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Abstract

In this paper we lay the foundation for a numerical algorithm to simu-
late high-dimensional coupled FBSDEs under weak coupling or monotonicity
conditions. In particular we prove convergence of a time discretization and
a Markovian iteration. The iteration differs from standard Picard iterations
for FBSDEs in that the dimension of the underlying Markovian process does
not increase with the number of iterations. This feature seems to be indis-
pensable for an efficient iterative scheme from a numerical point of view. We
finally suggest a fully explicit numerical algorithm and present some numerical
examples with up to 10-dimensional state space.

1 Introduction

Motivated by the aim to simulate high dimensional coupled forward backward
stochastic differential equations (FBSDEs) we study a time discretization and a
Markovian iteration for equations of the form

t t
X, =z —|—/ b(s, X, Ys)ds +/ o(s, Xs, Ys)dWs;
0 T 0 T (1.1)
Y: = g(X7r) +/ f(s, X5, Ys, Zs)ds — / ZdWy;
¢ t

where b, o, f, g are deterministic and Lipschitz continuous functions which are ad-
ditionally supposed to satisfy some weak coupling or monotonicity condition. Note
that (1.1) is not in its most general form, since Z does not couple into the forward
SDE.

Most of the numerical algorithms for coupled FBSDESs, with the notably exception
of Delarue and Menozzi (2006), exploit the relation to quasi-linear parabolic PDEs
via the four-step-scheme (Ma et al., 1994). Under appropriate conditions (X,Y, Z)
are connected by

Y, =ult, X));  Z=v(t, X)) 2 uut, X))o (t, Xo, ult, X,)). (1.2)
where u is a classical solution of the PDE

{ te + 5trace(00" (2, Wier) + ub(t, 3, u) + (b2, 0 w0 (3, 0)) = 0

w(T, z) = g(x). (1.3)



The main focus in these approaches is on the numerical solution of the PDE (1.3),
see Douglas et al. (1996), Milstein and Tretyakov (2006), and Ma et al. (2006).
Since the PDE approach requires existence of a classical solution to (1.3), there is
typically need for some smoothness, boundedness, and regularity conditions such as
uniform ellipticity of the differential operator. Moreover, solving (1.3) numerically by
standard PDE techniques becomes more difficult, if not impossible, with increasing
spatial dimension. To overcome these limitations it seems necessary to tackle the
FBSDE (1.1) directly by probabilistic means.

A natural time discretization of equation (1.1) is

[ xp 2
X = X+ b, XY )h+ o, X] Y ) AW

Y S g(XD); (1.4)
e %Eti{}/iilAVVi-'rl};

n & n n n on
Y" = Eti{Yz'Jrl + f(ti, X7, Y, Z; )h};

\

where h 2 L and t; 2 ih,i = 0,1--- ,n, and AWy = W, ,

course, E;, denotes the conditional expectation E{-|F; }. This time discretization

— Wi,.

7

Here, of

was investigated in detail by Zhang (2004) for decoupled FBSDEs. However, since
X is discretized forwardly and Y is discretized backwardly, (1.4) is by no means an
explicit discretization in the present situation due to the coupling. Note that one

can rewrite

Y=l (X]); 20 = ol (X)), (1.5)

2 2

where N
uy, (z) = g(z);
Xﬁ;il’m £, + b(t;, x, ulr(x))h + o (t;, z,ul(2)) AWiyq;
ng,x D n n,.,xT
Y;#f = ui+1<Xi+1 ); (1.6)
A n,.,x
op(2) & LE{Y AW

(2

ul(e) & B{YJ" + [t e, YT, o (@)h .

i A

\

Equation (1.6) is still implicit in u?, but truly backwards in time. Combined with
a local updating technique it serves as starting point for the probabilistic scheme
in Delarue and Menozzi (2006). This type of scheme requires, however, apart from
estimating the expectations, a discretization of the state space. Such space dis-

cretization may again become prohibitive, when the dimension increases.

We, hence, propose to combine the time discretization (1.4) with an iterative scheme.
Indeed, it is known from results by Antonelli (1993) and Pardoux and Tang (1999)



that under weak coupling or monotonicity conditions (1.1) has a unique solution
(X,Y, Z) which can be constructed via a Picard iteration

t t
xm —m+/ b(s, X™ Y~ 1)ds+/ o(s, X™, Y™ Hdw,;
0 T (1.7)
Y™ = g(X7) / f(s Xy,i?sm,Zg”)ds—/ Zmaw,.
t

The drawback of (1.7) is that the dimension of the underlying Markovian process
(X',...,X™) increases with the number of iterations, and, consequently, Y;” is a
function of time and (X',...,X™). This renders a combination of (1.4) with a
Picard iteration like (1.7), which was recently suggested by Riviere (2005) in theory,
impractical from a numerical point of view. The stochastic control approach in
Cvitani¢ and Zhang (2005) faces the same kind of difficulty.

In this paper we introduce an alternative iteration in a way that the dimension of
the underlying Markovian process does not change in the number of iterations. It
reads, in discretized form, u)"’(z) = 0, and

(Xnméx

X:fl” = XM b(t, X u?’m_l(Xf’m))h +o(t, X", uf’m‘l(Xf’m))AWiH;
ypm 2 ox):

S { YT AW, |

Y E B YT (b XD YR 2R
WX = Y

anA

\ (1.8)
The main advantage is that here Y™ is a function of time and X;"™ but does
not depend on (X", u=1,...,m — 1). Establishing the convergence of this new
‘Markovian’ iteration turns out to be more involved than for the standard Picard
iteration, because controlling the Lipschitz constant and the linear growth of u;"" ()
uniformly in ¢, n, m becomes crucial. This is indeed the reason, why we cannot allow

Z to couple in the forward SDE at the current state of our research.

We also indicate how this discretized Markovian iteration may be transformed into
a viable numerical scheme, replacing the conditional expectations by simulation
based least squares regression and estimating u™™ this way. Such estimator was
introduced by Carriére (1996) and Longstaff and Schwartz (2001) in the context
of American options and is applied by Gobet et al. (2005) and Bender and Denk
(2005) for decoupled FBSDEs. Although a convergence analysis for this estimator
in the present context of a coupled FBSDE is beyond the scope of this paper, we
illustrate by some examples with up to 10-dimensional state space that the proposed

numerical algorithm works in practice.



The paper is organized as follows: In Section 2 we state the main results on conver-
gence of the discretized Markovian iteration. The proof is given in several steps in
Sections 3-5, where we establish the control of the Lipschitz constant, of the linear
growth, and the convergence of ™™ to u™ respectively. In Section 6 we investigate
the error due to the time discretization. To the best of our knowledge our conver-
gence theorem is the first of this type for coupled FBSDEs which also holds for a
degenerate diffusion coefficient o. In Section 7 we spell out the proposed numerical

scheme and present some numerical examples in Section 8.

2 Notations and Main Results

The main results of this paper estimate the error of the discretized Markovian it-
eration (1.8) as the number of time steps n and the number of iterations m tend
to infinity. Before we can state these results, we need to fix some notations and
discuss some assumptions. From now on we suppose, in the theoretical part, that
all processes are one-dimensional. This is only to ease the notation and the atten-
tive reader will easily see that all results hold true for the multi-dimensional case
as well. The augmented filtration generated by the Brownian motion is denoted by
F={F,0<t<T}.

The first assumption concerns the Lipschitz continuity and monotonicity of the
coefficients. It will be in force throughout the whole paper without further notice.

Assumption 1 (i) There exist (possibly negative) constants ky, ky such that

[D(t, 21, ) — b(t, 22, y)][1 — 2] < kply — o]
[f(t,if,ylj Z) - f(t7$7y272)”y1 - ?/2] < kflyl - y2|2.

(ii) The coefficients b,o, f,g are uniformly Lipschitz continuous with respect to
(x,y,2). In particular, there are constants K, by, 0., 0y, fz, f=, and g, such that

b(t, 21, y1) — b(t, 79, y0)|* < Kl|ay — 20)* + bylyr — Ya|?;
|U(t7x17y1> - 0-<t7‘r27y2)| S 0-$|‘T1 - $2|2 + Uy|yl - y2|2;

yX1,Y1,21) — y L2, Y2,22)| S Jz|T1 — T2 Y1 — Y2 2|%1 — %27
| f(t ) — f(t )| < fal >+ K] >+ 1] ?

l9(z1) — g(22)]* < gulz) — 22|

(111) b(t,0,0),0(t,0,0), f(£,0,0,0) are bounded. In particular, there are constants



bo, 00, fo, and gy such that

|b(t, 2, y) > < by + K|z|* + by|y[*;
|O'(t,[[', y>|2 S 0o + 0'$|.ZU|2 + 0y|y|2§
|t 2y, 2)” < fo+ fulal? + Kly|? + f2]2)%

9(@)* < go + ga|2|*.

We emphasize that here b, et al are constants, not partial derivatives. Indeed, we

will not assume any differentiability conditions throughout this paper. For conve-
nience we also suppose that K is an upper bound for all the constants above.

For results concerning the error due to the time discretization we require the follow-

ing assumption.

Assumption 2 The coefficients (b,o, f) are uniformly Hé’lder—% continuous with
respect to t.

If Assumption 2 is in force, we use the same constant K to denote the square of the
Holder constants.

To ensure that the iteration converges we further need to impose conditions which
guarantee that we are in one of the following five cases:

1. Small time duration, i.e. T is small.

2. Weak coupling of Y into the forward SDE, i.e. b, and o, are small. In partic-
ular, if b, = 0, = 0, then the forward equation in (1.1) does not depend on
the backward one and thus (1.1) is decoupled.

3. Weak coupling of X into the backward SDFE, i.e. f, and g, are small. In
particular, if f, = g, = 0, then the backward equation in (1.1) does not
depend on the forward one and thus (1.1) is also decoupled. In fact in this
case Z = 0 and (1.1) reduces to a decoupled system of ordinary differential
equations.

