Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Feedback stabilization of magnetohydrodynamic equations

Cătălin Lefter^1

submitted: 12th June 2006

1 Faculty of Mathematics University “Al.I. Cuza” Bd. Carol I nr. 11 700506, Iaşi, Romania and Institute of Mathematics “Octav Mayer” Romanian Academy, Iaşi Branch 700506, Iaşi, Romania E-mail:lefter@uaic.ro, catalin.lefter@uaic.ro

No. 1144 Berlin 2006

W I A S

2000 Mathematics Subject Classification. 93D15, 35Q35, 76W05, 35Q30, 35Q60, 93B07. Key words and phrases. Magnetohydrodynamic equations, feedback stabilization, Carleman estimates.

Supported by a Humboldt fellowship at the Weierstrass Institute for Applied Analysis and Stochastics, Berlin.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We prove the local exponential stabilizability for the MHD system, with internally distributed feedback controllers. These controllers take values in a finite dimensional space which is the unstable manifold of the elliptic part of the linearized operator. The stabilization of the linear system is derived using a unique continuation property for systems of parabolic and elliptic equations, as well as the equivalence between controllability and feedback stabilizability in the case of finite dimensional systems. The feedback that stabilizes the linearized system is also stabilizing the nonlinear system in the domain of a fractional power of the elliptic operator.

1 Introduction

This paper is concerned with the study of the local exponential stabilization for the magnetohydrodynamic (MHD) equations, with feedback controllers, localized in a subdomain and taking values in a finite dimensional space.

The idea is to linearize the system around a stationary state and then construct a feedback controller stabilizing the linear system. The last step is to show that the same controller stabilizes, locally in a specified space, the nonlinear system. In order to stabilize the linear system one needs to project the system on the stable and unstable subspaces corresponding to a spectral decomposition of the elliptic part. The unstable subspace is finite dimensional and the projected system on it is exactly controllable, as a consequence of the approximate controllability of the original linearized system; one may thus construct a feedback stabilizing this finite dimensional linear system. The projected system on the stable subspace is, of course, asymptotically stable and, in fact, the feedback for the finite dimensional system is stabilizing the initial linearized equations. The approximate controllability of the linearized system is a consequence of the unique continuation property for the adjoint system. We prove this by adapting the Carleman inequality obtained by O.Yu. Imanuvilov (see [10]) in order to establish exact controllability of parabolic equations and coupling it (as in [9] when deriving an observability inequality for linearized Navier-Stokes equations) with a refined Carleman inequality for elliptic equations obtained by O.Yu.Imanuvilov and J.-P.Puel in [14],[15]. The fact that the feedback controller constructed in the linear case is also stabilizing the nonlinear system is proved by using the solution of a Lyapunov equation.

The corresponding problem for Navier-Stokes equations was first studied by V.Barbu in [2], where the method of spectral decomposition was applied. There, the exact controllability of the finite dimensional projection was derived as a consequence of the exact null controllability of the linearized Navier-Stokes equations (for the controllability of Navier-Stokes equations see the papers of O.Yu.Imanuvilov [12],[13]). Later, V.Barbu and R.Triggiani [7] proved the feedback stabilizability of Navier- Stokes with distributed controllers taking values in a finite dimensional space. Feedback stabilization of Navier-Stokes equations with boundary tangential controllers was studied by V.Barbu, I.Lasiecka and R. Triggiani in [5] and [6]. The key in obtaining the exact controllability for the finite dimensional system is here a Kalman type condition, derived as a consequence of the unique continuation property for a stationary Stokes type system. In both situations the feedback stabilizing the initial nonlinear Navier-Stokes system is the solution of an algebraic Ricatti equation coming from a quadratic optimal control problem with infinite horizon. Nevertheless, in [5] it was also emphasized the fact that the feedback stabilizing the linearized system is also stabilizing the nonlinear one.

We also mention here the result of exact controllability for the magnetohydrodynamic equations obtained by V.Barbu, T.Havarneanu, C.Popa and S.S.Sritharan in [3], [4] (see also [11]). We did not choose to use this exact controllability result in order to derive controllability for the finite dimensional projection since exact controllability is a more involved result and, moreover, supplementary regularity for the stationary solution is needed. Also, a unique continuation result does not depend on the boundary conditions, as in the case of observability inequalities of Carleman type, and may thus be applied to the stabilization of other systems.

2 Preliminaries

Let Ω ⊂ R^3 be a bounded connected set with C^2 boundary ∂Ω. Let Q = Ω×(0, ∞), Σ = ∂Ω × (0, ∞), n is the unit exterior normal to ∂Ω. We consider in the paper the following MHD controlled system: ∂y ∂t − νΔy + (y · ∇)y − (B · ∇)B + ∇( 1 2 B^2 + p) = f + χ_ωu in Q, ∂B ∂t + η curl curl B + (y · ∇)B − (B · ∇)y = P (χ_ωv) in Q,

∇ · y = 0, ∇ · B = 0 in Q,

y = 0, B · n = 0, (curl B) × n = 0 on Σ

y(·, 0) = y_0, B(·, 0) = B_0 in Ω.

(1)

The functions that appear in the system are y = (y_1, y_2, y_3) : Ω × (0, T ) → R^3 is the velocity field, p : Ω × (0, T ) → R is the pressure, B = (B_1, B_2, B_3) : Ω × (0, T ) → R^3 is the magnetic field. The functions u = (u_1, u_2, u_3), v = (v_1, v_2, v_3) : ω×(0, T ) → R^3 are the controllers and χ_ω : L^2(ω) → L^2(Ω) is the operator extending the functions in L^2(ω) with 0 to the whole Ω. We will suppose that u, v ∈ U := L^2(0, T ; (L^2(ω))^3). The coefficients ν, η are the positive kinematic viscosity and the magnetic resistivity coefficients. Denote by H = {z ∈ (L^2(Ω)^3) : ∇ · z = 0, z · n = 0 on ∂Ω} endowed with the L^2 norm and V_1 = H ∩ (H^1_0 )^3 V_2 = H ∩ (H^1)^3 endowed with the H^1 norm. We denote by | · | and (·, ·) the L^2 norm respectively the L^2 scalar product.

We also recall here the standard estimate on the trilinear term appearing in the Navier-Stokes equations and, consequently in the MHD system (see [18]). Let for m ≥ 0,V^m := H ∩ (H^m(Ω))^3 with norm ‖ · ‖_m. Then the trilinear form

b(u, v, w) := ∫ Ω [(u · ∇)v] · wdx = ∫ Ω 3∑ i,j=1

u_i

∂v_j ∂x_i w_jdx

is well defined on (V^1)^3 and extends to V^{m1} × V^{m2+1} × V^{m3} when m_1 + m_2 + m_3 ≥^3_2 and m_i ≠^3_2 or when at leas one of m_i =^3_2 and m_1 + m_2 + m_3 >^3_2 . In these situations we have:

|b(u, v, w)| ≤ C‖u‖_{m1} ‖v‖_{m2+1}‖w‖_{m3} . (2) Also, it is antisymmetric in the last two variables: b(u, v, w) = −b(u, w, v). Consider for a given f ∈ (H^{−1}(Ω))^3 a steady state variational solution (ȳ, B̄, p̄) ∈ V_1 × V_2 × L^2(Ω) of (1):

−νΔȳ + (ȳ · ∇)ȳ + ∇( 1 2 B̄^2) − (B̄ · ∇)B̄ + ∇p̄ = f in Ω,

η curl curl B̄ + (ȳ · ∇)B̄ − (B̄ · ∇)ȳ = 0 in Ω,

∇ · ȳ = 0, ∇ · B̄ = 0 in Ω,

ȳ = 0, B̄ · n = 0, (curl B̄) × n = 0 on Σ.

