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RANDOM WALK IN RANDOM SCENERY 1

Abstract: We investigate random walks in independent, identically distributed
random sceneries under the assumption that the scenery variables satisfy Cramér’s
condition. We prove moderate deviation principles in dimensions d > 2, covering
all those regimes where rate and speed do not depend on the actual distribution of
the scenery. In the case d > 4 we even obtain precise asymptotics for the annealed
probability of a moderate deviation, extending a classical central limit theorem of
Kesten and Spitzer. In d > 3, an important ingredient in the proofs are new con-
centration inequalities for self-intersection local times of random walks, which are of
independent interest, whilst in d = 2 we use a recent moderate deviation result for
self-intersection local times, which is due to Bass, Chen and Rosen.

1. INTRODUCTION

In the world of stochastic processes in random environments, random walks in random scenery repre-
sent a class of processes with fairly weak interaction. Nevertheless, they have deservedly received
a lot of attention since their introduction by Kesten and Spitzer [KS79] and, independently, by
Borodin [Bo79a, Bo79b]. A major reason for this interest is that in d < 2 the simple random walk in
random scenery exhibits super-diffusive behaviour. However, in dimensions d > 3, when the under-
lying random walk visits most sites only once, the behaviour of the random walk in random scenery
is diffusive. Here finer features, like large deviation behaviour, have to be studied in order to get an
understanding of the interaction of walk and scenery.

To define random walk in random scenery, suppose {Sy: n > 0} is an underlying random walk on z?
started at the origin, and {£(z) : z € Z?} are independent, identically distributed real-valued random
variables, which are independent of the random walk and which are called the scenery. Random walk
in random scenery is the process {X,,: n > 0} given by

Xn = Z &(Sk) = Z £n(2) €(2) for n > 0,

1<k<n z€74
where £,(2) := > cp<n 1{Sk = 2} are the local times of the random walk at the site z.

Throughout this paper we make the following additional assumptions on the model. The underlying
walk is a symmetric and aperiodic walk in dimensions d > 2, such that the covariance matrix I' of
Si is finite and nondegenerate. Moreover, the random variable £(0) is centred, i.e. E£(0) = 0, with
variance 0% > 0, and satisfies E|£(0)|® < oo and Cramér’s condition,

]E{ eef(o)} < 00 for some 8 > 0. (1)

The early papers by Kesten, Spitzer and Borodin establish central limit theorems for the random walk
in random scenery. Indeed, it is (implicitly) shown in [KS79] that, for d > 3,

Xn ntoo

— 0,0(2G(0)—-1 2

2 1% N (0,0(26(0) - 1), 2)
where G is the Green’s function of the underlying random walk. Bolthausen in [Bo89] extended this
to the planar case by showing that

Xn
v/nlogn

Al N(@O,771).
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Hence, moderate and large deviation problems for the random walk in random scenery deal with the
asymptotic behaviour of P{X,, > b,} for b, > /n, i.e. limb,/\/n = oo, if d > 3, and b, > /nlogn if
d = 2. Let us remark for completeness that Kesten and Spitzer have also established a limit theorem
in distribution for Xﬂ/nB/4 with non-Gaussian limits for d = 1, a case we do not consider in this paper
as large and moderate deviations are more or less fully understood in this case.!

Large deviation problems for random walks in random scenery in dimensions d > 2 have only recently
attracted attention, see [GP02, GHK06, GKS05, As06, AC05, AC06], and also [CP01, AC03, Ca04]
where Brownian motions are used in place of random walks. The fascination of this subject stems from
the rich behaviour that comes to light when large deviations are investigated. The intricate interplay
of the walk with the scenery leads to a large number of different regimes depending on

e the dimension d of the underlying lattice Z¢,
e the upper tail behaviour of the scenery variable,
e the size of the deviation studied,

to name just the most important ones. For example, Asselah and Castell [ACO06], restricting attention
to dimensions d > 5 and scenery variables with superexponential decay of upper tails, have identified
five regimes with different large deviation speeds. Heuristically, in each regime the walk and the
scenery ‘cooperate’ in a different way to obtain the deviating behaviour. Up to now only one of these
regimes has been fully treated, including the discussion of explicit rate functions. This is the very
large deviation regime discussed (together with a number of boundary cases) by Gantert, Konig and
Shi in [GKS05]. In this regime it is assumed that

logP{£(0) > z} ~ — D z? as z 1T oo,

1+q

for some D > 0 and ¢ > d/2. Then, for any n € b, K n 9 , as n T 00,

_ 2g—d 29
log P{X,, > by} ~ Kn a2 b3**, (3)

where K = K(D,q,d) > 0 is a constant given explicitly in terms of a variational problem. The
underlying strategy is that the random walk contracts to grow at a speed of

itg diz L
nd+2 /bn L n?,

and the scenery adopts values of size b,/n on the range of the walk. The right hand side in (3)
represents the combined cost of these two deviations.

In the present paper we study moderate deviation principles, providing a full analysis including explicit
rate functions and, in dimensions d > 4, even exact asymptotics of moderate deviation probabilities.
We consider as moderate deviations the regimes extending from the central limit scaling up to the
point where either the deviation speed or the rate function start to depend on the actual distribution
of the scenery, or in other words where tail conditions stronger than Cramér’s condition would have
an impact on the speed or rate of the deviations.

Heuristically, our results, which will be described in detail in the next section, show that in d > 3
throughout the moderate deviation regime the deviation is achieved by a moderate deviation of the
scenery without any contribution from the walk. The rates therefore agree with those obtained for
fized walk in a random scenery by Guillotin-Plantard in [GP02]. Crucial ingredients of our proofs are
concentration inequalities for self-intersection local times of random walks, see Proposition 11. Our
exact asymptotic results for the moderate deviation probabilities build on classical ideas of Cramér.

IThis information was communicated to us by F. Castell.
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In d = 2, by contrast, the moderate deviation regime splits in two parts. If y/nlogn < b, < y/nlogn
then, again, we only have a contribution from the scenery and the walk exhibits typical behaviour.
However, if y/nlogn < b, < n/logn the random walk contracts, though in a much more delicate way
than in the very large deviation regime: The self-intersection local times of the walk, which normally
are of order nlogn are now increased to be of order y/nb,. At the same time, on the (contracted)
range of the walk, the scenery values perform a moderate deviation and take values of size b,/n. Our
results in the case d = 2 rely on moderate deviation principles for renormalised self-intersection local
times of planar random walks recently obtained by Bass, Chen and Rosen [BCRO6].

2. MAIN RESULTS

Recall that we assume that the random variable £(0) satisfies Cramér’s condition (1) and o2 > 0
denotes its variance. For d > 3 we define the Green’s function of the random walk by

G(z) = ZIP’{Sk =z} for z € Z%.
k=0

Theorem 1 (Refined moderate deviations in dimensions d > 4).

There ezists a regularly varying sequence (a,) of indez %, such that, if d > 4 and nr & b, < a,, then

bn
P{anbn}ml(l)(\/chn(QG(O)1)) asn oo,

where ® denotes the standard normal distribution function.

Remark 2. This result extends the central limit theorem (2) to the moderate deviation regime. Note
that asymptotics of this degree of precision are very rarely encountered in stochastic processes beyond
the independent case. In this theorem we are restricted to dimensions d > 4 as our proof requires an
analysis of friple self-intersections of random walks, for which d = 3 is the critical dimension.

In dimension d = 3 we can no longer provide precise asymptotics, but we can still prove a full moderate
deviation principle with the same speed and rate function as in d > 4.

Theorem 3 (Moderate deviations in dimensions d > 3).

Ifd>3 and n> <<bn<<'n§, then, as n 1T oo,

b2 1

n 202(2G(0)—1)°

log P{X,, > b,} ~ —

Remark 4. In this regime the deviation is entirely due to the moderate deviation behaviour of the
scenery, whereas the random walk does not contribute and behaves in a typical way. Asselah and
Castell [AC06] show that the regime in this result is maximal possible under Cramér’s condition, more
precisely, higher regularity features of the scenery distribution decide whether this behaviour persists
when b,, grows faster than n2/3.

Remark 5. For the sequence b, = n® with 1/2 < 8 < 2/3, the deviation speed 72?1, but not the rate
function, in this result was identified by Asselah and Castell [AC06] in d > 5 and by Asselah [As06]
in d = 3, under the additional assumptions that the law of £(0) has a symmetric density which is
decreasing on the positive half-axis.
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Turning to d = 2, we define 3¢ to be the optimal constant in the Gagliardo- Nirenberg inequality,

1 1
sei=int {c : [|flla < c|[VFI3 IfI3 for all f € C1(R?))}.
This constant features prominently in large deviation results for intersection local times of Brownian
motion and random walk intersection local times, see [Ch04] for further discussion of the Gagliardo-

Nirenberg inequality and the associated constant s.

