Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Mathematical results on existence for viscoelastodynamic problems with unilateral constraints

Adrien Petrov^1, M. Schatzman^2

submitted: 16th March 2007

1 Weierstraß-Institut

für Angewandte Analysis und Stochastik Mohrenstraße 39 10117 Berlin Germany E-Mail: petrov@wias-berlin.de

2 CNRS, Université de Lyon Institut Camille Jordan 21 Avenue Claude Bernard 69622 Villeurbanne Cedex France E-Mail: schatz@math.univ-lyon1.fr

No. 1216 Berlin 2007

2000 Mathematics Subject Classification. 35L85, 49J40, 74D99, 74H30.

Key words and phrases. Viscoelasticity, Signorini conditions, penalty method, traces, variational inequality, convolution.

We would like to thank M. Chambat for reading this work and for providing helpful comments. A. Petrov thanks also the Research Center ’MATHEON’ (projet C18) for generous support.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract We consider a damped wave equation

u_{tt} − Δu − αΔu_t = f, x ∈ (−∞, 0] × R^{d−1}, t > 0, α > 0, with unilateral boundary conditions

u(0, ·) ≥ 0, (u_{x1} + αu_{x1t})(0, ·) ≥ 0, � u(u_{x1} + αu_{x1t}) � (0, ·) = 0.

We study also the evolution of a Kelvin-Voigt material:

ρu_{i,tt} = ∂_j σ^0_{ij} (u) + ∂_j σ^1_{ij} (u_t) + f_i, x ∈ (−∞, 0] × R^{d−1}, t > 0,

with boundary conditions on {0} × R^{d−1} × [0, ∞)

u_1 ≤ 0, σ^0_{11}(u) + σ^1_1(u_t) ≤ 0, u_1 � σ^0_{11}(u) + σ^1_1(u_t)) = 0, σ^0_{12}(u) + σ^1_2(u_t) = 0 and σ^0_{13}(u) + σ^1_3(u_t) = 0.

Under appropriate regularity assumptions on the initial data, both problems possess a weak solution which is obtained as the limit of a sequence of penalized problems; the functional properties of all the traces are precisely identified through Fourier analysis, and this enables us to infer the existence of a strong solution.

1 Introduction and notations

This paper aims to give some new mathematical results on existence for a damped wave equation with an obstacle and for full viscoelasticity in the particular case of a Kelvin-Voigt material with unilateral boundary conditions.

We consider in Section 2 a damped wave equation taking place in a half-space, with an obstacle at the boundary. Let u(x, t) be the displacement at time t of the material point of spatial coordinate x = (x_1, x^′) ∈ (−∞, 0] × R^{d−1} at rest. Let f(x_1, x^′, t) denote a density of external forces, depending on space and time. Define Ω = (−∞, 0] × R^{d−1} and let α be a positive number. The mathematical problem is formulated as follows:

u_{tt} − Δu − αΔu_t = f, x ∈ Ω, t > 0, (1.1) with Cauchy initial data u(·, 0) = u_0 and u_t(·, 0) = u_1, (1.2) and Signorini boundary conditions at x_1 = 0, t > 0,

0 ≤ u ⊥ u_{x1} + αu_{x1t} ≥ 0. (1.3)

The orthogonality has the natural meaning: an appropriate duality product between two terms of relation vanishes.

We suppose that the initial position u_0 belongs to the Sobolev space H^2(Ω) and satisfies the compatibility condition u_0(0, ·, ·) ≥ 0, the initial velocity u_1 belongs to H^1(Ω) and the density of forces f belongs to L^2_{loc}([0, ∞); L^2(Ω)). The choice of a function f defined for all non negative time is justified by the use of a Fourier transform in the later part of the article. This is not significant restriction as we can always extend f by 0 if it is defined only for finite times.

Let K be the convex set:

K = {v ∈ H^1_{loc}(Ω × [0, ∞)) : ∇v_t ∈ L^2_{loc}([0, ∞); L^2(Ω)), v|_{{0}×R}d−1 ≥ 0}.

This unusual convex set has been devised in order to write a weak formulation of our problem. Since we expect to find a scalar product (∇u_t, ∇w), we require ∇u_t to be square integrable. Thus, the weak formulation associated to (1.1)-(1.3) is obtained by multiplying (1.1) by v − u, v ∈ K and by integrating formally over Ω × (0, τ). Then, we get: � � � � � � �

Find u ∈ K such that for all v ∈ K and for all τ ∈ (0, ∞), � Ω (u_t(v − u)) � �^τ_0 dx −

�_τ 0 � Ω u_t(v_t − u_t) dx dt + �_τ 0 � Ω (∇u + α∇u_t)(∇v − ∇u) dx dt ≥

�_τ 0 � Ω f(v − u) dx dt.

(1.4)

We treat also in Section 3 the evolution of a Kelvin-Voigt material (see [1]) occupying a half-space, satisfying Signorini conditions at the boundary and Cauchy data at t = 0. We make the assumptions of small deformations. Let ε_{ij} (u) = (u_{j,xi} + u_{i,xj} )/2 be the strain tensor and let there be given two Hooke tensors, a^n_{ijkl}, n = 0, 1. We define the two stress tensors σ^n_{ij} corresponding respectively to the elastic and the viscous part of the stress:

σ^n_{ij} (u) = a^n_{ijkl}ε_{kl}(u); (1.5)

here, we have used the summation convention on repeated indices. The displacement field u satisfies the system

ρu_{i,tt} = σ^0_{ij,xj} (u) + σ^1_{ij,xj} (u_t) + f_i, x ∈ Ω, t > 0. (1.6)

The initial data are given by

u(·, 0) = v_0 and u_t(·, 0) = v_1. (1.7)

The components of the unit external normal are δ_{1j} (δ is the Kronecker), and a basis of tangential vectors can be taken as τ_j = δ_{2j} , and τ^′_j = δ_{3j} . Denote by

Σ = {0} × R^{d−1} the boundary of Ω. Then, the boundary conditions on Σ × [0, ∞) are 0 ≥ u_1 ⊥ σ^0_{11}(u) + σ^1_1(u_t) ≤ 0, (1.8a) σ^0_{12}(u)+σ^1_2(u_t) = 0 and σ^0_{13}(u) + σ^1_3(u_t) = 0. (1.8b)

One of the main results of Section 3 is to make (1.8a) precise and to justify the use of duality here.

In order to simplify the problem, we have considered an homogeneous and isotropic material; then, the Hooke tensors a^n_{ijkl} are defined with the help of Lamé constants λ^n and μ^n:

a^n_{ijkl} = λ^nδ_{ij} δ_{kl} + 2μ^nδ_{ik}δ_{jl}, n = 0, 1.

We define two elasticity operators A^n by

A^nu = a^n_{ijkl}∂_j ε_{kl}(u), n = 0, 1.

Then, the problem (1.6)-(1.8) can be rewritten as follows:

ρu_{tt} − A^0u − A^1u_t = f, x ∈ Ω, t > 0, (1.9a) 0 ≥ u_1 ⊥ � σ^0_{11}(u) + σ^1_1(u_t) � ≤ 0 on Σ × [0, ∞), (1.9b) σ^0_{12}(u) + σ^1_2(u_t) = 0 and σ^0_{13}(u) + σ^1_3(u_t) = 0 on Σ × [0, ∞), (1.9c) u(·, 0) = v_0 and u_t(·, 0) = v_1. (1.9d)

Let us describe now the functional hypotheses on the data; if X is a space of scalar functions, the bold-face notation X denotes systematically the space X^d. For the final result, we require v_0 to belong to H^{5/2}(Ω), v_1 to H^{3/2}(Ω) and f to H^1_{loc}([0, ∞); L^2(Ω)). The initial data must satisfy the compatibility condition (v_0)_1(0, x^′) ≤ 0 for all x^′ ∈ Σ. Let K be the convex set defined by:

K = {v ∈ H^1(Ω × (0, τ)) : ∇v_t ∈ L^2(Ω × (0, τ)), v(0, ·) ≤ 0}.

Define two bilinear forms by

a^0(u, v) = � Ω a^0_{ijkl}ε_{ij}(u)ε_{kl}(v) dx and a^1(u, v) = � Ω a^1_{ijkl}ε_{ij}(u)ε_{kl}(v) dx.

We obtain a weak formulation of the problem (1.9) as follows: we multiply (1.9a) by v − u, v ∈ K and we integrate formally the result over Ω × (0, τ); we obtain then the variational inequality: � � � � � � �

Find u ∈ K such that for all v ∈ K and for all τ ∈ (0, ∞), �_τ 0 � Ω ρu_{tt} · (v − u) dx dt +

�_τ 0 a^0(u, u − v) dt + �_τ 0 a^1(u_t, v − u) dt ≥

�_τ 0 � Ω f · (v − u) dx dt.

(1.10)

The existence result for (1.1)-(1.3) is easily established by the penalty method, and was already proved by Jarušek et al [4] in the case of distributed constraints.

Jarušek has also proved in [3] an existence result for (1.9), in a much more general and complicated case, since it allows for contact, a given friction at the boundary, a nonlinear constitutive law for viscoelasticity and a general geometry. However, the boundary conditions must be understood in the sense of duality, since this is the sense in which his traces are defined.

In the present paper, for both problems, we penalize the obstacle constraint, we construct a solution of the penalized problem, and we show the existence of a weak solution by passing to the limit with respect to the penalty parameter. Then, under appropriate regularity conditions on the data, we prove that the penalized solution has traces, which can be estimated, and therefore, the limiting weak solution that we obtained is a strong solution. Observe that nothing is known about uniqueness. These two problems are treated in the same article, because they are quite close. Proofs for the second problem are shortened, when very close proofs for the first one. Nevertheless, there are substantial differences in detail, since the second problem is much more complicated than the first one. In particular, the bulk of the proof in Section 3 consists in obtaining a solution of a linear system through Fourier-Laplace transform, and then to estimate this solution in anisotropic Sobolev spaces.

