Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Global and exponential attractors for 3-D wave equations with displacement dependent damping

Vittorino Pata^1, Sergey Zelik^2

submitted: 6 June 2006

1 Dipartimento di Matematica “F.Brioschi”

Politecnico di Milano Via Bonardi 9 20133 Milano Italy E-Mail: pata@mate.polimi.it

2 Weierstraß-Institut für Angewandte Analysis und Stochastik Mohrenstraße 39 10117 Berlin Germany E-Mail: zelik@wias-berlin.de

No. 1138 Berlin 2006

W I A S

2000 Mathematics Subject Classification. 35B41, 35L05, 74K15.

Key words and phrases. Wave equation, displacement depending damping coefficient, weak and strong attractors.

This work was partially supported by the Italian MIUR Research Projects Aspetti Teorici e Applicativi di Equazioni a Derivate Parziali and Analisi di Equazioni a Derivate Parziali, Lineari e Non Lineari: Aspetti Metodologici, Modellistica, Applicazioni, by the Weierstrass Postdoctoral Fellowship Program, and by the Alexander von Humboldt Stiftung and the CRDF grant RUM1- 2654-MO-05.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract. A weakly damped wave equation in the three-dimensional (3-D) space with a damping coefficient depending on the displacement is studied. This equation is shown to generate a dissipative semigroup in the energy phase space, which possesses finite-dimensional global and exponential attractors in a slightly weaker topology.

1. Introduction

Let Ω ⊂ R^3 be a bounded domain with smooth boundary ∂Ω. We consider the following initial-boundary value problem for a weakly damped wave equation with a nonlinear damping coefficient:

(1.1)

∂_{tt}u + σ(u)∂_tu − Δu + φ(u) = f, u(0) = u_0, ∂_tu(0) = u_1, u_{|∂Ω} = 0.

The external force f ∈ L^2(Ω) is independent of time, while the nonlinearity φ ∈ C^2(R), with φ(0) = 0, is subject to the conditions |φ^{′′}(u)| ≤ c ( 1 + |u| ) , (1.2)

φ^′(u) ≥ −c,

(1.3)

lim inf

|u|→∞

φ(u) u > −λ_1,

(1.4)

where c ≥ 0 and λ_1 > 0 is the first eigenvalue of −Δ on L^2(Ω) with Dirichlet boundary conditions. As far as the damping coefficient is concerned, we assume that σ ∈ C^1(R) with σ(u) ≥ σ_0 > 0,

(1.5)

|σ^′(u)| ≤ c(1 + |u|).

(1.6)

Problem (1.1) is related to the semilinear reaction-diffusion equation with memory, where the classical Fourier’s constitutive law is replaced by the Gurtin-Pipkin’s one [15], namely,

(1.7) ∂_tu −

∫_∞ 0 k(s)Δu(t − s)ds + φ(u) = f.

Here, the memory kernel k is a positive decreasing function, and u(t) is supposed to be a given datum for t ≤ 0, where it need not fulfill the equation. If k is of exponential type, that is, k(s) = ε^{−1} exp[−s/ε], where ε > 0 is the relaxation time, then (1.7) can be transformed into the partial differential equation ε∂_{tt}u + [1 + εφ^′(u)]∂_tu − Δu + φ(u) = f, simply by adding (1.7) and its time-derivative multiplied by ε. Note that, for ε small enough, the function 1+εφ^′(u) fulfills assumptions (1.5)-(1.6). This equation is quite interesting from a physical viewpoint, for instance, to describe the flow of viscoelastic fluids (see [5, 13, 16, 19]). Wave equations with a nonlinear damping of the form σ(∂_tu) have also been considered in the literature (see [9, 10, 11, 12]). However, the nonlinearity σ(u)∂_tu considered in the present work produces an equation which is essentially different. Indeed, the term σ(u)∂_tu is much more difficult to handle than σ(∂_tu), and the methods developed to treat the latter nonlinearity simply do not work in our situation. In particular, in contrast to the previous theory where the Lipschitz continuity in the phase space is immediate and the further regularity of solutions easily achievable (at least under suitable growth restrictions), with the term σ(u)∂_tu one does not even have the plain continuity of the semigroup in the phase space, and any additional regularity seems to be out of reach, unless σ is constant.

The asymptotic behavior of this kind of dissipative systems is well described by the existence of a global attractor, namely, the unique invariant compact sets which (uniformly) attracts bounded sets of initial data [1, 21]. The global attractor, however, does not provide an actual control of the convergence rate of trajectories and might be unstable with respect to perturbations. A more suitable object to have an effective control on the longterm dynamics is the exponential attractor [6, 7]. Contrary to the global one, the exponential attractor is not unique (thus, in some sense, is an artificial object), and it is only semi-invariant. However, it has the advantage of being stable with respect to perturbations, and it provides an exponential convergence rate which can be explicitly computed.

The 1-D and 2-D analogues of (1.1) have been investigated in the recent papers [14, 20], where the existence of strongly continuous semigroups possessing global and exponential attractors of optimal regularity has been proven. The analysis in the one-dimensional case [14] heavily leant on the embedding H^1_0 (Ω) → L^∞(Ω), which is false in higher dimensions. In fact, in [14] the strong positivity condition (1.5) can even be weakened, requiring in place that σ(u) > 0 for every u. On the contrary, in the two-dimensional case, considered in [20], one can no longer appeal to the continuous embedding H^1_0 (Ω) → L^∞(Ω), and the analysis becomes more complicated. Nevertheless, the above embedding is “almosttrue, in the sense that H^1_0 (Ω) → L^p(Ω) for all p < ∞. Thus, 2-D looks like a border (critical) case and, using sharp interpolation inequalities along with a rather delicate splitting of the equation into an exponentially decaying and a compact part, it is possible to develop a complete theory, which includes global existence of strong solutions, regularity and finite-dimensionality of the attractors, existence of exponential attractors.

