alexander von Humboldt Foundation. Partial support of this research from the grants IAA 1075402 (GA AV ČR), and LC 06052 and MSM 21620839 (MŠMT ČR) as well as from the European grants HPRN-CT-2002-00284 “Smart systems” and MRTN- CT-2004-505226 “Multi-scale modelling and characterisation for phase transformations in advanced materials” is acknowledged, too.

References

[1] E. Benvenuti, G. Borino, A. Tralli: A thermodynamically consistent nonlocal formulation for damaging materials, Euro. J. Mech. A/Solids 21 (2001) 535-553.

[2] E. Bonnetti, G. Schimperna: Local existence for Frémond model of damage in elastic materials. Cont. Mech. Thermodyn. 16 (2004) 319–335.

[3] G. Bouchitté, M. Valadier: Integral representation of convex functional on a space of measures. J. Funct. Anal. 80 (1988), 398–420.

[4] B. Bourdin: The variational formulation of brittle fracture: numerical implementation and extensions. In: IUTAM Symp. Discretization Meth. for Evolving Discontinuities. (T. Belytschko, A. Combescure, R. de Borst, eds.), Springer, 2007. (to appear) [5] B. Bourdin, G.A. Francfort, J.-J. Marigo: Numerical experiments in revisited brittle fracture. J. Mech. Phys. Solids 48 (2000), 797-826.

[6] G. Dal Maso: An Introduction to Γ-convergence. Birkhäuser, 1995. [7] G. Dal Maso, G. Francfort, R. Toader: Quasistatic crack growth in nonlinear elasticity.

Arch. Rat. Mech. Anal. 176 (2005), 165–225.

[8] R. De Borst, A. Benallal, O.M. Heeres: A gradient-enhanced damage approach to fracture. J. de Physique IV 6 (1996) C6, 491-509.

[9] A. DeSimone, J.-J. Marigo, L. Teresi: A damage mechanism approach to stress softening and its application to rubber. Eur. J. Mech. A/Solids 20 (2001) 873-892.

[10] E.A. De Souza Neto, D. Peric, D.R.J. Owen: A phenomenological three-dimensional rate-independent continuum damage model for highly filled polymers: Formulation and computational aspects. J. Mech. Phys. Solids 42 (1994) 1533-1550.

[11] G.A. Francfort, A. Garroni: A variational view of partial brittle damage evolution.

Arch. Rat. Mech. Anal. 182 (2006), 125–152.

[12] G. Francfort, A. Mielke: An existence result for a rate-independent material model in the case of nonconvex energies. J. reine u. angew. Math. 595 (2006), 55–91.

[13] M. Frémond: Non-smooth thermomechanics. Springer, Berlin, 2002.

[14] M. Frémond, K.L. Kuttler, B. Nedjar, M. Shillor: One-dimensional models of damage.

Adv. Math. Sci. Appl. 8 (1998) 541-570.

[15] M. Frémond, K.L. Kuttler, M. Shillor: Existence and uniqueness of solutions for a dynamic one-dimensional damage model. J. Math. Anal. Appl. 229 (1999) 271-294.

[16] M. Frémond, B. Nedjar: Damage in concrete: the unilateral phenomenon. Nucl. Eng.

Des. 156 (1995) 323–335.

[17] M. Frémond, B. Nedjar: Damage, gradient of damage and principle of virtual power.

Int. J. Solid Struct. 33 (1996) 1083–1103.

[18] S. Govindjee, J.C. Simo: A micro-mechanically based continuum damage model for carbon black-filled rubbers incorporating Mullins’ effect. J. Mech. Phys. Solids 39 (1991) 87–112.

[19] D. Kinderlehrer, G. Stampacchia: An Introduction to Variational Inequalities and their Applications. Academic Press, New York, 1980.

[20] M. Kočvara, A. Mielke, T. Roubíček: A rate-independent approach to the delamination problem. Mathematics and Mechanics of Solids 11 (2006), 423-447.

[21] V.I. Levitas: The postulate of realizibility: formulation and applications to postbifurcational behavior and phase transitions in elastoplastic materials. Int. J. Eng. Sci. 33 (1995), 921–971.

[22] E. Lorentz, S. Andrieux: A variational formulation for nonlocal damage models. Int.

J. of Plasticity 15 (1999) 119-138 [23] G.A. Maugin: The thermodynamics of plasticity and fracture. Cambridge Univ. Press, Cambridge, 1992.

[24] C. Miehe: Discontinuous and continuous damage evolution in Ogden-type large-strain elastic materials. Eur. J. Mech., A 14 (1995) 697-720.

[25] C. Miehe, J. Keck: Superimposed finite elastic-viscoelastic-plastoelastic stress response with damage in filled rubbery polymers. Experiments, modelling and algorithmic implementation. J. Mech. Phys. Solids 48 (2000) 323-365.

[26] A. Mielke: Evolution of rate-independent systems. In: Handbook of Differential Equations: Evolutionary Diff. Eqs. (Eds. C.Dafermos, E.Feireisl), pp. 461–559, Elsevier, Amsterdam, 2005.

[27] A. Mielke, T. Roubíček: Rate-independent damage processes in nonlinear elasticity.

Math. Models and Meth. in Appl. Sci. 16 (2006), 177-209.

[28] A. Mielke, T. Roubíček: Numerical approaches to rate-independent processes and applications in inelasticity. (Preprint No.1169, WIAS, Berlin, 2006.) Math. Modelling Numer. Anal., submitted.

[29] A. Mielke, T. Roubíček, U. Stefanelli: Γ-limits and relaxation for rate-independent evolutionary problems. (Preprint no.1156, WIAS Berlin, 2006.) Calc. Var., submitted.

[30] A. Mielke, F. Theil: A mathematical model for rate-independent phase transformations with hysteresis. In: Models of continuum mechanics in analysis and engineering. (Eds.: H.-D.Alber, R.Balean, R.Farwig), Shaker Ver., Aachen, 1999, pp.117-129.

[31] A. Mielke, F. Theil, V.I. Levitas: A variational formulation of rate-independent phase transformations using an extremum principle. Archive Rat. Mech. Anal. 162 (2002), 137–177.

[32] U. Mosco: Convergence of convex sets and of solutions of variational inequalities. Adv.

in Math. 3 (1969), 510–585.

[33] M. Ortiz: An analytical study of the localized failure modes of concrete. Mech. Mater.

6 (1987) 159–174.

[34] H. Stumpf, K. Hackl: Micromechanical concept for the analysis of damage evolution in thermo-viscoelastic and quasi-bittle materials. Int. J. Solids Structures 40 (2003), 1567–1584.

[35] A. Visintin: Strong convergence results related to strict convexity. Comm. Partial Diff. Equations 9 (1984), 439–466.