Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Nonadditive disorder problems for some diffusion processes

Pavel Gapeev^{1 , 2}

submitted: November 6, 2006

1 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstrasse 39 10117 Berlin Germany e-mail: gapeev@wias-berlin.de

2 Russian Academy of Sciences Institute of Control Sciences Profsoyuznaya Str. 65 117997 Moscow Russia

No. 1181 Berlin 2006

W I A S

2000 Mathematics Subject Classification. 60G40, 62M20, 34K10, 62C10, 62L15, 60J60.

Key words and phrases. Quickest ’disorder’ (change-point) detection, diffusion process, optimal stopping, sufficient statistic, free-boundary problem, smooth-fit and normal-entrance conditions, Itô’s formula.

This research was supported by Deutsche Forschungsgemeinschaft through the SFB 649 Economic Risk.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We study nonadditive Bayesian problems of detecting a change in drift of an observed diffusion process where the cost function of the detection delay has the same structure as in [27] and construct a finite-dimensional Markovian sufficient statistic for that case. We show that when the cost function is linear the optimal stopping time is found as the first time when the a posteriori probability process hits a stochastic boundary depending on the observation process. It is shown that under some nontrivial relationships on the coefficients of the observed diffusion the problem admits a closed form solution. The method of proof is based on embedding the initial problem into a two-dimensional optimal stopping problem and solving the equivalent free-boundary problem by means of the smooth-fit conditions.

1. Introduction

The problem of quickest disorder detection for an observed diffusion process seeks to determine a stopping time which is as close as possible to the (unknown) time of ’disorder’ (change-point) when the drift coefficient μ(x) of the observed process changes from μ_0(x) to μ_1(x). This problem admits at least two different Bayesian formulations. In the ’free’ formulation (below referred to as the ’Bayesian problem’) one looks for a time of ’alarm’ minimizing a linear combination of the probability of a ’false alarm’ and the expectation of a ’delay’ in detecting the time of disorder correctly with no constraint on the former. In the ’fixed false-alarm’ formulation (sometimes referred to as the ’variational problem’) one looks for a time of ’alarm’ minimizing the same linear combination under the constraint that the probability of a ’false alarm’ cannot exceed a given value. In this paper we only study the ’Bayesian problem’ where we also use the customary assumption that the time of disorder is exponentially distributed.

Shiryaev [25]-[26] and [28]-[29] (see also [30; Chapter IV]) derived an explicit solution of the Bayesian and variational problem of detecting a change in drift of an observed Wiener process by reducing the initial optimal stopping problem to a freeboundary problem for an ordinary second order operator. Some particular cases of the Bayesian problem of detecting a change in the intensity of an observed Poisson process were considered by Gal’chuk and Rozovskii [10] and Davis [6]. Peskir and Shiryaev [20] obtained a complete solution of the latter problem by reducing the initial optimal stopping problem for a differential-difference operator. The Bayesian and variational disorder problems for a compound Poisson process with exponentially distributed jumps were explicitly solved in [11]. Recently, Dayanik and Sezer

[7] obtained a solution of the Bayesian disorder problem for a general compound Poisson process. In all these problems the optimal stopping time was the first time when the a posteriori probability process hits a constant boundary. A finite horizon version of the Bayesian and variational Wiener disorder problem was solved in [12] by reducing a parabolic free-boundary problem to an equivalent a nonlinear integral equation for the curved optimal stopping boundary depending on time. The main purpose of this paper is to study the Bayesian problem of detecting a change in local drift of an observed diffusion process and present a closed form solution of the problem under some nontrivial relationships on coefficients of the observed diffusion. In this case the optimal stopping time is the first time when the a posteriori probability process hits a stochastic boundary depending on the observation process.

Shiryaev [27] studied the problem of finding finite-dimensional Markovian sufficient statistics in the disorder problem with nonadditive minimizing functionals. More recently, it was shown by Poor [22] for the case of observed sequences of random variables, by Beibel [4] for the case of observed Wiener process, and then by Bayraktar and Dayanik [1] for the case of observed Poisson process, that when the cost function of the detection delay has an exponential form the Markovian sufficient statistic turns out to be one-dimensional that essentially simplifies the solution of the related optimal stopping problem. Some other formulations of the Poisson disorder problem were considered by Bayraktar, Dayanik and Karatzas [2]. Another ’adaptive’ formulation of the Poisson disorder problem where the arrival rate of the observed process changes to an unobservable value and the related problem of finding finitedimensional Markovian sufficient statistics were studied by Bayraktar, Dayanik and Karatzas [3]. It was shown that when the new arrival rate has Bernoulli distribution the Markovian sufficient statistic turns out to be two-dimensional that makes possible to observe interesting analytic properties of the solution of the corresponding optimal stopping problem.

The paper is organized as follows. In Section 2, after formulating the Bayesian disorder problem for an observed diffusion processes we study the problem of finding Markovian sufficient statistics for the case where the minimizing nonadditive functional has the same form as in [27]. In Section 3, we consider the case where the cost function of the detection delay is linear and make an embedding of the initial Bayesian problem into an extended optimal stopping problem for a two-dimensional (time-homogeneous strong) Markov process (consisting of the a posteriori probability process and the observation process). We show that the continuation region (for the a posteriori probability process) is determined by a stochastic boundary depending on the observation process where the behavior of the boundary is characterized by the signal/noise ratio. In order to find analytic expressions for the value function and the stopping boundary under some special nontrivial relationships on coefficients of the observed diffusion, we formulate an equivalent free-boundary problem. By applying smooth-fit condition we show that the free-boundary problem admits an explicit solution and the boundary is uniquely determined from a transcendental equation. Then we verify that the solution of the free-boundary problem turns out to be a solution of the initial extended optimal stopping problem. The main results of the paper are stated in Theorems 2.1 and 3.1.