The present work is focused on the analysis of the most relevant three-dimensional case. In contrast to the former situations, the embedding H^1_0 (Ω) → L^∞(Ω) is now far from being true, and the equation becomes “supercritical”, showing many features similar to those of wave equations with fast growing nonlinearities (see e.g. [23]). In particular, it seems extremely difficult to verify the global existence of more regular solutions (even in the case of globally bounded φ and σ), and essential problems with the energy equality arise. However, the main difference with respect to the case of a fast growing φ and a constant σ is uniqueness. Indeed, exploiting some monotonicity arguments, it is possible (analogously to the 2-D case [20]) to establish the uniqueness of solutions, and even the Lipschitz continuity of the semigroup associated with (1.1) in a weaker energy space. We should remark that the strategy adopted to treat the 3-D case is quite different from the one employed for the corresponding 1-D and 2-D cases. Indeed, here we cannot obtain the existence of regular (exponentially) attracting sets. So, we first prove the existence of a weak attractor, and, in the case when σ is globally bounded, we obtain the existence of the strong global attractor via the energy equality method. Finally, if the growths of the functions φ and σ are slightly slower than in (1.2) and (1.6), we construct an exponential attractor which (exponentially) attracts bounded subsets of the phase space in a weaker topology, and which has finite fractal dimension there. The construction used here is, in fact, some modification/generalization of the so-called method of l-trajectories, which is known to be very effective for problems with lack of regularity (see [4, 17, 18, 24] and references therein). Thus, we succeed in constructing a finite-dimensional exponential attractor (in a weaker topology) in spite of the lack of compactness of the global attractor in the original topology. Still, in the 3-D case some questions remain open, such as the regularity and the finite dimensionality of the strong global attractor.

The paper is organized as follows. The existence and uniqueness of appropriate weak energy solutions of (1.1) and their dissipativity is verified in Section 2, where we also prove the energy equality under the additional assumption that σ(u) is globally bounded. In Section 3 we establish the existence of a weak attractor and, when the energy equality holds, the existence of a strong global attractor. Section 4 deals with exponential attractors.

Notation. We denote by ⟨·, ·⟩ and ‖ · ‖ the inner product and the norm in L^2(Ω). Naming, for s ∈ R, H_s = domain [ (−Δ)^{s/2} ] (with Dirichlet boundary conditions) we introduce the Hilbert spaces H_s = H_{s+1} × H_s, endowed with the usual inner products and norms. Throughout the paper, the symbols Q and c will stand for a generic monotonically increasing positive function and a generic positive constant, respectively. We shall tacitly make use of the Poincaré, Young and Hölder inequalities, along with the continuous embedding H_1 → L^p(Ω), for every p ∈ [1, 6]. Also, we shall employ the following functionals, related with φ and σ, namely,

Φ(u) =

∫_u 0 φ(y)dy, Σ(u) =

∫_u 0 σ(y)dy, Υ(u) =

∫_u 0 yσ(y)dy.

Finally, for any given function u(t), we write for short ξ_u(t) = (u(t), ∂_tu(t)).

We conclude the section by reporting two technical results which will be needed in the course of the investigation. The first one is a modified version of the Gronwall lemma (see [2] for a proof).

Lemma 1.1. Let E : H_0 → R satisfy

β‖ζ‖^2_{H0} − m ≤ E(ζ) ≤ Q(‖ζ‖_{H0} ) + m, ∀ζ ∈ H_0,

for some β > 0 and m ≥ 0. Let now ξ ∈ C(R^+, H_0) be given. Suppose that the map t → E(ξ(t)) is continuously differentiable and fulfills the differential inequality d dt E(ξ) + ε‖ξ‖^2_{H0} ≤ k,

for some ε > 0 and k > 0. Then, there is t_0 = Q(‖ξ(0)‖_{H0} + k) ≥ 0 such that

‖ξ(t)‖_{H0} ≤ Q ( k + m + β^{−1}), ∀t ≥ t_0.

Lemma 1.2. Let ψ ∈ L^{3+δ}(Ω), δ > 0, be such that ∇ψ ∈ L^{3/2}(Ω). Then, the multiplication by ψ is well-defined as an operator from H_{−ϱ} to H_{−1} for some ϱ = ϱ(δ) ∈ (0, 1/2), and the following estimate holds: ‖ψu‖_{H−1} ≤ c‖u‖_{H−ϱ} , ∀u ∈ H_{−ϱ}, for some c = c(‖ψ‖_L3+δ , ‖∇ψ‖_L3/2 ).

Proof. It is simpler to verify the equivalent conjugate inequality ‖ψv‖_{Hϱ} ≤ c‖v‖_{H1} , for every v ∈ H_1. Indeed, due to the assumptions on ψ and the embedding H_1 → L^6(Ω), we have ‖ψv‖_Lp_{(Ω)} + ‖∇(ψv)‖_L6/5 ≤ c‖v‖_{H1} , with^1_p =^1_{3+δ} +^1_6 <^1_2 . Then, the required estimate is an immediate corollary of the interpolation inequality ‖w‖_{Hϱ} ≤ c‖w‖^{1−ϱ}_Lp ‖∇w‖^ϱ_{L6/5} , ∀w ∈ H_ϱ,

where^1_2 =^{1−ϱ}_p +^{5ϱ}_6 or, equivalently, ϱ =^δ_{3+2δ} (see e.g. [22]). □

2. Well-Posedness and Dissipativity

To begin our analysis, we recall the definition of a weak energy solution.

Definition 2.1. A function u(t) is a weak energy solution to (1.1) if, for any T > 0,

ξ_u ∈ L^∞([0, T ], H_0), √ σ(u) ∂_tu ∈ L^2([0, T ], H_0), and (1.1) holds in the sense of distributions.

Due to the growth restrictions on φ and σ, it is apparent that φ(u) ∈ L^2([0, T ], H_0) and σ(u)∂_tu ∈ L^2([0, T ], H_{−1}). Consequently, ∂_{tt}u ∈ L^2([0, T ], H_{−1}) and equation (1.1) is understood as an equality in L^2([0, T ], H_{−1}). Moreover, standard arguments show that ξ_u ∈ C_w([0, T ], H_0). Hence, the initial conditions are well defined. The next proposition proves the Lipschitz continuity in a weaker energy space. As a byproduct, we obtain the uniqueness of a weak energy solution. This Lipschitz continuity turns out to be the main technical tool in our analysis of the equation.

Proposition 2.2. Let u^1 and u^2 be two weak energy solutions to (1.1). Then, for every t > 0, the following estimate holds: ‖ξ_u1 (t) − ξ_u2 (t)‖_{H−1} ≤ ce^{ct}‖ξ_u1 (0) − ξ_u2 (0)‖_{H−1} , where c ≥ 0 depends only on the energy norms of the initial data ξ_u1 (0) and ξ_u2 (0).

