Weierstrafl—Institut
fiir Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Time—space analysis of the cluster—formation in

interacting diffusions

Klaus Fleischmann® , Andreas Greven?

submitted: 28th November 1994

! WeierstraB-Institut 2 Universitat Erlangen—Niirnberg
fiir Angewandte Analysis Mathematisches Institut
und Stochastik Bismarckstr. 1 1/2
MohrenstraBe 39 D - 91054 Erlangen
D - 10117 Berlin Germany
Germany

Preprint No. 122
Berlin 1994

1991 Mathematics Subject Classification. Primary 60K35; Secondary 60360, 60J15.
Key words and phrases. Interacting diffusion, clustering, infinite particle system, transformed

Fisher-Wright tree, delayed coalescing random walk with immigration, low dimensional systems,
ensemble of log—coalescents. '



Edited by

WeierstraB-Institut fiir Angewandte Analysis und Stochastik (WIAS)
Mohrenstrae 39

D — 10117 Berlin

Germany

Fax: + 49 30 2004975
e-mail (X.400):  c=de;a=d400;p=iaas-berlin;s=preprint
e-mail (Internet): preprint@iaas-berlin.d400.de



Time-space analysis of the cluster-formation
in interacting diffusions

Klaus Fleischmann® and Andreas Greven?

1 WeierstraB-Institut fir Angewandte Analysis und Stochastik, Berlin

2Universitat Erlangen-Nirnberg, Erlangen

time.tex November 18, 1994

Abstract

A countable system of linearly interacting diffusions on the interval [0, 1],
indexed by a hierarchical group is investigated. A particular choice of the
interactions guarantees that we are in the diffusive clustering regime, that
is clusters of components with values all close to O or all close to 1 grow
in various different scales. The latter phenomenon we studied in [11], while
in the present paper we analyze the evolution of single components and of
clusters over time. First we focus on the time picture of a single component
and find that components close to 0 or close to 1 at a late time have had this
property for a large time of random order of magnitude, which nevertheless
is small compared with the age of the system. The asymptotic distribution
of the suitably scaled duration a component was close to a boundary point is
calculated. Second we study the history of spatial 0- or 1-clusters by means
of time scaled block averages and time-space-thinning procedures. The scaled
age of a cluster is again of a random order of magnitude. Thirdly, we construct
an object we call a transformed Fisher-Wright tree, which (in the long-time
limit) describes the structure of the space-time process associated ‘with our
system. All described phenomena are independent of the diffusion coefficient
and occur for a large class of initial configurations (universality).
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1 Introduction

The present paper is a second step in our program started in [11] to understand
better the long-term behavior of interacting systems with only degenerate equilibria
(1.e. steady states concentrated on traps), which typically occurs in weakly interact-
ing (low dimensional) situations. Examples for this situation are branching models,
voter model, linear systems in the sense of Liggett, and genetics models of the type
we discuss here.

The aim of this second step of the program is to develop a suitable scheme which
enables us to deepen the understanding of the large scale correlation structure in
time and space of an infinite interacting system of diffusions in [0, 1] in the regime
of diffusive clustering. In the first step [11] we already obtained a detailed picture
about the growth of clusters in space observed at single time points which get large.
Furthermore we got a first rough insight in the time behavior of the process observed
at a fixed finite collection of components.

The purpose of the present paper is threefold:
(1) A refinement in the analysis of the time structure of the component process which
will reveal that the times spent close to the boundaries are diverging at a random
order of magnitude as the observation time point gets large, but which is small
compared to the system age. The distribution of this random order of magnitude
will be identified.
(ii) We want to get hold on the time-space structure of the cluster-formation, that
is we want to understand the history of spatial clusters. In particular, we want to
relate the time a component was close to 0 or 1 to the spatial extension of clusters.
(iii) To construct an object which contains the information about the time-space
structure for the system on a "macroscopic” time-space scale. We call this object a
transformed Fisher- Wright tree. k

As in [11], another important aspect is that the results are proved for a whole
class of models (universality) allowing quite general diffusion coefficients and initial
laws. In particular, the role of the transformed Fisher-Wright tree is not restricted
to only interacting Fisher-Wright diffusions. The interaction term considered here
corresponds to the d = 2 case in usual lattice models (whereas the equivalent to the
d = 1 case behaves again different, compare Klenke [14]). Eventually having studied
in detail enough models around, we hope to reveal some principles governing the
time-space cluster-formation in linearly interacting systems.

Related questions have been addressed for low dimensional branching systems
in Iscoe [12] from the point of view of occupation times, and in Dawson and Fleisch-
mann [7] using a more refined approach. For the voter model which is exhibiting
qualitatively similar behavior as the interacting diffusions, the phenomenon has been
approached in Cox and Griffeath [4] by studying occupation times. In the present
paper we will follow a different, more direct approach, for interacting diffusions. It
is actually not too hard to use our results to study similar questions for the voter
model on a hierarchical group.

The analysis of clusters and their evolution in time, presented in §§ 1.3-1.7 below,
will proceed by viewing single components in suitable time scales (Theorem 1), large
spatial averages in various time scales (Theorem 2), and time-space thinned systems
(Theorem 3). The transformed Fisher-Wright tree is defined in §1.2.

1.1 Model of interacting diffusions

Start with introducing the model under consideration. For a discussion of the
population genetics motivation for this model we refer to [11] and references therein.
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Definition 1.1 (interacting diffusion) Let X = {X((t); £ € E, ¢t > 0} denote
the interacting diffusion on the hierarchical group = with fixed drift parameters
{ck; k > 1} and diffusion coefficient g. This process is defined as follows:

For each specified initial state in [0, 1]%, consider the unigue strong solution X
(Shiga and Shimizu [19]) of the following system of stochastic differential equations:

axe) = (35 2 [Xea®) - X))ot + (e or(0, €€5 ()
k=1 : .

The ingredients occurring in this equation are the following:

(a) (hierarchical group) E denotes the collection of all sequences § = [¢1, €3, ...]
with coordinates €; in the finite set {0,...,N — 1} (with N > 2 fixed), which
are different from 0 only finitely often. Moreover,

Igll == max{i; & #0},  tobereadas 0if £=0=[0,0,..], (2)

denotes the "discrete norm” of . Finally, = is an Abelian group by defining the
addition coordinate wise modulo N, and || — (]| is the " hierarchical distance”

of £ and (.
(b) (ball average) X; ; refers to the empirical mean (ball average) in a k-"ball”:

C Xea(®) = e g {16 - ¢l < B} X (2). (3)
(c¢) (driving Brownian motions) w = {we(t); £ € E, t > 0} is a system of
independent standard Brownian motions in R.
(d) (diffusion coefficient) g belongs to the set G° of all functions g : [0, 1] —>
R, (see Figure 1) which are Lipschitz continuous and satisfy

g(0)=0=g(1) and ¢g>0 on (0,1). (4)

(e) (drift parameters) The sequence {c; > 0; k > 1} of drift parameters with
values in R, satisfles ), cx/N?* < oo. <

Definition 1.2 (initial state) We often use a random initial state X(0). Then
X (0) is assumed to be independent of the system w of driving Brownian motions.
The law [,(X (0)) is denoted by p. In most cases we assume that u belongs to
the set 7y of all those distributions on [0, 1= which are shift ergodic with density
8 € (0,1), that is fu(dz) z; = 6. Write P, := IP{ for the distribution of X if p is
the initial law £(X(0)), and P, := P¢ in the degenerate case u =4, , z € [0, 1]5.0

Example 1.3 (interacting Fisher-Wright) The standard example is the inter-
acting Fisher- Wright diffusion with diffusion parameter b where by definition

g(r):=bf(r) with f(r):=r(l—7) and b>0; (5)

see Figure 1. By an abuse of notation, in this case we also write P: and P,b for the
laws of X. <o

ege f
,&' N
0 1 0 1

Figure 1: Diffusion coefficients: General g and standard Fisher-Wright f
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Example 1.4 (Ohta-Kimura) Another important case in genetics is the inter-
acting Ohta-Kimura diffusion where g = bf3. O

Remark 1.5 (hierarchical group, X) We recall the following interpretation of
E used in mathematical biology: £ = [¢1, &2, ...] labels the £;-st member in a family,
which is the £3-nd family of a clan, ..., which is the £z-th member of a k-level set.
||€ = || = k refers to relatives of degree k.

The system (1) occurs as diffusion limit of genetics models with resampling and
migration (Moran model). Then X, can be interpreted as a gene frequency of the
£-th component (colony) of the system. (See Sawyer and Felsenstein [17] or Chapter
10 in Ethier and Kurtz [10].) o

The basic features of the model stem from a competition between drift and noise.
Namely, set for the moment c; = 0, then all components X; fluctuate independently
according to diffusions with coefficient g. For instance in the Fisher-Wright case
(5), X¢ will be trapped at 0 or 1 in finite time, as indicated in Figure 2.

1 Xe(t)
X¢(0)
0 |
t T

Figure 2: Under ¢ = 0: A single Fisher-Wright diffusion path trapped at 1

On the other hand, if we set g = 0, then X solves an infinite system of ordinary
differential equations, which has the property that, under ¢ > 0, for initial states
in Ty, the solution X; converges as t — oo to the constant state § that is 6; = 6.

Therefore in the case ¢y £ 0, g # 0, the driff term is in competition with the
basic feature of the diffusion of the single components to get trapped at {0, 1} and
in fact prevents it from getting trapped at all in finite time (except if X starts
already with either of the traps 0 or 1).

In the sequel we shall study only the case where ¢ = a > 0, which is the
prototype displaying a specific "critical” behavior. Namely, this special choice of
the drift parameter implies first of all that we are in the regime of clustering (for
which 3, ;! = oo would suffice), that is

P{|Xe(t) - Xc(®)| 2 €} =20,  &(€E e>0. (6)

Even more, the whole system X is in the regime of the so-called diffusive clustering,
that is, the logarithm of the volume of clusters of neighboring components with val-
ues all close to 0 or close to 1 grow at a random linear speed if we observe the process
in a suitable, in our case at an exponential, time scale; see Fleischmann and Greven
[11). Such behavior occurs typically if 3 7_; c;* diverges but not exponentially
fast as n — oo, while the case of ¢ * = c™* with ¢ < 1 gives different behavior, see
Klenke [14]. In order to keep notation reasonable we focus on cx = a > 0 rather than
putting conditions on Y ;_, c; !. Above dichotomy is analogous tothe d =2, d =1
dichotomy in usual lattice models. See Cox and Griffeath [5] for the analogue of the
voter model on Z2. For the ergodic theory for general drift parameters c; we refer
to Cox and Greven [3]. For a description of the cluster-formation for general cg, see
Dawson and Greven [8] (concerning the mean field limit) and Klenke [14]. Much of
the scheme we derive to study the cluster-formation in time can be performed as
well for the label set Z°.
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1.2 Transformed Fisher-Wright tree

In order to discuss clustering phenomena, we want to introduce some objects which
shall play a basic role in the description of the genealogy of clusters and is the
analog of the backward tree in spatial branching theory. Start with the following
basic ingredients.

Definition 1.6 (Fisher-Wright) Fix 6 € (0, 1).

(a) (standard Fisher-Wright diffusion Y®) Let B be a standard Brownian
motion, and Y® = {Y?(t); 0 < ¢ < oo} the strong solution of

dY’(8) = \/Yo@)[1 - Y*(t)] dB(t), 0<t<oo, Y*(0)=6. (7)
(b) (fluctuation times) We call the hitting time
ri=inf {t > 0; Y°(t) €{0,1}} € (0,0) (8)

of the traps the fluctuation time of Y? (cf. Figure 2).
(c¢) (transformed Fisher-Wright diffusion ﬁ) Set

Ye(8) :=Y’(log(1/f)), 0<B<LU, (9)
and denote the marginal laws of this time-inhomogeneous Markov process by
&y =L(T(0), 0<p<L (10)

(d) (holding time of i—’:‘;) Introduce the holding time of Ye:

T:=exp-1 € (0,1). O

Consequently, a path of the transformed Fisher-Wright diffusion Y? starts at 0
or 1, namely with the law of Y?(7), that is with

(1 - 9)50 + 051 , tll)

stays there for the random time 7 € (0,1). After 7, the path fluctuates as a
standard Fisher-Wright diffusion but with time reversed and on a logarithmic scale,
and finally ends up at time 8 = 1 at the deterministic value . (Read Figure 2
backwards.) Note that (9) can alternatively be written as Y?(e™*) = Y?(¢), 0 <
t < oo.

Next we compose a whole tree of Fisher-Wright diffusions (see Figure 3):

1 Y3,
P trunk Y?,
7]
0 4 . | You-s
0 Sk Sk-1

Figure 3: Fisher-Wright tree (only one branch trapped so far)
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Definition 1.7 (Fisher-Wright tree Y?) Fix 6 € (0,1), k > 1, and (determin-
istic) time points 0 < 8 < -+ < 81 < 8¢ := o0.

(a) (trunk) First we introduce the trunk of the tree. The trunk will be denoted
by Y?, and is nothing else than ¥ from Definition 1.6 (a).

(b) (branches) Next we define the branches of the tree. Given the trunk Y?_,
let a branch Y?, split away from the trunk at the time s;. The branch is
again assumed to be standard Fisher-Wright, but defined on the time interval
[sk, 0c], that is starting at time s with Y? (s¢) = Y? (sz). Proceed with
the other s; accordingly. The branches Yf‘. leave only from the trunk Y?,
and are constructed independently of each other, given the trunk. Hence,
by definition all the branches Yfi , k> 12> 1, are conditionally independent
given Y? . Note that all the finitely many branches and the trunk end up in
the set {0, 1} of traps after finite times.