(3)

We will assume the following hypothesis on the regularity of the stationary solution: (H) ȳ, B̄ ∈ W^{1,3}(Ω) ∩ L^∞(Ω). (4)

In order to write (1) in an abstract form we define the following two operators (P is the Leray projection): A_1y = −P Δy for y ∈ D(A_1)

A_2B = curl (curl B) for B ∈ D(A_2) where D(A_1) := (H^2(Ω))^3 ∩ V_1, D(A_2) := {B ∈ (H^2(Ω))^3 ∩ V_2 | (curl B) × n = 0 on ∂Ω}.

With no loss of generality we will suppose that ν = η = 1 and system (1) may thus be written as y^′ + A_1y + P (y · ∇y) − P (B · ∇B) = P f + P (χ_ωu),

B^′ + A_2B + y · ∇B − B · ∇y = P (χ_ωv),

y(0) = y_0, B(0) = B_0. (5)

The main question we address in this paper is to find a feedback control (u, v) = K(y, B) such that, if (y_0, B_0) is in a neighborhood of (ȳ, B̄) (in a topology to be specified) then system (5) admits a global weak solution that satisfies an estimate of the form:

‖(y, B) − (ȳ, B̄)‖ ≤ Ce^{−γt}‖(y_0 − ȳ, B_0 − B̄)‖ with C, γ positive constants and the norm is in a space that a will be specified. Moreover, the feedback control we will construct will take values in a finite dimensional space.

In order to do this, we need to study the difference between the solution of (1) and the stationary solution satisfying (3). After renaming by y, B, p, y_0, B_0 the quantities y − ȳ, B − B̄, p − p̄, y_0 − ȳ and respectively B_0 − B̄, we obtain the following system that we have now to stabilize in 0:

y^′ + A_1y +P (y · ∇ȳ + ȳ · ∇y − B · ∇B̄ + B̄ · ∇B)+ +P (y · ∇y − B · ∇B) = P (χ_ωu),

B^′ + A_2B +y · ∇B̄ + ȳ∇B − B · ∇ȳ − B̄ · ∇y+ +(y · ∇B − B · ∇y) = P (χ_ωv),

y(0) = y_0, B(0) = B_0.

(6)

The first thing we are doing is to find a feedback that stabilizes the linearized system:

y^′ + A_1y + P (y · ∇ȳ + ȳ · ∇y − B · ∇B̄ + B̄ · ∇B) = P (χ_ωu),

B^′ + A_2B + P (y · ∇B̄ + ȳ∇B − B · ∇ȳ − B̄ · ∇y) = P (χ_ωv),

y(0) = y_0, B(0) = B_0. (7)

We observe (see [4]) that in the second equation one has to introduce a supplementary Leray projection since otherwise we could not obtain a solution (y, B) of (7) with a divergence free B. Denote by A the following operator: A ( y B ) = ( A_1y + P (y · ∇ȳ + ȳ · ∇y − B · ∇B̄ + B̄ · ∇B) A_2B + P (y · ∇B̄ + ȳ∇B − B · ∇ȳ − B̄ · ∇y) ) , (8)

with D(A) = D(A_1) × D(A_2) ⊂ H × H and by B : (L^2(ω))^3 × (L^2(ω))^3 → H × H B ( u v ) = ( P (χ_ωu) P (χ_ωv) ) . Then the linear controlled system (7) is written in the abstract form { z^′ + Az = Bw z(0) = z_0 , (9)

where we denoted by z = (y, B)^T , w = (u, v)^T and the solution corresponding to the control w will be denoted as z^w.

The stabilization result concerning the linearized MHD system, that will be proved in Section 3, is the following:

Theorem 1 i) The operator −A generates an analytic semigroup in H × H, with compact resolvent.

ii) The linear system (7) is approximately controllable in any time T .

iii) There exist a finite dimensional subspace U ⊂ (L^2(ω))^3 × (L^2(ω))^3 and a linear continuous operator K : H × H → U such that the operator −A + BK generates an analytic semigroup of negative type i.e. a semigroup satisfying an estimate of the form:

‖e^{−t(A−BK)}‖ ≤ Ce^{−δt}, t > 0. (10)

where C, δ are positive constants. Moreover, for any positive δ there exists such a feedback K with a corresponding change of the constant C = C(δ) and of the finite dimensional space U.

The main result of this paper, that will be proved in Section 4, concerns the null stabilization of the nonlinear system (6), and consequently of system (1) around the stationary solution satisfying (5):

Theorem 2 There exist δ > 0, C > 0, a neighborhood V_ρ of 0 in D(A^{14} ), a finite dimensional subspace U ⊂ (L^2(ω))^3 × (L^2(ω))^3 and a continuous linear feedback operator K : H × H → U such that system (6) with y_0 ∈ V_ρ admits a global weak solution that satisfies:

|A^{14} (y(t), B(t))| ≤ C|A^{14} (y_0, B_0)|e^{−δt}, t > 0. (11)

3 Feedback stabilization of the linearized MHD system. Proof of Theorem 1

i) The operator A admits the representation A = A + A_0 where A ( y B ) = ( A_1y A_2B ) ,

A_0 ( y B ) = ( P (y · ∇ȳ + ȳ · ∇y − B · ∇B̄ + B̄ · ∇B) P (y · ∇B̄ + ȳ∇B − B · ∇ȳ − B̄ · ∇y) )

with D(A) = D(A) ⊂ H × H and D(A_0) = V_1 × V_2 ⊂ H × H. Remark that, since ȳ, B̄ ∈ W^{1,3}(Ω) ∩ L^∞, for y ∈ V_1, B ∈ V_2 the products of the type y · ∇B̄, B̄ · ∇y appearing in the definition of A_0 are in L^2 and it is easy to see that A_0 is closed, A is semi-positive self-adjoint operator and D(A_0) ⊂ D(A). Moreover, an estimate of the type |A_0y| ≤ ε|Ay| + C(ε)|y|

is standard to prove (see e.g. [16]) and it implies that −A is the generator of an analytic semigroup. Compactness of the resolvent is, finally, a consequence of the Rellich theorem on the compact embedding for Sobolev spaces on bounded domains (i.e. D(A) is compactly embedded in H × H).

