Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Γ-limits and relaxations for rate-independent evolutionary problems

Alexander Mielke^{1,2}, Tomáš Roubíček^{3,4}, and Ulisse Stefanelli^5

1 Weierstraß-Institut für Angewandte Analysis und Stochastik, Mohrenstraße 39, 10117 Berlin, Germany, E-Mail: mielke@wias-berlin.de 2 Institut für Mathematik, Humboldt-Universität zu Berlin,

Rudower Chaussee 25, 12489 Berlin-Adlershof, Germany 3 Mathematical Institute, Charles University, Sokolovská 83, CZ–18675 Praha 8, Czech Republic, E-Mail: tomas.roubicek@mff.cuni.cz 4 Institute of Information Theory and Automation, Academy of Sciences, Pod vodárenskou věží 4, CZ–18208 Praha 8, Czech Republic 5 Istituto di Matematica Applicata e Tecnologie Informatiche – CNR, via Ferrata 1, I–27100, Italy, E-Mail: ulisse.stefanelli@imati.cnr.it

submitted: 2nd August 2006

No. 1156 Berlin 2006

W I A S

2000 Mathematics Subject Classification. 49J40, 49S05, 35K90.

Key words and phrases. Rate-independent problems, energetic formulation, Gamma convergence, relaxation, time-incremental minimization, joint recovery sequence.

Research partially supported by LC06052 (MŠMT), MSM21620839 (MŠMT), A1077402 (GAČR), by the Deutsche Forschungsgemeinschaft under Matheon C18 and under SFB404 C7, by the European Union under HPRN-CT-2002-00284 Smart Systems, and by the Alexander von Humboldt-Stiftung. Ulisse Stefanelli gratefully acknowledges the kind hospitality of the WIAS, where this research was initiated..

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

1 Introduction

Rate-independent models for material behavior are useful in many contexts. Elastoplasticity is the most prominent application, but recently also damage, fracture, hysteretic behavior in magnetic, magnetostrictive and ferroelectric materials, and phase transformations in shape-memory alloys have been described via such models, see [Mie05] and the references there.

Here, we want to contribute to the abstract mathematical foundations for such models. While a quite flexible existence theory has been developed over the last years (cf. [MTL02, MT04, MM05, Mie05, FM06]), there is still a need to develop a theory for parameter dependence and for numerical approximation properties. The first part of this work will address these questions in the framework of Γ-convergence. In the second part, we are concerned with the question of relaxation of rate-independent evolutionary systems. This topic is important for the understanding of evolution of microstructures in materials, see [ORS00, BCHH04, Mie04, KMR05, CT05, MO06]. While the static questions of Γ-convergence or relaxation are well studied, the related questions for evolutionary systems are treated less systematically, see e.g., [Ott98, Bre99, Bre00]. Only recently, a systematic study for gradient flows was initialized in [SS04, Ort05b, Ort05a, Ste06].

To present our main ideas we introduce the main notions. The state space of our system is denoted by Q and the stored-energy functional E : [0, T ]×Q → R_∞ := R ∪ {∞} is assumed to depend on the (process) time through a time-dependent loading. Additionally, there is given a dissipation distance D : Q×Q → [0, ∞], which is assumed to satisfy the triangle inequality but may be unsymmetric. Here, D(q_0, q_1) measures the minimal amount of energy that is dissipated when the state is changed from q_0 into q_1. In rate-independent systems the dissipation depends only on the path but not on the velocity.

A process q : [0, T ] → Q is called an energetic solution of the rate-independent process associated with the functionals E and D, if it satisfies the stability condition (S) and the energy balance (E) for all t ∈ [0, T ]:

(S) ∀~q ∈ Q : E(t, q(t)) ≤ E(t, ~q) + D(q(t), ~q), (E) E(t, q(t)) + Diss_D(q; [0, t]) = E(0, q(0)) +

�_t 0 ∂_sE(s, q(s))ds.

(1.1)

Here, the dissipation Diss_D(q; [r, s]) along a part of the curve is defined as a total variation with respect to the “metric” D. In this case, we also say that q solves the energetic formulation (S)&(E). If E and D are replaced by E_k and D_k, we call this the energetic formulation (S)_k&(E)_k.

Under the assumption that Q is a Banach space, that D is translation invariant, i.e. D(q_0, q_1) = R(q_1−q_0), and that E(t, ·) is convex, the energetic formulation (S)&(E) is equivalent to the doubly nonlinear differential inclusion

0 ∈ ∂R(q̇(t)) + ∂E(t, q(t)) ⊂ Q^∗ (dual space),

cf. [MT04, Mie05]. The advantage of the energetic formulation (S)&(E) is that it is totally derivative free and hence can be formulated on an abstract topological space Q, see [MM05]. The stability is a purely static concept and the evolutionary concept is brought into hearing solely by the scalar energy balance. In Sections 2 and 3 we study the situation that a sequence of pairs (E_k, D_k) is given as well as limit functionals (E_∞, D_∞). Assume that q_k : [0, T ] → Q is an energetic solution associated with E_k and D_k. We study the question in what sense (E_k, D_k) has to converge to (E_∞, D_∞) such that a limit process q(t) = lim_{k→∞} q_k(t) solves the energetic formulation (S)_∞&(E)_∞. It turns out that the right notion of convergence is related to Γ-convergence. However, it is easy to see that

E_∞ = Γ–lim_{k→∞} E_k and D_∞ = Γ–lim_{k→∞} D_k (1.2)

is not sufficient. See (2.14) for the definition of Γ-convergence and Example 3.2 for a simple system where (1.2) is not sufficient for convergence of solutions. Note also, that the Γ-limit D_∞ may no longer satisfy the triangle inequality, so this will be an extra assumption.

Central objects are the set of stable states and stable sequences. The sets of stable states S_k(t) depend on t ∈ [0, T ] and k ∈ N_∞ := N ∪ {∞} and are defined via

S_k(t) := { q ∈ Q ; E_k(t, q) < ∞, ∀~q ∈ Q : E_k(t, q) ≤ E_k(t, ~q) + D_k(q, ~q) }. (1.3)

A sequence (t_l, q_{kl} )_{l∈N} is called a stable sequence if

q_{kl} ∈ S_{kl} (t_l) and sup_{l∈N} E_{kl} (t_l, q_{kl} ) < ∞. (1.4)

Here we always assume that (k_l)_{l∈N} denotes a subsequence, i.e., k_l < k_{l+1} → ∞. The crucial conditions for the desired convergence result are now

(a) E_∞(t, q) ≤ inf{ lim inf_{l→∞} E_{kl} (t_l, q_{kl} ) ; (t_l, q_{kl} ) is stable and (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) }, (b) D_∞(q, ~q) ≤ inf{ lim inf_{l→∞} D_{kl} (q_{kl} , ~q_{kl} ) ; (t_l, q_{kl} ), (~t_l, ~q_{kl} ) are stable, (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q), (~t_l, ~q_{kl} )^{[0,T ]×Q}→ (~t, ~q) }, (c) ∀ stable sequences (t_l, q_{kl} )_{l∈N} : (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) =⇒ q ∈ S_∞(t).

While the conditions (a) and (b) are usually satisfied by assuming (1.2), the condition (c) is genuinely new and concerns the interplay between the two sequences (E_k)_{k∈N} and (D_k)_{k∈N}. In Section 2 we provide several sufficient conditions for the implication (c), which can be understood as conditioned upper semi-continuity of the stable sets. The strongest of these conditions is that E_∞ = Γ–lim_{k→∞} E_k and that D_k continuously converges to D_∞. Note that (a) and (b) only ask for a lower estimate, however our theorems will prove that, along the approximate solutions, the lower limits E_∞ and D_∞ are attained, see assertions (i) and (ii) in the Theorems 3.1, 3.3, and 4.1.

Having in mind numerical approximation we also combine this result with time discretizations. The most effective way to study energetic formulations is based on the incremental minimization problems

(IP)_k q^k_j ∈ Arg min{ E_k(t^k_j , ~q) + D_k(q^k_{j−1}, ~q) ; ~q ∈ Q },

where Π_k = � 0 = t^k_0 < t^k_1 < · · · < t^k_{Nk} = T � is an arbitrary partition of [0, T ]. Using the same conditions as for the above convergence result together with suitable uniform compactness results, we show that the piecewise constant interpolants q_k : [0, T ] → Q associated with solutions of (IP)_k contain a subsequence that converges to a solution of (S)_∞&(E)_∞, see Theorem 3.3.

In Section 4 we consider the situation that the sequences (E_k)_{k∈N} and (D_k)_{k∈N} are constant, i.e. E_k = E_1 and D_k = D_1. However, we do not assume that E_1 and D_1 are lower semi-continuous. Hence, (IP)_k may not be solvable and we replace it by an approximate incremental problem (AIP)_k where we only need to reach the infimum up to an accuracy ε_k(t^k_j − t^k_{j−1}). Of course, (AIP)_k is solvable and we study the sequence q_k : [0, T ] → Q of piecewise constant interpolants. Using a slightly strengthened version of the upper semi-continuity of the stable sets we show that the sequence (q_k)_{k∈N} again contains a convergent subsequence the limit of which solves (S)_∞&(E)_∞. The construction of subsequences relies on an abstract version of Helly’s selection principle that is due to [MM05] and that we prove in a slightly more general form in Appendix A.

In the final Section 5 we illustrate the two main results by three relatively simple examples. In Section 5.1 we deal with a quadratic energy functional E_∞ on a Hilbert space H = Q and a weakly continuous and translationally invariant dissipation distance D_∞. Defining a sequence H_k of finite-dimensional subspaces of H with ∪^∞_{k=1}H_k dense in H, we define E_k equal to E_∞ on H_k and +∞ else. Letting D_k = D_∞ it is easy to check the abstract conditions and, thus, a convergence result for space-time discretizations is established. The idea of using Γ-convergence for treating numerical approximations was first investigated in [KMR05]. As a particular application, this provides the convergence result in elastoplasticity derived first in [HR99a]. Further applications that use the full strength of the theory developed here, are found in [MR06a]. Stronger convergence results of numerical methods, also giving specific convergence rates are discussed in [HR99b, AMS06].

In Section 5.2 we address the question of the continuity of the play and the stop operator with respect to the yield or characteristic set C_k. This question was studied in [Kre99, Thm. 3.12] and [Ste06, Cor. 4.6] and we show that our abstract result recovers the known results.

The example in Section 5.3 deals with Q = H^1((0, 1)) equipped with the weak topology, with the dissipation D_k(q, ~q) = ‖~q−q‖_L1 and with the energy functional

E_k(t, q) =

�_1 0 W (q^′(x)) + q(x)^2 − f(t, x)q(x)dx,

where W : R → R is a coercive, nonconvex double-well potential. The Γ-limits in the weak topology of H^1((0, 1)) of the constant sequences D_k = D_1 and E_k = E_1 are D_∞ = D_1 and E_∞ = convE_1, which has the same form as E_k but W is replaced by its convexification W^{∗∗}. Using the results of Section 4 we show that the solutions of (AIP)_k, which develop microstructure, converge weakly to an energetic solution associated with the relaxed functionals E_∞ and D_∞. The question of relaxations of this type was already addressed in [MTL02, Mie04, MO06]. However, rigorous results were only obtained in [The02, CT05]. The analogous is obtained by regularizing E_1 in the form E_k(t, z) = E_1(t, z) +^1_k

�_1 0 (z^{′′}(x))^2 dx.

Another application of the theory presented here is given in [GP06], where the Γconvergence of families of crack problems is studied. There the notion of “stability of the unilateral minimality property” is used for what we call upper semi-continuity of the stable sets.

2 Assumptions and preliminary results

Throughout this work we assume that the state space Q is a product Q = F×Z, where each of the factors is a Hausdorff topological space. All our notions concerning (lower semi−) continuity, closedness and compactness are in fact meant “sequentially”. (The typical applications we have in mind are the weak topologies in a separable, reflexive Banach spaces, possibly restricted to a weakly closed subset.) We will denote the convergence in these spaces by^Q→,^F→, and^Z→ respectively. For sequences (t_k, q_k)_{k∈N} we write (t_k, q_k)^{[0,T ]×Q}→ (t, q) if t_k → t in R and q_k^Q→ q.

On the state space Q a sequence of time-dependent energy functionals E_k : [0, T ]×Q → R_∞ as well as a limit E_∞ : [0, T ]×Q → R_∞ are given. Moreover, we have a sequence of dissipation distances D_k : Z×Z → [0, ∞] and a limit D_∞ : Z×Z → [0, ∞]. Note that our dissipation distances are not assumed to be symmetric, i.e. D_k(z_1, z_2) ≠ D_k(z_2, z_1) is possible. Moreover, we allow for the value +∞, which is often needed in continuum mechanical models. We use the notation N_∞ := N ∪ {∞} which enables us to address the sequence as well as the limits together.

Throughout we will switch between the two equivalent notations q ∈ Q and (φ, z) ∈

F×Z as it is most appropriate in the given context. In particular, we also consider D_k, k ∈ N_∞, as functions on Q × Q and write D_k(q_1, q_2) instead of D_k(z_1, z_2), where q_j = (φ_j, z_j ) ∈ F×Z = Q is taken for granted.

To formulate our assumptions we recall the definition of the stable sets S_k(t) from (1.3) and call a sequence (t_l, q_{kl} )_{l∈N} a stable sequence (abbreviated as “stab.seq.” further on), if

q_{kl} ∈ S_{kl} (t_l) for all l ∈ N and sup_{l∈N} E_{kl} (t_l, q_{kl} ) < ∞. (2.1)

Note that (q_{kl} )_{l∈N} denotes a subsequence to indicate the index k_l for which we have stability. We now state our assumptions in one list and comment on it afterwards.