(c¢) (Huctuation time of the trunk) As in Definition 1.6(b), denote by 7
the fluctuation time of the trunk. Of course, given Y? (1) = 8 €{0,1},
all branches Y?. with s; > 7 are trapped at 8. ‘

(d) (law and filtration) For the fixed s;,...,s1, write P? for the law of the
Fisher-Wright tree Y® and {F(t); t > 0} for the related filtration (with F(t)
describing the behavior of Y? in [0, #]). <

Remark 1.8 The somewhat unexpected index co = sp (instead of 0 or sk43) on
the symbol Y¢, for the trunk of the tree will become clear below when we switch
to a transformed tree. This also indicates that one could read the trunk in back-
ward direction while then the branches, starting with Y'f1 , split off in time viewed
forward. This is (for good reason) the same as with the backward tree in branching
theory, see for instance Chapter 12 in Dawson [6]. — Note also that for typographi-
cal simplification we do not display the time points s , ..., 51 in the notation of Y?
or P?. ' <

In analogy with the transformed Fisher-Wright diffusion Y9 defined in (9), we

will introduce a transformed Fisher-Wright tree Y?, see Figure 4, by switching to
the time scale e™* =: 8 € [0, 1].

trunk i;‘;o Yo, 1 1
8
0 —_ L
Y%, 3o S B — o
0 7T B B2 Bs 1

Figure 4: Transformed Fisher-Wright tree

Definition 1.9 (transformed Fisher-Wright tree Y’:'o) Fix 8 € (0,1), k > 1,
and0=:G<---< B L1
(a) (trunk) The trunk of the transformed Fisher-Wright tree is

Yoo := Y?, (log(1/-)) = Y* (log(1/-)) = Y°.
(b) (branches) The branches Y%, , ..., Y%, are defined by

Yo,(a) == Yhg/po(log(l/a)), 0<a<f, 1<i<k  (12)
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Since @ = 0 is included, the trunk and all branches s _start from the traps
{0, 1} and stay there for a positive time. The branch Y¥; ; terminates at the
(deterministic) time §; when it coalesces with the trunk; hence Y J(Bi) =

Y“o(ﬁ,) Consequently, Y? can be considered as a coalescing ensemble of
transformed Fisher- Wright diffusions.

(c) (holding time of the trunk) As in Definition 1.6(d), denote by 7 the
holding time of the trunk Y%. Note that

Yis,(a) = Yi(a) if 0<a<f<TF, (13)

i.e. branches with terminal time bounded by 7 are trapped at the trunk.
(d) (filtration) Set F(8) := F(log(1/B)), 0 < B < 1, (with F(8) describing the
behavior of Y? in [§, 1]). <

1.3 Time structure of components: Expected phenomena

We start by discussing the phenomena to be described. The formal set-up and
related results will be contained in the next two subsections.
For the remainder of the introduction we require:

Assumption 1.10 (initial state) X starts off with a shift ergodic law p with
fixed density 8 € (0, 1), that is p € 7. <

The basic theorem for the interacting diffusion in the regime of clustering is

L£(X(t)) = (1-6)ig+64,, for L(X(0)) =p€eTs, (14)

(where the symbol = refers to weak convergence); see Cox and Greven {3].
Nevertheless, if we fix a label £ in the hierarchical group Z, we proved in [11,
Theorem 5] that for the corresponding component process {X¢(t); t > 0} in [0, 1],

limsup X¢(t) =1 and liminfX¢(t)=0 as. (15)
t—o0 t—oo

In this sense, opposed to a system of independent diffusions, each component X,
oscillates "between both traps” infinitely often. As a rule it actually even spends
asymptotically fraction one of the time close to the traps {0,1}, [11, Theorem 4].

We now want to know more about the durations for which X is close to 1 or
close to 0 (life times of clusters, or alternatively correlation length in the time of
our system). This should be closely related to the spatial cluster-formation.

The cluster extensions in space we studied in [11, Theorem 3]: At time N#* (as
t — 00), the spatial clusters are of size” at, where a is a random element of the
open interval (0,3) (with 8 > 0 fixed which could be set to 1 by scaling). More
precisely, we have @ = 7 with 7 the holding time of the transformed Fisher-Wright
diffusion (Definition 1.6 (d)).

Or from another point of view, at time scale NPt correlations in space are built
within distances of order at, with the same random a. Or turned around, clusters
of a spatial extension over a ball of radius at need at least time N(at¢)t to be
formed with positive probability, for some & > 0. Combined with (15) this means
that smaller clusters keep being overturned or melted with other smaller ones. This
suggests that in order to describe the sequence of holding times of values close to
1 or close to 0 on a large scale, we should encounter four interesting phenomena.
Namely the holding times should be

— of a random order of magnitude,
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— small compared with the age of the system and

— (stochastically) monotone and of increasing order of magnitude, within the cor-
relation length,

— comparable with the correlation length.

To see that the correlation length is of a smaller order than the system age, look
at {X¢(Bt); 0 < B < 1} (for the fixed €). The law of this process converges ast — oo
to a “stationary” 0-1-valued noise; see Proposition 6.1 at p. 39. (Compare this
phenomenon of a noisy behavior in time with the occurrence of a spatial "isolated
Poissonian noise” in the analysis of the clumping in the time-space picture for
branching systems in low dimensions [7].)

To elaborate on this point look at the exponential scale N®* and at a component
process { X¢(NP*); 0 < B < 1} (for the fixed £). Ast — oo we get the same limiting
"gtationary” 0-1-noise. That is, the limit is independent in each "macroscopic” time
point 8, where the common one-dimensional marginal is just (11), with 8 € (0, 1)
the initial density of the system. The latter fact follows from (14).

This indicates that in order to capture time correlations we have to study X;
after very long times but on a much finer scale than 8 as it appears in Nf%. To
accomplish that, we will look backwards from late time points N7 in time scales of
smaller order. This will be incorporated formally by the following set-up.

1.4 Time structure of components: Results

To capture the structure of the correlations in time of the component process, we
look at an asymptotically small neighborhood of a late time point. Indeed, for fixed
¢ € Eand T > 0, we define the scaled component process,

UF =X (NT-NPT), 0<B<1, (16)

that is 8 € [0,1) becomes the "macroscopic backward time”. Consequently, from
the "terminal time” N7 we look backwards for the amount NAT where 3 varies in
[0,1). Note that NT — NPT ~ NT as T' — o0, 8o that the whole process UT indeed
describes the behavior ”close to” NT.

Recall that g € G° and p € Ty with 8 € (0,1). We denote by =5 weak
convergence of all finite-dimensional distributions. Now we describe the behavior

of a single component X; in time based on the definitions (16) of UZ and 1.6 of Y?
and T.

Theorem 1 (scaled component process) Fiz a label £ € E.

(a) (convergence) There is a {0, 1}-valued process U™ on the (macroscopic back-
ward) time interval [0,1) such that

UT B4 U> 45 T .
(b) (characterization of U®) Fork>0and 0< o<1 <..<Br < 1L:

P{Ug = .= =1} = B(T3(80) - T3()) = B(T3(8))**"

Consequently, the distribution of U™ is a mizture of Bernoullt product laws:

First realize the transformed Fisher-Wright diffusion Y? and then built the
infinite product law with marginals

(1-PE)s6+T @8, o0<p<L (1)

In particular, the one-dimensional marginals L(U;,”) are given by (11), for
all B €0,1).
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(c) (qualitative description of U®) Consider the holding time sup {8 € [0, 1);
Uge = U} € (0,1) of the initial state US®. Then

L(Ug, hul) = £([¥?(0), 7).

Furthermore, beyond hy the process U™ is a "mizture” of instationary 0-1-
noise: For 8 € {0,1} and the f; as in (b),

ﬁ{[Ugg,..., g';]

= 5{ IT2. (1 - F3(8))d0 + T3(603

Ug =8, hy <ﬁ1}

Yi(0)=a, 7 <ﬂ1}.

Remark 1.11 Note that the holding time hy is measurable on the o-algebra of all
(backward) paths with a non-empty starting interval of constant value. <

The theorem says three things: (i) If we look back from time N7 in time scale
NPT the component we focus on has been "close” to its state 8 for a time of random
order of magnitude. (ii) This order is (strictly) smaller than the age of the system:
and has a law as given in (c). (iii) Later changes occur in times of a smaller order
of magnitude (conditional noise), within the correlation length.

Remark 1.12 (time average of components) Note that since the correlation
length is small compared with the age of the system, one could prove that objects
of the form ¢! f; ds X¢(s) converge in law to 6. This is characteristic for the case
of drift parameters {c;} not decaying exponentially fast (the analog of the d = 2
case in lattice models). Compare ([4]). <

1.5 Time structure of components: An open problem

A very natural question is, how the holding times close to time points N behave
in the limit T' — oo. To be a bit more specific, for a fixed € € (0, %) we introduce a
sequence of random (backward) times (see Figure 5):

{NT - IS,Z‘;,‘H?; n> 1}.

Here HY is by definition the (first) hitting (backward) time of the boundary [0, €]

1 —_—
l—¢ -+

Hr a

Figure 5: Alternating sequence of "holding times”

if we start off at time NT in [1 — ¢, 1], or vice versa. HZ is then defined as the
hitting (backward) time increment of the opposite boundary region starting at time

— HY, etc. At this stage we agree to set a hitting time increment H7 (together
with the subsequent HJT y > 1) equal to 0 if the time interval [0, N7] is exhausted.

For our purpose, the increments HY , HY , ... may serve as the (backward) holding
times of the component process X; at the boundaries, since the fraction of time the
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component process spends in [g, 1 — €] converges to 0 in probability as T — oo; see
Theorem 4 in [11].

Incorporating the scaling suggested by the result of Theorem 1, define the
rescaled holding times

PN log HF
T . i .
‘7 TlogN (18)

(that is N HIT _ T ) which for our purpose describe the order of' magnitude of

k]
HT . What one would like to do now is the following:
— Show that L{ﬁ? ;1> 1} has a limiting law, say I'.
— Identify the law I' via the transformed Fisher-Wright tree.
— Show that I' is concentrated on decreasing sequences.

In order to carry out such an analysis, which involves joint laws of holding
times rescaled by functions of different order of magnitude, requires more than
controlling moments of the time-space diagram. What is needed is a representation
of the interacting system via particle systems in the sense of the work of Donelly
and Kurtz [9]. Such analysis is outside the scope of the present paper.

1.6 Spatial ball averages in their time dependence: Results

We want to combine the previous set-up describing a single component during time
with our results in [11] about the spatial structure at a fixed (late) time, and this
way to obtain a better picture how the clusters evolve in time. We approach this
phenomenon from two angles. Namely in the present subsection we consider spatial
ball averages in their time dependence whereas in the next one we shall deal with
thinned-out time-space fields.

For fixed £ € E and « € [0, 1) consider the following spatial ball averages

T 1 T '
173 = T Y X (NT-NFT), 0<B<1, (19)
¢ lI¢-¢ll<aT

as processes in the macroscopic backward time 8 € [0,1). As T — oo, a limiting
process V®® on [0, 1) will exist whose law depends on a. Since N7 = o(NT) (for
B < 1 fixed), we stay again within the correlation length, and the one-dimensional
marginal distribution of V*'* is again independent of 3, but is now given by the
law Q¢ of the transformed Fisher-Wright diffusion Y of (9) at  ; see [11, Theorem
2].

The next theorem deals with this time-scaled process of spatial ball averages.
Recall that 4 € Ty and 0<8< 1.

Theorem 2 (time-scaled spatial ball averages) Fiz0 < a < 1.
(a) (convergence) There ezists a [0, 1]-valued process {V;‘m; 0< B <1} with

vl B yae g5 T . (20)
(b) (characterization of V®*®) Fizk,mo,...,mg>0and 0=: < :-- < G <
1. Then
—~ motebmy_ —~ m;
E(V2®)™ - (V2o®)™ = E? [(Yao(a)) SRR | | (Ye ‘,(a)) ]

J<i<k
with Y? the transformed Fisher- Wright tree of Definition 1.9, and

J:=min{i; a< B, 1<i<k+1}. (21)
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(¢) (qualitative description of V*®)
(1) The marginal laws ,C(V" ) are given by Q" of Definition 1.6 (c), for
all Be[0,1).

(c2) Consider hy :=sup {8 € [0,1); Ve® =V ®}, the holding time of
Ve (recall Remark 1.11). Then [,(h ) = L{a V) (see Definition
1.6(d)).

(e3) Beyond hy, the finite-dimensional distributions of V=™ are egual to

L‘,{[V":’“ SV ]

(with the B; from (b)). The r.h.s. is the following mizture of product
laws:

(@v7) <)

hV < 51} {[ﬁp,(a),...,?"" ,_(a)]

/R B (d 91) ok]) é.a-;a/ﬂl Xee X Qo"a/ﬂk )

with Rg’l": g, denoting the conditional distribution of [i;:é (ﬁl),...,g’?(ﬂk )]
given (a VT) < B1, and with Q% /4. as in (10).

This theorem says that the spatial ball average has remained in its terminal
value at least a time of order N*T. However, this holding time is larger than «
if the whole a-ball is covered by a 0- or 1-cluster at the terminal time N7 (this
event has positive probability), in which case (depending on the random size of
that cluster) the empirical mean had been in the same state as at time N7 for a
random time. The order of magnitude is V7. Looking back further gives us then
conditionally (given aV 7) independent observations since the time grid is too large
to detect earlier and hence small holding times. Theorem 2 (c) combined with the
conjectures in §1.5 and a result in [11] suggests that a specific value in the order
of magnitude of the holding time of a component (viewed backwards from a late
time point) corresponds to the existence of a cluster at that late time which has
a corresponding order of magnitude. Roughly speaking, on the used macroscopic
scales, the spatial cluster size gives the holding time of a typical component in that
cluster. This will be made precise in Theorem 3.

1.7 Time-space thinned systems: Results

A second approach to investigate the history of a spatial cluster found at time N7
and to relate the order of spatial size of the cluster to order of the holding time of
a component, is the following. Choose a spatial network of points having distances
aT. Consider a new field obtained by observing the system through time only at
this network of observation points. Do this however only in a network of time points
which also spread apart suitably as the system ages. We formalize this point of view
as follows which will verbally be explained in Remark 1.14.

