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AbstratWe onsider branhing random walks in d ≥ 3 with a Lipshitz branhing rate funtion and show thatthe system, starting either in a Poisson �eld or in equilibrium, deorrelates over long time horizons, andemploy this to obtain an ergodi theorem. We use oupling and a stohasti representation of the Palmdistribution.1 Introdution and resultWe study ritial branhing random walks with state dependent branhing rate. Informally, this is a system ofpartiles whih perform independent random walks on Z
d aording to some random walk kernel a. Additionally,while there are k partiles at a given site, a branhing event ours at rate σ(k), in suh an event, one partile diesand is replaed by a random number of o�spring. σ : Z+ → R+ is the branhing rate funtion, σ(k) = onst.×korresponds to the lassial ase of independently branhing random walks. See Chapter 2 of [1℄ for a formalonstrution and bakground. Here, we fous on a partiular sublass: Our standing assumptions are

a is shift-invariant and symmetri, a-random walk is transient, (1.1)the branhing law is ritial binary, (1.2)the branhing rate funtion σ is Lipshitz: |σ(m) − σ(n)| ≤ Cσ|m − n|. (1.3)Note that (1.3) in partiular implies that σ grows at most linearly, σ(k) ≤ Cσk for all k (as σ(0) = 0 byde�nition). Assuming �nite seond moments for the jumps of an a-random walk, (1.1) enfores d ≥ 3.We will write ξx(t) for the number of partiles at site x ∈ Z
d at time t in the system of state dependent branhingrandom walks. Let Hϑ denote the Poisson �eld with onstant intensity ϑ ≥ 0 on Z

d, (St)t≥0 the semigroup ofstate dependent branhing random walks on Z
d as onstruted in Setion 2.2 of [1℄, Λϑ = limt→∞ HϑSt (limitin the vague topology) is the equilibrium onstruted in Proposition 3, Chapter 2 of [1℄. For x ∈ Z

d, denoteby θx the shift operator, i.e. for spatial on�gurations ξ let (θxξ)y = ξy+x. We write at(x, y) for the transitionprobabilities of a-random walk.The following ergodi theorem is the main result of this paper.Theorem 1. Let f, g : N
Z

d

0 → R be loal funtions satisfying the following `linear' growth ondition:
∃C1, C2 ≥ 0 and A ⊂ Z

d, |A| < ∞ suh that f(η), g(η) depend only on (ηx)x∈Aand |f(η)|, |g(η)| ≤ C1 + C2

∑

x∈A ηx.
(1.4)Then we have for any ϑ > 0

lim
s,t→∞

EHϑ

[

f(ξ(s))g(θzξ(s + t))
]

=

∫

f dΛϑ

∫

g dΛϑ (1.5)uniformly in z ∈ Z
d, in partiular

lim
t→∞

EΛϑ

[

f(ξ(0))g(ξ(t))
]

=

∫

f dΛϑ

∫

g dΛϑ. (1.6)AMS (2000) subjet lassi�ation: 60K35Key words: State dependent branhing, temporal deorrelation1



Hene, starting either from Hϑ or from Λϑ, we have
1

t

∫ t

0

f(ξs) ds −→
t→∞

∫

f(ξ) Λθ(dξ) in L2 (and in L1). (1.7)Remark 1. In the situation of a linear test funtion f , under the weak additional assumption that (note that(1.1) essentially enfores δ ≥ 1)
at(0, 0) ≤ C

(

1 ∧ t−δ
) for some δ > 1, C > 0, (1.8)(1.7) an easily be proved to hold a.s. as well, i.e. starting from L (ξ(0)) ∈ {Hϑ, Λϑ} we then have for all x ∈ Z

d

1

t

∫ t

0

ξx(s) ds −→
t→∞

ϑ almost surely. (1.9)Remark 2. (1.7) is well known in the lassial ase σ(k) = onst.×k orresponding to independently branhingrandom walks, (see e.g. [5℄, or the referenes in [2℄ after Prop. 2.3), but note that in our senario, there is noin�nite divisibility, and no expliit alulations with Laplae transforms are feasible. Ergodi theorems are alsowell known for many interating partile systems where the number of possible states per site is �nite, f e.g.[3℄.In [2℄, limit theorems for the �utuations of the oupation time ∫ t