2. Formulation of the problem

In the Bayesian formulation of the problem (see [30; Chapter IV, Section 4] for the case of Wiener process) it is assumed that we observe a trajectory of the diffusion process X = (X_t)_{t≥0} with drift coefficient changing from μ_0(x) to μ_1(x) at some random time θ taking the value 0 with probability π and being exponentially distributed with parameter λ > 0 under θ > 0.

2.1. For a precise probabilistic formulation of the Bayesian problem it is convenient to assume that all our considerations take place on a probability space (Ω, F, P_π) where the probability measure P_π has the following structure:

P_π = πP^0 + (1 − π)

�_∞ 0 λe^{−λs}P^s ds (2.1)

for any π ∈ [0, 1] and the measures P^s for s ∈ [0, ∞] are specified below. Let θ be a nonnegative random variable satisfying P_π[θ = 0] = π and P_π[θ > t | θ > 0] = e^{−λt} for all t ≥ 0 and some λ > 0, and let W = (W_t)_{t≥0} be a standard Wiener process started at zero under P_π . It is assumed that θ and W are independent.

It is further assumed that we observe a continuous process X = (X_t)_{t≥0} with the (open) state space E ⊆ R and solving the stochastic differential equation:

dX_t = [μ_0(X_t) + I(t ≥ θ)(μ_1(X_t) − μ_0(X_t))] dt + σ(X_t) dW_t (X_0 = x) (2.2)

where the functions μ_i(x) and σ(x) are Lipschitz continuous on E , that is, there exists a constant C > 0 such that:

[μ_i(x) − μ_i(x^′)]^2 + [σ(x) − σ(x^′)]^2 ≤ C[x − x^′]^2 (2.3)

for all x, x^′ ∈ E and i = 0, 1. Thus, from [17; Chapter IV, Theorem 4.6] it follows that under fixed θ = s equation (2.2) has a unique strong solution, and hence, P_π[X ∈ · | θ = s ] = P^s[X ∈ · ] is the distribution law of a homogeneous diffusion process (starting at some fixed point x ∈ E ) with diffusion coefficient σ^2(x) and local drift changing from μ_0(x) to μ_1(x) at time s ∈ [0, ∞]. We will also assume that either μ_0(x) < μ_1(x) or μ_0(x) > μ_1(x) holds and σ^2(x) > 0 for all x ∈ E . It is assumed that the time of ’disorder’ is unknown (i.e., it cannot be observed directly).

Being based upon the continuous observation of X our task is to find among the stopping times τ of X (i.e., stopping times with respect to the natural filtration F^X_t = σ{X_s | 0 ≤ s ≤ t} generated by the process X for t ≥ 0) an optimal stopping time (a time of ’alarm’) being ’as close as possible’ to the unknown time θ. More precisely, the problem consists of computing the risk function:

V (π) = inf_τ � P_π[τ < θ] + E_π[f(τ − θ)I(τ ≥ θ)] � , (2.4) and finding the optimal stopping time τ_∗ , called the π -Bayes time, at which the infimum in (2.4) is attained. Here P_π[τ < θ] is the probability of a ’false alarm’, E_π[f(τ − θ)I(τ ≥ θ)] is the ’average cost of delay’ in detecting disorder correctly (i.e., when τ ≥ θ), so that the cost function f(t) of the detection delay satisfies f(t) ≥ 0 for t ≥ 0 and f(t) = 0 for t ≤ 0.

2.2. Following the schema of arguments in [27], one can easily show that the Bayesian problem (2.4) is reduced to the optimal stopping problem:

V (π) = inf_τ E_π � 1 − π_{τ,τ} + f(τ)π_{0,τ} +

�_τ 0 f(τ − u) d_uπ_{u,τ} � (2.5)

for the conditional probability π_{u,t} = P_π[θ ≤ u | F^X_t ] for each 0 ≤ u ≤ t and all t ≥ 0 with π_{0,0} = π (P_π -a.s.).

It follows by definition of the measures P^s above that:

d(P^s|F^X_t ) d(P^∞|F^X_t )

= I(s ≤ t) +

L_t L_s

I(s > t) (2.6)

for each s ∈ [0, ∞], where by applying Girsanov’s theorem for diffusion-type processes [17; Chapter VII, Theorem 7.19], we have:

L_t = exp

�_t 0 μ_1(X_u) − μ_0(X_u) σ^2(X_u) dX_u − 1 2 �_t 0 μ^2_1(X_u) − μ^2_0(X_u) σ^2(X_u) du � (2.7)

for all t ≥ 0. Then, by means of generalized Bayes’ formula [17; Chapter VII, Lemma 7.4], for the conditional probability π_{u,t} = P_π[θ ≤ u | F^X_t ] we get:

π_{u,t} = πL_t + (1 − π)