4. f is strongly decreasing in y, i.e. ks is very negative.
5. b is strongly decreasing in x, i.e. ky is very negative.
The above conditions will be made precise later. Generically, we will derive the

following theorems. The first theorem concerns the convergence of the iteration as
m tends to infinity.



Theorem 2.1 Under Assumption 1 let one of the conditions 1.-5. hold true. Then,
for sufficiently small h, (1.6) has an ‘essentially’ unique solution u"™ with linear
growth and there are constants C' > 0 and 0 < ¢ < 1 such that

max |u"" () —u}'(2)] < C(|z* + m)c™,
0<i<n

where u™™ is given by (1.8).
Concerning the error due to the time discretization we obtain:

Theorem 2.2 Suppose Assumptions 1, 2 and one of the conditions 1.-5. s in force.
Then equation (1.3) admits a viscosity solution u(t,x) with linear growth and there
s a constant C' > 0 such that for sufficiently small h,

max |ul(z) — u(t;, z)[> < C(1+ |z[*)h

0<i<n
Combining these two theorems one can derive with a little extra effort:

Theorem 2.3 Under the assumptions of Theorem 2.2 FBSDE (1.1) has a unique
solution (X,Y,Z) and there are constants C > 0 and 0 < ¢ < 1 such that for
sufficiently small h,

n t; N
sup B{ sup [IX, = X[+ Y - VIR 4+ D B / % — 21 Pt |
i=1 ti—1

1<i<n te[ti—1,t:]

< O+ |z]?)[me™ + hl.

These generic results will be made precise in Theorems 5.1, 6.4, and 6.6 below.

We emphasize that none of the above theorems requires non-degeneracy of o and,
in principle, X and W can have different dimensions. Moreover, we do not suppose
any smoothness or boundedness conditions. However, we also underline again that
FBSDE (1.1) does not allow coupling through the control part Z.

Before we turn to the proofs in next sections we first explain an additional dif-
ficulty that one faces when proving convergence of this Markovian iteration. In
a standard Picard iteration, like (1.7), one estimates |Y™"' — Y™| in terms of
|X™*+! — X™| and then |X™*' — X™| in terms of |[Y™ — Y™ 1|. However, apply-
ing similar techniques to (1.8) yields only estimates of | X™™+1 — X™™| in terms of
|y (X mr) — grm=l(Xmm)|C Sinee Y™ = y™™(X™™), it seems unavoidable to

control the Lipschitz constant of u™™ to obtain estimates in terms of |Y™™—Y™m~1|,



To study the behavior of the functions ™™, we introduce an important operator
F,, for each n. For any measurable functions ¢ = {®;}o<i<n_1, define ¢ and ¢ as

follows. )

P, (x) £ g();

X;,iil,x 20a b(ti, z,0i(x))h + ot x, pi(x)) AW,yq;

Y;ﬂx 2 ‘I)i+1(Xﬁifx)§ (2.1)
viln) 2 (A, )

@) 2 B{YEL + (b0, Y5 wie)h .

\

We then set F,(¢) 2 @. It is then obvious that u™™ = F,(u™™=1), and F,(u") = u"
if (1.6) has a solution u™. We also point out that Y™™ given by (1.8), can be
expressed in the form

~ titv1
Y = VI (XY 2 h — / Zy AW, (2.2)
t

7
T

thanks to the martingale representation theorem. The analogous expression holds
for Y™ defined in (1.4).

3 Lipschitz Continuity

In this section we obtain a uniform (in i, n, m) Lipschitz constant of ;"™ (x). To this
end we first investigate the Lipschitz continuity of F},(¢). Given Lipschitz continuous
@, let L(g;) denote the square of a Lipschitz constant of ¢;, and L(p) 2 sup; L(¢;).
Our aim is to derive the following theorem:

Theorem 3.1 Denote

Lo 2 [by + 0,)[gz + foT)TelbvtoulloatfaTITH 2k 42k +2 400+ LT,

L, 2 (90 + [T |:e[by+ay][ga:'f'fxT}T"F[ka+2kf+2+aa:+fz]T+1 \/ 1] (3.1)

)

If
Lo <e ™, (3.2)

then for any L > Ly and for h small enough, we have

L(u™™) <L, Vm.

Notice that (3.2) holds true in all five cases of Section 2. We prepare the proof of
Theorem 3.1 with several lemmas.



Lemma 3.2 Fiz i and forl = 1,2, let

ti+1 t2+1
le—‘rl = Xf + b(t’iv lea ()Ol(le»h +/ Oéidt—F [ (t Xl ( ))AWH—I + ﬁidVVt,
t; t;
where X! is F;,-measurable and o!, 3! are F-adapted. Assume @' is uniformly Lip-

schitz continuous. Then for any A\; > 0,

B {IAXin?} < [T+ Avh 4 (14 A) AhL(@D)][AXG + (1 4+ 231 A2h|Ap(X7)]?
120+ 37)E, { /tt”lnmtﬁ 125t )
where
AXEX'— X% Aa2al—a% ABEA -8 |A¢ 20 - ¢
and

AL BN+ (L MR 2k + 1+ KR) + (1+ Ao
Ay 2 (1 4+ Mh)b, + Kh+ (1+ M\)oy,

(3.3)
Proof. Denote, for ¢ = b, 0,

A 2 o(ti, X!, oM (X)) — olt:, X2, 9*(X2)).
Then

ti+1 ti+1
t; t;



Thus, for h small enough,
E{|AX [}
tit1 tit1
= Eti{(AXi + Abh)? + | / Acydt|* + 2(AX; + Abh) / Aaoydt
t; t

i

tit1 tit1
t; t;

tit1 tivr1
t; t

< (14 Mh)(AX; + Abh)* + (1 + % + %)|A0|2h
1 9 tit1 9 tit1
E 14+ —+=+1 Acydt +[14+ — +1 AByPdt
bl sp bl [ AadP i e [ 18P
< (14 MR)[|AX? + 2AX;Abh + |AbRY] + (14 M) |Ac]?h
tit1
+2(1+)\11)Eti{/

ti

T i

A0l + A8t }
< (14 \h) [\AXi\z + 2k | AXPh + [AX PR+ by 0! (X)) = @2 (XD) PR

+K[AX]? 4 o' (X)) — 902(X3)|2]h2}

(14 0) [0 AXGI + 00! (X)) = (XD ]

. tit1 ) 9
+2(1+ A )Eti{/ [|Aa]” + [AG] ]dt}
t;

= [1 + AR]|AXG > + Ashlo' (X)) — *(XP)]?

ti+1
+o(1 + All)Eti{/ 18auf? + |85, d ).
t

%

Note that

" (X7) — (XD < ' (X)) — " (XP)] + 0" (X7) — *(X7)]-

Then
0! (X7) — " (XD)? < [1+ X L(9)|AXG + [1+ A | Ap(X)]*.
Hence
B {lAX P} < [T+ Ah+ (14 M) ARL(ODJAX + (1 + A7 1) A2h| Ap(X7)[?

tit1
21+ A7) B / 180 + ]Gt}
t;

and the lemma is proved. [



Lemma 3.3 Fiz i and forl = 1,2, let

R tit1
17=}i4+f@gWAﬁyth+ﬁﬂh—/“ ZLdw,
t;

where

~

UNAN
=

Eti {Y;'I-HAVVZ'+1 }

SRS

Then for any A\; > 0,
[AY? + (1 — Ag)h|AZi[?
< Eti{(l + Agh)|AY; 1 |? + Ash|AXGE + (AP + R+ 2A3—1h)h|A%+1|2};
where
AXEX X2 AV 2V Y2 AZE2Z' 7% AvEA 42

and
A 2 X+ (14 Mh)h + (1 4+ b+ 2)5 ) Kh;
Ar B0+ (L MR 2k + T+ AT L) + (1 + Mh+ 203 )Kh; (34)
A5 2 (14 M) fo + (1+ Mh + 2051 Kh.

Proof. Denote

AZ é Zl - Z2; Af é f(thXil?Y;}l—leil) - f(thzQ’Yf&-l?ZAzQ)

Then .
i+1
t;
Thus
tit1
IAY,]? + Eti{ / |AZt|2dt}
t;

1
< B {1+ Mb)[AY,,,, + AP + (14 ) |hAv )
Ah

< Eti{(l + Alh)HAY;fiH'Z + QAY;iHAfh + |Af|2h2] + ()‘1_1 + h>h|A%’+1’2}'

Eti{/t,tiﬂ IAZtl%lt} > %IEti{/t’tM Atht}F;

Note that

and that
Etz.{ /t 'ti“ Atht} - Eti{ [AYtM Nt hA%H}AW,-H}
— RAZ + hE,{|Af + A%-H]AWZ-H}.

10



Then
f 2 7 12 h 2
B [ azpa} = - naZE - LB {7+ AvaW, )|
t; 3
> (1= M)BAZE - 25 0B {IAF? + 1A%}
Thus

|AY;[? 4 (1 — A\3)h|AZ;?
< B { (1 MR AP + 28V AFK] 4+ (1+ A + 205 )% AP

FOT + R 225 )R Ay |
< B { (14 MR [|AYia [P 4+ 2kgh AV P 4+ |AYis P+ L AXh+ M| AZh
A LAY PR] 4+ (1 A+ 205 R K[ AKX + [AYi [ + |AZ [
FOT!+ B 225 ) Bl A
which implies the lemma immediately. |

With these lemmas at hand we can study the Lipschitz continuity of F,(¢) given
Lipschitz continuous ¢.