0 ξ0(s) ds around its mean are studied. Forthis, Thm. 1 is required as a building blok.Assuming at(0, 0) ∼ st. × t−δ (with δ > 1 by (1.1)), we see from the proof of Remark 1 that in the ase oflinear f (where an `almost expliit' alulation is feasible) that the error in (1.5) is of the order t1−δ. It seemsnatural to onjeture that this true for more general test funtions as well. Presently, we are laking expliitbounds on the suess probabilities of the ouplings employed below in order to give a proof.In Setion 2, we reall some results on state dependent branhing random walks, the proof of Thm. 1 is givenin Setion 3.2 PreliminariesWe reall some results from [1℄ that will be required in the following. A onvenient state spae for the proess(following Liggett & Spitzer, f [4℄) will be
X =

{

µ ∈ Z
Z

d

+ : |µ|γ :=
∑

x∈Zd
γxµ(x) < ∞

}

,where γ : Z
d → R+ is a weight funtion satisfying ∑

y a(x, y)γy ≤ Mγx for some M .Note that for given initial ondition ξ0 ∈ X, the proess (ξt)t≥0 an be obtained as a strong solution to thefollowing system of Poisson-proess driven stohasti integral equations:
ξt(x) = ξ0(x) +

∑

y 6=x

[

∫

[0,t]×N

1(ξs−(y) ≥ n)N̄y,x(ds dn)

−
∫

[0,t]×N

1(ξs−(x) ≥ n)N̄x,y(ds dn)
]

+

∫

[0,t]×N×[0,1]

1

(

ξs−(x) ≥ n,
σ(ξs−(x))

Cσξs−(x)
≥ u

)

N̄x,+(ds dn du)

−
∫

[0,t]×N×[0,1]

1

(

ξs−(x) ≥ n,
σ(ξs−(x))

Cσξs−(x)
≥ u

)

N̄x,−(ds dn du),

(2.1)
2



where N̄x,y, x 6= y, are independent Poisson proesses on [0,∞) × N and N̄x,+, N̄x,−, x ∈ Z
d, are independentPoisson proesses on [0,∞)×N× [0, 1], all independent of ξ0. N̄x,y has intensity measure a(x, y)dt⊗ dℓ, N̄x,+,

N̄x,− have intensity measure (Cσ/2)dt⊗ dℓ⊗ du (dt, du refer to Lebesgue measure, ℓ is ounting measure). See[1℄, Setion 2.2.Furthermore, (2.1) an be used to obtain an expliit oupling of two versions ξ, ξ̃ of the proess with di�erentinitial onditions, in whih the two oordinates try to take as many steps in unison as possible. Let ξ0, ξ̃0 ∈ X×X,and solve (2.1) for these two initial onditions with the same driving Poisson proesses. The pair (ξt, ξ̃t)t≥0 isthen a Markov proess on X × X with generator given by (we write a+ := a ∨ 0)
G

(2)f(ξ, ξ̃) =
∑

x,y∈Zd

a(x, y)
{

ξ(x) ∧ ξ̃(x)
(

f(ξx,y, ξ̃x,y) − f(ξ, ξ̃)
)

+ (ξ(x) − ξ̃(x))+
(

f(ξx,y, ξ̃) − f(ξ, ξ̃)
)

+ (ξ̃(x) − ξ(x))+
(

f(ξ, ξ̃x,y) − f(ξ, ξ̃)
)

}

+
1

2

∑

x∈Zd

{

(

σ(ξ(x)) ∧ σ(ξ̃(x))
)(

f(ξx,+, ξ̃x,+) + f(ξx,−, ξ̃x,−) − 2f(ξ, ξ̃)
)

+
(

σ(ξ(x)) − σ(ξ̃(x))
)

+

(

f(ξx,+, ξ̃) + f(ξx,−, ξ̃) − 2f(ξ, ξ̃)
)

+
(

σ(ξ̃(x)) − σ(ξ(x))
)

+

(

f(ξ, ξ̃x,+) + f(ξ, ξ̃x,−) − 2f(ξ, ξ̃)
)

}

,

(2.2)
for funtions f whih are Lipshitz with respet to the norm |ξ|γ + |ξ̃|γ , see [1℄, Prop. 2 (and note that beauseof the linear growth of σ guaranteed by (1.3), there is no need to restrit to square-summable on�gurations).We write ξx,+ for the on�guration ξ with an additional partile at x, ξx,− for the ξ with one partile removedfrom x, and ξx,y for the on�guration in whih a partile is moved from x to y. Applying G (2) to the funtions
fx(ξ, ξ̃) := |ξx − ξ̃x| we obtain