2 The damped wave equation with Signorini boundary conditions

2.1 The penalized problem

We approximate (1.1)-(1.3) by the penalty method. This means that we replace the rigid constraint (1.3) by a very stiff response. When the constraint is active, the response is linear, and it vanishes when the constraint is not active. More precisely, letting r^− = − min(r, 0), we replace u by u^ϵ, which satisfies

u^ϵ_{tt} − Δu^ϵ − αΔu^ϵ_t = f, x ∈ Ω, t > 0, (2.1)

with initial data u^ϵ(·, 0) = u_0 and u^ϵ_t (·, 0) = u_1, (2.2)

and boundary condition

(u^ϵ_{x1} + αu^ϵ_{x1t})(0, ·, ·) = (u^ϵ(0, ·, ·))^−/ϵ. (2.3)

Define the following sets:

Q_τ = Ω × (0, τ) and I_τ = Σ × (0, τ), ∀τ ∈ (0, ∞). (2.4)

Theorem 2.1 Let W_{loc} = {u ∈ H^1_{loc}([0, ∞) × Ω) : ∇u_t ∈ L^2_{loc}([0, ∞); L^2(Ω))}. Assume that u_0 and u_1 belong to H^1(Ω), f belongs to L^2_{loc}([0, ∞); L^2(Ω)); then for every ϵ > 0 there exists a unique weak solution u^ϵ ∈ W_{loc} of the problem (2.1)-(2.3) such that

u^ϵ ∈ L^∞_{loc}([0, ∞); H^1(Ω)), (2.5a) u^ϵ_t ∈ L^2_{loc}([0, ∞); H^1(Ω)), (2.5b) u^ϵ_{tt} ∈ L^2_{loc}([0, ∞); L^2(Ω)), (2.5c)

and for every τ ∈ (0, T ) and for all v ∈ W_{loc}, the following variational equality is satisfied: � Ω ((u^ϵ_tv)(·, τ) − (u_1v)(·, 0)) dx − � Q_τ

u^ϵ_tv_t dx dt + � Q_τ

∇u^ϵ∇v dx dt +α � Q_τ

∇u^ϵ_t ∇v dx dt − 1 ϵ � I_τ

(u^ϵ)^−v dx^′ dt = � Q_τ

fv dx dt.

(2.6)

Proof. The Theorem is proved by the standard Galerkin method and the reader can see for example [2] or the appendix of [4]. □

2.2 A priori estimates

We establish here estimates up to the boundary and interior estimates which, later, will enable us to infer the existence of a weak solution to (1.1)-(1.3).

Lemma 2.2 Assume that f belongs to L^2_{loc}([0, ∞); L^2(Ω)), u_0 to H^1(Ω) and u_1 to L^2(Ω). Then independently of ϵ > 0 , u^ϵ_t, ∇u^ϵ are bounded in L^∞_{loc}([0, ∞); L^2(Ω)), ∇u^ϵ_t is bounded in L^2_{loc}([0, ∞); L^2(Ω)) and (u^ϵ(0, ·, ·))^−/ √ ϵ is bounded in L^∞_{loc}([0, ∞);

L^2(R^−)).

Proof. These estimates are simply an application of the Gronwall lemma to the energy identity. We multiply (2.1) by u^ϵ_t and we integrate this expression over Q_τ to get � Q_τ

u^ϵ_{tt}u^ϵ_t dx dt − � Q_τ

Δu^ϵu^ϵ_t dx dt − α � Q_τ

Δu^ϵ_t u^ϵ_t dx dt = � Q_τ

fu^ϵ_t dx dt.

We integrate the first integral in time in the above relation, we use Green’s formula for the second and the third one, and with the help of the boundary conditions (2.3), we obtain 1 2 � Ω � |u^ϵ_t(·, τ)|^2 + |∇u^ϵ(·, τ)|^2 � dx + α � Q_τ

|∇u^ϵ_t|^2 dx dt + 1 2ϵ � Σ � (u^ϵ(0, ·, ·))^−

�_2�_τ 0 dx^′ = � Q_τ

fu^ϵ_t dx dt + 1 2 � Ω � |∇u_0|^2 + |u_1|^2 � dx.

We may deduce from a classical Gronwall lemma that u^ϵ_t and ∇u^ϵ are bounded in L^∞_{loc}([0, ∞); L^2(Ω)), ∇u^ϵ_t is bounded in L^2_{loc}([0, ∞); L^2(Ω)) and (u^ϵ(0, ·, ·))^−/ √ ϵ is bounded in L^∞_{loc}([0, ∞); L^2(R^{d−1})) independently of ϵ > 0. □

Remark 2.3 If we suppose that f vanishes for t large then, independently of ϵ > 0, u^ϵ_t and ∇u^ϵ are bounded in L^∞([0, ∞); L^2(Ω)), ∇u^ϵ_t is bounded in L^2([0, ∞); L^2(Ω)). These properties can be proved using the arguments given in the proof of Lemma 2.2, with the origin of time moved to T if f(·, t) vanishes for t ≥ T ; since the integral involving f vanishes, the conclusion is clear.

Lemma 2.4 Assume the hypotheses of Lemma 2.2. Then for all non negative, continuously differentiable and compactly supported ψ on R^{d−1} and for all τ ∈ [0, T ], � I_τ

(u^ϵ) ϵ − ψ dx^′ dt

is bounded independently of ϵ > 0. In particular, (u^ε(0, ·, ·))^−/ε is a bounded measure on I_τ .

Proof. Let ϕ be a continuous function with compact support; we multiply (2.1) by ϕ and we integrate over Q_τ ; thanks to the boundary conditions (2.3) and Green’s formula, we obtain � Ω ϕu^ϵ_t(·, t)

�_τ 0 dx + � Q_τ

∇ϕ(∇u^ϵ + α∇u^ϵ_t) dx dt − 1 ϵ � I_τ

(u^ϵ)^−ϕ dx^′ dt = � Q_τ

ϕf dx dt.

Since the product |zy| can be estimated by |z|^2/2 + |y|^2/2, we get the following inequality: 1 ϵ � I_τ

(u^ϵ)^−ϕ dx^′ dt ≤ 1 2 � Ω � |u^ϵ_t(·, τ)|^2 + |u_1|^2 � dx + � Ω |ϕ|^2 dx + � Q_τ

|∇ϕ∇u^ϵ| dx dt + α � Q_τ

|∇ϕ∇u^ϵ_t| dx dt + � Q_τ

|ϕf| dx dt.

(2.7)

The right hand side of (2.7) is bounded since f belongs to L^2_{loc}([0, ∞); L^2(Ω)), u_1 to L^2(Ω) and u^ϵ_t, ∇u^ϵ and ∇u^ϵ_t belong to L^2_{loc}([0, ∞); L^2(Ω)). Moreover (u^ϵ(0, ·, ·))^− is non negative; if the trace ψ of ϕ over Σ is non negative, the inequality is clear. The last statement of the theorem is obtained by a classical approximation argument. Write μ^ϵ = (u^ϵ(0, ·, ·))^−/ϵ. Let ψ_n be an increasing sequence of non negative, continuously differentiable and compactly supported functions on Σ, which are at most equal to ψ. Then the integrals of ψ_n against μ^ϵ converge to the integral of lim_n ψ_n against μ^ϵ, so that the integral of any non negative, continuous and compactly supported function against μ^ϵ is non negative, and this is precisely the definition of a non negative measure on Σ. □

Lemma 2.5 Assume the hypotheses of Lemma 2.2, and suppose moreover that u_0 belongs to H^2(Ω). Then independently of ϵ > 0, Δu^ϵ is bounded in the space L^2_{loc}([0, ∞); L^2(Ω)).

Proof. Once again we use energy techniques, but now we multiply relation (2.1) by Δu^ϵ and we integrate over Q_τ : � Q_τ

u^ϵ_{tt}Δu^ϵ dx dt − � Q_τ

|Δu^ϵ|^2 dx dt − α � Q_τ

Δu^ϵ_t Δu^ϵ dx dt = � Q_τ

fΔu^ϵ dx dt. (2.8)

We integrate by parts the first integral in (2.8) first in time, then in space; we use Green’s formula several times, and since the third integral in the left hand side of (2.8) contains a total time derivative, we obtain � Ω � (u^ϵ_tΔu^ϵ)(·, t)

�_τ

0 dx − � I_τ

(u^ϵ_t u^ϵ_{x1t})(0, ·) dx^′ dt + � Q_τ

|∇u^ϵ_t|^2 dx dt − � Q_τ

|Δu^ϵ|^2 dx dt − α 2 � Ω |Δu^ϵ(·, t)|^2

�_τ 0 dx = � Q_τ

fΔu^ϵ dx dt.

(2.9)

According to the boundary condition (2.3), (2.9) becomes � Q_τ

|Δu^ϵ|^2 dx dt + α 2 � Ω |Δu^ϵ(·, τ)|^2 dx = α 2 � Ω |Δu_0|^2 dx + 1 2αϵ � I_τ � (u^ϵ)^−

�_2 dx^′ dt − 1 α � I_τ

(u^ϵ_tu^ϵ_{x1} ) dx^′ dt + � Ω (u^ϵ_tΔu^ϵ)(·, τ) dx − � Q_τ

fΔu^ϵ dx dt − � Ω u_1Δu_0 dx + � Q_τ

|∇u^ϵ_t|^2 dx dt.

(2.10)

In order to estimate the left hand side of (2.10), we organize the terms of its right hand side into different groups. The initial data terms α 2 � Ω |Δu_0|^2 dx and − � Ω u_1Δu_0 dx

are bounded thanks to our assumptions on u_0 and u_1. The terms 1 2αϵ � I_τ � (u^ϵ)^−

�_2 dx^′ dt and � Q_τ

|∇u^ϵ_t|^2 dx dt

are bounded independently of ϵ thanks to Lemma 2.2. We estimate the remaining terms with the help of the inequality xy ≤ γ|x|^2/2 + |y|^2/(2γ) for all γ > 0 and all real x and y. Therefore, � Ω (u^ϵ_tΔu^ϵ)(·, τ) dx ≤ γ_1 2 � Ω |Δu^ϵ(·, τ)|^2 dx + 1 2γ_1 � Ω |u^ϵ_t(·, τ)|^2 dx � Q_τ

fΔu^ϵ dx dt ≤ 1 2γ_2 � Q_τ

|f|^2 dx dt + γ_2 2 � Q_τ

|Δu^ϵ|^2 dx dt and we will choose γ_1 and γ_2 later. The boundary term is estimated as � I_τ

|u^ϵ_tu^ϵ_{x1} | dx^′ dt ≤ 1 2γ_3 � I_τ

|u^ϵ_t|^2 dx^′ dt + γ_3 2 � I_τ

|u^ϵ_{x1} |^2 dx^′ dt. (2.11)

If w and w_{x1} belong to L^2(Ω), we have the classical estimate � Σ |w(0, ·)|^2 dx^′ ≤ C � Ω � |w|^2 + |w_{x1} |^2 � dx, which we apply to the right hand side of (2.11), getting thus � I_τ

|u^ϵ_tu^ϵ_{x1} | dx^′ dt ≤ C 2γ_3 � Q_τ � |u^ϵ_t|^2 + |u_{x1t}|^2 � dx dt + Cγ_3 2 � Q_τ � |u^ϵ_{x1} |^2 + |u^ϵ_{x1x1} |^2 � dx dt.