Theorem 3.4 For any Lipschitz continuous ¢, we have
L(Fy(9)) < [go + A5T] [exp ([Al A+ AVART + [As + A2A4h]TL(go)> v 1} :
where A1 = Ay = 0 and A3, Ay > 0 are chosen such that

Az < 1. (3.5)

Proof. Recall (2.1). Fix ¢ and 21, x2. Denote
Az 2 1 — Ty, AX 2 xweio Xebez  AY 2 ywia y #iee,
A A
A®, = (I%'(Il) - (I)i(lé); A% = ¢z(x1> - ¢z($2)
We apply Lemmas 3.2 and 3.3, setting Ay = Ay = 0, and obtain

E{|AXi|*} <[4 Ath + AshL(p)]|Az|?;
|A®|? + (1 — A3)h|AvY;|* < (1 4+ Agh)E{|AYi1|*} + Ash|Ax|?;

By (3.5) we have

|AD,[? [1+ Ash]L(Psy1) E{|A X1 [*} + Ash|Az?

<
< [+ AR+ Ajh 4+ AshL(9)] L(®i41) | Az|* + Ash|Az]?.

11



Thus
L(®;) (14 Agh][1 + Ath + AshL(p)|L(®;11) + Ash

(14 AR|L(®; 1) + Ash < [1 + AYh|L(®iy) + Ash; (3.6)

1> 1A

where At 2 AV 0 and

AL Ay + Ay + AL Ash + [Ay + Ay AL (). (3.7)
Note that L(®,,) = g,. Hence, we can apply the discrete Gronwall inequality to
(3.6) and get

L(®) < " ge + AsT) = [g, + AsT][e™ v 1],
which, combined with (3.7), yields the assertion. |

We are now in the position to give the proof of Theorem 3.1.

2

Proof of Theorem 3.1. First by induction one can easily show that L,, = L(u™™) <

oo for each (n,m). Due to Theorem 3.4 we have
Lo < [gs + AsT] [exp ([A1 + Ay + A AT + [As + A2A4h]TLm,1) v 1];

for A\ = Ay = 0 and any A3, \y > 0 satisfying (3.5).

Introducing
Lo 2 [Ay + Ay Ayh]T L,
we get
L < [As+ AsAsh][ge + A5T]T[e[AlJ“A“*AlA“h]Teim*l v 1] (3.8)
< [As + AsAsh][ge + A5T]T[6[A1+A4+A1A4h]Teim,1 + 1}
Denote
Lo\ h) 2 [As+ AsAsh)[g, + ASTIT x

exp ([A2 4 Ay Ahl[ge + ASTIT + [A; + Ay + A1A4h}T). (3.9)

Obviously, Ly = 0. If
Lo\ h) <e™t) (3.10)

then, by induction, one can easily show that
Ly < [As + AsAsbl[g. + ASTIT +1, Ym.
We plug this into the right side of (3.8) to obtain

Em < [Az + A2A4h] [gx + A5T]T e[A1+A4+A1A4h]T+[A2+A2A4h][gz-l—AsT}T—i—l Vals

12



Thus
Lm < [ga: + A5T] e[Al+A4+A1A4h]T+[A2+A2A4h][gz+A5T]T+1 V. 1] é Ll ()\, h) (311)
So we want to choose A3, Ay and h which satisfy (3.5) and minimize Ly(\, k). Recall

again that A\; = Ay = 0. In dependence of h we set, for small h,

As(h) 2 VR, M(h) 21— vVh— Kh—2KVh.

(3.12)

Then As =1 and

lim Lo(A(h), h)
= [by + 0y][g + foT|T exp ([by + 0yl + [2T)T + [2ky + 2ks + 2+ 0, + fZ]T>

- L(].

Note also that
1}1{8 Li(A(h), h) = L.

Suppose now that (3.2) holds true. Then for any L > L;, we obtain Lo(A(h), h) <
e~! and L;(A\(h),h) < L provided h is small enough. In view of (3.11) the theorem
|

is proved.

4 Linear Growth
This section is devoted to studying the linear growth of the functions u;"™(x). Given

linear growing functions ¢;, assume

lpi(2)|* < G(oi)|z]> + H(p:), Va;

and let
A AN
G(p) =supG(p;);  H(p) = sup H(p;).

To state the main result of this section we first introduce the functions

v _ ]
To(z) 2 = L Ti(z,y) 2 sup #To(0y); Va,y € R;
X 0<0<1

(4.1)

13



and for G > 0,

co(G) = [by + 0y |T x
g1 (12 + 1+ AT, (26 + 1+ 02) + (b, + 0,)GIT)

+ £, TTo([2kf + 1 + fz]T)ro([zkb + 140, + b, + ay]GTﬂ :

1>

Ly (@) 2k HLELIT 1]g0 + fOTFO([%f +1+ fZ]T) + [bo + 00T %

6.1 ([2/<;f 1+ LT (2K + 14 0,) + (by + ay)G]T>

[ TTo([2ky + 1+ LIT)To( 26y + 1+ 0, ]T + [b, + 0,)GT) |.

Theorem 4.1 Assume (3.2) holds true and

co(L1) < 1; (4.2)
For any G > Ly, co(L1) < cog < 1, Ly > Lo(Ly), and for h small enough we have
Gu'™) <G H@'™) < 25 .
Notice that
IEIPOO Lo(x) = 0; xgrfloo I'i(z,y) = 0; yEIPOO I'i(z,y) = 0. (4.3)

Hence, (4.2) is satisfied in Cases 1-5 of Section 2.

Lemma 4.2 Assume
Xiv1 = Xi +b(ti, Xi, o(Xy))h + o (t;, Xi, o(X;)) AW, g,

Then
Ey{| X’} < 1+ Ath+ AhG(0)]| X5 + [Br + AsH () k;

where A\ = Ao = 0 and

By £ by + 09 + Kboh. (4.4)

Proof. Denote
b £ b(ti, Xi, p(Xi)); o 2 o(ti, Xi, p(Xi)).-

Then

EAIXi1?Y = (X; +0bh)* + 0lh = X7 4+ 2X;bih + b2h? + olh
< X242k X2h + X2h 4 [bo + by|o(X:)[*)h
+K by + X7 + [@(X0)P]0? + o0 + 0. X7 + 0y [o(X) ]

= [1+ Ah)|XG)? + Ashlo(X5) |2+ Bih
< [14+ Ah)|XG)? + Ah[G(9)| X + H(p)] + Bih;
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which proves the lemma. [ |

Following the arguments in Lemma 3.3, one can easily prove

Lemma 4.3 Assume

. tit1
Yo = Yier + (i Xo Yier, Z)h — / Z,dW;
t

i

where ]
Z; = EEti{YiHAWiH}-

Then
Yi|? + (1 — Ag)h|Zi|* < [L+ Adh)E{|Yina [P} + Ash|Xo[* + Boh;

where A\ = Ay = 0 and
By £ fo+ K foh. (4.5)

To derive bounds for the linear growth of F,,(¢), we define discrete time versions of
FO and Fl by

Do) 2 CEI 20 e )2 g (14 ah) T () (46)

x 0<i<n
and discrete time versions of ¢o(G), L2(G) by
coA\h,G) = Ax|g. I (As, Ay + AsG) + AsTG (A TH (AL + AG) |
Lo\, G) 2 By lgoTT(Ag, Ay + A5G) + AsTR (AR (Ar + AsG) (4.7)
+[€A4T V 1]90 + BQFQ(A;;)
Theorem 4.4 For any linear growing o,
G(Fu(9)) < [go + AsT][elrHAstA1 AT HA A2 BTG ) 1]; (4.8)
H(E.(#)) < co(Xh, G()H(p) + La(A, h, G(). (4.9)

where A\ = Ay = 0 and A3, \y > 0 are supposed to fulfill (3.5).

Proof. Denote & 2 F,.(p). Fix (ig,z) and define, for i =ig, -+ ,n — 1,

( Xi() é €]
Xit1 = Xi + b(ti, Xi, 0i(Xa)) b + o (ts, Xi, 0i(Xi)) AWiga;
A
Y, = 9(Xy);
~ A1l
Zi = EEti{Y;—HAVVi—&-l};
. tit1
Y; £ Yigr + f(ti, Xi, Yiga, Zi)h — / ZydW.
t

\ i

15



Then obviously Y;, = ®;,(z). Since A\; = Ay = 0 we obtain from Lemma 4.2 that
E{| X1’} < [1+ Aih 4+ AhG(@)|E{|Xi|*} + [B1 + A2H ().

Then
E{IXil*} < [L+Aih + AhG(o)] ™ E{| X, [*}
i—1
+[B1+ A H(9)|h Y [L+ Arh + AshG ()P~
J=to

= [1+ Aih + AhG ()] |z|? + [By + AsH ()T (A1 + A3G(p)).
Next, applying Lemma 4.3 and by (3.5) we have
B{YiP} < [1 + AdE{[Yi 2} + AhE{| X2} + Boh.
Then
@4 ()] = Y5, |

n—1
< (14 Ah)" " E{|Y, "} + Ash Y (14 Ash) " B{| X"}
n—1 -
+Byh Y (14 Agh)™™
< (1+ Ash)" (g0 + g E{|Xu*}] + Ash Y (1 + Ash) " E{|X;[*}

+ BT (Ay)
< (1 4+ Agh)" gy + BT~ (Ay) + (1 4+ Agh)" g, x
|:[1 + Alh + AghG(QO)]n_io |.T‘2 + [Bl + AQH(QO)]ngiO (Al + AQG(QO))

n—1
+Ash Y (1 + Agh) ™ |[1+ Ath + AhG(@)] 7]

+[B1 + A2 H(p)TG ™ (Ay + AG ()]
This implies
G(®s) < (14 Ah)" g, [1+ Ath + AyhG(p)]" ™

n—1
+AsR > (14 Agh) ™01+ Ayh + AhG ()]
(1+ Agh)""go + ByTp " (Ay)
+ [gx(l + Agh) T (AL 4 AyG(p))

+Ash nz(l + Agh) T (A + AyG()) | [B1 + A2H (9).