Pseudo distance: ∀ k ∈ N_∞ ∀ z_1, z_2, z_3 ∈ Z : D_k(z_1, z_1) = 0 and D_k(z_1, z_3) ≤ D_k(z_1, z_2) + D_k(z_2, z_3).

(2.2)

Lower semi-continuity of D_k:

∀ k ∈ N_∞ : D_k : Z×Z → [0, ∞] is lower semi-continuous.

(2.3)

Positivity of D_∞: For all compact K ⊂ Z :

If z_k ∈ K and min {D_∞(z_k, z), D_∞(z, z_k)} → 0, then z_k^Z→ z.

(2.4)

Lower Γ-limit for D_k:

∀ stab.seq. (t_l, q_{kl} ), (~t_l, ~q_{kl} ) with (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q), (~t_l, ~q_{kl} )^{[0,T ]×Q}→ (~t, ~q) : D_∞(q, ~q) ≤ lim inf_{l→∞} D_{kl} (q_{kl} , ~q_{kl} ).

(2.5)

Compactness of energy sublevels: For all t ∈ [0, T ] and all E ∈ R we have (i) ∀ k ∈ N_∞ : { q ∈ Q ; E_k(t, q) ≤ E } is compact; (ii)

�_∞ k=1{ q ∈ Q ; E_k(t, q) ≤ E } is relatively compact.

(2.6)

Here (with our agreement about “sequential” notions) relative compactness of A ⊂ Q means that every sequence in A has a convergent subsequence.

Uniform control of the power ∂_tE_∞:

∃ c^E_0 ∈ R ∃ c^E_1 > 0 ∀ k ∈ N_∞ ∀ t ∈ [0, T ] ∀ q ∈ Q : If E_k(t, q) < ∞, then E_k(·, q) ∈ C^1([0, T ]) and |∂_tE_k(s, q)| ≤ c^E_1 (c^E_0 +E_k(s, q)) for all s ∈ [0, T ].

(2.7)

Uniform time-continuity of the power ∂_tE_∞: ∀ ε > 0 ∀ E ∈ R ∃ δ > 0 :

E_∞(0, q) ≤ E and |t_1−t_2| < δ =⇒ |∂_tE_∞(t_1, q)−∂_tE_∞(t_2, q)| < ε.

(2.8)

Conditioned continuous convergence of the power: ∀ stab.seq. (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) : ∂_tE_{kl} (t_l, q_{kl} ) → ∂_tE_∞(t, q)

(2.9)

Lower Γ-limit for E_k:

∀ stab.seq. (t_l, q_{kl} ) with (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) : E_∞(t, q) ≤ lim inf_{l→∞} E_{kl} (t_l, q_{kl} ).

(2.10)

Conditioned upper semi-continuity of stable sets: ∀ stab.seq. (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) : q ∈ S_∞(t).

(2.11)

Assumptions (2.2)–(2.5) mainly concern the dissipation distances, whereas assumptions (2.6)–(2.10) are mainly on the stored-energy functionals. Conditions (2.5), (2.9)–(2.11) are based on the stable sets, which involve the interplay of E_k and D_k.

For a given function z : [0, T ] → Z (defined everywhere!) we define the dissipation associated with D_k, k ∈ N_∞, on the subinterval [r, s], via

Diss_k(z; [r, s]) = sup

�_N� j=1 D_k(z(t_{j−1}), z(t_j )) ; N ∈ N, r ≤ t_0 < t_1 < · · · < t_N ≤ s � . The lower Γ-limit condition (2.5) for D_k implies that, if z_k : [0, T ] → Z converges pointwise to z : [0, T ] → Z and if (t, q_k(t)) is stable for all t ∈ [0, T ], then

Diss_∞(z; [r, s]) ≤ lim inf_{k→∞} Diss_k(z_k; [r, s]). (2.12)

The positivity condition (2.4) for D_∞ implies that a function z with Diss_∞(z; [0, T ]) < ∞ is continuous on [0, T ] except for at most countably many points, namely the jump points of t → Diss_∞(z; [0, t]).

The major compactness result is a generalization of Helly’s selection principle, which is proved in Appendix A. Using (2.2), (2.4) and (2.5) it is shown that every sequence of functions z_k : [0, T ] → Z for which Diss_k(z_k; [0, T ]) is bounded has a pointwise convergent subsequence.

The compactness condition (2.6) on the energy functionals implies lower semicontinuity of each E_k(t, ·) : Q → R_∞ and is essential for constructing solutions for incremental minimization problems.

For a given q ∈ Q the mapping t → E_k(t, q) maps [0, T ] into R_∞. Hence the partial derivative ∂_tE(t, q) makes sense even though Q does not have a manifold structure. Moreover, it has the physical dimension of a power, namely energy divided by time. In [MR03]

�_t 0 ∂_sE(s, q(s))ds is called the reduced work of the external forces, since it relates to the “work of the external forces”, as used in the mechanics literature. In the simple case E(t, φ, z) = U(φ, z)−⟨ℓ(t), φ⟩ the former has the form −

�_t 0 ⟨ℓ̇(s), φ(s)⟩ds while the latter one reads

�_t 0 ⟨ℓ(s), ∂_sφ(s)⟩ds. From our energy balance (E) in (1.1) it is clear that ∂_tE(t, q(t)) is the power associated with the changing external forces. For simplicity, we continue to call this term simply power.

Condition (2.7) gives a uniform energetic control on the power ∂_tE_k(t, q). Using a simple Gronwall argument yields the estimate

E_k(t_1, q) + c^E_0 ≤ e^{cE1 |t1−t2|} � E_k(t_2, q)+c^E_0 � , (2.13)

which provides simple a priori estimates for the energy and the dissipation along solutions, see Step 1 in the proof of Theorem 3.3.

The continuity condition (2.9) for the power ∂_tE_k is weaker than the so-called continuous convergence of ∂_tE_k to ∂_tE_∞, viz., (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) =⇒ ∂_tE_{kl} (t_l, q_{kl} ) → ∂_tE_∞(t, q). In fact, we only need to know the convergence of the power along converging stable sequences. We will see that, under some additional assumptions, the convergence of stable sequences leads to improved convergence, e.g., to convergence of the energies E_{kl} (t_l, q_{kl} ) → E_∞(t, q), see Proposition 2.2(A) below. In the Banach space context this may be used to convert a weak convergence into a strong one. Moreover, the abstract Proposition 3.3 in [FM06] shows that this energy convergence together with the lower semi-continuity (2.10) of (E_k)_{k∈N∞} and (2.8) implies the conditioned continuous convergence (2.9) of the power.

The two conditions (2.5) and (2.10) on the lower Γ-limits of D_k and E_k, respectively, are formulated in a general setting involving the stable sequences. However, in all the applications in this paper we will use the major results under the stronger assumption that D_∞ and E_∞ are the Γ-limits in the usual sense:

I_∞ = Γ–lim_{k→∞} I_k^{def}⇐⇒ � � � � (i) q_k^Q→ q =⇒ I_∞(q) ≤ lim inf_{k→∞} I_k(q_k), (ii) ∀ q ∈ Q ∃ (^q_k)_{k∈N} with ^q_k^Q→ q : I_∞(q) ≥ lim sup_{k→∞} I_k(^q_k).

(2.14)

Here the sequence (^q_k)_{k∈N} is called a recovery sequence for the limit q. Clearly (i) and (ii) gives I_k(^q_k) → I_∞(q). Our weaker assumptions (2.5) and (2.10) can be useful in certain more involved applications since the additional stability and energy boundedness for the converging sequences might be helpful in establishing the desired lower bound. However, our main results in Sections 3 and 4 imply that along our solution sequences q_k we will have convergence of the energies, see the statements (i) in the Theorems 3.1, 3.3, and 4.1.

The major condition that makes the whole theory working is (2.11). This condition couples the potentials E_k and D_k and provides a kind of upper Γ-limit estimate for E_k and D_k simultaneously. In [GP06] a similar condition is derived to study the Γ-convergence of the solutions in families of crack problems. There our notion of stability is called “unilateral minimality property” and our notion of upper semicontinuity of the stable sets is called “stability of the unilateral minimality property”. In that paper the Theorems 7.2 and 8.3 provide what we call condition (2.11).

Lemma 2.1 The upper semi-continuity condition (2.11) is equivalent to

∀ stab.seq. (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) ∀ ~q ∈ Q ∃ (~q_{kl} )_{l∈N} : lim sup l→∞ � E_{kl} (t_l, ~q_{kl} )+D_{kl} (q_{kl} , ~q_{kl} )−E_{kl} (t_l, q_{kl} ) � ≤ E_∞(t, ~q)+D_∞(q, ~q)−E_∞(t, q).

(2.15)

Proof: For abbreviation we set H_k(t, q, ~q) = E_k(t, ~q) + D_k(q, ~q) − E_k(t, q). Then, q ∈ S_k(t) is equivalent to H_k(t, q, ~q) ≥ 0 for all ~q ∈ Q.

The implication (2.11) ⇒ (2.15) follows immediately by taking the sequence ~q_{kl} = q_{kl} . Then, (2.15) holds, since H_{kl} (t_l, q_{kl} , ~q_{kl} ) = 0 and (2.11) implies H_∞(t, q, ~q) ≥ 0.

The opposite implication (2.15) ⇒ (2.11) is seen as follows. For arbitrary ~q we choose a sequence (~q_{kl} )_{l∈N} according to (2.15). Using q_{kl} ∈ S_{kl} (t_l) we have H_{kl} (t_l, q_{kl} , ~q_{kl} ) ≥ 0. Taking the lim sup_{l→∞} and employing (2.15) we conclude H_∞(t, q, ~q) ≥ 0. Since ~q ∈ Q was arbitrary, this gives q ∈ S_∞(t).

Note that condition (2.15) does not ask for ~q_{kl}^Q→ ~q, hence (~q_{kl} )_{l∈N} is not a recovery sequence in the sense of (2.14). In fact, the inequality in (2.15) has the property that the right-hand side depends on ~q but not on (~q_{kl} )_{l∈N}, while the left-hand side is independent of ~q. Nevertheless, the condition is useful when choosing a suitable sequence (~q_{kl} )_{l∈N} with ~q_{kl}^Q→ ~q such that E_{kl} (t_l, ~q_{kl} )+D_{kl} (q_{kl} , ~q_{kl} )−E_{kl} (t_l, q_{kl} ) → E_∞(t, ~q)+D_∞(q, ~q)−E_∞(t, q). For later use we display this slight strengthening of (2.15) for finding a joint recovery sequence (~q_{kl} )_{l∈N}:

∀ stab.seq. (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) ∀ ~q ∈ Q ∃ ~q_{kl}^Q→ ~q : lim sup l→∞ � E_{kl} (t_l, ~q_{kl} )+D_{kl} (q_{kl} , ~q_{kl} )−E_{kl} (t_l, q_{kl} ) � ≤ E_∞(t, ~q)+D_∞(q, ~q)−E_∞(t, q).

(2.16)

We provide two more conditions which are stronger than (2.16) and, hence, can be used to establish the crucial upper semi-continuity (2.11) of the stable sets. The weaker of these two conditions is based on the existence of a joint recovery sequence and reads

∀ stab.seq. (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) ∀ ~q ∈ Q ∃ ~q_{kl}^Q→ ~q : lim sup l→∞ � E_{kl} (t_l, ~q_{kl} )+D_{kl} (q_{kl} , ~q_{kl} ) � ≤ E_∞(t, ~q)+D_∞(q, ~q).

(2.17)

The stronger of these two conditions consists on two separate convergence results for the energy functionals and for the dissipation distances: E_∞ is the Γ-limit of E_k, i.e., (2.10) holds and ∀ t ∈ [0, T ] ∀ ^q ∈ Q ∃ (^q_k)_{k∈N} with ^q_k^Q→ ^q : E_∞(t, ^q) ≥ lim sup_{k→∞} E_k(t, ^q_k),

(2.18) and D_k continuously converges to D_∞ conditioned by bounded energy, i.e.,

q_k^Q→ q and ~q_k^Q→ ~q sup_{k∈N} � E_k(t, q_k)+E_k(t, ~q_k) � < ∞ � � � =⇒ D_k(q_k, ~q_k) → D_∞(q, ~q). (2.19)

Proposition 2.2 Assume that (2.10) holds.

(A) If for each stable sequence (t_l, q_{kl} ) that converges to (t, q) there exists a sequence (~q_l)_{l∈N} such that lim sup_{l→∞} E_{kl} (t_l, ~q_l)+D_{kl} (q_{kl} , ~q_l) ≤ E_∞(t, q), then the energy converges along the stable sequences, i.e.,

∀ stab.seq. (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q) : E_{kl} (t_l, q_{kl} ) → E_∞(t, q). (2.20)

In particular, we have (2.17) =⇒ (2.20). (B) We have the following implications: � (2.18) & (2.19) � =⇒ (2.17) =⇒ (2.16) =⇒ (2.15) ⇐⇒ (2.11).

