Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Attractors for semilinear equations of viscoelasticity with very low dissipation

Stefania Gatti^1, Alain Miranville^2, Vittorino Pata^3, Sergey Zelik^4

submitted: 6 June 2006

1 Dipartimento di Matematica

Università di Ferrara Via Machiavelli 35 I-44100 Ferrara Italy E-Mail: s.gatti@economia.unife.it

2 Université de Poitiers Laboratoire de Mathématiques et Applications UMR CNRS 6086 - SP2MI Boulevard Marie et Pierre Curie – Téléport 2 86962 Chasseneuil Futuroscope Cedex, France E-Mail: miranv@math.univ-poitiers.fr

3 Dipartimento di Matematica “F.Brioschi”

Politecnico di Milano Via Bonardi 9 20133 Milano Italy E-Mail: pata@mate.polimi.it

4 Weierstraß-Institut für Angewandte Analysis und Stochastik Mohrenstraße 39 10117 Berlin Germany E-Mail: zelik@wias-berlin.de

No. 1139 Berlin 2006

W I A S

2000 Mathematics Subject Classification. 35B40, 35L70, 37L45, 45K05, 74D99. Key words and phrases. Hyperbolic equation with memory, dynamical system, Lyapunov function, gradient system, global attractor .

The fourth author has been supported by the CRDF grant RUM1-2654-MO-05 and by the Weierstrass Postdoctoral Fellowship Program.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract. We analyze a differential system arising in the theory of isothermal viscoelasticity. This system is equivalent to an integrodifferential equation of hyperbolic type with a cubic nonlinearity, where the dissipation mechanism is contained only in the convolution integral, accounting for the past history of the displacement. In particular, we consider here a convolution kernel which entails an extremely weak dissipation. In spite of that, we show that the related dynamical system possesses a global attractor of optimal regularity.

1. Introduction

Let Ω ⊂ R^3 be a bounded domain with smooth boundary ∂Ω. For t ∈ R^+ = (0, ∞), we consider the evolution system arising in the theory of isothermal viscoelasticity [9, 20]

(1.1)

∂_{tt}u − Δu −

∫_∞ 0 μ(s)Δη(s)ds + g(u) = f,

∂_tη = T η + ∂_tu,

where u = u(t) : Ω × [0, ∞) → R, η = η^t(s) : Ω × [0, ∞) × R^+ → R and T = −∂_s, supplemented with the boundary and initial conditions

(1.2) { u(t)|_{∂Ω} = η^t|_{∂Ω} = η^t(0) = 0, u(0) = u_0, ∂_tu(0) = v_0, η^0(s) = η_0(s).

Here, g : R → R is a nonlinear term of (at most) cubic growth satisfying some dissipativity conditions, f : Ω → R is an external force, whereas the memory kernel μ is an absolutely continuous summable decreasing (thus nonnegative) function defined on R^+. Problem (1.1)-(1.2) is cast in the so-called memory setting (see [5, 6]), and is equivalent to the integrodifferential equation

∂_{tt}u − (1 + ς)Δu +

∫_∞ 0 μ(s)Δu(t − s)ds + g(u) = f,

where ς =

∫_∞ 0 μ(s)ds > 0, with boundary condition u(t)|_{∂Ω} = 0 and initial conditions u(0) = u_0, u(t) = u_0 − η_0(−t), for t < 0, and ∂_tu(0) = v_0. We address the reader to [11] for more details on the equivalence of the two formulations. It is known that (1.1)-(1.2) generates a dissipative dynamical system S(t) on the phase space H^1_0 (Ω) × L^2(Ω) × L^2_μ(R^+; H^1_0 (Ω)), the so-called history space, since the variable η contains the information on the past history of the system. The asymptotic behavior of S(t) has been investigated quite extensively. For instance, if the first equation contains an extra term of the form ∂_tu (physically, a dynamical friction), then S(t) has a global attractor of optimal regularity [1, 3, 18]. When this term does not appear, as in our case, the existence of the global attractor and its regularity can still be proved, although the dissipation is contained in the memory term only [4, 10]. Clearly, this situation requires a more careful analysis, the dissipation being much weaker. However, all the above results (as well as all the results on the asymptotic behavior of dynamical systems arising from equations with memory) have been proved under the apparently unavoidable condition

(1.3) μ^′(s) + δμ(s) ≤ 0, for some δ > 0 and (almost) every s ∈ R^+. Indeed, even in the linear homogeneous case, (1.3) seemed to play an essential role in establishing exponential stability (see [8, 15, 16]). It is readily seen that (1.3) is equivalent to

μ(s + σ) ≤ e^{−δσ} μ(s),

for every σ ≥ 0 and (almost) every s ∈ R^+. On the other hand, [2] proves that a necessary condition in order to have exponential stability in the linear homogeneous case (and, consequently, in order for S(t) to possess at least an absorbing set) is

(1.4) μ(s + σ) ≤ Ce^{−δσ} μ(s),

for some C ≥ 1, δ > 0, every σ ≥ 0 and (almost) every s ∈ R^+. Nonetheless, between (1.3) and (1.4), there is quite an elbowroom. In particular, (1.3) does not hold when μ is too flat (which corresponds to having zones of very low, or even null, dissipation). An interesting situation from the physical viewpoint, that might not comply with (1.3), but obviously fits (1.4), occurs when μ eventually vanishes. Along this direction, the very recent article [17], focused on the linear homogeneous case, shows that exponential stability is still present when (1.4) holds, but (1.3) is heavily violated. Here, we are able to translate the semigroup approach of [17] in terms of suitable energy functionals, so to extend the analysis to the nonlinear case. This is not, in general, a straightforward fact: there are linear systems (in particular, the one associated with our problem) which can be tackled via semigroup methods, but whose nonlinear counterparts require the introduction of ad hoc, and often quite subtle, techniques. In the present work, we establish the existence of a global attractor of optimal regularity for S(t) when μ fulfills the necessary condition (1.4), but under much weaker hypotheses than (1.3). Besides, contrary to [4], the kernel μ will be allowed to blow up at zero. For instance, we can consider the weakly singular kernel

