Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Scattering Theory for Open Quantum Systems

Jussi Behrndt^1 Mark M. Malamud^2 Hagen Neidhardt^3

Dedicated to Pavel Exner on the ocassion of his 60^{th} birthday.

submitted: October 31, 2006

1 Technische Universität Berlin Institut für Mathematik Straße des 17. Juni 136 D–10623 Berlin, Germany E-mail: behrndt@math.tu-berlin.de

2 Donetsk National University Department of Mathematics Universitetskaya 24 83055 Donetsk, Ukraine E-mail: mmm@telenet.dn.ua

3 Weierstraß-Institut für Angewandte Analysis und Stochastik Mohrenstr. 39 D-10117 Berlin, Germany E-mail: neidhardt@wias-berlin.de

No. 1179 Berlin 2006

W I A S

1991 Mathematics Subject Classification. 47A40, 47A55, 47B25, 47B44, 47E05.

Key words and phrases. scattering theory, open quantum system, maximal dissipative operator, pseudo-Hamiltonian, quasi-Hamiltonian, Lax-Phillips scattering, scattering matrix, characteristic function, boundary triplet, Weyl function, Sturm-Liouville operator.

This work was supported by DFG, Grant 1480/2.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

CONTENTS 1

Abstract

Quantum systems which interact with their environment are often modeled by maximal dissipative operators or so-called Pseudo-Hamiltonians. In this paper the scattering theory for such open systems is considered. First it is assumed that a single maximal dissipative operator A_D in a Hilbert space H is used to describe an open quantum system. In this case the minimal self-adjoint dilation ~K of A_D can be regarded as the Hamiltonian of a closed system which contains the open system {A_D, H}, but since ~K is necessarily not semibounded from below, this model is difficult to interpret from a physical point of view. In the second part of the paper an open quantum system is modeled with a family {A(μ)} of maximal dissipative operators depending on energy μ, and it is shown that the open system can be embedded into a closed system where the Hamiltonian is semibounded. Surprisingly it turns out that the corresponding scattering matrix can be completely recovered from scattering matrices of single Pseudo-Hamiltonians as in the first part of the paper. The general results are applied to a class of Sturm-Liouville operators arising in dissipative and quantum transmitting Schrödinger-Poisson systems.

Contents

1 Introduction 2

2 Self-adjoint extensions and scattering systems 5 2.1 Boundary triplets and closed extensions . . . . . . . . . . . . . . . . . . . . 6 2.2 Weyl functions, γ-fields and resolvents of extensions . . . . . . . . . . . . . 7 2.3 Self-adjoint extensions and scattering . . . . . . . . . . . . . . . . . . . . . . 8

3 Dissipative and Lax-Phillips scattering systems 11 3.1 Self-adjoint dilations of maximal dissipative operators . . . . . . . . . . . . 12 3.2 Dilations and dissipative scattering systems . . . . . . . . . . . . . . . . . . 18 3.3 Lax-Phillips scattering systems . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.4 A dissipative Schrödinger-Poisson system . . . . . . . . . . . . . . . . . . . 24

4 Energy dependent scattering systems 27 4.1 The Štraus family and its characteristic functions . . . . . . . . . . . . . . . 27 4.2 Coupling of symmetric operators and coupled scattering systems . . . . . . 30 4.3 Scattering matrices of energy dependent and fixed dissipative scattering systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 4.4 A quantum transmitting Schrödinger-Poisson system . . . . . . . . . . . . . 36

1 Introduction 2

1 Introduction

Quantum systems which interact with their environment appear naturally in various physical problems and have been intensively studied in the last decades, see e.g. the monographes [18, 21, 35]. Such an open quantum system is often modeled with the help of a maximal dissipative operator, i.e., a closed linear operator A_D in some Hilbert space H which satisfies ℑm (A_D f, f) ≤ 0, f ∈ dom (A_D ),

and does not admit a proper extension in H with this property. The dynamics in the open quantum system are described by the contraction semigroup e^{−itAD} , t ≥ 0. In the physical literature the maximal dissipative operator A_D is usually called a pseudo-Hamiltonian. It is well known that A_D admits a self-adjoint dilation ~K in a Hilbert space K which contains H as a closed subspace, that is, ~K is a self-adjoint operator in K and

P_H � ~ K − λ

�_{−1} ↾_H= (A_D − λ)^{−1}

holds for all λ ∈ C_+ := {z ∈ C : ℑm (z) > 0}, cf. [36]. Since the operator ~K is self-adjoint it can be regarded as the Hamiltonian or so-called quasi-Hamiltonian of a closed quantum system which contains the open quantum system {A_D, H} as a subsystem.

In this paper we first assume that an open quantum system is described by a single pseudo- Hamiltonian A_D in H and that A_D is an extension of a closed densely defined symmetric operator A in H with finite equal deficiency indices. Then the self-adjoint dilation ~K can be realized as a self-adjoint extension of the symmetric operator A ⊕ G in K = H ⊕ L^2(R, H_D ), where H_D is finite-dimensional and G is the symmetric operator in L^2(R, H_D) given by

Gg := −i d dx g, dom (G) = � g ∈ W^1_2 (R, H_D) : g(0) = 0 � , see Section 3.1. If A_0 is a self-adjoint extension of A in H and G_0 denotes the usual self-adjoint momentum operator in L^2(R, H_D ),

G_0g := −i d dx g, dom (G) = W^1_2 (R, H_D ),

then the dilation ~K can be regarded as a singular perturbation (or more precisely a finite rank perturbation in resolvent sense) of the “unperturbed operator” K_0 := A_0 ⊕ G_0, cf. [7, 42]. From a physical point of view K_0 describes a situation where both subsystems {A_0, H} and {G_0, L^2(R, H_D)} do not interact while ~K takes into account an interaction of the subsystems. Since the spectrum σ(G_0) of the momentum operator is the whole real axis, standard perturbation results yield σ( ~K) = σ(K_0) = R and, in particular, K_0 and ~K are necessarily not semibounded from below. For this reason K_0 and ~K are often called quasi-Hamiltonians rather than Hamiltonians.

The pair { ~K, K_0} is a complete scattering system in K = H ⊕ L^2(R, H_D), that is, the wave operators W_±( ~K, K_0) := s- lim_{t→±∞} e^{it eK} e^{−itK0} P^{ac}(K_0)

1 Introduction 3

exist and are complete, cf. [8, 13, 61, 62]. Here P^{ac}(K_0) denotes the orthogonal projection in K onto the absolutely continuous subspace K^{ac}(K_0) of K_0. The scattering operator

S( ~K, K_0) := W_+( ~K, K_0)^∗W_−( ~K, K_0)

of the scattering system { ~K, K_0} regarded as an operator in K^{ac}(K_0) is unitary, commutes with the absolutely continuous part K^{ac}_0 of K_0 and is unitarily equivalent to a multiplication operator induced by a (matrix-valued) function { ~S(λ)}_{λ∈R} in a spectral representation L^2(R, dλ, K_λ) of K^{ac}_0 = A^{ac}_0 ⊕ G_0, cf. [13]. The family { ~S(λ)} is called the scattering matrix of the scattering system { ~K, K_0} and is one of the most important quantities in the analysis of scattering processes.

In our setting the scattering matrix { ~S(λ)} decomposes into a 2 × 2 block matrix function in L^2(R, dλ, K_λ) and it is one of our main goals in Section 3 to show that the left upper corner in this decomposition coincides with the scattering matrix {S_D(λ)} of the dissipative scattering system {A_D, A_0}, cf. [55, 57, 58]. The right lower corner of { ~S(λ)} can be interpreted as the Lax-Phillips scattering matrix {S^{LP} (λ)} corresponding to the Lax-Phillips scattering system { ~K, D_−, D_+}. Here D_± := L^2(R_±, H_D ) are so-called incoming and outgoing subspaces for the dilation ~K, we refer to [13, 49] for details on Lax-Phillips scattering theory. The scattering matrices { ~S(λ)}, {S_D(λ)} and {S^{LP} (λ)} are all explicitely expressed in terms of an "abstract" Titchmarsh-Weyl function M(·) and a dissipative matrix D which corresponds to the maximal dissipative operator A_D in H and plays the role of an "abstract" boundary condition. With the help of this representation of {S^{LP} (λ)} we easily recover the famous relation

S^{LP} (λ) = W_{AD} (λ − i0)^∗

found by Adamyan and Arov in [3, 4, 5, 6] between the Lax-Phillips scattering matrix and the characteristic function W_{AD} (·) of the maximal dissipative operator A_D , cf. Corollary 3.11. We point out that M(·) and D are completely determined by the operators A ⊂ A_0 and A_D from the inner system. This is interesting also from the viewpoint of inverse problems, namely, the scattering matrix { ~S(λ)} of { ~K, K_0}, in particular, the Lax- Phillips scattering matrix {S^{LP} (λ)} can be recovered having to disposal only the dissipative scattering system {A_D, A_0}, see Theorem 3.6 and Remark 3.7.

We emphasize that this simple and somehow straightforward embedding method of an open quantum system into a closed quantum system by choosing a self-adjoint dilation ~K of the pseudo-Hamiltonian A_D is very convenient for mathematical scattering theory, but difficult to legitimate from a physical point of view, since the quasi-Hamiltonians ~K and K_0 are necessarily not semibounded from below.

In the second part of the paper we investigate open quantum systems which are described by an appropriate chosen family of maximal dissipative operators {A(μ)}, μ ∈ C_+, instead of a single pseudo-Hamiltonian A_D. Similarly to the first part of the paper we assume that the maximal dissipative operators A(μ) are extensions of a fixed symmetric operator A in H with equal finite deficiency indices. Under suitable (rather weak) assumptions on the family {A(μ)} there exists a symmetric operator T in a Hilbert space G and a self-adjoint extension ~L of L = A ⊕ T in L = H ⊕ G such that

P_H �~ L − μ

�_{−1} ↾_H= � A(μ) − μ

�_{−1} , μ ∈ C_+, (1.1)

1 Introduction 4

holds, see Section 4.2. For example, in one-dimensional models for carrier transport in semiconductors the operators A(μ) are regular Sturm-Liouville differential operators in L^2((a, b)) with μ-dependent dissipative boundary conditions and the "linearization" ~L is a singular Sturm-Liouville operator in L^2(R), cf. [10, 34, 37, 46] and Section 4.4. We remark that one can regard and interpret relation (1.1) also from an opposite point of view. Namely, if a self-adjoint operator ~L in a Hilbert space L is given, then the compression of the resolvent of ~L onto any closed subspace H of L defines a family of maximal dissipative operators {A(μ)} via (1.1), so that each closed quantum system {~L, L} naturally contains open quantum subsystems {{A(μ)}, H} of the type we investigate here. Nevertheless, since from a purely mathematical point of view both approaches are equivalent we will not explicitely discuss this second interpretation.

If A_0 and T_0 are self-adjoint extension of A and T in H and G, respectively, then again ~L can be regarded as a singular perturbation of the self-adjoint operator L_0 := A_0 ⊕ T_0 in L. As above L_0 describes a situation where the subsystems {A_0, H} and {T_0, G} do not interact while ~L takes into account a certain interaction. We note that if A and T have finite deficiency indices, then the operator ~L is semibounded from below if and only if A and T are semibounded from below. Well-known results imply that the pair {~L, L_0} is a complete scattering system in the closed quantum system and again the scattering matrix { ~S(λ)} decomposes into a 2 × 2 block matrix function which can be calculated in terms of abstract Titchmarsh-Weyl functions.

On the other hand it can be shown that the family {A(μ)}, μ ∈ C_+, admits a continuation to R, that is, the limit A(μ+i0) exists for a.e. μ ∈ R in the strong resolvent sense and defines a maximal dissipative operator. The family A(μ+i0), μ ∈ R, can be regarded as a family of energy dependent pseudo-Hamiltonians in H and, in particular, each pseudo-Hamiltonian A(μ + i0) gives rise to a quasi-Hamiltonian ~K_μ in H ⊕ L^2(R, H_μ), a complete scattering system { ~K_μ, A_0 ⊕ −i^d_{dx} } and a corresponding scattering matrix { ~S_μ(λ)} as illustrated in the first part of the introduction.

One of our main observations in Section 4 is that the scattering matrix { ~S(λ)} of the scattering system {~L, L_0} in H ⊕ G is related to the scattering matrices { ~S_μ(λ)} of the systems { ~K_μ, A_0 ⊕ −i^d_{dx} }, μ ∈ R, in H ⊕ L^2(R, H_μ) via

~S(μ) = ~S_μ(μ) for a.e. μ ∈ R. (1.2)

In other words, the scattering matrix { ~S(λ)} of the scattering system {~L, L_0} can be completely recovered from scattering matrices of scattering systems for single quasi- Hamiltonians. Furthermore, under certain continuity properties of the abstract Titchmarsh Weyl functions this implies ~S(λ) ≈ ~S_μ(λ) for all λ in a sufficiently small neighborhood of the fixed energy μ ∈ R, which legitimizes the concept of single quasi-Hamiltonians for small energy ranges.

Similarly to the case of a single pseudo-Hamiltonian the diagonal entries of { ~S(μ)} or { ~S_μ(μ)} can be interpreted as scattering matrices corresponding to energy dependent dissipative scattering systems and energy-dependent Lax-Phillips scattering systems. Moreover, if {S^{LP}_μ (λ)} is the scattering matrix of the Lax-Phillips scattering system { ~K_μ, L^2(R_±, H_μ)} and W_{A(μ)}(·) denote the characteristic functions of the maximal dissipative operators A(μ) then an energy-dependent modification

S^{LP}_μ (μ) = W_{A(μ)}(μ − i0)^∗

2 Self-adjoint extensions and scattering systems 5

of the classical Adamyan-Arov result holds for a.e. μ ∈ R, cf. Section 4.3.

The paper is organized as follows. In Section 2 we give a brief introduction into extension and spectral theory of symmetric and self-adjoint operators with the help of boundary triplets and associated Weyl functions. These concepts will play an important role throughout the paper. Furthermore, we recall a recent result on the representation of the scattering matrix of a scattering system consisting of two self-adjoint extensions of a symmetric operator from [14]. Section 3 is devoted to open quantum systems described by a single pseudo-Hamiltonian A_D in H. In Theorem 3.2 a minimal self-adjoint dilation ~K in H ⊕ L^2(R, H_D) of the maximal dissipative operator A_D is explicitely constructed. Section 3.2 and Section 3.3 deal with the scattering matrix of { ~K, K_0} and the interpretation of the diagonal entries as scattering matrices of the dissipative scattering system {A_D, A_0} and the Lax-Phillips scattering system { ~K, L^2(R_±, H_D)}. In Section 3.4 we give an example of a pseudo-Hamiltonian which arises in the theory of dissipative Schrödinger-Poisson systems, cf. [11, 12, 43]. In Section 4 the family {A(μ)} of maximal dissipative operators in H is introduced and, following ideas of [25], we construct a self-adjoint operator ~L in a Hilbert space L, H ⊂ L, such that (1.1) holds. After some preparatory work the relation (1.2) between the scattering matrices of {~L, L_0} and the scattering systems consisting of quasi-Hamiltonians is verified in Section 4.3. Finally, in Section 4.4 we consider a so-called quantum transmitting Schrödinger-Poisson system as an example for an open quantum system which consists of a family of energy-dependent pseudo-Hamiltonians, cf. [10, 16, 19, 34, 37, 46].

Acknowledgment. The authors thank Professor Peter Lax for helpful comments and fruitful discussions. Jussi Behrndt gratefully acknowledges support by DFG, Grant 3765/1; Hagen Neidhardt gratefully acknowledges support by DFG, Grant 1480/2.

Notations. Throughout this paper (H, (·, ·)) and (G, (·, ·)) denote separable Hilbert spaces. The linear space of bounded linear operators defined on H with values in G will be denoted by [H, G]. If H = G we simply write [H]. The set of closed operators in H is denoted by C(H). The resolvent set ρ(S) of a closed linear operator S ∈ C(H) is the set of all λ ∈ C such that (S − λ)^{−1} ∈ [H], the spectrum σ(S) of S is the complement of ρ(S) in C. σ_p(S), σ_c(S), σ_{ac}(S) and σ_r(S) stand for the point, continuous, absolutely continuous and residual spectrum of S, respectively. The domain, kernel and range of a linear operator are denoted by dom (·), ker(·) and ran (·), respectively.

2 Self-adjoint extensions and scattering systems

In this section we briefly review the notion of abstract boundary triplets and associated Weyl functions in the extension theory of symmetric operators, see e.g. [27, 28, 30, 39]. For scattering systems consisting of a pair of self-adjoint extensions of a symmetric operator with finite deficiency indices we recall a result on the representation of the scattering matrix in terms of a Weyl function proved in [14].

2.1 Boundary triplets and closed extensions 6

2.1 Boundary triplets and closed extensions

Let A be a densely defined closed symmetric operator in the separable Hilbert space H with equal deficiency indices n_±(A) = dim ker(A^∗ ∓ i) ≤ ∞. We use the concept of boundary triplets for the description of the closed extensions A_Θ ⊆ A^∗ of A in H.

Definition 2.1 A triplet Π = {H, Γ_0, Γ_1} is called a boundary triplet for the adjoint operator A^∗ if H is a Hilbert space and Γ_0, Γ_1 : dom (A^∗) → H are linear mappings such that the "abstract Green identity"

(A^∗f, g) − (f, A^∗g) = (Γ_1f, Γ_0g) − (Γ_0f, Γ_1g),

holds for all f, g ∈ dom (A^∗) and the map Γ := (Γ_0, Γ_1)^⊤ : dom (A^∗) → H ×H is surjective.

We refer to [28] and [30] for a detailed study of boundary triplets and recall only some important facts. First of all a boundary triplet Π = {H, Γ_0, Γ_1} for A^∗ exists since the deficiency indices n_±(A) of A are assumed to be equal. Then n_±(A) = dim H and A = A^∗ ↾ ker(Γ_0) ∩ ker(Γ_1) holds. We note that a boundary triplet for A^∗ is not unique.