The fact that −A has compact resolvent and generates an analytic semigroup implies that its spectrum σ(A) is discrete, with no finite accumulation points and is contained in an angular domain V_{α,θ} := {z ∈ C : arg(z − α) ∈ (−θ, θ)} with some α ∈ R, θ ∈ (0, π 2 ). ii) Approximate controllability in time T for problem (9) is equivalent to the unique continuation property for the dual equation, i.e. if ξ is a solution of the dual equation

−ξ^′ + A^∗ξ = 0 t ∈ (0, T ) (12) and B^∗ξ ≡ 0, t ∈ (0, T ),

then ξ ≡ 0.

Let ξ = (ζ, C)^T . Then, the dual equation (12) may be rewritten as (note that curl curl B = −ΔB + ∇(divB)):

−ζ_t − Δζ + (∇C)B̄ − (∇ζ)ȳ + (∇^T B̄)C + (∇^T ȳ)ζ + ∇π = 0 in Q,

−C_t − ΔC + (∇ζ)B̄ − (∇C)ȳ − (∇^T B̄)ζ − (∇^T ȳ)C + ∇ρ = 0 in Q,

∇ · ζ = 0, ∇ · C = 0 in Q

ζ = 0, C · n = 0, (curl C) × n = 0 on Σ.

(13)

For a vectorial function ϕ : Ω → R^3 (R^3 ∼ M_{3×1}(R)) we denote by:

D^sϕ = ∇ϕ + (∇ϕ)^T , D^aϕ = ∇ϕ − (∇ϕ)^T .

When computing the adjoint equation, if we make a further integration (actually use the antisymmetry of the trilinear term b, see (2)) the dual equation (12) takes the form:

−ζ_t − Δζ − (D^sζ)ȳ + (D^aC)B̄ + ∇π = 0 in Q,

−C_t − ΔC + (D^sζ)B̄ − (D^aC)ȳ + ∇ρ = 0 in Q,

∇ · ζ = 0, ∇ · C = 0 in Q

ζ = 0, C · n = 0, (curl C) × n = 0 on Σ.

(14)

Actually, the difference between the two forms of the dual equation is hidden in the pressure terms, but we will see that it is more convenient to work with the latter.

The unique continuation property that has to be proved reads:

ζ = 0, C = 0 in ω × (0, T ) =⇒ ζ ≡ 0, C ≡ 0 in Q (15)

This assertion will be proved in Section 5.

iii) We separate now the spectrum of A in a stable part and an unstable one. Let δ > 0 be such that σ(A) ∩ {λ| Re λ = δ} = ϕ. Let σ_1 = σ(A) ∩ {λ| Re λ < δ}, σ_2 = σ(A) ∩ {λ| Re λ > δ}. It is clear that σ_1 is a finite set and σ_2 ⊂ V_{δ,θ}′ or some θ^′ ∈ (0,^π_2 ). Correspondingly, the complexified space (H × H)^c is decomposed as a direct sum of two closed subspaces H_1 ⨁ H_2, subspaces which are invariant for A (we denoted also by A the complexified operator) and σ(A|H_i) = σ_i, i = 1, 2. Of course H_1 is finite dimensional and let N = dim H_1. Denote by P_N the projection onto H_1 given by the direct sum H_1 ⨁ H_2 and by Q_N = I − P_N . Then, with z_1 = P_N z and z_2 = Q_N z, equation (9) projects in two equations:

z^′_1 + Az_1 = P_N Bw (16)

z^′_2 + Az_2 = Q_N Bw (17)

The operator −A_2 = −Q_N A generates on H_2 a stable analytic semigroup that satisfies:

|e^{−tA2} z^0_2 | ≤ Ce^{−δt}|z^0_2 | (18)

Equation (16) is a finite dimensional linear equation in the space H_1. Moreover, equation (16) is exactly controllable in any time T . Indeed, we proved that equation (9) is approximately controllable in any time T , so the set {z^w(T ) : w ∈ L^2(0, T ; (L^2(ω)))^2} is dense in H × H. So the projection of this set, through P_N , on H_1, which is finite dimensional, is the whole space that is {z^w_1 (T ) : w ∈ L^2(0, T ; (L^2(ω))^2)} = H_1. Moreover, if we choose as U ⊂ (L^2(ω))^2 an N dimensional subspace such that Im P_N B = P_N B(U) the pair (A_1, P_N B) remains exactly controllable in any time T and thus is completely stabilizable (see [20]), i.e. for any δ_1 > 0 there exits a linear operator K_1 : H_1 → U and a constant C = C(δ_1) such that ‖e^{−t(A1 −PN BK1)}‖ ≤ Ce^{−δ1t}. (19) The feedback K, that we will prove to stabilize the linear system (9), is defined as K = Re K̃, K̃ = K_1 ∘ P_N .

We denote by z^{K̃} , z^{K̃}_1 , z^{K̃}_2 the corresponding solutions of (9),(16) respectively (17). The only estimate to put in evidence is on the corresponding solution of (17) because we have by the complete stabilization of (16) that |z^{K̃}_1 (t)| ≤ Ce^{−δ1t}|z^0_1 |. (20) Variations of constants formula gives z^{K̃}_2 (t) = e^{−tA2} z^0_2 +

∫_t 0 e^{−(t−s)A2} Q_N BK_1z_1(s)ds Passing to the norm and using the estimates (18) and (20) we obtain |z^{K̃}_2 (t)| ≤ Ce^{−δt}|z^0_2 | +

∫_t 0 Ce^{−δ(t−s)}e^{−δ1s}|z^0_1 |ds, from where, for a δ_1 > δ and a constant C = C(δ, δ_1), |z^{K̃}_2 (t)| ≤ Ce^{−δt}|z_0|.

This, together with (20), give (10) and we conclude the proof of the theorem.

4 Local stabilization of the MHD system. Proof of Theorem 2

Lemma 4.1 Let H̃ be a Hilbert space with norm | · | and scalar product (·, ·) and let −Ã be the generator of an analytic semigroup of negative type satisfying an estimate of the type (10) and such that D(Ã) = D(Ã^∗). Then, the quadratic functional h(z) =

∫_∞ 0 |Ã^{12} e^{−tÃ}z|^2dt is finite for all z ∈ H̃ and defines an equivalent norm in H̃.

Proof From the theory of interpolation spaces (see [19] or [8]) we know that for such operators and for θ ∈ (0, 1), the interpolation space

[D(Ã), H̃]_θ = {z ∈ H̃ : t^{θ− 12} Ãe^{−tÃ}z ∈ L^2(0, ∞; H̃)} = D(Ã^{1−θ}).

An equivalent norm (0 ∉ σ(Ã)) is given by ‖t^{θ− 12} Ãe^{−tÃ}z‖_L2_{(0,∞;}~_{H)} We prove first that there exists a positive constant C such that for z ∈ D(Ã^12 ), h(z) ≤ C‖z‖^2_{D(Ã} 1_{2 )}.