Theorem 6 (Moderate deviations in dimension d = 2).

(a) Ifnliw/logn b, K ne logn, then, as n 1 oo,

bi m(det F)1/2

nlogn 202

logP{X, > b} ~ —

(b) Ifnli logn € b, < n/logn, then, as n 1 oo,

by (detT)'/*

logP{X,, > bp} ~ —\/ﬁ s

(c) Finally, for every a > 0,

logP{X,, > anz logn} ~ —I(a)logmn,

where
7ra2(det F)l/z o
i Sl < - -
I(a) == 202 ’ fora < 732 (det T')1/4
o a (det F)1/4 1 s S o
— ora> ——
o? Omact’ ~ mi?(det F)1/4

Remark 7. In regime (a) the deviation is due to the moderate deviation behaviour of the scenery only,
but in regimes (b) and (c) there is an additional contraction of the walks to achieve the moderate
deviation. There is only a very small gap between our moderate deviation regime and the large
deviation regime studied in [GKS05]: Assuming that all exponential moments of £(0) are finite and
b, = an, for some a > 0, they obtain a large deviation principle with speed n!/? and a rate function
which is strongly dependent on the moment generating function of the scenery variable.

Remark 8. In the special case of simple random walk in Gaussian scenery, Theorem 6(a) is known
from [GKS05].

The regime n%\/logn &K b, <€ n/logn, which we consider in Theorem 6, is mazimal for a moderate
deviation principle using only Cramér’s condition. The following large deviation principle shows that
for b, > n/logn finer features of the scenery distribution (in this particular case the constant D)
enter into the large deviation rate.
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Proposition 9 (Special large deviations for d = 2). Assume that, for some D > 0,
logP{£(0) >z} ~ —D=z as z 1T oo, (4)
and suppose that (b,logn)/n — oo andlogb,/logn — € [1,2). Then, as n 1 oo,

n N1/ /
)" ()"

provided the underlying random walk is such that the limit Ky := lim,,_ o

log P{Xp > b} ~ —( (5)

logn
Eléx (0)]
logn

€ (0,00) exists.
Remark 10. Note that this result is the planar case of the regime
log P{£(0) > z} ~ Dz’ as ¢ T oo,

which is described as ‘delicate’ in [GKS05, Remark 1.2]. The proof of Proposition 9 is based on large
deviation results for the maximum of the local times obtained in [GHKO06].

The remainder of the paper is structured as follows. Section 3 is devoted to statements about self-
intersection local times of our random walk, which are of independent interest. The proofs of our
three theorems and Proposition 9 follow in the subsequent four sections.

Throughout this paper we use the symbols P and E to denote probabilities, resp. expectations, with re-
spect to the scenery variables only, and the symbols P and [E to denote probabilities, resp. expectations,
with respect to both the random walk and scenery.

We use the letters ¢, C to denote positive, finite constants, whose value can change at every occurrence,
and which never depend on random quantities. For nonnegative functions f,, g,, possibly depending
on the sampled walk or scenery, the Landau symbols f, = o(gn) and f, = O(gn) denote lim f,/g, = 0,
respectively lim sup fn/gn < 00, uniformly in the sampled walk or scenery.

3. CONCENTRATION INEQUALITIES FOR SELF-INTERSECTION LOCAL TIMES

Recall that {S,: n > 0} is a symmetric, aperiodic random walk on the lattice Z% d > 2, with
nondegenerate covariance matrix I'. For integers ¢ > 1 we define the q-fold self-intersection local time
{£2: n > 0} of the random walk as

28 = Z 2(z) = Z 1{S;, =---= 8} forn>0.

z€L? 1<i3, ig<n
We also denote the mazimum of the local times by

£ .= max £,(z) .
n 1= max fn(2)
The most important quantity is {£: n > 0}, which is simply called the self-intersection local time.
Its asymptotic expectations are
n(2G(0)—-1) ifd>3,
EED~3 4 ) P (6)
nlogn ——s ifd=2.
In d > 3 this is easy, for d = 2 in the strongly aperiodic case this follows from the local central limit
theorem in the form P{S, = 0} = 1/(n 27v/detT)+0(1/n), see [Sp76, Proposition P7.9, p.75], and can
be extended to the periodic case using Spitzer’s trick, see [Sp76, proof of Proposition P26.1, p.310].

The main results of this section are the following concentration inequalities for double and triple
self-intersection local times, which are of independent interest. They are therefore given in somewhat
greater generality than needed for the proof of our main results.
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Proposition 11 (Concentration inequalities). Let n > 2. There ezists a constant ¢ > 0 such that,

a) if d > 4, thenfor:zZn%IO 2n,
(a) g

1
P{£® — )| > 2} < exp{ e 2 };
log n

(b) if d =4, then for z > ns log3n,

1
(2) _ mp2) - z? .
P{e? — B | > 2} < exp | clogmn}’

c) ifd=3, thenfor:zanilo 9/2
(c) g

0[N

z

P{6?) — BED| > 0} <exp{ -

b

3
o]

(d) if d > 4, then for z > ns log? n,

1
(3) _ mp(s) - z3 .
P{‘ZTL Een ‘ > m} < eXP{ clog2/3’n} )

e) ifd =4, thenforasznglo "2y
(e) g

1
(3) _ ) _ L}
{1 — E£ \Zz}gexp{ Clog7/6n :
Remark 12. All of these inequalities are, to the best of our knowledge, new. Similar concentration
inequalities, but only for simple random walk and under considerably stronger assumptions on the
relationship of z and n, have been found by Asselah and Castell in [AC06, Propositions 1.4 and 1.6]
if d > 5, and by Asselah in [As06, Proposition 1.1] if d = 3. In particular, if d > 5, for the special
case z = yn they obtain an upper bound of exp{—cy/n}, which is an improvement of (a). The proofs
in [As06, AC06] are based on a delicate and powerful analysis of the number of sites in Z? visited a
certain number of times, and are therefore of independent interest. In this paper we give a direct proof
of Proposition 11, which entirely avoids the discussion of the number of visits to individual sites, and
is therefore much easier than the method of Asselah and Castell.

3.1 Proof of Proposition 11

We start with some useful estimates for the partial Green’s functions,

z) :ZP{Sk:w}, forn > 2 and z € Z4.
Lemma 13. For alln > 2,
C+/n ifd=3,
Z Gi(z) <} Clogn ifd=4,
zcZ.4 C lfd > 4.

Proof. If d = 3 we have from [Sp76 Proposition P26.1, p.308} that G(z) < C/(1+ |z|). Then

Yan= Y G+ Y < Y 6z ( sup G(z)) Y Gulz)

=€73 z|<v/m 2| >v/7 2| <v/m lz[>v/n 2>/
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The estimate for G(z) shows that the first sum on the right is bounded by Cy/n. We further have,
from the definition of G,, and Chebyshev’s inequality,

( sup G(z ) Z Gn( <C"n_1/2 Z]P’{|Sk|>\/_}<0 _1/221[‘:‘516‘ <C+/n,
z[>v/n \2|>/m k=0 k=0

which completes the argument. In dimension d > 4 we use that, by [Uc98, (1.4)], we have

7(z)
G(Z) S Z m for all z € Zd, (7)
z€Zs

where (7(z): z € Z%) is a summable family of nonnegative weights. If d > 4, by the triangle inequality,

( Z Gg(z)>1/z < Z (Zgz:d o |;r _(mz)dQ)Q)l/z _ ( Z 7;-(;3)) (zgz:d my/%

z€Z4 z€Zd zcZa

which is bounded by a constant. If d = 4 we use first that

S G = DG+ DGR < Y GH) + (sup Gl2)) D Gal2)

4
€74 |z|<n |2[>n |z|<n z€L |z|>n

Clearly, G is bounded, see (7), and an argument analogous to the case d = 3 shows that the second
sum on the right is bounded by a constant. Using the triangle inequality as in the case d > 4 we
obtain for the first sum on the right

(@) < S (Y g

|z|<n TEZLL |z4z|<n

It suffices to show that the content of the round bracket on the right is bounded by a constant multiple
of logn, uniformly in z € Z% On the one hand, if |z| < 27 this follows easily from the fact that the
sum can now be taken over all z € Z* with |z| < 3n. On the other hand, if |z| > 2n the sum can be
taken over the annulus |z| — n < |z| < |z| + 7= and is thus easily seen to be bounded by a constant. [

The proof of Proposition 11 requires the following ‘folklore’ lemma about the intersection of two
independent random walks {S,: n > 0} and {S},: n» > 0} with S; = S}. Denote

n n—1

A, = ZZl{Si =S5;} forn>1.