Proof: ad (A). By (2.10) we have E_∞(t, q) ≤ lim inf_{l→∞} E_{kl} (t_l, q_{kl} ). Using D_{kl} (q_{kl} , ~q_l) ≥ 0 we immediately obtain lim sup_{l→∞} E_{kl} (t_l, q_{kl} ) ≤ E_∞(t, q). This proves (2.20). Since (2.17) includes the assumption by specifying ~q = q, the final implication holds. ad (B). For the first implication we start from a converging stable sequence (t_l, q_{kl} ) → (t, q) and from a general ~q. We choose ~q_l via the recovery sequence ^q_k from (2.18), namely ~q_l = ^q_{kl} . Employing (2.19) we then obtain lim sup_{l→∞} E_{kl} (t_l, ~q_l)+D_{kl} (q_{kl} , ~q_l) ≤ E_∞(t, ~q)+D_∞(q, ~q), which is the desired result (2.17).

For “(2.17) ⇒ (2.16)” note that (2.10) implies lim sup_{l→∞} � −E_{kl} (t_l, q_{kl} ) � ≤ −E_∞(t, q), whenever (t_l, q_{kl} )^{[0,T ]×Q}→ (t, q). Adding this to (2.17) we easily find the desired result (2.16).

The next implication follows directly from the definition as the requirement ~q_{kl}^Q→ ~q is dropped. The final equivalence is the content of Lemma 2.1.

The following examples show that the above implications cannot be reversed. It is easy to provide such examples taking E_∞ and D_∞ strictly lower than the corresponding Γ-limits. Our examples below are chosen such that equality between E_∞ and D_∞ and the corresponding Γ-limits hold. In particular, this means that (2.10) and (2.18) hold. For simplicity, we drop the dependence on the time t ∈ [0, T ], as the main emphasis of condition (2.11) is on the convergence of q_k. Using the assumptions (2.7)–(2.9) it is then easy to obtain the more general version including t_k → t.

Example 2.3 (I) “(2.16) ⇏ (2.17)”. Consider Q = L^2(Ω) equipped with its weak topology. The sequences E_k and D_k are assumed to be constant, namely E_k(t, q) = � Ω 1 2 q(x)^2−f(t, x)q(x)dx with f ∈ C^1([0, T ], L^2(Ω)) and D_k(q_0, q_1) = ‖q_1−q_0‖_L1 . Obviously, we have S_k(t) = { q ∈ L^2(Ω) ; ‖q−f(t, ·)‖_L∞ ≤ 1 } and it is easy to see that (2.11) holds. However, even without this knowledge, we may establish (2.16) directly. We choose the recovery sequence ~q_{kl} = ~q − q + q_{kl} , hence ~q_{kl} ⇀ ~q. Moreover, D_{kl} (q_{kl} , ~q_{kl} ) = ‖~q−q‖_L1 = D_∞(q, ~q) and

E_{kl} (t_l, ~q_{kl} ) − E_{kl} (t_l, q_{kl} ) =

�_1 2 (~q−q) + q_{kl} − f(t_l, ·), ~q−q � L^2 → �_1 2 (~q+q) − f(t_l, ·), ~q−q � L^2 = E∞(t, ~q) − E∞(t, q),

which proves (2.16) with equality.

To show that (2.17) does not hold we consider t_l = 0 and the stable sequence q_l with |q_l−f(0, ·)| ≡ 1 but q_l ⇀ q = f(0, ·). Moreover, let ~q = q, such that the right-hand side in (2.17) takes the value −^1_2 ‖q‖^2_{L2} . Writing the joint recovery sequence ~q_l in the form ~q_l = q_l + w_l we must have w_l ⇀ 0 and the left-hand side in (2.17) gives

E(0, ~q_l) + D(q_l, ~q_l) = � Ω 1 2 � q_l+w_l−q

�_2 −^1_2 |q|^2 + |w_l|dx ≥ � Ω 1 2 −^1_2 |q|^2 dx > −^1_2 ‖q‖^2_{L2} = E(0, q)+D(q, q),

where we used |q_l−q| ≡ 1 and minimized with respect to w_l. Thus, we have shown that (2.17) cannot hold.

This example is relevant to the classical linearized elastoplasticity with hardening. An application of (2.16) in the framework of two-scale homogenization is given in [MT06].

(II) “(2.16) ⇏ (2.17) ⇏ (2.19)”. We consider Q = R, E_k(q) =^1_2 (k^αq)^2, and D_k(q, ~q) = k^β|~q−q|. Here, α, β ≥ 0 are parameters. The corresponding stable sets are S_k = [−k^{β−α}, k^{β−α}]. The Γ-limits are easily obtained, namely E_∞ = E_1 if α = 0 and E_∞ = I_{{0}} else and D_∞(q, ~q) = |~q−q| if β = 0 and D_∞(q, ~q) = I_{{0}}(~q−q) else.

The different conditions can be checked easily. In particular, (2.19) holds if and only if α > β ≥ 0 or if α = β = 0. Condition (2.17) holds if and only if α > β ≥ 0 or if α = 0, which is a strictly bigger set. Note that for 0 < α ≤ β the property (2.20) does not hold and hence, by Proposition 2.2(A), condition (2.17) must be violated. Finally, condition (2.16) holds in all cases by choosing ~q_{kl} = q_{kl} +~q−q.

(III) “(2.11) ⇔ (2.15) ⇏ (2.16)”. We let E_k(q) = E(q) =^1_2 q^2 for k ∈ N_∞ and choose D_k via D_k(q, ~q) =

� �_q

eq m_k(p) dp � with m_k(p) = 1 for p ≥ 0 and k otherwise. The Γ-limit D_∞ reads D_∞(q, ~q) = |~q−q| for q, ~q ≥ 0, D_∞(q, ~q) = 0 for ~q = q < 0, and +∞ otherwise. Some computations give S_k = [−k, 1] and S_∞ = (−∞, 1], and thus (2.11) holds. The sequence q_k = −1/k is a stable sequence converging to q = 0. For ~q = 1, any sequence (~q_k)_{k∈N} with ~q_k → ~q = 1 satisfies D_k(q_k, ~q_k) → 2 < D_∞(q, ~q) = D_∞(0, 1) = 1. Hence, since E is continuous, (2.16) cannot hold.

The next result states that the stability condition (S) in (1.1) implies a lower energy estimate. This observation was first done in [MTL02] and is proved more generally in [Mie05, Prop. 5.7].

Proposition 2.4 Let the condition (2.7) for k = ∞ and (2.8) hold. If q : [0, T ] → Q satisfies (S)_∞, if E_∞(·, q(·)) ∈ BV([0, T ]) and if ∂_tE_∞(·, q(·)) ∈ L^1([0, T]), then for all r, s ∈ [0, T ] with r < s we have the lower energy estimate

E_∞(s, q(s)) + Diss_∞(q; [r, s]) ≥ E_∞(r, q(r)) +

�_s r ∂_tE_∞(t, q(t))dt.

Proof: Take an arbitrary partition r = τ_0 < τ_1 < · · · < τ_N = s of [r, s]. Testing stability of q(τ_{j−1}) with q(τ_j ) we find

E_∞(τ_{j−1}, q(τ_{j−1})) ≤ E_∞(τ_{j−1}, q(τ_j )) + D_∞(q(τ_{j−1}), q(τ_j)) = E_∞(τ_j , q(τ_j)) −

�_{τj}

τ_{j−1} ∂sE∞(s, q(τj))ds + D∞(q(τj−1), q(τj)).

Rearranging this inequality and summation over j = 1, . . . , N gives

E_∞(s, q(s)) + Diss_∞(q; [r, s]) ≥ E_∞(s, q(s)) +

�_N

j=1 D_∞(q(τ_{j−1}), q(τ_j)) ≥ E_∞(r, q(r)) +

�_N j=1 �_{τj}

τ_{j−1} ∂tE∞(t, q(τj))dt

= E_∞(r, q(r)) +

�_s r ∂_tE_∞(t, q(t))dt (2.21a) + �_N

j=1 ∂_sE_∞(τ_j , q(τ_j ))(τ_j−τ_{j−1}) −

�_s r ∂_tE_∞(t, q(t))dt (2.21b) + �_N j=1 �_{τj}

τ_{j−1} � ∂_tE_∞(t, q(τ_j )) − ∂_tE_∞(τ_j, q(τ_j )) � dt (2.21c)

Here (2.21a) contains the desired estimate, the term in (2.21b) tends to 0, if we choose a suitable sequence of partitions such that the Riemann sums converge to the the L^1-integral, see [FM06]. The term in (2.21c) tends to 0 because of (2.8).

Remark 2.5 In fact, the notion of stable sequences could be strengthened slightly by asking also that the dissipation distance remains bounded as well. For this one has to fix a sequence of initial conditions (q^k_∗ )_{k∈N} such that the initial conditions q^k_0 to be imposed later for the solutions satisfy D^∗ = sup_{k∈N} D_k(q^k_∗ , q^k_0 ) < ∞. By the uniform control of power it is shown that all solutions (incremental or continuous) satisfy the a priori bound

D_k(q^k_∗ , q^k(t)) + E_k(t, q^k(t)) ≤ D^∗ + 2e^{cE1 T} � c^E_0 + sup E_k(0, q^k_0 ) � , see (3.10) and (3.11). Hence, we could use the additional condition

sup_{l∈N} D_k(q^{kl}_∗ , q_{kl} ) < ∞ (2.22)

in the definition (2.1) of stable sequences, which will weaken the crucial condition (2.11) as well as some of the other. Since this does not lead to any substantial improvement in the present analysis, we refrained from using the weakening condition (2.22) in the definition of stable sequences and, thus, keep our text easier readable.

3 Γ-convergence

Our first result concerns the convergence of the solutions q_k : [0, T ] → Q of the energetic formulations (S)_k&(E)_k associated with the functionals E_k and D_k:

(S)_k ∀ t ∈ [0, T ] : q_k(t) ∈ S_k(t), (E)_k ∀ t ∈ [0, T ] : E_k(t, q_k(t)) + Diss_k(q_k; [0, t]) = E_k(0, q_k(0)) +

�_t 0 ∂_sE_k(s, q_k(s))ds.

(3.1)

Theorem 3.1 Let assumptions (2.5), (2.7)–(2.11) hold and let q_k : [0, T ] → Q be solutions of (3.1). If for all t ∈ [0, T ] we have q_k(t)^Q→ q(t) for k → ∞ and if E_k(0, q_k(0)) → E_∞(0, q(0)), then q : [0, T ] → Q is a solution of (S)_∞&(E)_∞, i.e., for all t ∈ [0, T ] we have

(S)_∞ q(t) ∈ S_∞(t) (E)_∞ E_∞(t, q(t)) + Diss_∞(q; [0, t]) = E_∞(0, q(0)) +

�_t 0 ∂_sE_∞(s, q(s))ds.

(3.2)

Moreover, for all t ∈ [0, T ] we have

(i) E_k(t, q_k(t)) → E_∞(t, q(t)), (ii) Diss_k(q_k; [0, t]) → Diss_∞(t, q(t)), (iii) ∂_tE_k(t, q_k(t)) → ∂_tE_∞(t, q(t)).

(3.3)

Proof: First we use E_k(0, q_k(0)) → E_∞(0, q(0)) and condition (2.7) to show that E_k(t, q_k(t)) is bounded uniformly in t ∈ [0, T ] and k ∈ N, see also (2.13). Now, condition (2.11) gives (S)_∞ and condition (2.9) implies the convergence (iii) in (3.3).

Passing to the limit k → ∞ in (E)_k and using (2.12) and (2.10) we find the upper energy estimate

E_∞(t, q(t)) + Diss_∞(q; [0, t]) ≤ e_∗(t) + δ_∗(t) = E_∞(0, q(0)) +

�_t 0 ∂_sE_∞(s, q(s))ds,

where e_∗(t) = lim inf_{k→∞} E_k(t, q_k(t)) and δ_∗(t) = lim inf_{k→∞} Diss_k(q_k; [0, t]). Proposition 2.4 shows the opposite estimate and we obtain e_∗(t) = E_∞(t, q(t)) and δ_∗(t) = Diss_∞(q; [0, t]). Since the limits inferior e_∗(t) and δ_∗(t) are identified a priori and do not depend on choosing a subsequence, we conclude that they are true limits such that (i) and (ii) in (3.3) are shown.

The following counterexample shows that a joint condition on the sequences (E_k)_{k∈N} and (D_k)_{k∈N} is necessary to obtain the above convergence result. In particular, the above result as well as the conclusion of Theorem 3.3 below may be false if we have merely the following two independent Γ-convergences

E_∞ = Γ–lim_{k→∞} E_k and D_∞ = Γ–lim_{k→∞} D_k. (3.4)

Example 3.2 Take Q = R^2 and, for α > 0 and β ≥ 0 let

E_k(t, q) = 1 2 q^2_1 + k^α 2 � q_2− 1 k q_1

�_2

− tq_1 and D_k(q, ~q) = |q_1−~q_1| + k^β|q_2−~q_2|.

Under the initial condition q(0) = 0, the explicit solution can be obtained from the subdifferential equation

0 ∈ ∂R_k(q̇) + A_kq − (t, 0)^⊤, q(0) = 0,

cf. [MT04, MR06b] for the equivalence to (S)_k&(E)_k in the convex case. Here

A_k = � 1+k^{α−2} −k^{α−1} −k^{α−1} k^α � , ∂R_k(v) = Sign(v_1)× � k^βSign(v_2) � ⊂ R^2,

where Sign is the multi-valued signum function. With T (k) = 1 + k^{β−1} + k^{β+1−α} we have the solutions q_k : [0, ∞) → R^2 with

q_k(t) = � � � (0, 0)^⊤ for t ∈ [0, 1], �_{t−1}

k^{α−2}+1 , 0

�_⊤

for t ∈ [1, T (k)], � t−1−k^{β−1},^{t−T (k)}_k

�_⊤ for t ≥ T (k).