μ(s) = ke^{−αs} s^{1−β} , with k ≥ 0 and α, β > 0, which has been successfully used to fit experimental data for some real materials. To the best of our knowledge, this is the first result of this kind for nonlinear systems with memory. In fact, this approach can be successfully applied to other low-dissipative models with memory, such as reactiondiffusion equations with a Gurtin-Pipkin conduction law [12].

Plan of the paper. In the next Section 2, we write the assumptions on f, g and μ. In Section 3, we formulate the main theorem, which is proved in Section 4. The remaining sections are devoted to the proofs of Lemma 4.3 and Lemma 4.4 appearing is Section 4.

Notation. We consider the positive operator A = −Δ acting on (L^2(Ω), ⟨·, ·⟩, ‖ · ‖) with domain D[A] = H^2(Ω) ∩ H^1_0 (Ω). For r ∈ R, we denote by H_r = D[A^{r/2}] the scale of Hilbert spaces generated by A, with the usual inner products ⟨·, ·⟩_{D[A}r/2_] = ⟨A^{r/2}·, A^{r/2}·⟩, and by M_r = L^2_μ(R^+; H_{1+r}) the Hilbert space of square summable functions on R^+ with values in H_{1+r}, with respect to the measure μ(s)ds. To account for the boundary conditions on η, we view T = −∂_s as the linear operator with domain D[T ] = { ψ = ψ(s) ∈ M_0 : ∂_sψ ∈ M_0, ψ(0) = 0 } , where ∂_s is the distributional derivative with respect to the internal variable s. Then, T is the infinitesimal generator of the right-translation semigroup R(t) on M_0 acting as [R(t)ψ](s) = { 0, 0 < s ≤ t, ψ(s − t), s > t.

Finally, we introduce the product Hilbert spaces H_r = H_{1+r} × H_r × M_r.

Throughout the paper, c ≥ 0 will denote a generic constant (whose value may vary even within the same formula). Any further dependence of c on other quantities will be specified on occurrence. Also, we shall often tacitly use the Poincaré, the Young and the Hölder inequalities, as well as the usual Sobolev embeddings.

2. General Assumptions

Concerning the nonlinearity and the external force, we take f ∈ H_0 independent of time, and g ∈ C^2(R), with g(0) = 0, such that the following growth and dissipation conditions are satisfied: |g^{′′}(u)| ≤ c ( 1 + |u| ) , (2.1)

lim inf

|u|→∞

g(u) u > −λ,

(2.2)

where λ > 0 is the first eigenvalue of A. Following [4], we decompose g into the sum g = g_0 + g_1, where g_0, g_1 ∈ C^2(R) fulfill |g^{′′}_0 (u)| ≤ c(1 + |u|),

(2.3) g_0(u)u ≥ 0,

(2.4) g^′_0(0) = 0,

(2.5) |g^′_1(u)| ≤ c.

(2.6)

Setting G(u) =

∫_u 0 g(y)dy and G_0(u) =

∫_u 0 g_0(y)dy, it follows from (2.1)-(2.4) that

−(1 − ϖ)‖A^{1/2}u‖^2 − c ≤ 2⟨G(u), 1⟩ ≤ c(1 + ‖A^{1/2}u‖^4),

(2.7) 0 ≤ 2⟨G_0(u), 1⟩ ≤ c(1 + ‖A^{1/2}u‖^4),

(2.8) for every u ∈ H_1 and some ϖ > 0. Concerning instead the memory kernel, we assume that μ : R^+ → [0, ∞) is absolutely continuous, summable and nonincreasing. In particular, μ is differentiable almost everywhere with μ^′ ≤ 0, and it is possibly unbounded in a neighborhood of zero. Without loss of generality, we may (and do) assume that ∫_∞ 0 μ(s)ds = 1.

This, together with the above assumptions on f and g, is enough to show that problem (1.1)-(1.2) generates a strongly continuous semigroup S(t) on the phase space H_0 (see [4, 18]). For further convenience, we recall that the third component of the solution S(t)(u_0, v_0, η_0) = (u(t), ∂_tu(t), η^t) has the explicit representation [18]

(2.9) η^t(s) = { u(t) − u(t − s), 0 < s ≤ t, η_0(s − t) + u(t) − u_0, s > t.

We point out that, given u(t), the representation formula (2.9) depends only on the structure of the second equation of (1.1). When f = g = 0 (linear homogeneous case), the monotonicity of μ ensures that S(t) is a (linear) contraction semigroup. Remark 2.1. In fact, as in [2, 17], we could consider without substantial changes in the subsequent analysis more general kernels, allowing μ to have a finite number of jumps, or even an infinite number of jumps, provided that the points where μ has jumps form an increasing sequence.

Definition 2.2. We say that μ is an admissible kernel if there exists Θ > 0 such that (2.10)

∫_∞ s μ(σ)dσ ≤ Θμ(s), ∀s ∈ R^+.