Definition 1.13 (thinning procedures)

(a) (inverse level shift operators S;! and spatial thinned systems S, !z)
Forn >0, £ € E and z € [0, 1]%, set

basi I §>n

. . - (22)
0 if 1<j<n

(Sq 12‘.)5 =gy with (8,:15), = {
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(b) (space-time thinned systems) Fixk >0and 1> 8, >---> B > a >
0=:0. Set 3:= {B1,..s Be] and ,

W = (SanX) (VT —1<Z< NAT) |, ges, 0gigh, T>1. (23)
'<i o

Remark 1.14 S;! shifts all coordinates (leVels) of £ by n steps, and fills in the
newly created coordinates by 0. Hence, £ = 0 is a fixed point, and if ||]| = m # 0
then ||S;2€|| = m + n. In particular, S;* increases nonzero distances of pa.n:s of
labels by n. Applied to a whole conﬁguratlon z € [0,1]%, we can view S7lz as a
spatially thinned system since each fixed pair of labels has distance n.

For the fixed scaling parameters § > a, we consider [¢,i] € Z x{0, ..., k} as
new, macroscopic space-"time” variables of the random fields W27, As T — 00,
these fields will have a {0, 1}¥%{%*}valyed limiting field denoted by W& It
describes the evolution of clusters both in time and space. <o

Theorem 3 (time-rescaled thinned systems) Fiz scaling parameters 8 > « as
in Definition 1.13(b).

(a) (convergence) There ezists a {0, 1}5%{%*}_yalued random field WE*T on
E x {0,...,k} such that

weaT L phae 45 T co.
(b) (characterization of WE’“’°°) Fiz natural numbers mg , ..., mg > 0 and, for
each i € {0, ..., k}, labels &; 1, ..., &, m; in E. Then
P(WorD =1 0<igk, 1<i<m) = B [To(Yia(@)™  (29)

€558

with Y9 the transformed Fisher-Wright tree of Definition 1.9 (and fo = 0).

(c) (qualitative description of W&*>) {Wﬂ'a T EES, 0<i< k} is an
associated collection of {0, 1}-valued random varzables Its law can be written
as (with @ denoting the configuration identically equal to 8)

> 6=0,1 P(Yo("') =4, 7< 108(1/ﬁ1))53
+ B T (1 - Fona))do + Via(elts] s 7 < 1.

Le., W™ is a "mizture” of independent fields; with probability P(T > p1)
it is even a constant field § (with random 8).

Theorem 1 (c) and 3 (c) reflect the fact that clusters have a space-time extension
with an order of magnitude (a, @) where a is random. That is, the spatial cluster
size is T (in the hierarchical distance), whereas a "typical” component of that
cluster lived for a time N®T. Or turned around, at time N7, spatial clusters of
size aT have an age of order N°T. Hence, in the time-space diagram of the process
viewed back from the end NT in an exponential time scale, we see at large times
clusters of a size comparable with a square of a random size.

Remark 1.15 Both marginals of the fields are mixtures of product laws, and the
mixing distributions are expressed via Fisher-Wright tree quantities. <

The most important feature of our analysis is that the large scale behavior of our
model does not depend on the diffusion coefficient g, and in particular the trans-
formed Fisher-Wright tree is an universal object in the class of models considered:
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Corollary 1.16 (universality) The limiting objects U,V, and (in the sense of
finite-dimensional distributions) W depend essentially on the initial density 6 €
(0,1), but are otherwise independent of the "input parameters” a > 0, g € G° and
4 € Ty of the interacting diffusion X, and of the parameter N of the label set =.

1.8 Strategy of proofs and outline

The proofs of the Theorems 1-3 will follow the strategy, to first reduce the general
results by coupling and comparison techniques to the case of interacting Fisher-
Wright diffusions starting in a product law. Then we can use a generalized duality
relation with a delayed coalescing random walk ¥ with (deterministic) immigra-
tion, their approximation by an (instantaneous) coalescing random walk 7 with
immigration, and scaling limits for the latter model.

For this purpose, in Section 2 we study some random walk systems, in particular
coalescing random walks. In Section 3 we introduce an extension of Kingman’s
coalescent. We call this object A an ensemble of log-coalescents. It occurs in
certain scaling limits of coalescing random walk (e.g. Theorem ,i) On the other

hand, it is in duality with the transformed Fisher-Wright tree Y? (Theorem 5 in
Section 4), our crucial object for the description of the space-time structure of
interacting diffusions. In Section 5 other basic techniques like the duality of X
and 9, coupling and moment comparison are compiled, culminating in the universal
conclusion Theorem 6. In 6 we finally prove our Theorems 1-3 and with Theorem
7 a rather general version of a scaling limit for thinned X-systems.
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2 Preliminaries: On coalescing random walks

A basic tool for our study of the interacting Fisher-Wright diffusion X will be
a generalized duality relation with a delayed coalescing random walk with immi-
gration. As a preparation for this, in the present section we develop the relevant
random walk models and some of their properties.

2.1 Random walk Z on the hierarchical group

Let Z = {Z;; t > 0} denote the continuous-time (right-continuous) random walk in
Z with jump rate
__ aN 2 95
K= S (25)
(where a is the drift parameter a = c; of the interacting diffusion of Definition 1.1
and N the "degree of freedom” in the hierarchical group Z) and jump probabilities

1
Pe¢ = qapmaye §FC hemee pee= Noi, (26)

Let Z¢ refer to Z starting with Z(0) = ¢ € = (at time 0). The law of Z = Z¢
is denoted by P¢{. For convenience sometimes we also write Z(t) instead of Z;
(similarly we proceed for other processes).

We recall from [11, Lemma 2.21 and Proposition 2.37] that Z is a recurrent
random walk and that the hitting time distribution of the origin starting from a
fixed point £ # 0 has tails of order 1/logt as t — oco. For a detailed study of this
random walk we refer to Section 2 of [11].

2.2 Delayed coalescing random walk 4

Let 9 = {9,(t); £ € E, t > 0} denote the (right-continuous) delayed coalescing ran-
dom walk in E with coalescing rate b > 0 (which corresponds to the diffusion pa-
rameter of the interacting Fisher-Wright diffusion, recall (5)). By definition, in the
delayed coalescing random walk 4 the particles move according to independent ran-
dom walks of the previous subsection except when two particles meet. In the case
of such a collision, as long as the two particles are at the same site, they attempt
to coalesce to a single particle with (exponential) rate b.

Write 9¥ if 9 starts (at time 0) with ¥ € . Here ¥ C Z7 denotes the set of all
those particle configurations ¥ = {y¢; £ € E} which are finite: ||| := 3, ¥¢ < co.
The configurations 1 with ||| = 1 (unit configurations) are denoted by &¢ where
¢ € Z is the position of the particle. Set «

supp ¥ := {£ € E; ¢¢ > 0}. (27)

For a detailed description and discussion of ¥ we refer to §3.a in [11] where the
model is called coalescing random walk with delay. (¥ is the dual of the interacting
Fisher-Wright diffusion, see (64) at p. 34 below.)

Write 7 = ¥, ¢ € ®, for the (instantaneous) coalescing random walk obtained
by formally setting the coalescing rate b to co. Here & denotes the set of all (finite)
populations ¢ € ¥ with at most one particle at each site, that is ¢, < 1 for all
&; see §3.c in [11] for a detailed exposition. (Recall that 7 is the dual of the voter
model on E with interaction described by xp¢,¢ of (25) and (26); see Liggett [15,
Chapter 5].)

By an abuse of notation (no confusion will be possible), the distributions of 7%
and 9¥ are written as P¥ and P¥, respectively.
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2.3 Delayed coalescing random walk with immigration

As introduced above, the delayed random walk 9% starts at time o = 0 with
9(0) = %. Now we modify the model in the following way. Consider a finite
sequence to,...,tx € R of (deterministic) time points and related (deterministic)
populations 49, ...,9* € ¥, respectively. Start the delayed random walk at time
t* := g A ... Aty with the related population %*, but let at the remaining time
points of £, ..., t additionally immigrate the related given populations of %°, ..., %*.
The arising (right-continuous) delayed coalescing random walk with (deterministic)
tmmigration is again denoted by ¥ but we exhibit the immigration parameters in
the notation as follows:
=g ¥t pPedt L ER, 90,4t €T

Loyeenytn ? 0yeertn ?

In particular, the starting time point is also viewed as an immigration time point.
Of course, in the case k = 0 and o = 0 we are back to the original delayed coalescing
random walk: P(}b = PY.
Note that this family of (time-inhomogeneous) Markov processes has an obvious
generalized time-homogeneity property: :
-] E] ' ]
py Y {‘ﬁt;.+t €- l Uy, = '4"} =P¥* {9, €}, (28)
tOs (a3 ] tr—1 S 12 y 22 01 1/)01 ooy "/)k’ 1tbl ev.
Similarly we define 7, the (instantaneous) coalescing random walk with immi-
gration (where b = oo) and use the notation
0 t 3 ] ] .
n=af, . PRI, t,..hER, ¢ .0t € @
These processes have a generalized time-homogeneity property analogous to (28).
In this case one should have in mind a picture as shown in Figure 6.

i +1 - M+t
t —_— =y
2 Tt)\—-0
0 , o = ¢°

Figure 6: Coalescing random walk with immigration (0 = to < < te+t, k=1)

The delayed coalescing random walk process with immigration is in a generalized
duality with the interacting Fisher-Wright diffusion process, see Proposition 5.1 at
p- 34, whereas the (instantaneous) coalescing random walk with immigration is
in a generalized duality with the voter model on E. The word generalized refers
here to the fact that we consider the whole path up to time ¢. (In the case of
E = Z° with interaction determined by the simple random walk kernel Pe,¢, the
latter generalized duality was developed in Cox and Griffeath [4] using the name
"frozen” random walks instead of ones with "immigration”.)

2.4 Basic coupling

Throughout the paper it will be useful to define the relevant random walk models on

Zxor--:xk

a common probability space. For comparison we shall also need a system Z3 'Y
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of independent random walks with immigrating populations x°,...,x* € ¥ at the
times 2o, ..., tx, respectively, defined as ¥-valued process in the obvious way. Finally
we give the following basic coupling principle:

Construction 2.1 (basic coupling) Choose a basic probability space [Q2, F,P] in
such a way that it supports all three (time-inhomogeneous) Markov families
o 13 ) ]
2o, o, and atind

where k > 0, tg,...,ts € R, X% ..., X5, ¥, ..., ¥* € ¥ and ©°,...,0* € ®, and that
these families satisfy

ZX X t) > > ¥ "/‘ @) > ’712,' ,:'f (), 1>t =i A... Ay,

toseenstn toyee.
whenever x* > ¢f > ¢ forall 0 < i< k.

Proof (existence of the basic coupling) First construct a probability space

which supports the family of independent random walks with immigration Z% XC "f .
Then at time t* we start ||x*|| independent walks placed according to the rela.ted X",
at all the remaining times ¢; we additionally start ||x}|| independent walks placed
according to x*. But in addition every immigrating particle (including at time #*)
gets an internal degree of freedom, by definition one of the numbers 0,1 or 2. The
rules are as follows: If the immigrating particle belongs to one of the ¢* it gets the
0-mark, in the case of particles from %* — ¢* we adjoin the mark 1, and for x* — %*
we take 2. The mark of a particle is preserved during its evolution except for the
following two situations:

e If two particles meet which have both the mark 0, then one of them (chosen
at random) instantaneously gets the mark 1.

e If a pair of particles with mark in {0,1} (except if both are 0) stays at the
same site, then at exponential rate b one of them having mark 1 is chosen at
random (if we have two of them) and increases it’s mark from 1 to 2. Here
we let all possible pairs (at the same site) act independently.

Then at time ¢ > t* count the particles as follows:

Z’ﬁ > ,;’: (t) := particles of all marks
,:’ o (t) := particles with marks 0 or 1
o) )99 H s
af, o (8) = particles with mark 0.
Apparently these processes satisfy Z @) > a(t) > 7(t), t > t*, and are a version of
Z,9,n as wanted. ]

-~

Note that the trivariate process [Z, 1, ] is not Markov. (In defining [2 ,9,7] by
deleting the internal marks, the Markov character is lost.)

2.5 Approximation by (instantaneously) coalescing walks

Doubtless, (instantaneous) coalescing random walks with immigration are easier to
handle than the corresponding delayed ones. On the other hand, we want to show
now that in our context of a recurrent Z asymptotically the delayed coalescing
random walk with immigration can be replaced without loss of generality by the
corresponding system with instantaneous coalescence. On an intuitive level this is
justified by the following argument: If two particles (with possibly escaping starting
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points) do not meet, then the coalescing rate b is irrelevant and can be set to oo.
On the other hand, once two particles meet and do not coalesce before one of them
will jump away, then by recurrence they will meet again and again until they will
finally coalesce. (Caution: This heuristic argument has to be refined since it does
not take into account that one of these two particles could meanwhile be ”absorbed”
by another particle.)

To put this idea on a firm base, first associate with each ¢ € ¥ the "truncated”
element 9 A1 € & defined by (% A 1)¢ := 9¢ A 1, £ € E. The following result is a
refinement and generalization of the approximation Proposition 3.6 of [11].

Proposition 2.2 (approximation of ¥ by 7) Fiz integers k > 0, mo, ..., mx >
1. Fort > 1 let be given populations

P =y ()€Y with [[¢f|=m, 1<i<k
and time points
3(t) < -+ < si(t) < sp41(t) with s;(t) — s:(2) o2 if 1>1.
Then on our basic probability space [Q, F,P] (recall Construction 2.1), the event

] k [} h
Iy (sean) = 0¥, Wi? M (se4) (29)
has P-probability converging to 1 as t — co. (Sometimes we do not display the
t-dependence.)

Remark 2.3 The approximate equivalence of 9 and 7 explains via duality, why (in
the recurrent case) interacting Fisher-Wright diffusions and the voter model on Z
have a similar large scale behavior.