2=1 3=0

Lemma 14. There ezists a constant 9 > 0 such that,

(a) if d > 4, then sup Eexp {19A,11/2} < o0}
n>2

(b) if d =4, then sup Eexp {19 Al/z} < 00}
n>2

2/3

(c) ifd=13, thensup]EeXp{'l?(A") }<oo
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Proof. From the definition of A, we obtain, for moments of order m > 1,

EAT <m! ) > Eﬁ 1S5 = 5;,}

1<51 << gm<n 0<ky ookm<n  1=1

<m! ) > > > ]EHl{SJlfml}]Enl{Skl—m

066m1<_71< <Jm<’n 0<k1< <km<n Z1y.enm =1
<mt Y Y [IGuler— w1)Calenty 2o,
TEC, T1,. - Tm [=1

where &, denotes the group of all permutations of {1,...,m}, and we set zy := 0 =: z,(q) for
convenience. Applying Holder’s inequality,

EAT < (m})? Y HG (21 — z1_1) (Z G?(m))

L1, Tm =1 z€Z2

and from Lemma 13 we obtain, for all n > 2,

(m!)2 C™ nm/2 if d = 3,
EAT < ('rn!)2 C™ (logn)™ if d =4,
(mh2Cm if d > 4.

If d > 4 this implies E(\/A_n)m < /EA™ < m!C™, and (a) follows by considering the exponential
series. The analogous argument for d = 4 gives (b). In d = 3 we need an extra argument to complete
the proof: We write £(m,n) := [n/m] 4+ 1. Using an inequality of Chen, [Ch04, Theorem 5.1] (with
p =2 and a = m), we get, for n > m,

!

k14 +hkm=m
ky,... . km >0

> klel\/ (kal)? ¥ b, m)bss? -/ (k)2 G, m)om?

ky+ - thkm=m
ki, km >0

(211:;1) ml o™ (ﬁ)M/‘l < (m!)3/40m nm/4,

IN

IN

and therefore EA™ < (m!)3/2C™ n™/2, For n < m we get the same estimate immediately from the
trivial inequality A™ < n®™ < (m!)3/2C™ n™/2. We thus obtain, for all n, m, that
B(n~1/3 A2/3™ = p=mB3R( A7) < mic™,

and (c) follows by taking the exponential series. O

Introduce, for n > 1,

n—1 n—-1 n

:zn: 1{S; = S} = Si.} and AL =) 1{8; = S; = S}

1=1 5,k=0 1=0 3,k=1

W
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Lemma 15. There ezists a constant 9 > 0 such that,

(a) if d > 4, then sup Eexp {19 A,11/3} < o0o;
n>2
(b) ifd=4, thensup]Eexp{ﬂ l/2}<oo
The same statements hold when A,, is replaced by A, .

Proof. We only consider A,,, as A}, can be treated analogously. From the definition of A,, we obtain,
for moments of order m > 1,

EA™ < m! >y . Eﬁ1{sji = S;. =S}
=1

1<, <K fm < 0<Ey oo km <
=TT 0k tm<n

< m! Z Z HGn(mi —z_1) EH 1S, = S, = z;},

L1,y 0<ky,..., km<n 2—=1 =1

where we set zo := 0 for convenience. Continuing with Cauchy-Schwarz, we get

< m! < > ﬁGi(mi - 331'—1))1/2 ( > ( > Eﬁ S, =S, = mi})2>1/2-

T1,...,Em 1=1 T1,e0yTm  0<ky,..., km<n 1=1
By Lemma 13 the first bracket is bounded by C™ if d > 4, and by C™(logn)™ if d = 4. To analyse

the second bracket we denote by T, the set of all mappings 7: {1,...,2m} — {1,...,m} such that
#r~Hj}=2forall j € {1,...,m}. For the cardinality of T,, we get

2
#7 < (1) (m? < O™ (2. (8)
m
Given (ki1,...,km) and (L, ..., ln) there exists at least one ordered tuple (&, ..., k5, ) with k] < --. <

ky,, with {ki, ... km, b1, ..., lm} = {k],..., k},,} and 7 € T, such thatT()—] 1fk'—l or k'—k

Hence we obtain,

m 2m
Z EH 1{5;61 — Sl’l — :Ez'} S Z Z HP{S;C: - S]I°~L1 — :ET(,L) - mr(i—l)}

0<ky . skm<n =1 TETm 0<k;<---<kj,  <n 2=1
0<ly o lm<n ===
2m
< E HGTL(ET(’L) - m7-(1'71));

and, using the triangle inequality,

( 2502 HG (ot~ T(i_l)))2>1/2g 2 ( 2. ﬁGi(mr(i)iﬂr(i—l))>l/2

Tl Tm  TETmi=1 TETm Tl Zmi=1

< #Tm ( > ﬁGg(zi - mil))l/z.

T1, . T2am 1=1
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By Lemma 13 the bracket is bounded by C™ if d > 4, and by C™(logn)*™ if d = 4. Thus, together
with (8), we obtain the estimates

| )3 .
EA™ < (m.C ) \ if d> 4,
(m!C™ (logn)™/?)" if d=4.
But E A,ll/3 m < (EAT 1/3, and both statements follow by taking exponential series. O
n g

For any N > 0 we use the classical decomposition

N 291

G —BLy =23 > A

7=1 k=1

where

Ajp = Ajp(N) = > (1{51 =Sm} —P{S = Sm})'
(2k—2)2N—J<ig(2k—1)2N—J
(2k—1)2N—J <m<(2k)2N -7

For fixed 1 < 5 < N the random variables Zj,k, for k = 1,...,277 1 are independent, identically

distributed with the law of A,nv—; — EA,n ;. The next proposition exploits this independence, and
the moment results of Lemma 14 to give large deviation upper bounds.

Proposition 16 (Large deviation upper bounds). For every e > 0 there ezists ¢ = c(g) > 0 such that,
forall1 <7< N,

2i—1
(a) if d > 4, then ]P’{ sz7k(N) > em} < exp{ - cﬁ} for all z > (2N)2/3;
k=1
2i—1 =
(b) if d =4, then IP’{ sz,k(N) > 6:1:} < exp{ - c,/ﬁ} for all z > N(2N)?/3;
k=1
2t 2 2/395/3
(c) if d =3, then IP’{ ZAj,k(N) Zem} < exp{ fc;—N} +exp{ - C:EQTM}
k=1

for all z > N9/? (2N)1/2.

The proof of this result will be postponed to the next section.

Completion of the proof of Proposition 11(a) — (c). We use two simple ingredients, stated below
as (9) and (10). First, note that, for any N > 0 and any choice of nonnegative weights p;, 1 < j < N,
with Y p; < 1, we have

N 2i-1 N 271
- - EYD;
P{‘E(;]z, — EE(ZZI\H > Ey} = P{Z‘ E E Aj,k > sy} < E P{‘ E Aj,k > 9 J } (9)
7=1 k=1 7=1 k=1

Second, for any n > 2 there exists the representation
n=2MN 4. .. 49N

where [ > 1 and N; > --- > N; > 0 are integers. Note that ! < clogn. Write ng := 0 and
n =2 4N for 1 <5< I, and denote

B,‘ = Z 1{SJ = Sk}, and D,‘ = Z 1{SJ = Sk}

n;_1 <j<k<n; n;_1<j<n;
ni<k5n



RANDOM WALK IN RANDOM SCENERY 11

Then > cichan 1{S; = Sk} = S Bi + Y121 D, We thus have, for any choice of nonnegative
weights ¢;, 1 < i < [, with 3 ¢; < 1, for z large enough to satisfy zq; > 4ED;,

l -1
P{e? - B > 2} <> P{B; - EB;| > ZE} + > P{D; > 2L} (10)
1=1 1=1

Depending on the dimension, we use the ingredients (9 ) and (10) with different choice of weights. If
d = 3 we define ¢; = b2Vi=N)/2 with b — (E‘x’ 279/2)=1 and apply (9) for

N=N; y= Z—(g and weights p; = aj 2 with a = (ijz) ;

where € > 0 may be chosen independently of ¢, j such that yp,;/2 > N19/2(2Ni)1/2. Using (9), Proposi-
tion 16 (c) and that [ < clogn, this gives

el 5512 ) <33 ) e o)

=1 3=1 (11)
22/3
< exp{ c 1/3}

As (with 4 denoting equality of distributions)

N; p— g 2N oV;
DhZZHs =S531<> Z 1{S; = S;} = A,n,
7=1 k=1 j=1 k=0

the second sum in (10) can be estimated using Chebyshev’s inequality and Lemma 14,

ZP{D > qu} < ZP{gN /2 = 42:‘;‘;11/2}

B (12)
zq; \2/3 £2/3
SZGXP{—C(—zw?/z) P} <exp{-cznl,
=1
and the proof of (c) follows by plugging (11) and (12) into (10). The proof of (a), (b) is analogous,

but now the weights are chosen to be equal, i.e. p; = 1/N and ¢; = 1/l. We leave the obvious details
to the reader. O

An analogous argument can be carried out for triple self-intersections. Indeed, for any N > 0 we have

N 2i-1 N 2i-!
AEDIDITED D DY N (13)
7=1 k=1 7=1 k=1
where
R o= )3 (181 = Sm = Su} — P{S = 5 = 5.})
(2k—2)2N—J<i<(2k—1)2N—J
(2k—1)2N—J<mn<(2k)2N—J
and

Ay = 3 (1{sl — S = S} — P{S) = S = sn}).