Remark 2.3. Note that, in view of the other assumptions on μ, conditions (1.4) and (2.10) are equivalent. Indeed, it is apparent that (1.4) implies (2.10) (just take Θ = C/δ). Concerning the reverse implication, since μ is positive and monotone nonincreasing, we have, for every r > 0,

Θμ(s) ≥

∫_∞ s μ(σ)dσ ≥

∫_{s+r} s μ(σ)dσ ≥ rμ(s + r).

Hence, there exists ϱ < 1 and r > 0 such that μ(s + r) ≤ ϱμ(s).

Due to the monotonicity of μ, the above inequality readily yields (1.4). Indeed, setting σ = nr + ϑ, with n ∈ N and ϑ ∈ [0, r), we get μ(s + σ) ≤ μ(s + nr) ≤ ϱ^nμ(s) = e^{n log ϱ}μ(s) ≤ Ce^{−δσ}μ(s), with C = 1/ϱ and δ = −(log ϱ)/r.

Thus, μ is admissible if and only if the semigroup associated with the linear homogeneous system is exponentially stable (see [2]).

3. The Main Theorem

Our main result reads as follows.

Theorem 3.1 (Existence of the global attractor). Let μ be an admissible kernel. Assume in addition that (3.1) μ^′(s) < 0, for a.e. s ∈ R^+.

Then S(t) possesses a connected global attractor A ⊂ H_0 which coincides with the unstable set of equilibria.

Corollary 3.2 (Regularity of the global attractor). The global attractor A is contained and bounded in H_1. Moreover, calling Π the projection of H onto M_0, we have the additional regularity

ΠA ⊂ D[T ], sup_{η∈ΠA} ‖T η‖_{M0} < ∞, sup_{η∈ΠA, s∈R+} ‖Aη(s)‖ < ∞.

Remark 3.3. Hypothesis (3.1) can be relaxed when the nonlinearity g is subcritical, that is, if (2.1) is replaced by |g^′(u)| ≤ c(1 + |u|^β), β < 2.

More precisely, the above results hold true even if the set P_0 = {s ∈ R^+ : μ^′(s) = 0} has positive measure not exceeding a certain limit which depends on the physical constants of the system. The exact condition is the same as the one required to have exponential stability of the corresponding linear semigroup (see [17]). Remark 3.4. If the first equation of (1.1) also contains the dissipative term ∂_tu, it is not hard to show, using the techniques of this paper, that Theorem 3.1 and Corollary 3.2 hold without hypothesis (3.1). Hence, in that situation, being an admissible kernel is a necessary and sufficient condition in order for the related dynamical system S(t) to possess the global attractor.

4. Proof of the Main Theorem

4.1. The gradient system. We begin to establish the following fact. Proposition 4.1. The semigroup S(t) is a gradient system on H_0 and the set S of its equilibria is bounded in H_0.

Proof. The second assertion is quite immediate. Indeed, S = { (u_0, 0, 0) ∈ H_0 : Au_0 + g(u_0) = f } , which is bounded on account of the assumptions on f and g. We define the function L ∈ C(H_0, R) as L(p, q, ψ) = ‖(p, q, ψ)‖^2_{H0} + 2⟨G(p), 1⟩ − 2⟨f, p⟩.

We have to show that L is a Lyapunov function, namely,

(i) L(z) → ∞ if and only if ‖z‖_{H0} → ∞, (ii) L(S(t)z) is nonincreasing for any z ∈ H_0, (iii) if L(S(t)z) = L(z) for all t > 0, then z is an equilibrium.

Property (i) is apparent in light of (2.7). Indeed,

(4.1) 1 c ‖z‖^2_{H0} − c ≤ L(z) ≤ c‖z‖^4_{H0} + c, ∀z ∈ H_0,

for some c ≥ 1. Next, if z = (u_0, v_0, η_0) is a sufficiently regular datum (in particular, η_0 ∈ D[T ]), we have (see [4]) d dt L(S(t)z) =

∫_∞ 0 μ^′(s)‖A^{1/2}η^t(s)‖^2ds.

Hence, choosing δ > 0 small enough such that the set N = {s ∈ R^+ : μ^′(s)+δμ(s) ≤ 0} has positive measure (here we are using (3.1)),

L(S(t)z) ≤ L(z) − δ

∫_t 0 ∫ N μ(s)‖A^{1/2}η^τ (s)‖^2dsdτ, ∀t > 0.

By density, the inequality holds for every z ∈ H_0. In particular, (ii) follows. Finally, if L(S(t)z) = L(z) for all t > 0, then η^t(s) = 0 for every t > 0 and every s ∈ N. From the representation formula (2.9), we learn that u(t) has period s, for every s ∈ N. Since N has positive measure, it follows that u(t) = u_0, and therefore ∂_tu(t) = v_0 = 0. Using again (2.9), we get

η^t(s) = { 0, 0 < s ≤ t, η_0(s − t), s > t.

To prove (iii), we are left to show that η_0 = 0. Indeed, the equality L(S(t)z) = L(z) now reads

∫_∞ 0 μ(s + t)‖A^{1/2}η_0(s)‖^2ds =

∫_∞ 0 μ(s)‖A^{1/2}η_0(s)‖^2ds, ∀t > 0.

Since μ vanishes monotonically at infinity, taking the limit t → ∞ in the right-hand side and applying the dominated convergence theorem, we conclude that η_0 = 0. □ Remark 4.2. Note that we did not use (3.1) in its full strength. Indeed, to obtain the desired conclusion, it is enough to have a set of positive measure on which μ is not constant (cf. Remark 2.1).