Proof The proof proceeds by induction over k, the number of immigration time
points. ’

1° (initial step of induction) Let k = 0. Then the processes are time-homogeneous,
and for simplicity we may set so(t) = 0. We treat this case k = 0 by doing again an
induction, namely over the number myg of initial particles. For convenience, write
mo =: m, ¥° =: . Without loss of generality we may assume that s;(t) = N*
is satisfied (otherwise change the notation of ¥(t)). Fix representations () =:
&) 4 ... 4 §4(mt)| Trivially, the claim holds for m = 1. For the induction step,
recall the coupling Construction 2.1 and assume that the statement is true for some
m—12> 1. Write

Em = {19”‘(N*) = 7" (N}

for the event (29) (in the case k = 0). Define E;_, as Ey, except replacing ¥ by
% — 8¢(™t), For a fixed i < m, let C;:(s) and M; () denote the events that the
walks Z¢(;,1) and Zg(m,1) coalesce respectively meet by time s.

Let o(t) denote the first collision time of Z¢(%*) and Z¢(™*) after at least one
of them jumped away from its initial state. Recall that the difference of the inde-
pendent walks Z¢(*) and Z¢(™?) is a random walk of the same kind except twice
the jump rate. Define a(t) by a(t)t = ||{(i,t) — {(m,t)||. By the hitting probability
Proposition 2.43 of [11], we have for 4 € (0, 1) fixed,

P{N' - N <o(t) <N'} — 0. (30)

(In fact, apply this proposition twice, namely with B(t) = 1 and p(t) = —oo or
o(t) = =, respectively.)
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Consider a subsequence ' — co such that the limit a(00) := limyr_ 0 @(t) exists
in [0, c0]. If a(co) > 1 then by the same proposition we have

P{o() < N =0 (31)

In the opposite case a(oo) < 1, the latter probab111ty has a positive limit, and the
statement (30) implies

(Nt — t! (N
P{ M (N* - N )| Mie ()} = 1.
But then due to recurrence of the random walk (cf. Lemma 2.21 in [11]) we conclude

'P{Czt’ Nt )lM‘t'(N )} '—)oo

and therefore , ,
?{Mi,t,(N‘)\Cg,t: (N} — 0. (32)

t'— 0o

On the other hand, from (31) we know that (32) holds also under a(co) > 1.
Summarizing (32) is true whenever ¢t = ¢ — co.
Dropping in notation the time argument N*, we use the decomposition

E" . = (E,';:_1 nU M,-,:> U (E:_l ncly M,-,t> (33)

i<m i<m

(where CA denotes the complement of the event A). By the induction hypothesis
’P{E"‘_l} tends to 1 as t — 00, so the probability of the event on the r. h s. of (33)
tends to 1. By (32) we can replace in that event Uicm Miyt bY Uicm Ciye to get

still
P{ (}1«72_1 nJ C',-,t) U (Ez_l nclJ M;,,)} oL

i<m i<m
This finishes the proof by induction on m since the latter event implies &, . Con-
sequently the claim in the proposition holds in the case k = 0.

2° (induction step) Using that the pair [#, 7] is a simple functional of a (bivariate)
Markov process (see § 2.4) and exploiting generalized time-homogeneity as in (28),
the induction step is fairly alike to the argument for k = 0 by considering the process
starting with the configuration at the moment of the k-th immigration. a

2.6 Speed of spread of random walks

Our random walk Z in = has the following property: At time scale N* the speed of
growth of the norm ||Z(N?)|| of Z(N?) is of order 1 as t — co. To formulate with
Lemma 2.6 a more precise statement, for r,c > 0, set

_ N Vlog[r]

£(r) = .TgN— ) (34)

and introduce the subsets
Slrd={EeS el <[ +etr) Elnd:={Ees el -F| < et} (5)

of E which consists of all labels £, up to a specific logarithmic error, of at most or
exactly norm [r]. Note that the ring E[r, ¢] is contained in the ball Z[r, ¢], and that
both are monotone in ¢. These sets have the following simple property.
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Lemma 2.4 (spread of sums) Fiz constants a,8,c,d > 0 witha < 5. Fort> 1
let £(t) € E[at, c] and {(t) € E[Bt, d] be given. Then, for all t sufficiently large,

£(t) + ¢(¢) € Elpt, d]. (36)

Remark 2.5 {cancellation) The assumption e < # cannot be dropped. For in-
stance, if a=f8=1, c=d=0 and £(t):=—((t) then £(¢)+((¢)=0¢Z[t,0]. o

Proof of Lemma 2.4 From the definition (35) we conclude
@ < [ot] + c&et),  |IEEII > [62] — d£(6¢).-

Then o < § yields |€(2)]| < [[CCH] for all ¢ > to say. Hence, i€(t) + (B = K]
for these ¢ by the definition of addition in =. Consequently, (36) holds for ¢ > 2o,
finishing the proof. o

The announced speed property of our random walk now reads as follows. Note
that we choose Z(0) itself t-dependent.

Lemma 2.6 (walk speed) Fiz constants a,a’ > 0 and B,e,¢ > 0. Fort > 1, let
ot) e[ —o0,B— %], &(t) € Elat,c], and {(t) € E[a't,c] be given. In the case
a > B, require even that £(t) and €(t) + ((t) both belong to E[at,c]. Then

P{((t) + ZEO (NPt — Ne) € E[(ava' v B)t, 2] } =1 (@

In particular, if ||Z(0)|| is t-dependent and has a speed of order a then the speed
of || ZE(®)(NF?)|| is of order a VB as t — oo; that is, the time correction term Ne(*)t
is negligible.

Proof Without loss of generality, in (37) we may set ¢(t) = 0. In fact, ¢(t)+Z¢(*)
coincides in law with Z¢+(), and £(t) € Elat, ¢], as well as ¢(t) € E[a’t, ] imply
£(2) + ¢(2) € E[(a V a')t, ], so we can rename £(t) and {(t). Moreover, in the case
a > [ we additionally assumed £(t) + ¢{(t) € E[at,c] (which by the way implies
o’ < a), so again we can rename.

Now, under ¢(t) = 0, the case a < @ directly follows from Lemma 2.26 in
[11]. It remains to treat @ > B. For the moment, consider the walk Z° starting
at the origin 0 of Z. By the first case a@ < 8 of the lemma, we may assume that
Z°(NP* — Ne(t)t) belongs to E[Bt, 2c]. Then, by Lemma 2.4, for ¢ sufficiently large,
Z°(NPt—Ne®?) 1£(t) € E[at, c]. Hence, Z¢() (NP —Ne()) € E[at, ] C Elat, 2¢]
with probability converging to 1 as ¢ — oo. This finishes the proof. ]

Remark 2.7 (non-cancellation) In the case @ < 3, the cancellation effect of
Remark 2.5 cannot happen in the situation of Lemma 2.6, since it is negligible that
the walk will meet a prescribed point at a particular late time. <

2.7 Speed of spread of coalescing random walks

The above speed property of families of single random walks (Lemma 2.6) has con-
sequences for the coalescing random walk with immigration, since we are interested
in the latter system at late times and for time-dependent initial and immigration
populations. To describe the situation we need some notation (which is verbally
explained below):
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Definition 2.8 (spreading multi-colonies) Fix natural numbers ¢, my, ..., m; >
0 as well as non-negative constants ao,...,az,c. Write a := [ag,...cq] and m :=
[mo,...,m4). For t > 1, denote by &:[a,m;c| the set of all those populations
% = p(t) € ® which can be represented as ¢ = p°+--+¢* where the ¢/ = ¢i(t) € &,
0 < j < £, have the following properties (recall (35)):

(&) (Bl =m;.

(b) If 6% < ¢’ then & = £(t) has to belong to E[ayt, c].

(c) If &8+ 6¢ < ¢’ then we must have £ — ¢ € E[ajt,c].

(d) If 8¢ < ¢’ and &¢ < o' where j # jt then ¢ — ¢ € E[(aj V ej))t, .

If in (b) the balls Z[cjt,c] are even replaced by the smaller rings E[e;t,c] then
write &;[a,m;c] instead of ®;[a,m;c]. (Note that &;[a,m;c] C &:[a,m;c].)
Finally, write ®:[a,<m;c] and &:[a,<m;c] if in (a) only ||¢/(t)|| = n; < m; for

some n; . 29,

Consequently, ¢ € ®:[a,m;c] (or ¢ € @:[a,m;c]) is a superposition of £+ 1
subpopulations ¢°, ..., ¢* of size mg,...,my > 0, respectively, with the following
properties (up to specific logarithmic errors):

o Particles from the j-th subpopulation spread at (respectively at most at) speed
aj (see (b)).
e Pairs of particles from the j-th subpopulation spread with relative velocity c;
(cf. (c)). ‘ =y
e Mixed pairs of particles from [y, ¢’ | spread at relative speed aj V aj, (see
(d))-
Now we are in a position to formulate the main point of this subsection con-
cerning the speed of spread of multi-colonies in the coalescing random walk with
spreading immigration populations. (A verbal description follows below.)

Proposition 2.9 (speed of spread for multi-colonies) Fiz integers k, £, ..., £
>0, constants ¢ > 1, 0 < o < +++ < Br41, 6 vector a; := [@i0, ..., @iz] > 0 and
an integer-valued vector m; := [mi0,...,mi ;] > 0. Assume that

g # (o VBir), (@i, VBr) i 0<i<i¥ <k, 0<j<fL. (38)
Consider immigrating populations ¢*(t) satisfying (recall Definition 2.8)
i=¢i(t)e$t[ghﬂi;c]y t>1, 0<LiLk

If for somei, 0 < i<k, notalla;p,...,aiy4; are smaller than B; 11, and in the case
i > 0 smaller than all of the (a1, 0VB;), ..., (@ine, Vi), 0 < i < i, we even require
©*(t) € ®[a;,m;; c]. Set s; = s;i(t) := NP*, 0< i< k+1. Then the event

—t ) ==

77“’0"""’*(3],.{..1) € & [gk V B+, Sgk; 2k+1c] (39)

80 yreaySn

has probability converging to 1 as t — co. Here we abbreviated ____nlk =m0y My ]
and @* V Bry1:=[@oy -y 2] V Brt1-

In words (simplified): Suppose at all the times s;(t), i < k, we have an immi-
gration by populations being a superposition consisting of 4 + 1 subpopulations
of mi,...,miy, particles with velocities determined by a; o, ...ci,;, respectively.
Then the terminal population at normalized time B;41 i8 a superposition of sub-
populations which spread apart with the velocities ;; V Br41, 0 < j < 4, (all
except some logarithmic error terms and as described in Definition 2.8). Concerning
the parameter restriction (38), see Remark 2.11 after the proof.
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Proof The proof will be by induction over k, the number of immigration time
points.

1° (initial step of induction) Consider k = 0 (no additional immigration), and
drop the index 0 in notation. Consider a pair £(t),((t) of "particles” taken from
the initial population ¢ = ¢(t), that is 6° + §° < ¢. Recall that the difference
Z := Z¢ — Z¢ of independent walks is a random walk in E of the same kind but
with twice the jump rate.
Now there are two cases possible: The pair €, { of particles originates

(i) from a subpopulation ¢’ of ¢ related to the speed o;,

(ii) from two different subpopulations ¢/ and 7' of ¢ (i.e. a "mixed” pair).
(i) By assumption on ¢’ we have £ —{ € E[a;t, c] (recall condition (c) of Definition
2.8). Hence we may apply the walk speed Lemma 2.6 (with p = ) to conclude
that Z(s;) € E[(e; V B1)t, 2¢|, with probability converging to 1 as ¢ — co. In
particular, we know that the event

2¢ (sl(t)) -zt (31(t)) € E[(aj vBit, 20] | (40)

has a probability converging to 1 and hence conditioning on this event is harmless. If
now the coalescing mechanism is additionally applied (recall the coupling principle
2.1), then on the event (40) there are two cases. If the walks meet, then they
coalesce, and we may apply the walk speed Lemma 2.6 to the surviving random
walk starting with a particle £ from ¢’ which case has to be considered anyway.
Then we get the correct position Z¢(s;) € E[(a; V £1)t, 2¢]. On the other hand, if
the walks do not meet, then the pair £, { of particles survives by time s;, and its
relative position is in Z[(a; V81 )t, 2c], since we are in the event (40). Summarizing,
the walks starting in the pair ¢, ¢ from 7, end up at time s;(¢) in a subpopulation
corresponding to the (relative and absolute) speed a; V Gy .