For all choices of α and β, the limit q(t) = lim_{k→∞} q_k(t) exists. For t ∈ [0, 1] we always have q(t) = 0, and for t ≥ 1 we find

lim_{k→∞} q_k(t) =

� � � � � � � �

(max{0, t−1}, 0)^⊤ for β ∈ [0, 1) or α ∈ (0, 2), � max{0, (t−1)/2, t−2}, 0

�_⊤ for (α, β) = (2, 1), (max{0, (t−1)/2}, 0)^⊤ for α = 2 and β > 1, � max{0, t−2}, 0

�_⊤

for α > 2 and β = 1, (0, 0)^⊤ for α > 2 and β > 1.

It is easy to see that we have

E_k(t, ·)^Γ→ E_∞(t, ·): q →

�_1

2 q^2_1 − tq_1 for q_2 = 0, ∞ otherwise.

For β = 0 we have D_∞ = D_k and conclude the continuous convergence (2.19). Hence, (2.11) holds. For β > 0 we have

D_k^Γ→ D_∞ : (q, ~q) → � |q_1−~q_1| for q_2 = ~q_2 = 0, ∞ otherwise.

The unique energetic solution associated with E_∞ and D_∞ is given by q(t) = (max{0, t−1}, 0)^⊤. Thus, we conclude that convergence of q_k to the limit solution holds if and only if α ∈ (0, 2) or β ∈ [0, 1).

It is interesting to see that the crucial conditional upper semi-continuity of (2.11) of the stable sets holds if and only if β ∈ [0, 1). To see this, note S_∞(t) = [t−1, t+1]×{0} and that S_k(t) is the parallelogram defined by the corners A^{−1}_k (t + σ_1, σ_2k^β)^⊤ with σ_1, σ_2 ∈ {−1, 1}. Note that the restriction sup E_k(t, q_k) < ∞ for stable sequences implies q_k·(0, 1)^⊤ → 0. In fact, the stronger condition of unconditioned upper semi-continuity of the stable sets (i.e., (2.11) without the boundedness of the energy in the definition of “stab.seq.”) holds if and only if 0 ≤ β < min{α, 1}.

The major result of this section is the construction of solutions of (S)_∞&(E)_∞ without first deriving solutions q_k of (S)_k&(E)_k. Instead it is sufficient to have solutions of the time-incremental minimization problems (IP)_k. For this we choose a sequence of partitions

Π_k = � 0 = τ^k_0 < τ^k_1 < · · · < τ^k_{Nk−1} < τ^k_{Nk} = T � such that the fineness ϕ(Π_k) = max_{j=1,...,Nk} � τ^k_j −τ^k_{j−1} � satisfies ϕ(Π_k) → 0. The time-incremental problem reads as follows:

(IP)_k Given q^k_0 ∈ Q, for j = 1, . . . , N_k find q^k_j ∈ Arg Min_{eq∈Q} � E_k(τ^k_j , ~q)+D_k(q^k_{j−1}, ~q) � . This incremental problem is fully implicit and thus can be called a backward Euler or Rothe scheme. We then define the (backward) piecewise constant interpolants q_k : [0, T ] → Q via

q_k(t) = q^k_{j−1} for t ∈ [τ^k_{j−1}, τ^k_j ) and q_k(T ) = q^k_{Nk} . (3.5)

Theorem 3.3 Let the conditions (2.2)–(2.11) hold. Let the sequence of partitions Π_k, k ∈ N, satisfy ϕ(Π_k) → 0. Let q^k_0 , k ∈ N, be a sequence of initial conditions satisfying q^k_0 ∈ S_k(0), q^k_0^Q→ q_0 and E_k(0, q^k_0 ) → E_∞(0, q_0). (3.6) Then, each (IP)_k has at least one solution q_k = (φ_k, z_k) : [0, T ] → Q = F×Z and there exist a subsequence (q_{kj} )_{j∈N} and a solution q = (φ, z) : [0, T ] → Q = F×Z of (S)_∞&(E)_∞ such that (i)–(v) hold:

(i) ∀ t ∈ [0, T ] : E_{kj} (t, q_{kj} (t)) → E_∞(t, q(t)), (ii) ∀ t ∈ [0, T ] : Diss_{kj} (q_{kj} ; [0, t]) → Diss_∞(q; [0, t]), (iii) ∀ t ∈ [0, T ] : z_{kj} (t)^Z→ z(t), (iv) ∂_tE_{kj} (·, q_{kj} (·)) → ∂_tE_∞(·, q(·)) in L^1([0, T]), (v) ∀ t ∈ [0, T ] ∃ subsequence (K^t_n)_{n∈N} of (k_j)_{j∈N} : φ_Kt_n (t)^F→ φ(t).

(3.7)

Moreover, any ~q : [0, T ] → Q obtained as such a limit is a solution of (S)_∞&(E)_∞.

Finally, if the topology on Q restricted to compact subsets is separable and metrizable, then the mapping φ : [0, T ] → F can be chosen measurable, i.e., for any open subset A ⊂ F the pre-image φ^{−1}(A) ⊂ [0, T ] is Lebesgue measurable.

An alternative way of formulating the convergence in (v) is based on convergence of nets, see Remark 3.4 below.

Proof: We follow the six steps of the existence proof for rate-independent problems given in [Mie05, FM06] and add Step 7 to prove the measurability. Step 1: A priori estimates Using assumptions (2.3) and (2.6) we immediately see that the solution (q^k_j )_{j∈{1,...,Nk}} exist by induction on j. Thus, the interpolants q_k : [0, T ] → Q are well defined. Moreover, we have q^k_j ∈ S_k(τ^k_j ), since for all ~q ∈ Q we have

E_k(τ^k_j , q^k_j ) ≤_{(IP)k} E_k(τ^k_j , ~q) + D_k(q^k_{j−1}, ~q) − D_k(q^k_{j−1}, q^k_j ) ≤_{(2.2)} E_k(τ^k_j , ~q) + D_k(q^k_j , ~q).

Letting e^k_j = E_k(τ^k_j , q^k_j ) and δ^k_j = D_k(q^k_{j−1}, q^k_j ) and using the minimization property in (IP)_k once again, we derive the upper energy estimate

e^k_j + δ^k_j ≤_{(IP)k} E_k(τ^k_j , q^k_{j−1}) = e^k_{j−1} +

�_{τj}

τ_{j−1} ∂sEk(s, q k j−1)ds. (3.8)

Inserting first (2.7) and then (2.13) into (3.8) we obtain

e^k_j + δ^k_j ≤ e^k_{j−1} +

�_τ k_j

τ^k_{j−1} c E 1 (e^k_{j−1} + c^E_0 )e^{cE1 (s−τ kj−1)} ds = e^k_{j−1} + (e^k_{j−1} + c^E_0 )(e^{cE1 (τ kj −τ kj−1)} − 1).

(3.9)

Neglecting δ^k_j ≥ 0 we obtain by induction e^k_j + c^E_0 ≤ (e^k_0 + c^E_0 )e^{cE1 τ kj} and using (2.13) and the definition of q_k we find, with E_∗ = c^E_0 + sup_{k∈N} E_k(0, q^k_0 ),

∀ t ∈ [0, T ] ∀ k ∈ N : E_k(t, q_k(t)) + c^E_0 ≤ E_∗e^{cE1 t}. (3.10)

Note that E_∗ < ∞ by assumption (3.6). Summing (3.9) over j ∈ {1, . . . , M} we find �_M j=1 δ^k_j ≤ e^k_0 − e^k_M +

�_M j=1(e^k_{j−1} + c^E_0 )(e^{cE1 (τ kj −τ kj−1)} − 1) ≤ (e^k_0 + c^E_0 ) − (e^k_M + c^E_0 ) + (e^k_0 + c^E_0 )

�_M j=1(e^{cE1 τ kj} − e^{cE1 τ kj−1} ) ≤ (e^k_0 + c^E_0 )e^{cE1 τ kM} .

Choosing M = N_k and using the definition of q_k we find

Diss_k(q_k; [0, T ]) =

�_{Nk} j=1 δ^k_j ≤ E_∗e^{cE1 T} . (3.11)

Finally we want to show that the functions e_k : [0, T ] → R with e_k(t) = E_k(t, q_k(t)) satisfy a BV bound independent of k. For this we test the stability of q^k_{j−1} ∈ S_k(τ^k_{j−1}) by ~q = q^k_j and obtain e^k_{j−1} ≤ E_k(τ^k_{j−1}, q^k_j ) + D_k(q^k_{j−1}, q^k_j ) ≤ e^k_j + δ^k_j + C(τ^k_j −τ^k_{j−1}). Together with (3.9) we obtain

|e^k_j + δ^k_j − e^k_{j−1}| ≤ C_1(τ^k_j −τ^k_{j−1}), (3.12) where C_1 is independent of k and j. Moreover, for t ∈ [τ^k_{j−1}, τ^k_j ) we have ė_k(t) = ∂_tE_k(t, q^k_{j−1}) and conclude, using (2.7), that

�_τ k_j

τ^k_{j−1} |ėk(t)|dt ≤ C2(τ k j −τ^k_{j−1}).

Finally, using (3.12) we estimate the jumps

Δe^k_j = lim_{h↘0} � e_k(τ^k_j ) − e_k(τ^k_j −h) � = e^k_j − � e^k_{j−1} +

�_τ k_j

τ^k_{j−1} ėk(t)dt � ≤ |e^k_j − e^k_{j−1}| + C_2(τ^k_j −τ^k_{j−1}) ≤ δ^k_j + (C_1+C_2)(τ^k_j −τ^k_{j−1}).

Combining everything we arrive at

Var(e_k; [0, T ]) =

�_{Nk} j=1 � �_τ k_j

τ^k_{j−1} |ėk(t)|dt + Δe k j � ≤ �_{Nk} j=1 � δ^k_j + (C_1+2C_2)(τ^k_j −τ^k_{j−1}) � ≤ E_∗e^{cE1 T} + (C_1+2C_2)T.

(3.13)

Step 2: Selection of subsequences Estimates (3.10) and (3.11) provides bounds, which are independent of k. The dissipation estimate (3.11) together with the assumptions (2.2),(2.5) and (2.4) allow us to extract a subsequence (not renumbered) and limit functions z : [0, T ] → Z, e_∞ : [0, T ] → R, and δ_∞ : [0, T ] → R such that for all s, t ∈ [0, T ] with s ≤ t we have

Diss_k(q_k; [0, t]) → δ_∞(t), e_k(t) → e_∞(t), z_k(t)^Z→ z(t), Diss_∞(z; [s, t]) ≤ δ_∞(t) − δ_∞(s).

Moreover, the energy boundedness (3.10) together with assumption (2.7) shows that the sequence p_k : [0, T ] → R, t → ∂_tE_k(t, q_k(t)) is bounded in L^∞([0, T ]). Choosing a further subsequence (not renumbered) we may assume

p_k^∗⇀ p_∞ in L^∞([0, T ]).

We also define p^∗ ∈ L^∞([0, T ]) via

p^∗(t) = lim sup_{k→∞} p_k(t).

By Fatou’s lemma we know p_∞ ≤ p^∗ a.e. on [0, T ].

The construction of the limit function φ : [0, T ] → F is more involved. For each t ∈ [0, T ] we define

A(t) = { ~φ ∈ F ; ∂_tE_∞(t, ~φ, z(t)) = p^∗(t), ∃ (k_l)_{l∈N} : φ_{kl} (t)^F→ ~φ }.

First, we show that A(t) is nonempty. We are now careful about subsequences, since they now depend on t ∈ [0, T ]. First, choose a subsequence (K^t_l )_{l∈N} such that p_Kt_l (t) → p^∗(t) for l → ∞. Next, we use the energy bound (3.10) and the uniform compactness of sublevels postulated in (2.6), which allows us to extract a subsequence (m^t_n)_{n∈N} from (K^t_l )_{l∈N} such that q_mt_n (t)^Q→ q(t) = (φ(t), z(t)) for n → ∞. Let t_n = max{ τ ∈ Π_mt_n ; τ ≤ t }, then q_mt_n (t) ∈ S_mt_n (t_n). Hence, (t_n, q_mt_n (t)) forms a converging, stable sequence and assumption (2.9) provides

∂_tE_mt_n (t_n, q_mt_n (t)) → ∂_tE_∞(t, q(t)) = p^∗(t). (3.14)

Thus, ~φ = φ(t) from q(t) = (φ(t), z(t)) lies in A(t). Using the axiom of choice we find a mapping φ : [0, T ] → F with φ(t) ∈ A(t). Step 3: Stability of the limit process The limit process q = (φ, z) : [0, T ] → F×Z = Q was defined for each t ∈ [0, T ] such that q_mt_n (t) → q(t) and q_mt_n ∈ S_mt_n (t_n) with t_n → t. As in Step 2 we have a converging, stable sequence and assumption (2.11) provides q(t) ∈ S_∞(t). Step 4: Upper energy estimate Recall e_k(t) = E_k(t, q_k(t)), δ_k(t) = Diss_k(q_k; [0, t]) and the fineness ϕ_k = ϕ(Π_k) → 0. Using the energy bound (3.10) and (2.7) we have |e_k(t)−e^k_{j−1}| ≤ Cϕ_k for t ∈ � τ^k_{j−1}, τ^k_j � . Moreover, summing (3.8) over j ∈ {1, ..., m} gives e_k(τ^k_m) + δ_k(τ^k_m) ≤ e_k(0) +

�_τ k_m 0 ∂_sE_k(s, q_k(s)) ds. Since p_k = ∂_sE_k(·, q_k(·)) is uniformly bounded in L^∞([0, T ]) by C_p, we find

e_k(t) + δ_k(t) ≤ E_k(0, q^k_0 ) +

�_t 0 p_k(s)ds + (C + C_p)ϕ_k. (3.15)

By (2.10) and (2.5) we have E_∞(t, q(t)) ≤ e_∞(t) = lim_{k→∞} e_k(t) and Diss_∞(z; [0, t]) ≤ δ_∞(t) = lim_{k→∞} δ_k(t). Hence, passing to the limit k → ∞ in (3.15) and using the assumption (3.6), we conclude

E_∞(t, q(t)) + Diss_∞(q; [0, t]) ≤ e_∞(t) + δ_∞(t) ≤ E_∞(0, q_0) +

�_t 0 p_∞(s)ds ≤ E_∞(0, q_0) +

�_t 0 p^∗(s)ds.