4.2. The semigroup decomposition. We decompose the solution S(t)z into the sum S(t)z = D(t)z + K(t)z, where D(t)z = (v(t), ∂_tv(t), ξ^t) and K(t)z = (w(t), ∂_tw(t), ζ^t) solve the problems

∂_{tt}v + Av +

∫_∞ 0 μ(s)Aξ(s)ds + g_0(v) = 0, ∂_tξ = T ξ + ∂_tv, (v(0), ∂_tv(0), ξ^0) = z and ∂_{tt}w + Aw +

∫_∞ 0 μ(s)Aζ(s)ds + g(u) − g_0(v) = f, ∂_tζ = T ζ + ∂_tw, (w(0), ∂_tw(0), ζ^0) = 0.

Then, we have Lemma 4.3. There exist κ > 0 and an increasing nonnegative function Q such that ‖D(t)z‖_{H0} ≤ Q(‖z‖_{H0} )e^{−κt}, for every t ≥ 0.

Lemma 4.4. Let B ⊂ H_0. Assume that sup_{t≥0} sup_{z∈B} ‖S(t)z‖_{H0} = C < ∞.

Then, K(t)B ⊂ H_r, for every t ≥ 0 and every r ∈ [0,^1_2 ), and there is M = M(C, r) ≥ 0 such that sup_{t≥0} sup_{z∈B} ‖K(t)z‖_{Hr} ≤ M.

Lemma 4.5. Let B ⊂ H_{1/3}. Assume that sup_{t≥0} sup_{z∈B} ‖S(t)z‖_{H1/3} = C < ∞.

Then, K(t)B ⊂ H_1, for every t ≥ 0, and there is M = M(C) ≥ 0 such that sup_{t≥0} sup_{z∈B} ‖K(t)z‖_{H1} ≤ M.

The proofs of the three above lemmata will be given in the following sections. Corollary 4.6. Let B ⊂ H_r, for some r ∈ (0, 1]. Assume that K(t)B ⊂ H_r, for every t ≥ 0, and sup_{t≥0} sup_{z∈B} ‖K(t)z‖_{Hr} = M < ∞.

Then, for every t ≥ 0, K(t)B belongs to the compact set

K^M_r = { z_0 : ‖z_0‖_{Hr} ≤ M, ‖∂_sΠz_0‖_{Mr−1} ≤ M, ‖A^{(1+r)/2}Πz_0(s)‖ ≤ 2M, Πz_0(0) = 0 } . Proof. The compactness of ΠK^M_r in M_0 (and, consequently, the compactness of K^M_r in H_0) is guaranteed by Lemma 5.5 of [18]. From the analogue of (2.9) for ζ^t, we know that

ζ^t(s) = { w(t) − w(t − s), 0 < s ≤ t, w(t), s > t.

This shows that ζ^t(0) = 0 and ‖A^{(1+r)/2}ζ^t(s)‖ ≤ 2M. Besides,

∂_sζ^t(s) = { ∂_tw(t − s), 0 < s ≤ t, 0, s > t.

Hence, ‖A^r∂_sζ^t(s)‖ ≤ M, which implies that ‖∂_sζ^t‖_{Mr−1} ≤ M. □

4.3. Proof of Theorem 3.1. Since S(t) is a gradient system and S is bounded in H_0, using a general argument that can be found in [13, 14] (see also the Appendix of [4]), the existence of the (connected) global attractor A coinciding with the unstable set of S is achieved if we show that

(a) D(t) decays to zero uniformly on bounded sets, (b) for any given R > 0, there is a compact set K = K(R) ⊂ H_0 such that K(t)z ∈ K for every t ≥ 0 and every z ∈ H_0 of norm less than or equal to R.

In that case, A ⊂ K, for some R > 0 large enough. Point (a) is exactly the content of Lemma 4.3, which says even more than is needed, since the decay is of exponential type. Concerning point (b), due to (4.1) and to the monotonicity of L along the trajectories, if ‖z‖_{H0} ≤ R, then ‖S(t)z‖_{H0} ≤ C, for some C = C(R). Hence, given r ∈ (0,^1_2 ), applying Lemma 4.4 (with B equal to the ball of H_0 of radius R), it follows that ‖K(t)z‖_{Hr} ≤ M. Therefore, by Corollary 4.6 (with B equal to the ball of H_r of radius M), we conclude that K(t)z ∈ K^M_r .

4.4. Proof of Corollary 3.2. At this point, we know (in particular) that A is bounded in H_{1/3}. Besides, A is fully invariant for S(t), namely, S(t)A = A, for every t ≥ 0. Hence, for every z ∈ A and every t ≥ 0, there exists z_t ∈ A such that z = D(t)z_t + K(t)z_t. An application of Lemma 4.3 and Lemma 4.5 entails the boundedness of A in H_1. Finally, Corollary 4.6 yields the desired regularity. Indeed, ΠK^M_1 ⊂ D[T ].

Remark 4.7. In fact, by Lemma 4.3 and a slight modification of Lemma 4.4 and Lemma 4.5, together with the transitivity of the exponential attraction property [7], one can show the existence of a regular exponentially attracting set and, in turn, of an exponential attractor of finite fractal dimension, whose basin of exponential attraction is the whole phase space H_0. As a byproduct, the global attractor A has finite fractal dimension as well. It is also worth observing that the regularity of A can be increased up to where f and g permit.

5. Some Auxiliary Functionals

We begin with some preliminary work in order to be in a position to prove Lemma 4.3, Lemma 4.4 and Lemma 4.5. We introduce the probability measure μ̂ on R^+ as

μ̂(P ) = ∫ P μ(s)ds,

for any (measurable) set P ⊂ R^+. For any δ > 0, we consider the sets

P_δ = { s ∈ R^+ : μ^′(s) + δμ(s) > 0 } and N_δ = { s ∈ R^+ : μ^′(s) + δμ(s) ≤ 0 } . Clearly, P_δ ∪ N_δ = R^+ (except, possibly, a nullset). Besides, on account of (3.1),

lim_{δ→0} μ̂(P_δ) = 0.