(ii) Now consider a mixed pair ¢,¢ from @7, ¢’ . By assumption (recall condition
(d) of Definition 2.8), it has relative speed a; Va;, say a; without loss of generality.
Again by the walk speed Lemma 2.6, we may assume that (40) holds. Hence, we
may continue to argue as in (i). '

Combining (i) and (ii), we see that

0 0 0,
’P{n}’u (s1) € @t[g VB, sm’; 2¢] =2 1.
2° (induction step) Consider k > 1. By the Markov property of the process 7
and generalized time-homogeneity as formulated in (28) at p. 16 for the process 9,
the population considered in (39) can be thought of as arising from a process which
starts in the population

0 k-1 »
ne e (se—) +oF = Xk + o (41)

and running as a coalescing random walk for the time NP»+1t — NFst,
Now we use that the claim is true for some k — 1 > 0 (induction hypothesis).
Then by (39) we may restrict our consideration to the case that x* belongs to

@, [g_k'l VB, <m* Y ch]. (42)

We take a pair &, ¢ of particles from x* + ¢*. The cases that both particles belong
either to x* or to ¢* can be dealt with as in the first step of induction. The only
difference is that we apply now the walk speed Lemma 2.6 with ¢ = 8; instead of

2 = fo.
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Thus it remains to consider the mixed case if one of the particles belongs to
each of the sub-multi-populations. Say ¢ belongs to x* whereas ¢ is related to
@*. Then € € E[(ay ; Vﬂk)t 2k¢] for some i = 0,..,k—1and j = 0, ..., 4, and
C € E[ag,;'t, c] for some j' =0, ..., 4. Now the condition (38) comes into the play,
namely for i/ = k. It guarantees tha.t by the spread of sums Lemma 2.4 the speed
of ||¢ — || can be determined by £ — ¢ € E[((as,; V B) V ar,j)t, 2%c]. Then one
can continue as in the other two cases just described.
Summarizing, under the induction hypothesis, at the normalized time B 1 we
end up in the event as written in (39), with probability converging to one. This
completes the proof by induction. O

Remark 2.10 The condition ¢(t) € ®:[a;,m;; c] says roughly that all absolute
positions are of specified orders. This was required as soon as just one "violation” of
parameter restrictions occurs. This is stronger than actually needed. But otherwise
one would need a refined notation in order to describe the situation. <

Remark 2.11 (speed reduction) The condition (38) in Proposition 2.9 cannot
be dropped. In fact, consider the following ezample, see Figure 7. Set k = 1,

RO
| 32\ — f n(N*=) + ¢

Nt

NO=1 @°
0 - £ ¢
3t 3t

Figure 7: Counterexample related to condition (38): 7= 17:;,"’)’\;‘

£y = & = 0, and drop the second index. Moreover, ¢ = 1, B; = 1, B2 = 2,
oo = a1 =3, mp=my =2. Let p° = 6 +4¢ = o' with £ = £(t) = s[;}][o, 1,0,0,..]
and ¢ = ((t) = s[g}][o, 0,1,0,0,...] (the inverse level shift operators S;;! had been
introduced in (22) at p. 12). Note that £, ¢, and £ — ¢ all belong to Z(3¢, 1], hence
©°, o' € &,[3,2;1]. By the walk speed Lemma 2.6 we may assume that n(N*-)
belongs ®;[3, 2; 2], that is, by time N* the particles did not yet meet and have kept
the velocity and relative speed 3t. But now the cancellation effect of Remark 2.5
comes into the play: A mixed pair of particles from n(N*—) and ¢! may have a

?small” relative velocity. Indeed, consider at time N* the left pair in the figure:

ZE(N*) — £ £ Z9(N*) has only speed 1. In the case the walks continuing from this
mixed pair of points do not meet as drown in the figure (note that this event has
asymptotic probability 1 3 by the hitting probability Proposition 2.43 of [11]), then
the correspondlng particles at time N?* have a relative speed of only 2¢, and not
3t as written in (39). — On the other hand, (38) could be weekend to exploit the
non-cancellation effect mentioned in Remark 2.7. <
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3 Ensemble of log-coalescents with immigration

In this section we study coalescing random walks with immigrating multi-colonies:
We consider later and later time points and let the initial and immigrating popu-
lations spread apart. There exists a limiting object which we call an ensemble of
log-coalescents with immigration. The crucial result is Theorem 4 at p. 27.

3.1 A log-coalescent A with immigration

The purpose of this subsection is to introduce some death process on a logarithmic
time scale, which we call the log-coalescent. In the next subsection we shall relate
it with a scaling limit of a system of coalescmg random walks with spreading initial
populations (Proposition 3.2).

Start by recalling Kingman’s [13] coalescent A := {A;; t > to} with coalescing
rate b > 0. By definition, this is a (time-homogeneous right-continuous Markov)
death process starting at time tg € R where a jump from m > 0 to m—1 occurs with
rate b (’;) The process A describes the evolution of finite populations of particles
without locations, where each pair of particles coalesces into one particle with rate
b, independently of all the other present pairs.

We agree to mean in the case g = —o0, that the process started with a (finite)
state A_o > 0 is defined as A; = A_ Alon R.

From now on in this section we set the coalescing rate b to one (standard King-
man’s coalescent). Next we define the log-coalescent X= {XQ; a> ao} by setting

Xa = Alogas a>ag>0. (43)

This is a time-inhomogeneous Markov jump process starting at time cg. (We call
it the log-coalescent, to avoid confusion with Kingman’s coalescent.)
The transition probabilities of A are denoted by

pZ‘(,@,n)::P{-A‘p=n|Xa=m}, 0<a<fB, mn>0.
From the time-homogeneity of A 'follows that
Pea(cBin) =p; (Bin),  €¢>0. (44)

Since the transition probabilities of Kingman’s coalescent A can be calculated ex-
plicitly (see for instance Tavaré [20, formula (6.1)]), we get for the transition prob-
abilities of A (restricting tom > n > 1):

P(Bym) = z( 1" (2= 1) (i+n—2)! (7) (%)(2), £ 0<a<p (45)

al(n—1)(G— .(m";.'"l)

i=n

and pP*(B,1)=1 if 0=a<p.
We now additionally allow a (deterministic) immigration of partlcles in the log-
coalescent X.

Definition 3.1 (log-coalescent X with immigration) At times ao, ..., a; we let
mg, ..., my particles immigrate, where the initial time point g A -+ - Aay =: a” is
again considered as an immigration time point. We write this log-coalescent with
immigration and its transition probabilities as

CXE(B) = XTormme(g), g2 (B,n) = pror (B, n), (46)
4Ln>0, a:= [ao,...,ag] >0, f>a*, m:=[mo,..,my)2>0.
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Using the Markov property, one can easily establish the following recursion
formula:

Mo+teme
PRl (Bm) = Y pTortT(a,n) phTe (6, 1), (47)
ﬂl_

where 0 < ap, ...,z < ag41 < B, and where the last probability is given by (45)
(process without immigration).
Obviously, (44) generalizes to

Xa(cB) =2(B), pem(cBn)=pE(Byn), >0 (48)

3.2 Coalescing walk starting in spreading multi-colonies

Before we proceed further, in this subsection we demonstrate first in a simpler situ-
ation the role the log-coalescent with immigration. Indeed, we restate a limit propo-
sition concerning a coalescing random walk starting in (spreading) multi-colonies.
In fact, Proposition 3.28 of [11] (which is analogous to Theorem 6 in [5]), with the
now obvious identification of the limit probabilities, can be specialized as follows
(formally we also include the case m; = 0). Recall the rings Z[r, ¢ of (35).

Proposition 3.2 (scaling limit for multi-colonies) Fiz integers £,mo, ..., my >
0,ands>0 c>1 0<L ap,eyay < Bwithf >0. Fort > 1 let p(t) €
[ — 00, B ) Moreover, for 0 < j < £ let finite populations

P)= 5 oo §ETi(2) €d
be given with the property that

Cj"“(t) - {j"" ) e E[(aj Vajt, c] whenever [j,u] # [, 7], (49)

and that the superposition ¢(t) := ©°(t) + - - - + ¢(t) belongs to &. Then
prt) (,7 NPt _ Ne(t)t) = n) _____) pao o5 ,y;’:t(ﬁ, n), n>0,

with p the transition probability of the log-coalescent with immigration, satisfying
the recursion formula (47).

Roughly speaking, start the coa.lescmg random walk n with a superposition
of £ + 1 subpopulations ¢°, ..., o* where pairs of particles from 7 (t) spread W1th
the relative velocity o; whereas pairs from different subpopulations ¢’/ and (p’
spread with the relative speed @; V ;jr. Then the number of particles at the late
time NP* is a.ppromma.tely given by the log-coalescent X = X’""' wimet at time B,
with immigration of my, ..., my particles at times oy, ..., oy, respectwely. Note that
only requirements on the relative position of particles in the initial populations are
involved (in contrast to the scaling limit Theorem 4 below on the coalescing random

walk with immigrating multi-colonies).

Remark 3.3 If the condition g, ..., ¢ < 8 in Proposition 3.2 is violated by some
a; then the walks starting with pa.rtlcles of this speed o; cannot react by time NP
(with probability converging to 1 as £ — o0). So they simply evolve independently,
and in the limit these particles have to be added to the number of particles arising
from the log-coalescent. Consequently, that condition is natural in that it is adapted
to the actual range of interaction of the coalescing random walk. <o
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3.3 Ensembles A of log-coalescents with immigration

In this subsection we introduce the limiting object for coalescing random walks with
immigration of spreading populations. To avoid repeatedly cumbersome notation,
we formulate a condition which we call the a<S-Condition (recall Remark 3.3).

Condition 3.4 (a<f-condition) Fix integers k, £y, ..., & > 0, constants 0 < o <
* < Bi41, vectors a; := (@0, ..., 044 > 0 and m; := [mi0,...,mig] > 0, and

suppose
@o<Bh and ;<6 1<Lilk %

We now want to introduce what we call an ensemble of log-coalescents with
immigration, see Figure 8. It will be used in the next subsection to describe a more

"—‘3
< -
E:
my :
ay X%’
=2 —~
S GAN CN
% ap b1 Ba Br  Brnr

Figure 8: Ensemble A of log-coalescents with immigration

general version of Proposition 3.2 above, namely a scaling limit for the coalescing
random walk with immigrating multi-colonies.

Roughly speaking several log-coalescents with immigration evolve independently
until they reach certain prescribed deterministic times 8; < -- - < B, respectively.
In addition, we have a tagged population (related to the horizontal lines in the
figure). From the times ﬂl, , Bk on, the log-coalescents start to interact with the
tagged population. '

Definition 3.5 (ensemble A of log-coalescents with immigration)

(a) (parameters) Fix a constant ¢ > 1. Suppose the a<B-Condition 3.4. Set

IR
a

=a":=[ag, @l m= ko= [mo, .y myl, é:@_" = [B1,y..,0r] (50)

I3

and a} :=ajoA- - Aaiy;.

(b) (independent branches/random immigrants) Let Xéﬁl’,...,‘ig;" be in-
dependent log-coalescents with immigration, running during the time intervals
[a%, Bi], 1 < i <k, respectively.

(c) (tagged population) We now define a process (tagged populatzon) on the time
interval [ah, Be+1] given the log-coalescents (branches) A A * with im-
migration. On the subinterval [a},B1) we set it equal to A__—D°, tha.t is, we let
(only) run a log-coalescent with immigration determined by mg,ao. Then
at the time interval [,61,...,,6;,.;.1] we continue with the log-coalescent, but
with an additional immigration of Xﬁ 1(B1); eoes Xgﬁ" (Br) partticles at the times

- B1, .ery Bi , Tespectively.

(d) (ensemble A of log-coalescents with immigration) Using the 1ngred1ents
(a) - (c), we denote by

AB) = Kgg_;g(ﬂ)a oy < B L Brtr,
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the number of living particles in the tagged population (with random immi-
gration) at time 8. In particular, K(ﬂk+1) denotes the terminal number of
particles in the whole system. We call A the ensemble of log-coalescents with
immigration and parameters o, m,[3. <o

By a generalized time-homogeneity, the following recursion formula holds:
~ahim* it ~a*hmht
?(Agu = (Be+1) = n) =Y ?(Ag—.-, = (B)= n) a;;,;‘,, (Bes1,n), (51)
=0

k> 1, n> 0. Note that the number of non-vanishing terms in the sum is bounded
by Z“-,j mi; hence finite. Clearly, (48) generalizes to the following homogeneity
property:

im

(8)=K5 =(8), c>o. (52)

i
Aeg

Definition 3.6 (ensemble of coalescents without immigration) If 4o = -.- =
£r = 0 in the @<B-Condition 3.4 and in Definition 3.5 then we call A an ensemble
of coalescents without immigration, and write simply Ag;ﬁ. <

Remark 3.7 Note that the term ” without immigration” refers only to the fact that
within the (randomly) immigrating branches of Definition 3.5(b) no immigration
occurs. <

3.4 Cbalescing walk with immigrating multi-colonies

Now we will formulate the announced scaling limit theorem for the coalescing ran-
dom walk with immigrating multi-colonies spreading moderately (recall the Defi-
nition 2.8 at p. 21): On a macroscopic scale the latter behaves as an ensemble of
log-coalescents with immigration. (Recall (50).)

Theorem 4 (scaling limit with immigrating multi-colonies) Fiz a constant
c > 1, and suppose the a<fB-Condition 3.4. Consider immigrating multi-colonies

o' =o' (t) € Fi[aimyic], t>1, 0<iLk

Set s; = s;(t) := NP*, 0<i< k+1. Then for the terminal population size we get

g

with A = K,%"g the ensemble of log-coalescents with immigration.

it ) 22 £(Kke) (53)

Remark 3.8 Note that the limit process A is independent of the jump rate & of
the underlying random walk and the parameter N of E. — Also, the limits are non-
degenerate except some boundary cases as e.g. if k=4, =0 and mg,0 =1 implying
A(B) = 1. - Recall that the limit law satisfies the recursion formula (51). <

Proof The proof is by induction over the number k of immigration time points.
The case k = 0 (no immigration) follows from the scaling limit Proposition 3.2 for
multi-colonies at p. 25 (with g = Bo), since ¢°(t) € ®:[aq,m; ] is sufficient for
the assumptions there.

For the induction step, with k > 1 consider

a:((:)) Z’Zi?{ | (sr+2(8)) ]| = n} n>0.
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By the Markov property and generalized time-homogeneity as in (28) at p. 16 we
can rewrite the expression as

= BEg PO /0 - 20)] = )} (54)

with 5’ denoting an independent copy of . By the speed of spread of multi-colonies
Proposition 2.9 at p. 21 we may assume that the subpopulation 17(31: (t)— ) belongs
to the set

&, [ﬂk ; <m* 2"6]

whereas for the other subpopulation, (pk(t) €3, [ Qi My c] C &, [ Ay, My 2’°c]
holds by assumption. Moreover, by the walk speed Lemma 2.6 at p. 20, the rel-
ative speed of mixed pairs £, ¢ of particles can uniformly be determined: £ — { €
Z[Bit, 2%¢], since ¢ arises from a walk starting at time s;.; with a particle having
a speed < Bg-1.

Altogether, the two subpopulations related to the two summands in n(sx—)+¢*
fulfill the requirements in the scaling limit Proposition 3.2 for multi-colonies (with
@ = B). Hence, given |[n(s(t) - )| = n’ the probability expression appearing in

(54) has a limit which is given by p>-*2 (,Bk.,.l, n) (recall (46) for the latter).

25188
Now by the induction hypothesis the statement on the population sizes is true
for some k — 1> 0. Then

L

?o: :fu_ {"’7("’c )”—n — P( g1 oz 1(,3;¢)=n').

t—r00

Combined with the previous convergence statement for the probability conditioned

on ||n(sg—)|| = n’, we arrive at the r.h.s. of the recursion formula (51), since the
number of terms over which we sum is finite. This completes the proof by induction.
]

3.5 Coalescing walk with immigrating colonies of common
speed v

Occasionally the a<B-Condition 3.4 is not satisfied, therefore we prepare now a tool
to treat such a situation. This comes up when at a sequence of time points single
colonies immigrate which spread at a common speed a: On a macroscopic scale,
by time a such coalescing random walk with immigration behaves like a system of
non-interacting particles, and from time a on like an ensemble of log-coalescents
without immigration( recall Definition 3.6).