Proof. The argument is the same as the analogous one developed in [20] for the 2-D case. However, in order to make this paper self-contained, we report it in full detail. Let u^1, u^2 be two weak solutions to (1.1) such that ‖ξ_uj (t)‖_{H0} ≤ R for every t ∈ [0, T ], for some R ≥ 0, and denote ū = u^1 − u^2. Defining w^j(t) =

∫_t 0 u^j(τ)dτ and w̄ = w^1 − w^2, integrating equation (1.1) for u^j (j = 1, 2) on [0, t] and taking the difference yields (2.1) ∂_{tt}w̄ + Σ(u^1) − Σ(u^2) − Δw̄ = F + G, where we put

F (t) = −

∫_t 0 [ φ(u^1(τ)) − φ(u^2(τ)) ] dτ, G = Σ(u^1(0)) − Σ(u^2(0)) + ∂_tū(0).

Note that, on account of (1.2) and (1.6), all the terms of (2.1) belong at least to L^2([0, T ], H_{−1}). Hence, their product with ∂_tw̄ = ū ∈ L^∞([0, T ], H_1) is well defined. Taking this product, and observing that ⟨Σ(u^1) − Σ(u^2), ū⟩ ≥ 0, we get 1 2 d dt ‖ξ_{w̄}‖^2_{H0} ≤ d dt ⟨F, w̄⟩ + d dt ⟨G, w̄⟩ − ⟨∂_tF, w̄⟩.

Integrating on [0, T ], we are led to

‖ξ_{w̄}(T )‖^2_{H0} ≤ ‖ū(0)‖^2 + 2⟨F (T ), w̄(T )⟩ + 2⟨G, w̄(T )⟩ − 2

∫_T 0 ⟨∂_tF (t), w̄(t)⟩dt ≤ 1 2 ‖ξ_{w̄}(T )‖^2_{H0} + 4‖F (T )‖^2_{H−1} + ‖ū(0)‖^2 + 4‖G‖^2_{H−1} + 2 ∫_T 0 ‖∂_tF (t)‖_{H−1} ‖ξ_{w̄}(t)‖_{H0} dt.

Using now the growth restrictions (1.2) and (1.6) on φ and σ, we easily see that

4‖F (T )‖^2_{H−1} ≤ Q(R)T

∫_T 0 ‖ū(t)‖^2dt ≤ Q(R)T

∫_T 0 ‖ξ_{w̄}(t)‖^2_{H0} dt, ‖ū(0)‖^2 + 4‖G‖^2_{H−1} ≤ Q(R)‖ξ_ū(0)‖^2_{H−1} , ‖∂_tF (t)‖_{H−1} ≤ Q(R)‖ū(t)‖ ≤ Q(R)‖ξ_{w̄}(t)‖_{H0} .

Therefore, we end up with

‖ξ_{w̄}(T )‖^2_{H0} ≤ Q(R)‖ξ_ū(0)‖^2_{H−1} + Q(R)(1 + T )

∫_T 0 ‖ξ_{w̄}(t)‖^2_{H0} dt, and from the Gronwall lemma we conclude that ‖ū(T )‖^2 ≤ ‖ξ_{w̄}(T )‖^2_{H0} ≤ Q(R)e^{Q(R)T} ‖ξ_ū(0)‖^2_{H−1} .

Finally, from (2.1), we read that

‖∂_tū‖_{H−1} = ‖∂_{tt}w̄‖_{H−1} ≤ ‖Σ(u^1) − Σ(u^2)‖_{H−1} + ‖∇w̄‖ + ‖F ‖_{H−1} + ‖G‖_{H−1} , which, due to the above estimates and the inequality ‖Σ(u^1)−Σ(u^2)‖_{H−1} ≤ Q(R)‖ū‖, furnishes ‖∂_tū(T )‖^2_{H−1} ≤ Q(R)e^{Q(R)T} ‖ξ_ū(0)‖^2_{H−1} .

To complete the proof it is enough to note that, if ‖ξ_uj (0)‖_{H0} ≤ R, then the uniform estimates provided in the subsequent Theorem 2.3 ensure that ‖ξ_uj (t)‖_{H0} ≤ Q(R) for all t > 0. □ The next theorem provides the existence of a weak solution together with the dissipative estimate.

Theorem 2.3. There exists a (unique) weak energy solution of (1.1). This solution satisfies the dissipative estimate (2.2) ‖ξ_u(t)‖_{H0} ≤ Q(‖ξ_u(0)‖_{H0} )e^{−t} + Q(‖f‖), and the energy inequality

‖ξ_u(t)‖^2_{H0} + 2⟨Φ(u(t)), 1⟩ − 2⟨f, u(t)⟩ + 2

∫_t 0 ⟨σ(u(τ))∂_tu(τ), ∂_tu(τ)⟩dτ

(2.3)

≤ ‖ξ_u(0)‖^2_{H0} + 2⟨Φ(u(0)), 1⟩ − 2⟨f, u(0)⟩.

Proof. We give below the formal derivation of the a priori estimates (2.2) and (2.3), which can be justified in a standard way via a Galerkin approximation scheme. Indeed, (2.3) can be formally obtained multiplying (1.1) by ∂_tu and integrating on [0, t] × Ω. In order to verify (2.2), for ε ∈ (0, 1) to be fixed later, we introduce the energy functional (2.4) E_ε = E_ε(ξ_u) = ‖ξ_u‖^2_{H0} + 2⟨Φ(u), 1⟩ + 2ε⟨Υ(u), 1⟩ + 2ε⟨∂_tu, u⟩ − 2⟨f, u⟩. Notice that, from (1.5), ⟨Υ(u), 1⟩ ≥ 0. Thus, on account of (1.2), (1.6) and the inequality (2.5) ‖∇u‖^2 + 2⟨Φ(u), 1⟩ ≥ 2γ‖∇u‖^2 − c, γ > 0, which follows from the dissipativity assumption (1.4), we have the controls β‖ξ_u‖^2_{H0} − Q(‖f‖) ≤ E_ε ≤ Q(‖ξ_u‖_{H0} ) + Q(‖f‖), for some β ∈ (0, 1), provided that ε is small enough. Multiplying (1.1) by ∂_tu + εu, we find d dt E_ε + 2ε‖∇u‖^2 + 2⟨σ(u)∂_tu, ∂_tu⟩ − 2ε‖∂_tu‖^2 + 2ε⟨φ(u), u⟩ = 2ε⟨f, u⟩.