Then, for ψ ∈ M_0, we denote

P_δ[ψ] = ∫ P_δ

μ(s)‖A^{1/2}ψ(s)‖^2ds and N_δ[ψ] = ∫ N_δ

μ(s)‖A^{1/2}ψ(s)‖^2ds.

Observe that P_δ [ψ]+N_δ[ψ] = ‖ψ‖^2_{M0} . In order to deal with the (possible) singularity of μ(s) at zero, given any ν ∈ (0,^1_2 ), we choose s_∗ = s_∗(ν) > 0 such that ∫_{s∗} 0 μ(s)ds ≤ ν 2 , and we introduce the function ω : R^+ → R^+ as

ω(s) = μ(s_∗)χ_{(0,s∗]}(s) + μ(s)χ_{(s∗,∞)}(s), where χ denotes the characteristic function. Finally, we define the functionals on H_0

Φ^1(p, q, ψ) = −

∫_∞ 0 ω(s)⟨q, ψ(s)⟩ds, Φ^2(p, q, ψ) = ⟨q, p⟩,

Ψ(p, q, ψ) =

∫_∞ 0 ( ∫_∞ s μ(σ)χ_{Pδ} (σ)dσ ) ‖A^{1/2}(ψ(s) − p)‖^2ds,

and the functional Φ(p, q, ψ) = Φ^1(p, q, ψ) + (1 − 2ν)Φ^2(p, q, ψ).

In light of (2.10), it is readily seen that (5.1) 0 ≤ |Φ^1(p, q, ψ)| + |Φ^2(p, q, ψ)| + Ψ(p, q, ψ) ≤ c‖(p, q, ψ)‖^2_{H0} . We now consider the system

(5.2)

∂_{tt}p + Ap +

∫_∞ 0 μ(s)Aψ(s)ds + k = 0, ∂_tψ = T ψ + ∂_tp, where k = k(p, t) is a suitable nonlinearity. Observe that (5.2) may not generate a strongly continuous semigroup on H_0. Assuming that (p, ∂_tp, ψ) is a sufficiently regular global solution to (5.2) (in particular, ψ ∈ D[T ]), we have Lemma 5.1. The following inequality holds: d dt Φ^1(p, ∂_tp, ψ) ≤ 2 √ ν ‖A^{1/2}p‖^2 − (1 − ν)‖∂_tp‖^2 − μ(s_∗) λν ∫_∞ 0 μ^′(s)‖A^{1/2}ψ(s)‖^2ds + (2μ̂(P_δ) + √ ν )P_δ[ψ] + 3 ν N_δ[ψ] + ∫ P_δ

μ(s)⟨A^{1/2}p, A^{1/2}ψ(s)⟩ds +

∫_∞ 0 ω(s)⟨k, ψ(s)⟩ds.

The last term can be conveniently estimated as ∫_∞ 0 ω(s)⟨k, ψ(s)⟩ds ≤ ‖k‖‖ψ‖_{M−1} .

Lemma 5.2. The following inequality holds: d dt Φ^2(p, ∂_tp, ψ) ≤ −(1 − ν)‖A^{1/2}p‖^2 + ‖∂_tp‖^2 + 1 ν N_δ[ψ] − ∫ P_δ

μ(s)⟨A^{1/2}p, A^{1/2}ψ(s)⟩ds − ⟨k, p⟩.

The proofs of Lemma 5.1 and Lemma 5.2 can be found in [17], where the same functionals have been introduced to treat the linear homogeneous case. Collecting the above results, and observing that (5.3) ∫ P_δ

μ(s)⟨A^{1/2}p, A^{1/2}ψ(s)⟩ds ≤ αμ̂(P_δ)‖A^{1/2}p‖^2 + 1 4α P_δ[ψ], ∀α > 0,

we readily obtain

Lemma 5.3. The following inequality holds: d dt Φ(p, ∂_tp, ψ) ≤ −(1 − 6 √ ν )‖A^{1/2}p‖^2 − ν‖∂_tp‖^2 − μ(s_∗) λν ∫_∞ 0 μ^′(s)‖A^{1/2}ψ(s)‖^2ds

+ 2(μ̂(P_δ) + √ ν )P_δ[ψ] + 4 ν N_δ[ψ] + ‖k‖‖ψ‖_{M−1} − (1 − 2ν)⟨k, p⟩.

Finally, we have

Lemma 5.4. The following inequality holds: d dt Ψ(p, ∂_tp, ψ) ≤ − 1 2 P_δ[ψ] + 2μ̂(P_δ)‖A^{1/2}p‖^2.

Proof. Using the equality ∂_tψ = T ψ + ∂_tp, d dt Ψ(p, ∂_tp, ψ) = 2

∫_∞ 0 ( ∫_∞ s μ(σ)χ_{Pδ} (σ)dσ ) ⟨A^{1/2}T ψ(s), A^{1/2}(ψ(s) − p)⟩ds = 2 ∫_∞ 0 ( ∫_∞ s μ(σ)χ_{Pδ} (σ)dσ ) d ds ⟨A^{1/2}ψ(s), A^{1/2}p⟩ds − ∫_∞ 0 ( ∫_∞ s μ(σ)χ_{Pδ} (σ)dσ ) d ds ‖A^{1/2}ψ(s)‖^2ds.