Proposition 3.9 (immigrating colonies of common speed) Fiz integers k,mo,
wamp >0, and constants 0 < a<1, 0=Fp <+ <PBry1:=1, ¢c>1. Fort>1
and 0 < i < k consider colonies ¢* = ¢*(t) € ® such that

le'@ll=m: and ©°+-- 40" € Befa,mo+- -+ maic].
Put s; = s;(t) := NPt 0 < i< k. Then

c( ny v (NY) H) = (&)

with A the ensemble AE;’ wel;i [m°+ Fmi-sima il o 1og-coalescents without im-
migration, and with J deﬁned in (21), p. 11.

_The limit object looks as follows: The tagged population and all the branches
of A start at time a, namely with mg + - - - +my_1, my,..., m; particles, respec-
tively. They evolve independently as log—coalescents without immigration, until the
branches coalesce with the tagged population at the times 85, ..., Bk, respectively.
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Proof Since all the immigrating particles have absolute and relative speed a, by
time N®* non of them can interact by the walk speed Lemma 2.6. More precisely,
by that lemma,

0 £y
n? Gr® O(N) € @ [aymo ++ - +my_1,27¢]

with probability converging to 1 as ¢ — oo. But starting with time N, we may
apply Theorem 4, specialized to ”single-colonies”, to get the claim of the proposition.
a

Remark 3.10 The speed reduction effect of Remark 2.11 cannot happen in the
situation of the previous proposition since pairs of particles which immigrate at
different times have a distance of order at by assumption. <

3.6 Coalescing walk with exponential immigration time in-
crements

Here we deal with a different time regime: Single populations with a common
spreading speed immigrate, but now the immigration time increments are of the
form NP*, and actually of a decreasing order. The limit is again an ensemble of
log-coalescents without immigration.

Proposition 3.11 (exponential immigration time increments) Fiz integers
k,mg, ..., > 0, as well as constants

1>6>>B>a>0 : (55)

andc>1. Fort> 1 and 0 < i < k let colonies ¢* = ¢*(t) € &:[a, my;c] be given.
Set
8 = Si(t) = 21<il<i Nﬂ‘.’t, 0 S i S k.

Then

o ] -~
E( nfyb (V) |l) = £(3) (56)
with A the ensemble X[a::::yl[]m" ol of log-coalescents without immigration.

In the limit object, the tagged population and all the branches of A start at
time o, namely with mg, ..., mg particles, respectively. They evolve independently
as log-coalescents without immigration, until the branches coalesce with the tagged
population at the times B, ..., 81, respectively.

Proof The proof proceeds in two qualitatively different steps: First we analyze
the evolution up to time si(t), and then we provide the final step from time si(t)
to N*.

1°(initial population) By the speed of spread Proposition 2.9 and the scaling limit
Proposition 3.2, we conclude that after the first step:

17;’:(31-—) € ®:[B1,n0;2¢c] with random ng = XZ“ (B1)

(with probability converging to 1 as ¢ — o). In the following time steps of macro-
scopic size B; < B;, this subpopulation r),“’: (s1—) further behaves (asymptotically)
as a system of independent random walks (walk speed Lemma 2.6), which at time
3y satisfies

(+]
x° = x°(t) =¥, (sk—) € &:[B1,n0;2%¢]
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(repeated use of Proposition 2.9).

2°(second immigration) By definition, ¢* € &;[a, m;;c] additionally immigrates
at time s, . By the parameter assumption (55), during the subsequent time incre-
ments, these new particles cannot interact with the subpopulation of 1° (Lemma
2.6). On the other hand, their own evolution is similar to that of the initial popu-
lation: ¢! results at time s; into a subpopulation

x' € :[B2,n1;25 1] C &,;[B2,n1;2%¢] with random ny = X?"(ﬁz).

3° (all immigrants) Continuing arguing in this way, at time sy — we finally get &
independent subpopulations

x* € ®:[Biy1,n:;2%c] with random n; = -):Z“(ﬂ‘-.,.l), 0<i<k-1,

(with probability converging to one). :
4° (final step) Define p(t) by si(t) = N2t For the final step from time s; to
N*, we may apply the scaling limit Proposition 3.2 for multi-colonies with ¢°, ..., ¢*
replaced by x°, ..., x*", ¢*, given ng, ..., ng_1. In fact, also mixed pairs of particles
from the total population at time s; satisfy the spreading condition (49), by the
walk speed Lemma 2.6. Therefore,

clmmar ) =2 e ™) = £(Ropms ()

t—00

where [ng, ...,n¢—1] is random, is independent of the evolution, and equals in law
with the independent vector

Xz (B1)s o X2=2(8)].

But according to the Definition 3.5 of the ensemble of log-coalescents, specialized
to the case without immigration, this limiting object can be described as claimed,
finishing the proof. O
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4 Duality of Y? and A

In Theorem 4 of the previous section we learned that on a large space and time scale
the coalescing random walk with immigrating multi-colonies can be described by an
ensemble of log-coalescents with immigration. In order to calculate probabilities for
this limit process we use a duality relation with an object much simpler to handle.
In fact, the main result of this section (Theorem 5) says that the limiting system is
in duality with the transformed Fisher-Wright tree of Definition 1.7.

4.1 Duality of Y? and A, and properties of Y?

Let Y = {Y(t); 0<t< oo} denote the Fisher-Wright diffusion with diffusion
parameter b > 0. By definition this is a diffusion process on the interval [0, 1]
with generator determined by the differential operator % b(r—r?) 56-;,- , 0<r< 1.
Recall that the terminal state Y (co) € {0, 1} is reached already after a finite time.

Consider the function k(n,r) :=r", n >0, 0 < r < 1. If we apply the generator
of Kingman’s coalescent A with coalescing rate b > 0, introduced in § 3.1, to A(:,r)
then we get

b (’2‘) [h(n—1,7) = h(n,r)] = %b(r ) 5‘?;,- h(n,r). (57)

Consequently, recalling the action of the Fisher-Wright generator on kh(n,-), the
generators of the (time-homogeneous) Markov processes A and Y are in duality
and we get the well-known duality between Kingman’s [13] coalescent X and the
Fisher-Wright diffusion Y (both with parameter b and starting at time 0):

B = E'Y™(t), 6€[0,1], n>0, t>0, (58)

(Tavaré [20]). .

Switch to the standard situation b = 1. Turning to a logarithmic scale, we will
generalize (58) in Theorem 5 below.

The announced duality relation will tell us that the generating function of the
terminal number of particles in the ensemble A of coalescence with immigration

can be expressed via moments of the transformed Fisher-Wright tree Y?. (The
definitions of Y? and A were given in 1.9 and 3.5 at pp. 7 and 26, respectively.)

Theorem 5 (duality of Y? and K) Suppose the a<f3-Condition 3.4 at p. 26 with

Bo:=0and Py :=1. Setm= g" = [mg, .., mg), @ = 2 1= [@g, ..., 23], and

8= ék := [B1, ..., Br]- Then the generating function of the terminal number K(l)
- ~a*m®
of particles in the ensemble A = % = of log-coalescents with immigration and

parameters o, m, 3 is given by
had ~a;m* koL~ mi;
S Pz E@=n)r =E[[[[[ (Pales) ], 9)
n=1 - =0 j=0

0<8<L1, with Y? the transformed Fisher- Wright tree of Definition 1.9.

Example 4.1 In the special case § = 0, m;,0 = my < 1, the r.h.s. of (59) simplifies
to
B(Y¥(Bo))™ -+ (YP(B:))™ = B (¥?(8x))™ "™ (60)
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with the transformed Fisher-Wright diffusion ¥'® defined in (9). In fact, condition
first on the trunk. Then all branches become conditionally independent. Next, for
all 1 with m; = 1, we can use the martingale property of the Fisher-Wright diffusion
to replace the (condxtlona.l) expectation over the k independent branches by their

termination points Y (B:) = Y? o(B:) = VL (B:), 1 <3 < k. This gives the L.h.s. of
(60). Then apply aga.m the martingale property. — Note in particular, that here the
@i, are irrelevant. This is immediately clear from the ensemble of log-coalescents
since there is only at most one particles in each branch, which cannot react before
its termination time, hence its "age” is irrelevant. <

The proof of this theorem will follow in the next subsection. As a preparation
we mention some elementary properties of the Fisher-Wright tree Y? from 1.7:

Lemma 4.2 (elementary properties of Y®) With respect to P?:

(a) (exchangeability) Given a splitting point Y (s;) for a branch, the corre-
sponding branch Y"i and the trunk from s; on have the same law:

[Yi,(ss), {(Yi.@st> s,-}] = [Y;‘,o(s,-), {Y&@;t> s,-}], k>i>1.

(b) (time-homogeneity) Fiz k > i > 1. Given the o-field F(s;), the vector
[Y” Yu] of i — 1 branches is equal in law to

85-11°

[{Yh_,-‘ (t—s); t> 81}, {Yh_, (t—s);t> 31}]
where 6 := Y, (s:). |

YL} i

Sp—11"

(c) (conditional independence) Fiz k > 1. Then [Y? ,{Y?
an independent pair, given F(sg).

For later reference, we rewrite Lemma 4.2 for the transformed Fisher-Wright
tree (defined in 1.9):

Lemma 4.3 (some elementary properties of :ﬁ) With respect to P°:
(a) (exchangeability) For fized i € {1,...,k},
[Yoo(8), {¥opu(e) @ < 4}] £ [Y(8), {Yoolo) @ < }]-

(b) (homogeneity) Fiz 1 < i < k. Given the o-field f'(ﬂ,-), the vector of branches
(Y%, 100 Y%,;_,] is equal in law with

[{Wm/ﬁ;(a/ﬁi); a< ﬁl}’ e {Wﬁi_t/ﬁi(a/ﬁi); a< ﬂi—-l}]

where ' := Y05,(8;) = Yo% (8:) = Y9(B).

(¢) (conditional independencel Fiz k> 1. Then [{iﬁﬂ1 ,...,Wﬁ,_l},\%ﬁ,‘]
is an independent pair, given F(B).
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4.2 Proof of the duality Theorem 5

The proof is again by induction on k, the number of immigration time points of A
(the number of branches in Y? ).

1° (initial step of mductzon) In the case k = 0 the ensemble A reduces to a single
log-coalescent A = )‘_° with 1mrmgrat10n By formula (6.2) in [11], the generating

function related to its terminal number A(l) is given by

P (s =)0 = B I (Fo(aos) ™. o

n=1 j=0

Recalling Yoo =Y yields (59) in the case k = 0.
2° (induction step) Let k > 1. Then by the recurrence formula (51) and the
homogeneity property (52) the Lh.s. of (59) can be written as

Z'P( phei i 1(ﬁk)=n’)227>(k i (1)—n) (62)

By the initial step of induction (recall (61)), the innermost sum equals

B’ [(WO(ﬁk))n'ﬁ (ﬁo(ak,j))mk"j] = E° [(\?%(ﬂ,,)) ™ ﬁ'[ ({ﬁﬁ. (ak,j)) m;..,],

where we used Lemma 4.3(a) (with i = k). Inserting this into (62), interchanging
the expectation E? with the summation, and further rearranging yields

EGEB{ ﬁ[ ({ﬁp,‘(a@,,-))mw ZP(Xg__://::;ghl(l) = n') (\?‘o(ﬂk)) n" F(Be )},

where we additionally used the homogeneity property (52) with ¢ = 1/8%.
Assume now that (59) is valid for some k — 1 > 0 (induction hypothesis). Then
the latter sum equals

k-1 4 .
E” [H 11 (Y9 ﬂ‘/ﬁu(as,a/ﬁk)> ], where €' :=Y%(B).
1=0 j=0
By Lemma 4.3 (b) (with i = k), given F(8;), this coincides with
k-1 & ~ '
o { T I (Pontess)) ™ |00}
i=0 j=0

Finally, by the conditional independence property 4.3 (c) we can write the resulting
expression

oo o)™ Pt ]

as expected conditional expectation

Ly Y T O T S
wu{ [ 11 (Fntan) ™ IT 1T (Fooss)) ™

j=0 =0 j=0

f(ﬂk)}'

But this is equal to the r.h.s. of (59), finishing the proof by induction. 0
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5 Duality, Coupling and Comparison

In this section we compile some basic methods to prove limit theorems for the
interacting diffusion X as introduced in §1.1. The basic tools combined will allow
us to prove the key result of this section, Theorem 6, which asserts the universality
of the limits obtained for the special case of interacting Fisher-Wright diffusions
starting with product initial laws. Furthermore, using Section 4 and 2 we actually
see in Theorem 6 that everything boils down to coalescing random walks with
immigration, an object studied in Section 3.

The methods needed are the following: a generalized duality of interacting
Fisher-Wright diffusions which is in particular useful in the case of i.i.d. initial
components, a successful coupling enabling us to generalize from product measure
to any initial state in 75, and a moment comparison to provide the step from
Fisher-Wright g = bf to general diffusion coefficients ¢ in G°.

5.1 Generalized duality of X and ¥

It is convenient to write the defining equation (1) for X in the form

dXe(t) =), (Pec — Fec) Xc(8)dt +/g(Xe(2) dwe(t), €€E,  (63)
¢es
with migration rate x and migration probabilities p defined in (25) and (26), re-
spectively, and with d¢¢ = 1if { = (, and J¢ ¢ = 0 otherwise.

We now develop a generalized duality between the interacting Fisher- Wright
diffusion X (with diffusion parameter ) and the delayed coalescing random walk ¥
with immigration (with coalescing rate b).