Using (1.4) and (1.5), we have the estimate 2ε‖∇u‖^2 + 2ε⟨φ(u), u⟩ ≥ 2βε‖∇u‖^2 − c, 2⟨σ(u)∂_tu, ∂_tu⟩ − 2ε‖∂_tu‖^2 ≥ βε‖∂_tu‖^2, if ε is small enough. Thus, estimating the right-hand side of the differential equality as 2ε⟨f, u⟩ ≤ βε‖∇u‖^2 + c‖f‖^2, we end up with the inequality d dt E_ε + βε‖ξ_u‖^2_{H0} ≤ Q(‖f‖).

Fixing now the parameter ε in such a way that all the above relationships hold, we deduce from Lemma 1.1 that, for every R ≥ 0, there exists t_0 = t_0(R) such that ‖ξ_u(t)‖_{H0} ≤ Q(‖f‖), ∀t ≥ t_0, whenever ‖ξ_u(0)‖_{H0} ≤ R. Together with (2.3) and (2.5), this gives estimate (2.2) and finishes the proof of the theorem. □

Thus, equation (1.1) generates a dissipative semigroup S(t) in the phase space H_0 which is locally Lipschitz continuous in the H_{−1} metric.

Corollary 2.4. The weak energy solution of (1.1) possesses the dissipation integrals

σ_0

∫_∞ 0 ‖∂_tu(t)‖^2dt ≤

∫_∞ 0 ⟨σ(u(t))∂_tu(t), ∂_tu(t)⟩dt ≤ Q(‖ξ_u(0)‖_{H0} ) + Q(‖f‖).

Indeed, this follows immediately by passing to the limit t → ∞ in (2.3) and using (2.5).

Remark 2.5. It is worth emphasizing that we cannot directly multiply equation (1.1) by ∂_tu, since the terms of (1.1) belong to L^2([0, T ], H_{−1}), whereas ∂_tu ∈ L^∞([0, T ], H_0) only. In order to overcome this obstacle, one usually works with the Galerkin approximate equations (which are smooth, so that this multiplication makes sense) and verify estimates (2.2) and (2.3) first for the approximate Galerkin solutions u_N (t). Then, passing to the limit N → ∞, one obtains the required inequalities for the limit solution u (see [1] for details). However, this limit procedure gives only the energy inequality (2.3). In contrast to this, the energy equality is a more delicate fact that should be verified independently (usually, stronger assumptions on the equation are required). We prove that under the assumption that σ(u) is uniformly bounded.

Corollary 2.6. Assume that σ(u) ≤ c for every u ∈ R. Then, strict equality in (2.3) holds, namely,

‖ξ_u(t)‖^2_{H0} + 2⟨Φ(u(t)), 1⟩ − 2⟨f, u(t)⟩ + 2

∫_t 0 ⟨σ(u(τ))∂_tu(τ), ∂_tu(τ)⟩dτ

(2.6)

= ‖ξ_u(0)‖^2_{H0} + 2⟨Φ(u(0)), 1⟩ − 2⟨f, u(0)⟩.

Proof. Let P_N : H_0 → P_N H_0 be the orthogonal projection in H_0 onto the first N eigenvectors of the Laplacian (equipped with Dirichlet boundary conditions), and let u be the weak energy solution to (1.1). The function u_N = P_N u obviously satisfies

∂_{tt}u_N + P_N (σ(u)∂_tu) − Δu_N + P_N φ(u) = P_N f.

Multiplying this equation by ∂_tu_N , and integrating over [0, t] × Ω, we get

‖ξ_{uN} (t)‖^2_{H0} − 2⟨f, u_N (t)⟩ + 2

∫_t 0 ⟨σ(u(τ))∂_tu(τ), ∂_tu_N (τ)⟩dτ + 2

∫_t 0 ⟨φ(u(τ)), ∂_tu_N (τ)⟩dτ

= ‖ξ_{uN} (0)‖^2_{H0} − 2⟨f, u_N (0)⟩.

We need now to pass to the limit N → ∞ in this equality. Since, by definition, ξ_u(t) ∈ H_0 for all t, then ξ_{uN} (t) → ξ_u(t) and ξ_{uN} (0) → ξ_u(0) in H_0. Hence, the passage to the limit is immediate for all the terms except the two integral ones appearing in the left-hand side. For the first, we use the fact that σ(u)∂_tu ∈ L^2([0, T ], H_0) (here the global boundedness of σ(u) is needed) and ∂_tu_N → ∂_tu in that space. Finally, for the second one, we note that φ(u) ∈ L^2([0, T ], H_0) (due to the growth restrictions) and, consequently,

∫_t 0 ⟨φ(u(τ)), ∂_tu_N (τ)⟩dτ →

∫_t 0 ⟨φ(u(τ)), ∂_tu(τ)⟩dτ = ⟨Φ(u(t)), 1⟩ − ⟨Φ(u(0)), 1⟩,

which proves (2.6). □

The energy equality (2.6) can be rewritten in a more convenient differential form. Indeed, introducing the energy functional

E_0 = E_0(ξ_u) = ‖ξ_u‖^2_{H0} + 2⟨Φ(u), 1⟩ − 2⟨f, u⟩,

the integral equality (2.6) is equivalent to the fact that the function E_0(ξ_u(t)) is absolutely continuous as a function of t and satisfies almost everywhere

(2.7) d dt E_0 + 2⟨σ(u)∂_tu, ∂_tu⟩ = 0.

This differential energy equality is crucial for the existence of a strong global attractor, as we will see in the next section.

3. Weak and Strong Global Attractors

We now proceed to investigate the asymptotic properties of (1.1), using the notion of a global attractor. We begin with the attractor in a weak topology.