In order to describe the closed extensions A_Θ ⊆ A^∗ of A with the help of a boundary triplet Π = {H, Γ_0, Γ_1} for A^∗ we have to consider the set ~C(H) of closed linear relations in H, that is, the set of closed linear subspaces of H × H. We usually use a column vector notation for the elements in a linear relation Θ. A closed linear operator in H is identified with its graph, so that the set C(H) of closed linear operators in H is viewed as a subset of ~C(H), in particular, a linear relation Θ is an operator if and only if the multivalued part mul Θ = � f^′ :

�_0

f^′ � ∈ Θ � is trivial. For the usual definitions of the linear operations with linear relations, the inverse, the resolvent set and the spectrum we refer to [32]. Recall that the adjoint relation Θ^∗ ∈ ~C(H) of a linear relation Θ in H is defined as

Θ^∗ = � k k^′ � : (h^′, k) = (h, k^′) for all � h h^′ � ∈ Θ �

and Θ is said to be symmetric (self-adjoint) if Θ ⊂ Θ^∗ (resp. Θ = Θ^∗). Notice that this definition extends the definition of the adjoint operator. For a self-adjoint relation Θ = Θ^∗ in H the multivalued part mul Θ is the orthogonal complement of dom Θ in H. Setting H_{op} := dom Θ and H_∞ = mul Θ one verifies that Θ can be written as the direct orthogonal sum of a self-adjoint operator Θ_{op} in the Hilbert space H_{op} and the “pure” relation Θ_∞ =

�_0

f^′ � : f^′ ∈ mul Θ � in the Hilbert space H_∞.

A linear relation Θ in H is called dissipative if ℑm (h^′, h) ≤ 0 holds for all (h, h^′)^⊤ ∈ Θ and Θ is called maximal dissipative if it is dissipative and does not admit proper dissipative extensions in H; then Θ is necessarily closed, Θ ∈ ~C(H). We remark that a linear relation Θ is maximal dissipative if and only if Θ is dissipative and some λ ∈ C_+ (and hence every λ ∈ C_+) belongs to ρ(Θ).

A description of all closed (symmetric, self-adjoint, (maximal) dissipative) extensions of A is given in the next proposition.

Proposition 2.2 Let A be a densely defined closed symmetric operator in H with equal deficiency indices and let Π = {H, Γ_0, Γ_1} be a boundary triplet for A^∗. Then the mapping

Θ → A_Θ := A^∗ ↾ Γ^{(−1)}Θ = A^∗ ↾ � f ∈ dom (A^∗) : (Γ_0f, Γ_1f)^⊤ ∈ Θ � (2.1)

2.2 Weyl functions, γ-fields and resolvents of extensions 7

establishes a bijective correspondence between the set ~C(H) and the set of closed extensions A_Θ ⊆ A^∗ of A. Furthermore (A_Θ)^∗ = A_Θ∗

holds for any Θ ∈ ~C(H). The extension A_Θ in (2.1) is symmetric (self-adjoint, dissipative, maximal dissipative) if and only if Θ is symmetric (self-adjoint, dissipative, maximal dissipative).

It follows immediately from this proposition that if Π = {H, Γ_0, Γ_1} is a boundary triplet for A^∗, then the extensions

A_0 := A^∗ ↾ ker(Γ_0) and A_1 := A^∗ ↾ ker(Γ_1)

are self-adjoint. In the sequel usually the extension A_0 corresponding to the boundary mapping Γ_0 is regarded as a "fixed" self-adjoint extension. We note that the closed extension A_Θ in (2.1) is disjoint with A_0, that is dom (A_Θ) ∩ dom (A_0) = dom (A), if and only if Θ ∈ C(H). In this case (2.1) takes the form

A_Θ = A^∗ ↾ ker � Γ_1 − ΘΓ_0 � . (2.2)

For simplicity we will often restrict ourselves to simple symmetric operators. Recall that a symmetric operator is said to be simple if there is no nontrivial subspace which reduces it to a self-adjoint operator. By [47] each symmetric operator A in H can be written as the direct orthogonal sum ^A ⊕ A_s of a simple symmetric operator ^A in the Hilbert space

^H = clospan�ker(A^∗ − λ) : λ ∈ C\R�

and a self-adjoint operator A_s in H ⊖ ^H. Here clospan{·} denotes the closed linear span. Obviously A is simple if and only if ^H coincides with H. Notice that if Π = {H, Γ_0, Γ_1} is a boundary triplet for the adjoint A^∗ of a non-simple symmetric operator A = ^A ⊕ A_s, then ^Π = {H, ^Γ_0, ^Γ_1}, where

^Γ_0 := Γ_0 ↾ dom �( ^A)^∗� and ^Γ_1 := Γ_1 ↾ dom �( ^A)^∗�,

is a boundary triplet for the simple part ( ^A)^∗ ∈ C(^H) such that the extension A_Θ = Γ^{(−1)}Θ, Θ ∈ ~C(H), in H is given by ^A_Θ ⊕ A_s, ^A_Θ := ^Γ^{(−1)}Θ ∈ C(^H), and the Weyl functions and γ-fields of Π = {H, Γ_0, Γ_1} and ^Π = {H, ^Γ_0, ^Γ_1} coincide.

We say that a maximal dissipative operator is completely non-self-adjoint if there is no nontrivial reducing subspace in which it is self-adjoint. Notice that each maximal dissipative operator decomposes orthogonally into a self-adjoint part and a completely non-self-adjoint part, see e.g. [36].

2.2 Weyl functions, γ-fields and resolvents of extensions

Let, as in Section 2.1, A be a densely defined closed symmetric operator in H with equal deficiency indices. If λ ∈ C is a point of regular type of A, i.e. (A − λ)^{−1} is bounded, we denote the defect subspace of A by N_λ = ker(A^∗ − λ). The following definition can be found in [27, 28, 30].

2.3 Self-adjoint extensions and scattering 8

Definition 2.3 Let Π = {H, Γ_0, Γ_1} be a boundary triplet for A^∗. The operator valued functions γ(·) : ρ(A_0) → [H, H] and M(·) : ρ(A_0) → [H] defined by

γ(λ) := � Γ_0 ↾ N_λ

�_{−1} and M(λ) := Γ_1γ(λ), λ ∈ ρ(A_0), (2.3)

are called the γ-field and the Weyl function, respectively, corresponding to the boundary triplet Π.

It follows from the identity dom (A^∗) = ker(Γ_0) ˙+N_λ, λ ∈ ρ(A_0), where as above A_0 = A^∗ ↾ ker(Γ_0), that the γ-field γ(·) and the Weyl function M(·) in (2.3) are well defined. Moreover both γ(·) and M(·) are holomorphic on ρ(A_0) and the relations

γ(λ) = � I + (λ − μ)(A_0 − λ)^{−1} � γ(μ), λ, μ ∈ ρ(A_0), and M(λ) − M(μ)^∗ = (λ − μ)γ(μ)^∗γ(λ), λ, μ ∈ ρ(A_0), (2.4)

are valid (see [28]). The identity (2.4) yields that M(·) is a Nevanlinna function, that is, M(·) is a ([H]-valued) holomorphic function on C\R and

M(λ) = M(λ)^∗ and

ℑm (M(λ)) ℑm (λ)

≥ 0 (2.5)

hold for all λ ∈ C\R. The union of C\R and the set of all points λ ∈ R such that M can be analytically continued to λ and the continuations from C_+ and C_− coincide is denoted by h(M). Besides (2.5) it follows also from (2.4) that the Weyl function M(·) satisfies 0 ∈ ρ(ℑm (M(λ))) for all λ ∈ C\R; Nevanlinna functions with this additional property are sometimes called uniformly strict, cf. [26]. Conversely, each [H]-valued Nevanlinna function τ with the additional property 0 ∈ ρ(ℑm (τ(λ))) for some (and hence for all) λ ∈ C\R can be realized as a Weyl function corresponding to some boundary triplet, we refer to [28, 48, 50] for further details.

Let again Π = {H, Γ_0, Γ_1} be a boundary triplet for A^∗ with corresponding γ-field γ(·) and Weyl function M(·). The spectrum and the resolvent set of the closed (not necessarily self-adjoint) extensions of A can be described with the help of the function M(·). More precisely, if A_Θ ⊆ A^∗ is the extension corresponding to Θ ∈ ~C(H) via (2.1), then a point λ ∈ ρ(A_0) belongs to ρ(A_Θ) (σ_i(A_Θ), i = p, c, r) if and only if 0 ∈ ρ(Θ − M(λ)) (resp. 0 ∈ σ_i(Θ − M(λ)), i = p, c, r). Moreover, for λ ∈ ρ(A_0) ∩ ρ(A_Θ) the well-known resolvent formula (A_Θ − λ)^{−1} = (A_0 − λ)^{−1} + γ(λ) � Θ − M(λ)

�_{−1}

γ(λ)^∗ (2.6)

holds, cf. [27, 28, 30]. Formula (2.6) is a generalization of the known Krein formula for canonical resolvents. We emphasize that it is valid for any closed extension A_Θ ⊆ A^∗ of A with a nonempty resolvent set.

2.3 Self-adjoint extensions and scattering

Let A be a densely defined closed symmetric operator in the separable Hilbert space H and assume that the deficiency indices of A coincide and are finite, i.e., n_+(A) = n_−(A) < ∞. Let Π = {H, Γ_0, Γ_1}, A_0 := A^∗ ↾ ker(Γ_0), be a boundary triplet for A^∗ and let A_Θ be a

2.3 Self-adjoint extensions and scattering 9

self-adjoint extension of A which corresponds to a self-adjoint Θ ∈ ~C(H). Since here dim H is finite by (2.6)

(A_Θ − λ)^{−1} − (A_0 − λ)^{−1}, λ ∈ ρ(A_Θ) ∩ ρ(A_0),

is a finite rank operator and therefore the pair {A_Θ, A_0} performs a so-called complete scattering system, that is, the wave operators

W_±(A_Θ, A_0) := s- lim_{t→±∞} e^{itAΘ} e^{−itA0} P^{ac}(A_0),

exist and their ranges coincide with the absolutely continuous subspace H^{ac}(A_Θ) of A_Θ, cf. [13, 45, 61, 62]. P^{ac}(A_0) denotes the orthogonal projection onto the absolutely continuous subspace H^{ac}(A_0) of A_0. The scattering operator S(A_Θ, A_0) of the scattering system {A_Θ, A_0} is then defined by

S(A_Θ, A_0) := W_+(A_Θ, A_0)^∗W_−(A_Θ, A_0).

If we regard the scattering operator as an operator in H^{ac}(A_0), then S(A_Θ, A_0) is unitary, commutes with the absolutely continuous part

A^{ac}_0 := A_0 ↾ dom (A_0) ∩ H^{ac}(A_0)

of A_0 and it follows that S(A_Θ, A_0) is unitarily equivalent to a multiplication operator induced by a family {S_Θ(λ)} of unitary operators in a spectral representation of A^{ac}_0 , see e.g. [13, Proposition 9.57]. This family is called the scattering matrix of the scattering system {A_Θ, A_0} and is one of the most important quantities in the analysis of scattering processes.

We note that if the symmetric operator A is not simple, then the Hilbert space H can be decomposed as H = ^H ⊕ (^H)^⊥ (cf. the end of Section 2.1) such that the scattering operator is given by the orthogonal sum S( ^A_Θ, ^A_0) ⊕ I, where A_Θ = ^A_Θ ⊕ A_s and A_0 = ^A_0 ⊕ A_s, and hence it is sufficient to consider simple symmetric operators A in the following.

Since the deficiency indices of A are finite the Weyl function M(·) corresponding to the boundary triplet Π = {H, Γ_0, Γ_1} is a matrix-valued Nevanlinna function. By Fatous theorem (see [33, 38]) then the limit

M(λ + i0) := lim_{ϵ→+0} M(λ + iϵ) (2.7)

from the upper half-plane exists for a.e. λ ∈ R. We denote the set of real points where the limit in (2.7) exits by Σ^M and we agree to use a similar notation for arbitrary scalar and matrix-valued Nevanlinna functions. Furthermore we will make use of the notation

H_{M(λ)} := ran � ℑm (M(λ)) � , λ ∈ Σ^M , (2.8)

and we will in general regard H_{M(λ)} as a subspace of H. The orthogonal projection and restriction onto H_{M(λ)} will be denoted by P_{M(λ)} and ↾_{HM (λ)} , respectively. Notice that for λ ∈ ρ(A_0) ∩ R the Hilbert space H_{M(λ)} is trivial by (2.4). Again we agree to use a notation analogous to (2.8) for arbitrary Nevanlinna functions. The family {P_{M(λ)}}_{λ∈Σ}M of orthogonal projections in H onto H_{M(λ)}, λ ∈ Σ^M , is measurable and defines an orthogonal projection in the Hilbert space L^2(R, dλ, H); sometimes we write L^2(R, H) instead of L^2(R, dλ, H). The range of this projection is denoted by L^2(R, dλ, H_{M(λ)}).

2.3 Self-adjoint extensions and scattering 10

Besides the Weyl function M(·) we will also make use of the function

λ → N_Θ(λ) := � Θ − M(λ)

�_{−1} , λ ∈ C\R, (2.9)

where Θ ∈ ~C(H) is the self-adjoint relation corresponding to the extension A_Θ via (2.1). Since λ ∈ ρ(A_0) ∩ ρ(A_Θ) if and only if 0 ∈ ρ(Θ − M(λ)) the function N_Θ(·) is well defined. It is not difficult to see that N_Θ(·) is an [H]-valued Nevanlinna function and hence N_Θ(λ + i0) = lim_{ϵ→0} N_Θ(λ + iϵ) exists for almost every λ ∈ R, we denote this set by Σ^{NΘ} . We claim that

N_Θ(λ + i0) = � Θ − M(λ + i0)

�_{−1}

, λ ∈ Σ^M ∩ Σ^{NΘ} , (2.10)

holds. In fact, if Θ is a self-adjoint matrix then (2.10) follows immediately from N_Θ(λ)(Θ− M(λ)) = (Θ − M(λ))N_Θ(λ) = I_H, λ ∈ C_+. If Θ ∈ ~C(H) has a nontrivial multivalued part we decompose Θ as Θ = Θ_{op} ⊕ Θ_∞, where Θ_{op} is a self-adjoint matrix in H_{op} = dom Θ_{op} and Θ_∞ is a pure relation in H_∞ = H ⊖ H_{op}, cf. Section 2.1, and denote the orthogonal projection and restriction in H onto H_{op} by P_{op} and ↾_{Hop} , respectively. Then we have

λ → N_Θ(λ) = � Θ_{op} − P_{op}M(λ)↾_{Hop}

�_{−1}

P_{op}, λ ∈ C\R,

(see e.g. [48, page 137]) and from N_Θ(λ + i0) = (Θ_{op} − P_{op}M(λ + i0) ↾_{Hop} )^{−1}P_{op} for all λ ∈ Σ^M ∩ Σ^{NΘ} we conclude (2.10). Notice that the set R\(Σ^M ∩ Σ^{NΘ} ) has Lebesgue measure zero.

The following representation theorem of the scattering matrix {S_Θ(λ)}_{λ∈R} of the scattering system {A_Θ, A_0} is essential in the following, cf. [14, Theorem 3.8]. Since the scattering matrix is only determined up to a set of Lebesgue measure zero we choose the representative of the equivalence class defined on Σ^M ∩ Σ^{NΘ} .

Theorem 2.4 Let A be a densely defined closed simple symmetric operator with finite deficiency indices in the separable Hilbert space H, let Π = {H, Γ_0, Γ_1} be a boundary triplet for A^∗ with corresponding Weyl function M(·) and define H_{M(λ)}, λ ∈ Σ^M , as in (2.8). Furthermore, let A_0 = A^∗ ↾ ker(Γ_0) and let A_Θ = A^∗ ↾ Γ^{(−1)}Θ, Θ ∈ ~C(H), be a self-adjoint extension of A. Then the following holds.

(i) A^{ac}_0 is unitarily equivalent to the multiplication operator with the free variable in L^2(R, dλ, H_{M(λ)}).

(ii) In L^2(R, dλ, H_{M(λ)}) the scattering matrix {S_Θ(λ)} of the complete scattering system {A_Θ, A_0} is given by

SΘ(λ) = IH_{M (λ)} + 2iP_{M(λ)} p ℑm (M(λ)) ` Θ − M(λ)

´_{−1}p ℑm (M(λ)) ↾H_{M (λ)}

for all λ ∈ Σ^M ∩ Σ^{NΘ} , where M(λ) := M(λ + i0).

In order to show the usefulness of Theorem 2.4 and to make the reader more familiar with the notion of boundary triplets and associated Weyl functions we calculate the scattering matrix of the scattering system {−^{d2}_{dx2} + δ, −^{d2}_{dx2} } in the following simple example.

3 Dissipative and Lax-Phillips scattering systems 11

Example 2.5 Let us consider the densely defined closed simple symmetric operator

(Af)(x) := −f^{′′}(x), dom (A) = � f ∈ W^2_2 (R) : f(0) = 0 � , in L^2(R), see e.g. [1]. Clearly A has deficiency indices n_+(A) = n_−(A) = 1 and it is well-known that the adjoint operator A^∗ is given by (A^∗f)(x) = −f^{′′}(x),

dom (A^∗) = � f ∈ W^2_2 (R\{0}) : f(0+) = f(0−), f^{′′} ∈ L^2(R) � . It is not difficult to verify that Π = {C, Γ_0, Γ_1}, where

Γ_0f := f^′(0+) − f^′(0−) and Γ_1f := −f(0+), f ∈ dom (A^∗),

is a boundary triplet for A^∗ and A_0 = A^∗ ↾ ker(Γ_0) coincides with the usual self-adjoint second order differential operator defined on W^2_2 (R). Moreover the defect space ker(A^∗ −λ), λ ∉ [0, ∞), is spanned by the function

x → e^i √ λxχ_{R+} (x) + e^{−i} √ λxχ_{R−} (x), λ ∉ [0, ∞),

where the square root is defined on C with a cut along [0, ∞) and fixed by ℑm ( √ λ) > 0 for λ ∉ [0, ∞) and by √ λ ≥ 0 for λ ∈ [0, ∞). Therefore we find that the Weyl function M(·) corresponding to Π = {C, Γ_0, Γ_1} is given by

M(λ) =

Γ_1f_λ Γ_0f_λ = i 2 √ λ , f_λ ∈ ker(A^∗ − λ), λ ∉ [0, ∞).

Let α ∈ R\{0} and consider the self-adjoint extension A_{−α}−1 corresponding to the parameter −α^{−1}, A_{−α}−1 = A^∗ ↾ ker(Γ_1 + α^{−1}Γ_0), i.e.