=10

H<(I)i0)

IA
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Note that, for 0 <17 < n,

(L+zh) < VI To(z) <To(x); (1+ah)Toly) <Ti(z,y).  (4.10)
Then
G(®:) < lgo+ AsT] [e[Al+A4+A1A4h]T+[A2+A2A4h}TG(gp) y 1] :
H(®;,) < [eMTV1]gy + Bol'(Ay)
0T (As, A+ A2G() + ASTH(ANTH (A + 426 ()|
x[By + AyH (p)].
Since the right hand side does not depend on g, the assertion is proved. |

After these preparations we give the proof of Theorem 4.1:
Proof of Theorem 4.1. Denote G, 2 G(u™™), Hp 2 H(u™™). Obviously, Gy =
Hy = 0. We may now conclude from Theorem 4.4 that under (3.5)
G,
Hy,,

< [gz + A5T] [e[Al+A4+A1A4h]T+[A2+A2A4h}TGm71 \/ 1]. (4‘11)
S C()()\, h, Gm)Hm—l + Lg()\, h, Gm) (412)

We now choose A3(h) and A\y(h) as in (3.12) for small h. Since (3.2) holds true,
for any G > L;, we can follow the same arguments as in Theorem 3.1 and get
G(u™™) < G from (4.11). Note that

lim I'§(z) = TTo(2T);
lim I'(z,y) =TT (2T, yT');
lim co(A(h), b, G) = co(G);

For any cg, co(L1) < co < 1, and Lo, Lao(Ly) < Lg, we can choose G > Lj such
that ¢y(G) < ¢o and Ly(G) < Lg. Then, for sufficiently small h, it holds that
co(A, b, G) < ¢y and La(A, h,G) < Ly. Now by (4.12) we get

Hm S COHmfl + L27

which implies the result. [ |

5 Convergence of the Markovian Iteration

We now make the assumptions of Theorem 2.1 precise and prove convergence of the
Markovian iteration as the number of iteration steps tends to infinity.

17



To this end we first introduce
(Ao, L) £ (14 X\Y)[by + 0,]T x
[9:T1 ([2k7 + 14 LIT, 28+ 1+ 00+ (14 Ao, + 0, | LIT)
+fxTF0<[2k:f Y14 fz]T)ro([zk:b 1400+ (14 M)[by + ay]L]T)];
es(Na, L, G) A [e[2kb+1+am+[by+0y]G’}T v 1} (Mo, L);

(L, G) 2 inf 2%, L, G).
2>

We are going to prove the following theorem:

Theorem 5.1 Assume (3.2) and

es(Ly, L1) < 1. (5.1)

(i) For any L > Ly,G > Ly, Ly > Lao(Ly1),co(L1) < ¢y < 1, there exists a solution
u™ to (1.6) such that

& Ly

L") <L G@") <G HW)<H=1—:,
— 0o

(5.2)

if b 1s small enough.
(i1) For any ca(L, L) < ¢g < 1, we may find ¢c; < ¢o such that for h small enough,

3G

Gl ) < e 53
nm o __n Lcm
B (NG
3 [7 ~ m
by [+ ol + I+ o] TG (5.4

(iii) Fiz G > 0 and suppose U" is another solution to (1.6) with linear growth such
that G(u™) < G. Then 0" = u", if h (depending on G) is small enough.

Remark 5.2 (i) In view of (4.3), it is straightforward to see that (5.1) is also
satisfied in Cases 1-5 of Section 2.

(ii) One can recover co(L) from ci(Ay, L) by formally replacing Ay and ;' by zero.
Consequently, we have for all L > 0,

co(L) < A12n>f0 c1(A2, L) < oL, L).
In particular, condition (5.1) implies (4.2).

18



Again we first study the operator F, to prepare the proof of Theorem 5.1.

Theorem 5.3 Assume @', ©* have linear growth and @' is Lipschitz continuous.
Then

F, < (Ao, by L(v'), G(9*)G(Ap)
H(F,(¢') = Fu(¢®) < ai(a,h, L(9") H(Ap)
+ea(Aa, b L"), G(¢?))[Br + A2 H (%) TG(Ag).

where Ay = 0, A3, Ay are chosen such that (3.5) holds, and

1>

o b L) 2 (14 M1)4, [gmf?(A4,A1 (14 N AsL)
AT (ADTR (AL + (14 M) AsL) |

es(hosh, L,G) 2 [e[A1+A2G]TV1]cl()\2,h, L).

Proof. For [ = 1,2, denote ® 2 F, (Y. Fix (i, z) and define, for i = ig,--- ,n—1,

;

Xfo = T

Xin = X!+ b(t, XL ol (XD)h + o (t;, XL, 00 (X]) AW,
A

Y2 g(X));

o A1 !

Z; = _Eti{Y;—‘,-lAWi-f—l};

7

tit1
AN N
YIA VL 4 ft, XL YL, 2Dk - / Zlaw,
t;

\

Then obv10usly Yl = P! o).

Denote L = L(cpl), and
AXE2 X1 X% AY2Y'Y% AZ22-7% Ap20-0? AD 2092
Application of Lemma 3.2, with A\; = 0, yields

E{AX1?} < B{[1+ Atk + (14 ) ABLIAXL + (14231 bl Ap(XP) |

< E{[l A+ (14 A)ASRL]AX P + (1 + A1) Aok [G(A@)|X§|2 + H(A@] }
<[1+ Ath+ (1 + A) AR L) E{|AX;*}
F(14+ 25 Ah|G(AY) sup B{IXZ2} + H(A)).

0<j<n

19



Note that AX;, = 0. Therefore,

sup E{|AX]*} < (1+ AN Ah x

p<t<n
n—1
[G(ASO) sup E{|X]2|2} + H(Agp)] 2[1 + Ath + (14 X)) Ash L)~
10<j<n i—to

= (142514 |G(Ag) sup E{IX2} + H(AG)| Tg™0(Ay + (1 + Xo) AaL).

10<j<n
Applying Lemma 4.2, we have

é,v

sup E{|X2]?} < [mu [Bl+A2H(g02)]T] [e[AﬁAQG(v“’NTw} A (55)

in<i<

Thus

sup BYIAXI} < (14231) AsT5 (A, + (14 3) 4 L) [G(Ag) A+ H(Ag)] - (5.6)

io<i<n
Furthermore, we obtain from Lemma 3.3 and (3.5),

E{|AY;]?} < [1 + AR E{|AY;1 |} + AshE{|AX;|*}.
Hence

|AD; (z)]* = |AY;, |
< (14 Ah)""OB{|AY, |*} + AsTi(Ay) sup E{|AX;|*}

i0<i<n

= [<1 + Ayh)" g, + AsTg (A4)} sup E{|AX;[*}

i0<i<n
< (1425142 | G(AQ)A + H(AQ)| [ 921+ Aah)™ T30 (A; + (14 X) A>L)
FASTE(ANTET(As + (14 o) A5 L),

In view of (4.10), we get

sup [A®; (x) |

< [G(A@)A + H(A@] (Mo h, L)

= c1(Xa, I, L){G(Agp) {e[AﬁAQGWT v 1] [W 4B+ AQH(@Q)]T] n H(Agp)};
which implies the theorem. [ |

We can apply this theorem to estimate the distance between u™™ and u™™ !,
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Theorem 5.4 Assume that L(u™™) < L, G(u™™) < G and H(u"™) < H for all
m € N and sufficiently small h. Moreover let

CQ(E,@) < 1.
Then for any co(L,G) < ca < 1, we may find c; < ¢y such that for h small enough,
G(un,m . un,m—l) S Gcgn—l;
H(u™™ — qrm=1y < Fem=t 4 [[bo + o) + [b, + o, H| TG (m — 1)en .

Proof. Let A\; = 0 and choose A3, A4 depending on h as in (3.12). Note that with
this choice

lim 7 (2, y) = TT (2T, yT);
}ILH% Cl()\Qa h’? L) = Cl(/\27 L)7
}lllﬂ(l) 62()‘27 h7 L7 G) - CZ(A% L7 G)
Hence we may find an appropriate Ay such that for A small enough,
CQ(/\Q, h, E, G) < Ca.

Since
Cl(>\27 h7 E) S CQ<)\27 h‘v Iﬁ é)u

we may find an ¢; < ¢y such that for small h
Cl()\g, h, E) S C1.
Applying Theorem 5.3, we get, for small A,

coG(u™™ ™t — 2y, (5.7)
ey H(u™m™t — ym=2) (5.8)

+CQ(>\27 h; E; é)[Bl + Azﬁ]TG(un,mfl — un,m72>'

=
I
3
5
I
G
:
L
IAIA

Note that
Gu™ —u™) = Gu™) <G.

By (5.7) we therefore get
Gu™™ —u™m ) < Gyt
Moreover, for h small enough we may also assume that
ea(Nay h, L, G)[By + AsH] < ¢ |[bo + o) + [by, + ay]H] .
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Then by (5.8) we get

H<un,m o un,m—l) S an_lH(Un’l o un,[))

+cy [[bo + oo) + [by + cry]]:I] Tt Z

i=1

m— i—1
< ETVH WM + e [[bo + 7o) + [by + ay]H] TGy Ci—

< Hem g [[bo + o) + [b, + ay]H] TGm — 1]
The proof is complete now. [ |

Theorem 5.1 can now be proved by iterating the above theorem.

Proof of Theorem 5.1. Assume G, L, Lo, ¢y, ¢y satisfy the conditions specified in the
theorem. Without loss of generality we assume cy(L,G) < cy. Recall that (5.1)
implies (4.2). Hence by Theorems 3.1 and 4.1, we get for i small enough

Llu™™) <L, Gu™)<G; H@"™)<H.
Hence, (i) will follow directly from (ii).
To prove (ii), we denote
L2 [[bo + 00] + by + 0, ) H | TG.
Applying Theorem 5.4, we get
[uf ™ (@) — w™ (@) < GlafPey ™t + He™ + Llm — 1)eg ™!

Then
m—1 m—1
™ () — u "N (@)] < VGlales? +VHe T +y/Lim—1]ey7 .