Indeed, integrating by parts in the integral of h we obtain h(z) =

∫_∞ 0 t(Ã^{12} e^{−tÃ}z, Ã^{32} e^{−tÃ}z)dt = = ∫_∞ 0 t((Ã^{12} )^∗Ã^{− 12} Ãe^{−tÃ}z, Ãe^{−tÃ}z)dt ≤ C

∫_∞ 0 t|Ãe^{−tÃ}z|^2dt ≤ C|z|^2, where we have also used the fact that (Ã^{12} )^∗Ã^{− 12} is an isomorphism of H̃. For the reverse inequality we use the fact that for positive θ |Ã^θe^{−tÃ}z| ≤

C(θ) t^θ

|z|.

So, if in the previous inequality we take θ =^1_2 and instead of z, Ã^12 e^{−tÃ}z, we find that t|Ãe^{−2tÃ}z|^2 ≤ C|A^{12} e^{−tÃ}z|^2 and the reverse inequality c‖z‖^2_{D(Ã} 1_{2 )} ≤ h(z) is immediate. Of course, the two inequalities extend to the whole H̃ and the proof of the lemma is complete.

We turn now to the proof of Theorem 2. Let H̃ = H × H and Ã = A − BK, where K is the feedback constructed in Theorem 1. Consider the functional h(z) =

∫_∞ 0 |Ã^{34} e^{−tÃ}z|^2dt.

Ã also defines an analytic semigroup of negative type in D(Ã), D(Ã) = D(Ã∗) = D(A), from Lemma 4.1 we deduce that h(z) ∼ |Ã^{14} z|^2.

We denote also by h the bilinear form giving h(z) = h(z, z). Given ζ ∈ H̃ it defines, via the scalar product in H̃, a linear continuous functional on D(Ã^14 ), so there exists an unique Sζ ∈ D(Ã^14 ) such that (ζ, z) = h(Sζ, z) for all z ∈ D(Ã^14 ). It is clear that S is self-adjoint in H̃. Denote by R = S^{−1} which is an unbounded self-adjoint operator with dense domain D(R) = Im S^{−1} with D(R) ⊂ D(Ã^14 ).

We prove that D(Ã^12 ) ⊂ D(R) with continuous imbedding. To see this we have to prove that if ζ ∈ D(Ã^12 ) then the linear functional z → h(ζ, z) extends as a linear continuous functional on H̃. Let ζ = Ã^{− 1}2 η, with η ∈ H̃. We have

h(ζ, z) =

∫_∞ 0 (Ã^{12} e^{−tÃ}η, (Ã^{− 14} )^∗Ã^{14} Ã^{12} e^{−tÃ}z)dt,

So using Lemma 4.1 and the fact that (Ã^{− 1}4 )^∗Ã^14 is bounded in H̃ we have

h(ζ, z) ≤ C (∫_∞ 0 |A^{12} e^{−tÃ}η|^2

) 1_2 (∫_∞ 0 |A^{12} e^{−tÃ}z|^2

) 1_2

≤ C|Ã^{12} ζ||z|.

So we have that ζ ∈ D(R), (Rζ, z) = h(ζ, z), and |Rζ| ≤ C|Ã^{12} ζ|. (21) As usual, one may easily derive the Lyapunov equation satisfied by R:

(Rz, Ãz) = 1 2 |Ã^{34} z|^2. (22)

We are now in a position to stabilize the nonlinear system (6). We introduce the feedback K and system (6) may be rewritten as

z^′ + Ãz = g(z)

z(0) = z_0

(23)

where the nonlinearity g is g ( y B ) = ( P (B · ∇B − y · ∇y) P (B · ∇y − y · ∇B) )

The idea, the same as in [2] or [7], is to multiply equation (23), scalarly in H̃, with Ry and integrate. The problem is that we do not know if (23) has a global strong solution (difficulty of the same nature as in the case of Navier-Stokes equations). So, one has to consider an approximate equation, to show that this is stable and that its solution is converging to a weak solution of our problem, which conserves the exponential decay at infinity.

For ζ ∈ H^1(Ω, R^3) and ε > 0 we define the truncation T_ε(ζ) = ζ if ‖ζ‖ ≤ 1 ε and T_ε(ζ) = ζ ε‖ζ‖ if ‖ζ‖ > 1 ε . For z = (y, B)^T ∈ V we denote by T_ε(z) = (T_ε(y), T_ε(B))^T and denote by g_ε(z) = g(T_ε(z)). The approximate equation is:

z^′ + Ãz = g_ε(z)

z(0) = z_0.

(24)

For this equation one may prove (as in [2]) that it has a strong solution z_ε ∈ C([0, T ]; H) ∩ L^2(0, T ; V ) ∩ L^2_{loc}((0, T ], D(Ã)). Moreover, one has for t ∈ [0, T ] the bound |z_ε(t)|^2 +

∫_t 0 ( ‖z_ε‖^2_V + ‖

∂z_ε ∂t ‖^{43}_V ′ ) ≤ C_T |z_0|^2

and z_ε → z strongly in L^2(0, T ; H) and weakly in L^2(0, T ; V ). We also have, by the Aubin compactness theorem that z_ε → z strongly in L^2(0, T, D(Ã^14 )). The limit z is a weak solution of (23).

We multiply now equation (24) by Rz_ε and obtain d dt (Rz_ε, z_ε) + (Ãz_ε, Rz_ε) = (g_ε(z_ε), Rz_ε). (25)

Standard estimates using the inequality (2) for the trilinear term b show that, for z ∈ D(Ã^34 )) ⊂ H^32 , ζ ∈ V, one has |(g_ε(z), ζ)| ≤ |(g(z), ζ)| ≤ C‖z‖_1‖z‖ 3_2 |ζ|. (26) Using the interpolation inequality ‖z‖^2_1 = |Ã^{12} z|^2 ≤ |Ã^{14} z||Ã^{34} z| ≤ C(Rz, z)^{12} |Ã^{34} z| and (26) with ζ = Rz_ε, we obtain from (25), (21) and (22) that d dt (Rz_ε, z_ε) + |Ã^{34} z_ε|^2 ≤ C(Rz_ε, z_ε)^{12} |Ã^{34} z_ε|^2 (27)

With ρ = 1 4C^2 it is easy to see that the set V_ρ = {z_0 : (Rz_0, z_0) < ρ} is invariant under the flow generated by (24). Moreover, for z_0 ∈ V_ρ one has d dt (Rz_ε, z_ε) + 1 2 |Ã^{34} z_ε|^2 ≤ 0

and thus, since c(Rz_ε, z_ε) ≤ ‖z_ε‖^21_2 ≤ C|Ã^34 z_ε|^2, with some positive constant δ, d dt (Rz_ε, z_ε) + δ(Rz_ε, z_ε) ≤ 0.

Integrating the last inequality one finds that |(Rz_ε, z_ε)| ≤ |(Rz_0, z_0)|e^{−δt}.

Now, because z_ε → z strongly in L^2(0, T, D(Ã^14 )) then for t a.e. |(Rz_ε, z_ε)| → |(Rz, z)| and thus |(Rz, z)| ≤ |(Rz_0, z_0)|e^{−δt}.

and the inequality (11) follows. The proof is complete.