Definition 3.1. A set A ⊂ H_0 is a weak global attractor of the semigroup S(t) associated with equation (1.1) if

(i) A is weakly compact in H_0;

(ii) A is strictly invariant, that is, S(t)A = A;

(iii) A attracts in the weak topology the images of all bounded subsets of H_0, namely, for every bounded subset B of H_0 and every neighborhood O of A in the weak topology of H_0, there exists T = T (B, O) ≥ 0 such that S(t)B ⊂ O, for every t ≥ T .

In particular, the attraction in the weak topology of H_0 implies the attraction in the strong topology of H_{−1}.

The next proposition gives the existence of such a weak attractor.

Proposition 3.2. The semigroup S(t) associated with the wave equation (1.1) possesses a weak global attractor A in the sense of Definition 3.1. As usual, this attractor is generated by all complete bounded trajectories of (1.1), that is, A = K_{|t=0}, where K is the set of all weak energy solutions u(t) which are defined for all t ∈ R and bounded in the H_0-norm.

Proof. Due to the dissipative estimate (2.2), the ball B_0 = { ξ ∈ H_0, ‖ξ‖_{H0} ≤ R } for a sufficiently large radius R is an absorbing set for S(t) in H_0. Obviously, this ball is compact in the weak topology of H_0. Thus, S(t) possesses a weakly compact absorbing set. On the other hand, due to Proposition 2.2, for every fixed t ≥ 0, the map S(t) is continuous on B_0 in the H_{−1}-topology and, consequently, it is continuous in the weak topology of H_0 as well. The existence of a weak global attractor follows now from the classical attractor’s existence theorem (see e.g. [3]). □

By means of standard energy methods (cf. [21]), we now show the existence of a strong global attractor in the case where the energy equality (2.6) holds (for instance, when σ(u) is globally bounded).

Theorem 3.3. Assume that the energy equality (2.6) holds for every weak energy solution. Then, the semigroup S(t) possesses a global attractor in the strong topology of H_0 (which, obviously, coincides with the weak attractor A constructed in the previous proposition).

Proof. To prove the existence of the strong global attractor, it is sufficient to verify that for every sequences ξ_{un} (0) ∈ B_0 and t_n → ∞ the associated sequence ξ_{un} (t_n) is precompact in H_0 (see e.g. [1]). Let then ξ_{un} (0) ∈ B_0 and t_n → ∞ be arbitrary. Without loss of generality, due to the previous proposition, we may assume that ξ_{un} (t_n) → ξ = (ξ_1, ξ_2) weakly in H_0 for some ξ ∈ A. The proof is finished if we show that ξ_{un} (t_n) → ξ strongly in H_0. To this end, we use the simple observation that in a Hilbert space the weak convergence together with the convergence of the norms imply the strong convergence. Thus, we are left to prove that ‖ξ_{un} (t_n)‖_{H0} → ‖ξ‖_{H0} . To reach this aim, we shall use suitable energy equalities. The basic energy equality (2.7) allows us to multiply directly equation (1.1) by ∂_tu+εu. Indeed, the problematic multiplication by ∂_tu is justified by (2.7), whereas the multiplication by u is allowed since u ∈ L^∞([0, T ], H_1). Multiplying the initial equation (1.1) by this term, after simple manipulations, we deduce the equality

(3.1) d dt E_ε(ξ_u) + 2εE_ε(ξ_u) + 2⟨[σ(u) − 2ε]∂_tu, ∂_tu⟩ = L_ε(ξ_u),

with E_ε(ξ_u) as in (2.4), where we put

L_ε(ξ_u) = −2ε⟨φ(u), u⟩ + 4ε⟨Φ(u), 1⟩ + 4ε^2⟨Υ(u), 1⟩ + 4ε^2⟨u, ∂_tu⟩ − 2ε⟨f, u⟩,

and we fix ε > 0 enough small such that σ(u) − 2ε > 0. Then, the weak convergence of ξ_{un} (t_n) to ξ = (ξ_1, ξ_2), together with the growth restrictions on φ and σ and the compactness of the embedding H_1 → L^4(Ω), lead to

⟨Φ(u_n(t_n)), 1⟩ → ⟨Φ(ξ_1), 1⟩, ⟨Υ(u_n(t_n)), 1⟩ → ⟨Υ(ξ_1), 1⟩, ⟨u_n(t_n), ∂_tu_n(t_n)⟩ → ⟨ξ_1, ξ_2⟩.

Hence, in order to verify the required convergence of the norms, it is sufficient to check the convergence of the energy functionals

E_ε(ξ_{un} (t_n)) → E_ε(ξ).

To this aim, we introduce the shifted functions ũ_n(t) = u_n(t + t_n), which solve { ∂_{tt}ũ_n + σ(ũ_n)∂_tũ_n − Δũ_n + φ(ũ_n) = f, ũ_n(−t_n) = u_n(0), ∂_tũ_n(−t_n) = ∂_tu_n(0),

and E_ε(ξ_{ũn} (0)) = E_ε(ξ_{un} (t_n)). Since ξ_{un} (0) ∈ B_0, the dissipative estimate (2.2) implies that the solutions ξ_{ũn} (t) are uniformly bounded in L^∞([−t_n, ∞), H_0). Moreover, ξ_{ũn} being precompact in C_{loc}(R, H_{−1}), without loss of generality we may assume that, for every t ∈ R, ξ_{ũn} (t) converges weakly in H_0 to some solution ξ_u(t) ∈ A (here we have implicitly used the fact that t_n → ∞). Obviously, ξ_u(0) = ξ. So, we need to prove that

(3.2) E_ε(ξ_{ũn} (0)) → E_ε(ξ_u(0)).

First, note that the established weak convergence ξ_{ũn} (t) → ξ_u(t) and the boundedness in H_0 together with the compact embedding H_1 → L^4(Ω) imply

(3.3)

L_ε(ξ_{ũn} (t)) → L_ε(ξ_u(t)), ∀t ∈ R, |L_ε(ξ_{ũn} (t))| ≤ c.

Integrating now the energy equality (3.1) for ũ_n(t) on [−t_n, 0], we get

E_ε(ξ_{ũn} (0)) + 2

∫_0

−t_n

e^{2εt}⟨[σ(ũ_n(t)) − 2ε]∂_tũ_n(t), ∂_tũ_n(t)⟩dt

= E_ε(ξ_{ũn} (−t_n))e^{−2εtn} +

∫_0

−t_n

e^{2εt}L_ε(ξ_{ũn} (t))dt.