(A_{−α}−1 f)(x) = −f^{′′}(x) dom (A_{−α}−1 ) = � f ∈ dom (A^∗) : αf(0±) = f^′(0+) − f^′(0−) � . This self-adjoint operator is often denoted by −^{d2}_{dx2} + αδ, see [1]. It follows immediately from Theorem 2.4 that the scattering matrix {S(λ)} of the scattering system {A_{−α}−1 , A_0} is given by

S(λ) = 2 √ λ − iα 2 √ λ + iα

, λ > 0.

We note that scattering systems of the form {−^{d2}_{dx2} +αδ^′, −^{d2}_{dx2} }, α ∈ R, can be investigated in a similar way as above. Other examples can be found in [14].

3 Dissipative and Lax-Phillips scattering systems

In this section we regard scattering systems {A_D, A_0} consisting of a maximal dissipative and a self-adjoint extension of a symmetric operator A with finite deficiency indices. In the theory of open quantum system the maximal dissipative operator A_D is often called a pseudo-Hamiltonian. We shall explicitely construct a dilation (or so-called quasi-Hamiltonian) ~K of A_D and calculate the scattering matrix of the scattering system { ~K, A_0 ⊕ G_0}, where G_0 is a self-adjoint first order differential operator. The diagonal

3.1 Self-adjoint dilations of maximal dissipative operators 12

entries of the scattering matrix then turn out to be the scattering matrix of the dissipative scattering system {A_D, A_0} and of a so-called Lax-Phillips scattering system, respectively.

We emphasize that this efficient and somehow straightforward method for the analysis of scattering processes for open quantum systems has the essential disadvantage that the quasi-Hamiltonians ~K and A_0 ⊕ G_0 are necessarily not semibounded from below.

3.1 Self-adjoint dilations of maximal dissipative operators

Let in the following A be a densely defined closed simple symmetric operator in the separable Hilbert space H with equal finite deficiency indices n_±(A) = n < ∞, let Π = {H, Γ_0, Γ_1}, A_0 = A^∗ ↾ ker(Γ_0), be a boundary triplet for A^∗ and let D ∈ [H] be a dissipative n × n-matrix. Then the closed extension

A_D = A^∗ ↾ ker(Γ_1 − DΓ_0)

of A corresponding to Θ = D via (2.1)-(2.2) is maximal dissipative and C_+ belongs to ρ(A_D ). Notice that here we restrict ourselves to maximal dissipative extensions A_D corresponding to dissipative matrices D instead of maximal dissipative relations in the finite dimensional space H. This is no essential restriction, see Remark 3.3 at the end of this subsection. For λ ∈ ρ(A_D ) ∩ ρ(A_0) the resolvent of the extension A_D is given by

(A_D − λ)^{−1} = (A_0 − λ)^{−1} + γ(λ) � D − M(λ)

�_{−1} γ(λ)^∗, (3.1)

cf. (2.6). Write the dissipative matrix D ∈ [H] as

D = ℜe (D) + iℑm (D),

decompose H as the direct orthogonal sum of the finite dimensional subspaces ker(ℑm (D)) and H_D := ran (ℑm (D)), H = ker(ℑm (D)) ⊕ H_D, (3.2)

and denote by P_D and ↾_{HD} the orthogonal projection and restriction in H onto H_D . Since ℑm (D) ≤ 0 the self-adjoint matrix −P_Dℑm (D) ↾_{HD} ∈ [H_D] is strictly positive and the next lemma shows how −iP_Dℑm (D)↾_{HD} (and iP_Dℑm (D)↾_{HD} ) can be realized as a Weyl function of a differential operator.

Lemma 3.1 Let G be the symmetric first order differential operator in the Hilbert space L^2(R, H_D) defined by

(Gg)(x) = −ig^′(x), dom (G) = � g ∈ W^1_2 (R, H_D ) : g(0) = 0 � . Then G is simple, n_±(G) = dim H_D and the adjoint operator G^∗g = −ig^′ is defined on dom (G^∗) = W^1_2 (R_−, H_D)⊕W^1_2 (R_+, H_D). Moreover, the triplet Π_G = {H_D, Υ_0, Υ_1}, where

Υ_0g := 1 √ 2 � −P_Dℑm (D)↾_{HD}

�_− 1_2 �

g(0+) − g(0−) � , Υ_1g := i √ 2 � −P_Dℑm (D)↾_{HD}

� 1_2 �

g(0+) + g(0−) � ,

3.1 Self-adjoint dilations of maximal dissipative operators 13

g ∈ dom (G^∗), is a boundary triplet for G^∗ and G_0 := G^∗ ↾ ker(Υ_0) is the usual selfadjoint first order differential operator in L^2(R, H_D) with domain dom (G_0) = W^1_2 (R, H_D ) and σ(G_0) = R. The Weyl function τ(·) corresponding to the boundary triplet Π_G = {H_D, Υ_0, Υ_1} is given by

τ(λ) = � −iP_Dℑm (D)↾_{HD} , λ ∈ C_+, iP_Dℑm (D)↾_{HD} , λ ∈ C_−.

(3.3)

Proof. Besides the assertion that Π_G = {H_D, Υ_0, Υ_1} is a boundary triplet for G^∗ with Weyl function τ(·) given by (3.3) the statements of the lemma are well-known. We note only that the simplicity of G follows from [2, VIII.104] and the fact that G can be written as a finite direct orthogonal sum of first order differential operators on R_− and R_+.

A straightforward calculation shows that the identity

(G^∗g, k) − (g, G^∗k) = i(g(0+), k(0+)) − i(g(0−), k(0−)) = (Υ_1g, Υ_0k) − (Υ_0g, Υ_1k)

holds for all g, k ∈ dom (G^∗). Moreover the mapping (Γ_0, Γ_1)^⊤ is surjective. Indeed, for an element (h, h^′)^⊤ ∈ H_D × H_D we choose g ∈ dom G^∗ such that

g(0+) = 1 √ 2 � −P_Dℑm (D)↾_{HD}

� 1_2 h − i � −P_Dℑm (D)↾_{HD}

�_− 1_2 h^′ �

and g(0−) = 1 √ 2 � − � −P_Dℑm (D)↾_{HD}

� 1_2 h − i � −P_Dℑm (D)↾_{HD}

�_− 1_2 h^′ �

holds. Then a simple calculation shows Υ_0g = h, Υ_1g = h^′ and therefore Π_G = {H_D, Υ_0, Υ_1} is a boundary triplet for G^∗. It is not difficult to check that the defect subspace N_λ = ker(G^∗ − λ) is

N_λ = � sp � x → e^{iλx}χ_{R+} (x)ξ : ξ ∈ H_D � , λ ∈ C_+, sp � x → e^{iλx}χ_{R−} (x)ξ : ξ ∈ H_D � , λ ∈ C_−,

and hence we conclude that the Weyl function of Π_G = {H_D, Υ_0, Υ_1} is given by (3.3). □

Let A_D be the maximal dissipative extension of A in H from above and let G be the first order differential operator from Lemma 3.1. Clearly K := A⊕G is a densely defined closed simple symmetric operator in the separable Hilbert space

K := H ⊕ L^2(R, H_D )

with equal finite deficiency indices n_±(K) = n_±(A) + n_±(G) < ∞ and the adjoint is K^∗ = A^∗ ⊕ G^∗. The elements in dom (K^∗) = dom (A^∗) ⊕ dom (G^∗) will be written in the form f ⊕ g, f ∈ dom (A^∗), g ∈ dom (G^∗). In the next theorem we construct a self-adjoint extension ~K of K in K which is a minimal self-adjoint dilation of the dissipative operator A_D in H. The construction is based on the idea of the coupling method from [25]. It is worth to mention that in the case of a (scalar) Sturm-Liouville operator with real potential and dissipative boundary condition our construction coincides with the one proposed by B.S. Pavlov [60], cf. Example 3.5 below.

3.1 Self-adjoint dilations of maximal dissipative operators 14

Theorem 3.2 Let A, Π = {H, Γ_0, Γ_1} and A_D be as in the beginning of this section, let G and Π_G = {H_D, Υ_0, Υ_1} be as in Lemma 3.1 and K = A ⊕ G. Then

~K = K^∗ ↾ � � � f ⊕ g ∈ dom (K^∗) :

P_DΓ_0f − Υ_0g = 0, (1 − P_D )(Γ_1 − ℜe (D)Γ_0)f = 0, P_D (Γ_1 − ℜe (D)Γ_0)f + Υ_1g = 0

� � � (3.4)

is a minimal self-adjoint dilation of the maximal dissipative operator A_D, that is, for all λ ∈ C_+ P_H � ~ K − λ

�_{−1}

↾_H= (A_D − λ)^{−1}

holds and the minimality condition K = clospan{( ~K − λ)^{−1}H : λ ∈ C\R} is satisfied. Moreover σ( ~K) = R.

Proof. Let γ(·), ν(·) and M(·), τ(·) be the γ-fields and Weyl functions of the boundary triplets Π = {H, Γ_0, Γ_1} and Π_G = {H_D, Υ_0, Υ_1}, respectively. Then it is straightforward to check that ~Π = { ~H, ~Γ_0, ~Γ_1}, where

~H := H ⊕ H_D, ~Γ_0 := � Γ_0 Υ_0 � and ~Γ_1 := � Γ_1 − ℜe (D)Γ_0 Υ_1 � , (3.5)

is a boundary triplet for K^∗ = A^∗ ⊕ G^∗ and the corresponding Weyl function ~M(·) and γ-field ~γ(·) are given by

~M(λ) = � M(λ) − ℜe (D) 0 0 τ(λ) � , λ ∈ C\R, (3.6) and ~γ(λ) = � γ(λ) 0

0 ν(λ) � , λ ∈ C\R, (3.7)

respectively. Notice also that K_0 := K^∗ ↾ ker(~Γ_0) = A_0 ⊕ G_0 holds.

With respect to the decomposition ~H = ker(ℑm (D)) ⊕ H_D ⊕ H_D of ~H (cf. (3.2)) we define the linear relation ~Θ by

~Θ := � (u, v, v)^⊤ (0, −w, w)^⊤ � : u ∈ ker(ℑm (D), v, w ∈ H_D � ∈ ~C( ~H). (3.8)

We leave it to the reader to check that ~Θ is self-adjoint. Hence by Proposition 2.2 the operator K_{eΘ} = K^∗ ↾ ~Γ^{(−1)} ~Θ is a self-adjoint extension of the symmetric operator K = A⊕G in K = H⊕L^2(R, H_D) and one verifies without difficulty that this extension coincides with ~K from (3.4), ~K = K_{eΘ}.

In order to calculate ( ~K − λ)^{−1}, λ ∈ C\R, we use the block matrix decomposition

M(λ) − ℜe (D) = � M^D_{11}(λ) M^D_{12}(λ) M^D_{21}(λ) M^D_{22}(λ) � ∈ � ker(ℑm (D)) ⊕ H_D � (3.9)

of M(λ) − ℜe (D) ∈ [H]. Then the definition of ~Θ in (3.8) and (3.6) imply �~ Θ − ~M(λ)

�_{−1} = � � � � �

� � � � � � −M^D_{11}(λ)u − M^D_{12}(λ)v −w − M^D_{21}(λ)u − M^D_{22}(λ)v w − τ(λ)v

� � (u, v, v)^⊤

� � � � : u ∈ ker(ℑm (D) v, w ∈ H_D

� � � � �

3.1 Self-adjoint dilations of maximal dissipative operators 15

and since every λ ∈ C\R belongs to ρ( ~K) ∩ ρ(K_0), K_0 = A_0 ⊕ G_0, it follows that (~Θ − ~M(λ))−1, λ ∈ C\R, is the graph of a bounded everywhere defined operator. In order to calculate (~Θ − ~M(λ))^{−1} in a more explicit form we set

x := −M^D_{11}(λ)u − M^D_{12}(λ)v, y := −w − M^D_{21}(λ)u − M^D_{22}(λ)v, z := w − τ(λ)v.

(3.10)

This yields � x y + z � = − � M^D_{11}(λ) M^D_{12}(λ) M^D_{21}(λ) M^D_{22}(λ) + τ(λ) � � u v �

and by (3.3) and (3.9) we have − � M^D_{11}(λ) M^D_{12}(λ) M^D_{21}(λ) M^D_{22}(λ) + τ(λ) � = � D − M(λ), λ ∈ C_+, D^∗ − M(λ), λ ∈ C_−

. (3.11)

Hence for λ ∈ C_+ we find � u v � = � D − M(λ)

�_{−1} � x y + z � , which implies � u v � = � D − M(λ)

�_{−1} � x y � + � D − M(λ)

�_{−1} ↾_{HD} z (3.12) and v = P_D � D − M(λ)

�_{−1} � x y � + P_D � D − M(λ)

�_{−1} ↾_{HD} z. (3.13)

Therefore by inserting (3.10), (3.12) and (3.13) into the above expression for (~Θ− ~M(λ))^{−1} we obtain �~ Θ − ~M(λ)

�_{−1} = � (D − M(λ))^{−1} (D − M(λ))^{−1} ↾_{HD} P_D (D − M(λ))^{−1} P_D(D − M(λ))^{−1} ↾_{HD} � (3.14)

for all λ ∈ C_+ and by (2.6) the resolvent of the self-adjoint extension ~K admits the representation � ~ K − λ

�_{−1}

= (K_0 − λ)^{−1} + ~γ(λ) � ~ Θ − ~M(λ)

�_{−1} ~γ(λ)^∗, (3.15)

λ ∈ C\R. It follows from K_0 = A_0 ⊕ G_0, (3.7) and (3.14) that for λ ∈ C_+ the compressed resolvent of ~K onto H is given by

P_H � ~ K − λ

�_{−1}

↾ H = (A_0 − λ)^{−1} + γ(λ) � D − M(λ)

�_{−1}

γ(λ)^∗,

where P_H denotes the orthogonal projection in K onto H. Taking into account (3.1) we get

P_H � ~ K − λ

�_{−1}

↾ H = (A_D − λ)^{−1}, λ ∈ C_+,

and hence ~K is a self-adjoint dilation of A_D. Since σ(G_0) = R it follows from well-known perturbation results and (3.15) that σ( ~K) = R holds.

3.1 Self-adjoint dilations of maximal dissipative operators 16

It remains to show that ~K satisfies the minimality condition

K = H ⊕ L^2(R, H_D ) = clospan � ( ~K − λ)^{−1}H : λ ∈ C\R � . (3.16)

First of all s-lim_{t→+∞}(−it)( ~K − it)^{−1} = I_K implies that H is a subset of the right hand side of (3.16). The orthogonal projection in K onto L^2(R, H_D ) is denoted by P_L2 . Then we conclude from (3.7), (3.14) and (3.15) that for λ ∈ C_+

P_L2 � ~ K − λ

�_{−1}

↾_H= ν(λ)P_D � D − M(λ)

�_{−1} γ(λ)^∗ (3.17)

holds and this gives ran � P_L2 � ~ K − λ

�_{−1}

↾_H � = ker(G^∗ − λ), λ ∈ C_+.

From (3.11) it follows that similar to the matrix representation (3.14) the left lower corner of (~Θ − ~M(λ))^{−1} is given by P_D (D^∗ − M(λ))^{−1} for λ ∈ C_−. Hence, the analogon of (3.17) for λ ∈ C_− implies that ran � P_L2 � ~ K − λ

�_{−1} ↾_H � = ker(G^∗ − λ)

is true for λ ∈ C_−. Since by Lemma 3.1 the symmetric operator G is simple it follows that

L^2(R, H_D) = clospan � ker(G^∗ − λ) : λ ∈ C\R � holds, cf. Section 2.1, and therefore the minimality condition (3.16) holds. □

Remark 3.3 We note that also in the case where the parameter D is not a dissipative matrix but a maximal dissipative relation in H a minimal self-adjoint dilation of A_D can be constructed in a similar way as in Theorem 3.2.

Indeed, let A and Π = {H, Γ_0, Γ_1} be as in the beginning of this section and let ~D ∈ ~C(H) be a maximal dissipative relation in H. Then ~D can be written as the direct orthogonal sum of a dissipative matrix ~D_{op} in H_{op} := H ⊖ mul ~D and an undetermined part or "pure relation" ~D_∞ := {

�_0 y � : y ∈ mul ~D}. It follows that

B := A^∗ ↾ Γ^{(−1)}

�_0 y � : y ∈ mul ~D � = A^∗ ↾ Γ^{(−1)} ~D_∞

is a closed symmetric extension of A and {H_{op}, Γ_0 ↾_{dom (B}∗_), P_{op}Γ_1 ↾_{dom (B}∗_)} is a boundary triplet for B^∗ = A^∗ ↾ � f ∈ dom (A^∗) : (1 − P_{op})Γ_0f = 0 � with A^∗ ↾ ker(Γ_0) = B^∗ ↾ ker(Γ_0 ↾_{dom (B}∗_)). In terms of this boundary triplet the maximal dissipative extension A_{eD} = Γ^{(−1)} ~D coincides with the extension

B_{eDop} = B^∗ ↾ ker � P_{op}Γ_1 ↾_{dom (B}∗_) − ~D_{op}Γ_0 ↾_{dom (B}∗_) �

corresponding to the operator part ~D_{op} ∈ [H_{op}] of ~D.

3.1 Self-adjoint dilations of maximal dissipative operators 17

Remark 3.4 In the special case ker(ℑm D) = {0} the relations (3.4) take the form

Γ_0f − Υ_0g = 0 and (Γ_1 − ℜe (D)Γ_0)f + Υ_1g = 0,

so that ~K is a coupling of the self-adjoint operators A_0 and G_0 corresponding to the coupling of the boundary triplets Π_A = {H, Γ_0, Γ_1 − ℜe (D)Γ_0} and Π_G = {H, Υ_0, Υ_1} in the sense of [25]. In the case ker(ℑm D) ≠ {0} another construction of ~K is based on the concept of boundary relations (see [26]).

A minimal self-adjoint dilation ~K for a scalar Sturm-Liouville operator with a complex (dissipative) boundary condition has originally been constructed by B.S. Pavlov in [60]. For the scalar case (n = 1) the operator in (3.20) in the following example coincides with the one in [60].