5 Unique continuation for systems of mixed parabolicelliptic equations

The purpose of this section is to study the unique continuation property for systems of parabolic-elliptic equations in order to apply these results to the unique continuation of system (14).

In a first step, we will obtain estimates for parabolic and elliptic equations that will have as consequence the unique continuation property established by J.-C. Saut and B. Scheurer in [17]. The systems for which such a unique property holds are systems of linear parabolic and elliptic equations coupled in the terms of order 0 and 1. In this form this result is applicable to the dual equation (12) in the form (13). This is however requiring higher regularity for the stationary solution (ȳ, B̄).

The result in [17] is not applicable to the dual system in form (14) because, when applying the divergence to the equations in (14), the elliptic equations for π and ρ contain second order derivatives in the other unknowns ζ and C. That is the reason for which we will make use of the more refined estimates for elliptic equations, obtained by O.Yu. Imanuvilov and J.-P- Puel in [14], [15], and couple them with the estimates for the parabolic part of the system.

The heat equation

To make computations as simple and transparent as possible, we consider first the simplest case of (backward) heat equation: ∂y ∂t + Δy = f in Ω × (0, T ) (28)

Let ω ⊂ Ω. We intend to derive estimates that will have as a consequence the fact that if f ≡ 0 and y = 0 on ω×(0, T ) then y ≡ 0 on Q^T := Ω×(0, T ). Also, for a given

function z we will denote by z_t, z_{,i}, z_{,ti} etc. the partial derivatives ∂z ∂t , ∂z ∂x_i , ∂^2z ∂t∂x_i and we use the the convention for summation when indices are repeated.

Let 0 < r < R, with B_R ⊂⊂ Ω. It is enough to prove that if y = 0 in Q_r := B_r×(0, T ) then y = 0 on Q_R := B_R ×(0, T ). If this is not the case, with no loss of generality (by modifying R and replacing the time interval (0, T ) with a smaller interval (t_1, t_2)), we will assume that m := inf_{t∈(0,T )} ∫ ∂B_R

|y(x, t)|^2dσ_x > 0. (29)

We choose an auxiliary function ψ ∈ C^2(B_R) with the following properties:

ψ|_{∂BR} = 0, ψ|_{BR} > 0, {x|∇ψ(x) = 0} ⊂ B^r_2 , ∂ψ ∂n = −1 on∂B_R. (30)

Obviously, it is easy to construct such a function and it may be chosen radially symmetric with an unique critical point, namely in the center of the ball. Let for λ > 0 α(x, t) = e^{λψ(x)} − e^{2λ‖ψ‖C(B̄}R^)

t^2(T − t)^2

, φ(x, t) = e^{λψ(x)} t^2(T − t)^2 and ᾱ(t) = α|∂B_R, φ̄(t) = φ|∂B_R. Denote by z := e^{sα}y for some s, λ > 0. Using (28), the equations satisfied by z is:

z_t + [ z_{,ii} − 2sα_{,i}z_{,i} + (s^2α^2_{,i} − sα_{,ii} − sα_t)z ] = fe^{sα} (31)

We reorder the terms in equation (31) and, denoting by

X(x, t) = [ z_{,ii} + (s^2α^2_{,i} + sα_{,ii} − sα_t)z ] , F (x, t) = −2s(α_{,i}z_{,i} + sα_{,ii}z) we rewrite (31) as z_t + X(x, t) + F (x, t) = fe^{sα} (32) We multiply (32) with X(x, t), we integrate on Q_R and, by Cauchy inequality we obtain: ∫

Q_R

z_tX(x, t)dxdt + ∫ Q_R

X(x, t)F (x, t)dxdt ≤ 1 2 ∫ Q_R

f^2e^{2sα} (33)

We proceed as in [10] (see also [1]) to evaluate the integrals in (33). The idea is to put in evidence the dominant terms in s, λ, φ as well as their signs. We will see that the dominant term concerning z will be s^3λ^4φ^3z^2 and the other terms, dominated by it for s, λ big enough, like s^3λ^3φ^3, will be generically denoted as l.o.t(z^2). The same for |∇z|^2 where the dominant term will be found to be sλ^2φ|∇z|^2 and the lower order terms will be denoted as l.o.t.(|∇z|^2). When talking about y the dominant term will be found to be s^3λ^4φ^3e^{2sα}z^2 and lower order terms like s^2λ^4φ^2e^{2sα}z^2 will be denoted shortly as l.o.t.(y^2). Similar notations will be used for the terms containing |∇y|^2. Finally, the dominant terms, with positive sign, will be found in the left part of the final equality. I. ∫ Q_R

z_tX(x, t)dxdt: ∫ Q_R

z_tX(x, t)dxdt = ∫ Q_R

z_tz_{,ii} + ( z^2 2 ) t ( s^2α^2_{,i} + sα_{,ii} − sα_t ) dxdt =

= ∫ Σ_R

z_tz_{,i}n_idσdt − ∫ Q_R

z_{,ti}z_{,i} + z^2 2 ( s^2α^2_{,i} + sα_{,ii} − sα_t ) t dxdt =

= ∫ Σ_R

z_tz_{,i}n_idσdt + ∫ Q_R

l.o.t.(z^2)dxdt (34)

II. ∫ Q_R

X(x, t)F (x, t)dxdt:

a) − 2 ∫ Q_R

z_{,ii}sα_{,j}z_{,j} dxdt =

= 2 ∫ Q_R

z_{,i}sα_{,ij} z_{,j} + z_{,i}z_{,ij} sα_{,j}dxdt − 2 ∫ Σ_R

z_{,i}n_isα_{,j}z_{,j}dxdt = = ∫ Q_R

2z_{,i}z_{,j}sα_{,ij} − z^2_{,i}sα_{,jj}dxdt + ∫ Σ_R

z^2_i sα_{,j}n_j − 2z_{,i}n_isα_{,j}z_{,j} σdt. (35)

b) − 2 ∫ Q_R

z_{,ii}sα_{,jj}z = 2 ∫ Q_R

z_{,i}zsα_{,ijj} + z^2_{,i}sα_{,jj}dxdt − 2 ∫ Σ_R

z_{,i}n_isα_{,jj}zdσdt (36)

c) − 2 ∫ Q_R

s^3α^2_{,i}α_{,j}zz_{,j} = ∫ Q_R

s(α^2_{,i}α_{,j})_{,j}z^2dxdt − ∫ Σ_R

s^3α^2_{,i}α_{,j}n_j z^2dσdt (37) d.The other terms in ∫ Q_R

X(x, t)F (x, t)dxdt are of lower order in s, λ and may be dominated by using Cauchy’s inequality. First estimates, for all solutions: ∫ Q_R\Q_r

s^3λ^4φ^3e^{2sα}y^2dxdt + ∫ Q_R\Q_r

sλ^2φe^{2sα}|∇y|^2 + ∫ Σ_R

... ≤ ≤ C [∫ Q_r

((s^3λ^3φ^3 + s^4λ^4φ^2)y^2 + sλφ|∇y|^2)e^{2sα}dxdt ] + ∫ Q_R

f^2e^{2sα}dxdt (38) where the constant C does not depend on the solution y and s ≥ s_0(λ), λ ≥ λ_0. We estimate now the integrals on Σ_R denoted in the above formula, for short, ∫ Σ_R ... . Remember that ∂ψ ∂n ≡ −1 on ∂B_R.