We use now the ellipticity of Δ: there exists a constant C_1 such that for all w in H^2(Ω), � Ω |w_{x1x1} |^2 dx ≤ C_1 � Ω � |w|^2 + |Δw|^2 � dx. We gather all these estimates and we infer from (2.10) the following inequality: � Q_τ

|Δu^ϵ|^2 dx dt + α 2 � Ω |Δu^ϵ(·,τ)|^2 dx ≤ C_0 + γ_1 2 � Ω |Δu^ϵ(·, τ)|^2 dx + 1 2γ_1 � Ω |u^ϵ_t(·, τ)|^2 dx + 1 2γ_2 � Q_τ

|f|^2 dx dt + γ_2 2 � Q_τ

|Δu^ϵ|^2 dx dt + C 2γ_3 � Q_τ

|u^ϵ_t|^2 dx dt + C 2γ_3 � Q_τ

|u^ϵ_{x1t}|^2 dx dt +

Cγ_3 2 � Q_τ

|u^ϵ_{x1} |^2 dx dt + CC_1γ_3 2 � Q_τ

|u^ϵ|^2 dx dt+

CC_1γ_3 2 � Q_τ

|Δu^ϵ|^2 dx dt.

(2.12)

Now we choose the γ_i’s: it suffices to have the inequalities

γ_1 < α and γ_2/2 + CC_1γ_3/2 < 1,

and the conclusion is clear. □

Remark 2.6 If we suppose that f vanishes for t ≥ T , then, independently of ϵ > 0, we have the estimate �

Q_τ

|Δu^ϵ|^2 dx dt ≤ C(1 + τ).

This property is proved by moving the origin of times to T , and by studying carefully (2.12) with the help of Remark 2.3.

Let us turn now to interior estimates.

Lemma 2.7 Assume the hypotheses of Lemma 2.5. Then for all β > 0, u^ϵ_{tt} and Δu^ϵ_t are bounded in the space L^2_{loc}([0, ∞); L^2((−∞, −β) × Σ)), independently of ϵ > 0.

Proof. The idea of the proof is twofold: we multiply u^ϵ by a truncation function φ ∈ C^∞_0 (R), and we define v^ϵ = φu^ϵ; we will observe that w^ϵ = v^ϵ_t satisfies a heat equation, whose right hand side will be estimated thanks to the previous lemmas. Let us go now into details.

Let φ be a truncation function which is equal to 1 if x ≤ −β and to 0 if x ≥ −β/2, β ≥ 0. Then, we multiply u^ϵ by φ which enables us to forget about the strongly non linear boundary conditions. Define v^ϵ(x_1, ·, ·) = φ(x_1)u^ϵ(x_1, ·, ·). (2.13) The derivatives of v^ϵ are given by:

v^ϵ_{tt} = φu^ϵ_{tt}, (2.14a) Δv^ϵ = φΔu^ϵ + 2φ_{x1} ∇u^ϵ + φ_{x1x1} u^ϵ, (2.14b) Δv^ϵ_t = φΔu^ϵ_t + 2φ_{x1} ∇u^ϵ_t + φ_{x1x1} u^ϵ_t. (2.14c) Observe that thanks to relations (2.1) and (2.14), we have v^ϵ_{tt} − Δv^ϵ − αΔv^ϵ_t = ~g^ϵ, (2.15) where ~g^ϵ = φf − 2φ_{x1} (∇u^ϵ + α∇u^ϵ_t) − φ_{x1x1} (u^ϵ + αu^ϵ_t). Since f, u^ϵ_t, ∇u^ϵ, ∇u^ϵ_t and u^ϵ are bounded in L^2_{loc}([0, ∞); L^2(Ω)), ~g^ϵ is bounded in L^2_{loc}([0, ∞); L^2(Ω)). Let us define w^ϵ = v^ϵ_t and g^ϵ = ~g^ϵ + Δv^ϵ. (2.16) Substituting (2.16) in (2.15), we obtain w^ϵ_t − αΔw^ϵ = g^ϵ. (2.17) Let us prove now that w^ϵ_t is bounded in L^2_{loc}([0, ∞); L^2(Ω)). For this purpose, we multiply (2.17) by w^ϵ_t ; we integrate this expression over Ω, � Ω |w^ϵ_t |^2 dx − α � Ω Δw^ϵw^ϵ_t dx = � Ω g^ϵ w^ϵ_t dx.

We use Green’s formula in the second term on the left hand side of the above expression, getting thus the following inequality: � Ω |w^ϵ_t |^2 dx + α � Ω ∇w^ϵ_t ∇w^ϵ dx = � Ω g^ϵw^ϵ_t dx. (2.18)

We integrate (2.18) over (0, τ) and we observe that the product |g^ϵw^ϵ_t | can be estimated by |g^ϵ|^2/2 + |w^ϵ_t |^2/2 and we obtain � Q_τ

|w^ϵ_t |^2 dx dt + α � Ω |∇w^ϵ(·, τ)|^2 dx ≤ α � Ω |∇w^ϵ(·, 0)|^2 dx + � Q_τ

|g^ϵ|^2 dx dt.

(2.19)

Since u_1 belongs to H^1(Ω) and φ belongs to C^∞_0 (R), ∇w^ϵ(·, 0) = φ_{x1} u_1 + φ∇u_1 is bounded in L^2(Ω). Moreover g^ϵ is bounded in the space L^2_{loc}([0, ∞); L^2(Ω)) because Δv^ϵ and ~g^ϵ are bounded in L^2_{loc}([0, ∞); L^2(Ω)). Therefore (2.13), (2.16) and (2.19) enable us to deduce that u^ϵ_{tt} is bounded in L^2_{loc}([0, ∞); L^2((−∞, −β) × Σ)). We use analogous arguments to show that Δu^ϵ_t is bounded in L^2_{loc}([0, ∞); L^2((−∞, −β)×Σ)). We multiply (2.17) by Δw^ϵ, we integrate over Q_τ and thanks to Green’s formula, we obtain − 1 2 � Ω |∇w^ϵ|^2

�_τ 0 dx − α � Q_τ

|Δw^ϵ|^2 dx dt = � Q_τ

g^ϵΔw^ϵ dx dt. (2.20)

Therefore the product |g^ϵΔw^ϵ| can be estimated by |g^ϵ|^2/2γ + γ|Δw^ϵ|^2/2, and if we choose γ ∈ (0, 2α), we obtain the following inequality: � α − γ 2 � � Q_τ

|Δw^ϵ|^2 dx dt ≤ 1 2γ � Q_τ

|g^ϵ|^2 dx dt + 1 2 � Ω |∇w^ϵ(·, 0)|^2 dx. (2.21)

Since g^ϵ and ∇w^ϵ(·, 0) are respectively bounded in L^2_{loc}([0, ∞); L^2(Ω)) and L^2(Ω), according to (2.13), (2.16) and (2.21), we infer that Δu^ϵ_t is bounded in the space L^2_{loc}([0, ∞); L^2((−∞, −β) × Σ)). □

2.3 Existence of a weak solution

In this section, we show that it is possible to pass to the limit in the variational formulation of the penalized problem, to obtain a weak solution of (1.1)-(1.3). There is a small subtlety due to unboundedness of Ω.

Theorem 2.8 Assume the hypotheses of Lemma 2.5. Then there exists a solution of the variational inequality (1.4); this solution can be obtained as a limit of a subsequence of the penalty approximation defined by (2.1)-(2.3).

Proof. Let v belong to K and φ be a function belonging to C^∞_0 (Ω̄ × [0, ∞)), which takes its values in [0, 1]. Multiplying (2.1) by (v − u^ϵ)φ and integrating over Q_τ and then observing that � I_τ � (u^ϵ)^−φ(v − u^ϵ) � dx^′ dt = � I_τ � (u^ϵ)^−

�_2 φ � dx^′ dt + � I_τ � (u^ϵ)^−φv � dx^′ dt

is non negative, we may deduce the following inequality: � Ω u^ϵ_tφ(v − u^ϵ) � �^τ_0 dx − � Q_τ

u^ϵ_t(φ(v − u^ϵ))_t dx dt + � Q_τ

(∇u^ϵ + α∇u^ϵ_t)∇(φ(v − u^ϵ))dx dt ≥ � Q_τ

fφ(v − u^ϵ) dx dt.

(2.22)

We infer from Lemmas 2.2, 2.4 and 2.5 that it is possible to extract a subsequence, still denoted by u^ϵ, such that

u^ϵ ⇀ u in L^2_{loc}([0, ∞); L^2(Ω)) weak ∗, (2.23a) u^ϵ_t ⇀ u_t in L^∞_{loc}([0, ∞); L^2(Ω)) weak ∗, (2.23b) ∇u^ϵ ⇀ ∇u in L^2_{loc}([0, ∞); L^2(Ω)) weak ∗, (2.23c) Δu^ϵ ⇀ Δu in L^∞_{loc}([0, ∞); L^2(Ω)) weak ∗, (2.23d) ∇u^ϵ_t ⇀ ∇u_t in L^2_{loc}([0, ∞); L^2(Ω)) weak ∗ . (2.23e)

Define the set: Q_R = {x : x_1 < 0, |x^′| ≤ R} × [0, R]. Thanks to the classical compactness properties of injections of Sobolev spaces on bounded open sets, we see for all R > 0, the restrictions of u^ϵ and ∇u^ϵ to Q_R converge strongly to their respective limits in L^2(Q_R); therefore, we can pass to the limit in all the terms of (2.22) except possibly the first two terms.

Let us prove that u_t is continuous from [0, ∞) to L^2(Ω) equipped with the weak topology: we infer from the estimates of Lemma 2.7 that for all β > 0, u^ϵ_{tt} restricted to x_1 < −β is bounded in L^2_{loc}([0, ∞); L^2((−∞, −β] × Σ)); therefore it is plain that u^ϵ_t converges to a function u_t whose restriction to x_1 < −β is continuous from [0, ∞) to L^2((−∞, −β] × Σ). Let t_j ∈ [0, ∞) be a sequence converging to t_∞ < ∞; as u_t belongs to L^2_{loc}([0, ∞); L^2(Ω)), we may extract a subsequence, still denoted by t_j , such that u^ϵ_t(·, t_j) ⇀ z in L^2(Ω) weak.

But since for all β > 0,

u^ϵ_t(·, t_j)1_{{x1<−β}} → u_t(·, t_∞)1_{{x1<−β}} in L^2(Ω) weak,

we see that z must coincide with u_t(·, t_∞), and that all the sequence converges strongly to u_t(·, t_∞); this proves that u_t is continuous from [0, ∞) to L^2(Ω) weak.