G
(2)fx(ξ, ξ̃) ≤

∑

y

a(y, x)
(

fy(ξ, ξ̃) − fx(ξ, ξ̃)
)

,and hene the oupled pair satis�es the estimate (see e.g. [3℄, Thm. 2.15)
E |ξt(x) − ξ̃t(x)| ≤

∑

y

aT
t (x, y)E |ξ0(x) − ξ̃0(x)|, (2.3)where aT

t (x, y) are the transition probabilities of a random walk with jump rate matrix aT , the transpose of a(aT = a by our symmetry assumption).Observe that strong solutions of (2.1) provide in fat a simultaneous oupling for arbitrarily many initialonditions, with an analogous expression for the joint generator G (n) of an n-tuple of solutions.Denote the Palm distribution of HϑSt with respet to x ∈ Z
d by Ĥ(x,t)

ϑ , i.e.
∫

ϕ(ξ) Ĥ(x,t)
ϑ (dξ) =

1

ϑ
EHϑ

[

ξx(t)ϕ(ξ(t))
]

. (2.4)Let us reall the stohasti representation for the Palm distribution given in Setion 2.5 of [1℄ for the aseonsidered here. Fix T > 0, z ∈ Z
d, let α = (αt)0≤t≤T be a àdlàg path in Z

d with αT = z. One aninterpret the Palm distribution as the on�guration seen around an individual `sampled randomly from theurrent population' (whih is sometimes alled `ego', see e.g. [6℄). With this in mind, we give a onstrutionof the `rest of the population' (i.e. the so-alled redued Palm distribution), onditional on the spae-timeanestral line of ego, sampled at z at time T , being α. In order to do this onsider a partile system ξ̃T,α
t ,

0 ≤ t ≤ T , starting from L (ξ̃T,α
0 ) = Hϑ, whih evolves as follows: Partiles move independently aording to3



the kernel a, at time t, partiles at x 6= αt− branh ritial binary at rate σ(ξ̃T,α
t− (x))/ξ̃T,α

t− (x) per partile asusual, while at x = αt−, one partile dies at rate σ
(

ξ̃T,α
t− (x) + 1

) ξ̃T,α
t− (x)

2(ξ̃T,α
t− (x) + 1)

, andone partile is born at rate σ
(

ξ̃T,α
t− (x) + 1

) ξ̃T,α
t− (x) + 2

2(ξ̃T,α
t− (x) + 1)

.More formally, (ξ̃T,α
t )0≤t≤T is an X-valued time inhomogeneous Markov proess with generators given by

G
T,α
t f(η) =

∑

x,y∈Zd

η(x)a(x, y)
(

f(ηx,y) − f(η)
)

+
∑

x 6=αt−

1

2
σ
(

η(x)
)

{

f(ηx,+) + f(ηx,−) − 2f(η)
}

+ σ
(

η(αt−) + 1
) η(αt−)

2(η(αt−) + 1)

(

f(ηαt−,−) − f(η)
)

+ σ
(

η(αt−) + 1
) η(αt−) + 2

2(η(αt−) + 1)

(

f(ηαt−,+) − f(η)
)

(2.5)
(in the sense that

f
(

ξ̃T,α
t

)

− f
(

ξ̃T,α
0

)

−
∫ t

0

G
T,α
s f

(

ξ̃T,α
s

)

dsis a martingale for f Lipshitz). For an interpretation of the last two terms in (2.5) note that there are
ξ̃T,α
t− (αt−) + 1 partiles at site αt− immediately before a potential jump at time t, inluding the anestor of`ego'. Given that a branhing event ours, it will involve this anestor with probability 1/(ξ̃T,α

t− (αt−) + 1), andin this ase, it must neessarily be a birth.One an onstrut ξ̃T,α using driving Poisson proesses analogously to (2.1), we refrain from writing out thedetails.Let (Yt)0≤t≤T be a random walk with jump rate matrix aT (x, y) = a(y, x), starting from Y0 = z, denote thedistribution of the time-reversed path (Y(T−t)−)0≤t≤T by πz. We obtain from Proposition 5 in [1℄ that
Ĥ(z,T )

ϑ =

∫

L
(

ξ̃T,α
T + δz

)

πz(dα). (2.6)In words, the spae-time anestral line of the sampled individual at z is an aT -random walk path, starting from
z bakwards in time. Read forwards in time, it is the path α in the onstrution above.3 ProofsProof of Remark 1. By shift-invariane, it su�es to onsider x = 0. Let Tt :=