(i) − ∫ Σ_R

s^3α^2_{,i}α_{,j}n_j z^2dxdt = s^3λ^3 ∫ Σ_R

φ̄^3e^{2sᾱ}|y|^2dσdt (39) Since z = e^{sα}y, z_{,i} = (sα_{,i}y + y_{,i})e^{sα} and we have:

(ii) − 2 ∫ Σ_R

z_{,i}n_isα_{,j}z_{,j} dσdt = −2 ∫ Σ_R

(sα_{,i}y + y_{,i})n_isα_{,j}(sα_{,j}y + y_j)e^{2sα}dσdt = = −2 ∫ Σ_R ( s^3α_{,i}α^2_{,j}n_i|y|^2 − sy_{,i}n_iα_{,j}y_{,j} − s^2α_{,i}n_iα_{,j}yy_{,j} − s^2y_{,i}n_iα^2_{,j}y ) e^{2sα}dσdt = = 2s^3λ^3 ∫ Σ_R

φ̄^3e^{2sᾱ}|y|^2dσdt + ∫ Σ_R

l.o.t (40) (iii) ∫ Σ_R

z^2_{,i}sα_{,j} n_jdσdt = ∫ Σ_R

(sα_{,i}y + y_{,i})^2sα_{,j} n_je^{2sα} = = ∫ Σ_R

s^3α^2_{,i}α_{,j}n_j e^{2sα}y^2 + y^2_{,i}sα_{,j}n_j e^{2sα} + 2sα_{,i}yy_{,i}sα_{,j}n_je^{2sα}dσdt = = −s^3λ^3 ∫ Σ_R

φ̄^3e^{2sᾱ}y^2dσdt + ∫ Σ_R

l.o.t.dσdt (41)

(iv) − 2 ∫ Σ_R

z_{,i}n_isα_{,jj}zdσdt = −2 ∫ Σ_R

(sα_{,i}y + y_i)n_isα_{,jj}ye^{2sα}dσdt = = −2 ∫ Σ_R

s^2α_{,i}n_iα_{,jj}y^2e^{2sα}dσdt − 2 ∫ Σ_R

sα_{,jj} ∂y ∂n ye^{2sα}dσdt (42)

(v) ∫ Σ_R

z_tz_{,i}n_idσdt = ∫ Σ_R

(sα_ty + y_t)(sα_{,i}y + y_{,i})n_ie^{2sα}dσdt = s^2 ∫ Σ_R

(α_tα_{,i}n_iy^2 + l.o.t)e^{2sα}dσdt (43) If we look now to the formulas (39)-(43) we find that the dominant term for the integral on Σ_R is 2s^3λ^3 ∫ Σ φ^3y^2e^{2sα}dσdt = 2k^3s^3λ^3

∫_T 0 e^{2sᾱ}φ̄^3 ∫ ∂Ω y^2dσdt In this situation, for s, λ > 0 big enough, the integral on Σ_R becomes positive. So, we finally may write the final estimate: ∫ Q_R\Q_r

s^3λ^4φ^3e^{2sα}|y|^2 + sλ^2φe^{2sα}|∇y|^2dxdt + ∫ Σ_R

s^3λ^3|y|^2e^{2sᾱ}φ̄^3dσdt ≤ (44)

≤ C( ∫ Q_r

s^3λ^4φ^3e^{2sα}|y|^2 + sλ^2φe^{2sα}|∇y|^2dxdt) + ∫ Q_R

f^2e^{2sα}dxdt This implies immediately that if f ≡ 0 and y = 0 on B_r × (0, T ) then y = 0 on B_R × (0, T ).

The case of general parabolic operators Consider now an elliptic operator with the form Ly = n∑ i,j=1

a_{ij}

∂^2y ∂x_i∂x_j + n∑ j=1 b_j ∂y ∂x_j

+ cy (45)

where i) a_{ij} ∈ C^1(Q^T ), a_{ij} = a_{ji} and define a uniformly positive definite matrix:

∑_n

i,j=1 aij (x)ξ

iξ^j ≥ β|ξ|^2 for some positive constant β and all (x, t) ∈ Q. ii) b_i ∈ L^∞(Q^T ) iii) c ∈ L^∞(0, T ; L^n(Ω)) if n ≥ 3 and c ∈ L^p(Ω) for some p > 1 if n = 2. Then, if y ∈ L^2(0, T ; H^2_{loc}(Ω)) satisfies y_t + Ly = 0 in Q^T and y ≡ 0 in ω × (0, T ), then y ≡ 0 in Ω × (0, T ).

This is the content of Theorem 1.1 in [17] and we show how to derive this result by means of an inequality of type (44). Consider the nonhomogeneous equation y_t + Ly = f in Q^T .

The key in obtaining in this case estimates of the type (44) is to move the first order and zero order terms in the right hand side, incorporate them in the free term f, and at the end of the computations, which in this case work almost identically as in the model case, to apply the Hölder inequality and dominate them with the terms in the left hand side in inequality (44)(see also the inequality (38)). More precisely, denote by f̃ = f − n∑ i=1 b_i ∂y ∂x_i

− cy. The term ∫ Q_R

f̃^2e^{2sα}dxdt is esti-

mated by ∫ Q_R

f^2e^{2sα}dxdt and the following terms (multiplied by some independent constant): ∫ Q_R

b^2_i y^2_{,i}e^{2sα}dxdt ≤ C ∫ Q_R

|∇y|^2e^{2sα}dxdt = ∫ Q_R

l.o.t.(|∇y|^2)dxdt

and ∫

Q_R

c^2y^2e^{2sα}dxdt ≤ (∫ Q_R

c^ne^{nsα}

) 2_n (∫

Q_R

(ye^{sα})^{2nn−2}

) n−2_n . But (∫ Q_R

c^ne^{nsα}

) 2_n

≤ e^{2sᾱ}‖c‖^2_Ln = o(s)‖c‖^2_Ln and by the Sobolev embedding theorem (∫ Q_R

(ye^{sα})^{2nn−2} dxdt

) n−2_n ≤ ∫ Q_R

|∇(ye^{sα})|^2dxdt ≤ ≤ 2 ∫ Q_R ( |∇y|^2 + s^2λ^2φ^2y^2 ) e^{2sα}dxdt = ∫ Q_R

l.o.t(y^2) + l.o.t(|∇y|^2)dxdt.

The computations follow now the same lines as in the model case. We observe here that, with no essential changes in the proof, the same estimates hold for elliptic equations of the form Ly = f.