Let us prove now that u^ϵ_t(·, t) converges weakly to u_t(·, t) for all t > 0: let γ be an arbitrary positive number; let z belong to L^2(Ω); denote by C_1 is an upper bound for |u^ϵ_t|_L∞_{([0,T ];L}2_{(Ω))} with T fixed. We choose β so small that � −β<x_1<0

|z|^2 dx

�_{1/2} ≤ γ 4C_1 ; then, for t ∈ [0, T ] � � � � Ω (u^ϵ_t(·, t) − u_t(·, t))z dx � � � ≤ � � � � x_1<−β

(u^ϵ_t(·, t) − u_t(·, t))z dx � � �

+ � −β<x_1<0

|z|^2 dx

�_{1/2} �

−β<x_1<0

|u^ϵ_t(·, t) − u_t(·, t)|^2 dx

�_{1/2} . (2.24)

By definition of C_1, the second term on the right hand side of (2.24) is estimated by C_1γ/2C_1 = γ/2. As u^ϵ_t|_{(−∞,−β)×IT} is bounded in H^1((−∞, −β) × I_T ), we see that �_{−β} −∞ � Σ u^ϵ_tz dx converges to

�_{−β} −∞ � Σ u_tz dx uniformly with respect to t ∈ [0, T ]. It suffices therefore to choose ϵ so small that the first term on the right hand side of (2.24) is estimated by γ/2. This proves that the convergence of � Ω u^ϵ_tz dx to � Ω u_tz dx is uniform on compact sets in time. In particular, as ϵ tends to 0, it is plain that for all τ > 0, � Ω u^ϵ_tφ(v − u^ϵ) dx → � Ω u_tφ(v − u) dx.

Let us turn now to the term � Q_τ

u^ϵ_t(φ_t(v − u^ϵ) + φ(v_t − u^ϵ_t)) dx dt.

It is clear that � Q_τ

u^ϵ_t(φ_t(v − u^ϵ) + φv_t) dx dt → � Q_τ

u_t(φ_t(v − u) + φv_t) dx dt.

There remains to prove the convergence � Q_τ

|u^ϵ_t|^2φ dx dt → � Q_τ

|u_t|^2φ dx dt.

We observe that � Q_τ

|u^ϵ_t − u_t|^2φ dx dt ≤

�_τ 0 � x_1≤−β

|u^ϵ_t − u_t|^2φ dx dt +

�_τ 0 � −β≤x_1≤0

|u^ϵ_t − u_t|^2φ dx dt.

Let γ be any positive number. We infer from the estimates over |u^ϵ_t|_L2_{(Iτ )} and |∇u^ϵ_t|_L2_{(Qτ )} that there exists a constant C_2 independent from ϵ such that

|u^ϵ_t(x_1, ·, ·)|_L2_{(Σ×(0,τ ))} ≤ C_2.

Therefore, �_τ 0 � −β≤x_1≤0

|u^ϵ_t − u_t|^2φ dx dt ≤ C^2_2 β.

We choose β so small that C^2_2 β ≤ γ/2; then we know from the estimates of Lemmas 2.5 and 2.7 that the restriction of u^ϵ to {x_1 < −β} intersected with a ball containing the support of φ is bounded in H^2 of that set; therefore, for ϵ small enough, � Q_τ

|u^ϵ_t − u_t|^2φ dx dt ≤ γ 2 , and the convergence of the first two terms of (2.22) is proved.

We observe now that since u, u_t, ∇u and ∇u_t belong to L^2_{loc}([0, ∞); L^2(Ω)), we may replace φ by φ_R in the variational inequality where φ_R is equal to 1 over the set Q_R and vanishes outside of Q_{R+1}. It is plain that as R → ∞ all the terms in (2.22) converge to their limit; thus we have proved the existence of the desired weak solution. □

Remark 2.9 Nothing is known about uniqueness.

2.4 Auxiliary results on the damped wave equation with Dirichlet boundary conditions

We establish a priori estimates on the damped wave equation with Dirichlet boundary conditions. These estimates will enable us to give some properties on the trace spaces which we use in the next subsection.

Lemma 2.10 Assume u_0 belongs to H^{5/2}(Ω); then, there exists a function z ∈ H^3(Ω × [0, ∞)) with compact support in t such that the trace of z on Σ is equal to u_0.

Proof. We extend u_0 into a function belonging to H^{5/2}(R^d): as the boundary of Ω is smooth, this extension is a consequence of classical results on Sobolev spaces. Then there exists a function Z belonging to H^3(R^d × [0, ∞)) whose trace is u_0. It suffices now to select a cutoff function φ ∈ C^∞([0, ∞)) which is equal to 1 on [0, 1] and to 0 on [2, ∞), and to define z as the restriction of φZ to Ω × [0, ∞). □

Lemma 2.11 Assume u_0 belongs to H^{5/2}(Ω), u_1 belongs to H^1(Ω) and f belongs to L^2_{loc}([0, ∞); L^2(Ω)). Define z as in Lemma 2.10 and let ū be the solution of (1.1) with the initial data (1.2) and boundary condition ū(0, ·, ·) = z(0, ·, ·). Then the trace ḡ = −(ū_{x1} + αū_{x1t})(0, ·, ·) is well defined and belongs to the space L^2_{loc}([0, ∞); L^2(R^{d−1})). Moreover, if f is compactly supported in time, �_τ 0 |ḡ(·, t)|^2_L2_{(Σ)} dt

increases at most polynomially with respect to τ.

Proof. The function ζ = ū − z satisfies the equation

ζ_{tt} − Δζ − αΔζ_t = F, x ∈ Ω, t > 0, (2.25)

where F = f − z_{tt} + Δz + αΔz_t, with initial data

ζ(·, 0) = 0 and ζ_t(·, 0) = u_1,

and the Dirichlet boundary condition ζ(0, ·, ·) = 0. If we multiply (2.25) by ζ_t and integrate, and if we suppose that f and F are compactly supported in time, we may easily deduce that ζ_t, ∇ζ are bounded in L^∞_{loc}([0, ∞); L^2(Ω)) and ∇ζ_t is bounded in L^2_{loc}([0, ∞); L^2(Ω)). In order to get more information, we multiply (2.25) by Δζ_t; since the boundary term vanishes, we get immediately the identity α � Q_τ

|Δζ_t|^2 dx dt + 1 2 � Ω |Δζ(·, τ)|^2 dx + � Ω |∇ζ_t(·, τ)|^2 dx = � Ω |∇ζ_t(·, 0)|^2 dx − � Q_τ

F Δζ_t dx dt.

We remark that the product F Δζ_t can be estimated by α|Δζ_t|^2/2 + |F |^2/(2α) then Δζ_t is bounded in L^2_{loc}([0, ∞); L^2(Ω)), Δζ and ∇ζ_t are bounded in L^∞_{loc}([0, ∞); L^2(Ω) ). In particular, if the support in time of F is bounded, Δζ_t is bounded in L^2([0, ∞); L^2(Ω)) and Δζ and ∇ζ_t are bounded in L^∞([0, ∞); L^2(Ω)). Therefore we may deduce that ζ_{x1t}(0, ·, ·) and ζ_{x1} (0, ·, ·) belong respectively to L^2_{loc}([0, ∞); H^{1/2}(R^{d−1})) and to L^∞_{loc}([0, ∞); H^{1/2}(R^{d−1})), and if the support in time of f is bounded, the local character of these spaces may be removed. □

2.5 Regularity of the trace

We characterize the trace spaces using Fourier analysis and we prove that u is a strong solution of (1.1)-(1.3). Here, we mean by strong solution that all the traces can be defined.

Let ν be a positive number. Denote by v^ϵ = exp(−νt)(u^ϵ − ū) a solution of

(ν + ∂_t)^2v^ϵ − (1 + α(ν + ∂_t))Δv^ϵ = 0, x ∈ Ω, t > 0, (2.26a) (1 + α(ν + ∂_t))v^ϵ_{x1} (0, ·, ·) = e^{−νt}ḡ − (v^ϵ(0, ·, ·) + e^{−νt}ū(0, ·, ·))^−/ϵ, (2.26b) v^ϵ(·, t) = 0 and v^ϵ_t (·, t) = 0. (2.26c)

We denote by ξ = (ξ_2, ..., ξ_d)^T and ω respectively the dual variables to x^′ = (x_2, ..., x_d)^T and t. The Fourier transform of u(0, x^′, t)is ^u(0, ξ, ω). where the convention for the Fourier transform is

^u(0, ξ, ω) = � R^d

e^{−i(ξ·x′+ωt)}u(0, x^′, t) dx^′ dt.

Then u(0, x^′, t) belongs to the Sobolev space H^{a,b}_{loc} (R^{d−1} × [0, ∞)), (a, b) ∈ R^2, iff |ξ|^a^u(0, ξ, ω) and |ω|^b^u(0, ξ, ω) belong to L^2(R^d).

We apply a partial Fourier transform in the tangential variable to (2.26a), and we get the following differential equation:

^v^ϵ_{x1x1} = � |ξ|^2 +

(ν + iω)^2 1 + α(ν + iω) � ^v^ϵ. (2.27)

Define ^λ to be the causal determination of the square root of |ξ|^2 + (ν + iω)^2/(1 + α(ν + iω)):

^λ(ξ, ω) = � |ξ|^2 +

(ν + iω)^2 1 + α(ν + iω) ; thus ^λ is holomorphic in the lower half-plane ℑ(ω) < 0 and ℜ^λ ≥ 0 for ℑ(ω) = 0. The general solution of (2.27) is given by ^a^ϵe^{bλx1} + ^b^ϵe^{−bλx1} ; since we performed a Fourier transform on v^ϵ, we assumed implicitly that v^ϵ and ^v^ϵ are tempered respectively in (x^′, t) and (ξ, ω). We remark that the term ^b^ϵe^{−bλx1} can be tempered only if

^bϵ decays at infinity very fast, and since this must be true for all x_1, it implies that ^bϵ vanishes, the proof is similar to the one given in [6]; we deduce that the solution of (2.27) is ^a^ϵe^{bλx1} . In particular, ((1 + α(ν + ∂_t))v^ϵ_{x1} )^(0, ξ, ω) = ^λ_1^v^ϵ(0, ξ, ω), (2.28) where ^λ_1 = (1 + α(ν + iω))^λ. Define g(x^′, t) = e^{−νt}ḡ(x^′, t) and h(x^′, t) = e^{−νt}ū(0, x^′, t) If we let w^ϵ(x^′, t) be the trace v^ϵ(0, x^′, t), (2.26) can be written now λ_1 ∗ w^ϵ = g + (w^ϵ + h)^−/ϵ, (2.29) where w^ϵ vanishes for all t ≤ 0.