∫ t

0 ξ0(s) ds, and L (ξ(0)) ∈
{Hϑ, Λϑ}. By Lemma 4 from [1℄, we have E Tt = ϑt, and by Lemma 3.3 from [2℄, we �nd

VarHϑ
Tt = 2

∫ t

0

du

∫ t

u

dv
(

EHϑ

[

ξ0(u)ξ0(v)
]

− ϑ2
)

= 2

∫ t

0

du

∫ t

u

dv

{

ϑav−u(0, 0) +

∫ u

0

av−u+2r(0, 0)EHϑ

[

σ(ξ0(u − r))
]

dr

}

= O(t3−δ) 4



by (1.8) and (1.3). Similarly, we �nd VarΛϑ
Tt = O(t3−δ). As δ > 1 by assumption, we an proeed as on p. 399of [5℄, imitating Etemadi's proof of the strong law of large numbers, to obtain (1.9).Proof of Thm. 1. Let us �rst treat the ase f , g bounded. Furthermore, by passing to f̄(η) := f(η) − f(0) ifneessary (where 0 denotes the empty on�guration), we an assume that

|f(η)| ≤ C2

∑

x∈A

ηx. (3.1)Fix s ≥ 0, x, z ∈ Z
d for the moment. Consider the oupled pair (ξ̃(t), ξ(t))t≥0 with joint generator G (2) givenby (2.2), starting from L

(

(ξ̃(0), ξ(0))
)

= Ĥ(x,s)
ϑ ⊗Hϑ. Put

Aǫ,t,z :=
{

η ∈ X : P
(

ξ̃y(t) = ξy(t)∀y ∈ A + z
∣

∣ ξ̃(0) = η
)

≥ 1 − ǫ
}

. (3.2)
P refers to the joint probability spae on whih the oupling is de�ned and P(·|ξ̃(0) = η) to a regular versionof the onditional distribution given ξ̃(0) (reall that X

2 is Polish). Beause the initial ondition is a produtmeasure, we have L (ξ(t)) = L (ξ(t)|ξ̃(0) = η) independent of η. Note that the de�nition of Aǫ,t,z does notdepend on (x, s), and that η ∈ Aǫ,t implies
∣

∣Stg(θzη) −
∫

g dΛϑ

∣

∣

≤
∣

∣Stg(θzη) −
∫

Stg(θzη′)Hϑ(dη′)
∣

∣ +
∣

∣

∫

Stg(η′)Hϑ(dη′) −
∫

g dΛϑ

∣

∣

=
∣

∣E
[

g(θz ξ̃(t)) − g(θzξ(t))
∣

∣ξ̃(0) = η
]∣

∣ +
∣

∣

∫

Stg(η′)Hϑ(dη′) −
∫

g dΛϑ

∣

∣

≤ ǫ||g||∞ +
∣

∣

∫

Stg(η′)Hϑ(dη′) −
∫

g dΛϑ

∣

∣ ≤ ǫ
(

||g||∞ + 1) (3.3)if t is large enough (where we use [1℄, Prop. 3 in the last line). By Lemma 2 we have
lim

t→∞

∑

y∈A+z

E
Ĥ

(x,s)
ϑ

⊗Hϑ

[

|ξ̃y(t) − ξy(t)|
]

= 0 (3.4)uniformly in x, z, s (observe that at(x, y) ≤ at(0, 0) to obtain uniformity), hene in partiular
lim

t→∞
inf
s≥0

∫

X

P
(

ξ̃y(t) = ξy(t) ∀y ∈ A + z
∣

∣ ξ̃(0) = η
)

Ĥ(x,s)
ϑ (dη) = 1, (3.5)uniformly in x, z, hene

sup
x,z∈Zd

sup
s≥0

Ĥ(x,s)
ϑ

(

A
c
ǫ,t,z

)

≤ ǫ (3.6)whenever t ≥ t0 (= t0(ǫ)). (Let 0 ≤ φ ≤ 1, µ a probability measure suh that R

φdµ ≥ 1 − ǫ2, then 1 − ǫ2 ≤

1 − ǫ + ǫµ({x : φ(x) ≥ 1 − ǫ}), hene µ({x : φ(x) ≥ 1 − ǫ}) ≥ 1 − ǫ.) De�ne
f̃(η) :=

f(η)
∑

x∈A ηx
. (3.7)By (3.1), this is a bounded loal funtion (if ∑

x∈A ηx = 0, f̃(η) takes some arbitrary value). We have
EHϑ

[

f(ξ(s))g(θzξ(s + t))
]