Furthermore, using (3.3) and the fact that that t_n → ∞ and ξ_{ũn} (−t_n) remains bounded, we deduce from the last equality that

lim_{n→∞} ( E_ε(ξ_{ũn} (0)) + 2

∫_0

−t_n

e^{2εt}⟨[σ(ũ_n(t) − 2ε]∂_tũ_n(t), ∂_tũ_n(t)⟩dt ) = ∫_0 −∞ e^{2εt}L_ε(ξ_u(t))dt.

Comparing this result with the analogous energy equality for the limit solution ξ_u(t), we conclude that lim_{n→∞} ( E_ε(ξ_{ũn} (0)) + 2

∫_0

−t_n

e^{2εt}⟨[σ(ũ_n(t)) − 2ε]∂_tũ_n(t), ∂_tũ_n(t)⟩dt ) (3.4)

= E_ε(ξ_u(0)) + 2

∫_0 −∞ e^{2εt}⟨[σ(u(t)) − 2ε]∂_tu(t), ∂_tu(t)⟩dt.

On the other hand, since ‖ξ‖_H ≤ lim inf_{n→∞} ‖ξ_n‖_H for any weakly convergent sequence ξ_n → ξ in a reflexive space H, we have E_ε(ξ_u(0)) ≤ lim inf_{n→∞} E_ε(ξ_{ũn} (0)) and ∫_0 −∞ e^{2εt}⟨[σ(u(t))−2ε]∂_tu(t), ∂_tu(t)⟩dt ≤ lim inf_{n→∞}

∫_0

−t_n

e^{2εt}⟨[σ(ũ_n(t)−2ε]∂_tũ_n(t), ∂_tũ_n(t)⟩dt.

Indeed, the term ⟨[σ(ũ_n) − 2ε]∂_tũ_n, ∂_tũ_n⟩ can be written in the form ‖∂_tΨ(ũ_n)‖^2, with Ψ(v) =

∫_v 0 √ σ(y) − 2ε dy. It remains to note that the last two inequalities, together with (3.4), imply the required energy convergence (3.2). □

4. Finite-Dimensionality and Exponential Attractors in the Subcritical Case

In the final section, we prove our main theorem on the existence of the weak exponential attractor in the subcritical case. To be more precise, in addition to (1.2)-(1.6), we require that (4.1) |σ(u)| + |φ^′(u)| ≤ c(1 + |u|^{2−δ}), for some δ ∈ (0, 2].

Our construction of an exponential attractor is based on the following abstract result.

Proposition 4.1. Let H, V, V_1 be Banach spaces such that the embedding V_1 → V is compact. Let B be a closed bounded subset of H, and let S : B → B be a map. Assume also that there exists a uniformly Lipschitz continuous map T : B → V_1, i.e.

‖Tb_1 − Tb_2‖_{V1} ≤ L‖b_1 − b_2‖_H , ∀b_1, b_2 ∈ B, for some L ≥ 0, such that

(4.2) ‖Sb_1 − Sb_2‖_H ≤ ϑ‖b_1 − b_2‖_H + K‖Tb_1 − Tb_2‖_V , ∀b_1, b_2 ∈ B,

for some ϑ < 1/2 and K ≥ 0. Then, there exists a (discrete) exponential attractor M_d ⊂ B which satisfies the following properties:

(i) semi-invariance: SM_d ⊂ M_d; (ii) compactness: M_d is compact in H;

(iii) exponential attraction: dist_H (S^nB, M_d) ≤ Ce^{−ωn} for all n ∈ N and for some ω > 0 and C ≥ 0, where dist_H denotes the standard Hausdorff semidistance between sets in H;

(iv) finite-dimensionality: M_d has finite fractal dimension in H.

Moreover, the constants ω, C and the fractal dimension of M_d can be explicitly expressed in terms of L, K, ϑ, ‖B‖_H and the Kolmogorov’s κ-entropy of the compact embedding V_1 → V , for some κ = κ(L, K, ϑ).

We recall that the Kolmogorov’s κ-entropy of the compact embedding V_1 → V is the logarithm of the minimum number of balls of radius κ in V necessary to cover the unit ball of V_1.

The proof of this proposition in the particular instance when H = V_1 and T is the identity map is given in [7]. The general proof repeats word by word this particular case and so thus omitted (see also [4, 8]).

We are now ready to state and prove

Theorem 4.2. Assuming (4.1) in addition to the general hypotheses, the semigroup S(t) associated with (1.1) possesses a weak exponential attractor M in the following sense:

(i) M is bounded in H_0 and compact in H_{−1}; (ii) M is semi-invariant: S(t)M ⊂ M, t ≥ 0;

(iii) M attracts the images of bounded (in H_0) subsets exponentially in the metric of H_{−1}, i.e. there exist ω > 0 and a monotone function Q such that, for every bounded set B ⊂ H_0,

dist_{H−1} (S(t)B, M) ≤ Q(‖B‖_{H0} )e^{−ωt}, ∀t ≥ 0.

(iv) M has the finite fractal dimension in H_{−1}.

Proof. We first recall that, due the dissipative estimate (2.2), the semigroup S(t) possesses an absorbing ball B_0 in the phase space H_0. Thus, it is sufficient to construct the exponential attractor for the restriction of this semigroup on B_0 only.

In order to apply Proposition 4.1 to our situation, we need to verify the proper estimate for the difference of solutions, which is done in the following lemma.

Lemma 4.3. Let the above assumptions hold, and let u^1 and u^2 be two weak energy solutions of (1.1) such that ξ_uj (0) ∈ B_0. Then (4.3) ‖ξ_u1 (t) − ξ_u2 (t)‖_{H−1} ≤ Me^{−νt}‖ξ_u1 (0) − ξ_u2 (0)‖_{H−1} + K‖u^1 − u^2‖_L2_{([0,t],H−ϱ)}. for some ν > 0, ϱ ∈ (0, 1/2), M ≥ 0 and K ≥ 0, all independent of t and u^j.