Example 3.5 Let Q_+ ∈ L^1_{loc}(R_+, [C^n]) be a matrix valued function such that Q_+(·) = Q_+(·)^∗, and let A be the usual minimal operator in H = L^2(R_+, C^n) associated to the Sturm-Liouville differential expression −^{d2}_{dx2} + Q_+,

A = − d^2 dx^2

+ Q_+, dom (A) = � f ∈ D_{max,+} : f(0) = f^′(0) = 0 � , where D_{max,+} is the maximal domain defined by

D_{max,+} = � f ∈L^2(R_+, C^n):f, f^′ ∈AC(R_+, C^n), −f^{′′} + Q_+f ∈ L^2(R_+, C^n) � . It is well known that the adjoint operator A^∗ is given by A^∗ = −^{d2}_{dx2} + Q_+, dom (A^∗) = D_{max,+}.

In the following we assume that the limit point case prevails at +∞, so that the deficiency indices n_±(A) of A are both equal to n. In this case a boundary triplet Π = {C^n, Γ_0, Γ_1} for A^∗ is Γ_0f := f(0), Γ_1f := f^′(0), f ∈ dom (A^∗) = D_{max,+}. (3.18)

For any dissipative matrix D ∈ [C^n] we consider the (maximal) dissipative extension A_D of A determined by

A_D = A^∗ ↾ ker(Γ_1 − DΓ_0), ℑm D ≤ 0. (3.19)

(a) First suppose 0 ∈ ρ(ℑm D). Then H_D = C^n and by Theorem 3.2 and Remark 3.4 the (minimal) self-adjoint dilation ~K of the operator A_D is a self-adjoint operator in K = L^2(R_+, C^n) ⊕ L^2(R, C^n) defined by

~K(f ⊕ g) = �−f^{′′} + Q_+f� ⊕ −ig^′,

dom ( ~K) = � � � f ∈ D_{max,+}, g ∈ W^1_2 (R_−, C^n) ⊕ W^1_2 (R_+, C^n) f^′(0) − Df(0) = −i(−2ℑm D)^{1/2}g(0−), f^′(0) − D^∗f(0) = −i(−2ℑm D)^{1/2}g(0+)

� � � . (3.20)

(b) Let now ker(ℑm D) ≠ {0}, so that H_D = ran (ℑm D) = C^k ≠ C^n. According to Theorem 3.2 the (minimal) self-adjoint dilation ~K of the operator A_D in K = L^2(R_+, C^n)⊕

3.2 Dilations and dissipative scattering systems 18

L^2(R, C^k) is defined by

~K(f ⊕ g) = �−f^{′′} + Q_+f� ⊕ −ig^′,

dom ( ~K) = � � � � f ∈ D_{max,+}, g ∈ W^1_2 (R_−, C^k) ⊕ W^1_2 (R_+, C^k) P_D [f^′(0) − Df(0)] = −i(−2P_Dℑm (D)↾_{HD} )^{1/2}g(0−), P_D [f^′(0) − D^∗f(0)] = −i(−2P_Dℑm (D)↾_{HD} )^{1/2}g(0+), f^′(0) − Re (D)f(0) ∈ H_D

� � � � .

3.2 Dilations and dissipative scattering systems

Let, as in the previous section, A be a densely defined closed simple symmetric operator in H with equal finite deficiency indices and let Π = {H, Γ_0, Γ_1} be a boundary triplet for A^∗, A_0 = A^∗ ↾ ker Γ_0, with corresponding Weyl function M(·). Let D ∈ [H] be a dissipative matrix and let A_D = A^∗ ↾ ker(Γ_1 − DΓ_0) be the corresponding maximal dissipative extension in H. Since C_+ ∋ λ → M(λ) − D is a Nevanlinna function the limits

M(λ + i0) − D = lim_{ϵ→+0} M(λ + i0) − D and N_D(λ + i0) = lim_{ϵ→+0} N_D(λ + iϵ) = lim_{ϵ→+0} � D − M(λ + iϵ)

�_{−1}

exist for a.e. λ ∈ R. We denote these sets of real points λ by Σ^M and Σ^{ND} . Then we have

N_D(λ + i0) = � D − M(λ + i0)

�_{−1}

, λ ∈ Σ^M ∩ Σ^{ND} , (3.21)

cf. Section 2.3. Let G be the symmetric first order differential operator in L^2(R, H_D) and let Π_G = {H_D, Υ_0, Υ_1} be the boundary triplet from Lemma 3.1. Then G_0 = G^∗ ↾ ker(Υ_0) is the usual self-adjoint differentiation operator in L^2(R, H_D ) and K_0 = A_0 ⊕ G_0 is selfadjoint in K = H ⊕ L^2(R, H_D ). In the next theorem we consider the complete scattering system { ~K, K_0}, where ~K is the minimal self-adjoint dilation of A_D in K from Theorem 3.2.

Theorem 3.6 Let A, Π = {H, Γ_0, Γ_1}, M(·) and A_D be as above and define H_{M(λ)}, λ ∈ Σ^M , as in (2.8). Let K_0 = A_0 ⊕ G_0 and let ~K be the minimal self-adjoint dilation of A_D from Theorem 3.2. Then the following holds.

(i) K^{ac}_0 = A^{ac}_0 ⊕ G_0 is unitarily equivalent to the multiplication operator with the free variable in L^2(R, dλ, H_{M(λ)} ⊕ H_D ).

(ii) In L^2(R, dλ, H_{M(λ)} ⊕ H_D) the scattering matrix { ~S(λ)} of the complete scattering system { ~K, K_0} is given by

~S(λ) = � I_{HM (λ)} 0

0 I_{HD} � + 2i � ~T_{11}(λ) ~T_{12}(λ) ~T_{21}(λ) ~T_{22}(λ) � ∈ [H_{M(λ)} ⊕ H_D ],

3.2 Dilations and dissipative scattering systems 19

for all λ ∈ Σ^M ∩ Σ^{ND} , where

~T_{11}(λ) = P_{M(λ)} � ℑm (M(λ)) � D − M(λ)

�_{−1}�

ℑm (M(λ)) ↾_{HM (λ)} , ~T_{12}(λ) = P_{M(λ)} � ℑm (M(λ)) � D − M(λ)

�_{−1}�

−ℑm (D) ↾_{HD} , ~T_{21}(λ) = P_D � −ℑm (D) � D − M(λ)

�_{−1}�

ℑm (M(λ)) ↾_{HM (λ)} , ~T_{22}(λ) = P_D � −ℑm (D) � D − M(λ)

�_{−1}�

−ℑm (D) ↾_{HD}

and M(λ) = M(λ + i0).

Proof. Let K = A ⊕ G and let ~Π = {H ⊕ H_D, ~Γ_0, ~Γ_1} be the boundary triplet for K^∗ from (3.5). Notice that since A and G are densely defined closed simple symmetric operators also K is a densely defined closed simple symmetric operator. Recall that for λ ∈ C_+ the Weyl function of ~Π = {H ⊕ H_D , ~Γ_0, ~Γ_1} is given by

~M(λ) = � M(λ) − ℜe (D) 0

0 −iP_Dℑm (D) ↾_{HD} � . (3.22)

Then Theorem 2.4 implies that

L^2 � R, dλ, H_{fM (λ)} � , H_{fM(λ)} = H_{M(λ)} ⊕ H_D, λ ∈ Σ^M ,

performs a spectral representation of the absolutely continuous part

K^{ac}_0 = K_0 ↾ dom (K_0) ∩ K^{ac}(K_0)

= A_0 ⊕ G_0 ↾ � dom (A_0) ∩ H^{ac}(A_0) � ⊕ L^2(R, H_D ) = A^{ac}_0 ⊕ G_0

of K_0 such that the scattering matrix { ~S(λ)} of the scattering system { ~K, K_0} is given by

~S(λ) = I_{H fM (λ)}

+ 2iP_{fM(λ)} � ℑm ( ~M(λ)) �~ Θ − ~M(λ)

�_{−1}�

ℑm ( ~M(λ)) ↾_{H fM(λ)}

(3.23)

for all λ ∈ Σ^{fM} ∩ Σ^{N eΘ} , where P_{fM (λ)} and ↾_{H fM(λ)} are the projection and restriction in ~H = H ⊕ H_D onto H_{fM(λ)}. Here ~Θ is the self-adjoint relation from (3.8) and the function

N_{eΘ} is defined analogously to (2.9) and

N_{eΘ}(λ + i0) = �~ Θ − ~M(λ + i0)

�_{−1}

holds for all λ ∈ Σ^{fM} ∩ Σ^{N eΘ} , cf. (2.10).

By (3.22) we have � ℑm ( ~M(λ + i0)) = � ℑm (M(λ + i0)) 0 0 P_D � −ℑm (D) ↾_{HD} �

for all λ ∈ Σ^{fM} = Σ^M and (3.14) yields �~ Θ − ~M(λ + i0)

�_{−1} = � (D − M(λ + i0))^{−1} (D − M(λ + i0))^{−1} ↾_{HD} P_D (D − M(λ + i0))^{−1} P_D (D − M(λ + i0))^{−1} ↾_{HD} �

3.2 Dilations and dissipative scattering systems 20

for λ ∈ Σ^M ∩ Σ^{N eΘ} . It follows that the sets Σ^M ∩ Σ^{N eΘ} and Σ^M ∩ Σ^{ND} , see (3.21), coincide and by inserting the above expressions into (3.23) we conclude that for each λ ∈ Σ^M ∩Σ^{ND} the scattering matrix { ~S(λ)} is a two-by-two block operator matrix with respect to the decomposition H_{fM(λ)} = H_{M(λ)} ⊕ H_D, λ ∈ Σ^M ∩ Σ^{ND} ,

with the entries from assertion (ii). □

Remark 3.7 It is worth to note that the scattering matrix { ~S(λ)} of the scattering system { ~K, K_0} in Theorem 3.6 depends only on the dissipative matrix D and the Weyl function M(·) of the boundary triplet Π = {H, Γ_0, Γ_1} for A^∗. In other words, the scattering matrix { ~S(λ)} is completely determined by objects corresponding to the operators A, A_0 and A_D in H.

Let A_D and A_0 be as in the beginning of this section. In the following we will focus on the so-called dissipative scattering system {A_D, A_0} and we refer the reader to [22, 23, 51, 52, 53, 54, 55, 56, 57] for a detailed investigation of such scattering systems. We recall only that the wave operators W_±(A_D , A_0) of the dissipative scattering system {A_D, A_0} are defined by W_+(A_D , A_0) = s- lim_{t→+∞} e^{itA∗D} e^{−itA0} P^{ac}(A_0) and W_−(A_D , A_0) = s- lim_{t→+∞} e^{−itAD} e^{itA0} P^{ac}(A_0),

where e^{−itAD} := s-lim_{n→∞}(1 +^{it}_n A_D)^{−n}, see e.g. [45, §IX]. The scattering operator

S_D := W_+(A_D , A_0)^∗W_−(A_D, A_0)

of the dissipative scattering system {A_D, A_0} will be regarded as an operator in H^{ac}(A_0). Then S_D is a contraction which in general is not unitary. Since S_D and A^{ac}_0 commute it follows that S_D is unitarily equivalent to a multiplication operator induced by a family {S_D(λ)} of contractive operators in a spectral representation of A^{ac}_0 .

With the help of Theorem 3.6 we obtain a representation of the scattering matrix of the dissipative scattering system {A_D, A_0} in terms of the Weyl function M(·) of Π = {H, Γ_0, Γ_1} in the following corollary, cf. Theorem 2.4.

Corollary 3.8 Let A, Π = {H, Γ_0, Γ_1}, A_0 = A^∗ ↾ ker(Γ_0), M(·) and A_D be as above and define H_{M(λ)}, λ ∈ Σ^M , as in (2.8). Then the following holds.

(i) A^{ac}_0 is unitarily equivalent to the multiplication operator with the free variable in L^2(R, dλ, H_{M(λ)}).

(ii) In L^2(R, dλ, H_{M(λ)}) the scattering matrix {S_D(λ)} of the dissipative scattering system {A_D, A_0} is given by

SD(λ) = IH_{M (λ)} + 2iP_{M(λ)} p ℑm (M(λ)) ` D − M(λ)

´_{−1}p ℑm (M(λ)) ↾H_{M (λ)}

for all λ ∈ Σ^M ∩ Σ^{ND} , where M(λ) = M(λ + i0).

3.3 Lax-Phillips scattering systems 21

Proof. Let ~K be the minimal self-adjoint dilation of A_D from Theorem 3.2. Since for t ≥ 0 we have

P_He^{−it eK} ↾ H = s- lim_{n→∞} P_H � 1 +^{it}_n ~K

�_{−n} ↾_H= s- lim_{n→∞} � 1 +^{it}_n A_D

�_{−n} = e^{−itAD}

it follows that the wave operators W_+(A_D , A_0) and W_−(A_D , A_0) coincide with

P_HW_+( ~K, K_0) ↾_H = s- lim_{t→+∞} P_He^{it eK} e^{−itK0} P^{ac}(K_0) ↾_H

= s- lim_{t→+∞} P_He^{it eK} ↾_H e^{−itA0} P^{ac}(A_0) and P_HW_−( ~K, K_0) ↾_H = s- lim_{t→−∞} P_He^{it eK} e^{−itK0} P^{ac}(K_0) ↾_H

= s- lim_{t→+∞} P_He^{−it eK} ↾_H e^{itA0} P^{ac}(A_0),

respectively. This implies that the scattering operator S_D coincides with the compression P_Hac_{(A0 )}S( ~K, K_0) ↾_Hac_{(A0)} of the scattering operator S( ~K, K_0) onto H^{ac}(A_0). Therefore the scattering matrix S_D (λ) of the dissipative scattering system is given by the upper left corner � I_{HM (λ)} + 2i ~T_{11}(λ) � , λ ∈ Σ^M ∩ Σ^{ND} ,

of the scattering matrix { ~S(λ)} of the scattering system { ~K, K_0}, see Theorem 3.6. □

3.3 Lax-Phillips scattering systems

Let again A, Π = {H, Γ_0, Γ_1}, {A_D, A_0} and G, G_0, Π_G = {H_D, Υ_0, Υ_1} be as in the previous subsections. In Corollary 3.8 we have shown that the scattering matrix of the dissipative scattering system {A_D, A_0} is the left upper corner in the block operator matrix representation of the scattering matrix { ~S(λ)} of the scattering system { ~K, K_0}, where ~K is a minimal self-adjoint dilation of A_D in K = H ⊕ L^2(R, H_D) and K_0 = A_0 ⊕ G_0, cf. Theorem 3.6.

In the following we are going to interpret the right lower corner of { ~S(λ)} as the scattering matrix corresponding to a Lax-Phillips scattering system, see e.g. [13, 49] for further details. To this end we decompose the space L^2(R, H_D ) into the orthogonal sum of the subspaces D_− := L^2(R_−, H_D) and D_+ := L^2(R_+, H_D ). (3.24)

Then clearly K = H ⊕ D_− ⊕ D_+ and we agree to denote the elements in K in the form f ⊕ g_− ⊕ g_+, f ∈ H, g_± ∈ D_± and g = g_− ⊕ g_+ ∈ L^2(R, H_D ). By J_+ and J_− we denote the operators J_+ : L^2(R, H_D ) → K, g → 0 ⊕ 0 ⊕ g_+, and J_− : L^2(R, H_D ) → K, g → 0 ⊕ g_− ⊕ 0,

respectively. Notice that J_+ + J_− is the embedding of L^2(R, H_D) into K. In the next lemma we show that D_+ and D_− are so-called outgoing and incoming subspaces for the self-adjoint dilation ~K in K.

3.3 Lax-Phillips scattering systems 22

Lemma 3.9 Let ~K be the self-adjoint operator from Theorem 3.2, let D_± be as in (3.24) and A_0 = A^∗ ↾ ker(Γ_0) be as above. Then

e^{−it eK} ⊆ D_±, t ∈ R_±, and � t∈R e^{−it eK} D_± = {0},

and, if in addition σ(A_0) is singular, then � t∈R e^{−it eK} D_+ = � t∈R e^{−it eK} D_− = K^{ac}( ~K). (3.25)

Proof. Let us first show that

e^{−it eK} ↾ D_± = J_±e^{−itG0} ↾ D_±, t ∈ R_±, (3.26)

holds. In fact, since e^{−itG0} is the right shift group we have

e^{−itG0} (dom (G) ∩ D_±) ⊆ dom (G) ∩ D_±, t ∈ R_±,

where dom (G) ∩ D_± = {W^{1,2}(R, H_D) : f(x) = 0, x ∈ R_±}. Let us fix some t ∈ R_± and denote the symmetric operator A ⊕ G by K. Since

J_± � dom (G) ∩ D_± � ⊂ dom (K) ⊂ dom ( ~K)

the function

f_{t,±}(s) := e^{i(s−t) eK} J_±e^{−isG0} ↾_{D±} f_±, s ∈ R_±, f_± ∈ dom (G) ∩ D_±,

is differentiable and d ds f_{t,±}(s) = ie^{i(s−t) eK} � ~ K − 0_H ⊕ G_0 � J_±e^{−isG0} ↾_{D±} f_± = 0, t ∈ R_±,

holds. Hence we have f_{t,±}(0) = f_{t,±}(t) and together with the observation that the set dom (G) ∩ D_± is dense in D_± this immediately implies (3.26). Then we obtain e^{−it eK} D_± ⊆ D_±, t ∈ R_± and � t∈R e^{−it eK} D_± ⊆ � t∈R_±

e^{−it eK} D_± = � t∈R_±

J_±e^{−itG0} D_± = {0}.

Let us show (3.25). Since A has finite deficiency indices the wave operators W_±( ~K, A_0 ⊕G_0) exist and are complete, i.e., ran (W_±( ~K, A_0 ⊕ G_0)) = K^{ac}( ~K) holds. Since A_0 is singular we have W_±( ~K, A_0 ⊕ G_0) = s- lim_{t→±∞} e^{it eK} (J_+ + J_−)e^{−itG0} ↾_L2

and it follows from (3.26) that W_±( ~K, A_0 ⊕ G_0)f_± = f_± for f_± ∈ D_±, so that in particular D_± and e^{−itG0} D_± ∈ K^{ac}( ~K) for t ∈ R_±. Assume now that g ∈ L^2(R, H_D) vanishes identically on some open interval (−∞, α). Then for r > 0 sufficiently large e^{−irG0} g ∈ D_+ and by (3.26) for t > r

e^{it eK} (J_+ + J_−)e^{−i(t−r)G0} e^{−irG0} g = e^{ir eK} J_+e^{−irG0} g.