Remark 2.12 It is clear that ^λ is a holomorphic function in ℑ(ω) < 0 and thus we may deduce that λ_1 is a causal distribution.

Lemma 2.13 Let u^ϵ be the solution of (2.1)-(2.3). Then we may extract a subsequence, still denoted by u^ϵ such that u^ϵ(0, ·, ·) ⇀ u(0, ·, ·) weakly in H^{1/2,5/4}_{loc} (R^{d−1} × [0, ∞)).

Moreover u is a strong solution of (1.1)-(1.3).

Proof. Formally, we multiply (2.29) by α(νw^ϵ + w^ϵ_t ) + w^ϵ, and we estimate the pseudodifferential term in the Fourier variable; we obtain 1 (2π)^d ℜ � R^d

^λ_1 ^w^ϵ(1 + α(ν + iω)) ^wϵ dω dξ = 1 (2π)^d ℜ � R^d

^g(1 + α(ν + iω)) ^w^ϵ dω dξ + 1 ϵ �_∞ 0 � R^{d−1}

(w^ϵ + h)^−(1 + α(ν + ∂_t))w^ϵ dx^′ dt.

(2.30)

Since (u^ϵ(0, ·, ·))^−/ √ ϵ is bounded in the space L^∞_{loc}([0, ∞); L^2(R^{d−1})), the absolute value of the second integral in the right hand side of (2.30) is bounded and we infer that there exists C_1 > 0 such that ℜ � R^d

^λ_1| ^w^ϵ|^2(1 + α(ν + iω)) dω dξ ≤ C_1 + ℜ � R^d

^g(1 + α(ν + iω)) ^w^ϵ dω dξ. (2.31) On the other hand, we have

ℜ^λ^2 = |ξ|^2 + ν^2(1 + αν) + (−1 + αν)ω^2 |1 + α(ν + iω)|^2 and ℑ^λ^2 =

2νω + αω(ν^2 + ω^2) |1 + α(ν + iω)|^2 .

We may choose ν such that να = 1; we get then

ℜ^λ^2 = |ξ|^2 + 2 α^2|2 + iαω|^2 and ℑ^λ^2 = ω(3 + α^2ω^2) α|2 + iαω|^2

. (2.32)

Therefore we infer that

arg ^λ = 1 2 arctan � |ξ|^2|2 + iαω|^2 + 2 αω(3 + α^2ω^2) � . According to (2.32), arg ^λ belongs to [0, π/4] and since ^λ is never equal to zero, we get for |ξ| + |ω| ≫ 1 the following inequality:

ℜ^λ ≥ C � 1 + |ξ| + � |ω| � . (2.33)

Therefore, we obtain C � R^d

|2 + iαω|^2 � 1 + |ξ| + � |ω| � | ^w^ϵ|^2 dω dξ ≤ C_1 + � R^d

|2 + iαω||^g|| ^w^ϵ| dω dξ.

We estimate the product |zy| by |z|^2/(2γ) + γ|y|^2/2, γ > 0, we see that � C − γ 2 � � R^d

|2 + iαω|^2 � 1 + |ξ| + � |ω| � | ^w^ϵ|^2 dω dξ

≤ C_1 + 1 2γ � R^d

|^g|^2 1 + |ξ| + � |ω| dω dξ.

(2.34)

We choose γ such that γ < 2C, since g belongs to L^2([0, ∞); H^{1/2}(R^{d−1})) then it is easy to deduce from (2.34) that u^ϵ(0, ·, ·) is bounded in H^{1/2,5/4}_{loc} (R^{d−1}×[0, ∞)). Moreover it is clear that (u_{x1} + αu_{x1t})(0, ·, ·) is bounded in the space H^{−1/2,−1/4}_{loc} (R^{d−1} × [0, ∞)). Therefore all the traces are defined and we may deduce that u is a strong solution of (2.1)-(2.3). □

Remark 2.14 We have been unable to establish that the energy loss is purely viscous as in the case of the one-dimensional viscously damped wave equation on the half-line and with unilateral boundary conditions [6, 7].

3 The evolution of a Kelvin-Voigt material with Signorini boundary conditions

As for the damped wave equation with unilateral boundary conditions, a priori estimates on the penalized problem and care relative due to the unboundedness of Ω enable us to pass to the limit in the penalized variational formulation and to deduce the existence of a solution to (1.9). Korn’s inequality plays here an important rôle. If we denote by ū the solution of (1.9a) with initial data (1.9d) and Dirichlet boundary data at x_1 = 0 then we establish that the trace −(a^0_{11kl}ε_{kl}(ū) + a^1_{1kl}ε_{kl}(ū_t))|_{Σ×[0,∞)} increases exponentially with time in L^2_{loc}(Σ × [0, ∞))and not polynomially as in the case of the damped wave equation with Dirichlet boundary conditions studied in Subsection 2.4. We determine the trace spaces using analogous techniques already developed in Section 2.5 but here we perform a Fourier transform in the tangential variables (x_2, x_3, t) and a Laplace transform in x_1.

3.1 The penalized problem

We approximate (1.9) as in Section 2.1. More precisely, let r^+ = max(r, 0), we replace u by u^ε which is solution of the following penalized problem:

ρu^ϵ_{tt} − A^0u^ϵ − A^1u^ϵ_t = f, x ∈ Ω, t > 0, (3.1)

with initial data u^ϵ(·, 0) = v_0 and u^ϵ_t(·, 0) = v_1, (3.2)

and boundary conditions

a^0_{11kl}ε_{kl}(u^ϵ) + a^1_{1kl}ε_{kl}(u^ϵ_t) = −(u^ϵ_1)^+/ϵ, (3.3a) a^0_{12kl}ε_{kl}(u^ϵ) + a^1_{2kl}ε_{kl}(u^ϵ_t) = 0 and a^0_{13kl}ε_{kl}(u^ϵ) + a^1_{3kl}ε_{kl}(u^ϵ_t) = 0. (3.3b)

Recall that Q_τ and I_τ were defined by (2.4).

Theorem 3.1 Let W = {u ∈ H^1_{loc}([0, ∞) × Ω) : ∇u_t ∈ L^2_{loc}([0, ∞); L^2(Ω))}. Then for each ϵ > 0 there exists a unique weak solution u^ϵ ∈ W of the problem (3.1)-(3.3) such that u^ϵ ∈ L^∞_{loc}([0, ∞); H^1(Ω)), u^ϵ_t ∈ L^2_{loc}([0, ∞); H^1(Ω)), u^ϵ_{tt} ∈ L^2_{loc}([0, ∞); L^2(Ω)),

and for every τ ∈ (0, T ) and for all v ∈ W , the following variational equality is satisfied: �

Q_τ

ρu^ϵ_{tt} · v dx dt +

�_τ 0 (a^0(u^ϵ, v) + a^1(u^ϵ_t, v)) dt + � I_τ

(u^ϵ_1) ϵ + v_1 dx^′ dt ≥ � Q_τ

f · v dx dt.

(3.4)

Proof. We leave the verification of the proof to the reader as it is analogous to the one developed in [3]. □

3.2 Estimates on the penalized solution

We establish a priori estimates which are essential to prove the existence of a weak solution to (3.1)-(3.3). These estimates are obtained thanks to the techniques already developed in Section 2.2 for the damped wave equation and to Korn’s inequality.

Lemma 3.2 Assume that f belongs to L^2_{loc} � [0, ∞); L^2(Ω) � , v_0 to H^1(Ω) and v_1 to L^2(Ω). Then independently of ϵ > 0 , u^ϵ_t and ∇u^ϵ are bounded in L^∞_{loc}([0, ∞); L^2(Ω)), ∇u^ϵ_t is bounded in L^2_{loc}([0, ∞); L^2(Ω)) and (u^ϵ_1(0, ·, ·))^+/ √ ϵ is bounded in the space L^∞_{loc}([0, ∞); L^2(R^{d−1})).

Proof. These estimates are a simple application of the Gronwall lemma to the energy estimate. We multiply (3.1) by u^ε_t and integrate this expression over Q_τ to get 1 2 � Ω � ρ|u^ϵ_t|^2+a^0_{ijkl}ε_{ij}(u^ϵ)ε_{kl}(u^ϵ)

�_τ

0 dx + � Q_τ

a^1_{ijkl}ε_{ij}(u^ϵ_t)ε_{kl}(u^ϵ_t) dx dt + 1 2ϵ � Σ � (u^ϵ_1)^+

�_2�_τ 0 dx^′ = � Q_τ

f · u^ϵ dx dt.

(3.5)

According to Korn’s inequality, it is possible to infer that there exist two positive constants C_1 and C_2 such that � Ω a^n_{ijkl}ε_{kl}(z)ε_{ij} (z) dz ≥ C_1 � Ω |∇z|^2 dz − C_2 � Ω |z|^2 dz, n = 0, 1.

As fu^ϵ_t can be estimated by |f|^2/(2γ) + γ|u^ϵ_t|^2/2, γ > 0, and using the above inequality, we deduce from (3.5) that 1 2 � Ω � ρ|u^ϵ_t|^2 + C_1|∇u^ϵ|^2 � (·, τ) dx + C_1 � Q_τ

|∇u^ϵ_t|^2 dx dt + 1 2ϵ � Σ � (u^ϵ_1)^+

�_τ

0 dx^′ ≤

C_2 2 � Ω |u^ϵ(·, τ)|^2 dx + � C_2 + γ 2 � � Q_τ

|u^ϵ_t|^2 dx dt + 1 2γ � Q_τ

|f|^2 dx dt + 1 2 � Ω � ρ|v_1|^2 + a^0_{ijkl}ε_{ij}(v_0)ε_{kl}(v_0) � dx. A classical Gronwall lemma enables us to deduce that u^ϵ_t and ∇u^ϵ are bounded in the space L^∞_{loc}([0, ∞); L^2(Ω)), ∇u^ϵ_t is bounded in L^2_{loc}([0, ∞); L^2(Ω)) and (u^ϵ_1(0, ·, ·))^+/ √ ϵ is bounded in L^∞_{loc}([0, ∞); L^2(R^{d−1})). □

Remark 3.3 If we suppose that f vanishes for large t then independently of ϵ > 0,

ess sup_{0≤t≤T} |u^ϵ(·, t)|_H1 ≤ C(1 + T )

and �_T 0 |u^ϵ_t(·, t)|^2_H1 dt

�_{1/2} ≤ C(1 + T ).

These properties can be proved using the arguments given in the proof of Lemma 3.2, with the origin of time moved to T if f vanishes for t ≥ T ; since the integral involving f vanishes, the conclusion is clear.