Proof. For α ∈ (0, 1) to be fixed later, let v^j (t) =

∫_t 0 e^{−α(t−τ )}u^j(τ)dτ. Then, u^j = ∂_tv^j + αv^j and v^j(0) = 0. Multiplying the equations for u^j (τ) by e^{−α(t−τ )} and integrating in τ over [0, t], after simple transformations, we arrive at

∂_{tt}v^j (t)+Σ(u^j(t))−Δv^j (t)+

∫_t 0 e^{−α(t−τ )}φ_α(u^j(τ))dτ = e^{−αt}R(ξ_uj (0))+ 1 α (1−e^{−αt})f, where we set

φ_α(w) = φ(w) − αΣ(w) and R(ξ_uj (0)) = ∂_tu^j(0) − αu^j(0) + Σ(u^j(0)). Then, the difference v̄ = v^1 − v^2 solves

∂_{tt}v̄(t) + [Σ(u^1(t)) − Σ(u^2(t))] − Δv̄(t) +

∫_t 0 e^{−α(t−τ )}[φ_α(u^1(τ)) − φ_α(u^2(τ))]dτ

(4.4)

= e^{−αt}[R(ξ_u1 (0)) − R(ξ_u2 (0))].

Multiplying the equation by ∂_tv̄ + αv̄ = u^1 − u^2 ∈ L^∞(R^+, H_1), and noting that Σ^′(w) ≥ σ_0, with standard computations, we get (4.5) d dt E(ξ_{v̄}(t)) + 2α‖∇v̄(t)‖^2 + 2(σ_0 − α)‖∂_tv̄(t)‖^2 + 4ασ_0⟨v̄(t), ∂_tv̄(t)⟩ ≤ J(t), with

E(ξ_v(t)) = ‖ξ_{v̄}(t)‖^2_{H0} + 2α⟨v̄(t), ∂_tv̄(t)⟩ − 2e^{−αt}⟨R(ξ_u1 (0)) − R(ξ_u2 (0)), v̄(t)⟩ + 2 ∫_t 0 e^{−α(t−τ )}⟨φ_α(u^1(τ)) − φ_α(u^2(τ)), v̄(t)⟩dτ, and J(t) = 2⟨φ_α(u^1(t)) − φ_α(u^2(t)), v̄(t)⟩ − 4α

∫_t 0 e^{−α(t−τ )}⟨φ_α(u^1(τ)) − φ_α(u^2(τ)), v̄(t)⟩dτ + 4αe^{−αt}⟨R(ξ_u1 (0)) − R(ξ_u2 (0)), v̄(t)⟩.

Besides, analogously to Proposition 2.2, we have ‖R(ξ_u1 (0)) − R(ξ_u2 (0))‖_{H−1} ≤ c‖ξ_u1 (0) − ξ_u2 (0)‖_{H−1} .

Consequently, the function J in the right-hand side of (4.5) can be estimated via J(t) ≤ c [ e^{−αt}‖ξ_u1 (0) − ξ_u2 (0)‖^2_{H−1} + ‖φ_α(u^1(t)) − φ_α(u^2(t))‖^2_{H−1} + ∫_t 0 e^{−α(t−τ )}‖φ_α(u^1(τ)) − φ_α(u^2(τ))‖^2_{H−1} dτ ] + α‖ξ_{v̄}(t)‖^2_{H0} , for some c = c(α) ≥ 0. On the other hand, it is clear that the quadratic form (with respect to v̄ and ∂_tv̄) in the left-hand side of (4.5) is positively defined if α is small enough. Thus, fixing a suitable α and using the above estimates, we transform (4.5) into d dt E(ξ_{v̄}(t)) + νE(ξ_{v̄}(t)) ≤ c [ e^{−αt}‖ξ_u1 (0) − ξ_u2 (0)‖^2_{H−1} + ‖φ_α(u^1(t)) − φ_α(u^2(t))‖^2_{H−1} + ∫_t 0 e^{−α(t−τ )}‖φ_α(u^1(τ)) − φ_α(u^2(τ))‖^2_{H−1} dτ ] , for some strictly positive ν < α/2. Applying the Gronwall lemma, we infer

‖ξ_{v̄}(t)‖^2_{H0} ≤ ce^{−νt}‖ξ_u1 (0) − ξ_u2 (0)‖^2_{H−1} + c

∫_t 0 e^{−ν(t−τ )}‖φ_α(u^1(τ)) − φ_α(u^2(τ))‖^2_{H−1} dτ,

where c and ν are independent of t and ξ_uj . Finally, as in Proposition 2.2, we can express the H_{−1}-norm of ξ_u1 (t) − ξ_u2 (t) in terms of the H_0-norm of ξ_v1 (t) − ξ_v2 (t), using equation (4.4), deducing that

‖ξ_u1 (t)−ξ_u2 (t)‖^2_{H−1} ≤ ce^{−νt}‖ξ_u1 (0)−ξ_u2 (0)‖^2_{H−1} +c

∫_t 0 e^{−ν(t−τ )}‖φ_α(u^1(τ))−φ_α(u^2(τ))‖^2_{H−1} dτ.

In order to complete the lemma, we only need to verify that

(4.6) ‖φ_α(u^1(τ)) − φ_α(u^2(τ))‖_{H−1} ≤ c‖u^1(τ) − u^2(τ)‖^2_{H−ϱ}

for some ϱ ∈ (0, 1/2) and some c ≥ 0, both independent of u^j (τ). Indeed,

φ_α(u^1(τ)) − φ_α(u^2(τ)) = ψ(τ)(u^1(τ) − u^2(τ))

with ψ(τ) =

∫_1 0 φ^′_α(su^1(τ) + (1 − s)u^2(τ))ds. Moreover, using (1.2), (1.6) and the fact that the u^j(τ) are uniformly bounded in H_1, we find that ∇ψ(τ) is uniformly bounded in L^{3/2}(Ω) and, from assumption (4.1), we obtain also that ψ(τ) is uniformly bounded in L^{3+δ}(Ω). Thus, Lemma 1.2 entails (4.6). □

It is now not difficult to finish the proof of the theorem, using the abstract scheme of Proposition 4.1. As usual, we first construct the exponential attractor M_d of the discrete map S(T_∗) on B_0 (the above constructed absorbing ball in H_0), for a sufficiently large T_∗. Indeed, it follows from the dissipative estimate (2.2) that S(T_∗) : B_0 → B_0, provided that T_∗ is large enough. Then, we apply Proposition 4.1 on the set B = B_0 with H = H_{−1} and S = S(T_∗), with T_∗ large enough so that B_0 is invariant and, in addition, Me^{−νT∗} = ϑ < 1/2 (see (4.3)). Besides, with reference to Proposition 4.1, let

V_1 = { u ∈ L^2([0, T_∗], H_0), ∂_tu ∈ L^2([0, T_∗], H_{−1}) } ⋐ V = L^2([0, T_∗], H_{−ϱ}).

