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Abstract

It is well known that high stress concentrations can occur in elastic composites in
particular due to the interaction of geometrical singularities like corners, edges and
cracks and structural singularities like jumping material parameters. In the project C5
Stress concentrations in heterogeneous materials of the SFB 404 Multifield Problems
in Solid and Fluid Mechanics it was mathematically analyzed where and which kind
of stress singularities in coupled linear and nonlinear elastic structures occur. In the
linear case asymptotic expansions near the geometrical and structural peculiarities are
derived, formulae for generalized stress intensity factors included. In the nonlinear case
such expansions are unknown in general and regularity results are proved for elastic
materials with power-law constitutive equations with the help of the difference quotient
technique combined with a quasi-monotone covering condition for the subdomains and
the energy densities. Furthermore, some applications of the regularity results to shape
and structure optimization and the Griffith fracture criterion in linear and nonlinear

elastic structures are discussed. Numerical examples illustrate the results.

1 Introduction

Composites play an important role in the everyday life, examples are fiber-reinforced
composites in car industry, piezo-electric stack actuators or semiconductor devices. From
experience and experiments it is well known that very high mechanical stresses can occur in
the composite in the vicinity of re-entrant corners, edges, cracks and near interior surfaces,
where the different materials of the composite come together. These stress concentrations
have a strong influence on the strength and physical life of the structure. Their knowledge
is fundamental for fracture and failure criteria.

The project Ch Stress concentrations in heterogeneous materials of the SFB 404 Mul-
tifield Problems in Solid and Fluid Mechanics was devoted to the mathematical analysis
of stress singularities in linear and nonlinear elastic coupled nonsmooth structures. In the
first years of this project we have focused on linear problems whereas in the last period
we have concentrated on some nonlinear boundary transmission problems.

In this article we give an overview on the regularity results, shortly for linear and more
detailed for nonlinear elastic composites. We consider bodies which are composed of
several elastic substructures with different material properties. The whole body as well as
the interfaces, which separate the substructures, may have corners or edges. Throughout
the whole paper we assume small strains and consider constitutive laws which lead to

linear elliptic systems of partial differential equations or to quasilinear elliptic systems of



p-structure for the displacement fields. These PDEs have piecewise constant coefficients

due to the heterostructure of the composite.

The Linear Case

In this case the substructures consist of linear elastic materials and the singular behav-
ior of the displacement and stress fields can be completely characterized by means of an
asymptotic expansion of the solution near the mentioned geometrical and structural pe-
culiarities. In two dimensions this expansion reads in the neighborhood of a corner point
or an interior cross point S for a displacement field u (polar coordinates with respect to
S are used):

u(r, @) = Ureg (T, ) + Z caTvo(Inr, ) . (1.1)

0<Re a<1

The singular exponents a € C are eigenvalues of a corresponding nonlinear eigenvalue
problem and the functions v, consist of (generalized) eigenfunctions and powers of Inr.
The constants ¢, are generalized stress intensity factors and depend on the given external
loading. 7° is a cut-off function with respect to S and Ureg 18 a regular function. The
regularity of the solution u is determined by the singular exponent o with the smallest
positive real part. This exponent and the corresponding function v, can be explicitly
calculated for fixed geometries and material parameters and do not depend on the given
external forces.

Expansions like (1.1) are well established for homogeneous materials and, more general,
for linear elliptic systems with smooth coefficients, see for example [12, 20, 36]. In Sect. 2
we will demonstrate, that the Mellin-technique as an appropriate mathematical tool guar-
antees such expansions for solutions of general elliptic boundary-transmission problems in
composites, too [43, 44]. Furthermore, we will formulate explicit formulae for the constants
Cq In this case and give a numerical example. The computation of the singular terms in
(1.1) is technically complicated in general and very small real parts of the exponents «
can appear. In [27, 29, 45], we derived a criterion for linear elliptic systems with piecewise
constant coefficients, which guarantees Re o > % in the two dimensional case and similar
results for higher dimensions. This condition, the quasi-monotonicity condition, was orig-
inally defined for the Laplace operator with piecewise constant coefficients in a completely
different context [16]. Its relevance for the regularity of weak solutions was discovered in
[48] for the two dimensional Laplacian and in [45] for isotropic bi-materials. We discuss
this condition in Sect. 2.4.2.