�_u 0 (L_t/L_s)λe^{−λs} ds πL_t + (1 − π)

�_t 0 (L_t/L_s)λe^{−λs} ds + (1 − π)e^{−λt}

(2.8)

for each 0 ≤ u ≤ t and all t ≥ 0. Hence, after setting π_t = π_{t,t} , we obtain:

π_{u,t} 1 − π_t = L_t e^{−λt} � π 1 − π + �_u 0 λe^{−λs} L_s ds � (2.9)

for each 0 ≤ u ≤ t and all t ≥ 0. Thus, by means of standard arguments it follows that the value function (2.5) takes the form:

V (π) = inf_τ E_π � (1 − π_τ ) � 1 + L_τ e^{−λτ} � f(τ) π 1 − π + �_τ 0 f(τ − u) λe^{−λu} L_u du � . (2.10)

2.3. Following the schema of arguments from [27], from now on we assume that the Laplace transform ^f(z) of the function f(t) is a rational function of the form:

^f(z) =

�_∞ 0 f(u)e^{−zu} du = n� k=1 m(k)�

l=1 c_{kl} (z − λ_k)^l

(2.11) for all z > 0, z ≠ λ_1, . . . , z ≠ λ_n , where c_{kl} , l = 1, . . . , m(k), k = 1, . . . , n, are some real constants. Let us denote by e^{−Su} the shift operator acting on an arbitrary function a(t) like e^{−Su} [a(t)] = a(t − u) for all t ≥ 0 and some u ≥ 0 fixed. In this case, by virtue of the assumption (2.11) we may set:

^f(S) [ · ] =

�_∞ 0 f(u)e^{−Su} [ · ] du = n� k=1 m(k)�

l=1 c_{kl} (S − λ_k)^l

[ · ] (2.12)

and thus, we have:

^f(S) � λe^{−λt} L_t � = �_∞ 0 f(u) λe^{−λ(t−u)}

L_{t−u} du = n� k=1 m(k)�

l=1 c_{kl} (S − λ_k)^l � λe^{−λt} L_t � (2.13)

for all t ≥ 0. By means of standard arguments from [8], we get: 1 (S − λ_k)^l � λe^{−λt} L_t � = ψ^{kl}_t e^{−λt} L_t ≡ �_∞ 0 e^{λku} u^{l−1} (l − 1)!

λe^{−λ(t−u)} L_{t−u} du (2.14)

for each 0 ≤ u ≤ t and all t ≥ 0, where the process (ψ^{kl}_t )_{t≥0} is defined by:

ψ^{kl}_t =

L_t e^{−λt}

�_t 0 e^{λk(t−u)}

(t − u)^{l−1} (l − 1)!

λe^{−λu} L_u du (2.15)

for every l = 1, . . . , m(k) and k = 1, . . . , n. By using the fact that: �_t 0 f(t − u) λe^{−λu} L_u du =

�_∞ 0 f(u) λe^{−λ(t−u)} L_{t−u} du (2.16)

for each 0 ≤ u ≤ t and all t ≥ 0, we therefore conclude that the value function (2.10) admits the representation:

V (π) = inf_τ E_π � �(1 − π_τ ) � �1 + L^τ f(τ) e^{−λτ} π 1 − π + n� k=1 m(k)�

l=1 c_{kl}ψ^{kl}_τ � � � � . (2.17)

2.4. Let us now introduce the likelihood ratio process (φ_t)_{t≥0} defined by φ_t = π_t/(1 − π_t), and thus, by virtue of (2.9), taking the expression:

φ_t =

L_t e^{−λt} � π 1 − π + �_t 0 λe^{−λs} L_s ds � (2.18)

for all t ≥ 0. Then, by applying Itô’s formula [17; Chapter IV, Theorem 4.4] to the expressions (2.18), (2.7) and (2.15), and by using the fact that:

π_t = φ_t 1 + φ_t

(2.19) we obtain the following representations:

dπ_t = λ(1 − π_t) dt + μ_1(X_t) − μ_0(X_t) σ(X_t) π_t(1 − π_t) dW_t (π_0 = π) (2.20)

dL_t = μ_1(X_t) − μ_0(X_t) σ(X_t)

L_t dW_t (L_0 = 1) (2.21)

dψ^{k1}_t = � λ + (λ + λ_k) ψ^{k1}_t � dt + μ_1(X_t) − μ_0(X_t) σ(X_t) ψ^{k1}_t dW_t (ψ^{k1}_0 = 0) (2.22)

dψ^{kl}_t = � ψ^{k(l−1)} t + (λ + λ_k) ψ^{kl}_t � dt + μ_1(X_t) − μ_0(X_t) σ(X_t) ψ^{kl}_t dW_t (ψ^{kl}_0 = 0) (2.23)

for every l = 2, . . . , m(k) and k = 1, . . . , n, where, by means of P. Lévy’s theorem [24; Chapter IV, Theorem 3.6], the innovation process W = (W_t)_{t≥0} defined by:

W_t =

�_t 0 dX_s σ(X_s) − �_t 0 � μ_0(X_s) σ(X_s)

+ π_s μ_1(X_s) − μ_0(X_s)