Thus for any m; > m,

;"™ (@) — w"™ ()] < Z [\/_WCQ + \/_01 \/7302]
—— Lm(l- V&) +va g

< VGlely R L (v

Note that the right side above converges to 0 as m — oo. Then u;"™(x) is a Cauchy

sequence and hence converges to some ul(z). Moreover,

jui ™ () — uf ()|

<3[Op —2  + H S

(—var  Ta-yar  1-yart)
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which leads to (5.3) and (5.4) and thus proves (ii).

It remains to prove (iii). For any G > 0, assume 4" is another solution to (1.6) with
linear growth such that G(a") < G. Then F,(a") = a". Note that @' = g = u]..
Assume 4, ; = uj ;. We now apply a local version of Theorem 5.3. That is, we
consider (2.1) only on the interval [t;, ;1] with terminal condition ®;,(z) 2 u?, ()
(instead of on [0, 7] with terminal condition g(z)). We note that in this case there
is only one time subinterval. One can check directly that

Ii(z) =h; Ti(x,y) = (1+zh)h.

Setting ! 2, ©? = a" we get
Guf —a) < &(h)G(uf —a);
H(uf — ) < é(h)H (u) — @) + & (h)[Br + A H (") TG (u! —u);
where
a(h) 2 (1+A\HA[L(L + Ash)h + Ash?;
Go(h) 2 [e[f‘ﬁfwh v 1] & (h).

For any G, we have ¢;(h) < é(h) < 1, provided h is small enough. Then G(u —
a') = 0 and thus H(u —a}) = 0. Consequently @' = u. Repeating the arguments
backwardly we get 4" = u". |

6 Convergence of the Time Discretization

We now study the error due to the time discretization. We first introduce a contin-
uous time version of the operator Fj,. Suppose ¢ is a function on [0, 7] X IR which is
Lipschitz in the space variable and let (X¥"* Y#n* Z#"%) he the unique solution
to the decoupled FBSDE (0 <r <t <T)

t t
Xt = a:+/ b(s,Xf”"’“”,@(S,Xf’r’x))ds~|—/ o(s, X2 (s, X2M7))dW;

T T
Y—tap,r,x _ g(Xjae,r,x) + / f(S, X;p,r,gc’ Y;go,r,:p’ Z;o,r,x>d8 . / Z;p,r,xdws;
t t
(6.1)
We then define ®(¢, x) 2 Y5 and F(p) 2 . It is known from Pardoux and Peng

(1992) that, under Assumption 2 and if ¢ is additionally continuous as a function
in time and space, ® is a viscosity solution to the following semilinear PDE:

D, + %02(15, T, 0)Pup + b0(t, z,0)P, + f(t, 2, P, P 0(t, x,0)) = 0;
(I)(Tv :U) = g(a:);
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We now define recursively a° 20and @™ 2 F (@™ '). Then the following theorem

can be proved similarly, actually more easily than, Theorem 5.1. We hence postpone
the proof to the appendix.

Theorem 6.1 Assume (3.2) and (5.1) hold true.
(i) @™ converges to some function u uniformly on compacts.

(ii) |u(t, 21) = ult, 22)[2 < Liloy — 2ol Ju(t, )2 < Ly|of? + 2

(111) F(u) = u. Moreover, if F(u) =@ and @ has linear growth, then @ = u.

(iv) Under Assumption 2, u is a viscosity solution to (1.3).

From the previous theorem and some arguments similar to those in Delarue (2002)
or Zhang (2006) we can derive the following corollary. A detailed proof is again
given in the appendix.

Corollary 6.2 Assume all the conditions in Theorem 6.1 hold true. Then FBSDE
(1.1) has a unique solution (X,Y,Z). Moreover, it holds that Y; = u(t, X;), and
thus . .
X, = x—i—/ b(s,Xs,u(S,Xs))ds—l—/ o(s, Xs,u(s, Xg))dW,
0 T o 7 (6.2)
VimglXn) + [ fls. XY Z)ds [ Zaws
t t

From now on we fix some 7y > 0 and always assume 7' < Tj. Moreover, we denote
by C a generic constant which may depend on the coefficients b, o, f, g, and T}, but
is independent of n, h, T and x. The value of C' may vary from line to line.

The decoupling relation Y; = u(t, X;) together with the Lipschitz continuity of u
enables us to apply some estimates for decoupled FBSDEs directly in the present
situation.

Corollary 6.3 Under the assumptions of Theorem 6.1 the following estimates hold

true:
lu(s, ) — u(t,z))* < C[1+ |z|?]|s — t; (6.3)
T
E{ sup [| X + |Y3)?] +/ |Zt|2dt} < O+ |z (6.4)
0<t<T 0

Moreover, if additionally Assumption 2 is in force, then

tit1 _
swpB{ s (X=X, P4y -1} + SB[ 120~ 2P
} t

e t€lti tit1] p i

< C[1+ |z[!]h, (6.5)
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where

1>

_ 1 tit1
Z, EEti{ / tht} (6.6)
t;

Proof. We exploit that, by Corollary 6.2, (X,Y, Z) solves (1.1) and (6.2). Since
(6.2) is a decoupled FBSDE with Lipschitz coefficients, (6.4) is standard, see, e.g.
Lemma 2.4 in Zhang (2004). Moreover, (6.5) will follow from Theorem 3.4.3 in
Zhang (2001), once (6.3) is proved.

It thus remains to prove (6.3). Let (X**, Y"* Z%*) denote the solution to (6.2) with
initial time ¢ and initial value x. Then, for 0 < s <t < T,

u(s, @) = ult, @) = |B{Y = Y +ult, X0%) = u(t, @) }

t
<CB{| [ Xz e,z 4 X0 - X
’ t
<CB{(t=s) [ 170X e 2
t ’ t
=) [ b Xem e P [ ot Xpm e Par)

t
<on{1+ sup X3P + ¥ + / 1z Par Yt -

s<r<

< CA+Jallt = s);
thanks to (6.4). [

With this regularity results for (X,Y, Z) and u at hand, we restate and prove The-
orem 2.2.

Theorem 6.4 Suppose Assumption 2 is in force. Moreover, let (3.2) and (5.1) hold
true. Then
[u () — u(ti, 2)|* < C[1+ |z[*]h.

Proof. We treat the case b, + o, # 0 only. Otherwise the FBSDE is decoupled
and the Theorem is proved in Zhang (2004). We follow similar arguments as in
Theorem 5.3. Fix n and (ip,z). Consider (1.1) and (1.4) with initial time iy and
initial value x. For notational simplicity we still denote their solutions as (X,Y, Z)
and (X", Y™ Z™, Z”), respectively. Denote

AXPE X, —X" AYPRY, -V AZMEZ-2M Au(x) 2 ulty, x)—ul(2).

For t € [t;,ti11), denote
AN AN
Oé% = (thh}/t) _b(tivthY;Z‘); ﬁtl :U(thhY;) _U(tivXth;fi)‘
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Then by Assumption 2 and (6.5) we have

E{laf? + |67} < CE{h+|X, - X, [P+ Y - Y,

2} < C[1 + |z}
We thus obtain from Lemma 3.2 (with A; > 0) and Theorem 6.1 (ii) that
E{|AX;[*}
< B{[1+ A+ (14 D) ALy JAXG + (1+ 25 ") Aoh| Au (X7
tit1
20427 [ 18all +85at)
t;
< E{[l + Ayh+ (14 o) AshLy] | A X
(14 25 ) Ak GAWXT + H(Aw) | b+ O+ A7)+ 22
Note that AX;, = 0, and by (5.5), we have

sup E{| X7} < [Jaf? + [By + Ao H(u")|T| |t #4600y 1] 2 4

1p<i<n

Hence, by similar arguments as in Theorem 5.3 we get

sup E{’AXZP} S Fg_io(Al + (1 + )\Q)Ale) X

i0<i<n

[(1 + AT DA G(AUM A + H(AWM)] + C(L+ AL+ z2h].  (6.7)

Next, denote

Al tit1 .
ﬁ}/il-i-l = E/t f<t7Xt7}/Ifazt>dt_f(ti7Xti7}/l-fi+17Zti)7
where
~ Al
~— Eti{YtMAWHl}. (6.8)

Then, by (6.5),
12 1 f 5 N2
E{|’7i+1| } < EE{ |f(t,Xt,Y;5, Zt) - f(ti’Xti7}/ti+1’ th)| dt}
t

%E{ /;M [h X, — X,

IN

Y, = Vi 412 - 2, lat}

C tit1 B 5 N
<clrlefihs 3B [ 12~ 2P + 120 - 2Py}
t;

tit1 C tiv1 _
< O +|aPlh+ CBf / ZPdr) + %E{/ 2~ Z,Pdt}. (69
ti t;
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Here we made use of the estimate
h2E{|Zti - Zti|2}
tit1
— E{ Eti{/ Z,dt}
t;
tit1

tit1 2
—E{Y:, - ft, X4, Ye, Zy)dt + / thWt]AWiH}‘ }
t;

- sffnf” )

tit1
2
B[ [ s x v zoa| Ye(aw. )
t;

Eti{ f(t7 Xt7 Yta Zt)thWti+1
ti
tit1
hQE{ / !f(t,Xt,Yt,Zm?dt}
t;

tit1

IN

IN

tit1

< op{ [ P G 12
t;

tit1
< C[1+ |z)*]p* + Ch2E{/ \Zt\th}.
t;
Applying Lemma 3.3 we get, under (3.5),
E{|AY;*} < E{[l + Ash]|AY; ]? + Ash|AX)

tit1 Lit1 5
FO + A5+ B [(1 +leP)h? + h/ \Z,|2dt + / \Z, — Zti|2dt] }
t; t;
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Then, by (6.4), (6.5), and (6.7),

|Aug (2)]? = |AY;, [
< (1 4+ Ah)"" O B{|AY, >} + AsTE(Ay) sup E{|AX;|*}

1p<i<n

+CAT + A3 h 4 R (14 AFh)" 0 x

{1+ laP )h+h/ 2, 2dt+2/m 2~ 2,Par])