3.3 Lax-Phillips scattering systems 23

Since the elements g ∈ L^2(R, H_D) which vanish on intervals (−∞, α) form a dense set in L^2(R, H_D) and the wave operator W_+( ~K, A_0 ⊕ G_0) is complete we conclude that � r∈R_+

e^{ir eK} D_+ (3.27)

is a dense set in K^{ac}( ~K). A similar argument shows that the set (3.27) with R_+ and D_+ replaced by R_− and D_−, respectively, is also dense in K^{ac}( ~K). This implies (3.25). □

According to Lemma 3.9 the system { ~K, D_−, D_+} is a Lax-Phillips scattering system and in particular the Lax-Phillips wave operators

Ω_± := s- lim_{t→±∞} e^{it eK} J_±e^{−itG0} : L^2(R, H_D) → K

exist, cf. [13]. We note that s-lim_{t→±∞} J_∓e^{−itG0} = 0 and therefore the restrictions of the wave operators W_±( ~K, K_0) of the scattering system { ~K, K_0}, K_0 = A_0 ⊕ G_0, onto L^2(R, H_D), W_±( ~K, K_0) ↾_L2 = s- lim_{t→±∞} e^{it eK} (J_+ + J_−)e^{−itG0} ,

coincide with the Lax-Phillips wave operators Ω_±. Hence the Lax-Phillips scattering operator S^{LP} := Ω^∗_+Ω_− admits the representation

S^{LP} = P_L2 S( ~K, K_0) ↾_L2

where S( ~K, K_0) = W_+( ~K, K_0)^∗W_−( ~K, K_0) is the scattering operator of the scattering system { ~K, K_0}. The Lax-Phillips scattering operator S^{LP} is a contraction in L^2(R, H_D ) and commutes with the self-adjoint differential operator G_0. Hence S^{LP} is unitarily equivalent to a multiplication operator induced by a family {S^{LP} (λ)} of contractive operators in L^2(R, H_D), this family is called the Lax-Phillips scattering matrix.

The above considerations together with Theorem 3.6 immediately imply the following corollary on the representation of the Lax-Phillips scattering matrix.

Corollary 3.10 Let { ~K, D_−, D_+} be the Lax-Phillips scattering system considered in Lemma 3.9 and let A, Π = {H, Γ_0, Γ_1}, A_D , M(·) and G_0 be as in the previous subsections. Then G_0 = G^{ac}_0 is unitarily equivalent to the multiplication operator with the free variable in L^2(R, H_D) = L^2(R, dλ, H_D ) and the Lax-Phillips scattering matrix {S^{LP} (λ)} admits the representation

S^{LP} (λ) = I_{HD} + 2iP_D � ℑm (−D) � D − M(λ)

�_{−1}� ℑm (−D) ↾_{HD} (3.28)

for λ ∈ Σ^M ∩ Σ^{ND} , where M(λ) = M(λ + i0).

Let again A_D be the maximal dissipative extension of A corresponding to the maximal dissipative matrix D ∈ [H] and let H_D = ran (ℑm (D)). By [29] the characteristic function W_{AD} of the completely non-self-adjoint part of A_D is given by

W_{AD} : C_− → [H_D]

μ → I_{HD} − 2iP_D � −ℑm (D) � D^∗ − M(μ)

�_{−1}� −ℑm (D) ↾_{HD} .

(3.29)

3.4 A dissipative Schrödinger-Poisson system 24

Comparing (3.28) and (3.29) we obtain the famous relation between the Lax-Phillips scattering matrix and the characteristic function found by Adamyan and Arov in [3, 4, 5, 6].

Corollary 3.11 Let the assumption be as in Corollary 3.10. Then the Lax-Phillips scattering matrix {S^{LP} (λ)} and the characteristic function W_{AD} of the maximal dissipative operator A_D are related by

S^{LP} (λ) = W_{AD} (λ − i0)^∗, λ ∈ Σ^M ∩ Σ^{ND} .

Next we consider the special case that the spectrum σ(A_0) of the self-adjoint extension A_0 = A^∗ ↾ ker(Γ_0) is purely singular, H^{ac}(A_0) = {0}. As usual let M(·) be the Weyl function corresponding to Π = {H, Γ_0, Γ_1}. Then we have H_{M(λ)} = ran (ℑm (M(λ + i0))) = {0} for a.e. λ ∈ Σ^M , cf. [17], and if even σ(A_0) = σ_p(A_0) then H_{M(λ)} = {0} for all λ ∈ Σ^M . Therefore Theorem 3.6 and Corollaries 3.10 and 3.11 imply the following statement.

Corollary 3.12 Let the assumption be as in Corollary 3.10, let K_0 = A_0 ⊕G_0 and assume in addition that σ(A_0) is purely singular. Then the scattering matrix { ~S(λ)} of the complete scattering system { ~K, K_0} coincides with the Lax-Phillips scattering matrix {S^{LP} (λ)} of the Lax-Phillips scattering system { ~K, D_−, D_+}, that is,

~S(λ) = S^{LP} (λ) = W_{AD} (λ − i0)^∗ (3.30)

for a.e. λ ∈ R. If even σ(A_0) = σ_p(A_0), then (3.30) holds for all λ ∈ Σ^M ∩ Σ^{ND} .

3.4 A dissipative Schrödinger-Poisson system

In this subsection we consider an open quantum system consisting of a self-adjoint and a maximal dissipative extension of a symmetric regular Sturm-Liouville differential operator. Such maximal dissipative operators or pseudo-Hamiltonians are used in the description of carrier transport in semi-conductors, see e.g. [9, 11, 34, 37, 43, 44, 46]. Assume that −∞ < x_l < x_r < ∞ and let V ∈ L^∞((x_l, x_r)) be a real valued function. Moreover let m ∈ L^∞((x_l, x_r)) be a real function such that m > 0 and m^{−1} ∈ L^∞((x_l, x_r)). It is well-known that

(Af)(x) := − 1 2 d dx 1 m(x) d dx f(x) + V (x)f(x),

dom (A) := � � � f ∈ L^2((x_l, x_r)) :

f,^1_m f^′ ∈ W^1_2 ((x_l, x_r)) f(x_l) = f(x_r) = 0 �_1 m f^′ � (x_l) =

�_1 m f^′ � (x_r ) = 0

� � � ,

is a densely defined closed simple symmetric operator in the Hilbert space H := L^2((x_l, x_r)). The deficiency indices of A are n_+(A) = n_−(A) = 2 and the adjoint operator A^∗ is given by (A^∗f)(x) = − 1 2 d dx 1 m(x) d dx f(x) + V (x)f(x),

dom (A^∗) = � f ∈ H : f, 1 m f^′ ∈ W^1_2 ((x_l, x_r)) � .

3.4 A dissipative Schrödinger-Poisson system 25

It is straightforward to verify that Π = {C^2, Γ_0, Γ_1}, where

Γ_0f := � f(x_l) f(x_r) � and Γ_1f :=

� �_1 2m f^′ � (x_l) − �_1 2m f^′ � (x_r) � , (3.31)

f ∈ dom (A^∗), is a boundary triplet for A^∗. Notice that the self-adjoint extension A_0 = A^∗ ↾ ker(Γ_0) corresponds to Dirichlet boundary conditions, that is,

dom (A_0) = � f ∈ H : f, 1 m f^′ ∈ W^1_2 ((x_l, x_r)), f(x_l) = f(x_r) = 0 � . It is well known that A_0 is semibounded from below and that σ(A_0) consists of eigenvalues accumulating to +∞. As usual we denote the Weyl function corresponding to Π = {C^2, Γ_0, Γ_1} by M(·). Here M(·) is a two-by-two matrix-valued function which has poles at the eigenvalues of A_0 and in particular we have

H_{M(λ)} = ran � ℑm (M(λ)) � = {0} for all λ ∈ Σ^M . (3.32)

If φ_λ, ψ_λ ∈ L^2((x_l, x_r)) are fundamental solutions of −^1_2

�_1 m f^′

�_′

+ V f = λf satisfying the boundary conditions

φ_λ(x_l) = 1,

�_1 m φ^′_λ � (x_l) = 0, ψ_λ(x_l) = 0,

�_1 m ψ^′_λ � (x_l) = 1, (3.33)

then M can be written as

M(λ) = 1 2ψ_λ(x_r ) � −φ_λ(x_r ) 1 1 − �_1 m ψ^′_λ � (x_r ) � , λ ∈ ρ(A_0). (3.34)

We are interested in maximal dissipative extensions

A_D = A^∗ ↾ ker(Γ_1 − DΓ_0)

of A where D ∈ [C^2] has the special form D = � −κ_l 0 0 −κ_r � , ℑm (κ_l) ≥ 0, ℑm (κ_r) ≥ 0. (3.35)

Of course, if both κ_l and κ_r are real constants then H_D = ran (ℑm (D)) = {0} and A_D is self-adjoint. In this case A_D can be identified with the self-adjoint dilation ~K acting in H ⊕ L^2(R, {0})~=H, cf. Theorem 3.2.

Let us first consider the situation where both κ_l and κ_r have positive imaginary parts. Then H_D = C^2 and the self-adjoint dilation ~K from Theorem 3.2 is given by

~K(f ⊕ g_− ⊕ g_+) = �−^1_2 �^1_m f^′�^′ + V f� ⊕ −ig^′_− ⊕ −ig^′_+,

dom ~K = � f,^1_m f^′ ∈ W^1_2 ((x_l, x_r)), g_± ∈ W^1_2 (R_±, C^2) : Γ_0f − Υ_0g = 0, (Γ_1 − ℜe (D)Γ_0)f + Υ_1g = 0 � . Here Π_G = {C^2, Υ_0, Υ_1} is the boundary triplet for first order differential operator G ⊂ G^∗ in L^2(R, C^2) from Lemma 3.1 and we have decomposed the elements f ⊕g in H⊕L^2(R, C^2) as agreed in the beginning of Section 3.3. Let us set

g_−(0−) = � g_l(0−) g_r(0−) � and g_+(0+) = � g_l(0+) g_r(0+) � .

3.4 A dissipative Schrödinger-Poisson system 26

Then a straightforward calculation using the definitions of Π = {C^2, Γ_0, Γ_1} and Π_G = {C^2, Υ_0, Υ_1} in (3.31) and Lemma 3.1, respectively, shows that an element f ⊕ g_− ⊕ g_+

belongs to dom ( ~K) if and only if

�_1 2m f^′ � (x_l) + κ_lf(x_l) = −i � 2ℑm (κ_l)g_l(0−) �_1 2m f^′ � (x_l) + κ_lf(x_l) = −i � 2ℑm (κ_l)g_l(0+) �_1 2m f^′ � (x_r ) − κ_rf(x_r) = i � 2ℑm (κ_r)g_r(0−) �_1 2m f^′ � (x_r ) − κ_rf(x_r) = i � 2ℑm (κ_r)g_r(0+)

holds. We note that this dilation ~K is isomorph in the sense of [36, Section I.4] to those used in [11, 12, 43, 44].

Theorem 3.6 and the fact that σ(A_0) is singular (cf. (3.32)) imply that the scattering

matrix { ~S(λ)} of the scattering system { ~K, K_0}, K_0 = A_0 ⊕ G_0, coincides with

S^{LP} (λ) = I_C2 + 2i � −ℑm (D) � D − M(λ)

�_{−1}� −ℑm (D) ∈ [C^2]

for all λ ∉ σ_p(A_0) ∩ R, where M(λ) = M(λ + i0) (cf. Corollary 3.12). By (3.35) here � −ℑm (D) is a diagonal matrix with entries � ℑm (κ_l) and � ℑm (κ_r). We leave it to the reader to compute S^{LP} (λ) explicitely in terms of the fundamental solutions φ_λ and ψ_λ in (3.33). According to Corollary 3.11 the continuation of the characteristic function W_{AD} of the completely non-self-adjoint pseudo-Hamiltonian A_D from C_− to R\{σ_p(A_0)} coincides with S^{LP} (λ)^∗,

W_{AD} (λ − i0) = I_C2 − 2i � −ℑm (D) � D^∗ − M(λ)

�_{−1}� −ℑm (D) = S^{LP} (λ)^∗.

Next we consider briefly the case where one of the entries of D in (3.35) is real. Assume e.g. κ_l ∈ R. In this case H_D = C~={0}⊕C, P_D is the orthogonal projection onto the second component in C^2 and G is a first order differential operator in L^2(R, C). The self-adjoint

dilation ~K is

~K(f ⊕ g_− ⊕ g_+) = �−^1_2 �^1_m f^′�^′ + V f� ⊕ −ig^′_− ⊕ −ig^′_+,

dom ~K = � � � f,^1_m f^′ ∈ W^1_2 ((x_l, x_r )), g_± ∈ W^1_2 (R_±, C^2) :

P_DΓ_0f − Υ_0g = 0, (1 − P_D )(Γ_1 − ℜe (D)Γ_0)f = 0, P_D (Γ_1 − ℜe (D)Γ_0)f + Υ_1g = 0

� � � ,

and explicitely this means that an element f ⊕ g_− ⊕ g_+ belongs to dom ( ~K) if and only if

�_1 2m f

�_′

(x_r) − κ_rf(x_r) = i � 2ℑm (κ_r)g_+(0+) �_1 2m f

�_′

(x_r) − κ_rf(x_r) = i � 2ℑm (κ_r)g_−(0−) �_1 2m f

�_′

(x_l) + κ_lf(x_l) = 0

holds. The scattering matrix of { ~K, K_0} is given by

S^{LP} (λ) = I_{HD} + 2iℑm (κ_r)P_D � D − M(λ)

�_{−1}

↾_{HD} , λ ∈ Σ^M ,

which is now a scalar function, and is related to the characteristic function of the maximal dissipative operator A_D by S^{LP} (λ) = W_{AD} (λ − i0)^∗.

4 Energy dependent scattering systems 27

4 Energy dependent scattering systems

In this section we consider families {A_{−τ (λ)}, A_0} of scattering systems, where τ(·) is a matrix Nevanlinna function and {A_{−τ (λ)}} is a family of maximal dissipative extensions of a symmetric operator A with finite deficiency indices. Such scattering systems arise naturally in the description of open quantum systems, see e.g. Section 4.4 where a simple model of a so-called quantum transmitting Schrödinger-Poisson system is described. Following ideas in [25] (see also [15, 20, 31, 40, 41]) the family {A_{−τ (λ)}} is “linearized” in an abstract way, that is, we construct a self-adjoint extension ~L of A which acts in a larger Hilbert space H ⊕ G and satisfies P_H �~ L − λ

�_{−1} ↾_H= � A_{−τ (λ)} − λ

�_{−1} , so that, roughly speaking, the open quantum system is embedded into a closed system. The corresponding Hamiltonian ~L is semibounded if and only if A_0 is semibounded and τ(·) is holomorphic on some interval (−∞, η). The essential observation here is that the scattering matrix of {~L, L_0}, where L_0 is the direct orthogonal sum of A_0 and a self-adjoint operator connected with τ(·), pointwise coincides with the scattering matrix of a scattering system { ~K, K_0} as investigated in the previous section. From a physical point of view this in particular justifies the use of quasi-Hamiltonians ~K for the analysis of scattering processes in suitable small energy ranges.

4.1 The Štraus family and its characteristic functions

Let A be a densely defined closed simple symmetric operator in the separable Hilbert space H with equal finite deficiency indices n_±(A) = n < ∞ and let Π = {H, Γ_0, Γ_1} be a boundary triplet for A^∗. Assume that τ(·) is an [H]-valued Nevanlinna function and consider the family {A_{−τ (λ)}},

A_{−τ (λ)} := A^∗ ↾ ker � Γ_1 + τ(λ)Γ_0 � , λ ∈ C_+,

of closed extension of A. Sometimes it is convenient to consider A_{−τ (λ)} for all λ ∈ h(τ), that is, for all λ ∈ C\R and all real points λ where τ is holomorphic, cf. Section 2.2. Since ℑm τ(λ) ≥ 0 for λ ∈ C_+ it follows that each A_{−τ (λ)}, λ ∈ C_+, is a maximal dissipative extension of A in H. The family {A_{−τ (λ)}}_{λ∈C+} is called the Štraus family of A associated with τ (cf. [59] and e.g. [24, Section 3.3]) and for brevity we shall often call {A_{−τ (λ)}} simply Štraus family.

Since H is finite dimensional Fatous theorem (see [33, 38]) implies that the limit τ(λ+i0) = lim_{ϵ→+0} τ(λ + iϵ) from the upper half-plane exists for a.e. λ ∈ R. As in Section 2.3 we denote set of real points λ where this limit exists by Σ^τ . If there is no danger of confusion we will usually write τ(λ) instead of τ(λ+i0) for λ ∈ Σ^τ . Obviously, the Lebesgue measure of R \ Σ^τ is zero. Hence the Štraus family {A_{−τ (λ)}}_{λ∈C+} admits a continuation to C_+ ∪ Σ^τ which is also denoted by {A_{−τ (λ)}}, λ ∈ C_+ ∪Σ^τ . We remark that in the case ℑm (τ(λ)) = 0 for some λ ∈ C_+ ∪ Σ^τ the maximal dissipative operator A_{−τ (λ)} is self-adjoint.

Let M(·) be the Weyl function of the boundary triplet Π = {H, Γ_0, Γ_1}. Then M(·) is an [H]-valued Nevanlinna function and ℑm (M(λ)) is strictly positive for λ ∈ C_+. Therefore

N_{−τ (λ)}(λ) := − � τ(λ) + M(λ)

�_{−1} , λ ∈ C_+,

4.1 The Štraus family and its characteristic functions 28

is a well-defined Nevanlinna function, see also (2.9). The set of all real λ where the limit

N_{−τ (λ+i0)}(λ + i0) = lim_{ϵ→+0} − � τ(λ + iϵ) + M(λ + iϵ)

�_{−1}

exists will for brevity be denoted by Σ^N . Furthermore, for fixed λ ∈ Σ^τ we define an

[H]-valued Nevanlinna function Q_{−τ (λ)}(·) by

Q_{−τ (λ)}(μ) := − � τ(λ) + M(μ)

�_{−1}

, μ ∈ C_+, (4.1)

and denote by Σ^{Qλ} the set of all real points μ where the limit

Q_{−τ (λ)}(μ + i0) = lim_{ϵ→+0} Q_{−τ (λ)}(μ + iϵ) (4.2)

exists. Notice that the complements R \ Σ^N and R \ Σ^{Qλ} are of Lebesgue measure zero.