= EHϑ

[

f(ξ(s))Stg(θzξ(s))
]

=
∑

x∈A

EHϑ

[

ξx(s)f̃(ξ(s))Stg(θzξ(s))
]

= ϑ
∑

x∈A

∫

f̃(η)Stg(η) Ĥ(x,s)
ϑ (dη) =

∫

g dΛϑ × ϑ
∑

x∈A

∫

f̃(η) Ĥ(x,s)
ϑ (dη) + R(s, t)

=

∫

g dΛϑ × EHϑ

[

f(ξ(s))
]

+ R(s, t),5



where the remainder term satis�es
|R(s, t)| ≤ 2ǫ ||f̃ ||∞

(

||g||∞ + 1) for s ≥ 0, t ≥ t0 (3.8)by (3.6). This together with the fat that EHϑ

[

f(ξ(s))
]

→
∫

f dΛϑ as s → ∞ proves (1.5) in the bounded ase.In the general ase, we approximate f and g by
fM (η) :=

(

f(η) ∧ M
)

∨ (−M), gM (η) :=
(

g(η) ∧ M
)

∨ (−M), M > 0.and ontrol the error terms using Cauhy-Shwarz, using that supx,t EHϑ

[

ξx(t)2
]

< ∞ by [1℄, Lemma 5.Here are some details: We know from the above that for any M

˛

˛

˛EHϑ

ˆ

fM (ξ(s))gM(ξ(s + t))
˜

−

Z

fM dΛϑ

Z

gM dΛϑ

˛

˛

˛ ≤ δwhenever s, t ≥ R (= R(δ,M)). In order to ontrol the error introdued by the ut-o� we note that by (1.4)
˛

˛

˛
EHϑ

ˆ

fM (ξ(s))gM(ξ(s + t)) − f(ξ(s))g(ξ(s + t))
˜

˛

˛

˛

≤ EHϑ

h

`

C1 + C2

X

x∈A

ξx(s)
´`

C1 + C2

X

x∈A

ξx(s + t)
´

1
`

C1 + C2

X

x∈A

ξx(s) > M
´

i

+ EHϑ

h

`

C1 + C2

X

x∈A

ξx(s)
´`

C1 + C2

X

x∈A

ξx(s + t)
´

1
`

C1 + C2

X

x∈A

ξx(s + t) > M
´

i

≤

„

EHϑ

h

`

C1 + C2

X

x∈A

ξx(s)
´

2

1
`

C1 + C2

X

x∈A

ξx(s) > M
´

i

«1/2

×

„

EHϑ

h

`

C1 + C2

X

x∈A

ξx(s + t)
´2

i

«

1/2

+

„

EHϑ

h

`

C1 + C2

X

x∈A

ξx(s)
´2

i

«1/2

×

„

EHϑ

h

`

C1 + C2

X

x∈A

ξx(s + t)
´

2

1
`

C1 + C2

X

x∈A

ξx(s + t) > M
´

i

«1/2

,whih onverges to 0 as M → ∞ uniformly in s, t ≥ 0 beause the family {ξx(t)2 : x ∈ Z
d, t ≥ 0} is uniformly integrableunder Hϑ. For this note e.g. that

sup
x,t

EHϑ

ˆ

ξx(t)3
˜

< ∞. (3.9)To obtain (3.9), one an either use the omparison result in Thm. 1 of [1℄ and ompare ξ with a lassial system ofindependent ritially branhing random walks with branhing rate funtion Cσ × k, for whih global boundedness of allmoments is known, or arry through the program skethed in Remark 5 of [1℄.This proves (1.5). (1.6) follows from this by taking s → ∞ �rst. Finally, (1.7) is straightforward from (1.5)resp. (1.6).Lemma 1. For x ∈ Z
d, T, t ≥ 0 there is a oupling of Ĥ(x,T )

ϑ St and HϑST+t, i.e. an X
2-valued random variable

(η(1), η(2)) suh that L (η(1)) = Ĥ(x,T )
ϑ St, L (η(2)) = HϑST+t and

∀ y ∈ Z
d : E

∣

∣η(1)
y − η(2)

y

∣

∣ ≤ at(x, y) +
Cσ

2

∫ ∞

t

au(x, y) du. (3.10)By the assumed transiene of a-random walk, the right-hand side onverges to 0 as t → ∞.Note that ombined with Prop. 3 in [1℄ this implies in partiular Ĥ(x,T )
ϑ St ⇒ Λϑ as t → ∞, and in fat thatthis onvergene is uniform in (x, T ). 6