(2k—2)2N—J <i,m<(2k—1)2N—J
(2k—1)2N—J <n<(2k)2N—J
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Again, for fixed 1 < j < N the random variables A;4, for k= 1,...,277! are independent, identically
distributed with the law of Agn—; — EA,~—;, and the random variables X;-,k, fork=1,...,277 are
independent, identically distributed with the law of Alx_; — EAJ

oN=j-
Proposition 17 (Large deviation upper bounds). For any e > 0 there ezists ¢ = c(g) > 0 such thal,
forall1 <3< N,
gi—1
(a) if d > 4, then IP’{‘ ij’k‘ > em} < exp{ - c:cl/?’} , for all z > (2N)3/5;
k=1
2i-1

(b) if d =4, then IP’{‘ Z Kj’k‘ > E:I:} <exp{-c (N;z/g)l/s} , for all ¢ > N3/2(2NY3/5,

The same estimates hold for Kj,k replaced by K;k

Again we postpone the proof of Proposition 17 to the next section and first complete the details of
the remaining parts of Proposition 11.

Proof of Proposition 11(d),(e). For any N > 0, we have by (13),

~ N Qj_l ey
]P’{|z(23 Ee(;]\),\ > ey} = ]P’{‘ le ;A], } {‘ JZl > > ?}
N 2i-1 9i—1 . (14)
e[Sz 2y S mle 2
j=1 k=1 1

For any m > 2 there exists the representation n = 2M 4 ... 4 2M where Ny > --- > N; > 0 are
integers. Note that [ < clogn. Write ng := 0 and n,; := oM ... 4 2N for 1 < i<, and denote

B; = Z 1{S; = Sk =51},

ni_1<gkl<n;

D,L' = Z 1{Sj = Sk = Sl} and E,L' = Z l{S]' = Sk = Sl}
ni_1<ik<n; ni_1<i<n;
n;<l<n n; <k, <n

Then £ = 25:1 B; + Ei;i D, + Ei;} E,;. As ED, and EE, are bounded by a constant multiple of
log n, we get for all sufficiently large z,

l -1 -1
P{£Y —E|>a} <Y P{B;~EBi| > 5} + Y P{D:> g} +> P{E:> 5} (15)
1=1 =1 1=1

We now look at the case d = 4. Using (14) with y = z/(3le), Proposition 17(b) and that ! < clogn,
this gives

ZIP’{|B EB\>3I}<QZZeXp{fc

=1 7=1 lN

1/3

o)) Sexp{céﬁn}. (16)

As we have

—1 n—mn; —1 2D

z z 5 145, = 50 = s }<zzl{s—sk— AR

=0 m=1 =0 m=1
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the second sum in (15) can be estimated using Chebyshev’s inequality and Lemma 15(b),

= { } = Aln, z z \1/3 z!/3
PiD;, > £1 < IP’{ in}glexp{—c(—) }Sexp{—ci}. (17)
; ¥ ; N2 T N3 IN2/? log®/® n
The same estimate holds for E; in place of D;, using the estimate for A,~; instead of A;Ni. The proof
of (c) follows by plugging this, (17) and (16) into (15). The case d > 5 is analogous. O

3.2 Proof of Propositions 16 and 17

Proof of Proposition 16. We first give the argument in the case d > 5. Take a continuously
differentiable function g: (0,00) — R with non-increasing derivative, such that

(a) ¢'(z) > 2/z for all z > 0,
(b) g(z) = ¥/ for all z > zo,

where 9 is chosen as in Lemma 14. For 1 < 7 < N denote
by(N) = E| exp {g(A;1(N))} 1{A;1(N) > 0},

and recall from Lemma 14(a) that b;(/N) is uniformly bounded in j and N. By Theorem 2.3 of [Na79]
(with y1 =2 =73 =1/3, vy = 2/3 and § = 2) we obtain the bound

2i-1

P{sz,kZEm} < elf? exp{—wﬁ%} (18)
k=1

4+ el/Z exp{ _ ZaE:M } (19)
357 (s

197 b;(N) el/? exp{ —g(%sm)} _1_21'71]?{2]_,1 > %537}; (20)

where V;(N) is the variance of 4; 1, the constant a is the unique solution of the equation (u+1) = e* 1,

and S~! is the inverse of the strictly decreasing function u = S(u) := e~9(¥) g(u)u?, see [Na79, p.765].
By Chebyshev’s inequality,

P{Zj,l > m} < (sup sup bj(N)) e 9(=),
N j<N
and therefore the two terms in (20) are bounded by a constant multiple of
2Nexp{fg(§sm)} forall 3 < N.
Recalling the definition of ¢ we arrive at an upper bound of
C exp{ —c \/E} for all N > 1. (21)

If z > (2V)2/3) then ¢%/27-1 = ¢'/2¢3/2/27-1 > \/z for all j < N. Further, using this inequality and
the boundedness of V;(IV), the term in (18) is also bounded by a constant multiple of exp{—cy/z}.

To show that also the term in (19) is negligible, recall that the function S is strictly decreasing. Hence,
the term in (19) is bounded by
T
Cexp{ 7675—1( . )}

oN/3

From the definition of the functions g and S it is easy to see that
S_l(zNﬁ) < CN?2.
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This implies that the term in (19) is bounded by a constant multiple of exp{—cz/N?}, and is therefore
also negligible compared to (21). This completes the bound for 3" A, ;. The same reasoning can be
applied with ij,k in place of Zj,k, using only the trivial fact that ij,l is bounded from above, uni-
formly in 7. Hence we get the same bound for — 3 Zj,k. This completes the proof in dimensions d > 5.
The result in d = 4 is a modification of this argument, using the random variable (N —j) 14, instead
of A;k, and details are left to the reader.

Turning to dimension d = 3, we use that

9i—1 9i—1

]P’{ ’; A > Em} = ]P’{ Z 2(1?1.,;/2 2 EQ(N:')/Z}’

and choose a function g: (0, 00) — R which satisfies the same conditions as above, except that we now
replace condition (b) by g(z) = ¥ z*/3 for all £ > ¢, and ¥ as in Lemma 14. We define

b;(N) = E[ exp {g(4;,/2% /%) 1{4;, > 0},
and by Theorem [Na79, Theorem 2.3] we obtain

j—1 I
! 2

4; z . .
]P’{ ; 2(1\71]]-6)/2 >e€ 2(N7j)/2} < exp{ — c2—N} —l—exp{ — 62(1\77]-)/2 571(2( — )} (22)

N+j)/2

. T - Z',l T
+C27b;(N) exp{ —g(cm)} +27 1P{2(sz)/2 > c2(N_j)/2}. (23)

The two terms in (23) are bounded by 2V exp{—cz?/3/2(N=9/3}. To bound the last term in (22) we
use that, for z > 2N/2 /N2,

to get
T z27/2
expy — € — — — <expy —C—mais (-
{ 2(N-35)/2 g 1(W)} { 2N/2N3/2}
As z > 2N/2N9/2 this term is also bounded by exp{—cz?/3/2(N-7)/3} completing the proof. O

Proof of Proposition 17. We use the same arguments as in Proposition 16, but now for a function
g: (0,00) — R with condition (b) replaced by g(z) = 9z'/3 for z > zo. Then both terms in (20) give
contributions bounded by exp{—cz!/3}. 1f z > (2V)3/5 then 22/27- > 2!/3 and hence we obtain
the same bound for (18). Under the same condition z > (2V)3/5, we have