An integration by parts then yields d dt Ψ(p, ∂_tp, ψ) = −P_δ[ψ] + 2 ∫ P_δ

μ(s)⟨A^{1/2}ψ(s), A^{1/2}p⟩ds,

and, using (5.3), the conclusion follows. □

Remark 5.5. The above results continue to hold with (A^{r/2}p, A^{r/2}∂_tp, A^{r/2}ψ) in place of (p, ∂_tp, ψ). The only difference is that the terms ‖k‖‖ψ‖_{M−1} and ⟨k, p⟩ must be replaced by ‖k‖‖A^rψ‖_{M−1} and ⟨k, A^rp⟩, respectively.

6. Proof of Lemma 4.3

Here and in the sequel, all the estimates are performed within a suitable regularization scheme. We define L_0 ∈ C(H_0, R) as L_0(p, q, ψ) = ‖(p, q, ψ)‖^2_{H0} + 2⟨G_0(p), 1⟩.

For every δ > 0, we have d dt L_0(D(t)z) =

∫_∞ 0 μ^′(s)‖A^{1/2}ξ^t(s)‖^2ds ≤ 0.

We now choose an arbitrary z such that ‖z‖_{H0} ≤ R. Throughout the end of the proof, the generic constant c ≥ 0 may depend (increasingly) on R. Hence, on account of (2.3)-(2.5), ‖D(t)z‖^2_{H0} ≤ L_0(D(t)z) ≤ c‖D(t)z‖^2_{H0} .

Let ε ∈ (0,^1_2 ) to be specified later, and put ν = ε^2 (this fixes the corresponding s_∗). Then, select δ > 0 small enough such that μ(s_∗) ≤ λ/δ and μ̂(P_δ) ≤ ε^2. Finally, setting (p(t), ∂_tp(t), ψ^t) = D(t)z and k = g_0(v) in (5.2), introduce the functional

E(t) = 1 δ L_0(D(t)z) + ε^3Φ(D(t)z) + ε^2 4 Ψ(D(t)z).

For ε small enough,

(6.1) 1 2 ‖D(t)z‖^2_{H0} ≤ E(t) ≤ c‖D(t)z‖^2_{H0} .

With the above choice of ν and δ, exploiting Lemma 5.3 and Lemma 5.4, and noting that ⟨g_0(v), v⟩ ≥ 0, we obtain the differential inequality d dt E ≤ −ε^3 (1 2 − 6ε ) ‖A^{1/2}v‖^2 − ε^5‖∂_tv‖^2 − ε^2 (1 8 − 4ε^2 ) P_δ[ξ] + (1 δ − εμ(s_∗) λ ) ∫ ∞ 0 μ^′(s)‖A^{1/2}ξ(s)‖^2ds + 4εN_δ[ξ] + ε^3‖g_0(v)‖‖ξ‖_{M−1} .

Observe that (1 δ − εμ(s_∗) λ ) ∫ ∞ 0 μ^′(s)‖A^{1/2}ξ(s)‖^2ds + 4εN_δ[ξ] ≤ 1 2δ ∫_∞ 0 μ^′(s)‖A^{1/2}ξ(s)‖^2ds + 4εN_δ[ξ] ≤ − (1 2 − 4ε ) N_δ[ξ], while

ε^3‖g_0(v)‖‖ξ‖_{M−1} ≤ cε^3‖A^{1/2}v‖‖ξ‖_{M0} ≤ ε^3 4 ‖A^{1/2}v‖^2 + cε^3N_δ[ξ] + cε^3P_δ[ξ].

Hence, d dt E ≤ −ε^3 (1 4 − 6ε ) ‖A^{1/2}v‖^2 − ε^5‖∂_tv‖^2 − ε^2 (1 8 − cε ) P_δ[ξ] − (1 2 − cε ) N_δ[ξ].

It is then clear that, up to taking ε small enough (depending on c), we obtain d dt E(t) + ε^5‖D(t)z‖^2_{H0} ≤ 0, which, together with (6.1) and the Gronwall lemma, yield the desired conclusion. Notice that the obtained decay rate κ depends on c (and thus on R). However, using the semigroup properties, it is immediate to show that it can be fixed independently of R, provided that we enlarge Q(R) accordingly.

7. Proofs of Lemma 4.4 and Lemma 4.5

The proofs of the lemmata lean on the existence of a (weak) dissipation integral. Namely, Lemma 7.1. Assume that the hypotheses of Lemma 4.4 hold. Then, for every ε > 0 and every t ≥ τ ≥ 0, ∫_t τ ‖∂_tu(y)‖dy ≤ ε(t − τ) + K, for some K = K(C, ε) ≥ 0.

Proof. In this proof, the generic constant c will depend on the bound C of the norm of S(t)z in H_0. For any fixed ε > 0 (without loss of generality, we assume that ε ≤ 1/2), choose ν = ε^2 and δ > 0 such that μ(s_∗) ≤ λ/δ and μ̂(P_δ) ≤ ε^2. It is apparent that ∫

P_δ

μ(s)⟨A^{1/2}u, A^{1/2}η(s)⟩ds ≤ cε and ‖g(u) − f‖‖η‖_{M−1} ≤ 1 ε^2

N_δ[η] + cε.

Then, setting (p(t), ∂_tp(t), ψ^t) = S(t)z and k = g(u) − f in (5.2), in view of Lemma 5.1 and Remark 5.5, the functional Φ^1(S(t)z) satisfies the inequality d dt Φ^1 ≤ − 1 2 ‖∂_tu‖^2 − μ(s_∗) λε^2

∫_∞ 0 μ^′(s)‖A^{1/2}η(s)‖^2ds + 4 ε^2

N_δ[η] + cε.