First recall that a single Fisher-Wright diffusion and Kingman’s coalescent are
in duality as written in (58). Taking into account that the drift term in the inter-
acting diffusion (63) is related to a continuous time random walk determined by
K g, relation (58) generalizes to Shiga’s [18] duality relation between the interacting
Fisher-Wright diffusion X and the delayed coalescing random walk 1 as follows:

E XY =EY2™, zel0,15, ¢ve€¥, t>0. (64)

(Here the notation z¥ := [],c= zg" is used.) This relates all the moments of X,
with the generating functions of J; .

Since we want to study not only the law of the interacting diffusion at a single
time ¢, but rather the whole path up to time t, we actually need the distributions
of the process X viewed backwards from a "late” time point, say t;41. Hence we

want to calculate moments of the form E’ Xﬂi i—to"" X;/:.:.;—t,. with backward time
points 0 =: 5 < #; < ... < tg41 (viewed from tg41). These moments can again
be expressed via generating functions of a delayed coalescing random walk but now
with immigration of particles exactly at those fixed time points %, ...,1;. Here is

the needed generalization of duality to multiple time points:

Proposition 5.1 (generalized duality of X and ¥) For z € [0,1]5, k>0,
Y%, ..., ¥* € ¥ and 0 <t < ... < tg41 the following duality relation holds:
E X X, = Byt o), (65)

thpr—to ° thy1—tn 20 yeeeslhe

Consequently, the duality formula (65) relates the moments of the interacting
Fisher-Wright diffusion X (starting at z) of orders 4°, ..., %* at times looked back-
wards from 2., namely at the times 341 ~ %, ..., tg+1 — tx , with the generating
functions of the delayed coalescing random walk ¥ with immigrating populations
Y0, ..., ¥* at the forward times to, ..., t, respectively.
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Remark 5.2 Only the "antiton” order in the duality relation (65) is important,
that is one can interchange the role of forward and backward times. <

Proof of Proposition 5.1 The proof is by induction. For k¥ = 0 we are back to
the original duality relation (64) since X and ¢ without additional immigration are
both time-homogeneous. Let k& > 1. Apply the Markov property at the ”earliest
forward” time 41 — 1), and the time homog'eneity of X to get for the L.h.s. of (65)
b ‘IJO h 1 _ b b ~.10 k—l

E Xt;‘+1—t;.Xt;.+;—to Xt;.+1 —thet E Xh.-u—h. EX(tu-n-ih) Xx—to : Xfu —tho1
where X is an independent copy of X. Now assume that the assertion (65) is true
for some k — 1 > 0 (instead of k). Applying (65) to X we can continue with

ES ¥t g0 _ pdtedt pb p9"40(0)

10 yereytn—1 tetr—tn — toyempin=1 thtr—tn °

=E Xtm

Apply the original duality relation (64) (that is the initial step of induction) to
arrive at

—ts

— E‘I‘o,..-,‘ﬁb—‘ E¢h+l’(t).) z'l,'(f~+1—h.)

20 yeeesih—1
where ¥’ is an independent copy of 9. The interior generating function expression
can be reformulated using the generalized time-homogeneity as in (28). This finishes
the proof of (65) by induction. ; m]

If one specializes (65) to a one-component space £ = {0}, then one gets the
generalized duality relation between the Fisher-Wright diffusion and Kingman’s
coalescent with immigration. Such formulas occur already in the literature, see for
instance Cox [1, formula (6.5)].

5.2 Successful coupling in the Fisher-Wright case

Coupling will actually be used twofold. Namely in the first place to get rid of
independence assumptions concerning the initial state X(0) for which the duality
(65) is still tractable. But also to truncate initial states in order to be able to handle
some restricted interacting Fisher-Wright diffusions needed in §5.3. To prepare for
the second case we first want to modify a bit our basic model introduced in §1.1.

Definition 5.3 (diffusion coefficients in G) Let G D G° denote the set of all
diffusion coefficients g which are defined as in G° (recall (d) at p. 4) ezcept that we
require sérict positivity of g on a non-empty subinterval of (0,1) only. Note that
the definition of the interacting diffusion X as strong solution to (63) still makes
sense for these general g € G. o

Definition 5.4 (coupling principle) Fix ¢ € G and two initial laws p,» on
[0,1]5. Let T be a distribution on [0,1]= x [0,1]% with marginals g,v. Choose
[X(0), X(0)] according to T, and solve (63) separately starting with X(0) and X(0),
respectively, but using the same collection {wg; £ € Z} of driving standard Brown-
ian motions (recall that we work with the unique strong solution of (63)). Then the
bivariate process [X, ]?] is called the coupling of the interacting diffusions X and
be wzth dzﬁ’uszon coefficient g and joint initial law T'. Write P{ for its d1stnbut1on,

and P, [z 4] in the degenerate case ' =4 x 4§y, . <

We now use this coupling concept to control the effect of a particular truncation
of the initial state. For this purpose, for 0 < ¢ < 1 and z € [0,1]% define the
truncated configuration z° € [¢,1 — €]° by

2% =eVz A(l—e¢), §E€E.

Moreover, if z is distributed according to u then we write u® for the “truncated
law”, that is for the distribution of z°.
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Lemma 5.5 (truncation of initial states) Let 0 <e < 1.
(a) (error control) For the coupling [X, X] starting in [z, 25,
Ef, .q|Xe(t) - Xe(t)| <6,  g€G, z€[0,1]5, é€E, t>0.

(b) (truncation in 73) If u belongs to the set Ty of shift ergodic laws with in-
tensity 6 € (0, 1), then the truncated u® belongs to Tge for some 6° € [e,1— €]
with 8 —+ 0 ase } 0.

Proof For (a), see the proof of Lemma 4.6 in [11], whereas (b) is obvious. ]

Now we come to the main point of this subsection concerning interacting Fisher-
Wright diffusions, namely to recall Proposition 5.11 of [11]. It says, roughly speak-
ing, that coupled processes started with the same initial density 8 approach each
other as time increases, due to the fact that the same driving Brownian motions
are used:

Lemma 5.6 (successful coupling of interacting Fisher-Wright diffusions)

Assume that g = bf, b> 0. Let u,v € Ts. Then the coupling X, }?] of interacting
Fisher- Wright diffusions with joint initial law p X v is successful, that is

Ep [ Xo(t) — Xo(t)| =2 0.

Successful coupling will enable us to switch from product initial laws x in 75 to
general v € Ty.

5.3 Comparison with restricted Fisher-Wright diffusions

Since the limit processes U,V and W of the Theorems 1,2,3 do not depend on
the diffusion coefficient g € G°, our basic method to get this universality in g is a
comparison principle with (restricted) interacting Fisher-Wright diffusions. This is
a special case of a general comparison principle proved in [2].

gS = bsfs
0 € 1-¢ 1

Figure 9: (restricted) Fisher-Wright bounds for g € G°

The starting point is the fact (see Figure 9) that for each ¢ € (0,1] a given

g € G° can be bounded as follows:
g =bf <g<b'f (66)

for some constants 5%, 5* > 0 where

ffr)=(r-etQl-e-nt, 0<r<1, 0<e<i, (67)
(recall that g is strictly positive on (0, 1) and Lipschitz). Here g° belongs to the
more general set G D G° of diffusion coefficients introduced in Definition 5.3. We
call g° a restricted Fisher-Wright diffusion coefficient. It is needed for the case of a
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diffusion coefficient g with a vanishing derivative at a boundary point of [0, 1] (as
for instance in the Ohta-Kimura diffusions case g = f?).

The moment comparison principle of [2] we want to exploit says, roughly speak-
ing, that larger diffusion coefficients lead to larger moments of X :

Proposition 5.7 (comparison of mixed moments) For ¢ € [0, %], let positive
constants b and b be given. Assume that g € G satisfies

g =bf <g<bf (68)
with f* defined in (67). Then the following higher moment inequalities hold:
B X)Xy < BxYxy < B'xg . xf (69)
forallze (0,15, k> 1,9 .., ¢*€ ¥, and 0<t; < ...< 1.

Next we want to justify why g° is called a resiricted Fisher-Wright diffusion
coefficient. For 0 < e < % set

Ler :i= 1=, 0<r<1], (70)
which gives a map ;
Le:[0,1] — [ 5 =2 | = L C [-1,2]. (71)

Applying coordinate-wise, L, can be considered as an affine mapping L, : [0, 1]= —
IZ,
Lemma 5.8 (restricted Fisher—Wfight) If z belongs to the set [e,1 — €]= of re-

stricted states, then under P{, the transformed process L. X has the law P”L:z .

In fact,
g (r) = (1—25)2b‘f(1"_‘;e), r€le,1—¢]

Consequently, for truncated initial states, L, X is an interacting Fisher-Wright dif-
fusion on [0, 1= with diffusion parameter b¢.

5.4 Universality conclusion

The purpose of this subsection is to demonstrate how coupling and comparison are
combined to prove universality statements on interacting diffusions, that is to reduce
proofs to the Fisher-Wright case starting with a product initial law. The latter
case amounts using the generalized duality relation (65) and the approximation
Proposition 2.2 to showing a limit assertion on coalescing random walks n with
immigration.

Theorem 6 (universality conclusion) Fiz natural numbers k > 0, n; > mqy >
0,0 <i< k. Fort> 1, let time points so(t) < -+ < sp4+1(t) be given such that
8;r — 8; — 00 as t — oo if i’ > i. Furthermore, for 0 < i < k, pick

W et FHed FOAL=E, WOl=m, IFO]=m.

Assume the coalescing random walk n with immigration satisfies

Ewo(t),.--.wtg;) 9[|q(s;.+x(t))" —_ Am°""'m"(9), 0<d<l. (72)

30(t)l""‘k t—p00

Then, for every g in G° and p € Ty, 0 < 6 < 1, the corresponding interacting
diffusion X satisfies

°t Yo (t
E}’;X:pu.f;l%i)—ao(f) T Xs;..f;gt)—‘;,(t) t:o)o Amo mh(a)' (73)
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Proof Step 1° We show that without loss of generality, in (73) we may restrict
to the Fisher-Wright case g = bf, b > 0. Indeed, put 0 < ¢ < % and, for the given
g € G° choose b%,b* > 0 such that g° = bf* < g < b'f. Apply the moment
comparison (69) to see first that we have to deal only with the lower bound

9% v ¥°(t) e 0]
E. X’Ht(*)—‘c(f) X‘Hl(*)-‘b(*)
once we know (73) in the Fisher-Wright case.
By the truncation Lemma 5.5, except some uniform e-error O(e), we can replace

4 by the e-truncated law u® € Tge with 8° = 8 as ¢ — 0.
Next we use that for fixed m > 0,

z¥ = (L,z)¢ + O(s) ase |0, (74)

uniformly in z € [0, 1) and % € ¥ with ||| = m (the maps L. had been defined
in (70)). Therefore from X we may switch to L. X, again except some uniform
e-error O(e). But by Lemma 5.8, the transformed process L, X is an interacting
Fisher-Wright diffusion on [0, 1]= with diffusion parameter b°. Hence,

ESLXY o LXY . =EL XY e xE

Sh41—80 Sh4y1—8n ’h+1—‘0 Su+1—3K

with L.u® the law of L.z if z is distributed according to u®. Since the limit ex-
pression in (73) (or (72)) is continuous in 8 € (0, 1), and (6° — £)/(1 —2¢) — 8 as
€ — 0, we get the same limit A™°»~™%(8) for the lower bound after € — 0, once
we know (73) in the Fisher-Wright case. This proves the claimed reduction to the
Fisher-Wright case.

Step 2° Since we now are in the Fisher-Wright case g = bf, b > 0, we may apply
the successful coupling Lemnma 5.6, to reduce (73) to product initial laws p € Ty,
that is if u € Ty has the form

b= Tleez pe Jug(dr)r=8. (75)
On the other hand, by the generalized duality (65), we rewrite the L.h.s. of (73):

b
/y.(dz) E u+1_‘° . X:l;_’.‘_u = /#(dz) Eil‘ ) ’.;ﬁk 19(n.+1).
By the approximation Proposition 2.2 we may replace the r.h.s. by
/“(dz) E'f::---:?: zﬂ(‘b+1) — E‘(P:,-..,"W: 9"1}(',..4_1)",

where we used the fact that by assumption the initial state has i.i.d. components
with expectation §. However, this is the Lh.s. of (72), and the proof is finished. O
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6 Limit statements for interacting diffusions

The purpose of this section is to use the results of the Sections 2-5 to prove the
Theorems 1-3 and additional claims made in the introduction.

6.1 Noise property of a single component process

In this subsection we want to prove the noise property of a single component process
mentioned in § 1.3 above (p. 9). Fix 8 € (0,1) and recall that 7; denotes the set of
all shift ergodic initial distributions with density 6.

Proposition 6.1 (stationary 0-1-noise of components) Let u € 7y and g €
G°. Fiz¢€Z,k>0and 0< ) <...<Bit1. Then

Pr{[Xc(B1t), s Xe(Brsat)] €} = [(1- )60 +65:]**".

Consequently, here the limiting process is independent in each point and sta-
tionary. Actually this property essentially follows from the fact that in the Fisher-
Wright dual, namely the delayed coalescing random walk with immigration no par-
ticle will interact in the present scaling regime.

Proof Fix u,9,€,k and fi,...,Be+1 as in the lemma. Without loss of generality,
assume B4y = 1, t = NT, and £ = 0. We apply the method of moments. Choose
integers m1, ..., k41 > 1. It suffices to show that

ES X"+ (Be41NT) - - - X5 (BLNT) ol 65 +1. (76)

According to Remark 5.2, one can interchange the antiton order in the generalized
duality Proposition 5.1. Applied to Theorem 6 with * = n;6° and so(T') = 0, this
means that (76) will follow if for the coalescing random walk 7:

§°,...,6° T i
E0h+1(T)t---.°'1(T)o"n(N . T_—T:o 0k+% (77)

where 0;(T) := NT —BNT = (1-B)NT, 1<i<k+1
However, by the walk speed Lemma 2.6 at p. 20, at the first immigration time
ok(T) = (1 — B)NT the initial particle (starting at time o¢41(T) = 0 at 0) has
approximately got a position in E[T, 1] as T — oo. Consequently, it is of order
T + o(T) away from the next immigrating particle. In the time o¢—1(T) — 0% (T) =
(Bt —Br—-1)NT until the next immigration, the resulting difference walk moves away
again of order T'+ o(T'). Hence these particles will not meet and will both be away
from the origin. Continuing to argue in this way we see that ||[n(N7T)|| = k + 1 with
probability converging to 1 as T — co. Hence (77) holds, finishing the proof. O

6.2 Time-space thinned systems and Proof of Theorem 1

We shall deduce Theorem 1 from a somewhat more general statement which is
interesting in its own.