Proof. The idea behind the proof is as follows: between time 0 and time T , we use the stohasti representationof Ĥ(x,T ) given by (2.6) and ouple it with a seond proess that follows the `ordinary' dynamis, both use thesame initial ondition (with distribution Hϑ). Then we use the standard oupling desribed by G (2) betweentime T and time T + t.For a given path α = (αs)0≤s≤T with αT = x onsider the family of generators G
T,α,(2)
s , (0 ≤ s ≤ T ) ating on(Lipshitz) funtions f on X

2,
G

T,α,(2)
s f(ξ, ξ̃) =

∑

x,y∈Zd

a(x, y)
{

ξ(x) ∧ ξ̃(x)
(

f(ξx,y, ξ̃x,y) − f(ξ, ξ̃)
)

+ (ξ(x) − ξ̃(x))+
(

f(ξx,y, ξ̃) − f(ξ, ξ̃)
)

+ (ξ̃(x) − ξ(x))+
(

f(ξ, ξ̃x,y) − f(ξ, ξ̃)
)

}

+
1

2

∑

αs 6=x∈Zd

{

(

σ(ξ(x)) ∧ σ(ξ̃(x))
)(

f(ξx,+, ξ̃x,+) + f(ξx,−, ξ̃x,−) − 2f(ξ, ξ̃)
)

+
(

σ(ξ(x)) − σ(ξ̃(x))
)

+

(

f(ξx,+, ξ̃) + f(ξx,−, ξ̃) − 2f(ξ, ξ̃)
)

+
(

σ(ξ̃(x)) − σ(ξ(x))
)

+

(

f(ξ, ξ̃x,+) + f(ξ, ξ̃x,−) − 2f(ξ, ξ̃)
)

}

+

{

σ
(

ξ(αs) + 1
) ξ(αs) + 2

2ξ(αs) + 2
∧ σ

(

ξ̃(αs)
)

2

}

(

f(ξx,+, ξ̃x,+) − f(ξ, ξ̃)
)

+
(

σ
(

ξ(αs) + 1
) ξ(αs) + 2

2ξ(αs) + 2
− σ

(

ξ̃(αs)
)

2

)

+

(

f(ξx,+, ξ̃) − f(ξ, ξ̃)
)

+
(σ

(

ξ̃(αs)
)

2
− σ

(

ξ(αs) + 1
) ξ(αs) + 2

2ξ(αs) + 2

)

+

(

f(ξ, ξ̃x,+) − f(ξ, ξ̃)
)

+

{

σ
(

ξ(αs) + 1
) ξ(αs)

2ξ(αs) + 2
∧ σ

(

ξ̃(αs)
)

2

}

(

f(ξx,−, ξ̃x,−) − f(ξ, ξ̃)
)

+
(

σ
(

ξ(αs) + 1
) ξ(αs)

2ξ(αs) + 2
− σ

(

ξ̃(αs)
)

2

)

+

(

f(ξx,−, ξ̃) − f(ξ, ξ̃)
)

+
(σ

(

ξ̃(αs)
)

2
− σ

(

ξ(αs) + 1
) ξ(αs)

2ξ(αs) + 2

)

+

(

f(ξ, ξ̃x,−) − f(ξ, ξ̃)
)

.One heks readily that on funtions f depending only on the �rst oordinate, G
T,α,(2)
s ats like G T,α

s , whileon funtions depending only on the seond oordinate, it ats like the generator G of (St). Furthermore, for
fz(ξ, ξ̃) := |ξz − ξ̃z| we have

G
T,α,(2)
s fz(ξ, ξ̃) ≤

∑

y

a(y, z)
(

fy(ξ, ξ̃) − fz(ξ, ξ̃)
)

+ Cσ1{αs}(z). (3.11)In order to see this note that the `motion' part of G
T,α,(2)
s ats like that of G (2), and the part refering tobranhing events away from αs vanishes. The part refering to branhing events at site αs obviously vanisheswhen z 6= αs, e.g. a straightforward ase-by-ase analysis (deomposing aording to the sign of ξz − ξ̃z) showsthat it is bounded by Cσ, the Lipshitz onstant of σ, when z = αs.Now onsider the proess (ξs, ξ̃s)s≤T starting from ξ0 = ξ̃0 with L (ξ0) = Hϑ, whih evolves from time s = 0to time s = T aording to the time-inhomogeneous proess desribed by the G