Finally, we define E(t) = 1 δ L(S(t)z) + ε^4Φ^1(S(t)z),

where L is the Lyapunov function introduced above. Due to (5.1), we have |E| ≤ c/δ. Reasoning as in the proof of Lemma 4.3, if ε is small enough (which is clearly not a constraint in view of our aim), we obtain d dt E + ε^4 2 ‖∂_tu‖^2 ≤ cε^5.

Integrating this inequality over (τ, t), and subsequently applying the Hölder inequality, we reach the desired conclusion. □

7.1. Proof of Lemma 4.4. Again, the generic constant c appearing below will depend on the bound C of the norm of S(t)z in H_0. For r ∈ [0,^1_2 ), we introduce the functional Q_r(t) = ‖K(t)z‖^2_{Hr} + 2⟨g(u(t)) − g_0(v(t)) − f, A^rw(t)⟩, which satisfies the estimates 1 2 Q_r(t) − c ≤ ‖K(t)z‖^2_{Hr} ≤ 2Q_r(t) + c

and the differential equality d dt Q_r −

∫_∞ 0 μ^′(s)‖A^{(1+r)/2}ζ(s)‖^2ds

= 2⟨[g^′_0(u) − g^′_0(v)]∂_tu, A^rw⟩ + 2⟨g^′_0(v)∂_tw, A^rw⟩ + 2⟨g^′_1(u)∂_tu, A^rw⟩.

By virtue of (2.3), (2.5)-(2.6) and the continuous embedding H^α → L^{6/(3−2α)}(Ω), we obtain the following estimates:

2⟨[g^′_0(u) − g^′_0(v)]∂_tu, A^rw⟩ ≤ c(1 + ‖u‖_L6 + ‖v‖_L6 )‖∂_tu‖‖w‖_L6/(1−2r) ‖A^rw‖_L6/(1+2r)

(7.1)

≤ c‖∂_tu‖‖A^{(1+r)/2}w‖^2,

2⟨g^′_0(v)∂_tw, A^rw⟩ ≤ c‖|v| + |v|^2‖_L3 ‖∂_tw‖_L6/(3−2r) ‖A^rw‖_L6/(1+2r)

(7.2) ≤ c‖A^{1/2}v‖‖A^{r/2}∂_tw‖‖A^{(1+r)/2}w‖, and (7.3) 2⟨g^′_1(u)∂_tu, A^rw⟩ ≤ c‖∂_tu‖‖A^rw‖ ≤ c‖∂_tu‖ + c‖∂_tu‖‖A^{(1+r)/2}w‖^2. Thus, we readily obtain d dt Q_r −

∫_∞ 0 μ^′(s)‖A^{(1+r)/2}ζ(s)‖^2ds ≤ h + hQ_r,

where we put h(t) = c‖∂_tu‖ + c‖A^{1/2}v‖.

For ε ∈ (0,^1_2 ), we choose ν = ε^2 and δ > 0 such that μ(s_∗) ≤ λ/δ and μ̂(P_δ) ≤ ε^2. Setting (p(t), ∂_tp(t), ψ^t) = A^{r/2}K(t)z (here, A^{r/2} is in fact the diagonal matrix whose entries are A^{r/2}) and k = g(u) − g_0(v) − f in (5.2), we consider the functional Υ_r(t) = Φ(A^{r/2}K(t)z) + Ψ(A^{r/2}K(t)z).

Applying Lemma 5.3 and Lemma 5.4, together with Remark 5.5 and the immediate control

‖g(u) − g_0(v) − f‖‖A^rζ‖_{M−1} − (1 − 2ε^2)⟨g(u) − g_0(v) − f, A^rw⟩ ≤ 1 2 ‖A^{(1+r)/2}w‖^2 + 1 4 P_δ[A^{r/2}ζ] + N_δ[A^{r/2}ζ] + c, we obtain d dt Υ_r ≤ −ε^2 ( ‖A^{(1+r)/2}w‖^2 + ‖A^{r/2}∂_tw‖^2 + P_δ [A^{r/2}ζ] )

− μ(s_∗) λε^2

∫_∞ 0 μ^′(s)‖A^{(1+r)/2}ζ(s)‖^2ds + 5 ε^2

N_δ[A^{r/2}ζ] + c,

provided that ε is small enough. Finally, we introduce the energy

W_r(t) = 1 δ Q_r(t) + ε^3Υ_r(t),

which fulfills the inequalities (again, if ε is small enough) 1 c W_r(t) − c ≤ ‖K(t)z‖^2_{Hr} ≤ cW_r(t) + c, for some c ≥ 1 depending on ε. Thus, we reach the desired conclusion if we show that W_r(t) is bounded for all times. In light of the previous computations, we have d dt W_r ≤ −ε^5 ( ‖A^{(1+r)/2}w‖^2 + ‖A^{r/2}∂_tw‖^2 + P_δ[A^{r/2}ζ] ) + 5εN_δ[A^{r/2}ζ] + ( 1 − εδμ(s_∗) λ ) ∫ ∞ 0 μ^′(s)‖A^{(1+r)/2}ζ(s)‖^2ds + h + hW_r + c.

It is then apparent that, provided that we fix ε small, we end up with the inequality d dt W_r + βW_r ≤ h + hW_r + c, for some β > 0. Observe also that, by virtue of Lemma 4.3 and Lemma 7.1, ∫_t τ h(y)dy ≤ β 2 (t − τ) + c.

Since W_r(0) = 0, the conclusion follows from a Gronwall-type lemma (see e.g. [4]).