1=10 ti

< [ Ay =g, + ATy 0(A)] sup B{AX[)

i0<i<n
FOA + A5 h+ e (1 + |z?)h
< [T+ A A[GAW) A+ H(Aw")] + C(1L+ A1+ |ofJh) x

[gx(l + AR)TOTI (A + (1+ o) AsLy)
AT (AT (A, + (1 4+ >\2)A2L1)]
FOA + A5 h+ hle T (1 + |2k
< (14 AN A[G(AU™A + H(Au™))Cy
+C[CAL+ A7) + AT+ A5 4+ Bet T | (1 + o),
with
Cx 2 gu(14+Agh)" T2 (A; +(1+ o) Ao Ly )+ AsT2 0 (AT (A +(14+ o) As Ly ).
By (4.10) we get
sup [Aug (z) |
< [G(Au”)fl + H(Au")] e b, L)
FO[(T+ AT + I 25+ BT | (14 [
< e\ h, Ll){G(Au”) [e[A1+AzG<u">1T v 1] [|93|2 +[B + AQH(u”)]T} + H(Au")}

+C [ h, L) T+ AT+ M+ A+ h]eAIT] (1+ |z*)h.
L by + oy
Thus
G(Au™) < (N h, Ly, (Un)) (Au™)
FO[ABALI1 A7) 4 [\ 4 gt 4 1A
H(Aw™) < ei(\ by L) H(Au )+02()\ h, Ly, G(u"))[B1 + Ao H (u™)|TG(Aum)
+c[61bjff1 (A7) + AT 4+ 25+ et

(6.10)
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Fix some ¢, (L1, L1) < co < 1. In dependence of ¢y we may and do choose some
A1 > 0 such that
l}gg CQ(/\l, /\Z, /\3(}1,), )\4(}1,), h, Ll, Ll) < Cog,

where A} is the minimum argument of ¢y(\g, L1, L1) and

1 —vVh—KQ0+Mh)h—2KvVh
As(h) 2 VR M(h) 2 (1+>\1h> .
1

With this choice, A3 = 1 holds true, and, for sufficiently small h, we obtain

c1(\ by Ly) < co(A hy Ly, G(u™)) < g < 1.
Consequently (6.10) implies that for sufficiently small
G(Au™) < Ch; H(Au") < Ch,
and the assertion is proved. [ |

As a direct consequence of Theorems 5.1 and 6.4 we have

Theorem 6.5 Under the assumptions of Theorem 6.4 we have for any co(L1, L1) <
co < 1 and for h small enough

;"™ () — u(ti, )] < C(1+ |2*)[mey’ + hl.

(2

We close the theoretical part of this paper with a precise version of the generic
Theorem 2.3.

Theorem 6.6 Under the assumptions of Theorem 6.4 we have for any co(Ly, L1) <
co < 1 and for h small enough

n t; A
sup B3 sup [| X, — X[+ Y — ng?]} + Z E{ / | Z — ZZZ’TIth}
i=1 ti—a

1<i<n { te(ti—1,t:]

< C(1+ |z)*)[mey + h).

This theorem follows from the previous one by arguments which are fairly standard.
A detailed proof can be found in the appendix.

7 A Numerical Algorithm

We now briefly explain how the discretized Markovian iteration above can be trans-
formed into a numerical algorithm which is viable also for high-dimensional prob-
lems. To this end we replace the conditional expectations by a simulation based
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least squares regression estimator, as was suggested e.g. by Gobet et al. (2005)
and Bender and Denk (2005) in the context of decoupled FBSDEs. An alternative
estimator based on Malliavin calculus is discussed in Bouchard and Touzi (2004) for
decoupled FBSDEs.

For the reader’s convenience we spell out our algorithm for the coupled case. While
a convergence analysis is out of the scope of the present paper, we will illustrate the

algorithm by some numerical examples in the next section.

We assume that the number of time steps n is fixed for the remainder of this sec-
tion. In the algorithm conditional expectations are first replaced by orthogonal
projections on K basis functions. Then the orthogonal projections are approxi-
mated by simulating A trajectories. Hence, the algorithm can be described for the
one-dimensional case iteratively as follows. It is straightforward how this extends
to the multi-dimensional case.

e Fix some z. Set u/"""*(z) = 0.

%

e Sample A independent copies of the time discretized Brownian motion Wt?, 1=

0,...,n, A =1,..., A starting in 0 and denote the corresponding increments
by AW,
e Suppose a4 (2) is already constructed. Let )?g’m”\ = x¢ and

an,m,k _ )/Zin,m,)\ + b(tl, X?’m7/\, a'lr'z,m—l,K,A(jZZ’L,m,)\))h

i+1
+o(ts, X A (X)) AW,

where — for notational convenience — we suppress the dependence of )?:LmA
on K through ™™ %A Note, )N(f”m’AO depends on all Brownian increments
AWA i =1,....,n, A =1,..., A through ﬁ?’m_l’K’A. While we expect, that
this dependence will make a convergence analysis difficult, the examples below
indicate that the algorithm works without re-simulating the Brownian paths

in every iteration step.

e Choose a set of Lipschitz continuous basis functions
B?vmyK: {,'727477717]43(:5)7 k: 177K}

such that
{n;lvmv’f(x."’m*), k=1,..., K} (7.1)

)

forms a subset of LQ(Q,)?f’m”\). From the construction below, it will be-

come evident, that "™ (z) inherits the Lipschitz continuity from the basis
functions. This feature seems to be important to ensure that the discretized

forward equations for XmmHLA o not explode.
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o Let
A?,m,K,A _ (n?,m,k(XZl,m,)\)>

A=1,. A, k=1, K

=l-

Define, fori =n—1,...,1

ap ™ (z) = g(x)
Gl (z) = 0
Nn,m,K,/\ ~n,m,K,A / vrn,m,\
Y = uz+1 (Xerl )
—Zn,m, K\ ~n,m,K,A M
Zz—i—l = Uz—i—l (XH-l )
1 1~
n,m, K, A n,m,K,A n,m, K,
Gy - = (4 ) ( VAW )

K
ﬁlﬁ,m,K,A(x) _ Zﬁzkm,K,An?,m,k(x)
k=1

1
nm, KA n,m,K,A nm, K, N nm,K,. —nmK,
) = ﬁ <«4¢ > (YZH + [t X Y 2 )h>
~n,m,K,A anA nmk
u; (z) = E o, n N (x)

where the & denotes the pseudo inverse. Recall here that, by the definition of
the pseudo inverse, e.g. Y™ = g A (XM gatisfies

A
= 1
n,m, K- .
Y, = arginf {K E

2
YZ:.TK)\_Ff( Z7)(nm)\ Yan)\ anK )h_y)\

’

y=U(X"™), Ue B;"m’K}.

o Let
v n,m, KO\ ~n,m,K,A/ vrn,m,\
Y, Uy (X7™7)

’Zviumjﬂz\ o ﬁ?,m,K,A()?IL,m,)\)

A
~ 1 1~ 3 <
n,m, K\ n,m, K\
ZymEr = 23 a A AW

>4 |

(O QZ’Q,Yan)\ anK)\)h.

A=
A
vnm, K\
gt = Z

> |

We expect that the thus constructed (XmmA ynmEA 7ZnmKEX) are close’ to (XM,
Y”7m7/\,ZA"’m’>‘), the solution of the discretized Markovian iteration (1.8) with the
Brownian motion W replaced by W?, if the basis functions are chosen appropriately
and the number A of simulated paths is sufficiently large. While an analysis of
the error by estimating the conditional expectations is left to future research, the

numerical examples in the next section support this conjecture.
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8 Numerical Examples

For the simulations we consider the example

(

t
Xat = Tao + / oY, dWg .,
0
D T 1 D 3
Y, = Z Sin(de) + /t —rY, + 56_37‘(T—u)02 (Z sin(Xd,u)> du
d=1 d=1
T D
—/ Z ZqudWay,
\ tog=1
where Wy, d =1,...,D is a D-dimensional Brownian motion and o > 0, r, x40 are

constants. Note that the corresponding differential operator degenerates at y = 0.

By It6’s formula one can easily check that this FBSDE decouples via the relation
D
Y =e T sin(Xyy) (8.1)
d=1

Note, that for small o the weak coupling condition of Y into X is satisfied, while, for
large o, the monotonicity condition of f can be fulfilled by choosing 7 large enough.

In the simulations we replace conditional expectations by least squares regression as
explained above with the ‘canonical’ basis functions

1, z4,1<d <D, (—R)V(zqz,) AR, 1<d<q<D,

i.e. monomials up to order two in x = (z1,...,2p). The truncation constant R

guarantees that the basis functions are Lipschitz continuous. We set
R=10, Xgo=m1<d<D, T=1A=50000, n =50

With this initial condition we get Yy = De "9 Recall also that the estimator
YA of Yy does not depend on A. We stop the iteration when two consecutive

vnm,K | nm K\
K=

estimates are within a distance of 10~%. This iteration level is

denoted mytop.

From (8.1) we can also approximate the true value of X via the usual Euler scheme
(applying the same simulated Brownian increments AW?). The corresponding ap-
proximation along the Ath path is denoted Xin”\, and hence

D
Yn,)\ _ e—r(T—ti) Z SlIl(XZ’Z)\)
d=1

(2
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may be considered a close approximation of Y;,. In the figures below we display a

comparison between a typical path of ¥, (dashed line) and Y;""™***° (solid line)
as well as the (absolute) empirical mean square error between Y;"* and Y;n’m“‘"”K”\,

A=1,...,A. Precisely, the figures on the right hand side show

A
U Mstop, KA UM, |2
> 1Y, - Y
A=1

==

as function of time. We consider the following cases:
Case 1: D =4,0=0.2,r =0. Then, my, = 9.
Case 2: D =4,0 =04, r =0. Then, mg,, = 42.
Case 3: D=4, 0 =04, r =1. Then, mg,, = 11.
Case 4: D =10, 0 = 0.1, r = 0. Then, mg,, = 12.