σ(X_s) � ds (2.24)

is a standard Wiener process under the measure P_π with respect to the filtration (F^X_t )_{t≥0} . Therefore, from (2.24) it follows that the process X = (X_t)_{t≥0} admits the representation:

dX_t = [μ_0(X_t) + π_t(μ_1(X_t) − μ_0(X_t))] dt + σ(X_t) dW_t (X_0 = x). (2.25)

Let us suppose that the signal/noise ratio function defined by:

r(x) = μ_1(x) − μ_0(x) σ(x)

(2.26)

is also Lipschitz continuous, that is, there exists a constant C^′ > 0 such that condition:

[r(x) − r(x^′)]^2 ≤ C^′[x − x^′]^2 (2.27) holds for all x, x^′ ∈ E , and there are constants r_∗ and r^∗ such that the inequalities:

0 < r_∗ ≤ r(x) ≤ r^∗ < ∞ (2.28)

are satisfied for all x ∈ E . Hence, by means of Remark to [17; Chapter IV, Theorem 4.6] (see also [18; Chapter V, Theorem 5.2.1]) we conclude that the process (π_t, L_t, ψ_t, X_t)_{t≥0} where we denote ψ_t = (ψ^{kl}_t , l = 1, . . . , m(k), k = 1, . . . , n) turns out to be a unique strong solution of the multi-dimensional stochastic differential equation (2.20)-(2.23)+(2.25), and thus, by virtue of [18; Chapter VII, Theorem 7.2.4], it is a (time-homogeneous strong) Markov process with respect to its natural filtration, which obviously coincides with (F^X_t )_{t≥0} . Therefore, the infimum in (3.2) is taken over all stopping times of (π_t, L_t, ψ_t, X_t)_{t≥0} playing the role of a Markovian sufficient statistic in the problem.

2.5. Summarizing the facts proved above we now formulate the following assertion.

Theorem 2.1. Suppose that condition (2.3) holds and the Laplace transform ^f(z) of the cost of delay f(t) takes the form (2.11). Then in the Bayesian problem (2.4)-(2.5) the value function admits the representation (2.17), where the processes (π_t)_{t≥0} , (L_t)_{t≥0} and (ψ^{kl}_t )_{t≥0} , l = 1, . . . , m(k), k = 1, . . . , n, defined in (2.19), (2.7) and (2.15) solve the stochastic differential equations (2.20)-(2.23). Moreover, if the conditions (2.27)-(2.28) are satisfied, then (π_t, L_t, ψ_t, X_t)_{t≥0} turns out to be a Markovian sufficient statistic in the problem (2.4)-(2.5).

Remark 2.2. The Laplace transform ^f(z) has the form (2.11) if, for example, the function f(t) satisfies a homogeneous ordinary differential equation of the order q =

�_n

k=1 m(k): f^{(q)}(t) + a_1f^{(q−1)}(t) + . . . + a_{q−1}f^′(t) + a_qf(t) = 0 with the initial conditions f(0) = c_0, f^′(0) = c_1, . . . , f^{(q−1)}(0) = c_{q−1} , where a_1, . . . , a_q and c_0, c_1, . . . , c_{q−1} are some real constants (see, e.g., [8]).

Example 2.3. Assume that f(t) = ct for all t ≥ 0 and some c > 0 given and fixed. Then it is easily shown (see, e.g., [30; Chapter IV]) that the value function (2.4) takes the form (3.1)-(3.2) below, so that (π_t)_{t≥0} turns out to be a one-dimensional sufficient statistic.

Example 2.4. Assume that f(t) = ct^α for all t ≥ 0 and some α > 0 and c > 0 given and fixed. In this case, the Laplace transform takes the form ^f(z) = cΓ(α + 1)/z^{α+1} for z > 0, where Γ is the Euler Gamma function. If α ∈ N then ^f(z) is of the type (2.11), from where, by means of the arguments above we obtain that the value function (2.10) admits the representation:

L_π(τ) = E_π � (1 − π_τ ) � 1 + L_τ cτ^α e^{−λτ} π 1 − π

+ cΓ(α + 1) α+1� l=1 ψ^l_τ � . (2.29)

Otherwise, if α > 0 but α /∈ N then the function ^f(z) cannot be expressed in the form (2.11) with finite number of summands.

3. The case of linear cost of delay

In this section we study the case considered in Example 2.3 above where the cost of delay is a linear function.

3.1. Assume that in (2.4) we have f(t) = ct for all t ≥ 0 and some c > 0 fixed. In this case the value function admits the representation:

V (π) = inf_τ � P_π[τ < θ] + c E_π[τ − θ]^+ � (3.1)

where the infimum is taken over all stopping time of the process X . By means of standard arguments (see [30; pages 195-197]) one can easily show that the Bayesian problem (3.1) is reduced to the optimal stopping problem:

V (π) = inf_τ E_π � 1 − π_τ + c

�_τ 0 π_t dt � (3.2)

for the a posteriori probability process π_t = P_π[θ ≤ t | F^X_t ] for t ≥ 0 with π_0 = π (P_π -a.s.).

3.2. For the problem (3.2) let us consider the following extended optimal stopping problem for the Markov process (π_t, X_t)_{t≥0} :

V (π, x) = inf_τ E_{π,x} � 1 − π_τ + c

�_τ 0 π_t dt � (3.3)

where P_{π,x} is a measure of the diffusion process (π_t, X_t)_{t≥0} starting at the point (π, x) and solving the (two-dimensional) equation (2.20)+(2.25), and the infimum in (3.3) is taken over all stopping times τ of the process (π_t, X_t)_{t≥0} such that E_{π,x}[τ] < ∞ for all (π, x) ∈ [0, 1] × E .