The next lemma will be used in Section 4.3.

Lemma 4.1 Let A, Π = {H, Γ_0, Γ_1}, M(·) and τ(·) be as above. Then the following

assertions (i)-(iii) are true.

(i) If λ ∈ Σ^τ and μ ∈ Σ^M ∩ Σ^{Qλ} , then the operator τ(λ) + M(μ) is invertible and � τ(λ) + M(μ)

�_{−1}

= lim_{ϵ→+0} � τ(λ) + M(μ + iϵ)

�_{−1} . (4.3)

(ii) If λ ∈ Σ^τ ∩ Σ^M ∩ Σ^N , then the operator τ(λ) + M(λ) is invertible and � τ(λ) + M(λ)

�_{−1} = lim_{ϵ→+0} � τ(λ + iϵ) + M(λ + iϵ)

�_{−1} . (4.4)

(iii) If λ ∈ Σ^τ ∩ Σ^M ∩ Σ^N , then λ ∈ Σ^{Qλ} and � τ(λ) + M(λ)

�_{−1}

= lim_{ϵ→+0} � τ(λ) + M(λ + iϵ)

�_{−1} . (4.5)

Proof. (i) If λ ∈ Σ^τ , μ ∈ Σ^M , then lim_{ϵ→+0}(τ(λ) + M(μ + iϵ)) = τ(λ) + M(μ). Since � τ(λ) + M(μ + iϵ) � Q_{−τ (λ)}(μ + iϵ) = Q_{−τ (λ)}(μ + iϵ) � τ(λ) + M(μ + iϵ) � = −I_H

for all ϵ > 0, we get

−I_H = � τ(λ) + M(μ) � Q_{−τ (λ)}(μ) = Q_{−τ (λ)}(μ) � τ(λ) + M(μ) � for λ ∈ Σ^τ and μ ∈ Σ^M ∩ Σ^{Qλ} which proves (4.3).

(ii) For λ ∈ Σ^τ ∩ Σ^M clearly

lim_{ϵ→+0} � τ(λ + iϵ) + M(λ + iϵ) � = τ(λ) + M(λ)

exists. Since (τ(λ) + M(λ))N_{−τ (λ)}(λ) = N_{−τ (λ)}(λ)(τ(λ) + M(λ)) = −I_H for all λ ∈ C_+

we have

−I_H = � τ(λ) + M(λ) � N_{−τ (λ)}(λ) = N_{−τ (λ)}(λ) � τ(λ) + M(λ) �

4.1 The Štraus family and its characteristic functions 29

for λ ∈ Σ^τ ∩ Σ^M ∩ Σ^N which verifies (4.4).

(iii) Let λ ∈ Σ^τ ∩ Σ^M ∩ Σ^N . Let us show that λ ∈ Σ^{Qλ} , i.e., we have to show that lim_{ϵ→+0}(τ(λ) + M(λ + iϵ))^{−1} exists. Since τ(λ) + M(λ) is boundedly invertible and τ(λ) + M(λ + iϵ), ϵ > 0, converges in the operator norm to τ(λ) + M(λ) the family {(τ(λ) + M(λ + iϵ))^{−1}}_{ϵ>0} is uniformly bounded. Using � τ(λ) + M(λ + iϵ)

�_{−1} − � τ(λ) + M(λ)

�_{−1} = − � τ(λ) + M(λ + iϵ)

�_{−1}�

M(λ + iϵ) − M(λ) � τ(λ) + M(λ)

�_{−1} , ϵ > 0,

one obtains the existence of lim_{ϵ→+0}(τ(λ) + M(λ + iϵ))^{−1} and (4.5). □

Let A, Π = {H, Γ_0, Γ_1} and M(·) be as in the beginning of this section and let as above τ(·) be a matrix Nevanlinna function with values in [H]. For each maximal dissipative operator from the Štraus family {A_{−τ (λ)}}_{λ∈C+} the characteristic function W_{A−τ (λ)} is given by W_{A−τ (λ)} : C_− → [H_{τ (λ)}] (4.6)

μ → I_{Hτ (λ)} + 2iP_{τ (λ)} � ℑm (τ(λ)) � τ(λ)^∗ + M(μ)

�_{−1}� ℑm (τ(λ)) ↾_{Hτ (λ)} ,

(see [29] and (3.29)), where we have used H_{τ (λ)} = ran (ℑm (τ(λ))), λ ∈ Σ^τ , and denoted the projection and restriction onto H_{τ (λ)} by P_{τ (λ)} and ↾_{Hτ (λ)} , respectively.

If we regard the Štraus family {A_{−τ (λ)}} on the larger set C_+ ∪ Σ^τ , then for λ ∈ Σ^τ the characteristic function W_{A−τ (λ)} (·) is defined as in (4.6). Notice that in the case ℑm (τ(λ)) = 0 for λ ∈ Σ^τ the characteristic function of the self-adjoint extension A_{−τ (λ)} of A is the identity operator on the trivial space H_{τ (λ)} = {0}. Since the characteristic functions W_{A−τ (λ)} (·), λ ∈ C_+ ∪ Σ^τ , are contractive [H_{τ (λ)}]-valued functions in the lower half-plane, the limits W_{A−τ (λ)} (μ − i0) = lim_{ϵ→+0} W_{A−τ (λ)} (μ − iϵ)

exist for a.e. μ ∈ R, cf. [36]. The next proposition is a simple consequence of Lemma 4.1.

Proposition 4.2 Let A, Π = {H, Γ_0, Γ_1} and M(·) be as above and let τ(·) be an [H]- valued Nevanlinna function. Let {A_{−τ (λ)}}_{λ∈C+∪Σ}τ be the Štraus family of maximal dissipative extensions of A and let W_{A−τ (λ)} (·) be the corresponding characteristic functions. Then the following holds.

(i) If λ ∈ Σ^τ and μ ∈ Σ^M ∩ Σ^{Qλ} , then the limit W_{A−τ (λ)} (μ − i0) exists and

W_{A−τ (λ)} (μ − i0) =

I_{Hτ (λ)} + 2iP_{τ (λ)} � ℑm (τ(λ))(τ(λ)^∗ + M(μ)^∗)^{−1} � ℑm (τ(λ)) ↾_{Hτ (λ)} .

(ii) If λ ∈ Σ^τ ∩ Σ^M ∩ Σ^N , then the limit W_{A−τ (λ)} (λ − i0) exists and

W_{A−τ (λ)} (λ − i0) =

I_{Hτ (λ)} + 2iP_{τ (λ)} � ℑm (τ(λ))(τ(λ)^∗ + M(λ)^∗)^{−1} � ℑm (τ(λ)) ↾_{Hτ (λ)} .

4.2 Coupling of symmetric operators and coupled scattering systems 30

4.2 Coupling of symmetric operators and coupled scattering systems

Let, as in the previous subsection A be a densely defined closed simple symmetric operator in H with equal finite deficiency indices and let Π = {H, Γ_0, Γ_1} be a boundary triplet for A^∗ with corresponding Weyl function M(·). Let τ(·) be an [H]-valued Nevanlinna function and assume in addition that τ can be realized as the Weyl function corresponding to a densely defined closed simple symmetric operator T in some separable Hilbert space G and a suitable boundary triplet Π_T = {H, Υ_0, Υ_1} for T^∗. It is worth to note that the Nevanlinna function τ(·) has this property if and only if ℑm (τ(λ)) is invertible for some (and hence for all) λ ∈ C_+ and

lim_{y→∞} 1 y � τ(iy)h, h � = 0 and lim_{y→∞} y ℑm � τ(iy)h, h � = ∞ (4.7)

hold for all h ∈ H, h ≠ 0, (see e.g. [48, Corollary 2.5 and Corollary 2.6] and [28, 50]).

In the following the function −τ(·) and the Štraus family

A_{−τ (λ)} = A^∗ ↾ ker � Γ_1 + τ(λ)Γ_0 � (4.8)

are in a certain sense the counterparts of the dissipative matrix D ∈ [H] and the corresponding maximal dissipative extension A_D from Section 3.1. Similarly to Theorem 3.2 we construct an "energy dependent dilation" in Theorem 4.3 below, that is, we find a self-adjoint operator ~L such that

P_H �~ L − λ)^{−1} ↾_H= � A_{−τ (λ)} − λ

�_{−1}

holds.

First we fix a separable Hilbert space G, a densely defined closed simple symmetric operator T ∈ C(G) and a boundary triplet Π_T = {H, Υ_0, Υ_1} for T^∗ such that τ(·) is the corresponding Weyl function. We note that T and G are unique up to unitary equivalence and the resolvent set ρ(T_0) of the self-adjoint operator T_0 := T^∗ ↾ ker(Υ_0) coincides with the set h(τ) of points of holomorphy of τ, cf. Section 2.2. Since the deficiency indices of T are n_+(T ) = n_−(T ) = n it follows that

L := A ⊕ T, dom L = dom A ⊕ dom T,

is a densely defined closed simple symmetric operator in the separable Hilbert space L := H ⊕ G with deficiency indices n_±(L) = n_±(A) + n_±(T ) = 2n.

The following theorem has originally been proved in [25, § 5]. For the sake of completeness we present another proof that differs from the original one, cf. [15].

Theorem 4.3 Let A, Π = {H, Γ_0, Γ_1}, M(·) and τ(·) be as above, let T be a densely defined closed simple symmetric operator in G and Π_T = {H, Υ_0, Υ_1} be a boundary triplet for T^∗ with Weyl function τ(·). Then

~L = L^∗ ↾ � f ⊕ g ∈ dom (L^∗) :

Γ_0f − Υ_0g = 0 Γ_1f + Υ_1g = 0 � , (4.9)

4.2 Coupling of symmetric operators and coupled scattering systems 31

is a self-adjoint operator in L such that

P_H �~ L − λ)^{−1} ↾_H= � A_{−τ (λ)} − λ

�_{−1}

holds for all λ ∈ ρ(A_0) ∩ h(τ) ∩ h(−(M + τ)^{−1}) and the minimality condition

L = clospan �~ L − λ

�_{−1}

H : λ ∈ C\R � is satisfied. Moreover, ~L is semibounded from below if and only if A_0 is semibounded from below and (−∞, η) ⊂ h(τ) for some η ∈ R.

Proof. It is easy to see that ~Π = {H ⊕ H, ~Γ_0, ~Γ_1}, where ~Γ_0 := (Γ_0, Υ_0)^⊤ and ~Γ_1 := (Γ_1, Υ_1)^⊤, is a boundary triplet for L^∗ = A^∗ ⊕ T^∗. If γ(·) and ν(·) denote the γ-fields of Π = {H, Γ_0, Γ_1} and Π_T = {H, Υ_0, Υ_1}, respectively, then the γ-field ~γ and Weyl function ~M of ~Π = {H ⊕ H, ~Γ_0, ~Γ_1} are given by

λ → ~γ(λ) = � γ(λ) 0

0 ν(λ) � and λ → ~M(λ) = � M(λ) 0 0 τ(λ) � , λ ∈ ρ(A_0) ∩ ρ(T_0), A_0 = A^∗ ↾ ker(Γ_0), T_0 = T^∗ ↾ ker(Υ_0). A simple calculation shows that the relation Θ := � (v, v)^⊤ (w, −w)^⊤ � : v, w ∈ H � ∈ ~C(H ⊕ H) (4.10)

is self-adjoint in H ⊕ H, hence the operator L_Θ = L^∗ ↾ ~Γ^{(−1)}Θ is a self-adjoint extension of L in L = H⊕G and L_Θ coincides with ~L in (4.9). Hence, with L_0 = L^∗ ↾ ker(~Γ_0) = A_0 ⊕T_0 we have � ~L − λ�^{−1} = (L_0 − λ)^{−1} + ~γ(λ)�Θ − ~M(λ)�^{−1}~γ(λ)^∗, (4.11)

for all λ ∈ ρ(~L) ∩ ρ(L_0) by (2.6). Note that the difference of the resolvents of ~L and L_0 is a finite rank operator and therefore by well-known perturbation results ~L is semibounded if and only if L_0 is semibounded, that is, A_0 and T_0 are both semibounded. From ρ(T_0) = h(τ) we conclude that the last assertion of the theorem holds.

Similar considerations as in the proof of Theorem 3.2 show that � Θ − ~M(λ)

�_{−1} = − � (M(λ) + τ(λ))^{−1} (M(λ) + τ(λ))^{−1} (M(λ) + τ(λ))^{−1} (M(λ) + τ(λ))^{−1} � (4.12)

holds for all λ ∈ ρ(~L) ∩ ρ(L_0). Therefore the compressed resolvent of ~L has the form

P_H � L − λ

�_{−1} ↾ H = (A_0 − λ)^{−1} − γ(λ) � M(λ) + τ(λ)

�_{−1} γ(λ)^∗

and coincides with (A_{−τ (λ)} − λ)^{−1} for all λ belonging to

ρ(L_0) ∩ ρ(~L) = ρ(A_0) ∩ h(τ) ∩ h � −(M + τ)^{−1} � , see Section 2.2. The minimality condition follows from the fact that T is simple, clospan{ker(T^∗ − λ) : λ ∈ C\R}, and (4.11) in a similar way as in the proof of Theorem 3.2 □

4.2 Coupling of symmetric operators and coupled scattering systems 32

Example 4.4 Let A be the symmetric Sturm-Liouville operator from Example 3.5 and let Π = {C^n, Γ_0, Γ_1} be the boundary triplet for A^∗ defined by (3.18). Besides the operator A we consider the minimal operator T in G = L^2(R_−, C^n) associated to the Sturm-Liouville differential expression −^{d2}_{dx2} + Q_−,

T = − d^2 dx^2

+ Q_−, dom (T ) = � g ∈ D_{max,−} : g(0) = g^′(0) = 0 � . Analogously to Example 3.5 it is assumed that Q_− ∈ L^1_{loc}(R_−, [C^n]) satisfies Q_−(·) = Q_−(·)^∗, that the limit point case prevails at −∞ and the maximal domain D_{max,−} is defined in the same way as D_{max,+} in Example 3.5 with R_+ and Q_+ replaced by R_− and Q_−, respectively.

It is easy to see that Π_T = {C^n, Υ_0, Υ_1}, where

Υ_0g := g(0), Υ_1g := −g^′(0), g ∈ dom (T^∗) = D_{max,−}, (4.13)

is a boundary triplet for T^∗. For f ∈ dom (A^∗) and g ∈ dom (T^∗) the conditions Γ_0f − Υ_0g = 0 and Γ_1f + Υ_1g = 0 in (4.9) stand for

f(0+) = g(0−) and f^′(0+) = g^′(0−),

so that the operator ~L in Theorem 4.3 is the self-adjoint Sturm-Liouville operator

~L = − d^2

dx^2

+ Q, Q(x) = � Q_+(x), x ∈ R_+, Q_−(x), x ∈ R_−,

in L^2(R, C^n).

Let A, Π = {H, Γ_0, Γ_1}, M(·) and T , Π_T = {H, Υ_0, Υ_1}, τ(·) be as in the beginning of this subsection. We define the families {H_{M(λ)}}_{λ∈Σ}M and {H_{τ (λ)}}_{λ∈Σ}τ of Hilbert spaces H_{M(λ)} and H_{τ (λ)} by

H_{M(λ)} = ran � ℑm (M(λ + i0)) � and H_{τ (λ)} = ran � ℑm (τ(λ + i0)) � (4.14)

for all real points λ belonging to Σ^M and Σ^τ , respectively, cf. Section 2.3. As usual the projections and restrictions in H onto H_{M(λ)} and H_{τ (λ)} are denoted by P_{M(λ)}, ↾_{HM (λ)} and P_{τ (λ)}, ↾_{Hτ (λ)} , respectively.

The next theorem is the counterpart of Theorem 3.6 in the present framework. We consider the complete scattering system {~L, L_0} consisting of the self-adjoint operators ~L from Theorem 4.3 and

L_0 := A_0 ⊕ T_0, A_0 = A^∗ ↾ ker(Γ_0), T_0 = T^∗ ↾ ker(Υ_0),

and express the scattering matrix { ~S(λ)} in terms of the function M(·) and τ(·).

Theorem 4.5 Let A, Π = {H, Γ_0, Γ_1}, M(·) and T , Π_T = {H, Υ_0, Υ_1}, τ(·) be as above. Define H_{M(λ)}, H_{τ (λ)} as in (4.14) and let L_0 = A_0 ⊕ T_0 and ~L be as in Theorem 4.3. Then the following holds.

4.2 Coupling of symmetric operators and coupled scattering systems 33

(i) L^{ac}_0 = A^{ac}_0 ⊕ T^{ac}_0 is unitarily equivalent to the multiplication operator with the free variable in L^2(R, dλ, H_{M(λ)} ⊕ H_{τ (λ)}).

(ii) In L^2(R, dλ, H_{M(λ)} ⊕ H_{τ (λ)}) the scattering matrix { ~S(λ)} of the complete scattering system {~L, L_0} is given by

~S(λ) = I_{HM (λ) ⊕Hτ (λ)} − 2i � ~T_{11}(λ) ~T_{12}(λ) ~T_{21}(λ) ~T_{22}(λ) � ∈ [H_{M(λ)} ⊕ H_{τ (λ)}], (4.15)

for all λ ∈ Σ^M ∩ Σ^τ ∩ Σ^N , where

~T_{11}(λ) = P_{M(λ)} � ℑm (M(λ)) � M(λ) + τ(λ)

�_{−1}� ℑm (M(λ)) ↾_{HM (λ)} , ~T_{12}(λ) = P_{M(λ)} � ℑm (M(λ)) � M(λ) + τ(λ)

�_{−1}� ℑm (τ(λ)) ↾_{Hτ (λ)} , ~T_{21}(λ) = P_{τ (λ)} � ℑm (τ(λ)) � M(λ) + τ(λ)

�_{−1}� ℑm (M(λ)) ↾_{HM (λ)} , ~T_{22}(λ) = P_{τ (λ)} � ℑm (τ(λ)) � M(λ) + τ(λ)

�_{−1}� ℑm (τ(λ)) ↾_{Hτ (λ)}

and M(λ) = M(λ + i0), τ(λ) = τ(λ + i0).