(3.16)

Step 5: Lower energy estimate Since in Step 3 we have found q(t) ∈ S_∞(t) and since (3.14) provides ∂_tE_∞(t, q(t)) = p^∗(t) with p^∗ ∈ L^∞([0, T ]), we can employ Proposition 2.4, which gives the lower energy estimate giving E_∞(t, q(t)) + Diss_∞(q; [0, t]) ≥ E_∞(0, q_0) +

�_t 0 p_∗(s)ds.

Step 6: Improved convergence Combining (3.16) and Step 5 we obtain E_∞(t, q(t)) + Diss_∞(q; [0, t]) = e_∞(t) + δ_∞(t) for all t ∈ [0, T ] and p_∞ = p^∗ a.e. in [0, T ]. Using E_∞(t, q(t)) ≤ e_∞(t) and Diss_∞(q; [0, t]) ≤ δ_∞(t) yields E_∞(t, q(t)) = e_∞(t) and Diss_∞(q; [0, t]) = δ_∞(t) for all t ∈ [0, T ], which establishes the assertions (i) and (ii) in (3.7). Finally, employing Proposition A.2 from [FM06, Prop. A.2] together with p_∞ = p^∗ gives (iv) in (3.7).

Step 7: Measurability of the limit process If the sublevels of E_∞ are separable and metrizable, then it is shown in [Mai05, Sect. 1.6] that t → A(t) is a measurable set-valued map which allows us to find a measurable selection φ : [0, T ] → F. For the convenience of the reader we repeat the main arguments. By Step 6 we have L^1-convergence in (iv). Choosing a further subsequence (not relabeled) we may assume that for a.a. t ∈ [0, T ] we have

∂_tE_{kj} (t, q_{kj} (t)) → ∂_tE_∞(t, q(t)). We now define

A^0(t) = Limsup_{j→∞} {φ_{kj} } = { ~φ ∈ F ; ∃ subseq. (j(n))_{n∈N} : φ_{kj(n)}^F→ ~φ } ⊂ A(t),

which is a measurable set-valued mapping from [0, T ] into F with has closed nonempty values, see [AF90, Thm. 8.2.5]. Filippov’s theorem (cf. [AF90, Thm. 8.2.10]) now provides a measurable selection φ : [0, T ] → F with φ(t) ∈ A^0(t).

Remark 3.4 As in [MR03, MR06a], the pointwise convergence in (3.7.v) can be formulated alternatively via convergence on nets, which is a standard tool of general topology. To do this, recall that an index set Ξ is called directed by an ordering “⪯”, if for any ξ_1, ξ_2 ∈ Ξ there exists ξ_3 ∈ Ξ such that both, ξ_1 ⪯ ξ_3 and ξ_2 ⪯ ξ_3. Having a directed set (Ξ, ⪯) and another set B, we say that {b_ξ }_{ξ∈Ξ} is a net in B, if there is a mapping Ξ → B : ξ → b_ξ . If B is a topological space, we write b = lim_{ξ∈Ξ} b_ξ if, for any neighborhood N of b there is ξ_0 ∈ Ξ such that b_ξ ∈ N whenever ξ_0 ⪯ ξ, and then we say that the net {b_ξ}_{ξ∈Ξ} converges to b (in the so-called Moore-Smith sense).

The notion “net” generalizes that of a “sequence”, where Ξ equals N with the standard ordering. The term “subsequence” is generalized via the notion “finer net”. A net {~x_{eξ}}_{eξ∈eΞ} in X is called finer than the net {x_ξ}_{ξ∈Ξ}, if there is a mapping j : ~Ξ → Ξ such that ~x_{eξ} = x_{j(eξ)} for all ~ξ ∈ ~Ξ and that for any ξ ∈ Ξ there exists ~ξ_0 ∈ ~Ξ such that j(~ξ) ⪰ ξ for all ~ξ with ~ξ ⪰ ~ξ_0. Obviously, a finer net may have an index set ~Ξ of strictly greater cardinality than the index set Ξ of the original net.

To reformulate (3.7.v) we use Ξ ⊂ N (ordered standardly) to denote the subsequence (k_j)_{j∈N} and ~Ξ ⊂ {finite subsets of [0, T ]} to denote pointwise convergence. Note that ~Ξ ordered by inclusion is indeed a directed set. Then Theorem 3.3 can be reformulated in such a way that, instead of the mentioned subsequence {q̄_{kj} }_{j∈N}, there exists a net {q̄_{kξ} }_{ξ∈eΞ} finer than the subsequence {q̄_k}_{k∈N} and such that lim_{ξ∈eΞ} k_ξ = ∞, and a process q : [0, T ] → Q such that, instead of (3.7.v), we have lim_{ξ∈eΞ} φ_{kξ} (t)^F→ φ(t) for any t ∈ [0, T ].

4 Relaxation

In this section we treat a question that is closely linked to the Γ-convergence considered above. However, this time we consider only one pair of functionals E_1 and D_1 such that the incremental problem (IP) need not have any solution due to missing lower semi-continuity. We provide joint conditions on E_1 and D_1 and suitable relaxations E_∞ and D_∞ such that approximate solutions of the incremental problem for E_1 and D_1 converge to energetic solutions associated with E_∞ and D_∞. Our assumptions on the stored-energy functionals E_j : [0, T ]×Q → R_∞ and dissipation distances D_j : Z×Z → R_∞ need the new notion of the set of α-stable points S^α_j (t). For α ≥ 0 we let

S^α_j (t) = { q ∈ Q ; E_j(t, q) < ∞, ∀ ~q ∈ Q : E_j(t, q) ≤ α + E_j(t, ~q) + D_j(q, ~q) }. Note that now j only takes the two values 1 or ∞. Our conditions are the following:

∀ j ∈ {1, ∞} ∀ z_1, z_2, z_3 ∈ Z :

D_j (z_1, z_1) = 0, D_j(z_1, z_3) ≤ D_j (z_1, z_2)+D_j(z_2, z_3).

(4.1)

∀ q_k ∈ S^{αk}_1 (t_k), ~q_k ∈ S^{αk}_1 (~t_k) with α_k ↘ 0 and q_k^Q→ q, ~q_k^Q→ ~q : D_∞(q, ~q) ≤ lim inf_{k→∞} D_1(q_k, ~q_k).

(4.2)

∀ compact K ⊂ Z and z_k ∈ K :

min {D_∞(z_k, z), D_∞(z, z_k)} → 0 =⇒ z_k^Z→ z.

(4.3)

∀ t ∈ [0, T ] ∀ E ∈ R : { q ∈ Q ; E_1(t, q) ≤ E } is relatively compact. (4.4)

∃ c^E_0 ∈ R ∃ c^E_1 > 0 ∀ t ∈ [0, T ] ∀ j ∈ {1, ∞} : If E_j(t, q) < ∞, then E_j(·, q) ∈ C^1([0, T ]) and |∂_sE_j(s, q)| ≤ c^E_1 (E_j(s, q) + c^E_0 ) for all s ∈ [0, T ].

(4.5)

∀ E ∈ R ∀ ε > 0 ∃ δ > 0 :

E_∞(0, q) ≤ E and |t_1−t_2| < δ =⇒ |∂_tE_∞(t_1, q)−∂_tE_∞(t_2, q)| < ε.

(4.6)

(t_k, q_k)^Q→ (t, q), sup_{k∈N} E_1(t_k, q_k) < ∞, q_k ∈ S^{αk}_1 (t_k) with α_k ↘ 0 =⇒ ∂_tE_1(t_k, q_k) → ∂_tE_∞(t, q).

(4.7)

q_k^Q→ q =⇒ E_∞(t, q) ≤ lim inf_{k→∞} E_1(t, q_k). (4.8)

q_k ∈ S^{αk}_1 (t_k) with α_k ↘ 0, (t_k, q_k)^{[0,T ]×Q}→ (t, q), sup_{k∈N} E_1(t_k, q_k) < ∞ =⇒ q ∈ S_∞(t).

(4.9)

Like in Section 2 the last condition can be established via a hierarchy of several stronger conditions. We only state the simplest one, namely (i) D_1 = D_∞ and D_1 : Z×Z → [0, ∞) is continuous, (ii) E_∞(t, ·) = Γ–lim_{k→∞} E_1(t, ·).

(4.10)

Here (i) in (4.10) corresponds to the continuous convergence condition (2.19). The Γ-limit E_∞(t, ·) of the constant sequence (E_1(t, ·))_{k∈N} is exactly the lower semicontinuous envelope of E_1(t, ·), see [Dal93, Bra02]. Like in Proposition 2.2 we easily obtain that (4.10) implies (4.9).

The essential difference to the previous section is that the incremental problem (IP) for E_1 and D_1 may not be solvable. We replace it by an approximate incremental problem (AIP). As before we choose an arbitrary sequence (Π_k)_{k∈N} of partitions with fineness ϕ_k := ϕ(Π_k) → 0. Moreover, the sequence (ε_k)_{k∈N} with 0 < ε_k → 0 will be used to control the accuracy in the energy minimization.

(AIP)_k � � � Given q^k_0 , for j = 1, . . . , N_k find iteratively q^k_j ∈ Q such that E_1(τ^k_j , q^k_j ) + D_1(q^k_{j−1}, q^k_j ) ≤ (τ^k_j −τ^k_{j−1})ε_k + inf_{eq∈Q} � E_1(τ^k_j , ~q)+D_1(q^k_{j−1}, ~q) � . Clearly, (AIP)_k has always at least one solution (q^k_j )_{j=1,...,Nk} , which leads to piecewise constant interpolants q_k : [0, T ] → Q defined as in (3.5). Our main result is that suitably chosen subsequences converge to a limit process q : [0, T ] → Q, which is an energetic solution associated with E_∞ and D_∞.

Theorem 4.1 Let (Π_k)_{k∈N} be a sequence of partitions of [0, T ] with ϕ_k = ϕ(Π_k) → 0 and let (ε_k)_{k∈N} satisfy 0 < ε_k → 0. Let (q^k_0 )_{k∈N} be a sequence of initial conditions satisfying q^k_0^Q→ q_0, E_1(0, q^k_0 ) → E_∞(0, q_0) and q^k_0 ∈ S^{εk ϕk}_1 (0). (4.11) Then, for every sequence (q_k)_{k∈N} of piecewise constant interpolants of solutions of (AIP)_k with initial value q^k_0 , there exist a subsequence (k_l)_{l∈N} and a solution q = (φ, z) : [0, T ] → Q = F×Z of (S)_∞&(E)_∞ such that (i)–(v) hold:

(i) ∀ t ∈ [0, T ] : E_1(t, q_{kl} (t)) → E_∞(t, q(t)), (ii) ∀ t ∈ [0, T ] : Diss_1(q_{kl} ; [0, t]) → Diss_∞(q; [0, t]), (iii) ∀ t ∈ [0, T ] : z_{kl} (t)^Z→ z(t), (iv) ∂_tE_1(·, q_{kl} (·)) → ∂_tE_∞(·, q(·)) in L^1([0, T ]), (v) ∀ t ∈ [0, T ] ∃ subsequence (K^t_n)_{n∈N} of (k_l)_{n∈N} : φ_Kt_n (t)^F→ φ(t).

Moreover, any ~q : [0, T ] → Q obtained as such a limit is a solution of (S)_∞&(E)_∞. Finally, if the topology on Q restricted compact sets is separable and metrizable, then the mapping φ : [0, T ] → F can be chosen measurable.

Proof: We follow the proof of Theorem 3.3 and point out the differences only. Step 1: A priori estimates With e^k_j = E_1(τ^k_j , q^k_j ) we obtain as in (3.9) the estimate

e^k_j + δ^k_j ≤ e^k_{j−1} + ε_k(τ^k_j − τ^k_{j−1}) + (e^k_{j−1} + c^E_0 )(e^{cE1 (τ kj −τ kj−1)} − 1).

Introducing the auxiliary variable E^k_j = e^k_j + c^E_0 + ε_k/c^E_1 and E^k_0 = e^k_0 + c^E_0 we find

E^k_j + δ^k_j ≤ e^{cE1 (τ kj −τ kj−1)}E^k_{j−1}. (4.12)

With E_∗ = sup_{k∈N} � c^E_0 + E_1(0, q^k_0 ) � < ∞ we find E^k_j ≤ e^{cE1 τ kj} E_∗ and, hence, the k-

independent a priory energy bound e^k_j ≤ −c^E_0 + E^k_j ≤ −c^E_0 + e^{cE1 T} E_∗. Adding (4.12) over j = 1, . . . , N_k we find �_{Nk} j=1 δ^k_j ≤ E^k_0 − E^k_{Nk} +

�_{Nk}

j=1(e^{cE1 (τ kj −τ kj−1)} − 1)E^k_{j−1} ≤ E^k_0 +

�_{Nk} j=1 � e^{cE1 τ kj} E_∗ − e^{cE1 τ kj−1} E_∗ � ≤ e^{cE1 T} E_∗.