3.3. Let us now determine the structure of the optimal stopping time in the problem (3.3).

(i) First, by applying Itô’s formula we get:

1 − π_t = 1 − π − λ

�_t 0 (1 − π_s) ds + N_t (3.4)

where for any (F^X_t )_{t≥0} -stopping time τ satisfying E_{π,x}[τ] < ∞ the process (N_{τ ∧t})_{t≥0} defined by N_{τ ∧t} = −

�_{τ ∧t} 0 r(X_s)π_s(1−π_s)dW_s is a continuous (uniformly integrable) martingale under P_{π,x} . It follows from (3.4) using the optional sampling theorem (see, e.g., [24; Chapter II, Theorem 3.2]) that:

E_{π,x} � 1 − π_σ + c

�_σ 0 π_u du � = 1 − π + E_{π,x}

�_σ 0 (c π_t − λ(1 − π_t)) du � (3.5)

for each (F^X_t )_{t≥0} -stopping time σ . Choosing σ to be the exit time from a small ball, we see from (3.5) that it is never optimal to stop when π_t < λ/(λ+c) for t ≥ 0. In other words, this shows that all points (π, x) for x ∈ E with 0 ≤ π < λ/(λ + c) belong to the continuation region:

C = {(π, x) ∈ [0, 1] × E | V (π, x) < 1 − π}. (3.6)

Since π → V (π, x) with x ∈ E given and fixed is concave on [0, 1] (this is easily deduced using the same arguments as in [30; pages 197-198]), it follows that there exists a function g(x) satisfying 0 < λ/(λ + c) ≤ g(x) < 1 for all t ≥ 0 such that the continuation region is an open set of the form:

C = {(π, x) ∈ [0, 1] × E | π < g(x)} (3.7) and the stopping region is the closure of the set:

D = {(π, x) ∈ [0, 1] × E | π > g(x)}. (3.8)

(ii) Now for given (π, x) ∈ C let us take x^′ ∈ E such that x^′ < x or x > x^′ . Then using the facts that (π_t, X_t)_{t≥0} is a time-homogeneous Markov process and τ_∗ = τ_∗(π, x) does not depend on x^′ , from (3.4) we obtain:

V (π, x^′) − (1 − π) ≤ E_{π,x}′

�_{τ∗} 0 (c π_t − λ(1 − π_t))dt � (3.9)

≤ E_{π,x}

�_{τ∗} 0 (c π_t − λ(1 − π_t))dt � = V (π, x) − (1 − π)

and hence, by means of (3.6), we see that (π, x) ∈ C . Therefore, we may conclude that in (3.7)-(3.8) and the boundary x → g(x) is decreasing (increasing) on E when the function r(x) is increasing (decreasing), respectively.

(iii) Next, let us observe that the value function V (π, x) from (3.3) and the boundary g(x) from (3.7)-(3.8) also depend on r(x) defined in (2.26) and denote them here by V_∗(π, x) and V^∗(π, x) as well as A_∗ and A^∗ when r(x) = r_∗ and r(x) = r^∗ for all x ∈ E , respectively. Using the fact that x → V (π, x) is an increasing (decreasing) function when r(x) is increasing (decreasing) on E , and V (π, x) = 1 − π for all g(x) ≤ π ≤ 1, we conclude that 0 < A_∗ ≤ g(x) ≤ A^∗ < 1 for all x ∈ E . Here we note that if r_∗ = r^∗ then A_∗ = g(x) = A^∗ for all x ∈ E , where 0 < λ/(c + λ) < A_∗ < A^∗ < 1 are uniquely determined from the system (4.147) in [30; Chapter IV].

3.4. Summarizing the facts proved in Subsection 3.3 above we may conclude that the following optimal decision rule is optimal in the extended problem (3.3):

τ_∗ = inf{t ≥ 0 | π_t ≥ g(X_t)} (3.10)

(whenever E_{π,x}[τ_∗] < ∞) where the boundary g(x), x ∈ E , satisfies the following properties:

g(x) : E → [0, 1] is continuous and decreasing (increasing) (3.11) A_∗ ≤ g(x) ≤ A^∗ for all x ∈ E (3.12)

whenever r(x) is an increasing (decreasing) function on E , respectively. Here A_∗ and A^∗ satisfying 0 < λ/(c + λ) < A_∗ < A^∗ < 1 are the optimal stopping points for the corresponding infinite horizon problem with r(x) = r_∗ and r(x) = r^∗ for all x ∈ E , respectively, uniquely determined from the system of transcendental equations (4.147) in [30; Chapter IV].