T,α,(2)
s . The funtion g(z, s) :=

E |ξs(z) − ξ̃s(z)| satis�es g(·, 0) ≡ 0 and
∂

∂s
g(z, s) =

∑

y

a(y, z)
(

g(y, s) − g(z, s)
)

+ Cσ1{αs}(z)by (3.11), hene (f e.g. [3℄, Thm. 2.15)
g(z, T ) = Cσ

∫ T

0

aT
T−s(z, αs) ds.7



Now averaging α with respet to πx (see the disussion above (2.6)) in this onstrution and reording theon�guration of the oupled pair at time T , we obtain an (X × X)-valued random variable (η, η̃) suh that
L (η) = Ĥ(x,T )

ϑ , L (η̃) = HϑST , and
E |ηz − η̃z| ≤ δxz + Cσ

∫ ∫ T

0

aT
T−s(z, αs) ds πx(dα) = δxz + Cσ

∫ T

0

a2u(z, x) du (3.12)Now plug the pair (η, η̃) into the oupling provided by G (2) and let this run for a time interval of length t.Combining (3.12) and (2.3) yields (3.10).Lemma 2. For x ∈ Z
d, T, t ≥ 0 there is a oupling (η(1), η(2)) of Ĥ(x,T )

ϑ St and HϑSt suh that
∀ y ∈ Z

d : E
∣

∣η(1)
y − η(2)

y

∣

∣ ≤ at(x, y) +
Cσ

2

∫ ∞

t

au(x, y) du + r(t), (3.13)where r(t) := supu≥0 EHϑSu⊗Hϑ

∣

∣ξ̃0(t) − ξ0(t)
∣

∣ −→ 0 as t → ∞. Note that this implies
lim

t→∞
E
Ĥ

(x,T )
ϑ

⊗Hϑ

[

|ξ̃z(t) − ξz(t)|
]

= 0 uniformly in T ≥ 0 and x, z ∈ Z
d.Proof. This is in priniple a variation on Lemma 7 from [1℄ with the little ompliation that Ĥ(x,T )

ϑ is notshift-invariant. Still, in view of Lemma 1, Ĥ(x,T )
ϑ St is `almost' shift invariant when t is large.First we hek that

lim
t→∞

sup
u≥0

EHϑSu⊗Hϑ

[

|ξ̃z(t) − ξz(t)|
]

= 0. (3.14)If this were not the ase, we ould �nd ǫ∗ > 0 and sequenes (un) ⊂ R+, (tn) ⊂ R+ suh that tn → ∞ and
EHϑSun⊗Hϑ

[

|ξ̃z(tn) − ξz(tn)|
]

≥ ǫ∗ for all n.We an �nd a subsequene (un(k))k suh that un(k) → ū ∈ R+ as k → ∞. As the funtion
t 7→ E

[

|ξ̃z(t) − ξz(t)|
]is non-inreasing for any hoie of initial onditions (see [1℄, p. 27), this implies

lim inf
k→∞

EHϑSun(k)
⊗Hϑ

[

|ξ̃z(t) − ξz(t)|
]

≥ ǫ∗for any t ∈ R+. On the other hand we obtain from Lemma 3 that
lim

k→∞
EHϑSun(k)

⊗Hϑ

[

|ξ̃z(t) − ξz(t)|
]

= EHϑSū⊗Hϑ

[

|ξ̃z(t) − ξz(t)|
](when ū = ∞, `HϑSū' means Λϑ). Thus if (3.14) failed, we would have lim inft→∞ EHϑSū⊗Hϑ

[

|ξ̃z(t)−ξz(t)|
]

> 0in ontradition to Lemma 7 from [1℄.The idea of the proof is now to ompare three versions of our proess: The pair (ξ(1), ξ(2)) starts from theoupling onsidered in Lemma 1 at time T , so in partiular L (ξ(1)(0)) = Ĥ(x,T )
ϑ , L (ξ(2)(0)) = HϑST . ξ(3)starts independently from (ξ(1), ξ(2)) with L (ξ(3)(0)) = Hϑ. The joint dynamis of (

ξ(1)(t), ξ(2)(t), ξ(3)(t)
)

t≥0
isa `trivariate' version of the `obvious' oupling, e.g. realised by simultaneously solving (2.1) with these three initial