S~ ex/227Y) < S71(c/(2M)¥/?) < C N3,

hence the term in (19) is of smaller order. O

3.3 A large deviation bound for the maximum of the local times

We complete this section with an easy lemma, which provides bounds for the large deviation prob-
abilities of the maximum £ of the local times. Ideas for this proof are taken from Gantert and
Zeitouni [GZ98].
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Lemma 18 (Large deviation bounds for the maximal local time). There ezists ¢ > 0 such that
(a) if d > 3, then for each sequence a, — oo and alln > 2,

]P’{Z;"") > an} <n exp{ — can};

(b) if d = 2, then for each sequence a,/logn — oo and alln > 2,

() _ “"}
P{Zn >an}§nexp{ Clogn )

Proof. Without loss of generality we may assume that all a,, are positive integers. We first reduce the
problem to a large deviation bound for £,(0). Defining the stopping times T, := min{k > 1: Sy = z}
we have, for all nonnegative integers z,

P > 2} <Y Pia(2) > 2} =) zn:IP’{TZ = k}P{l,_x(0) > z}

2€7.4 z€72k=1
<P{ta(0) > 2} ) P{T. <n}.
z€7Z,¢

Now > P{T, < n} < > > 7_P{Sk = 2z} = n, so that it suffices to bound the large deviation
probabilities of £,(0). By the strong Markov property applied at the successive hitting times of the
origin, we get

P{0,(0) > a,} <P{To < n}™. (24)
In the transient case, d > 3, this gives (a) with ¢ := —logP{T5 < oo} > 0. In the recurrent case d = 2,

we use the last exit decomposition, for all 2 < k < n,

n

k
1<) P{S; =0} P{£n_(0) =0} + » P{S;=0}.

=0 j=k+1
By [Sp76, Proposition P7.6, p.72] we have P{S,; = 0} < 5 for j > 1. This implies that
~ 1
(log k) P{£,, 1(0) = 0} > 0[1 - c( 3 ;)} .
j=kt1

Now let k& = [nn] and choose n € (0, 1) sufficiently close to one, so that the right hand side is bounded
from zero by a positive constant. Hence,

c

P{T> n{1 )} = Pl y(0) = 0} > 5o
and thus log P{7; < n} =log(1 —P{T, > n}) < —¢/logn. Plugging this into (24) completes the proof
of (b). O

4. PRECISE ASYMPTOTICS IN DIMENSIONS d > 4: PROOF OoF THEOREM 1

The main ingredient of the proof is the following proposition. Recall that the probability P refers
exclusively to the scenery variables with fixed random walk samples, and the Landau symbols are
uniform in these samples.
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Proposition 19. Assume that, for some A > 0 and all sufficiently large n,
= Z £(2) <nlog?n and V2i=o? Z 2(2) < An.

VA z€7.4

Then, for \/n < b, < n*3/log®?n, we have
2

P{ Y e 2 b} = 2 e { - g (1401,

z€7.2

Proof of Theorem 1. On the event
{168 — B3| < n*3log®n, £ < nlog? n}

we have

V2 =0 ELD) + O(n*/®log® n).
Since for d > 4,

E2) — n (2G(0) — 1) = O(logn),
we obtain

V2 =no?(2G(0) - 1)+ O(n*®log®n).
Thus, if we assume /n < b, < n2/3/10g3/2 n =: a,, we have
b bn

T2 T “amerpac(o) 1) T

Using that

1—®(z) = e T (1+0(z?)), as ¢ — 00,

1
V2onz
and abbreviating p2 := 2n0?(2G(0) — 1) we obtain, on the same event,

2

Vo oyxpd _ Pn
N P 2V2

T =80/ =14 o(1).
Therefore, for a constant ¢ > 0 and all large n,
P{X, > bn}
1 — ®(bn/pn) - ‘

<E

2
ot P {2y}

52, o2
+ P{|2 — EL| > n?/3log® n}e‘m + P > nlog?n}e™ .

‘P{Zén(z)f(z) > bn} _ 1‘ 1{M£12) _ ]Ezslz)‘ < n2/3 10g3 n, ES) < n10g2 n} 4 0(1)

(25)

By Proposition 11 both probabilities in the last line are bounded by exp{—cn1/3} if d > 5, and by
exp{—cn!/3/log'/?n} if d = 4. As b, < a, we have b2/n <« n'/3if d > 5, and b2/n < (n/log? n)1/3
if d = 4, hence the summands in the last line go to zero, and together with Proposition 19 this implies

Theorem 1.

O

Proof of Proposition 19. Recall Cramér’s condition (1) and denote f(h) := EePé() for all h € [0, 6).

For fixed » > 1 and A > 0 satisfying the condition
he) < &

(27)



RANDOM WALK IN RANDOM SCENERY 17

we introduce a family {Y,: z € Z%} of independent auxiliary random variables with distributions

PV, <o} = (fa(2) ' [ M aP{t(21EC) <o}

We define
m, :— EY,, o2 := E[(Y, —m,)?], 7.:= E|Y, —m,|3,

M, (h) := EzEdeZ7 V,f(h) = EzEZd 03, (k) = Ezezd'yz )
From the definition of Y, we infer that

T

P{Zn(z)f(z) < :1:} = f(hln(2)) / ety dP{Y, < y},

and therefore
P{ 3 ta(2)é(2) > b} = [T F(htul )/ e aP{ v, <u).
zc7Z4 zc7Z4 zc7Z4e
Substituting y = My (k) 4+ 2V, (k) and denoting T := (DY, — M, (h))/Va(h), we get

P{ Z La(2)€(2) > bn} = exp{ — hMn(h) + Z log f(ﬁn(z)h)}

A ZE%: (28)
X exp{—hzV,(h)}dP(T < z).

by — My, (R
Vn(h)

Now we show that (27) implies that, for some constant ¢ > 0, we have
AV —ch®Ty < Mp(h) < AVZ + ch’Ty,. (29)
Obviously,
£n(2) f'(n(2)R)
fltn(2)h)
On the one hand, using that all derivatives of f are increasing, we get
F(n(2)B) < F7(0) n(2) b+ § F(En(2)B) £2(2) B2 < 0™ bul2) b+ § £7(6/2) £2(2) b2

and the second inequality in (29) readily follows from this together with the fact that f(£,(2)h) > 1.
On the other hand, noting that f/(£,(z)h) > 02 £,(z) h and

flln(2)R) < 1+ f'(€n(2)h) £n(2) h < 1+ f'(8/2) Ln(2) R,

tn(2) ['(€n(2)R)
fln(2)h)

and thus M, (h) = Z
zc7a

m, =

we obtain the bound

M, (R) > Z 1+f’(0/é))lf =hao® Y L(2)- f'(6/2)0* K> Y £(2)

z€7.4 zc7.4

Summarizing, we see that (29) holds with ¢ := max{c?f'(6/2),1 f"'(6/2)}.

Let hE denote the positive solutions of the quadratic equations
Vih+ el B2 =b,.

It is easy to see that

b T,52
hf:W—I-O( VG) as n — 0o, (30)

n n

provided that I',,b,, = O(V,}).
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From our assumption T, < nlog’n we get &(100) < n'/310g?*n and thus (27) holds for all
h < 0/(2n1/310g2/3n). Since b, < n2/3/logn and T'pb? < n7/3 but V2 > n we obtain that
h; < n'/3/logn + O(n2/3) and thus h; is in the domain given by (27), for all large 7. Hence
the inequalities (29) hold for all 0 < A < h, and so, on the one hand, we have M(h,) > b,, and on
the other hand, as h < h,, we have M(h}) < b,. Therefore there exists h, € [h},h,] such that
M(hy,) = b,. Applylng (30) gives

b, Ipb2
hn:V_T%—I—O( VG) as n — 0o. (31)

n

Clearly,
log f (¢n(2)hn) = log (1 + % £2(2) b, + O(£3(2)h3)) = % £a(2) b + O(£3(2)h3) .