Lemma 3.4 Assume that f belongs to L^2_{loc}([0, ∞); L^2(Ω)), v_0 to H^1(Ω) and v_1 to L^2(Ω). Then independently of ϵ > 0, the trace (u^ϵ_1(0, ·, ·))^+/ϵ is bounded in the space of measures on I_T .

Proof. Let φ be a cut-off function, which belongs to C^1(R^{d−1}), is equal to 1 in the sphere of center 0 and radius R > 0 and vanishes outside of a sphere of radius R + 1. We multiply (3.1) by φ and we integrate over Q_τ ; due to the boundary conditions (3.3), we obtain � Ω ρu^ϵ_t · φ � �^τ_0 dx + 1 ϵ � I_τ

(u^ϵ_1)^+φ_1 dx^′ dt + � Q_τ

σ^0_{ij} (u^ϵ)ε_{ij}(φ) dx dt + � Q_τ

σ^1_{ij} (u^ϵ_t)ε_{ij}(φ) dx dt = � Q_τ

f · φ dx dt.

As the product |zy| can be estimated by |z|^2/2 + |y|^2/2, we get the following inequality: 1 ϵ � I_τ

(u^ϵ_1)^+φ_1 dx^′ dt ≤ ρ 2 � Ω � |u^ϵ_t(·, τ)|^2 + |v_1|^2 � dx + ρ � Ω |φ|^2 dx + � Q_τ � �σ^0_{ij} (u^ϵ) + σ^1_{ij} (u^ϵ_t)�ε_{ij}(φ) � � dx dt + � Q_τ

|f · φ| dx dt.

(3.6)

We may deduce that the right hand side of (3.6) is bounded using the Lemma 3.2. Since (u^ϵ_1(0, ·, ·))^+ is non negative, the conclusion is clear. □

Lemma 3.5 Assume that f, v_0 and v_1 belong respectively to L^2_{loc}([0, ∞); L^2( Ω)), H^2(Ω), L^2(Ω). Then independently of ϵ > 0, A^0u^ϵ and A^1u^ϵ are bounded in L^∞_{loc}([0, ∞), L^2(Ω)).

Proof. Once again we use energy techniques, but now we multiply relation (3.1) by A^1u^ϵ and we integrate over Q_τ , we obtain 1 2 � Ω |A^1u^ϵ(·, τ)|^2 dx = 1 2 � Ω |A^1v_0|^2 dx + � Q_τ

ρu^ϵ_{tt} · (A^1u^ϵ) dx dt − � Q_τ

(A^0u^ϵ) · (A^1u^ϵ) dx dt − � Q_τ

f · (A^1u^ϵ) dx dt.

(3.7)

We observe that � Q_τ

ρu^ϵ_{tt} · (A^1u^ϵ) dx dt = ρ � Ω u^ϵ_t · (A^1u^ϵ) � �^τ_0 dx −ρ � I_τ

u^ϵ_{1,t}σ^1_j (u^ϵ) dx^′ dt + � Q_τ

a^1_{ijkl}ε_{ij}(u^ϵ_t )ε_{kl}(u^ϵ_t) dx dt.

(3.8)

Carrying (3.8) into (3.7) and using the boundary conditions (3.3), we obtain 1 2 � Ω |A^1u^ϵ(·, τ)|^2 dx = 1 2 � Ω |A^1v_0|^2 dx − � Q_τ

(A^0u^ϵ) · (A^1u^ϵ) dx dt − � Q_τ

f · (A^1u^ϵ) dx dt + ρ � Ω u^ϵ_t · (A^1u^ϵ) � �^τ_0 dx + ρ ϵ � I_τ

u^ϵ_{1,t}(u^ϵ_1)^+ dx^′ dt + ρ � I_τ

u^ϵ_{1,t}σ^0_{1j} (u^ϵ) dx^′ dt + � Q_τ

a^1_{ijkl}ε_{ij}(u^ϵ_t)ε_{kl}(u^ϵ_t ) dx dt.

(3.9)

On the other hand, we observe that � I_τ

|σ^0_{1j} (u^ϵ)|^2 dx^′ dt ≤ C � Q_τ

|u^ϵ|^2 dx dt + � Q_τ

|A^1u^ϵ|^2 dx dt � , (3.10)

and for all v belonging to H^1(Ω) and A^1v belonging to L^2(Ω), we get

|A^0v|_L2_{(Ω)} ≤ C|v|_L2_{(Ω)} + |A^1v|_L2_{(Ω)}. (3.11)

Define F (t) = � Ω |A^1u^ϵ(·, t)|^2 dx. (3.12)

According to (3.10)-(3.12) and since u^ϵ_t · (A^1u^ϵ) can be estimated by |u^ϵ_t|^2/(2γ) + γ|A^1u^ϵ|^2/2, γ > 0, it is possible to infer from (3.9) the following inequality: � 1 2 − ργ 2 � F (τ) ≤ 1 2 F (0) + (2 + C)

�_τ 0 F (t) dt + 1 2 � Q_τ

|f|^2 dx dt + ρ 2γ � Ω |u^ϵ_t(·, τ)|^2 dx + ρ � Ω |v_1 · (A^1v_0)| dx + � Q_τ

a^1_{ijkl}ε_{ij}(u^ϵ_t)ε_{kl}(u^ϵ_t) dx dt + ρ 2ε � Σ � u^ϵ_1(·, τ)

�_+ dx^′ + (1 + C) � Q_τ

|u^ϵ|^2 dx dt + � I_τ

|u^ϵ_t|^2 dx^′ dt.

If we choose γ such that ργ < 1, we may infer using Lemma 3.2 and a classical Gronwall inequality that F is bounded in L^∞_{loc}([0, ∞)). This proves the Lemma. □

Remark 3.6 If we suppose that f vanishes for t large, then, independently of ϵ > 0, A^0u^ϵ and A^1u^ϵ are polynomially increasing. These properties can be proved using the arguments given in Remark 3.3.

Let us turn now to interior estimates.

Lemma 3.7 Assume that f belongs to L^2_{loc}([0, ∞); L^2(Ω)), v_0 to H^2(Ω), v_1 to L^2(Ω). Then for all β > 0, u^ϵ_{tt}, A^1u^ϵ_t are bounded in L^2([0, ∞); L^2((−∞, −β) × Σ)), independently of ϵ > 0.

Proof. As for the proof of Lemma 2.7, we use here a truncation function which enables us to forget about the strongly nonlinear boundary conditions. More precisely, we multiply u^ϵ by a cutoff function φ(x_1) ∈ C^∞([0, ∞)) which is equal to 0 on x_1 ≤ −β and to 1 on x_1 ≥ −β/2, β > 0. Define

v^ϵ(x_1, ·, ·) = φ(x_1)u^ϵ(x_1, ·, ·). (3.13)

The derivatives of v^ϵ are given by:

v^ϵ_{tt} = φu^ϵ_{tt}, (3.14a) ε_{kl,xj} (v^ϵ) = φε_{kl,xj} (u^ϵ) + 2φ_{x1} ε_{kl}(u^ϵ) + φ_{x1x1} u^ϵ_k, (3.14b) ε_{kl,xj} (v^ϵ_t ) = φε_{kl,xj} (u^ϵ_t) + 2φ_{x1} ε_{kl}(u^ϵ_t) + φ_{x1x1} u^ϵ_{k,t}. (3.14c)

Notice that thanks to relations (3.1) and (3.14), we have

v^ϵ_{tt} − A^0v^ϵ − A^1v^ϵ = ~g^ϵ, (3.15)

where ~g^ε_i = φf_i − 2φ_{x1} (a^0_{ijkl}ε_{kl}(u^ϵ) + a^1_{ijkl}ε_{kl}(u^ϵ_t)) − φ_{x1x1} (a^0_{ijkl}u^ϵ_k + a^1_{ijkl}u^ϵ_{k,t}). Thanks to Lemma 3.2, we deduce that ~g^ε is bounded in L^2_{loc}([0, ∞); L^2(Ω)). Define

w^ϵ = v^ϵ_t and g^ϵ = ~g^ϵ + A^0v^ϵ. (3.16)

We substitute (3.16) in (3.15), we obtain

w^ϵ_t − A^1w^ϵ = g^ϵ. (3.17)

We will prove that w^ε_t is bounded in L^2_{loc}([0, ∞); L^2(Ω)). For this purpose, we multiply (3.17) by w^ε_t ; we integrate this expression over Q_τ , we obtain � Q_τ

|w^ϵ_t |^2 dx dt − � Q_τ

(A^1w^ϵ) · w^ϵ_t dx dt = � Q_τ

g^ϵ · w^ϵ_t dx dt.

As �

Q_τ

(A^1w^ϵ) · w^ϵ_t dx dt = − 1 2 � Ω a^1_{ijkl}ε_{ij}(w^ϵ)ε_{kl}(w^ϵ) � �^τ_0 dx, (3.18)

we infer that � Q_τ

|w^ϵ_t |^2 dx dt + 1 2 � Ω a^1_{ijkl}ε_{ij} (w^ϵ)ε_{kl}(w^ϵ) � �_{t=τ} dx = 1 2 � Ω a^1_{ijkl}ε_{ij}(w^ϵ)ε_{kl}(w^ϵ) � �_{t=0} dx + � Q_τ

g^ϵ · w^ϵ_t dx dt.

(3.19)

According to Korn’s inequality, we infer that there exists C_1 and C_2 such that � Ω a^1_{ijkl}ε_{ij}(w^ϵ)ε_{kl}(w^ϵ) dx ≥ C_1 � Ω |∇w^ϵ|^2 dx − C_2 � Ω |w^ϵ|^2 dx. (3.20)

Carrying the above inequality into (3.19) and observing that g^ϵ ·w^ϵ_t can be estimated by |g^ϵ|^2/2 + |w^ϵ_t |^2/2, we get � Q_τ

|w^ϵ_t |^2 dx dt + C_1 � Ω |∇w^ϵ(·, τ)|^2 dx ≤ � Ω a^1_{ijkl}ε_{ij}(w^ϵ)ε_{kl}(w^ϵ) � �_{t=0} dx

+ C_2 � Ω |w^ϵ(·, τ)|^2 dx + � Q_τ

|g^ϵ|^2 dx dt.

(3.21)

As v_0 belongs to H^2(Ω), v_1 belongs to H^1(Ω), φ belongs to C^∞_0 (R), g^ε is bounded in L^2_{loc}([0, ∞); L^2(Ω)), we infer that the right hand side of (3.21) is bounded. Therefore using identities (3.13) and (3.16), it is possible to deduce that u^ε_{tt} is bounded in L^2_{loc}([0, ∞); L^2((−∞, −β) × Σ)).