The numbers of iteration required for termination and the figures below (for cases
1-3) clearly illustrate how the convergence quality decreases in o and increases in r,
as expected from the above discussion. We also report that for D =4, 0 =1,r =0
the coupling apparently becomes too strong for the algorithm to converge. Indeed,
we obtained values "™ ~ 35 for odd m and Y™ ~ 0.63 for even m which did
not change significantly with increasing number of iterations. We hence terminated
the experiment after 75 iteration steps. However, convergence can be enforced by
increasing r. For instance, for D =4, 0 = 1, r = 2.5, the algorithm terminated after
30 steps. The estimated value 370”’30’K’A is 0.320 while the true value Y; is 0.328. To
demonstrate that the space dimension four is no limitation for the proposed method,
we additionally include case 4 where X takes values in R,

x10°
42 T T T T T T T T T 9

a1t : : : 1 sl

32

I I I I I I I I T ! I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: Case 1
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4.5 T T T T T T T T T 0.2

L L L L L L L L
1 0 01 0.2 03 0.4 05 06 0.7 08 0.9 1

Figure 2: Case

L L L L L L L L
0 0.1 0.2 03 0.4 05 06 0.7 0.8

14

I I I I I I I I I I I I I L I I
0 0.1 0.2 03 0.4 05 0.6 0.7 08 0.1 0.2 03 0.4 05 0.6 0.7 08 0.9 1

I?igulre 3 CaS;O 3
A Proofs of Theorem 6.1 and Corollary 6.2

Denote .
Ay =2k + 1+ 0y

Ay = by + oy;
As = A (A.1)

AL 8 2k + 14 M\ e
A5 é fa:

A.1 Lipschitz continuity
Lemma A.1 Given (1, p2), (z1,22), and to, for i = 1,2 and © = XY, Z denote

o2 ewhTi. Ay 2 Ty —x9; Ay = o' — % AB 2ol -2
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L L L L L L L L L I L L L L L L
0 0.1 0.2 03 0.4 05 06 0.7 0.8 X 1 0 01 0.2 03 0.4 05 06 0.7 08 0.9 1

Figure 4: Case 4
Then, for any A\; > 0,

%E{mxﬁ} < [+ (14 2) A L( E{]AX, [}
+(1+ AN AE{Ae(X]) Y

d , i )
— E{AYI} + (1= A)|AZ]° < AB{JAY )"} + A E{[AX);

Proof. Applying Ito’s formula we have

Ad(AX,?) = 2AX,Abdt + 2AX,AcdW, + |Ac|?dt

S 2AXtAO'th + 2kb|AXt’2 + ‘AXt|2 + by|901(Xt1> — QOQ(XtZ)P

0| AKX + y01 (X]) — 0o X7) 7| dt.
Note that
1 (X)) = pa(XD)P < (14 X)) L) [AX P + (14 A3 D[ Ap(X7)
Then
A(AX[?) < 28X AGAWt [[Ai+(142) Ao L(h) A X P+(140 1) Aol A (X2) ],

which implies the estimate for X.

Moreover,
—d|AY;]? = —2AY,AZdW, + 20V, Afdt — |AZ | dt
< 2AYAZ dW + |2k |AY ] 4 |AY:]E + fo| AX|?
LAY+ M| AZ)E — |AZ)? | dt.
This proves the estimate for Y and Z. |
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Lemma A.2 For any Lipschitz continuous ¢,
L(F(¢)) < g + £T) ] exp ([A + AT + A,TL(g)) v 1];

provided
Az < 1. (A.2)

Proof. Fix ty and (z,73). Setting Ay = 0 and ¢' = p? = ¢, and applying Lemma
A1, we get

E{AX,[?} < [Af* + 4, + AL(o)) / E{|AX, [} ds.

to

Then
E{AX,} < [Aafexp (1A + ALYt~ to]).

Moreover, since As = \y < 1, we get
—d(eMB{|AY?}) < Ase™ E{|AX,|?}dt.

Then

T
E{|AY, [} < gzeA4(T‘t°)|AXT|2+A5/ e B{|AX,[?}dt

to
< [gxe[A_l+A2L(¢1)+A4](T7t0) VAL /T ol A1+ A2 L") +As)(t—to) gy |Az]?
< 9o + AST] [e[f‘HMWWT Vv ;} | Az,
Note that Y} = F(¢)(to, z;), we get
L(F(p)(to, ")) < [go + AT [l -4+ A0T y 1]
Since the right side at above is independent of ¢, the lemma is proved. [ |

For the remainder of this appendix we shall always assume that A, = A3 = 1.

Lemma A.3 Assume (3.2) holds true. Then

Proof. By Lemma A.3, with \y = 1, we have

L(fbm) < [gx + A5T] |:6[A1+A4]T+A2L(ﬂm_l)T +1].
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Then -
A, TL(E™) < A,T[gy + A5T) |elhrAdT+AoL@ = OT 4 g

Note, that L(a") = 0. If Ly < e™!, one can easily show by induction that
ATL(a™) < ATg, + AsT) + 1.

Thus
L(’ELm) < [g:r + A5T] |:6[A1+A4}T+A2T[gz+A5T]+1 V1l

That is, L(a™) < L. u

A.2 Linear growth

Denote
= A = A
Bl = bo + 003 BQ = f[). (A3)

Lemma A.4 Given p,tg, x, denote © 2 getos for© =X,Y, Z. Then

%EﬂXt\Q} < [A; + AG(Q)E{|X|?} + [By + A H ()]

d _ _ _ _
—%E{IYAQ} + (1= A)|Zi* < ALE{[Yi[*} + A E{| X"} + Bo.

Proof. By Ito’s formula we have
d(|X¢|?) = 2X,0dW; + 2X,bdt + |o|*dt
< 2X,0dW; + [21{:1,|Xt|2 + 1 X% + bo + by|p(X)|? + 00 + 02| X + 0y |0( X)) |? | dt
< 2X0dW, + [MX + By + A[G(0)| X, + H )]

Taking the expectation yields the estimate for X.

Similarly,

—d|Y;|? = —2Y, Z,dW; + 2Y, fdt — |Z|*dt
— “2ViZdWy + 2 |[f (1, X0, Vi, ) = (8, X0,0,2)

FF(t X0, 0, Z0) — f(t, X0, 0,0)] + f(t,Xt,0,0)] dt — | Z,|dt

< =2V, Z, dW; + [Zkfly;fF + MY+ M ZP + Y + fo + ful Xl — | 2| dt.

The estimate for (Y, Z) follows again by taking expectation. |
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Lemma A.5 For any linear growing ¢,

(9o + AT |+ AdT+ATCE@) 1] (A4)

<
< co(G(p)H(p) + L2(G(p)); (A.5)

with co and Lo as defined at the beginning of Section 4.

Proof. Fix ¢ty and x. Applying Lemma A.4 we have
o T
E{|X,]} < ’x‘2e[A1+A2G(w)][t7to] + By + /LH(@)]/ elAr+A2G(p)][s—to] 7
to

Moreover, since A\y = 1,

|[F () (to, 2)[* = [V, [

i T B _
< AT B o1y [2) +/ eAalt—to] [A5E{|Xt|2} + Bz] dt
to

T — —
+9z [Bl + AQH(QO)] / e[A1+A2G(‘P)HS—t0]dS}
to

T _ o _ B T
+A5/ 6A4[t—to] [’x‘Qe[Al-i-AzG(SD)][t—to] + [Bl +A2H<90)]/ e[A1+A2G(<P)][3—t0]dS dt

to to

T
+BQ / 6A4[t_t0]dt.

to

This implies that

T
G(gO(to,')) < gre[A1+A4+A2G(<P)][T—t0]+A5/ 6[A1+A4+A2G(<P)Ht—to}dt
to

IN

g+ ATty
H(p(to,")) < A2T[Qx + AsTTo(AdT)|To([Ar + A2G(9)]T)H ()

_i_gOeAAL(T*tO) + BIT[gx + A5TF0(A4T)]F0([A1 + AQG(QO)]T)
+ByTo(A,T)T.

The result now follows immediately. |
Lemma A.6 Assume (3.2) and (4.2) hold true. Then

G(a™) < Ly; H(@a™) < La(L1)

2y,
- 1 — C()(Ll)
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Proof. By Lemma A.5, we have

Ga™) < [g. + A5T] e”l”dﬂ%m(ﬂm‘l)vq;
H(@™) < co(G@@™)H (@™ ") + Lo(G(a™1)).

As in Lemma A.3 we obtain G(a™) < L;. Thus,
H(a™) < co(L1)H (@™ ") 4 Ly(Ly).

Therefore, H(u™) < 152026)1) u

A.3 Convergence

Lemma A.7 Assume ', ©* have linear growth and @' is Lipschitz continuous.
Then

ca(Xa, L), G(¢%)G(Ap)
c1(Aa, L(p")) H(Ap)
+ea(Xo, L(9"), G(9?)[Br + A H(9*)TG(Agp).