Thus, in view of (31),

b2 r,b3
_ 1 212 3\ _ n nn
Ry M,y (hy) + Eez:dlog F(Ealz)hn) = ~hmbu + V2B +O(Tahd) = =525 + O( 7s ) (32)
Putting A = hy, in (28) and using (32), we obtain
b by, & ehnVa(hn)
P{ln( {(z)>b}—exp{—ﬁ+0( Ve )}/0 e dP(T < z). (33)

Integrating by parts gives, for a standard normal random variable N,

/ e ™ hnValhn) dP{T < 2} = / P{T < 2} hy Vi (hy) e P Vn(Pn)® dg
0 0

oo}

:/ P{N < 2} hy Vo(hn) e P V()@ dg / A(2) b V(b )e P Vb = gy
0 0

1o o0
= —/27/0 exp{ — hnVa(hn)z — 5} do +/0 A(2) by Vg (h) e HVr(bn)® g

where A(z) := P{T < z} — P{N < z}. By Esseen’s inequality, see for example [Pe75, Theorem V.3],
there exists an abolute constant C > 0, such that

Tpn(hn)
sup Az)| < C Va(ha)
Therefore
o 1 o0 2 r (h’)
ehnVo(hn) gPIT « 71 — / — A V() z — T Vde| < C 222
= <o}z )y ol AmValb)o - Gdef <Cgag
Evidently,
hon Va( - dz
\/27r/ exp{ 2}
1 h2V2(hn) o0 (2 4 BnVa(ha))?
—mexp{—g | [on{ GOy,

= exp {2l )} (19, 1,(n,)).

We now show that, for a suitable constant C' > 0,
V2 (hy) = V.2 + O(Tphn) and Tn(hy) < CT,,. (35)



RANDOM WALK IN RANDOM SCENERY 19

First, we obtain that

Vi) = Y o2 = Y £() £ 2] = (F (n(2)Pn))"

i 2€7,4 2€7,4 fln(2)hn)
= 3" B(2) (02 + Otn(2) hn)) = V2 + O(Tnhn)
z€Z4

Second, for an upper estimate of I',,(hy,), we note that
0
E|Y,]? = 2/ y2dP{Y, < y} + EY2.

From the definition of Y, we get, on the one hand,

o] o]
[Pt < = st [ wtearie) < g

— O

< £(2) / o dP{€(2) < 2} < £2(2) EJE(0)?,

and, on the other hand,

2 W BE) _ oy
By = LB < () 16/2).

The two bounds imply that E|Y,|3 < (f”’(0/2)—|—2'y)£g(z), and combining this with m, < f'(8/2) £,(2)
gives v, < E|Y,|®> + m3 < C£3(z) and therefore we have proved (35).

From (31) and (35) we thus get

by, Tobay ) /2 _ b Tpbn
V2 V,g)) :VH(H‘O(V,;1 ))

Recalling that b, > v/n and V,2 < An we conclude that h,V,(h,) — co. Then, using (26),

PV (B) = ( +O(F;§i)) (V,3+0(

R2V2(hn)/2(1 _ __r 1
e (1 — @(hnVn(hn)) = NI (1 +O(h%Vﬁ(hn)))

Va V2
= 1+0 +O0(#
mbn ( ( ) ( b2, ))
Substituting this into (34) gives
[%e) V. V2
“heVnlhn)e gpIT < 2} = 2 (140 +0(g
A € { :E} \/ﬂbn ( ( ) ( EL))
and the result follows by plugging this into (33). O

5. MODERATE DEVIATIONS IN DIMENSIONS d > 3: PROOF OF THEOREM 3

5.1 Proof of the upper bound in Theorem 3
We fix € > 0 and let A := 2G(0) — 1+ 3¢. Our aim is to show that

lim sup b—logIP’{ Z £, (2)€(2) > b } 2012 1 (36)

_)
n—oo 2e7.4
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We note that, for any fixed n > 0,
P{ Y a(2)€(2) > b} <P{ Y £a(2)E(2) > by £ <2, 60 < A}
2c74 zcZ4 (37)
+P{f7 > 7+ P{E) > An}.
To see that the second summand is negligible apply Lemma 18 with a,, = nn/b,, which gives

nlogn nn

lim SUp 35 logIP’{E(“’) > "”} < lim sup

n—oo n—oo b% b3

To see that the third term in (37) is negligible, recall from (6) that E£Z) ~ n(2G(0) — 1) and therefore,
for all large n,

= 0. (38)

P{£? > An} < P{g(z R > (Al=e G(O))n} =P{£ — E) > en}.

From Proposition 11 we know that for b,, < n?/3, if d > 4,

3/2
hm sup 5 logIP’{Z — E2) > e'n} < li?jolip fcb;lm = —00,
and, if d = 3,
n nA/3
limsup — logIP’{ZEf) — Ei?) > en} <limsup —¢c—— = —oc0.
n—oo b121 n—oo b2
Combining this, we get
11m sup 7 logIP’{Z(2 > An} = - (39)

It remains to investigate the first term on the right hand side of (37). For this purpose, for the moment
fix {£,(2) : z € Z%} such that
nm

and just look at probabilities for the i.i.d. variables {£(z) : z € Z%}. Denote f(h) := Ee"() for all
h < 0, which is well-defined by Cramér’s condition. Recall that

f(h):exp{%hzaz(l—l—o(h))} as h |} 0.

In particular, given any § > 0, we may choose a small 7 > 0 such that

F(EE)) < e {(1 4 8) anl2) ), (40)

o2 I 202 (Zsf))

8§ < and £2) < An,

where we use that bnfn(m)/ﬁg) < 7. From Chebyshev’s inequality and independence we get that

P a2} < T () oo )

rc7Za

< exp{(l+5) o 21(2 } exp{ — U:—Zf)} < exp{ —-(1-9) 202%471}'

We can now average over the random walk again, and get (36) from (37) together with (38) and (39),
recalling that 6 > 0 was arbitrary. This completes the proof. O
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5.2 Proof of the lower bound in Theorem 3

We impose ‘typical behaviour’ on £ and £5°). More precisely, fix an arbitrary € € (0,1), and also fix
n > 0 which we specify later. We have

]P’{ 3 La(2)€(z) > bn} > ]P’{ 3" La(2)E(2) > b, £ < T 4D < An}
2€7Z¢ 2€79
- E{P{ 3 ta(2) €(2) > bn} 1 < I, 42 < An}},
2€Z4
where A := 2G(0) — 1+ 3¢ and P refers to the probability with respect to the scenery only. To study
the inner probability we now suppose that, for the moment, a random walk sample is fixed, such that

0§ <" and ) < An.

Denote v := E[£(0)|® < co. Hence the variance of the random variable Y ;. £,(2)¢(2) with respect
to P is given by V;2 := 6® 3, ;4 £2(2) and the Lyapunov ratio by L, := vV, > ;445 (2). By [Na02,

Theorem 2] there exist constants c1, ¢3 > 0 such that, for all %Vn <z< 19‘2’}:",
P{ Z £, (2)€E(2) > m} > (1 — @(Vln)) exp{ — ¢z LnVn_3} (1 — 02anVn_1). (42)

zEZ4
Now suppose that 7 > 0 is chosen to satisfy the three inequalities
n < o*/(1967), canyo ® <, and camyo t < e

Using the upper bound on £{*', we get that L, < 2V, b Therefore,

P{ Z £ (2)E(2) > :c} > (1 — @(Vin)) exp{ — clnbf%nVn_‘l} (1 — cz'ynbn%nVn_Q),

ze7Z4

for all (3/2)V, < z < (b,V,)/(1961n). We can use this inequality for z = b,,. Indeed, as V,2 < Ao?n we
get by, > (3/2)Vy, if n exceeds some constant depending only on 2. Also V;2 > o?n and 5 < 0*/(1967),
therefore

bn < b,0°V,2 /(196y7n) < Vi /(196Ly,).

Hence,

P{ Z £, (2)€(z) > bn} > (1— @({b/—:)) exp{ —c1nyo® %} (1 coyo™n). (43)
2€7.4
Substituting (43) into (41) gives

]P’{ Y ta(2)E(2) > bn}
z€Z4

> (1 — cyyo* 7]) exp{ - 707677%} E{(l - @(‘I}—Z)) 1{Vn2 < Ac’n, £ < %}} (44)
> (1-¢) exp{ -~ e2IE[(1-&()) 1{V2 < 40’n} - Plg > 22},

Since, by a standard estimate, (1 — <I>(z)) > exp{—(1 + n) 22/2} for all sufficiently large z, we get

(14 n)b2

B[ (1 - #(&)) 1{V2 < 40%n}| > Eexp { - 2V

} ~P{V2 > Ao®n}. (45)
By Jensen’s inequality, we obtain
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Using Proposition 11 and the Borel-Cantelli lemma,

(2) (2)
lim b = lim EG, =2G(0) — 1 almost surely,

n—oo 7N n—oo n

and using further that 'n/Zg) < 1, we obtain that

n 1
lim B—rr = ————
oo £2) 2G(0) — 1

Then, for all n sufficiently large,

E[(l - (}(‘%))} 2 exp{ B 202ng;(§;’)b% —€) } (46)

Combining (44), (45) and (46) gives

P{ Y ta(e)éle) 2 ba} > (19 exp{ (et 202(25*(:)27’ = e)) %}

ze7Za

—P{Esf) > g} ~P{£® > An}.