Proof. Let L = A ⊕ T and let ~Π = {H ⊕ H, ~Γ_0, ~Γ_1} be the boundary triplet for L^∗ from the proof of Theorem 4.3. The corresponding Weyl function ~M is

λ → ~M(λ) = � M(λ) 0 0 τ(λ) � , λ ∈ ρ(A_0) ∩ ρ(T_0), (4.16)

and since L is a densely defined closed simple symmetric operator in the separable Hilbert space L = H ⊕ G we can apply Theorem 2.4. First of all we immediately conclude from

H_{fM(λ)} = H_{M(λ)} ⊕ H_{τ (λ)}, λ ∈ Σ^{fM} = Σ^M ∩ Σ^τ ,

that the absolutely continuous part L^{ac}_0 = A^{ac}_0 ⊕ T^{ac}_0 of L_0 is unitarily equivalent to the multiplication operator with the free variable in the direct integral L^2(R, dλ, H_{M(λ)} ⊕ H_{τ (λ)}). Moreover

~S(λ) = I_{eHλ} + 2iP_{fM(λ)} � ℑm ( ~M(λ)) � Θ − ~M(λ)

�_{−1}� ℑm ( ~M(λ)) ↾_{H fM(λ)} (4.17)

holds for λ ∈ Σ^{fM} ∩ Σ^{NΘ} , where Θ is the self-adjoint relation from (4.10), the set Σ^{NΘ} is defined as in Section 2.3 and P_{fM (λ)} and ↾_{H fM(λ)} denote the projection and restriction in H ⊕ H onto H_{fM(λ)}, respectively.

For λ ∈ Σ^{fM} ∩ Σ^{NΘ} we have

lim_{ϵ→+0} � Θ − ~M(λ + iϵ)

�_{−1} = � Θ − ~M(λ + i0)

�_{−1}

and � Θ − ~M(λ)

�_{−1} = − � (M(λ) + τ(λ))^{−1} (M(λ) + τ(λ))^{−1} (M(λ) + τ(λ))^{−1} (M(λ) + τ(λ))^{−1} � ,

4.3 Scattering matrices of energy dependent and fixed dissipative scattering systems 34

cf. (4.12). This implies that the sets Σ^{fM} ∩ Σ^{NΘ} and Σ^M ∩ Σ^τ ∩ Σ^N coincide. Moreover, by inserting the above expression for (Θ − ~M(λ))^{−1}, λ ∈ Σ^M ∩ Σ^τ ∩ Σ^N into (4.17) and taking into account (4.16) we find that the scattering matrix { ~S(λ)} of the scattering system {~L, L_0} has the form asserted in (ii). □

The following corollary, which is of similar type as Corollary 3.12, is a simple consequence of Theorem 4.5 and Proposition 4.2.

Corollary 4.6 Let the assumptions be as in Theorem 4.5, let W_{A−τ (λ)} (·) be the characteristic function of the extension A_{−τ (λ)} in (4.8) and assume in addition that σ(A_0) is purely singular. Then L^{ac}_0 is unitarily equivalent to the multiplication operator with the free variable in L^2(R, dλ, H_{τ (λ)}) and the scattering matrix { ~S(λ)} of the complete scattering system {~L, L_0} is given by

~S(λ) = W_{A−τ (λ)} (λ − i0)^∗

= I_{Hτ (λ)} − 2iP_{τ (λ)} � ℑm (τ(λ)) � M(λ) + τ(λ)

�_{−1}� ℑm (τ(λ)) ↾_{Hτ (λ)}

for a.e. λ ∈ R. In the special case σ(A_0) = σ_p(A_0) this relation holds for all λ ∈ Σ^M ∩ Σ^τ ∩ Σ^N .

Corollary 4.7 Let the assumptions be as in Corollary 4.6 and suppose that the defect of A is one, n_±(A) = 1. Then

~S(λ) = W_{A−τ (λ)} (λ − i0)^∗ = M(λ) + τ(λ) M(λ) + τ(λ)

holds for a.e. λ ∈ R with Im τ(λ + i0) ≠ 0.

4.3 Scattering matrices of energy dependent and fixed dissipative scattering systems

Let A, Π = {H, Γ_0, Γ_1}, A_0 = A^∗ ↾ ker(Γ_0) and τ(·) be as in the previous subsections and let {A_{−τ (λ)}} be the Štraus family associated with τ from (4.8). In the following we first fix some μ ∈ C_+ ∪Σ^τ and consider the fixed dissipative scattering system {A_{−τ (μ)}, A_0}. Notice that if μ ∈ Σ^τ it may happen that A_{−τ (μ)} is self-adjoint. Let us denote by ~K_μ the minimal self-adjoint dilation of the maximal dissipative extension A_{−τ (μ)} in H ⊕ L^2(R, dλ, H_{τ (μ)}) constructed in Theorem 3.2. Here the fixed Hilbert space H_{τ (μ)} = ran (ℑm (τ(μ))) coincides with H if μ ∈ C_+ or H_{τ (μ)} is a (possibly trivial) subspace of H if μ ∈ Σ^τ . Furthermore, if K_0 = A_0 ⊕ G_0, where G_0 is the first order differential operator in L^2(R, dλ, H_{τ (μ)}) from Lemma 3.1, then according to Theorem 3.6 the absolutely continuous part K^{ac}_0 = A^{ac}_0 ⊕G_0 of K_0 is unitarily equivalent to the multiplication operator with the free variable in the direct integral L^2(R, dλ, H_{M(λ)} ⊕H_{τ (μ)}) and the scattering matrix { ~S_μ(λ)} of the scattering system { ~K_μ, K_0} is given by

~S_μ(λ) = I_{HM (λ) ⊕Hτ (μ)} − 2i � ~T_{11,μ}(λ) ~T_{12,μ}(λ) ~T_{21,μ}(λ) ~T_{22,μ}(λ) � ∈ � H_{M(λ)} ⊕ H_{τ (μ)} � , (4.18)

4.3 Scattering matrices of energy dependent and fixed dissipative scattering systems 35

for all λ ∈ Σ^M ∩ Σ^{Qμ} , where

~T_{11,μ}(λ) = P_{M(λ)} � ℑm (M(λ)) � τ(μ) + M(λ)

�_{−1}� ℑm (M(λ)) ↾_{HM (λ)} , ~T_{12,μ}(λ) = P_{M(λ)} � ℑm (M(λ)) � τ(μ) + M(λ)

�_{−1}� ℑm (τ(μ)) ↾_{Hτ (μ)} , ~T_{21,μ}(λ) = P_{τ (μ)} � ℑm (τ(μ)) � τ(μ) + M(λ)

�_{−1}� ℑm (M(λ)) ↾_{HM (λ)} , ~T_{22,μ}(λ) = P_{τ (λ)} � ℑm (τ(μ)) � τ(μ) + M(λ)

�_{−1}� ℑm (τ(μ)) ↾_{Hτ (μ)}

and M(λ) = M(λ + i0). Here the set Σ^{Qμ} and the corresponding function λ → Q_{−τ (μ)}(λ) defined in (4.1)-(4.2) replace Σ^{ND} and λ → (D − M(λ))^{−1} in Theorem 3.6, respectively.

The following theorem is one of the main results of this paper. Roughly speaking it says that the scattering matrix of the scattering system {~L, L_0} from Theorem 4.5 pointwise coincides with scattering matrices of scattering systems { ~K_μ, K_0} of the above form.

Theorem 4.8 Let A, Π = {H, Γ_0, Γ_1}, M(·) and T , Π_T = {H, Υ_0, Υ_1}, τ(·) be as in the beginning of Section 4.2 and let L_0 = A_0 ⊕ T_0 and ~L be as in Theorem 4.3. For μ ∈ Σ^τ denote the minimal self-adjoint dilation of A_{−τ (μ)} in H ⊕ L^2(R, H_{τ (μ)}) by ~K_μ and let K_0 = A_0 ⊕ G_0, where G_0 is the self-adjoint first order differential operator in L^2(R, H_{τ (μ)}).

Then for each μ ∈ Σ^M ∩Σ^τ ∩Σ^N the value of the scattering matrix { ~S_μ(λ)} of the scattering system { ~K_μ, K_0} at energy λ = μ coincides with the value of the scattering matrix { ~S(λ)} of the scattering system {~L, L_0} at energy λ = μ, that is,

~S(μ) = ~S_μ(μ) for all μ ∈ Σ^M ∩ Σ^τ ∩ Σ^N . (4.19)

Proof. According to Lemma 4.1 (iii) each real μ ∈ Σ^M ∩ Σ^τ ∩ Σ^N belongs also to the set Σ^{Qμ} . Therefore by comparing Theorem 4.5 with the scattering matrix { ~S_μ(λ)} of { ~K_μ, K_0} at energy λ = μ in (4.18) we conclude (4.19). □

Remark 4.9 We note that Theorem 4.8 in a certain sense justifies the use of self-adjoint dilations (or quasi-Hamiltonians) in the analysis of scattering processes for open quantum systems. Indeed, if we e.g. assume that the functions M(·), τ(·) and (M(·) + τ(·))^{−1} are continuous on an interval I ⊂ R containing the point μ, then for λ ∈ I the scattering matrix { ~S_μ(λ)} of the scattering system { ~K_μ, K_0} is a "good" approximation of the "real" scattering matrix { ~S(λ)}, λ ∈ I, of the scattering system {~L, L_0}.

Remark 4.10 The statements of Theorem 4.5 and Theorem 4.8 are also interesting from the viewpoint of inverse problems. Namely, if τ(·) is a matrix Nevanlinna function, satisfying ker(ℑm (τ(λ))) = 0, λ ∈ C_+, and the conditions (4.7), and if {A_{−τ (λ)}, A_0} is a family of energy dependent dissipative scattering systems as considered above, then in general the Hilbert space G and the operators T ⊂ T_0 are not explicitely known, and hence also the scattering system {~L, L_0} is not explicitely known. However, according to Theorem 4.5 the scattering matrix { ~S(λ)} can be expressed in terms of τ(·) and the Weyl function M(·), and by Theorem 4.8 { ~S(λ)} can be obtained with the help of the scattering matrices { ~S_μ(λ)} of the scattering systems { ~K_μ, K_0}.

The following corollary concerns the scattering matrices {S_{−τ (μ)}(λ)} of the energy dependent dissipative scattering systems {A_{−τ (μ)}, A_0}, μ ∈ Σ^τ .

Corollary 4.11 Let the assumptions be as in Theorem 4.8 and let μ ∈ Σ^M ∩ Σ^τ ∩ Σ^N . Then the scattering matrix {S_{−τ (μ)}(λ)} of the dissipative scattering system {A_{−τ (μ)}, A_0} at energy λ = μ coincides with the upper left corner of the scattering matrix { ~S(λ)} of the scattering system {~L, L_0} at energy λ = μ.

Let again ~K_μ be the minimal self-adjoint dilation of the maximal dissipative operator A_{−τ (μ)} in H⊕L^2(R, dλ, H_{τ (μ)}). In the next corollary we focus on the Lax-Phillips scattering matrices {S^{LP}_μ (λ)} of the Lax-Phillips scattering systems { ~K_μ, D_{−,μ}, D_{+,μ}}, where

D_{−,μ} := L^2 � R_−, H_{τ (μ)} � and D_{+,μ} := L^2 � R_+, H_{τ (μ)} � are incoming and outgoing subspaces for ~K_μ, cf. Lemma 3.9. If W_{A−τ (μ)} (·) is the characteristic function of A_{−τ (μ)}, cf. (4.6), then according to Corollaries 3.10 and 3.11 we have

S^{LP}_μ (λ) = W_{A−τ (μ)} (λ − i0)^∗

= I_{Hτ (λ)} − 2iP_{τ (λ)} � ℑm (τ(λ)) � τ(μ) + M(λ)

�_{−1}�

ℑm (τ(λ)) ↾_{Hτ (λ)}

for all λ ∈ Σ^M ∩ Σ^{Qμ} , cf. Proposition 4.2 and Corollary 4.6. Statements (ii) and (iii) of the following corollary can be regarded as generalizations of the classical Adamyan-Arov result, cf. [3, 4, 5, 6] and Corollary 3.11.

Corollary 4.12 Let the assumptions be as in Theorem 4.8 and let μ ∈ Σ^M ∩ Σ^τ ∩ Σ^N .

(i) The scattering matrix {S^{LP}_μ (λ)} of the Lax Phillips scattering system { ~K_μ, D_{−,μ}, D_{+,μ}} at energy λ = μ coincides with the lower right corner of the scattering matrix { ~S(λ)} of the scattering system {~L, L_0} at λ = μ.

(ii) The characteristic function W_{A−τ (μ)} (·) of A_{−τ (μ)} satisfies

S^{LP}_μ (μ) = W_{A−τ (μ)} (μ − i0)^∗

= I_{Hτ (μ)} − 2iP_{τ (μ)} � ℑm (τ(μ)) � τ(μ) + M(μ)

�_{−1}� ℑm (τ(μ)) ↾_{Hτ (μ)} .

(iii) If σ(A_0) is purely singular, then

~S(μ) = S^{LP}_μ (μ) = W_{A−τ (μ)} (μ − i0)^∗

holds for a.e. μ ∈ R. In the special case σ(A_0) = σ_p(A_0) this is true for all μ ∈ Σ^M ∩ Σ^τ ∩ Σ^N .

4.4 A quantum transmitting Schrödinger-Poisson system

As an example we consider an open quantum system of similar type as in Section 3.4. Instead of a single pseudo-Hamiltonian A_D here the open quantum system is described by a family of energy dependent pseudo-Hamiltonians {A_{−τ (λ)}} which is sometimes called a quantum transmitting family.

Let, as in Section 3.4, (x_l, x_r) ⊂ R be a bounded interval and let A be the symmetric Sturm-Liouville operator in H = L^2((x_l, x_r)) given by

(Af)(x) = − 1 2 d dx 1 m(x) d dx f(x) + V (x)f(x),

dom (A) = � � � f ∈ H :

f,^1_m f^′ ∈ W^1_2 ((x_l, x_r)) f(x_l) = f(x_r) = 0 �_1 m f^′ � (x_l) =

�_1 m f^′ � (x_r) = 0

� � � ,

where V, m, m^{−1} ∈ L^∞((x_l, x_r)) are real functions and m > 0. Let v_l, v_r be real constants, let m_l, m_r > 0 and define ~V , ~m ∈ L^∞(R) by

~V (x) := � � � v_l x ∈ (−∞, x_l] V (x) x ∈ (x_l, x_r ) v_r x ∈ [x_r , ∞)

(4.20)

and ~m(x) := � � � m_l x ∈ (−∞, x_l] m(x) x ∈ (x_l, x_r) m_r x ∈ [x_r, ∞)

, (4.21)

respectively. We choose the boundary triplet Π = {C^2, Γ_0, Γ_1},

Γ_0f = � f(x_l) f(x_r) � , Γ_1f =

� �_1

2m f^′ � (x_l) − �_1 2m f^′ � (x_r) � , f ∈ dom (A^∗),

from (3.31) for A^∗.

In the following we consider the Štraus family

A_{−τ (λ)} = A^∗ ↾ ker � Γ_1 + τ(λ)Γ_0 � , λ ∈ C_+ ∪ Σ^τ ,

associated with the 2 × 2-matrix Nevanlinna function

λ → τ(λ) = � � i �_{λ−vl}

2m_l 0 0 i �_{λ−vr}

2m_r

� � ; (4.22)

here the square root is defined on C with a cut along [0, ∞) and fixed by ℑm ( √ λ) > 0 for λ ∉ [0, ∞) and by √ λ ≥ 0 for λ ∈ [0, ∞), cf. Example 2.5, so that indeed ℑm (τ(λ)) > 0 for λ ∈ C_+ and τ(λ) = τ(λ), λ ∈ C\R. Moreover it is not difficult to see that τ(·) is holomorphic on C\[min{v_l, v_r}, ∞) and Σ^τ = R. The Štraus family {A_{−τ (λ)}}, λ ∈ C_+ ∪Σ^τ , has the explicit form � A_{−τ (λ)}f � (x) := − 1 2 d dx 1 m d dx f(x) + V (x)f(x),

dom � A_{−τ (λ)} � = � � � � � f ∈ H :

f,^1_m f^′ ∈ W^1_2 ((x_l, x_r)), �_1 2m f^′ � (x_l) = −i

�_{λ−vl}

2m_l f(xl),

�_1 2m f^′ � (x_r) = i

�_{λ−vr}

2m_r f(xr)

� � � � � . (4.23)

The operator A_{−τ (λ)} is self-adjoint if λ ∈ (−∞, min{v_l, v_r}] and maximal dissipative if λ ∈ (min{v_l, v_r}, ∞). We note that the Štraus family in (4.23) plays an important role for the quantum transmitting Schrödinger-Poisson system in [10] where it was called the quantum transmitting family. For this open quantum system the boundary conditions in (4.23) are often called transparent boundary conditions.