Systems of parabolic - elliptic equations

Consider now systems of the type

∂y_i ∂t + L_iy_i + m∑ k=1 n∑ l=1 γ_{ikl}(x, t)

∂y_k ∂x_l + m∑ k=1 ς_{ik}(x, t)y_k = 0, 1 ≤ i ≤ p

L_iy_i + m∑ k=1 n∑ l=1 γ_{ikl}(x, t)

∂y_k ∂x_l + m∑ k=1 ς_{ik}(x, t)y_k = 0, p ≤ i ≤ m

(46) where γ_{ikl} ∈ L^∞_{loc}(Q^T ), ς_{ik} ∈ L^∞(0, T ; L^n_{loc}(Ω)).

The unique continuation result in this case says that if y_i = 0 on ω ×(0, T ), i = 1, m, then y_i ≡ 0 on Ω × (0, T ), i = 1, m. This is essentially the content of Theorem 2.1 in [17]. The proof is quite similar to the case of a single parabolic equation we described above and we just sketch it. So, for 0 < r < R we suppose that y_i = 0, on Q_r, i = 1, m and we want to prove that y_i = 0, on Q_R, i = 1, m. If it is not true, we may suppose, as in the case of a single parabolic equation, that there exists an i_0 ∈ {1, . . . m} such that condition (29) holds for y_{i0} . For each i ∈ {1, . . . m}, for the equation y_{i,t} + L_iy_i = f_i we write an estimate of type (44) and add these estimates. We keep in mind that among the terms on the boundary the one which is dominant is ∫ Σ_R

s^3λ^3e^{2sᾱ}φ̄^3y^2_{i0} dσdt. We obtain, for λ > λ_0 and s > s_0(λ), that m∑ i=1 (∫ Q_R\Q_r

s^3λ^4φ^3e^{2sα}|y_i|^2 + sλ^2φe^{2sα}|∇y_i|^2dxdt ) + (47) + ∫ Σ_R

s^3λ^3e^{2sᾱ}φ̄^3|y_{i0} |^2dσdt ≤ C m∑ i=1 (∫ Q_r

(s^3λ^4φ^3y^2_i + sλ^2φ|∇y_i|^2)e^{2sα}dxdt+

+ ∫ Q_R | | | | m∑ k=1 n∑ l=1 γ_{ikl}(x, t)

∂y_k ∂x_l + m∑ k=1 ς_{ik}(x, t)y_k | | | | 2 e^{2sα}dxdt . Using now the Hölder inequality for the right side of the inequality, as in the case of a general parabolic equation, we absorb the integrals on Q_R \ Q_r from the right side, into the corresponding integrals in the left side, for s, λ big enough. We find then that necessarily y_i ≡ 0 also on Q_R \ Q_r, i = 1, m.

Remark 5.1 We may apply now this result for the unique continuation property for (12). The regularity needed for the parabolic part is ∇ȳ, ∇B̄ ∈ L^3, ȳ, B̄ ∈ L^∞, so W^{1,3} ∩ L^∞ (the same as in the hypotheses for the moment). Now, if we apply the divergence to the equations in (13), we find two elliptic equations for π, ρ, containing terms of the type Δȳ · ζ and B̄_{i,j}C_{j,i}. At this point the previous result works if we ask for the supplementary regularity Δȳ, ΔB̄ ∈ L^3 and ∇B̄ ∈ L^∞, that is the stationary solution should belong to W^{2,3} ∩ W^{1,∞}.

Elliptic equations

We mention here the following theorem of O.Yu.Imanuvilov and J.P.Puel proved in [15](see also [14]):

Theorem 3 Let D ⊂ R^n be bounded, open, with C^2 boundary. Let y ∈ H^1(D) solution of the following boundary value problem:

Ly := n∑ i,j=1

a_{ij} (x)

∂^2y ∂x_ix_j + n∑ j=1 b_j (x) ∂y ∂x_j +

+ n∑ i=1 ∂ ∂x_i

(d_i(x)y) + c(x)y = f + n∑ j=1 ∂f_j ∂x_j in D

y = g on ∂D

(48)

where i) a_{ij} ∈ C^2(D), b_j , c, d_i ∈ L^∞(D), i, j = 1, n, a_{ij} verify the uniform ellipticity condition_n ∑ i,j=1

a_{ij} (x)ξ^iξ^j ≥ β|ξ|^2, ∀ξ ∈ R^n, x ∈ D

for some β > 0.

ii) f, f_j ∈ L^2(D), j = 1, n, g ∈ H^12 (∂D).

Consider a function ψ ∈ C^2(D) with the following properties, analogous to (30):

ψ|_{∂D} = 0, ψ|_D > 0, {x|∇ψ(x) = 0} ⊂ ω_1 ⊂⊂ D, ∂ψ ∂n < 0 on ∂D.

With η(x) = e^{λψ(x)}, there exist λ̂, τ̂ and a constant C > 0 such that for all λ ≥ λ̂, τ ≥ τ̂ the following inequality holds: ∫ Ω e^{2τ η}|∇y|^2dx + τ^2λ^2 ∫ Ω η^2e^{2τ η} |y|^2dx ≤ ≤ C [ τ^{12} e^{2τ} ‖g‖^2_H 1_{2 (∂D)} + 1 τλ^2 ∫ Ω |f|^2 η e^{2τ η}dx+ + n∑ j=1 τ ∫ Ω |f_j |^2ηe^{2τ η}dx + ∫ ω (|∇y|^2 + τ^2λ^2η^2|y|^2)e^{2τ η} dx . (49)

Unique continuation for system (14)

We prove now the unique continuation result for system (14), that is property (15). For 0 < r < R we suppose that ζ = 0, C = 0 on Q_r and we want to prove that ζ ≡ 0, C ≡ 0 on Q_R. If it is not true, we may suppose, with no loss of generality, that the following analogue of condition (29) holds:

m := inf_{t∈(0,T )} ∫ ∂B_R

|ζ(x, t)|^2 + |C(x, t)|^2dσ_x > 0. (50)

From (14) we find that also ∇π = ∇ρ = 0 in Q_r so, since for given t π(·, t), ρ(·, t) are defined up to an additive constant, we suppose with no loss of generality that π = ρ = 0 in Q_r. By treating ∇π, ∇ρ as nonhomogeneous terms in (14) we obtain first the following estimate of type (44) that is, for λ > λ_0, s > s_0(λ): ∫ Q_R\Q_r

s^3λ^4φ^3e^{2sα}(|ζ|^2 + |C|^2) + sλ^2φe^{2sα}(|∇ζ|^2 + |∇C|^2)dxdt+ + ∫ Σ_R

s^3λ^3(|ζ|^2 + |C|^2)e^{2sᾱ}φ̄^3dσdt ≤ ∫ Q_R

(|∇π|^2 + |∇ρ|^2)e^{2sα}dxdt+ (51)

+C ∫ Q_r

[s^3λ^4φ^3(|ζ|^2 + |C|^2) + sλ^2φ(|∇ζ|^2 + |∇C|^2)]e^{2sα}dxdt.