The Nonlinear Case

Much less is known about the regularity of displacement and stress fields of nonlinear elas-
tic materials. For some classes of semilinear and quasilinear systems of partial differential

equations (e.g. stationary Navier-Stokes equations, semiconductor equations) it can be



shown [1, 6, 49] that the regularity of the solutions is dominated by assigned linearized
problems. Furthermore, a comparison principle and barrier functions are used for a special
class of scalar nonlinear equations on two-dimensional domains (see e.g. [8, 15, 55]) to get
similar results.

Nonlinear elastic field equations of power-law type do not fit in this framework in general
and it is an open question whether the behavior of the elastic fields can be completely
characterized by leading terms in an asymptotic expansion similar to the linear case (1.1).
First investigations into this direction were done at the end of the sixties in [22, 50] for
homogeneous materials of Ramberg-Osgood type (power-law models). In order to describe
the elastic fields near a crack tip an ansatz (HRR-field) of the form

u = 1%%4(p) (1.2)

was inserted into the corresponding field equations and led to a fully nonlinear eigenvalue
problem for the determination of the eigenpairs (o, vg).

The field equations of the Ramberg-Osgood model are closely related to general systems
of quasilinear elliptic partial differential equations of p-structure, see e.g. [18] for a defini-
tion. In [18, 19, 52], Ebmeyer, Frehse and Savaré obtained independently global regularity
results for weak solutions of such systems on nonsmooth domains with a difference quo-
tient technique. The difference quotient method is also applicable to the Ramberg-Osgood
model [31, 32] and we cite and discuss the corresponding results in Sect. 4.2.

At the beginning of the last research period of the SFB 404 only very few regularity
results for transmission problems of p-growth were reported in the literature; e.g. two
subdomains were considered with either smooth interface and different p; [39] or with
nonsmooth interface and p; = py = 2 [52]. In Sect. 3 we will present recently derived
regularity results for transmission problems in composites where on the substructures
Q; we have different quasilinear elliptic systems of p;-structure. We do not restrict the
number of subdomains and the growth properties of the differential operators may vary
from subdomain to subdomain.

For obtaining the regularity results, the main idea is to combine the difference quo-
tient technique with the concept of a quasi-monotone distribution of material parameters
known from the linear problems. This leads to the new concept of a quasi-monotone
covering condition for the subdomains and the energy densities which determine the dif-
ferential operators on the subdomains. The very special case, the linear Laplace equation
with piecewise constant coefficients, is included and our general quasi-monotone covering
condition coincides in this case up to an additional geometric condition with the original
definition of quasi-monotonicity from [16].

In the last section of this paper we discuss applications of the regularity results for linear
and nonlinear elastic problems. These are shape and structure optimization problems in
nonsmooth domains, sensitivity analysis for compound elastic structures and the Griffith

fracture criterion for a nonlinear elastic model of power-law type. Relying on the proved



regularity results formulae for shape derivatives and the energy release rate are derived

which are suitable for computations.

2 Linear Elastic Composites

2.1 Weak Formulation

We start with the weak formulation of the elastic field equations in a composite. Let
Q c R% d=2,3, be a bounded domain consisting of pairwise disjoint subdomains Q; C €,
1<i< M, with Q = Ui‘i 19;. We assume for simplicity that ; are Lipschitz domains of
polygonal or polyhedral type. We distinguish between exterior boundary pieces

and interior boundary pieces, the common interfaces of €2; and €;,
Fz’j = int (OQZ N 89]) . (22)

In each domain €2; we consider the equilibrium equations for two classes of fields: potential

fields (antiplanar case, (2.3)) and linear, anisotropic elastic fields, that means (2.4)

—div (HZVUZ) = fz 1= 1, ce 7.2\4 5 (23)
—dive'(u')=F;, i=1,...,M. (2.4)