8



onditions. Note that eah pair (

ξ(i)(t), ξ(j)(t)
)

t≥0
(i 6= j) evolves aording to the pair-oupling generator G (2).Thus we �nd

E
Ĥ

(x,s)
ϑ

⊗Hϑ

[

|ξ̃z(t) − ξz(t)|
]

= E
[

|ξ(1)
z (t) − ξ(3)

z (t)|
]

≤ E
[

|ξ(1)
z (t) − ξ(2)

z (t)|
]

+ E
[

|ξ(2)
z (t) − ξ(3)

z (t)|
]

= E
[

|ξ(1)
z (t) − ξ(2)

z (t)|
]

+ EHϑSs⊗Hϑ

[

|ξ̃z(t) − ξz(t)|
]

≤ at(x, z) +
Cσ

2

∫ ∞

t

av(x, z) dv + sup
s≥0

EHϑSs⊗Hϑ

[

|ξ̃z(t) − ξz(t)|
]by (3.10). This onludes the proof in view of (3.14).The last lemma veri�es a ontinuity property of the oupled proess with respet to the initial onditions.Lemma 3. Consider the oupled proess (ξ̃(t), ξ(t))t≥0 with generator G (2). Let initial onditions µn, µ ∈ X×Xbe given and assume that

µn ⇒ µ as n → ∞, where X × X ⊂ N (Zd) ×N (Zd) is equipped with the vague topologyand furthermore supn supx∈Zd

∫

|ξ̃x|2 + |ξx|2 dµn < ∞. Then we have for any z ∈ Z
d, t ≥ 0

Eµn

[

∣

∣ξ̃z(t) − ξz(t)
∣

∣

]

→ Eµ

[

∣

∣ξ̃z(t) − ξz(t)
∣

∣

] as n → ∞.Proof. For given �nite A ⊂ Z
d and ε > 0 we an use Skorohod oupling to �nd for eah su�ientlylarge n a random element (

ξ̃(0), ξ(0), ξ̃′(0), ξ′(0)
) with values in (N (Zd))4 suh that L

(

(ξ̃(0), ξ(0)
)

= µn,
L

(

(ξ̃′(0), ξ′(0)
)

= µ and the event
E(A) =

{

ξ̃x(0) = ξ̃′x(0), ξx(0) = ξ′x(0)∀x ∈ A
}has P(E(A)) ≥ 1 − ε. Denote the simultaneous solution of (2.1) with these initial onditions by

(

ξ̃(t), ξ(t), ξ̃′(t), ξ′(t)
)

t≥0
. This allows to estimate (for n su�iently large)

∣

∣

∣

∣

Eµn

[

∣

∣ξ̃z(t) − ξz(t)
∣

∣

]

− Eµ

[

∣

∣ξ̃z(t) − ξz(t)
∣

∣

]

∣

∣

∣

∣

=

∣

∣

∣

∣

E

[

∣

∣ξ̃z(t) − ξz(t)
∣

∣ −
∣

∣ξ̃′z(t) − ξ′z(t)
∣

∣

]

∣

∣

∣

∣

≤ E

[

∣

∣ξ̃z(t) − ξ̃′z(t)
∣

∣ +
∣

∣ξz(t) − ξ′z(t)
∣

∣

]

≤
∑

y

aT (z, y)E
[

∣

∣ξ̃y(0) − ξ̃′y(0)
∣

∣ +
∣

∣ξy(0) − ξ′y(0)
∣

∣

]

≤ 2M1

∑

y∈Ac

aT
t (z, y) +

∑

y∈A

aT
t (z, y)E

[

1E(A)c

∣

∣ξ̃y(0) − ξ̃′y(0)
∣

∣ + 1E(A)c

∣

∣ξy(0) − ξ′y(0)
∣

∣

]

≤ 2M1

∑

y∈Ac

aT
t (z, y) + 2

√
εM

1/2
2 ,where M1 := supx,n

∫

|ξ̃|2 + |ξ|2 µn(dξ), M2 := supx,n

∫

|ξ̃|2 + |ξ|2 µn(dξ) < ∞, we used (2.3) in the fourth line,and the Cauhy-Shwarz inequality in the last line. The last line an be made arbitrarily small by hoosing Alarge, ε small.Aknowledgement The author would like to thank Iljana Zähle and Johen Blath for various helpful disus-sions on this subjet. 9
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