The required lower bound follows from the estimates (38) and (39) for the subtracted probabilities,
and the fact that € > 0 can be chosen arbitrarily small, whence 7 also becomes arbitrarily small. [

6. MODERATE DEVIATIONS IN DIMENSION d — 2: PROOF OF THEOREM 6

We use the following moderate deviation principle for the self-intersection local time in the planar case,
which is due to Bass, Chen and Rosen [BCR06, Theorem 1.1 and (3.2)]: If z,, — oo and z,, = o(n),
then for every A > 0,

A/detT

., )

1 1
i (2) (2) — i (2) (2) —
lim logP{En EZ) > )\'nmn} = nhm z, logP{\ln ke | > )\'n:cn} -

n—oo I,

where again s¢ is the optimal constant in the Gagliardo-Nirenberg inequality.

6.1 Proof of Theorem 6(a)

The proof is largely analogous to that of Theorem 3 replacing Proposition 11 by (47). Starting with
the upper bound, for any fixed ¢ > 0, we use the decomposition

IP’{ 3 ta(2)€(z) > bn} < ]P’{ 3" bu(2)E(2) > by, £ < YRloEnS g < Anlogn}
2€7.2 2€7.2
+P{e > SREME L Pl > Anlogn},

where A := (w+v/det T')~! + 4¢. The estimate for the last probability follows from (47). Indeed, by (6),
for sufficiently large n,

]P’{ES) > Anlog n} < ]P’{ES) — FEe® > (A — (mVdet )™t — e) nlog n} < n_e‘/m”%,

n

hence, as b,, € ns log n,

1
negn log P{£) > Anlogn} = —oo0. (48)

lim sup 52
n—oc n
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Moreover, applying Lemma 18, we get

lim sup n log P{£{x) > b,,' \/n(logn)®}
n—oo n
49
i n(logn)? n%(log n)t (49)
< limsup 32 —c 7 = —o0.
n— 00 n n

We now look at fixed local times {£,(z): z € Z?} satisfying the conditions max £,(z) < b, 1/n(logn)’
and ££) < Anlogn. Note that, together with the trivial inequality £’ > n, this implies
. bpln(2)
7111TI<I>10 o2 £
Hence, for arbitrary § > 0, if n is sufficiently large, an application of Chebyshev’s inequality and the
estimate (40) for the Laplace transform f of £(z), gives, for n larger than some absolute constant,

P{Y ta@t(@) > bn} < T] £(=5) exp { - ~ (1 8) s smagn )

2€72 z€7Z4

= 0.

Averaging over the local times again, we obtain

lim sup 1 noEn logIF’{ Z L, (2)€(2) > by, £ < M, £ < Anlogn} < _222_2),
ntoo ™
2€7.2

so that the claimed upper bound follows, as ¢,§ > 0 were arbitrary.

Turning to the lower bound, we fix ¢ > 0 again, and use that
]P’{ 3 La(2)E(2) > bn} > ]E{P{ 3 La(2)€(2) > ba)
z€7Z2 z€7? (50)
x 1{f) < oAlognl® gy Anlogn}},

where A := (mv/detT)™! + 4¢. To obtain a lower bound for the inner probability we argue as in
Theorem 3, relying on the estimates of [Na02, Theorem 2]. This gives

P{ Z £ (2)€(2) > bn} > (1 — @(‘I}—:‘L)) exp{ —cyyo B2 n=2 (log 'n)3} (1 —cyyo? 'n_lf(log 'n)4).
2€7.4

We now show that

1
lim E[n ogn} =mVdetl'. (51)

ntoo Zn)
For this purpose define the random variables Y;, := %Zﬁf) — (m+/detT') "1 log n and note that
nlogn Yn

It suffices to show that the expectation of the fraction on the right converges to zero. As |Y,| < elogn
implies that %Zﬁf) > ((mv/detT)~! — ¢)logn we obtain, for any small € > 0, that

13

|Yn|
E 1{|Y,| <elogn}| < ) 52
{%Zg) {¥a] < elog }] T (mv/detT)" 1l — ¢ (52)
Also, as %Z;f) > 1 and using (47) with A = ¢ and z,, = log n, for any 0 < € < §,
Y,
]EH—(|) 1{elogn < |Y,| < élog 'n}} < 5 (logn) P{|Y,| > ¢ logn} —» 0, (53)

n b
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and, using (47) with A = 6 and z,, = logn, if § > 0 is sufficiently large,

Y.
EH (2‘ 1{|Y,| > dlogn}| < nP{|Y,| > logn} — 0. (54)
We obtain that lim E\Yn\/;&l = 0, and hence (51), by combining (52), (53), and (54).

Repeating the arguments of the d > 3 case, given in Section 5.2, gives
P{ )" £a(2)£(2) > ba}
z2€7.4
1 22
> (1 cpyo® n_%(log n)*) exp{ — ¢ y0 %82 n"s (log n)®} exp{ — m}
— P{ > f(bg" }-P{? > Anlogn}.

The result follows, by observing that the first two factors on the right converge to one, recalling (49),
(48) and that € > 0 was arbitrary. O

6.2 Proof of Theorem 6(b)

Again, we start with the upper bound. Since El;’ ~ (w+/detT) 'nlogn, we can conclude from (47)
that, for logn < z,, € n,

1 A
lim — log P{{? > Anz,} = ——— VdetT. (55)
234

n—oo0 T,

For arbitrary N >1and 0 < 6 < 1,
N-1
P{Xn > b} < > P{Xp > by, £ € (idan, (i + 1)6an]} + P{£D > Néan}, (56)

1=0

where a,, := b,4/n. Note that a, > nlogn. Hence, in view of (55),

P{{? > Néa,} < exp{%’ieﬁ} (57)
for all sufficiently large n. Fix 1 > 1 and 5 € (0,600?). Then,
P{X, > by, &7 € (idan, (i + 1)da,]}
< ]P’{X > b, €2 € (i6an, (i + 1)8a,], £ < 7,7;5\/5} + P{E) > nisy/n) .
Using Lemma 18, we get
P{) > nisy/n} < exp{—cmjg{}. (58)

On the event {ES{X’) < niby/n, €7 € (ibay,, (i + 1)5(1”}}, we obtain,
bnln(z) < bamidy/n

< - = < 6.
o243 o2ida,, o2

Therefore, we can use Chebyshev’s inequality as before, which gives

P{ Z ZH(Z)g(Z) z bn} < exp{—%} < exp{_%},

zEZ2
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and thus, applying (55) again and recalling the definition of a,, for sufficiently large =,
]P’{Xn > b, £) < nidi/n, €2 € (i8an, (i + 1)5%]}

(1—e)b2 (1 - €)by, (1 — €)vdetT'idb, (59)
202(i + 1)dan 202(i+ 1)6y/n 23¢4\/n }

It remains to consider the summand corresponding to ¢ = 0 in (56), which for any 7 > 0 is bounded by
JP{X > by, £2) < bap, £ < nf} +JP{ > nf} (60)

Applying Chebyshev’s inequality on the event {£) < fa,, £ < ny/n} we get, for any a > 0 and
n<6/a,

< exp{ }]P’{Z 2 > 1ban} < exp{

b 2

P{ Y ta(2)E(2) > ba} < exp{ - 0 =0 Y = &)},
z€Z? ze72

for a constant C > 0 depending only on the distribution of the scenery and the random walk. Using

this estimate for a = 1/(4C4¢) and n < 4C60 we get
P{Xp > b, £ < ban, £ < nv/n} < exp{ - 87} : (61)

Combining (56) — (61) gives us
N-1

P{X,> by} < Z exp{—

=1

(1— €)by, (1 — €)ibb,VdetT
202(i + 1)6y/n N }

ronl T g} + W el ) s el NETETL

(62)

It is easily seen, that

- (1 - €)by, (1 — €)idb,vdetT
B, eXp{_Zoz(i F1)6y/n 25 /n }

1 10v/det I'
=-—(1-¢ min ( . +15 © )
1<i<N-1\202(1 4 1)4 224
Furthermore, if we choose § > 0 small and N large, we get
. 1/4
1 4 15\/detF) ( 1 n m\/det[‘) (-9 (det T') .