3.5. Let us further assume that the state space of the process X = (X_t)_{t≥0} under θ = s for all s ∈ [0, ∞] is E = ⟨−ζ, ∞⟩ for some ζ ∈ R fixed, and under conditions of Subsections 2.1 and 2.4 as well as of the Example 2.3 the relationship:

μ_i(x) = η_iσ^2(x) x + ζ

(3.13) holds for all x ∈ E and some constants η_i ∈ R, i = 0, 1, such that η_0 ≠ η_1 and η_0 + η_1 = 1. Let us define the process Y = (Y_t)_{t≥0} by:

Y_t = log π_t 1 − π_t − 1 η log x + ζ X_t + ζ

(3.14)

with η = 1/(η_1 − η_0). From the structure of (3.14) it is easily seen that there is a one-to-one correspondence between the processes (π_t, X_t)_{t≥0} and (π_t, Y_t)_{t≥0} , and thus, the latter is also a (time-homogeneous strong) Markov process with respect to its natural filtration, which coincides with (F^X_t )_{t≥0} . By deriving the expression for X_t from (3.14) and by substituting it into (2.20), we obtain:

dπ_t = λ(1 − π_t) dt + σ � (x + ζ)e^{−ηYt} [π_t/(1 − π_t)]^η − ζ � η(x + ζ)e^{−ηYt} [π_t/(1 − π_t)]^η π_t(1 − π_t) dW_t (π_0 = π). (3.15) By applying Itô’s formula to the expression (3.14) and by using the representations (2.20) and (2.25) as well as the assumption (3.13) with η_0 ≠ η_1 and η_0 + η_1 = 1, we get dY_t = 0 and thus: Y_t = log π 1 − π

(3.16)

for all t ≥ 0.

3.6. By means of standard arguments it is shown that under the assumptions of Subsection 3.5 the optimal stopping problems (3.2) and (3.3) are equivalent to:

~V (π, y) = inf_τ E_π � 1 − π_τ + c

�_τ 0 π_t dt � (3.17)

where the infimum is taken over all stopping times τ of the process (π_t, Y_t)_{t≥0} such that E_π[τ] < ∞ for all (π, y) ∈ [0, 1] × R and y = log[π/(1 − π)] for each π ∈ ⟨0, 1⟩ and x ∈ E = ⟨−ζ, ∞⟩ fixed. It also follows that there exists a function h(y), y ∈ R, such that the continuation region C from (3.7) is equivalent to:

~C = {(π, y) ∈ [0, 1] × R | π < h(y)} (3.18)

and the set D from (3.8) is equivalent to:

~D = {(π, y) ∈ [0, 1] × R | π > h(y)} (3.19)

for each y ∈ R and x ∈ E fixed.

3.7. If the assumption (3.13) with η_0 ≠ η_1 and η_0 + η_1 = 1 holds, then by means of standard arguments it is shown that the infinitesimal operator ~L of the process (π_t, Y_t)_{t≥0} from (3.15)-(3.16) acts on a function F ∈ C^{2,0}(⟨0, 1⟩ × R) like:

(~LF )(π, y) = � λ(1 − π) ∂F ∂π + r^2(x; π, y) 2 π^2(1 − π)^2

∂^2F ∂π^2 � (π, y) (3.20) with r(x; π, y) = σ ((x + ζ)e^{−ηy}[π/(1 − π)]^η − ζ) η(x + ζ)e^{−ηy}[π/(1 − π)]^η

(3.21)

for all (π, y) ∈ ⟨0, 1⟩ × R and each x ∈ E = ⟨−ζ, ∞⟩ fixed.

Now let us use the results of general theory of optimal stopping problems for continuous time Markov processes (see, e.g., [13], [30; Chapter III, Section 8] and [21]) to formulate the corresponding free-boundary problem for the unknown value function (π, y) → ~V (π, y) from (3.3) and the boundary h(y), y ∈ R, from (3.18)-(3.19):

(~L ~V )(π, y) = −c π for (π, y) ∈ ~C (3.22) ~V (π, y)�_{π=h(x)−} = 1 − h(x) (3.23)

∂ ~V ∂π (π, y) � �_{π=h(x)−} = −1 (3.24)

∂ ~V ∂π (π, y) � �_{π=0+} = 0 (3.25)

~V (π, y) = 1 − π for (π, y) ∈ ~D (3.26) ~V (π, y) < 1 − π for (π, y) ∈ ~C (3.27)

where ~C and ~D are given by (3.18) and (3.19), and the instantaneous-stopping condition (3.23) and the smooth-fit condition (3.24) as well as the normal-entrance condition (3.25) are assumed to be satisfied for all y ∈ R and each x ∈ E fixed. Note that by Dynkin’s superharmonic characterization of the value function (see [9] and [30]) it follows that ~V (π, y) from (3.17) is the largest function satisfying (3.22)-(3.23) and (3.26)-(3.27) for each y ∈ R and x ∈ E fixed.

3.8. By integrating the equation (3.22) and by using the boundary conditions (3.23)- (3.25), we obtain:

~V (π, y; h(y)) = 1 − h(y) (3.28) − �_{h(y)} π �_z 0 exp � − �_{h(y)} u 2λ r^2(x; v, y)v^2(1 − v) dv � 2c r^2(x; u, y)u(1 − u)^2 dudz

with r(x; π, y) given by (3.21) for all π ∈ ⟨0, h(y)] and each y ∈ R and x ∈ E = ⟨−ζ, ∞⟩ fixed. By means of the arguments similar to [30; pages 203-204] it follows that the boundary h(y) is uniquely determined from the equation:

�_{h(y)} 0 exp � − �_{h(y)} u 2λ r^2(x; v, y)v^2(1 − v) dv � 2c r^2(x; u, y)u(1 − u)^2 dudz = 1 (3.29)

for each y ∈ R and x ∈ E = ⟨−ζ, ∞⟩ fixed.