Like in Section 3 we define, for the piecewise constant interpolant q_k, the real-valued functions

δ_k(t) = Diss_1(q_k, [0, t]), e_k(t) = E_1(t, q_k(t)), p_k(t) = ∂_tE_1(t, q_k(t)).

Like in Step 1 of the proof of Theorem 3.3 we have |δ_k(t) + e_k(t) − δ_k(s) − e_k(s)| ≤ C_∗|t − s| and thus

Var(δ_k; [0, T ]) ≤ e^{cE1 T} E_∗ and Var(e_k; [0, T ]) ≤ e^{cE1 T} E_∗ + C_∗T.

Step 2: Selection of subsequences This part is identical to that in Section 3. We find one subsequence (k_l) such that

δ_{kl} (t) → δ_∞(t), e_{kl} (t) → e_∞(t), z_{kl} (t)^Z→ z(t), p_{kl}^∗⇀ p_∞ ≤ p^∗.

Moreover, for t-dependent subsequences we have φ_Kt_n (t)^F→ φ(t). Step 3: Stability of the limit process With t_k = min{ τ ∈ Π_k ; τ ≤ t } and α_k = ε_kϕ_k ≥ ε_k(τ^k_j − τ^k_{j−1}) we find q_k(t) ∈ S^{αk}_1 (t_k). Clearly, (t_k, q_k(t))^{[0,T ]×Q}→ (t, q(t)) and E_1(t_k, q_k(t)) ≤ e^{cE1 T} E_∗−c^E_0 . Hence, (4.9) implies the desired result q(t) ∈ S_∞(t). Step 4: Upper energy estimate Using the approximate minimization property of q^k_j = q_k(τ^k_j ) for j = 1, ..., m we have, after summation, e_k(τ^k_m) + δ_k(τ^k_m) ≤ e_k(0) + ε_kτ^k_m +

�_tk 0 p_k(s)ds. As before we obtain the estimate e_k(t) + δ_k(t) ≤ e_k(0) + ε_kt +

�_t 0 p_k(s)ds + Cϕ_k for all t ∈ [0, T ].

Using ϕ_k, ε_k → 0, p_k^∗⇀ p_∞, e_k(t) → e_∞(t) and δ_k(t) → δ_∞(t) we find

E_∞(t, q(t))+Diss_∞(q; [0, t]) ≤ e_∞(t)+δ_∞(t) ≤ E_∞(0, q_0)+

�_t 0 p_∞ ds ≤ E_∞(0, q_0)+

�_t 0 p^∗ ds.

Step 5: Lower energy estimate Applying Proposition 2.4 to the stable limit process q : [0, T ] → Q for the limit functionals E_∞ and D_∞ results in E_∞(t, q(t)) + Diss_∞(q; [0, t]) ≥ E_∞(0, q_0) +

�_t 0 p_∗(s)ds.

Step 6: Improved convergence Exactly as in Step 6 of the proof of Theorem 3.3 we conclude Diss_∞(q; [0, ·]) = δ_∞, E_∞(·, q(·) = e_∞, and p_∞ = p^∗.

Step 7: Measurability works exactly as above.

Remark 4.2 A closely related result concerning relaxations of rate-independent processes is discussed in [MO06]. There, the case is studied that Q is a reflexive Banach space and that D_1 is given in the form D_1(z, ~z) = R_1(~z−z). Besides of the usual technical assumptions, the crucial convergence conditions of the functionals are (4.10), namely (continuous) convergence of R_1 to R_∞ and Γ-convergence of E_1 to E_∞. The relaxation of the non-relaxed, in most cases unsolvable rate-independent system (S)_1&(E)_1 is obtained by considering the functional

I_m(q) =

�_T 0 e^{−mt} � R_1(ż) + mE_1(t, q(t)) � dt. Choosing the minimizers (or suitable approximate minimizers) q_m : [0, T ] → Q for I_m under the initial condition q_m(0) = q_0 we ask the question how possible accumulation points q : [0, T ] → Q can be characterized.

The following three features of I_m strongly depend on the fact that we are dealing with rate-independent systems, i.e., R_1 is 1-homogeneous. First it is shown that for fixed m ∈ N the relaxation of I_m : L^1([0, T ], Q) → R_∞ is given by the same expression but with R_1 and E_1 replaced by R_∞ and E_∞. A second result states that every minimizer of I_m (or of its relaxation) satisfies the energy balance (E)_j for j ∈ {1, ∞}, i.e., E_j(t, q(t)) +

�_t 0 R_j (dz) = E_j(0, q_0) +

�_t 0 ∂_sE_j (s, q(s)) ds. This is surprising since the functional depends on m whereas the energy balance does not. Finally, it is shown that accumulation points q of minimizers q_m of I_m are solutions of the energetic formulation (S)_∞&(E)_∞.

5 Some applications

In this section we provide three examples to illustrate the theory developed above. In the first example we treat the numerical approximation of a standard evolutionary variational inequality with quadratic energy as an application of our Γ-limit theory in Section 3. The second example concerns the continuity of the so-called stop and play operators. The third example considers a nonconvex functional E_1 that has a nontrivial lower semi-continuous envelope E_∞ and thus provides an example of relaxation. For more realistic applications we refer to [KMR05, MR06a], where we also take full advantage of the abstract theory using the weaker conditions (2.15) or (2.17). In the present applications we will rely on the more restrictive assumptions (2.18) and (2.19) for the first application, whereas we exploit directly (2.11) for the second and (4.10) for the third one.

5.1 Approximation via finite-dimensional subspaces

We consider the case that F and Z are separable Hilbert spaces H_F and H_Z , respectively, and set H = H_F ×H_Z . For the topology we choose the weak topology such that bounded sets are relatively compact. For the energy we assume a quadratic form E_∞(t, q) = 1 2 ⟨Aq, q⟩ − ⟨ℓ(t), q⟩,

where A = A^∗ ∈ L(H, H^∗) is a bounded symmetric operator, which is additionally positive definite, i.e., there exists c > 0 such that ⟨Aq, q⟩ ≥ c‖q‖^2 for all q ∈ H, where ‖ · ‖ stands for the norm in H. The loading satisfies ℓ ∈ C^1([0, T ], H^∗). The dissipation distance is given via a convex, 1-homogeneous functional R : H_Z → [0, ∞), i.e. R(γz) = γR(z) for all γ ≥ 0 and z ∈ H_Z , which satisfies

(i) z_k ⇀ z =⇒ R(z_k) → R(z), (ii) z ≠ 0 =⇒ R(z) > 0.

(5.1)

Now we set D_∞(z_0, z_1) = R(z_1−z_0).

The sequence of functionals E_k and D_k is now obtained by a choosing a nested sequence of finite-dimensional subspaces H^k_F and H^k_Z , k ∈ N such that

H^k_F ⊂ H^{k+1}_F and

�_∞

k=1 H^k_F is dense in H_F , H^k_Z ⊂ H^{k+1}_Z and

�_∞

k=1 H^k_Z is dense in H_Z .

(5.2)

We now let H^k = H^k_F ×H^k_Z and define

E_k(t, q) = � E_∞(t, q) for q ∈ H^k, ∞ otherwise, and D_k(z_0, z_1) = � R(z_1−z_0) for z_0, z_1 ∈ H^k_Z , ∞ otherwise.

We claim that the conditions (2.2)–(2.10) hold and that (2.11) can be deduced via Proposition 2.2 from (2.18) and (2.19).

The triangle inequality (2.2) follows from R being 1-homogeneous and convex, which gives R(z_0+z_1) ≤ R(z_0) + R(z_1). By assumption (5.1)(i) the function R and hence D_∞ : H_Z ×H_Z → [0, ∞) are weakly continuous. The definition of D_k keeps convexity and strong lower semi-continuity. Thus, all D_k are weakly lower semi-continuous and (2.3) is established. Using this and D_∞ ≤ D_{k+1} ≤ D_k we immediately obtain the lower Γ-limit condition (2.4). Finally, for sequences (z_k)_{k∈N} on bounded sets in H_Z the condition D_∞(z_k, z) = R(z − z_k) → 0 implies z_k ⇀ z, since z_k has a convergent subsequence, namely z_{kl} ⇀ z_∗ for some z_∗ ∈ H_Z . By (5.1)(i) we have R(z − z_∗) = lim_{l→∞} R(z − z_{kl} ) = 0 and (5.1)(ii) yields z_∗ = z. Hence, the full sequence must converge weakly to z. Thus, all conditions on D_k, k ∈ N, are satisfied. For the conditions on E_k, we first consider E_∞, which satisfies

E_∞(t, q) ≥ c 2 ‖q‖^2 − Λ_0‖q‖ with Λ_0 = sup_{t∈[0,T ]} ‖ℓ(t)‖_H∗ .

Hence, the sublevels are bounded. By strong continuity and convexity of E_∞ the sublevels are weakly compact. Since the E-sublevel of E_k(t, ·) is the intersection of H^k with the E-sublevel of E_∞, the condition (2.6) follows.

With Λ_1 = sup_{t∈[0,T ]} ‖ℓ̇(t)‖_H∗ and ∂_tE_∞(t, q) = −⟨ℓ̇(t), q⟩ we obtain |∂_tE_∞(t, q)| ≤ Λ_1‖q‖ ≤^{Λ1}_{Λ0}

�_{2Λ}2_0 c + E_∞(t, q) � . Since E_k and E_∞ coincide if E_k takes finite values, the functionals E_k satisfy the same estimate. Thus, (2.7) is established. Moreover, by uniform continuity of ℓ̇ : [0, T ] → H^∗ we similarly obtain (2.8). Like for D_k, the lower Γ-limit condition follows from E_∞ ≤ E_k and the weak lower semi-continuity of E_∞. The convergence of the power is trivial, since ∂_tE_k(t, q) = −⟨ℓ̇(t), q⟩ is linear in q and independent of k.

To prove the crucial upper semi-continuity of the stable sets we use Proposition 2.2 after establishing (2.17). Let (t_l, q_{kl} ) be a stable sequence with limit (t, q). For a given test function ~q ∈ H we choose any sequence ~q_l such that ~q_l ∈ H^{kl} and ~q_l → ~q. For instance, ~q_l may be the orthogonal projection of ~q onto H^{kl} . Hence,

E_{kl} (t_l, ~q_l) + D_{kl} (q_{kl} , ~q_l) = E_∞(t_l, ~q_l) + R(~q_l − q_{kl} ) → E_∞(t, ~q) + R(~q − q) = E_∞(t, ~q) + D_∞(q, ~q),

and (2.17) is established.

As a conclusion, we know that both theorems of Section 3 are applicable. In particular, taking finite-dimensional subspaces H^k and choosing time partitions Π_k we are left with a finite number of finite-dimensional minimization problems. If ϕ(Π_k) → 0 and (H^k)_{k∈N} exhausts H (i.e., (5.2) holds), then Theorem 3.3 guarantees that there exists subsequences that converge to an energetic solution associated with E_∞ and D_∞. In fact, here the solution of (S)_∞&(E)_∞ for a given initial value q_0 ∈ S_∞(0) is unique (cf. [Mie05]). This proves that the whole sequence must converge.

We close this subsection by relating our functionals to continuum mechanics. Let Ω ⊂ R^d be a bounded domain with Lipschitz boundary. We let H_F = (H^1_0(Ω))^d, which is the space for the displacements u(t, ·) : Ω → R^d. For some m ∈ N we let H_Z = (H^1(Ω))^m for the plastic variables, which contain the plastic strain ε_{plast} = Bz as well as possible hardening variables. For the dissipation we choose R(z) = � Ω ρ(x, z(x))dx with ρ ∈ C^0(Ω×R^m) such that r_1|v| ≤ ρ(x, v) ≤ r_2|v| for all (x, v) ∈ Ω×R^m with 0 < r_1 ≤ r_2 and ρ(x, ·) : R^m → [0, ∞) is 1-homogeneous and convex. Hence, R is equivalent to the L^1-norm and (5.1) holds.

The energy functional E_∞ is usually taken in the form

E_∞(t, u, z) = � Ω 1 2 (ε(u)−Bz):C(x):(ε(u)−Bz)+^1_2 A(x)z·z+^κ_2 � �∇z � �^2 dx−� Ω f_{ext}(t)·udx,

where ε(u) =^1_2 (∇u+∇u^⊤), κ > 0, and B ∈ R^{d×d×m}. Moreover, C ∈ L^∞(Ω, Sym(R^{d×d})) and A ∈ L^∞(Ω, Sym(R^m)) are assumed to be uniformly positive definite. Thus, all conditions on E_∞ are satisfied, if we impose f_{ext} ∈ C^1([0, T ], H^{−1}(Ω)^d).

Suitable finite-dimensional approximation spaces are, for instance, finite-element spaces with continuous piecewise affine functions on a triangulation of the domain.

The above result provides a simplified and more straightforward convergence proof for elastoplasticity as given in [HR99a].

Further applications, which use the full strength of the abstract theory developed in the present paper, are found in [MR06a]. Convergence results of numerical methods with explicit convergence rates are discussed in [HR99b, AMS06].