min
1951\7—1(202(1'—1- 1)é 23c* 4

> (1 —¢€) min

z>0 \ 202z Q3¢ o2

Therefore, for all n large enough,

ox { (1 - €)b, (1 - €)idb, \/CW}

N-1

3 by (det T)1/4 }
402(14 1)6nt/2 wiy/n ’

<exp{ (155 — (63)

=1
Making first § smaller, and then N larger, if necessary, we see that all other terms in (62) are of
smaller order than (63). Taking into account that € > 0 was arbitrary, we have

det I')/*
lim sup bilog]f”{X > byt < — g.

n— oo o2

To obtain a lower bound, note that for all 0 < u < A and 5 > 0,
P{Xn 2 b} 2 P{Xp > bn, £ € [pan, Aan], £ < /0, (64)
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where we still use a, = bny/n. Recall (42) and the definition of L, and V,,. Note that on the set

{63 € [pan, Aan], £57 < ny/n} and for sufficiently large n, we have %Vn < %a()\b")l/gnl/‘1 < b, <

nan /L5 < (n/uc?)V2 /L5 < V,/(196Ly,) if > 0 is sufficiently small. Hence,
P ta(2)E(2) > ba} > (1= B(8) exp{ — 1 LV} (1 = eabaln Vi),

z€Z4

We observe that L, < Q # and hence

3 -3 M3 \/_ bn 1M n _ n
Therefore, for all large n,
b, €1Ynbn N
P{Xn > bn} > exp{ (1 Hi-e 1)
{ = }_exp ( —I_G)Q,U,O'Z\/_ /1,0'6\/_ 62/1,0'4
x [P{EY € [an, Aan])} ~ P > p/n} ). (65)
From (55) we conclude that for all g < A,
b,VdetT
(2) ~ VAL
log P{£%) € [pan, Aan]} AT (66)
Applying (66) and (58) to the right hand side of (65), we get for n!/2logn < b, < n/logn,
1 detT
llmlnfilogP{X > bt > — e ayn  pvde
n—oo 2uc?  p?ot 234
Since €, 7 > 0 can be chosen arbitrarily small, and g is arbitrary,
1 Vdet T det T)1/4
liminf\/_log]P’{X > b} > — mln( 4 pvee ):_( etT)*
n—oo b u>0 2/1,0‘2 2%4 0'%2
This completes the proof of Theorem 6(b). O

6.3 Proof of Theorem 6(c)

We now assume that b, := ay/nlogn. In this case we use the following decomposition,

P{X,> b} < P{X, > by, £ <y, £ —EL) < fay,}

N
+ ) P{Xp > by, £ <y, £2 — BED € (i8an, (i + 1)ban]}
=1
+ P > v} + P{ED — ELY > Néa,},
here a, := nlogn, v, := nnlogn/b,. Estimating every term as in the proof of the upper bound in (b)
and using the relation E£?) ~ (7v/detT)'nlogn, one can get

2 VdetT
lim sup P{X, > b,} < —min ( ‘ _Z e4 ) = I(a).
n—oo log 220 \202((nv/det ")~ ! + z) 23

In order to get a lower bound we consider the cases a < o/(w?(det T)/4) and a > o/(w2?(det )/4)
separately. In the first case we use

P{X, > bn} > ]P’{X > b, £ <y, |60 — BED)| < 5(1”},
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and in the second case
P{Xn> bp} > P{ X > by, £ < 9, £ — BED) € (piap, Aay] |

for some 0 < g < A. The further proof is similar to that of the lower bound in Theorem 6(b) and
details are left to the reader. O

7. LARGE DEVIATIONS IN DIMENSION d = 2: PROOF OF PROPOSITION 9

We first derive an upper bound for P{X,, > b, }. For arbitrary N > 1 and 0 < 6 < 1,
N-1
P{Xn>bn} < P{Xp>bn, £ € (iban, (i + 1)8an]} + P{L? > 6Nan}, (67)

2=0
where a,, := (b,logn)'/2. By assumption (4), there exists Cs such that
Ee©) < exp{Csh®} for h < (1-8)D.
From this bound and Chebyshev’s inequality we get
P{ Y ta(2)E(z) > bn} < exp{—hb, + Csh2D} for h < (1— 8)D/E). (68)
zeZd
Letting here h = (1 — §)D /£, we obtain

P{ 2 6n(a)t(e) 2 bn} < exp{ - L= (1 - SR e .

2€7.4

Therefore, for any 7 > 1,
P{X, > by, £ ¢ (iéan, (i+1)éan]}

69
< exp{ +1 626"}?’{[ > iban} + P{€ > mb an}. (69)
Using [GHKO06, Lemma 1.3] and recalling the definition of a,, we get
(bn log by,)'/? 2Ky / by \1/2
logP{¢, nt~—K ~ — .
0g F{£n(0) > zan} 2:Blogn —(1/2) log by, 2-0 <1og 'n,) (70)
Hence, arguing as in Lemma 18, for all z > ¢ and n large enough n,
2Koz 4 by, \1/2
(o0) (1 _ m2 2 n
P{6) > za,} < exp{ (-85 (logn) } (71)
Combining (69) and (71), and noting that b,/a, = (b,/logn)'/2, we obtain
P{X, > by, £ € (iban, (1 + 1)da,]}
(72)

—§)2 P n 2 i
< exp{—(% +(1- 5)2%) (1;’?)1/2} +P{ﬁ£1) > %bnan}.

Now we consider the probability corresponding to i = 0. As £5°' < §a,,, we can use h = (6~' ~1)Da;’
n (68). This gives us the bound

P{Y. ta(2(2) 2 bn} < exp{ - U50Bn (1 SN0 g},

z€7.4

Averaging over the random walk, we have

P{Xp > ba, £ < 6an} < exp{ U= Dbn} | p Ly 5 T=he;D bntn}- (73)
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Applying (71) we obtain

P{#=) > §Na,} < exp{ céN(logn)lﬂ} (74)
Substituting (72) — (74) into (67) gives
N-1 .
2 21(216 bn 1/2
P{Xn 2 bn} < ;GXP{_O_‘S) <(¢+ 1)chr 2—ﬂ)<logn) } (75)
+ NP{ED > 8 buan} + exp{—cN (£2)'/*}.
It is easily seen that
. logny1/2, R ./ D 2K5ib\ [ by \1/2
nlféo( b ) log;e}‘p{ (1=9) ((i+1)5+27ﬂ)(10gn) }
o e D 2Kyb
=19 OQL“N((HU = ﬁ)

Further, for small § and large N we have the inequality

i (s + 3 g) > 0= amn(2+ 200 —a - (5227) "

Consequently, for all n large enough,

N-1 .
2K5i6\ / by \1/2 8 KpD\1/2/ b, \1/2
—(1-4)* - < —(1-4)* = :
;GXP{ (1-9) ((¢+ s " Qfﬂ)(logn) } = eXp{ (1-9) ( 23 ) (10gn) } (76)
Making N larger, we see that the last term in (75) is of smaller order than (76). By (47) we obtain,
for some constant ¢ > 0,

logIP’{ZS) > tbna,n} ~ —ct (anb").

n

1/2

By our assumption, b, log n 3> n. Therefore, n™'a,b, = 'n_lbf’/z log'/?n > (bn/logm)'/*. This means

that the probability term in (75) is negligible compared to (76). As a result we have

) log n\1/2 8 KD\ 1/2
11711n_>s°1<1}p( b ) logP{X,, > b,} < —(1—6)* ( ,3) . (77)
To derive a lower bound we note that
P{Y" a(2)£(2) > b} > P{La(0)£(0) > (1+ 8)bn} P £n(2)€(2) > ~6bs }.
z€7.9 z#£0
Applying Chebyshev’s inequality with second moments gives us
o2l
P{Y" en(2)E(2) > b} > P{€a(0)€(0) > (1 + )b} (1 - T573)-
zeZ3 n
Consequently,
P{Xn > ba} > (1 - 6) P{L(0)E(0) > (1+ 6)ba} — P{D > 6282 /0%). (78)

From (4) and (70) we get, for every z > 0,

PLLL(0)E(0) > (14 B)bn} > P{L(0) > zan} > exp{ (1482 + ;If;) (1obg" 7"
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Minimizing over z, we see that

PLLO)E©) > (1+ 8} > exp{ -+ (55) " (102) ). (19)

As in the proof of the upper bound one can show that the last term in (78) is of smaller order than
the right hand side in (79). Therefore,

L log n\ 1/2 5 (8 KyDN\1/2
Combining (77) and (80), and taking into account that ¢ is arbitrary, we get (5). O
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