We will show that A^1w^ϵ is bounded in L^2_{loc}([0, ∞); L^2(Ω)) using an analogous method. We multiply (3.17) by A^1w^ϵ, we integrate over Q_τ , we obtain � Q_τ

w^ϵ_t · (A^1w^ϵ) dx dt − � Q_τ

|A^1w^ϵ|^2 dx dt = � Q_τ

g^ϵ · (A^1w^ϵ) dx dt. (3.22)

Carrying (3.18) and (3.20) into (3.22) and g^ϵ · (A^1w^ϵ) being estimated by |g^ϵ|^2/2 + |A^1w^ϵ|^2/2, we obtain � Q_τ

|A^1w^ϵ|^2 dx dt + C_1 � Ω |∇w^ϵ(·, τ)|^2 dx ≤ � Ω a^1_{ijkl}ε_{ij}(w^ϵ)ε_{kl}(w^ϵ) � �_{t=0} dx

+ C_2 � Ω |w^ϵ(·, τ)|^2 dx + � Q_τ

|g^ϵ|^2 dx dt.

(3.23)

Thanks to (3.13) and (3.16), we may deduce from (3.23) that A^1u^ϵ_t is bounded in L^2_{loc}([0, ∞); L^2((−∞, −β) × Σ)). □

3.3 Existence of a weak solution

Thanks to the estimates obtained in Section 3.2, we are able to pass to the limit in the variational formulation associated to the penalized problem (3.1)-(3.3). Therefore it a routine to deduce that there exists a solution to (1.9).

Because Ω is an unbounded set, the proof will be technical but similar to the one developed in Section 2.3.

Theorem 3.8 Assume that f belongs to L^2_{loc}([0, ∞); L^2(Ω)), v_0 to H^2(Ω), v_1 to L^2(Ω). Then there exists a solution to the variational inequality (1.10); this solution is the limit of a subsequence of the penalty approximation defined by (3.1)-(3.3).

Proof. Let φ ∈ C^∞_0 (Ω̄ × [0, ∞)) be a function which takes its values between 0 and 1. We suppose here that v belongs to K. Multiplying (3.1) by (v − u^ϵ)φ and integrating over Q_τ and � I_τ

(u^ϵ_1)^+(φ(v_1 − u^ϵ_1)) dx^′ dt = − � I_τ � (u^ϵ_1)^+

�_2

φ dx^′ dt + � I_τ

(u^ϵ_1)^+φv_1 dx^′ dt being negative, then we get the following inequality: � Ω ρu^ϵ_t · (φ(v − u^ϵ))|^τ_0 dx − � Q_τ

ρu^ϵ_t · (φ(v − u^ϵ))_t dx dt + � Q_τ

(a^0_{ijkl}ε_{kl}(u^ϵ)ε_{ij}(u^ϵ) + a^1_{ijkl}ε_{kl}(u^ϵ_t)ε_{ij}(u^ϵ))(φ(v_i − u^ϵ_i )) dx dt ≥ � Q_τ f · � φ(v − u^ϵ) � dx dt.

(3.24)

We may deduce from Lemmas 3.2 and 3.5 that there exists a subsequence, still denoted by u^ϵ, such that

u^ε ⇀ u in L^2_{loc}([0, ∞); L^2(Ω)) weak ∗, (3.25a) u^ε_t ⇀ u_t in L^∞_{loc}([0, ∞); L^2(Ω)) weak ∗, (3.25b) ∇u^ε ⇀ ∇u in L^2_{loc}([0, ∞); L^2(Ω)) weak ∗, (3.25c) A^nu^ε ⇀ A^nu in L^∞_{loc}([0, ∞); L^2(Ω)) weak ∗, n = 0, 1, (3.25d) ∇u^ε_t ⇀ ∇u_t in L^2_{loc}([0, ∞); L^2(Ω)) weak ∗ . (3.25e)

Thanks to the classical compactness properties of Sobolev spaces injections on bounded open sets, we see that for all R > 0, the restrictions of u^ε and a^n_{ijkl}ε_{kl}(u^ϵ), n = 0, 1, to Q_R = {x : x_1 < 0, |x^′| ≤ R} × [0, R] (a set which has already been defined in the Section 2.3), converge strongly to their respective limits in L^2(Q_R). On the other hand, using the same techniques as those of Section 2.3, we may prove that u^ϵ converges strongly to u in L^2_{loc}([0, ∞); L^2(Ω)). The complete proof can be found in [5], p. 113-115.

We observe now that since u and u_t belong to L^2_{loc}([0, ∞); L^2(Ω)), we may replace φ by φ_R in the variational inequality where φ_R is equal to 1 over the set Q_R and vanishes outside of Q_{R+1}. When R tends to infinity all the terms in (3.24) converge to their limit; thus we have proved the existence of a weak solution. □

Remark 3.9 As for the damped wave equation with Signorini boundary conditions, the uniqueness is still an open problem.

3.4 Preliminary results

In this section, we establish estimates on the problem (1.9a) with initial data (1.9d) and the Dirichlet boundary condition which enable us to charaterize the trace spaces in the next section.

Lemma 3.10 Assume v_0 and v_1 belong respectively to H^{5/2}(Ω) and H^{3/2}(Ω); then, there exists a function with compact support in t such that the trace of z and z_t on Σ are respectively v_0 and v_1.

Proof. We extend v_0 and v_1 into functions belonging respectively to H^{5/2}(R^d) and H^{3/2}(R^d). Then there exists a function Z belonging to H^3(R^d × [0, ∞)) such that Z|_Rd_{×{0}} = v_0 and Z_t|_Rd_{×{0}} = v_1. We select a cutoff function φ ∈ C^∞([0, ∞)) which is equal to 1 on [0, 1] and to 0 on [2, ∞), and we define z as the restriction of φ(x)Z(x, t) to Ω × [0, ∞). □

Lemma 3.11 Assume v_0 belongs to H^{5/2}(Ω), v_1 belongs to H^1(Ω) and f belongs to L^2_{loc}([0, ∞); L^2(Ω)). Define z as in Lemma 3.10 and let ū be the solution of (1.9a) with initial data (1.9d) and boundary condition ū(0, ·, ·) = z(0, ·, ·). Then the trace ḡ = −(a^0_{11kl}ε_{kl}(ū) + a^1_{1kl}ε_{kl}(ū_t)) � Σ×[0,∞) is well defined and belongs to the space

L^2_{loc}([0, ∞); L^2(Σ)). Moreover, there exists K > 0 such that e^{−Kt}ḡ ∈ L^2(Σ × [0, ∞)).

Proof. Let ζ = ū − z be the solution of the following problem:

ρζ_{tt} − A^0ζ − A^1ζ_t = F, x ∈ Ω, t > 0, (3.26)

where F = f − ρz̈ + A^0z + A^1z_t with initial data ζ(·, 0) = ζ_t(·, 0) = 0 and boundary condition ζ(0, ·, ·) = 0. Multiplying (3.26) by ζ_t and integrating over Q_τ , Korn’s inequality enables us to deduce that ζ_t and ∇ζ are bounded in L^∞_{loc}([0, ∞); L^2(Ω)), ∇ζ_t is bounded in L^2_{loc}([0, ∞); L^2(Ω)). If we multiply (3.26) by A^1ζ, we may deduce that A^0ζ and A^1ζ are bounded in L^∞_{loc}([0, ∞); L^2(Ω)), arguing as in the proof of Lemma 3.5. On the other hand, we have � Q_τ

ζ_{tt} · (A^1ζ_t) dx dt = − 1 2 � Ω a^1_{ijkl}ε_{kl}(ζ_t)ε_{ij}(ζ_t)

�_τ 0 dx.

Therefore, we multiply (3.26) by A^1ζ_t, we integrate over Q_τ , and thanks to the above identity, we get ρ 2 � Ω a^1_{ijkl}ε_{kl}(ζ_{tt})ε_{ij}(ζ_t) � t=τ dx + � Q_τ

|A^1ζ_t|^2 dx dt + 1 2 � Ω (A^0ζ) · (A^1ζ) � �^τ_0 dx = ρ 2 � Ω a^1_{ijkl}ε_{kl}(ζ_t)ε_{ij} (ζ_t) � �_{t=0} dx − � Q_τ

F · (A^1ζ_t) dx dt.

According to Gronwall’s lemma, there exists K > 0 such that � Q_τ

|A^1ζ_t|^2 dx dt ≤ Ce^{Kτ} � |F |^2_L2_{(0,τ ;L}2_{(Ω))} + |ξ_t(·, 0)|^2_H1_{(Ω)} + |ξ|^2_L2_{(0,τ ;L}2_{(Ω))} � . The Lemma is now clear. □

3.5 The trace spaces

We proceed as in Section 2.5. A Fourier-Laplace transform and Lemma 3.11 enable us to infer that all the traces can be defined. Therefore it is plain that a weak solution of (1.9) is also a strong one.

Let us remark first that the problem (3.3) can be written under an equivalent form: let us extend by 0 for t ≤ 0 the difference v^ϵ = e^{−νt}(u^ϵ − ū); then it satisfies

ρ(ν + ∂_t)^2v^ϵ_i − ((λ^0 + μ^0) + (λ^1 + ν^1)(ν + ∂_t)) div v^ϵ −(μ^0 + μ^1(ν + ∂_t))Δv^ϵ_i = 0, x ∈ Ω, t > 0,

(3.27)

with boundary conditions at {x_1 = 0}

(μ^0 + νμ^1)(v^ϵ_{j,x1} + v^ϵ_{1,xj} ) + μ^1(v^ϵ_{j,x1t} + v^ϵ_{1,xj t}) = 0, j = 2, 3, (3.28a) (λ^0 + λ^1(ν + ∂_t)) div v^ϵ + 2(μ^0 + μ^1(ν + ∂_t))v^ϵ_{x1}

= e^{−νt}ḡ −

(v^ϵ_1 − e^{−νt}ū) ϵ + , (3.28b)

and with initial data v^ϵ(·, 0) = 0 and v^ϵ_t (·, 0) = 0. (3.29) If v^ϵ is a tempered distribution, we may perform a Fourier transform in the tangential variable (x^′, t) and a Laplace transform in x_1. Denoting by ξ and ω the dual variables of x^′ and t and by η the dual variable of x_1, we are led to the system:

ρ(ν + iω)^2^v^ϵ − ((λ^0 + μ^0) + (λ^1 + μ^1)(ν + iω)) � η iξ � (η, iξ^T )~v^ϵ

+ (μ^0 + μ^1(ν + iω))(|ξ|^2 − η^2)~v^ϵ = 0.