We need now to estimate the pressure terms π, ρ. We apply the divergence to the equations in the dual system (14) and we obtain the following elliptic equations:

Δπ = div ((D^sζ)ȳ − (D^aC)B̄) in Q^T (52)

Δρ = div (((D^aC)B̄ − D^sζ)ȳ) in Q^T (53)

We remark here that the result of J.-C. Saut and B. Scheurer on unique continuation for systems of mixed parabolic-elliptic equations does not apply since the equations for π and ρ contain second order derivatives of ζ and C. This is the reason for which the stronger estimate of J.-P. Puel and O.Yu.Imanuvilov is needed. So, applying inequality (49) to π and ρ on the ball B_R, for fixed t and taking into account that ȳ, B̄ ∈ L^∞(Ω) and on Q_ω π = ρ = 0, we obtain, for all τ > τ̂, λ > λ̂, the inequality: ∫ B_R

e^{2τ η} (|∇π|^2 + |∇ρ|^2)dx ≤ C [ τ^{12} e^{2τ} (‖π‖^2_H 1_{2 (∂BR)} + ‖ρ‖^2_H 1_{2 (∂BR)})+

+τ ∫ B_R

(|(D^sζ)|^2 + |(D^aC)|^2)ηe^{2τ η}dx ] . (54)

We choose in this inequality τ = s t^2(T − t)^2

, then we multiply (54) by e^{− 2st2(T −t)2 e}

2λ‖ψ‖C(B̄ R) and integrate from 0 to T . We obtain: ∫ Q_R

e^{2sα}(|∇π|^2 + |∇ρ|^2)dx ≤

≤ C [∫_T 0 s^{12} φ̄^{12} e^{2sᾱ}(‖π(t)‖^2_H 1_{2 (∂BR)} + ‖ρ(t)‖^2_H 1_{2 (∂BR)})dt+

+ ∫ Q_R

sφ(|∇ζ|^2 + |∇C|^2)e^{2sα}dx ] .

(55)

We plug now inequality (55) into (51). We see that the integrals on Σ_R in the right hand side of (54) are of lower order with respect to s, λ, φ̄ than the integrals on Σ_R in the left side of (47). The same happens with the integrals concerning |∇ζ|, |∇C| on Q_R \ Q_r. Finally, after absorbing in the left side of the inequality the lower order terms in the right side, we obtain for λ > λ_0, s > s_0(λ): ∫ Q_R\Q_r

s^3λ^4φ^3e^{2sα}(|ζ|^2 + |C|^2) + sλ^2φe^{2sα}(|∇ζ|^2 + |∇C|^2)dxdt+ + ∫ Σ_R

s^3λ^3(|ζ|^2 + |C|^2)e^{2sᾱ}φ̄^3dσdt ≤ (56)

≤ C ∫ Q_r [ s^3λ^4φ^3(|ζ|^2 + |C|^2) + sλ^2φ(|∇ζ|^2 + |∇C|^2) ] e^{2sα}dxdt.

It follows that,necessarily, ζ = 0, C = 0 in Q_R.

Remark 5.2 For the unique continuation property of the dual equation (14) only the L^∞ regularity for the stationary data was needed.

References

[1] Viorel Barbu. Controllability of parabolic and Navier-Stokes equations. Sci.

Math. Jpn., 56(1):143–211, 2002.

[2] Viorel Barbu. Feedback stabilization of Navier-Stokes equations. ESAIM Control Optim. Calc. Var., 9:197–206 (electronic), 2003.

[3] Viorel Barbu, Teodor Havârneanu, Cătălin Popa, and S. S. Sritharan. Exact controllability for the magnetohydrodynamic equations. Comm. Pure Appl. Math., 56(6):732–783, 2003.

[4] Viorel Barbu, Teodor Havârneanu, Cătălin Popa, and S. S. Sritharan. Local exact controllability for the magnetohydrodynamic equations revisited. Adv. Differential Equations, 10(5):481–504, 2005.

[5] Viorel Barbu, Irena Lasiecka, and Roberto Triggiani. Abstract settings for tangential boundary stabilization of NavierŰStokes equations by high- and lowgain feedback controllers. Nonlinear Analysis, 64(12):2704–2746, 2006.

[6] Viorel Barbu, Irena Lasiecka, and Roberto Triggiani. Tangential Boundary Stabilization of Navier-Stokes Equations. Memoirs of the American Mathematical Society 181. 2006.

[7] Viorel Barbu and Roberto Triggiani. Internal stabilization of Navier- Stokes equations with finite-dimensional controllers. Indiana Univ. Math. J., 53(5):1443–1494, 2004.

[8] Alain Bensoussan, Giuseppe Da Prato, Michel C. Delfour, and Sanjoy K. Mitter.

Representation and control of infinite-dimensional systems. Vol. 1. Systems & Control: Foundations & Applications. Birkhäuser Boston Inc., Boston, MA, 1992.

[9] E. Fernández-Cara, S. Guerrero, O. Yu. Imanuvilov, and J.-P. Puel. Local exact controllability of the Navier-Stokes system. J. Math. Pures Appl. (9), 83(12):1501–1542, 2004.

[10] A. V. Fursikov and O. Yu. Imanuvilov. Controllability of evolution equations, volume 34 of Lecture Notes Series. Seoul National University Research Institute of Mathematics Global Analysis Research Center, Seoul, 1996.

[11] Teodor Havârneanu, Cătălin Popa, and S.S.. Sritharan. Exact internal controllability for the magnetohydrodynamic equations in multi-connected domains. to appear.

[12] O. Yu. Imanuvilov. On exact controllability for the Navier-Stokes equations.

ESAIM Control Optim. Calc. Var., 3:97–131 (electronic), 1998.

[13] Oleg Yu. Imanuvilov. Remarks on exact controllability for the Navier-Stokes equations. ESAIM Control Optim. Calc. Var., 6:39–72 (electronic), 2001.

[14] Oleg Yu. Imanuvilov and Jean-Pierre Puel. Global Carleman estimates for weak solutions of elliptic nonhomogeneous Dirichlet problems. C. R. Math. Acad. Sci. Paris, 335(1):33–38, 2002.

[15] Oleg Yu. Imanuvilov and Jean-Pierre Puel. Global Carleman estimates for weak solutions of elliptic nonhomogeneous Dirichlet problems. Int. Math. Res. Not., (16):883–913, 2003.

[16] A. Pazy. Semigroups of linear operators and applications to partial differential equations, volume 44 of Applied Mathematical Sciences. Springer-Verlag, New York, 1983.

[17] Jean-Claude Saut and Bruno Scheurer. Unique continuation for some evolution equations. J. Differential Equations, 66(1):118–139, 1987.

[18] Roger Temam. Navier-Stokes equations. AMS Chelsea Publishing, Providence, RI, 2001. Theory and numerical analysis, Reprint of the 1984 edition.

[19] Hans Triebel. Interpolation theory, function spaces, differential operators. Johann Ambrosius Barth, Heidelberg, second edition, 1995.

[20] Jerzy Zabczyk. Mathematical control theory: an introduction. Systems & Control: Foundations & Applications. Birkhäuser Boston Inc., Boston, MA, 1992.