7.2. Proof of Lemma 4.5. We basically repeat the proof of Lemma 4.4, setting r = 1. In this case, the generic constant c appearing below will depend on the bound C of the norm of S(t)z in H_{1/3}. The only difference here is how we reach the control (7.1), whereas (7.2)-(7.3) remain the same (for r = 1). Since

|g^′_0(u) − g^′_0(v)| ≤ c|w|(1 + |u| + |w|),

exploiting the Agmon inequality

‖w‖_L∞ ≤ c‖A^{1/2}w‖^{1/2}‖Aw‖^{1/2} ≤ c‖Aw‖^{1/2}

and the embeddings H^{4/3} → L^9(Ω) and H^{1/3} → L^{18/7}(Ω), we are led to

2⟨[g^′_0(u) − g^′_0(v)]∂_tu, Aw⟩ ≤ c‖∂_tu‖‖w‖_L∞ ‖Aw‖ + c‖u‖_L9 ‖∂_tu‖_L18/7 ‖w‖_L∞ ‖Aw‖

+ c‖w‖^{2/3}_{L6} ‖∂_tu‖_L18/7 ‖w‖^{4/3}_L∞ ‖Aw‖

≤ c‖Aw‖^{3/2} + c‖Aw‖^{5/3}

≤ γ‖Aw‖^2 + c γ^5 , for every γ ∈ (0, 1). Thus, for any given γ ∈ (0, 1), we conclude that d dt Q_1 −

∫_∞ 0 μ^′(s)‖A^{(1+r)/2}ζ(s)‖^2ds ≤ γ‖Aw‖^2 + h + hQ_1 + c γ^5 . We can now proceed exactly as in the proof of Lemma 4.4. Note that the term γ‖Aw‖^2 is easily controlled, upon fixing γ small enough.

References

[1] V.V. Chepyzhov, A. Miranville, Trajectory and global attractors of dissipative hyperbolic equations with memory, Commun. Pure Appl. Anal., 4 (2005), 115–142.

[2] V.V. Chepyzhov, V. Pata, Some remarks on stability of semigroups arising from linear viscoelasticity, Asymptot. Anal. 46 (2006), 251–273.

[3] M. Conti, V. Pata, M. Squassina, Singular limit of dissipative hyperbolic equations with memory, Discrete Contin. Dynam. Systems, suppl. (2005), 200–208.

[4] M. Conti, V. Pata, Weakly dissipative semilinear equations of viscoelasticity, Commun. Pure Appl. Anal. 4 (2005), 705–720.

[5] C.M. Dafermos, Asymptotic stability in viscoelasticity, Arch. Rational Mech. Anal. 37 (1970), 297–308.

[6] C.M. Dafermos, Contraction semigroups and trend to equilibrium in continuum mechanics, in “Applications of Methods of Functional Analysis to Problems in Mechanics” (P. Germain and B. Nayroles, Eds.), pp.295–306, Lecture Notes in Mathematics no.503, Springer-Verlag, Berlin-New York, 1976.

[7] P. Fabrie, C. Galusinski, A. Miranville, S. Zelik, Uniform exponential attractors for a singularly perturbed damped wave equation, Discrete Contin. Dynam. Systems 10 (2004), 211–238.

[8] M. Fabrizio, B. Lazzari, On the existence and asymptotic stability of solutions for linear viscoelastic solids, Arch. Rational Mech. Anal. 116 (1991), 139–152.

[9] M. Fabrizio, A. Morro, Mathematical problems in linear viscoelasticity, SIAM Studies in Applied Mathematics no.12, SIAM, Philadelphia, 1992.

[10] C. Giorgi, J.E. Muñoz Rivera, V. Pata, Global attractors for a semilinear hyperbolic equation in viscoelasticity, J. Math. Anal. Appl. 260 (2001), 83–99.

[11] M. Grasselli, V. Pata, Uniform attractors of nonautonomous systems with memory, in “Evolution Equations, Semigroups and Functional Analysis” (A. Lorenzi and B. Ruf, Eds.), pp.155– 178, Progr. Nonlinear Differential Equations Appl. no.50, Birkhäuser, Boston, 2002.

[12] M.E. Gurtin, A.C. Pipkin, A general theory of heat conduction with finite wave speeds, Arch.

Rational Mech. Anal. 31 (1968), 113–126.

[13] J.K. Hale, Asymptotic behavior of dissipative systems, Amer. Math. Soc., Providence, 1988. [14] O.A. Ladyzhenskaya, Finding minimal global attractors for the Navier-Stokes equations and other partial differential equations, Russian Math. Surveys 42 (1987), 27–73.

[15] Z. Liu, S. Zheng, On the exponential stability of linear viscoelasticity and thermoviscoelasticity, Quart. Appl. Math. 54 (1996), 21–31.

[16] Z. Liu, S. Zheng, Semigroups associated with dissipative systems, Chapman & Hall/CRC Research Notes in Mathematics no.398, Chapman & Hall/CRC, Boca Raton, 1999.

[17] V. Pata, Exponential stability in linear viscoelasticity, Quart. Appl. Math. (to appear). [18] V. Pata, A. Zucchi, Attractors for a damped hyperbolic equation with linear memory, Adv.

Math. Sci. Appl. 11 (2001), 505–529.

[19] A. Pazy, Semigroups of linear operators and applications to partial differential equations, Springer-Verlag, New York, 1983.

[20] M. Renardy, W.J. Hrusa, J.A. Nohel, Mathematical problems in viscoelasticity, Longman Scientific & Technical, Harlow John Wiley & Sons, Inc., New York, 1987.