VAR VAN

Proof. We define L 2 L(¢1),G 2 G(p?). Moreover, we fix (to,z) and denote, for
I=1,2and © = X,Y, Z

Pl 2 F(gh; @ 2 e T AO 2o - 0% Ay 2 ot — % AD SR
Applying Lemma A.1 and noting that AX,;, = 0, we get

sup E{|AXt|2}

to<t<T

< (14 X)4[GAg) swp B{IXP) + H(Ag)

to<t<
x (T — to)To([AL + (1 + X)) A LT — to)).
From Lemma A.4, we obtain

é ~

sup E{| X2} < [|x|2+[Bl+A2H(¢2)]T] [e[ﬁl%GlTv@ A

to<t<T

Thus
sup E{|AXt|2}
to<t<T

< (14 X\HA,|G(Ap)A + H(Agp)] (T — to)To([Ar + (1 + X2) AL L][T — to)).
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Applying the second inequality of Lemma A.1 with Ay = 1,we get
|AQ(tg, 2)|* = |AY,, [
< MITNIBLAY Y 4 A5(T — to)To(Au[T — to]) sup E{|AX,[*}

to<t<T

< [eMI=lg, 4 Ag(T — to)To(A[T - to])]
(14254 [GAR) A+ H(AQ)|(T = to)To([A: + (1 + Ao LT — 1]
< (14514 [G(Ap) A+ H(Ag) | T x
92T (AT, [ Ay + (14 X) A LIT) + ASTTo(AT)To([ Ay + (14 X)L L]T) .
We can now plug in the definition of the constants to prove the assertion. [

Lemma A.8 Assume (3.2) and (5.1) hold true. Let H 2 %, 2 co(Ly, Ly),

and ¢; 2 c1(Aa, L1) where Ay is the minimum arqument of ca(Ae, L1, L1). Then

Ga™ — ™) < Ly

I

H(@" — @) < Hel'™ + |[bo + oo] + [by + 0y H| Ty (m = 1)

Proof. Let Ay denote the minimum argument of c(\g, L1, L1). By Lemmas A.2
and A.5 we have

L(a™) < Ly; G@@™) < L;; H(u™)<H.
Thanks to Lemma A.7, we get,

G(am _ ﬂ,m_l) < CQG(lNLm_l _ lNLm_Q)'

I

H@" —a™") < qH@" " —a") 4 o[By + ALH|TG(a™ " —a"?).
Note that
G(a' — @) = G(a") < Ly;  H(@' —a°) = H(@@') < H;.

Therefore, we have
Ga™ —a™ ) < Ly

9

and then

H@™ —am ') < tH(a' - a°)
m—1 — o
B Gt — i—1
+cCo |:[b0 + 0'0] + [by + O'y]H] TCT_l Z M

C’L
i=1 1

< TVH 4 ¢y [[bo + o] + [b, + o—y]lﬂ T Ly

< He '+ [[bo + 0] + [by + 0y H

S
&
Bl

|
=
=

|
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The proof is complete now. [ |

A.4 Proof of Theorem 6.1.

Analogous to Theorem 5.1 one can easily prove (i) and (ii). It is obvious that
F(u) = u.

We now prove the uniqueness. Assume F(@) = @ and @ has linear growth. To
emphasize the dependence of c;(A2, L) and cy(Ao, L, G) on T, we denote them as
c1(Ao, L, T) and co(Ag, L, G, T), respectively. Fix Ay = 1. Choose § > 0 small
enough such that

c1(1,Lq,0) < eo(1, Ly, G(w),0) < 1.

Note that F is a local operator and u(T, z) = g(z) = a(T,z). We set o' = u,p* =1
and apply Lemma A.7 over [T — 6,7, to get uw(T — 0,x) = a(T — 0,z). Applying
Lemma A.7 again, but over [T'— 20, T — §] with terminal condition u(7 — 0, x), yields
u(T —20,x) = (T — 20, ). Repeating the arguments backwardly we obtain @ = w.

Finally, we show that u is a viscosity solution of (1.3). From Corollary 6.3 we know
that u is 1/2-Holder continuous in time and Lipschitz continuous in space. Hence,
under Assumption 2, by Pardoux and Peng (1992) we know that & = F(u) is a
viscosity solution of

D, + %02(75, z,u) Py + b(t, z,u)P, + f(t, 2, P, Dpo(t, x,u)) = 0;
(T, z) = g(x).

Since F'(u) = u, (iv) is proved. n

A.5 Proof of Corollary 6.2

We first prove uniqueness. Assume (X!, Y' Z') ] = 1,2 are two solutions to (1.1).
Let u denote the limit function in Theorem 6.1, and 2 % for some integer k > 0
which will be specified later. Note that

t t
X=Xt / b(s, XL, Y1)ds + / o(s, X1, Y)W,
(n (n—1)8 t € [(n—1)d,nd].

X9 /fsxg,yj,zl) /ngws;
t

Moreover, given X(ln_l)d, the above FBSDE has a unique solution by Antonelli
(1993). By the Markovian structure of the problem we have Y! = a(t, X!),t €
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[(n — 1)d,nd] for some deterministic function @. Then obviously F(4) = @ on
[(n —1)d,nd]. Since, by Antonelli (1993), we have

Vi < O+ X7,

for some constant C' > 0 which may depend on ¢ and the coefficients, @ has linear
growth. Then by Theorem 6.1, (iii), we derive @ = u. Therefore, V! = u(t, X}) for
t € [(n —1)d,nd]. Now we consider

t t
M= Xt [ b XL Yas s [ ot XLy

n—2)8 n—2)4

(n—1)d (n—1)0
Y;:l = u((n — 1)d, Xén—l)é) + / f(s, Xiv }/;l’ Zl)d / ZédWS;
t t

for t € [(n — 2)0, (n — 1)d]. Thanks to Theorem 6.1, (ii), we may choose the same
0 to ensure the uniqueness of solutions to the above FBSDE. Then by the same
arguments we have Y;! = u(t, X}) for t € [(n—2)d, (n—1)d]. Repeating the arguments
backwardly we get V! = u(t, X}) for t € [0,7]. Then on [0, 5] we have

t t
Xl—x—Ir/ b(s, X' u(s, X))ds+/ o(s, XL u(s, XL)dw;
0
5
u(8, X} / f(s, XL YE Zhds / ZLdw,.
t
By the uniqueness of solutions to this decoupled FBSDE, we get (X!, V!, Z}) =

(X2, Y2, Z2) for t € [0,0]. In particular, X} = X?. Now repeating the arguments
forwardly we obtain (X}, V', Z}) = (X2, Y2, Z2) for t € [0,T].

We now prove the existence. For the same § as above, we consider
t t

X; = :L‘+/ b(s,Xs,YS)d3+/ o(s, X, Ys)dWs;
0 0

)
n:u<5,x(g)+/ f(s,Xs,Ys,Zs)ds—/ Z.dW..
t t

By Antonelli (1993) (XY, Z) exists on [0, §]. By the arguments in the above proof of
uniqueness, we know that Y; = u(¢, X;),t € [0,6]. Now we can construct forwardly a
solution (X,Y,Z) on [0,T]. Obviously, (X,Y,Z) satisfies both (1.1) and (6.2) over
[0, T7. u
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B Proof of Theorem 6.6

Throughout the proof we will apply Corollary 6.3 several times without further
notice. By (6.2) we have

tit1
Xti-H = Xti + b(ti7 Xti’ u(ti7 th))h + / [b(tv Xt’ Y;f) - b(tiv Xtm }/tz):ldt
t;
tit1
+O-(t7,7 Xtia u(tw Xti))AI/I/i—‘rl + / [U(t7 Xt7 )/;ﬁ) - O'(t“ Xtia }/tl)]th
t;

Applying Lemma 3.2 on X and X™™ we get
E{|Xti+1 - XZLJ;TF}
< E{[l + Avh+ (1+ o) AshLi]| X, — X2
+(1 4+ Ay Aghlu(t;, X™) — ul ™ (X 4 2(1 4+ A7) x

tit1
/ Hb(@Xt,Yt) - b(ththa}/;h)
t

i

2 + ‘O-(tJXtu }/t) - O-(tlu Xtm}/;fi)

2]dt}
< E{[l 4 A+ (14 \o)AshLy]| X, — X1

+C(1 + A1) Ash(mcy + h)

X[ X = X0+ X+ O+ AT+ [2))n?}
< (1+ Ch)E{|X:, — X"’} + Ch[1 + |x[*][mcy" + h].

Since Xy, — X" = 0, we obtain

sup E{|X;, — X"} < C[1 + [a]*][meg’ + h).

Moreover,

E{ sup IXt—X-"”"F} < 2E{ sup |Xt—Xti|2+|Xti—X;m|2}

K3
ti<t<ti1 1 <t<ti+1

< C[1+ |z)*)[mey + h).

hence, the estimate for X is proved.
Similarly, recall (6.8) and note that

R tit1
)/ti - )/;H—l + f(ti7Xti7 Y;¢+17 th)h - / ZydWy
t

i

tit1 R
n / (6 X0 Yo 20) — £t X Yon, Zu)ldt.
t

i
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Applying Lemma 3.3 and following the arguments in (6.9), we have
E{|Ys, = Y2+ (1= Ag)h|Z, — 212}

< B{[1 + Adh)|Yi,, — Y72+ Ash|X,, — X[

tH—l N
+(/\1_1 +h+ 2>‘3_1h)/ ’f(ta Xta }/ta Zt) - f(tla Xti7}/ti+17 th) 2
ti

}

< B{[L+ A¥e,, — YATP +Ch /tm \Z,|2dt + c/ti” 2~ 2, Pt
t; ti
+Ch[1 + |z[*][mcy + h). (B.6)
Note that
E{Y:, =Y} = E{lg(X,) — g(X5™)1*}
< CE{|Xy, — X"’} < C[1 + |z|*)[mcy + h).
Choose A appropriately such that As < 1 for small A. Then

sup E{[V;, — Y%}

0<i<n

<cr{n / ;ZththZ/ZH\Zt

< O[1 + |z|*][mcy* + h].

[t} + O+ [allfmeg + 7]

The estimate for Y easily follows.
Moreover, (B.6) implies
(1= AhB{|Z, = 272} (1 + Au)

< B{(1+ A MY,y = VETE = (L+ A Y, = Y}

141

tit1 tit1 N
+CE{h/ | Z,|2dt + / | Z, — Zti|2dt} + Ch[1 + [z[*][mc5" + h].
ti t;

Summing over i, we get (with the same estimates as for ),

—

E{|Z}i . Zf’m|2}h < Ch[1 + |z|2][mc + h).

i=0
We can finally write
n tz . n tl . . N
S E{ [ 1z-zpat <2 B{ [ 17~ 2 Pare 2, - 2 en)
i=1 ti—1 i=1 ti—1

The first term can be treated along the lines of (6.9), and so the estimate for Z
follows. |
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