5.2 Continuity of the vector-valued stop and play operator

In a Hilbert space H with the scalar product ⟨·, ·⟩ the play operator and the stop operator of rate-independent hysteresis are defined in terms of the characteristic or yield set C ⊂ H, which is non-empty, convex, and closed. The stop operator maps a given input function ℓ ∈ C^{Lip}([0, T ], H) and an initial value σ_0 ∈ C to the solution σ ∈ C^{Lip}([0, T ], H) of the following evolutionary variational inequality:

σ(0) = σ_0 and for a.a. t ∈ [0, T ]: σ(t) ∈ C and ⟨σ(t)−~σ, σ̇(t)−ℓ(t)⟩ ≤ 0 for all ~σ ∈ C.

The play operator is simply defined via the mapping from (σ_0, ℓ) to z = P_C (σ_0, ℓ) = ℓ−σ ∈ C^{Lip}([0, T ], H). These operators can equivalently be defined by the energetic formulation used in this paper. For this we define the quadratic energy functional E(t, z) =^1_2 ⟨z, z⟩ − ⟨ℓ(t), z⟩. The dissipation distance is given as D(z_0, z_1) = R(z_1−z_0), where the dissipation potential is the Legendre transform I^∗_C of the indicator function I_C of the yield set C:

R(v) = I^∗_C (v) = sup_{σ∈H} � ⟨σ, v⟩−I_C (σ) � = sup_{σ∈C} ⟨σ, v⟩.

An important question is now the dependence of the play operator P_C on the yields set C. Under the assumptions that all the sets C_k contain 0, are closed and convex, it is shown in [Kre99] that Hausdorff convergence of C_k to C_∞ implies that P_{Ck} (0, ℓ) converges to P_{C∞} (0, ℓ) in C^0([0, T ], H). In [Ste06, Cor. 4.6] this result was generalized to the weaker Mosco convergence:

C_k^M−−→ C_∞^{def}⇐⇒ � (i) C_∞ ⊃ { z ∈ H ; z_{kl} ⇀ z with z_{kl} ∈ C_{kl} }, (ii) C_∞ ⊂ { z ∈ H ; ∃ z_k ∈ C_k : z_k → z }.

(5.3)

We may now apply our Γ-convergence result from Section 3. Since E_k does not depend on k and is a simple quadratic energy, the sublevels are balls, which are compact with respect to the weak topology. Moreover, the stable sets can be given explicitly in the form

S_k(t) = { z ∈ H ; 0 ∈ ∂R_k(0) + z − ℓ(t) } = ℓ(t) − C_k.

The conditioned upper semi-continuity of the stable sets (2.11) now simply means that z_{kl} −ℓ(t_l) ∈ C_{kl} , t_l → t and z_{kl} ⇀ z imply z ∈ C_∞. However, since ℓ is continuous, we easily see that this condition is equivalent to (5.3.i). The remaining condition is the lower Γ-limit (see (2.5)), which now reads

v_k ⇀ v in H =⇒ R_∞(v) ≤ lim inf_{k→∞} R_k(v_k). (5.4)

It is easily seen that this condition is a consequence of condition (5.3.ii).

In fact, condition (5.3.ii) and (5.4) are actually equivalent in the present situation. Since 0 ∈ C_k for all k, one can simply follow the first steps in the proof of [Att84, Thm. 3.11a, p. 282] in order to check that (5.4) yields

∀ σ ∈ H : inf{ lim sup_{k→∞} I_{Ck} (σ_k) ; σ_k → σ } ≤ I_{C∞} (σ),

which is clearly equivalent to condition (ii) in (5.3).

Since the limit problem has a unique solution, we additionally conclude that the whole sequence converges and we have thus recovered the result in [Ste06] that Mosco convergence of C_k to C_∞ implies convergence of the stop operator. In fact, the results in that paper address the more general situation of approximating the data as well.

5.3 An example for relaxation and regularization

This example covers the theory of Section 4, where only two pairs of functionals are considered. We choose Q = Z = H^1((0, 1)) equipped with the weak topology and define the energy functionals

E_1(t, z) =

�_1 0 W (z^′(x)) + z(x)^2 − f(t, x)z(x) dx, E_∞(t, z) =

�_1 0 W^{∗∗}(z^′(x)) + z(x)^2 − f(t, x)z(x) dx,

where f ∈ C^1([0, T ], L^2((0, 1))), W (a) = min {(a−1)^2, (a+1)^2} and W^{∗∗} is the convexification of W , i.e., W^{∗∗}(a) = W (a) for |a| ≥ 1 and W^{∗∗}(a) = 0 for |a| ≤ 1. It is a well-known fact that E_1 is not weakly lower semi-continuous on Z and that E_∞ is its relaxation on Z. Thus, all conditions on E_1 and E_∞ are easily proved to hold.

For the dissipation we choose

D_1(z_0, z_1) = D_∞(z_0, z_1) =

�_1 0 |z_1(x) − z_0(x)|dx = ‖z_1 − z_0‖_L1 ,

which makes it easy to check all the assumptions on D_1 and D_∞.

The crucial assumption is the upper semi-continuity (4.9) of the stable sets.

Lemma 5.1 Let 0 < α_l → 0, t_l → t, z_l ⇀ z in Z, and z_l ∈ S^{αl} (t_l) ( i.e., ∀ l ∈ N ∀ ~z ∈ Z : E_1(t_l, z_l) ≤ α_l+E_1(t_l, ~z)+D_1(z_l, ~z) ). Then, z ∈ S_∞(t).

Proof: Choose an arbitrary test function ~z ∈ Z = H^1((0, 1)). Since E_∞ is the Γlimit of (E_1)_{l∈N}, there is a recovery sequence (~z_l)_{l∈N} such that ~z_l ⇀ ~z and E_1(t_l, ~z_l) → E_∞(t, z). Now, we have

E_∞(t, z) ≤ lim inf_{l→∞} E_1(t_l, z_l) ≤ lim inf_{l→∞} (α_l+E_1(t_l, ~z_l)+‖~z_l−z_l‖_L1 ) = E_∞(t, ~z)+‖~z − z‖_L1 ,

where we have used the weak H^1-continuity of the L^1-norm. Since ~z was arbitrary, this proves the assertion.

Theorem 5.2 Assume 0 < ε_k → 0 and ϕ(Π_k) → 0 for a sequence of partitions. Choose z_0 ∈ S_1(0) ⊂ Z and define the piecewise constant interpolants z_k : [0, T ] → Z associated to some solution of the approximate incremental problem (AIP)_k with initial value z^k_0 = z_0. Then, there exist a subsequence (k_j)_{j∈N} and a limit function z : [0, T ] → Z such that for all t ∈ [0, T ] we have

z_{kj} (t) ⇀ z(t) in H^1((0, 1)), E_1(t, z_{kj} (t)) → E_∞(t, z(t)), Diss_1(z_{kj} ; [0, t]) → Diss_∞(z; [0, t]) =

�_t 0 ‖ż(t)‖_L1 dt.

Moreover, z : [0, T ] → Z is an energetic solution associated with E_∞ and D_∞ and satisfies z ∈ L^∞([0, T ], H^1((0, 1))) ∩ C^{Lip}([0, T ], L^2((0, 1))).

The only new part in this result is the time regularity of z, namely ż ∈ L^∞([0, T ], L^2(Ω)). This fact is a property of all solutions of (S)_∞&(E)_∞, since E_∞ is uniformly convex on L^2((0, 1)). The proof of this result follows the ideas in [MR06b].

Proposition 5.3 Every solution z : [0, T ] → Z of (S)_∞&(E)_∞ lies in C^{Lip}([0, T ], L^2((0, 1))) and satisfies, for a.e. t ∈ [0, T ], the estimate ‖ż(t)‖_L2 ≤ 2‖ḟ(t)‖_L2 .

Proof: Since z(s) minimizes the functional E_∞(s, ·)+‖·−z(s)‖_L1 , which is uniformly convex in the L^2-norm, we have the obvious estimate

∀ ~z ∈ Z : E_∞(s, z(s)) + ‖~z − z(s)‖^2_L2 ≤ E_∞(s, ~z) + ‖~z − z(s)‖_L1 .

Here the left-hand side is a parabola supporting the graph of the functional, which is the right-hand side, in the minimizer z(s). Let e(r) = E_∞(r, z(r)) for r ∈ [0, T ] and test the above inequality by ~z = z(t), then

e(s) + ‖z(t) − z(s)‖^2 ≤ E_∞(s, z(t)) + ‖z(t) − z(s)‖_L1 = e(t) − ⟨f(s)−f(t), z(t)⟩ + ‖z(t) − z(s)‖_L1 .

Assuming t > s and using the energy balance (E)_∞ we have

‖z(t) − z(s)‖_L1 ≤ Diss(z; [s, t]) = e(s) − e(t) −

�_t s ⟨ḟ(τ), z(τ)⟩dτ.

Combining these estimates we arrive at

‖z(t) − z(s)‖^2 ≤

�_t s ⟨ḟ(τ), z(t)−z(τ)⟩dτ ≤ sup_{r∈[s,t]} ‖ḟ(τ)‖_2

�_t s ‖z(τ)−z(t)‖_2 dτ.

Now apply [MR06b, Lem. 3.3] to obtain the desired result.

So far we are not able to prove that solutions associated with microstructure really occur as limits of solutions of (AIP)_k. In (S)_∞&(E)_∞ this simply means that solutions satisfy |z^′(t, x)| < 1. However, it is easy to see that (S)_∞&(E)_∞ has solutions of this type. Consider the case f(t, x) = (1−t)x and z_0(x) = x. Then, the function z : [0, 3] → H^1((0, 1)) with

z(t, x) = � x for x ∈ [0, 1/(1+t)], 1 2 � (1−t)x + 1 � for x ∈ [1/(1+t), 1].

is a solution. It would be sufficient to show that this solution is unique. Then, all accumulation points of solutions of (AIP)_k would necessarily converge to this unique solution.

Instead of solving the approximate incremental problem we may also treat a regularized problem by using the energies

E_k(t, z) =

�_1 0 1 k � z^{′′}(x)

�_2 + W (z^′(x)) + z(x)^2 − f(t, x)z(x)dx.

We show that for this situation the Γ-convergence result of Section 3 is applicable. For this we still keep the underlying space Q = Z = H^1((0, 1)) equipped with the weak topology. Now each E_k has compact sublevels as they are closed and bounded in H^2((0, 1)), although not uniformly with respect to k, cf. condition (i) in (2.6). In particular, choosing a smooth stable initial value z_0 the standard existence theory for energetic solutions (cf. [MM05, Mie05, FM06]) provides for each k energetic solutions z_k, which are solutions of the differential inclusion

0 ∈ Sign(∂_tz) +^1_k ∂^4_xz − ∂_x � DW (∂_xz) � + 2z − f(t, x) for a.e. (t, x) ∈ [0, T ]×Ω, z(0, ·) = z_0 ∈ H^2((0, 1)),

with z_k ∈ L^∞([0, T ], H^2((0, 1))) ∩ BV([0, T ], L^1((0, 1))). In L^∞([0, T ], H^2((0, 1))) the norm will tend to ∞ with k, whereas in L^∞([0, T ], H^1((0, 1))) there is a k-independent bound.

Hence, we may pass to the limit for k → ∞, since it is well-known that E_∞ is the Γ-limit of E_k, see [Dal93, Bra02]. Theorem 3.1 is applicable and we conclude that convergent subsequences of (z_k)_{k∈N} exist and that their limit points are energetic solutions associated with the relaxed functionals E_∞ and D_∞. Moreover, Theorem 3.3 can be employed to show that the solutions of suitable incremental problems converge to solutions of (S)_∞&(E)_∞ as well.

An alternative relaxation is based on so-called Young measures and a continuous extension of W . To be more specific, let

Q := { q = (z, ν) ∈ H^1((0, 1))×Y^2((0, 1)) ; � R a ν_x(da) = z^′(x) for a.a. x ∈ (0, 1) }, where Y^2(0, 1) := � ν = (ν_x)_{x∈(0,1)} ; ν_x is a probability measure on R,

∀ ψ ∈ C_0(R): x → � R ψ(a)ν_x(da) is measurable, �_1 x=0 � a∈R a^2ν_x(da)dx < ∞ �

is the set of the L^2-Young measures. Then it is natural to define

E_1(t, z, ν) =

� �_1

0 W (z^′(x))+z(x)^2−f(t, x)z(x)dx if ν_x = δ_z′_{(x)} a.e. in (0, 1), ∞ else.

while

E_{YM}(t, z, ν) =

�_1 x=0 � � a∈R W (a)ν_x(da) + z(x)^2−f(t, x)z(x) � dx. The set Q can be considered as a convex subset of the linear space H^1((0, 1))× � C([0, 1])⊗ { a → ψ(a)+αa^2 ; ψ ∈ C_0(R), α ∈ R }

�_∗ under the natural embedding

(z, ν) → � z, � g ⊗ (ψ+αa^2) � → �_1 0 g(x) � R(ψ(a)+αa^2)ν_x(da)dx � . This space is standardly topologized by the weak* topology, which makes E_{YM}(t, ·) the Γ-limit of E_1(t, ·).

Again the theory of Section 4 is applicable. This shows that piecewise constant interpolants of the solutions of the approximate incremental problem (AIP) associated with E_1 and D_1 have subsequences, which converge to energetic solutions associated with E_{YM} and D_∞.

In the vectorial, multidimensional case a more sophisticated Young measure relaxation in the rate-independent setting is given in [KMR05]. Related evolutionary systems for Young measures, also in the rate-dependent case, are discussed in [The98, Mie99, BFS01, MR03, Mie04, MO06].