3.9. Making use of the facts proved above we are now ready to formulate the main result of the paper.

Theorem 3.1. Suppose that conditions (2.3) and (2.27)-(2.28) hold for all x ∈ E = ⟨−ζ, ∞⟩ and some ζ ∈ R fixed, and assumption (3.13) is satisfied with η_0 ≠ η_1 and η_0 + η_1 = 1. Then in the Bayesian problem (3.2)+(3.3)+(3.17) of quickest disorder detection for the process (2.2) the value function has the expression:

V (π) = V (π, x) = ~V (π, y) = � ~V (π, y; h(y)), if π ∈ [0, h(y)⟩ 1 − π, if π ∈ [h(y), 1]

(3.30)

and the optimal π -Bayes stopping time is explicitly given by:

τ_∗ = inf{t ≥ 0 | π_t ≥ h(y)} (3.31)

where the boundary h(y) is characterized as a unique solution of the equation (3.29) for y = log[π/(1 − π)] and each π ∈ ⟨0, 1⟩ and x ∈ E fixed.

Proof. It remains to show that the function (3.30) coincides with the value function (3.17) and that the stopping time τ_∗ from (3.31) with the boundary h(y), y ∈ R, specified above is optimal. Let us denote by ~V (π, y) the right-hand side of the expression (3.30). It follows by construction from the previous section that the function ~V (π, y) solves the system (3.22)-(3.26). Thus, applying Itô’s formula to ~V (π_t, y), we obtain:

~V (π_t, y) = ~V (π, y) +

�_t 0 (~L ~V )(π_s, y)I(π_s ≠ h(y)) ds + ~M_t (3.32)

where the process ( ~M_t)_{t≥0} defined by:

~M_t =

�_t 0 ∂ ~V ∂π (π_s, y)I(π_s ≠ h(y)) μ_1(X_t) − μ_0(X_t)

σ(X_t) π_s(1 − π_s) dW_s (3.33)

is a continuous local martingale under P_π with respect to (F^X_t )_{t≥0} .

By using the arguments above it can be verified that (~L ~V )(π, y) ≥ −cπ for all (π, y) ∈ ⟨0, 1⟩ × R such that π ≠ h(y). Moreover, by means of standard arguments and using the construction of ~V (π, y) above it can be checked that the property (3.27) also holds that together with (3.22)-(3.23)+(3.26) yields ~V (π, y) ≤ 1 − π for all (π, y) ∈ [0, 1] × R. Observe that the time spent by the process π at the boundary h(y), y ∈ R, is of Lebesgue measure zero, that allows to extend (~L ~V )(π, y) arbitrarily to π = h(y) and thus to ignore the indicators in (3.32)-(3.33). Hence, from the expressions (3.32) and the structure of the stopping time in (3.31) it follows that the inequalities:

1 − π_τ + c

�_τ 0 π_s ds ≥ ~V (π_τ , y) + c

�_τ 0 π_s ds ≥ ~V (π, y) + ~M_τ (3.34)

hold for any stopping times τ of the process (π_t)_{t≥0} started at π ∈ [0, 1] and for each y ∈ R.

Let (τ_n)_{n∈N} be an arbitrary localizing sequences of stopping times for the processes ( ~M_t)_{t≥0} . Taking in (3.34) the expectation with respect to the measure P_π , by means of the optional sampling theorem (see, e.g., [15; Chapter I, Theorem 1.39] or [24; Chapter II, Theorem 3.1]), we get:

E_π � 1 − π_{τ ∧τn} + c

�_{τ ∧τn} 0 π_s ds � ≥ E_π � ~V (π_{τ ∧τn} , y) + c

�_{τ ∧τn} 0 π_s ds � (3.35)

≥ ~V (π, y) + E_π � ~ M_{τ ∧τn} � = ~V (π, y) for all (π, y) ∈ [0, 1] × R. Hence, letting n go to infinity and using Fatou’s lemma, for any stopping times τ such that E_π[τ] < ∞ we obtain that the inequalities:

E_π � 1 − π_τ + c

�_τ 0 π_s ds � ≥ E_π � ~V (π_τ , y) + c

�_τ 0 π_s ds � ≥ ~V (π, y) (3.36)

are satisfied for all (π, y) ∈ [0, 1] × R.

By virtue of the fact that the function ~V (π, y) together with the boundary h(y) satisfy the system (3.22)-(3.27), by the structure of the stopping time τ_∗ in (3.31) and the expressions (3.32) it follows that the equalities:

1 − π_{τ∗∧τn} + c

�_{τ∗∧τn} 0 π_s ds = ~V (π_{τ∗∧τn} , y) + c

�_{τ∗∧τn} 0 π_s ds = ~V (π, y) + ~M_{τ∗∧τn} (3.37)

hold for all (π, y) ∈ [0, 1] × R and any localizing sequence (τ_n)_{n∈N} of ( ~M_t)_{t≥0} . Note that, by means of standard arguments and by using the structure of the process (3.15) and of the stopping time (3.31), we have E_π[τ_∗] < ∞ for all π ∈ [0, 1]. Hence, letting n go to infinity and using conditions (3.22)-(3.23), we can apply the Lebesgue bounded convergence theorem for (3.37) to obtain the equality:

E_π � 1 − π_{τ∗∧τn} + c

�_{τ∗∧τn} 0 π_s ds � = ~V (π, y) (3.38)

for all (π, y) ∈ [0, 1] × R, which together with (3.36) directly imply the desired assertion. □ Acknowledgments. A part of these results was presented at the Conference ’Kolmogorov and Contemporary Mathematics’ held at Moscow State University in June 2003. The author thanks Hans Rudolf Lerche and Goran Peskir for their interest. The author is grateful Alexander A. Gushchin for many helpful discussions concerning a general formulation of the disorder problem.