Finally, define the operator T : B_0 → V_1 to be the solving operator for (1.1) on the time-interval [0, T_∗], namely, Tξ_u(0) = u.

Due to Proposition 2.2, we have the global Lipschitz continuity of T from B_0 to V_1, and Lemma 4.3 gives us the basic estimate (4.2) for the map S(T_∗). Therefore, the assumptions of Proposition 4.1 are verified and, consequently, the map S(T_∗) possesses an exponential attractor M_d on B_0.

The required exponential attractor for the semigroup S(t) (with continuous time) can be now constructed by the standard formula M = ⋃ t∈[0,T_∗]

S(t)M_d.

Indeed, since the H_{−1}-norm of ∂_{tt}u and the H_0-norm of ∂_tu are globally bounded if ξ_u(0) ∈ B_0, then the semigroup S(t) is also uniformly Lipschitz continuous with respect to t ∈ [0, T_∗] in the H_{−1}-norm. Then, the finite-dimensionality of M follows from the analogous finite-dimensionality of M_d, and the remaining properties of M are immediate. This completes the proof of Theorem 4.2. □

Remark 4.4. Since an exponential attractor always contains the global one, the theorem implies, in particular, that the fractal dimension of the global attractor A of Proposition 3.2 is finite in H_{−1} as well. In fact, due to interpolation, this dimension is finite in H_{−α} for every α < 0.

Some open questions. In contrast to the one and the two-dimensional cases (where we have a complete theory, due to [14] and [20]), the situation with the 3-D case remains essentially less clear. In particular, the following important questions remain open:

• Global existence of strong solutions (belonging to H_1) and the H_1-regularity of the attractor A.

• Finite-dimensionality of the global attractor in the critical case (δ = 0 in (4.1)).

• Energy equality and compactness of the global attractor in the original topology of H_0 when σ(u) is not globally bounded.

References

[1] A.V. Babin, M.I. Vishik, Attractors of evolution equations, North-Holland, Amsterdam, 1992. [2] V. Belleri, V. Pata, Attractors for semilinear strongly damped wave equation on R^3, Discrete Contin. Dynam. Systems 7 (2001), 719–735.

[3] V.V. Chepyzhov, M.I. Vishik, Attractors for equations of mathematical physics, Amer. Math.

Soc., Providence, RI, 2002.

[4] I. Chueshov, M. Eller, I. Lasiecka Attractors and their structure for semilinear wave equations with nonlinear boundary dissipation, Bol. Soc. Parana. Mat. 22 (2004), 38–57.

[5] B.R. Duffy, P. Freitas, M. Grinfeld, Memory driven instability in a diffusion process, SIAM J.

Math. Anal. 33 (2002), 1090–1106.

[6] A. Eden, C. Foias, B. Nicolaenko, R. Temam, Exponential attractors for dissipative evolution equations, Masson, Paris, 1994.

[7] M. Efendiev, A. Miranville, S. Zelik, Exponential attractors for a nonlinear reaction-diffusion system in R^3, C.R. Acad. Sci. Paris Sér. I Math. 330 (2000), 713–718.

[8] M. Efendiev, A. Miranville, S. Zelik, Exponential attractors and finite-dimensional reduction for nonautonomous dynamical systems, Proc. Roy. Soc. Edinburgh Sect. A, to appear.

[9] E. Feireisl, Global attractors for semilinear damped wave equations with supercritical exponent, J. Differential Equations 116 (1995), 431–447.

[10] E. Feireisl, Asymptotic behaviour and attractors for a semilinear damped wave equation with supercritical exponent, Proc. Roy. Soc. Edinburgh Sect. A 125 (1995), 1051–1062.

[11] E. Feireisl, Bounded, locally compact global attractors for semilinear damped wave equations on R^N , Differential Integral Equations 9 (1996), 1147–1156.

[12] E. Feireisl, E. Zuazua, Attractors for wave equations with nonlinear dissipation and critical exponent, Commun. Partial Differential Equations 18 (1993), 1539–1556.

[13] J. Fort, V. Méndez, Wavefront in time-delayed reaction-diffusion systems. Theory and comparison to experiments, Rep. Prog. Phys. 65 (2002), 895–954.

[14] S. Gatti, V. Pata, A one-dimensional wave equation with nonlinear damping, submitted. [15] M.E. Gurtin, A.C. Pipkin, A general theory of heat conduction with finite wave speeds, Arch.

Rational Mech. Anal. 31 (1968), 113–126.

[16] T. Hillen, Qualitative analysis of semilinear Cattaneo equations, Math. Models Methods Appl.

Sci. 8 (1998), 507–519.

[17] J. Malek, J. Nečas, A finite-dimensional attractor for three-dimensional flow of incompressible fluids, J. Differential Equations 127 (1996), 498–518.

[18] J. Malek, D. Prazak, Large time behavior by the method of l-trajectories, J. Differential Equations 181 (2002), 243-279.

[19] W.E. Olmstead, S.H. Davis, S. Rosenblat, W.L. Kath, Bifurcation with memory, SIAM J.

Appl. Math. 46 (1986), 171–188.

[20] V. Pata, S. Zelik, Attractors and their regularity for 2-D wave equations with nonlinear damping, submitted [21] R. Temam, Infinite-dimensional dynamical systems in mechanics and physics, Springer, New York, 1988.

[22] H. Triebel, Interpolation theory, function spaces, differential operators., North-Holland, Amsterdam-New York, 1978.

[23] S. Zelik, Asymptotic regularity of solutions of singularly perturbed damped wave equations with supercritical nonlinearities, Discrete Contin. Dynam. Systems 11 (2004), 351–392.

[24] S. Zelik, The attractor for a nonlinear reaction-diffusion system with a supercritical nonlinearity and its dimension, Rend. Accad. Naz. Sci. XL Mem. Mat. Appl. 24 (2000), 1–25.