A Generalization of Helly’s selection principle

The following result is an abstract version of Helly’s selection principle which is again a generalization of [MM05, Thm. 3.2]. Since we are concerned with a sequence (D_k)_{k∈N} of dissipation distances rather than with a single one, we give a full independent proof.

∀ k ∈ N_∞ ∀ z_1, z_2, z_3 ∈ Z : D_k(z_1, z_1) = 0, D_k(z_1, z_3) ≤ D_k(z_1, z_2) + D_k(z_2, z_3). (A.1)

For all compact K ⊂ Z we have :

If z_k ∈ K and min {D_∞(z_k, z), D_∞(z, z_k)} → 0, then z_k^Z→ z.

(A.2) � z_k → z and ~z_k → ~z � =⇒ D_∞(z, ~z) ≤ lim inf_{k→∞} D_k(z_k, ~z_k). (A.3)

Note that (A.1) and (A.2) are simply recalled from Section 2 while (A.3) is stronger than the corresponding assumptions (2.5) and (4.2) (see below).

Additionally, we use that Z is a Hausdorff topological space, which implies that each converging sequence has a unique limit. For a function z : [0, T ] → Z and k ∈ N_∞ we recall

Diss_k(z; [s, t]) = sup{

�_N j=1 D_k(z(t_{j−1}), z(t_j )) ; N ∈ N, s ≤ t_0 < t_1 < · · · < t_N ≤ t }.

Of course, we have D_k(z(s), z(t)) ≤ Diss_k(z; [s, t]).

Theorem A.1 Assume that the sequence (D_k)_{k∈N∞} satisfies the conditions (A.1), (A.2) and (A.3). Moreover, let K be a compact subset of Z and z_k : [0, T ] → Z, k ∈ N, a sequence satisfying

(i) ∀ t ∈ [0, T ] ∀ k ∈ N : z_k(t) ∈ K (ii) sup_{k∈N} Diss_k(z_k; [0, T ]) < ∞. (A.4)

Then there exist a subsequence (z_{kl} )_{l∈N} and limit functions z : [0, T ] → Z and δ : [0, T ] → [0, ∞] with the following properties:

(a) ∀ t ∈ [0, T ] : δ(t) = lim_{l→∞} Diss_{kl} (z_{kl} ; [0, t])

(b) ∀ t ∈ [0, T ] : z_{kl} (t)^Z→ z(t) (c) ∀ s, t ∈ [0, T ] with s < t : Diss_∞(z; [s, t]) ≤ δ(t) − δ(s).

Proof: We define the functions d_k : [0, T ] → [0, ∞] with d_k(t) = Diss_k(z_k; [0, t]) which are nondecreasing by definition and uniformly bounded by (A.4.ii). Hence, the classical Helly’s selection principle for real-valued functions provides a subsequence such that d_{ekn} (t) → δ(t) for all t ∈ [0, T ]. Hence, δ : [0, T ] → [0, ∞] is also nondecreasing and bounded. This proves (a).

Denote by J ⊂ [0, T ] the set of discontinuity points of δ, then J is countable. Hence, we may choose a countable, dense subset T of [0, T ] with J ⊂ T . For each t ∈ T any subsequence of (z_{ekn} (t))_{n∈N} lies in the sequentially compact set K ⊂ Z and thus contains a convergent subsequence. Hence, using Cantor’s diagonal scheme we find a subsequence (z_{kl} )_{l∈N} of (z_{ekn} )_{n∈N} such that (a) remains true and additionally we have ∀ t ∈ T : z_{kl} (t)^Z→ z(t) for l → ∞.

This defines the limit function z : T → Z.

To show convergence on [0, T ]\T we use the continuity of δ. We fix t_∗ ∈ [0, T ]\T , then the sequence (z_{kl} (t_∗))_{l∈N} has a convergent subsequence z_{bkm} (t_∗)^Z→ z_∗. Moreover, there exists a sequence t_n ∈ T with t_n → t_∗. Below we will show z(t_n)^Z→ z_∗. By the Hausdorff property of Z we conclude that (z_{kl} (t_∗))_{l∈N} has exactly one accumulation point and we define z(t_∗) = z_∗.

To show z(t_n)^Z→ z_∗ we first assume t_n < t_∗. Then, using (A.3) we have

D_∞(z(t_n), z_∗)≤ lim inf_{m→∞} D_{bkm} (z_{bkm} (t_n), z_{bkm} (t_∗))≤ lim inf_{m→∞} Diss_{bkm} (z_{bkm} ; [t_n, t_∗]) = δ(t_∗)−δ(t_n).

Similarly, for t_∗ < t_n we obtain D_∞(z_∗, z(t_n)) ≤ δ(t_n) − δ(t_∗). Using the continuity of δ in t_∗ we conclude min {D_∞(z(t_n), z_∗), D_∞(z_∗, z(t_n))} ≤ |δ(t_∗)−δ(t_n)| → 0 for n → ∞. Employing (A.2) we find z(t_n)^Z→ z_∗ as claimed above. Thus, assertion (b) is proved.

The final estimate is obtained using (A.3) again. For any partition of [s, t] we have �_N

j=1 D_∞(z(t_{j−1}), z(t_j )) ≤

�_N j=1 lim inf_{l→∞} D_{kl} (z_{kl} (t_{j−1}), z_{kl} (t_j ))

≤ lim inf_{l→∞}

�_N j=1 D_{kl} (z_{kl} (t_{j−1}), z_{kl} (t_j)) ≤ lim inf_{l→∞} Diss_{kl} (z_{kl} ; [s, t]) = δ(t)−δ(s). (A.5) Thus, Diss_∞(z; [s, t]) ≤ δ(t)−δ(s) and (c) is proved.

As mentioned above, the latter compactness lemma holds under assumption (A.3), which is stronger than (2.5) and (4.2). In particular, Theorem A.1 is not directly suited for the purposes of checking the compactness of approximating sequences in the proof of Theorems 3.1, 3.3, and 4.1. On the other hand, we actually need to prove compactness for stable sequences only. In particular, by assuming (2.5) (analogously for (4.2)), the sequences z_k : [0, T ] → Z used in the above proofs are such that the following holds:

∀ s_l → s and t_l → t with s_l ≤ t_l : � z_{kl} (s_l)^Z→ z and z_{kl} (t_l)^Z→ ~z � =⇒ D_∞(z, ~z) ≤ lim inf_{l→∞} D_{kl} (z_{kl} (s_l), z_{kl} (t_l)).

(A.6)

It is easily seen that the proof of Theorem A.1 goes through by removing the assumption (A.3) and assuming (A.6) instead. This slight modification of the result is suited for proving the compactness of the sequence of approximating solutions of Theorems 3.1 and 3.3, (and 4.1) under assumption (2.5) (assumption (4.2), resp.) only.

References

[AF90] J.-P. Aubin and H. Frankowska. Set-valued analysis, volume 2 of Systems & Control: Foundations & Applications. Birkhäuser Boston Inc., Boston, MA, 1990.

[AMS06] F. Auricchio, A. Mielke, and U. Stefanelli. A rate-independent model for the isothermal quasi-static evolution of shape-memory materials. In preparation, 2006.

[Att84] H. Attouch. Variational Convergence of Functions and Operators. Pitman Advanced Publishing Program. Pitman, 1984.

[BCHH04] S. Bartels, C. Carstensen, K. Hackl, and U. Hoppe. Effective relaxation for microstructure simulations: algorithms and applications. Comput. Methods Appl. Mech. Engrg., 193, 5143–5175, 2004.

[BFS01] D. Brandon, I. Fonseca, and P. Swart. Oscillations in a dynamical model of phase transitions. Proc. Roy. Soc. Edinburgh Sect. A, 131(1), 59–81, 2001.

[Bra02] A. Braides. Γ-convergence for beginners, volume 22 of Oxford Lect. Series Math.

Appl. Oxford University Press, 2002.

[Bre99] Y. Brenier. Minimal geodesics on groups of volume-preserving maps and generalized solutions of the Euler equations. Comm. Pure Appl. Math., 52, 411–452, 1999.

[Bre00] Y. Brenier. Derivation of the Euler equations from a caricature of Coulomb interaction. Comm. Math. Phys., 212, 93–104, 2000.

[CT05] S. Conti and F. Theil. Single-slip elastoplastic microstructures. Arch. Rational Mech. Analysis, 178, 125–148, 2005.

[Dal93] G. Dal Maso. An introduction to Γ-convergence. Birkhäuser Boston Inc., Boston, MA, 1993.

[FM06] G. Francfort and A. Mielke. Existence results for a class of rate-independent material models with nonconvex elastic energies. J. reine angew. Math., 595, 55– 91, 2006.

[GP06] A. Giacomini and M. Ponsiglione. A γ-convergence approach to stability of unilateral minimality properties in fracture mechanics and applications. Arch. Rational Mech. Anal., 180(3), 399–447, 2006.

[HR99a] W. Han and B. D. Reddy. Convergence analysis of discrete approximations of problems in hardening plasticity. Comput. Methods Appl. Mech. Engrg., 171, 327–340, 1999.

[HR99b] W. Han and B. D. Reddy. Plasticity (Mathematical Theory and Numerical Analysis), volume 9 of Interdisciplinary Applied Mathematics. Springer-Verlag, New York, 1999.

[KMR05] M. Kružík, A. Mielke, and T. Roubíček. Modelling of microstructure and its evolution in shape-memory-alloy single-crystals, in particular in CuAlNi. Meccanica, 40, 389–418, 2005.

[Kre99] P. Krejčí. Evolution variational inequalities and multidimensional hysteresis operators. In Nonlinear differential equations (Chvalatice, 1998), volume 404 of Chapman & Hall/CRC Res. Notes Math., pages 47–110. Chapman & Hall/CRC, Boca Raton, FL, 1999.

[Mai05] A. Mainik. A rate-independent model for phase transformations in shapememory alloys. PhD Thesis, IADM, Universität Stuttgart, http://elib.unistuttgart.de/opus/volltexte/2005/2235/, 2005.

[Mie99] A. Mielke. Flow properties for Young-measure solutions of semilinear hyperbolic problems. Proc. Roy. Soc. Edinburgh Sect. A, 129, 85–123, 1999.

[Mie04] A. Mielke. Deriving new evolution equations for microstructures via relaxation of variational incremental problems. Comput. Methods Appl. Mech. Engrg., 193, 5095–5127, 2004.

[Mie05] A. Mielke. Evolution in rate-independent systems (Ch. 6). In C. Dafermos and E. Feireisl, editors, Handbook of Differential Equations, Evolutionary Equations, vol. 2, pages 461–559. Elsevier B.V., 2005.

[MM05] A. Mainik and A. Mielke. Existence results for energetic models for rate– independent systems. Calc. Var. PDEs, 22, 73–99, 2005.

[MO06] A. Mielke and M. Ortiz. A class of minimum principles for characterizing the trajectories of dissipative systems. ESAIM Control Optim. Calc. Var., 2006. Submitted. WIAS preprint 1136.

[MR03] A. Mielke and T. Roubíček. A rate–independent model for inelastic behavior of shape–memory alloys. Multiscale Model. Simul., 1, 571–597, 2003.

[MR06a] A. Mielke and T. Roubíček. Numerical approaches to rate-independent processes and applications in inelasticity. In preparation, 2006.

[MR06b] A. Mielke and R. Rossi. Existence and uniqueness results for a class of rateindependent hysteresis problems. M^3AS Math. Models Methods Appl. Sci., 2006. To appear. WIAS Preprint 1078.

[MT04] A. Mielke and F. Theil. On rate–independent hysteresis models. Nonl. Diff.

Eqns. Appl. (NoDEA), 11, 151–189, 2004. (Accepted July 2001).

[MT06] A. Mielke and A. M. Timofte. Two-scale homogenization for evolutionary variational inequalities via the energetic formulation. In preparation, 2006.

[MTL02] A. Mielke, F. Theil, and V. I. Levitas. A variational formulation of rate– independent phase transformations using an extremum principle. Arch. Rational Mech. Anal., 162, 137–177, 2002.

[ORS00] M. Ortiz, E. Repetto, and L. Stainier. A theory of subgrain dislocation structures. J. Mech. Physics Solids, 48, 2077–2114, 2000.

[Ort05a] C. Ortner. Continuum limit of a one-dimensional atomistic energy based on local minimization. Oxford Comp. Lab. Report 05/11, 2005.

[Ort05b] C. Ortner. Two variational techniques for the approximation of curves of maximal slope. Oxford Comp. Lab. Report 05/10, 2005.

[Ott98] F. Otto. Dynamics of labyrinthine pattern formation in magnetic fluids: a meanfield theory. Arch. Rational Mech. Anal., 141(1), 63–103, 1998.

[SS04] E. Sandier and S. Serfaty. Gamma-convergence of gradient flows with applications to Ginzburg-Landau. Comm. Pure Appl. Math., LVII, 1627–1672, 2004.

[Ste06] U. Stefanelli. Some remarks on convergence and approximation for a class of hysteresis problems. Istit. Lombardo Accad. Sci. Lett. Rend. A, 2006. To appear.

[The98] F. Theil. Young-measure solutions for a viscoelastically damped wave equation with nonmonotone stress-strain relation. Arch. Rational Mech. Anal., 144(1), 47– 78, 1998.

[The02] F. Theil. Relaxation of rate-independent evolution problems. Proc. Roy. Soc.

Edinburgh Sect. A, 132, 463–481, 2002.