References

[1] Bayraktar, E. and Dayanik, S. (2006). Poisson disorder problem with exponential penalty for delay. Math. Oper. Res. 31(2) (217–233).

[2] Bayraktar, E., Dayanik, S. and Karatzas, I. (2005). The standard Poisson disorder problem revisited. Stoch. Proc. Appl. 115(9) (1437–1450).

[3] Bayraktar, E., Dayanik, S. and Karatzas, I. (2005). Adaptive Poisson disorder problem. Preprint, Princeton University (84 pp). To appear in Ann. Appl. Probab.

[4] Beibel, M. (2000). A note on sequential detection with exponential penalty for the delay. Ann. Statist. 28 (1696–1701).

[5] Carlstein, E., Müller, H.-G. and Siegmund, D. (eds) (1994). Change-point problems. IMS Lecture Notes Monogr. Ser. 23.

[6] Davis, M. H. A. (1976). A note on the Poisson Disorder Problem. Banach Center Publ. 1 (65–72).

[7] Dayanik, S. and Sezer, S. O. (2006). Compound Poisson disorder problem.

Preprint, Princeton University (27 pp). To appear in Math. Oper. Res.

[8] Doetsch, G. (1974). Introduction to the theory and application of the Laplace transformation. Springer, Berlin.

[9] Dynkin, E. B. (1963). The optimum choice of the instant for stopping a Markov process. Soviet Math. Dokl. 4 (627–629).

[10] Gal’chuk, L. I. and Rozovskii, B. L. (1972). The ’disorder’ problem for a Poisson process. Theory Probab. Appl. 16 (712–716).

[11] Gapeev, P. V. (2005). The disorder problem for compound Poisson processes with exponential jumps. Ann. Appl. Probab. 15A (487–499).

[12] Gapeev, P. V. and Peskir, G. (2003). The Wiener disorder problem with finite horizon. Research Report No. 435, Dept. Theoret. Statist. Aarhus (22 pp). To appear in Stoch. Proc. Appl.

[13] Grigelionis, B. I. and Shiryaev, A. N. (1966). On Stefan’s problem and optimal stopping rules for Markov processes. Theory Probab. Appl. 11 (541–558).

[14] Jacod, J. (1979). Calcul Stochastique et Problèmes de Martingales. Lecture Notes in Mathematics, Berlin.

[15] Jacod, J. and Shiryaev, A. N. (1987). Limit Theorems for Stochastic Processes.

Springer, Berlin.

[16] Kolmogorov, A. N., Prokhorov, Yu. V. and Shiryaev, A. N. (1990). Methods of detecting spontaneously occuring effects. Proceedings of the Steklov Mathematical Institute. 1 (1–21).

[17] Liptser, R. S. and Shiryaev, A. N. (1977). Statistics of Random Processes I.

Springer, Berlin.

[18] Øksendal, B. (1998) Stochastic Differential Equations. Springer, Berlin.

[19] Pedersen, J. L. and Peskir, G. (2002). On nonlinear integral equations arising in problems of optimal stopping. Research Report No. 426, Dept. Theoret. Statist. Aarhus. Proc. Functional Anal. VII (Dubrovnik 2001), Various Publ. Ser. 46 (159– 175).

[20] Peskir, G., Shiryaev, A. N. (2002). Solving the Poisson disorder problem. Advances in Finance and Stochastics. Essays in Honour of Dieter Sondermann. Sandmann, K. and Schönbucher, P. eds. Springer. (295-312).

[21] Peskir, G. and Shiryaev, A. N. (2006). Optimal Stopping and Free-Boundary Problems. Bikkhäuser, Basel.

[22] Poor, H. V. (1998). Quickest detection with exponential penalty for delay. Ann.

Statist. 26 (2179–2205).

[23] Protter, Ph. (1990). Stochastic Integration and Differential Equations. Springer, New York.

[24] Revuz, D. and Yor, M. (1999). Continuous Martingales and Brownian Motion.

Springer, Berlin.

[25] Shiryaev, A. N. (1961). The problem of the most rapid detection of a disturbance in a stationary process. Soviet Math. Dokl. 2 (795–799).

[26] Shiryaev, A. N. (1963). On optimum methods in quickest detection problems. Theory Probab. Appl. 8 (22–46).

[27] Shiryaev, A. N. (1964). On Markov sufficient statistics in nonadditive Bayes problems of sequential analysis. Theory Probab. Appl. 9(4) (670–686).

[28] Shiryaev, A. N. (1965). Some exact formulas in a ’disorder’ problem. Theory Probab.

Appl. 10 (348–354).

[29] Shiryaev, A. N. (1967). Two problems of sequential analysis. Cybernetics. 3 (63–69). [30] Shiryaev, A. N. (1978). Optimal Stopping Rules. Springer, Berlin.