We leave it to the reader to verify that the Nevanlinna function τ(·) in (4.22) satisfies the conditions (4.7). Hence by [28, 48, 50] there exists a separable Hilbert space G, a densely defined closed simple symmetric operator T in G and a boundary triplet Π_T = {C^2, Υ_0, Υ_1} for T^∗ such that τ(·) is the corresponding Weyl function. Here G, T and Π_T = {C^2, Υ_0, Υ_1} can be explicitly described. Indeed, as Hilbert space G we choose L^2((−∞, x_l) ∪ (x_r, ∞)) and frequently we identify this space with L^2((−∞, x_l)) ⊕ L^2((x_r , ∞)). An element g ∈ G will be written in the form g = g_l ⊕ g_r, where g_l ∈ L^2((−∞, x_l)) and g_r ∈ L^2((x_r, ∞)). The operator T in G is defined by

(T g)(x) := � −^1_2^d_{dx}^1_{ml}^d_{dx} g_l(x) + v_lg_l(x) 0 0 −^1_2^d_{dx}^1_{mr}^d_{dx} g_r(x) + v_rg_r(x) � , dom (T ) := � g = g_l ⊕ g_r ∈ G :

g ∈ W^2_2 ((−∞, x_l)) ⊕ W^2_2 ((x_r , ∞)) g_l(x_l) = g_r(x_r ) = g^′_l(x_l) = g^′_r(x_l) = 0 � , and it is well-known that T is a densely defined closed simple symmetric operator in G with deficiency indices n_+(T ) = n_−(T ) = 2. The adjoint operator T^∗ is given by

(T^∗g)(x) = � −^1_2^d_{dx}^1_{ml}^d_{dx} g_l(x) + v_lg_l(x) 0 0 −^1_2^d_{dx}^1_{mr}^d_{dx} g_r(x) + v_rg_r(x) � , dom (T^∗) = � g = g_l ⊕ g_r ∈ G : W^2_2 ((−∞, x_l)) ⊕ W^2_2 ((x_r , ∞)) � . We leave it to the reader to check that Π_T = {C^2, Υ_0, Υ_1}, where

Υ_0g := � g_l(x_l) g_r(x_r) � and Υ_1g := � −^1_{2ml} g^′_l(x_l) 1 2m_r g ′ r(x_r ) � , g = g_l ⊕ g_r ∈ dom (T^∗), is a boundary triplet for T^∗. Notice that T_0 = T^∗ ↾ ker(Υ_0) is the restriction of T^∗ to the domain

dom (T_0) = � g ∈ dom (T^∗) : g_l(x_l) = g_r(x_r) = 0 � , that is, T_0 corresponds to Dirichlet boundary conditions. It is not difficult to see that σ(T_0) = [min{v_l, v_r}, ∞) and hence the Weyl function corresponding to Π_T = {C^2, Υ_0, Υ_1} is holomorphic on C\[min{v_l, v_r}, ∞).

Lemma 4.13 Let T ⊂ T^∗ and Π_T = {C^2, Υ_0, Υ_1} be as above. Then the corresponding Weyl function coincides with τ(·) in (4.22).

Proof. A straightforward calculation shows that

h_{l,λ}(x) := i � 2m_l(λ − v_l) exp � −i � 2m_l(λ − v_l)(x − x_l) �

belongs to L^2((−∞, x_l)) for λ ∈ C\[v_l, ∞) and satisfies − 1 2 d dx 1 m_l d dx h_{l,λ}(x) + v_lh_{l,λ}(x) = λh_{l,λ}(x).

Analogously the function

k_{r,λ}(x) := i � 2m_l(λ − v_r) exp � i � 2m_r(λ − v_r)(x − x_r) �

belongs to L^2((x_r , ∞)) for λ ∈ C\[v_r, ∞) and satisfies − 1 2 d dx 1 m_r d dx k_{r,λ}(x) + v_rk_{r,λ}(x) = λk_{r,λ}(x).

Therefore the functions

h_λ := h_{l,λ} ⊕ 0 and k_λ := 0 ⊕ k_{r,λ}

belong to G and we have ker(T^∗ − λ) = sp{h_λ, k_λ}.

As the Weyl function ^τ(·) corresponding to T and Π_T = {C^2, Υ_0, Υ_1} is defined by

Υ_1g_λ = ^τ (λ)Υ_0g_λ for all g_λ ∈ ker(T^∗ − λ),

λ ∈ C\[min{v_l, v_r}, ∞), we conclude from

Υ_1h_λ = 1 2 � −^1_{ml} 0 � and Υ_0h_λ =

�_i √_{2ml(λ−vl )} 0 �

and Υ_1k_λ = 1 2 � 0 −^1_{mr} � and Υ_0k_λ = � 0_i √_{2mr (λ−vr )} �

that ^τ has the form (4.22), ^τ (·) = τ(·). □

Let A, Π = {C^2, Γ_0, Γ_1} and T , Π_T = {C^2, Υ_0, Υ_1} be as above. Then according to Theorem 4.3 the operator

~L := A^∗ ⊕ T^∗ ↾ � f ⊕ g ∈ dom (A^∗ ⊕ T^∗) :

Γ_0f − Υ_0g = 0 Γ_1f + Υ_1g = 0 � (4.24)

is a self-adjoint extension of A ⊕ T in H ⊕ G. We can identify H ⊕ G with L^2((−∞, x_l)) ⊕ L^2((x_l, x_r)) ⊕ L^2((x_r , ∞)) and L^2(R). The elements f ⊕ g in H ⊕ G, f ∈ H, g = g_l ⊕ g_r ∈ G will be written in the form g_l ⊕ f ⊕ g_r. The conditions Γ_0f = Υ_0g and Γ_1f = −Υ_1g, f ∈ dom (A^∗), g ∈ dom (T^∗), have the form � f(x_l) f(x_r) � = � g_l(x_l) g_r(x_r) � and � �_1 2m f^′_l � (x_l) − �_1 2m f^′_r � (x_r) � = �_1

2m_l g

′(x_l) −^1_{2mr} g^′(x_r ) � . Therefore an element g_l ⊕ f ⊕ g_r in the domain of (4.24) has the properties

g_l(x_l) = f(x_l) and f(x_r) = g_r(x_r )

as well as 1 m_l g^′_l(x_l) = � 1 m f^′ � (x_l) and � 1 m f^′ � (x_r ) = 1 m_r g^′_r(x_r) and the self-adjoint operator ~L in (4.24) becomes

~L(g_l ⊕ f ⊕ g_r) = � � −^1_2^d_{dx}^1_{ml}^d_{dx} g_l + v_lg_l 0 0 0 −^1_2^d_{dx}^1_m^d_{dx} f + V f 0 0 0 −^1_2^d_{dx}^1_{mr}^d_{dx} g_r + v_rg_r

� � .

With the help of (4.20) and (4.21) we see that (4.24) can be regarded as the usual selfadjoint second order differential operator

~L = − 1 2 d dx 1 ~m d dx + ~V

on the maximal domain in L^2(R), that is, (4.24) coincides with the so-called Buslaev-Fomin operator from [10].

Denote by M(·) the Weyl function corresponding to A and the boundary triplet Π = {C^2, Γ_0, Γ_1}, cf. (3.33)-(3.34). Since σ(A_0) consists of eigenvalues Corollary 4.6 implies that the scattering matrix { ~S(λ)} of the scattering system {~L, L_0}, L_0 = A_0 ⊕ T_0, is given by ~S(λ) = I_{Hτ (λ)} − 2iP_{τ (λ)} � ℑm (τ(λ)) � M(λ) + τ(λ)

�_{−1}� ℑm (τ(λ)) ↾_{Hτ (λ)}

for all λ ∈ ρ(A_0) ∩ Σ^N , where

H_{τ (λ)} = ran (ℑm (τ(λ))) = � � � {0}, λ ∈ (−∞, min{v_l, v_r}], C, λ ∈ (min{v_l, v_r}, max{v_l, v_r}], C^2, λ ∈ (max{v_l, v_r}, ∞).

The scattering system {~L, L_0} was already investigated in [9, 10]. There it was in particular shown that the scattering matrix { ~S(λ)} and the characteristic function W_{A−τ (λ)} (·) of the maximal dissipative extension A_{−τ (λ)} from (4.23) are connected via

~S(λ) = W_{A−τ (λ)} (λ − i0)^∗,

which we here immediately obtain from Corollary 4.6.

References

[1] Albeverio, S., Gesztesy, F., Hoegh-Krohn, R., Holden, H.: Solvable models in quantum mechanics, Texts and Monographs in Physics, Springer-Verlag, New York, 1988.

[2] Achieser, N.I., Glasmann, I.M.:Theorie der linearen Operatoren im Hilbert-Raum, Verlag Harri Deutsch, 1981.

[3] Adamjan, V.M., Arov, D.Z.: On a class of scattering operators and characteristic operator-functions of contractions, Dokl. Akad. Nauk SSSR 160 (1965), 9–12.

[4] Adamjan, V.M., Arov, D.Z.: On scattering operators and contraction semigroups in Hilbert space, Dokl. Akad. Nauk SSSR 165 (1965), 9–12.

[5] Adamjan, V.M., Arov, D.Z.: Unitary couplings of semi-unitary operators, Mat. Issled.

1 (1966) vyp. 2, 3–64.

[6] Adamjan, V.M., Arov, D.Z.: Unitary couplings of semi-unitary operators, Akad. Nauk Armjan. SSR Dokl. 43 (1966) No. 5, 257–263.

[7] Albeverio, S.; Kurasov, P.: Singular perturbations of differential operators, Solvable Schrödinger type operators, London Mathematical Society Lecture Note Series, 271. Cambridge University Press, Cambridge, 2000.

[8] Amrein, W.O., Jauch, J.M., Sinha, K.B.: Scattering theory in quantum mechanics, Lecture Notes and Supplements in Physics, No. 16. W. A. Benjamin, Inc., Reading, Mass.-London-Amsterdam, 1977.

[9] Baro, M.: One-dimensional open Schrödinger-Poisson systems, Dissertation, Humboldt University, Berlin, 2005.

[10] Baro, M., Kaiser, H.-Chr., Neidhardt, H., Rehberg, J.: A quantum transmitting Schrödinger-Poisson system, Rev. Math. Phys., 16 (2004), No. 3, 281–330.

[11] Baro, M., Kaiser, H.-Chr., Neidhardt, H., Rehberg, J.: Dissipative Schrödinger- Poisson systems, J. Math. Phys. 45 (2004), No. 1, 21–43.

[12] Baro, M., Neidhardt, H.: Dissipative Schrödinger-type operators as a model for generation and recombination, J. Math. Phys. 44 (2003), No. 6, 2373–2401.

[13] Baumgärtel, H., Wollenberg, M.: Mathematical Scattering Theory, Akademie-Verlag, Berlin, 1983.

[14] Behrndt, J., Malamud, M.M., Neidhardt, H.: Scattering matrices and Weyl functions, Preprint 1121 WIAS Berlin 2006.

[15] Behrndt, J., Luger, A.: An analytic characterization of the eigenvalues of self-adjoint extensions, to appear in J. Funct. Anal.

[16] Ben Abdallah, N., Degond, P., Markowich, P.: On a one-dimensional Schrödinger- Poisson scattering model, Z. angew. Math. Phy. 48 (1997), 135–155.

[17] Brasche, J.F., Malamud, M.M., Neidhardt, H.: Weyl function and spectral properties of self-adjoint extensions, Integral Equations Operator Theory 43 (2002), No. 3, 264– 289.

[18] Breuer, H.-P.; Petruccione, F.: The theory of open quantum systems, Oxford University Press, New York, 2002.

[19] Buslaev, V.S., Fomin, V.: An inverse scattering problem for the one dimensional Schrödinger equation on the entire axis, Vestnik Leningrad Univ. 17 (1962), 65–64 (Russian).

[20] Ćurgus, B., Dijksma, A., Read, T.: The linearization of boundary eigenvalue problems and reproducing kernel Hilbert spaces, Linear Algebra Appl. 329 (2001), 97–136.

[21] Davies, E.B.: Quantum theory of open systems, Academic Press [Harcourt Brace Jovanovich, Publishers], London-New York, 1976.

[22] Davies, E.B.: Two-channel Hamiltonians and the optical model of nuclear scattering, Ann. Inst. H. Poincaré Sect. A (N.S.) 29 (1978), no. 4, 395–413.

[23] Davies, E.B.: Nonunitary scattering and capture. I. Hilbert space theory, Comm. Math.

Phys. 71 (1980), no. 3, 277–288.

[24] Derkach, V.A., Hassi, S., de Snoo, H.: Singular perturbations of self-adjoint operators, Math. Phys. Anal. Geom 6 (2003), 349–384.

[25] Derkach, V.A., Hassi, S., Malamud, M.M., de Snoo, H.: Generalized resolvents of symmetric operators and admissibility, Methods Funct. Anal. Topology 6 (2000), 24– 53. [26] Derkach, V.A., Hassi, S., Malamud, M.M., de Snoo, H.: Boundary relations and their Weyl families, Trans. Amer. Math. Soc., 358 (2006), 5351–5400.

[27] Derkach, V.A., Malamud, M.M.: On the Weyl function and hermitian operators with gaps, Russian Acad. Sci. Dokl. Math. 35 (1987) No. 2, 393–398.

[28] Derkach, V.A., Malamud, M.M.: Generalized resolvents and the boundary value problems for hermitian operators with gaps, J. Funct. Anal. 95 (1991), 1–95.

[29] Derkach, V.A., Malamud, M.M.: Characteristic functions of linear operators, Russian Acad. Sci. Dokl. Math. 45 (1992), 417–424.

[30] Derkach, V.A., Malamud, M.M.: The extension theory of hermitian operators and the moment problem, J. Math. Sci. (New York) 73 (1995), 141–242.

[31] Dijksma, A., Langer, H.: Operator Theory and Ordinary Differential Operators, Lectures on operator theory and its applications (Waterloo, ON, 1994), 73–139, Fields Inst. Monogr. 3, Amer. Math. Soc., Providence, RI, 1996.

[32] Dijksma, A., de Snoo, H.: Symmetric and self-adjoint relations in Krein spaces I, Operator Theory: Advances and Applications 24 (1987), Birkhäuser Verlag Basel, 145–166.

[33] Donoghue W.F.: Monotone Matrix Functions and Analytic Continuation, Springer Verlag, Berlin and New York, 1974.

[34] Einspruch, N.G., Frensley, W.R.: Heterostructures and Quantum Devices, Academic Press, New York, 1994.

[35] Exner, P.: Open Quantum Systems and Feynman Integrals, D. Reidel Publishing Co., Dordrecht, 1985.

[36] Foias, C., Sz.-Nagy, B.: Harmonic Analysis of Operators on Hilbert Space, North- Holland Publishing Co., Amsterdam-London; American Elsevier Publishing Co., Inc., New York; Akadémiai Kiadó, Budapest 1970.

[37] Frensley, W.R.: Boundary conditions for open quantum systems driven far from equilibrium, Reviews of Modern Physics 62 (1990), 745–791.

[38] Garnet J.B.: Bounded Analytic Functions, Academic Press, 1981.

[39] Gorbachuk, V.I., Gorbachuk, M.L.: Boundary Value Problems for Operator Differential Equations, Mathematics and its Applications (Soviet Series) 48, Kluwer Academic Publishers Group, Dordrecht, 1991.

[40] Hassi, S., Kaltenbäck, M., de Snoo, H.: Selfadjoint extensions of the orthogonal sum of symmetric relations. II, Operator theory, operator algebras and related topics (Timişoara, 1996), Theta Found., Bucharest (1997), 163–178.

[41] Hassi, S., Kaltenbäck, M., de Snoo, H.: Selfadjoint extensions of the orthogonal sum of symmetric relations. II, Operator Theory: Advances and Applications 106 (1998), Birkhäuser Verlag Basel, 187-200.

[42] Koshmanenko, V.: Singular quadratic forms in perturbation theory. Mathematics and its Applications, 474. Kluwer Academic Publishers, Dordrecht, 1999.

[43] Kaiser, H.-Chr., Neidhardt, H., Rehberg, J.: On 1-dimensional dissipative Schrödinger-type operators their dilations and eigenfunction expansions, Math. Nachr. 252 (2003), 51–69.

[44] Kaiser, H.-Chr., Neidhardt, H., Rehberg, J.: Density and current of a dissipative Schrödinger operator, J. Math. Phys. 43 (2002), No. 11, 5325–5350.

[45] Kato, T.: Perturbation Theory for Linear Operators, Die Grundlehren der mathematischen Wissenschaften, Band 132, Springer-Verlag New York, Inc., New York 1966.

[46] Kirkner, D.; Lent, C.: The quantum transmitting boundary method. J. Appl. Phys. 67, (1990), 6353–6359.

[47] Krein M.G.: Basic propositions of the theory of representations of hermitian operators with deficiency index (m, m), Ukrain. Mat. Z. 1 (1949), 3–66.

[48] Langer, H., Textorius, B.: On generalized resolvents and Q-functions of symmetric linear relations (subspaces) in Hilbert space, Pacific J. Math. 72 (1977), 135–165.

[49] Lax, P.D., Phillips, R.S.: Scattering Theory, Academic Press, New York-London 1967.

[50] Malamud, M.M.: On the formula for generalized resolvents of a non-densely defined Hermitian operator, Ukr. Math. J. 44 (1992), 1522–1547.

[51] Martin, Ph.A.: Scattering theory with dissipative interactions and time delay Nuovo Cimento B (11) 30 (1975), no. 2, 217–238.

[52] Naboko, S.N.: Wave operators for nonselfadjoint operators and a functional model, Zap. Naučn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 69 (1977), 129–135.

[53] Naboko, S.N.: Functional model of perturbation theory and its applications to scattering theory, Trudy Mat. Inst. Steklov. 147 (1980), 86–114, 203.

[54] Neidhardt, H.: Scattering theory of contraction semigroups. Report MATH 1981, 5.

Akademie der Wissenschaften der DDR, Institut für Mathematik, Berlin, 1981.

[55] Neidhardt, H.: A dissipative scattering theory. Oper. Theory Adv. Appl. 14 (1984), Birkhäuser Verlag Basel, 1984, 197–212.

[56] Neidhardt, H.: A nuclear dissipative scattering theory, J. Operator Theory 14 (1985), 57-66.

[57] Neidhardt, H.: Eine mathematische Streutheorie für maximal dissipative Operatoren.

Report MATH, 86-3. Akademie der Wissenschaften der DDR, Institut für Mathematik, Berlin, 1986.

[58] Neidhardt, H.: Scattering matrix and spectral shift of the nuclear dissipative scattering theory, Operator Theory: Advances and Applications 24 (1987), Birkhäuser Verlag Basel, 236–250.

[59] Štraus, A.V.: Extensions and generalized resolvents of a symmetric operator which is not densely defined, Izv. Akad. Nauk. SSSR, Ser. Mat. 34 (1970), 175–202 (Russian); (English translation in Math. USSR-Izvestija 4 (1970), 179–208.

[60] Pavlov, B.S.: Dilation theory and spectral analysis of nonselfadjoint differential operators, Mathematical programming and related questions (Proc. Seventh Winter School, Drogobych, 1974), Theory of operators in linear spaces (Russian), pp. 3–69, Central. Èkonom. Mat. Inst. Akad. Nauk SSSR, Moscow, 1976.

[61] Weidmann, J.: Lineare Operatoren in Hilberträumen. Teil II: Anwendungen, B. G.

Teubner, Stuttgart, 2003.

[62] Yafaev, D.R.: Mathematical Scattering Theory: General Theory, Translations of Mathematical Monographs, 105. American Mathematical Society, Providence, RI, 1992.