(3.30)

Equation (3.30) is a linear system of equations; we seek its eigenvalues η_i and its eigenvectors ϕ_i:

η^2_1 = |ξ|^2 + ρ(ν + iω)^2 μ^0 + μ^1(ν + iω) and ϕ_1 = � 0 iξ^⊥ � , (3.31a)

η^2 = |ξ|^2 + ρ(ν + iω)^2 μ^0 + μ^1(ν + iω) and ϕ_2 = � 1 0 � , (3.31b)

η^2_3 = |ξ|^2 + ρ(ν + iω)^2 λ^0 + 2μ^0 + (λ^1 + 2μ^1)(ν + iω) and ϕ_3 = � η_3 iξ � , (3.31c)

where ξ^⊥ is obtained from ξ by a rotation of π/2. We choose η_i to be the causal determination of the square root of η^2_i . Let us denote by ^v^ϵ the partial Fourier transform of v^ϵ with respect to the tangential variables. As v^ϵ and ~v^ϵ are tempered distributions, ^v^ϵ is also tempered; therefore, it can only include factors of the form e^{ηix1} , and thus, it must be of the form

^v^ϵ(x_1, ξ, ω) = 3� i=1 θ_i(ξ, ω)ϕ_ie^{ηix1} . (3.32)

Our goal now is to determine θ_i. Define v^ϵ = (v^ϵ_1, (v^ϵ)^′). If we apply a partial Fourier transform in the tangential variable to the boundary condition (3.28a), we obtain (^v^ϵ)^′_{x1} (0, ξ, ω) = −iξ^v^ϵ_1(0, ξ, ω). (3.33) Carrying (3.32) into (3.33), we infer that at x_1 = 0, iξ^⊥η_2θ_1 + iξη_3θ_3 = −iξ(θ_2 + η_3θ_3), thus it is clear that θ_1 = 0 and θ_2 = −2η_3θ_3. Furthermore relation (3.32) taken at x_1 = 0 enables us to deduce that θ_3 = −^v^ϵ_1(0, ξ, ω)/η_3. Finally, we obtain ^v^ϵ(x_1, ξ, ω) = 2^v^ϵ_1(0, ξ, ω)ϕ_2e^{η2x1} − ^v^ϵ_1(0, ξ, ω)ϕ_3e^{η3x1} /η_3. (3.34) At last using (3.34), the left hand side of (3.28b) can be written as a product of convolution: if we perform a Fourier transform of the left hand side of (3.28b) and since

^v^ϵ_{1,x1} (0, ξ, ω) = (2η_2 − η_3)^v^ϵ_1(0, ξ, ω) and (^v^ϵ)^′(0, ξ, ω) = −iξ^v^ϵ_1(0, ξ, ω)/η_3, we obtain

((λ^0 + λ^1(ν + ∂_t)) div v^ϵ + 2(μ^0 + μ^1(ν + ∂_t))v^ϵ_{1,x1} )^(0, ξ, ω) = ^b^v^ϵ_1(0, ξ, ω) where

^b = (λ^0 + 2μ^0 + (λ^1 + 2μ^1)(ν + iω))(2η_2 − η_3) + (λ^0 + λ^1(ν + iω))|ξ|^2/η_3. Let w^ϵ(x^′, t) be the trace v^ϵ(0, x^′, t); then (3.28b) can be written now

b ∗ w^ϵ_1 = e^{−νt}ḡ − � w^ϵ_1 − e^{−νt}ū_1(0, ·, ·) � ϵ + . (3.35) Lemma 3.12 Let u^ϵ = (u^ϵ_1, u^ϵ_2, u^ϵ_3)^T be the solution of (3.1)-(3.3a). Then we may extract a subsequence, still denoted by u^ϵ_1, such that

u^ϵ_1(0, ·, ·) ⇀ u_1(0, ·, ·) weakly in H^{1/2,5/4}_{loc} (R^{d−1} × [0, ∞)). Moreover u is a strong solution of (1.9).

Proof. We denote by ^ψ and ^g the respective Fourier transforms of ψ = λ^0 + 2μ^0 + (λ^1 + 2μ^1)(ν + ∂_t) and g = e^{−νt}ḡ. Multiplying (3.35) by ψw^ϵ_1 and using Plancherel identity, we obtain 1 (2π)^d ℜ � R^d

^ψ ^b| ^w^ϵ_1|^2 dξ dω = 1 (2π)^d ℜ � R^d

^g ^ψ ^w^ϵ_1 dξ dω − �_∞ 0 � R^{d−1} � w^ϵ_1 − e^{−νt}ū_1(0, ·, ·) � ϵ + ψw^ϵ_1 dx^′ dt.

According to Cauchy-Schwarz’s inequality and since (u^ϵ_1(0, ·, ·))^+/ √ ϵ is bounded in L^∞_{loc}([0, ∞); L^2(R^{d−1})), the absolute value of the second integral on the right hand side of the above inequality is bounded by C_1, therefore we get 1 (2π)^d ℜ � R^d

^ψ ^b| ^w^ϵ_1|^2 dξ dω ≤ C_1 + 1 (2π)^d ℜ � R^d

^g ^ψ ^w^ϵ_1 dξ dω. (3.36)

Define κ = −ρ(ν + iω)^2 − 2|ξ|^2(μ^0 + (ν + iω)μ^1) −ρ(ν + iω)^2 − |ξ|^2 � λ^0 + 2μ^0 + (ν + iω)(λ^1 + 2μ^1) �,

x_0 = � 2ρ(λ^0 + νλ^1) 4λ^1μ^1 + (λ^1)^2 . Then ^b = ^ψ(2η_2 − κη_3) and we remark also that it is sufficient to find a function h which depends on ξ and ω such that ℜ(2η_2 − κη_3) ≥ |h|. If we assume that |ξ| + |ω| ≫ 1, we have two cases to consider according to the values taken by |ξ|. We suppose first that |ξ|^2 + 2ρ(νμ^1 − μ^0)/(μ^1)^2 ≥ 0; then η_2 can be approximated by ~η_2 defined as follows:

|~η^2|^2 = � |ξ|^2 + ρ(νμ^1 − μ^0) (μ^1)^2

�_2 + � ρμ^1ω (μ^1)^2

�_2 . Therefore it is easy to deduce that |~η^2 |^2 ≥ |ξ|^4/4 + ρ^2ω^2/(μ^1)^2 and then, in the case |ξ|^2 + 2ρ(νμ^1 − μ^0)/(μ^1)^2 ≥ 0, we obtain the following estimate:

ℜη_2 ≥ cos � π/4 � |η_2| ≥ 1 √ 2 � |ξ|^4 4 + ρ^2ω^2 (μ^1)^2

�_{1/4}

. (3.37)

In the other case, we suppose |ξ|^2 + 2ρ(νμ^1 − μ^0)/(μ^1)^2 ≤ 0; then, it is plain that

|ℜη^2 | ≤

3ρ(νμ^1 + μ^0) (μ^1)^2 and |ℑη^2 | ≥ ρμ^1|ω| (μ^1 + νμ^0)^2 + (μ^0)^2 , which implies that there exists C > 0 such that

|arc cotanη^2 | ≤

3(νμ^1 + μ^0) � (μ^1 + νμ^0)^2 + (μ^0)^2 � (μ^1)^3|ω| ≤ C |ω| . We deduce from the above inequality and from |η_2|^2 ≥ C|ω| that |arg η^2 | ≤ π/2 + C/|ω| and thus cos(arg η_2) ≥ 1/2. In the case |ξ|^2 + 2ρ(νμ^1 − μ^0)/(μ^1)^2 ≤ 0, we get

ℜη_2 ≥ C � |ω|/2. (3.38)

Therefore in both cases, we infer from (3.37) and (3.38) that there exists M > 0 such that ℜη_2 ≥ M � ω^2 + |ξ|^4

�_{1/4}

. (3.39)

Furthermore, there exists C > 0 such that |κ|^2 ≤ 1 + C1_{{|ξ|≤x0}}/|ω|^2 and for |ξ| large enough, |η_2| ≥ |η_3|. Then (3.39) enables us to deduce

ℜ(2η_2 − κη_3) ≥ M � ω^2 + |ξ|^4

�_{1/4} . (3.40)

Carrying (3.40) into (3.36), we obtain M � R^d

| ^ψ|^2 � ω^2 + |ξ|^4

�_{1/4} | ^w^ε_1|^2 dξ dω ≤ C_1 + � R^d

|^g|| ^ψ|| ^w^ϵ_1| dξ dω. (3.41)

We estimate the product zy by |z|^2/(2γ) + γ|y|^2/2, γ > 0, we see that � M − γ 2 � � R^d

|ω|^2 � ω^2 + |ξ|^4

�_{1/4} | ^w^ε_1|^2 dξ dω ≤ C_1 + 1 2γ � R^d

|^g|^2 � ω^2 + |ξ|^4

�_{1/4} dξ dω.

We choose γ such that γ < 2M. On the other hand, e^{−Kt}ḡ(·, t) is bounded in L^2(Σ × [0, ∞)), so that g(·, t) is bounded in L^2(Σ × [0, ∞)) if we choose ν > K. Therefore u^ϵ_1 is bounded in H^{1/2,5/4}_{loc} (Σ×[0, ∞)). In particular, (λ^0+λ^1(ν+∂_t)) div v^ϵ+ 2(μ^0 + μ^1(ν + ∂_t))v^ϵ_{x1} is bounded in H^{−1/2,−1/4}_{loc} (Σ × [0, ∞)). We conclude that u is a strong solution of (1.9) because all the traces can be defined. □

References

[1] R. Dautray and J.-L. Lions. Analyse mathématique et calcul numérique pour les sciences et techniques, Tome 3. Masson, Paris, 1985.

[2] G. Gajewski, K. Gröger, and K. Zacharias. Nichtlinear Operatorgleichungen und Operatordifferentialgleichungen. Academia-Verlag, Berlin, 1974.

[3] J. Jarušek. Dynamic contact problems with given friction for viscoelastic bodies.

Czechoslovak Math. J., 46(121)(3):475–487, 1996.

[4] J. Jarušek, J. Málek, J. Nečas, and V. Šverák. Variational inequality for a viscous drum vibrating in the presence of an obstacle. Rend. Mat. Appl. (7), 12(4):943–958 (1993), 1992.

[5] A. Petrov. Modélisation mathématique de procédés d’usinage: abrasion et mouillage, Thèse de l’Université Claude Bernard (Lyon I), http://www.wiasberlin.de/people/petrov/pub.html. 2002.

[6] A. Petrov and M. Schatzman. Viscoélastodynamique monodimensionnelle avec conditions de Signorini. C. R. Acad. Sci. Paris Sér. I Math., 11(334):983–988, 2002.

[7] A. Petrov and M. Schatzman. A pseudifferential linear complementarity problem related to one dimensional viscoelastic model with Signorini conditions. Arch. Rat. Mech. Anal., to appear, 2003.