In the following, for ¢ € ®, we also write X, for the family {X£ i € E E, v > 0}
Recall the Definition 2.8 at p. 21 on sprea,dmg multi-colonies.

Theorem 7 (time-space thinned systems) Assume p € T, 8 € (0,1), and
g € G°. Fiz a constant ¢ > 1, and assume the agfB-Condition 3.4 at p. 26 with
Bo := 0 and Br+1 := 1. Consider spreading multi-colonies

¢ =¢'(T) € ®r[a;,my;c], T>1, 0<i<k
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(a) (convergence of spreading families of components) Then the distribu-
tions ’
P{ [Xgo(r) (NT = NT), .., X oy (NT-Nﬁ'-T e}

have a limit law as T — oo, denoted by L = Lp , concentrated on {0, 1}g

Here ¢, m and (3 are defined as in (50) at p. 26, and |m| =3 ;M. The
limit dzstnbutzon L depends on the initial density 8 but is otherwise indepen-
dent of the "input data” N,a,g,p of X.

(b) (characterization of the limit laws) This family of limit laws L;f:i'."_.. i3
characterized by the fact that the probability for all components to be equal to

1 is given by . L .
E’ [H 11 (ﬁﬂa(ai,j))m"j] (79)

1=0 j=0 )
with {f; the transformed Fisher- Wright tree of Definition 1.9 at p. 7.

In particular, the distribution of the limit array is a mizture of Bernoulli
product laws: First realize the "weights”

{Yoalass) 0<i<h 0<j<a}

according to the distribution P® of the transformed Fisher- Wrigﬁt tree Y° ,
and then form the product laws with marginals

(1= Yp(eis))00 + Yopi(ais) 81, 0<i<h, 0<j<é.

Remark 6.2 From the point of view of the interacting diffusion X, the a<8-Condi-
tion 3.4 at p. 26 just reflects the natural range of growth of clusters. <o

“Proof (a) Set s;(T) := NPT, 0 < i < k. In order to apply the method of mo-
ments, take "T-independent multiples” 4*(T') of ¢*(T), that is 3*(T) € ¥ satisfying
¥*(T) A1 = ¢*(T), and where the multiplicities 4¢(T) > 0 are independent of T
We want to show that

E9HX"‘ O(NT-s(T)) — Z'p(Ap E(1) = n)o" (80)

=0 n=1

with A the ensemble of log-coalescents with immigi'ation of Definition 3.5. Accord-
ing to the universality conclusion Theorem 6, it suffices to show (80) with the Lh.s.
replaced by
@°(T)yeerr™(T) glln(NT))|
E‘O(T)) 8 k( ) o
(recall that ¢¥* A1l = <p‘). But then by the scaling limit Theorem 4 on coalescing
random walks with immigrating multi-colonies the claim (80) follows. Hence, the

aim . . .. . .
limit law Ly = exists and is concentrated on {0, 1}2 since the limit expression in
(80) is independent of the orders 1/:2 (T) > 0 of moments at the L.h.s. of (80)..

(b) Using additionally the characterization (59) at p. 31 of the duality Theorem
5, we get the limiting probability of all components to be 1 as claimed in (79). This
finishes the proof. O

Proof of Theorem 1 Speciali?e the assumptions in Theorem 7 as follows: £ = 0,
mio = my < 1, a0 = 0 and ¢* = §¢ if m; = 1. Then the claims (a) and (b) of
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Theorem 7 imply the corresponding ones in Theorem 1, as in part1cular already
explained in Example 4.1 at p. 31.

It remains to show the claim (c). The ma.rgmal laws are given by the basic
ergodic theorem (14). Since we can map r — 1 — r, we may fix our attention on
the case U§® = 8 = 1. For the next statement in (c) we have to show that

P(Ug° =1, hy Zﬁ) = p(yf =1, r< log(l/ﬂ)), 0<B<1.  (81)
The l.h.s. coincides with the monotone limit
Jim P(U,:;-,ﬁ =1, 0k 2"),
which by the identity in (b) equals to
lim E(Y)™ with t:=1log(1/B).

m— o0

If we restrict the latter expectation additionally to the event from the r.h.s. of (81),
then ¥} = 1, and we actually arrive at the r.h.s. of (81). The remaining part of the
expectation can be bounded from above by

B{(¥/)™ ¥! <1},

which converges to 0 as m — oo, by bounded convergence. This verifies (81), and
shows that [U$®, hy| has the claimed law. But combined with (b), the remaining
claim of (c) follows immediately. This finishes the proof. ]

6.3 Time-space thinned systems: Proof of Theorem 3

1° (convergence and characterization) Fix pu € Ty, 0 < 6 < 1, natural numbers
k,mo,...,mp > 0,and constants 1 > B > -+ > B > a > 0= . Fori€ {0,..., k},
consider x* € @ with ||x || = m;. For T > 1, write 8;(T) := ¥, c;1¢; NPT and

. . . -1
¢t = (T) := S[a;,]x‘ = x>0 §Samié

for the spread-out population giving the particles of x an asymptotic distance T,
as in the thinning procedure of Definition 1.13(a). As in the Proof of Theorem 7,
apply the method of moments, and take ”T-independent multiples” 3* € ¥ of ¢*.
In order to determine the limit in law as T — oo of the array of variables

] |T : "
{Wé,',-a ; £€suppx;, 0<i< Ic} (82)
we look at the moments
k i
ES [Tico XV O (NT — 5(T)). (83)
According to the universality conclusion Theorem 6, we need to study

‘PO(T)s :‘Ph(T) " (NT "
E oymery O ON

By Proposition 3.11 at p. 29, this generating function in 8 converges as T' — co to
the one of the ensemble A[“”‘ mali [m"’ #ma] of log-coalescents without immigration.
But according to the duality Theorem 5, the latter generating function is given by

E° [T (Yos(e)) ™. | (84)
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Hence, the moments (83) have the limit (84), and we conclude for the existence of a
limiting field W2, Moreover, since (84) is independent of the orders ’l/JE (T)y>0
of the moments, the limit W&* ig {0, 1}E%{%-*}valued. Altogether, we got the
claims (a) and (b) of the theorem.

2° (a moment estimate) Consider (84) and condition on F(B;). Then all fac-
tors become independent, and we can switch to a product of conditional moments.
Moreover, by Jensen’s inequality, these conditional moments can be bounded below
by corresponding powers of first moments. But by the martingale property of the "
Fisher-Wright diffusion, these expectations can be computed arriving altogether at

the lower estimate e
mg
E? [Ti=o(Y?%:(8e))

for (84). Since ‘F’p,‘ Br) = ﬁo(ﬁk), we actually reduced (84) by one factor. Hence,
by induction, we will end up with the lower estimate §™o+*+™» for (84). Conse-
quently, from (24),

eI WES® > grottms where 6= EWETT.  (85)

K3
§Esupp X , 0<i<k

3° (association) By definition, a countable family of variables is associated if ev-
ery two non-decreasing functions of this family, depending only on finitely many
components and being square integrable with respect to the law of the family, are
non-negatively correlated. Our last formula implies that for events C, D of the form

{Wg}a’m =1 for £ € A and i € B}, (86)
where A, B are finite subsets of E and {0, ..., k}, respectively,
P(CnD) > P(C)P(D).

According to [16] it suffices to have this property for all increasing events (depending
only on finitely many components). Since the variables are 0-1-valued, all increasing
events are of the form (86), and the needed property follows. Hence, the limit field
W8 ig associated.

4° (representation) The claimed representation immediately follows from the char-
acterization (24) combined with the trapping property (13), finishing the proof. O

6.4 Spatial ball aVerages: Proof of Theorem 2

Fixge G% neTs, 0 €(0,1),and 0 < a < 1. Recall the definition (19) of V& 7T,
If @ = 0, then V®T = UT. Hence, for the proof of the convergence statement we
may restrict to 0 < a < 1. By spatial homogeneity, we may also set £ = 0.

1° (asymptotic moment formula) The process V*7 takes on values in [0, 1] only,
thus we can again use the method of moments. Fix k,mg,...,m; > 0and 0 =: By <
+ < Br+1 :=1, and consider

EL (Vo)™ - oo (VauT )™, (87)

In order to evaluate this moment, we insert the definition (19) of V7T as average
over components X; of X to get

k M;
= N—Mx[aT] II H XE(J';)(NT _NﬂiT)] (88)

£(1),..,E(M3) € Eqr L:o Fi=Mi_1+1
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where Z, := {¢ € Z; ||¢]| <r}and M;:=mg+---+m;, i=—1,0,..., k. We may
assume that My > 1. Set 8;(T) := N%T 0<i<k.

2° (restriction of the range of summation) Asymptotically as T — oo we may
restrict the range of summation in (88) requiring additionally

NEDN A 1IEG) — €GN 2 [T] - €aT), #5', 1<ji <M (89)

(recall the definition (34) of £(r) at p. 19). Roughly speaking, we sum only over
labels with absolute and relative speed a. To justify this restriction, first note that
all terms of the sum in (88) are uniformly bounded by 1. Moreover, the number of
labels excluded this way is bounded by

C(m NM;. [aT]-¢(aT) - M [aT]
(m) o|N as T — oo,

where the combinatorial constant C(m) only depends on m := [mg,...,m]. In
fact, we have C(m) N(M»—1)[2T] pogsibilities to fix £(j'), then the coordinates
&:(7) of £(5) with i > [aT] — £(aT) have to be 0 or coincide with the corresponding
ones of £(j) in order to violate the inequality in (89); this gives further [aT] — £(aT)
possibilities.

3° (convergence) Set ¢ 1= §¢8(Mi-a+1) .4 §8(M:) 0 < § < k, with the £(j) of the
range of summation in (88) but with the restriction (89). Note that ¢° + - - - 4 *
belongs to ®7[a, My, 1] for all sufficiently large T'. (We applied the Definition 2.8
of spreading multi-colonies, specialized to a single colony.) Then a typical term in
the sum in (88) can be written as

E{ [Tho X% (si41 — 52)- (20)

In order to calculate the limit of (90) as T' — oo which then gives the limit of (88),
we want to apply the universality conclusion Theorem 6. Therefore we look at

Ef°,---,tf;: gln(NTII (91)
O!""j N

Then by Proposition 3.9 at p. 28, as T — oo we get the following limit for the
generating function (91):

S0 P(Rgyaiglommernm™s (1) = n)gn, (92)

with J defined in (21). Consequently, (90) hence (87) converges to (92) by the
universality conclusion Theorem 6. This shows that indeed a process V** on [0, 1)
exists such that (20) holds, and the statement (a) of Theorem 2 is proved.

4° (limiting moments) By the duality relation (59) of Theorem 5, the limiting
moments of (87) as T — oo, coincide with (92) and hence fulfill the identity claimed
in (b). '

5° (marginals) Specializing the moment formula of (b) to k = 0 (implying J = 1),
we immediately see that the random variables V;* and Y%(a) = Y?(a) coincide
in law. Thus, by (10) we get the marginals as claimed in the beginning of (c).

6° (holding time and conditional noise) From the case J =k + 1 in the moment
identity of (b) we conclude that the limit process V*® is constant at least on the

interval [0, ) (where the constant is random with law 5‘?’“) That is, hy > a.
Moreover, putting J = 1 in the moment formula of (b), we see that for 0 < a <

BrL<-- B <],

[VO“'“,xf,;;»* =] £ [{ﬁo(a),ﬁ (@) Yo ()] (93)

1o Vg



44 K. Fleischmann & A. Greven

By definition of the (transformed) Fisher-Wright tree Yo, given the trunk Y, the
(backward) branches Y¢,,..., Y%, are independent. Hence, if we condition the
r.h.s. of (93) to the trunk Y% and restrict additionally to B¢ < 7, then

YaO(a) = Yaﬂx (a) == Yaﬂh (a):

by (13). Hence, {’-‘3,3(0:) = \7‘90(&) whenever @ < 8 < 7. (Actually, for such a
statement one has to extend the definition of the trees, switching to an uncountable

collection of branches.) That is, the holding time of the "process” 8 — Y%(a) on
[@, 1) is at least TV . Our aim is to demonstrate that this holding time is actually
exactly TV a.

Given the trunk and restricting to (e V ¥) < 81, the termination positions

[¥o.(81)s %5 (88) | = Yoo(81), - Y0 80)] = [P (8, . Y (Be) | =:[61, .- 63]

of the (conditional) independent branches Y?, , ..., Y%, are interior points of [0, 1]
implying that the corresponding branches are non-degenerate. More precisely, given
6; , by homogeneity as in the property (b) of Lemma 4.3 at p. 32, and then switching
to the trunk we get

Yoau(a) £ Yo (a/B) £ YPo(a/) = V% (a/B:), (94)
which by definition has the law a?:a /: - This verifies that the conditional distribu-

tion
£{[¥.(@), s Vosa ()] | (av7) <pi}

of the "section” of the transformed Fisher-Wright tree is just a mixture of product
laws as claimed in (c).
Coming back to the holding time. Given the trunk, we choose € > 0 such that

(aV7T)+ € < 1. Then, abbreviating Y%(a) = :r,
P dr=Y%, (a)="--=Y9,(a) I?eo; (@VF) < <-fh < (aVP)+e}
= H?:l Qgia/ﬁ.‘ ({r}),

which equals 0 if T < o ig_gatisﬁed, and converges to 0 as k — co otherwise. Thus,
the holding time of B — Y%(a) on [a, 1) is exactly 7V a, and by (93) we conclude
that Ay =7V a in law. This completes the proof of (c) and finishes the proof of
Theorem 2 altogether. ' o
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