Here, p; are given positive constants (shear moduli), u; in (2.3) are the scalar potentials,
ul = (uf,...,u)" in (2.4) the displacement fields and o = (U,ij)kj € R4 are the stress

tensors. For small strains, Hooke’s law yields

d
ol (W) = > Clipmemn(W’), i=1,... .M, kj=1,....d,
m,n=1
oul, | oul

where &, (u') = 3( 7o + gz2) are the components of the linearized strain tensor e(u) €

R4 Tt is assumed that the material tensors C* are symmetric and positive definite
d d
A . 9
(C) 6= > Climnbri€mn = Mi D> [&k (2.5)
k,j,mn=1 k,j=1

for every & = (&kj)ij € R4 We consider Dirichlet and Neumann boundary conditions
on 9Q = T'p UTy. These conditions read for (2.4)

on=g¢; onlyn, (2.6)

u=0 onIp, (2.7)

where 0 =o' on Iy NIy, u=u' on TpNT; and I'p NT'y = 0. Furthermore, we assume

that the subdomains €2; are bonded, which is expressed by the following transmission
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conditions on the skeleton I' = U%:J‘Zj (77; denotes the exterior unit normal vector on

I';; with respect to €;):
u' = on I'yj , (2.8)
o', = o’i; on Ly . (2.9)
We are now in a position to formulate the boundary-transmission problems in a weak

sense. Let
V={ueW"(Q): ul, =0}, (2.10)

where the restriction to I'p is to be understood in the trace-sense. We assume that f € V,
fi=fonQy g€ W_%Q(FN), g =g; on 'y NT;. The weak formulation reads

Find v € V such that for every v € V
a(u,v) = (f,v)a + (g, v)ry (2.11)

where for the Poisson equations (2.3)

M
a(u,v):/ﬂu(x)Vqudx:Z/Q i Vu; Vu; do (2.12)
i=1 /S

and for the equations of linear elasticity (2.4)

M
a(u,v) = /Qa(u) ce(u)de = Z/ﬂ ol(u') : e(u?) da . (2.13)

Both problems, (2.11)+(2.12) and (2.11)+(2.13), respectively, are elliptic boundary-trans-
mission problems (see [43, 51]) due to the assumptions on the material parameters. There-
fore it holds

1. If meas I'p > 0, then there exists a unique solution v € V of (2.11).

2. If meas I'p = 0 and (f,r)q + (g,7)ry, = 0 for every 7 € R C W2(Q2), where R is
the set of rigid body displacements, then there exists a solution v € W12(Q) which

is unique up to elements from R.

If Q is a homogeneous body with a smooth boundary, then the regularity of a weak solution
of problem (2.11) is determined by the regularity of the data f, g. But, if € is a composite
and if the boundary of €2 has corners and edges, then such a regularity is not longer valid
even if f and g are smooth. The geometric (corners, edges) and structural singularities
(discontinuous material parameters) have an essential influence on the regularity of the
solutions. Weak solutions of boundary-transmission problems of the form (2.11) can be
decomposed into singular terms describing the behavior near corners, edges and jumps
of the material parameters and into a more regular term. This decomposition can be
described and calculated by Mellin-techniques, similar to pure boundary value problems.
Special ansatzes frequently used in mechanics [23, 57, 58, 59] lead also to such results. In
the following section we outline the use of the ansatzes and the Mellin technique for two

dimensional transmission problems and we mention results for the 3D-case.



Figure 1: Polygonal domain

2.2 2D-Corner Singularities

Let S be the set of the corner points of 9€; and of the points of I'p N Ty, see Fig. 1. For
a fixed point S € § we introduce polar coordinates (r, ) with respect to S and search a

corner singularity of the form
Using (1, ) = %P0 (9) , (2.14)
The corner singularity (2.14) has to be a solution of
a(Uging, v) =0 (2.15)

for v € V with suppv C Qg = QN Br(S), where Bg(S) is an open ball centered at S with
appropriate small radius and a(-,-) is the bilinear form from (2.12) or (2.13). Choosing
the special test function v = n(r)¥(p), where ¥ € V,, = {¥ € W12(0,¢5) : ¥|p, = 0}
and 7 € C§°((—R, R)), we obtain from (2.15) a bilinear form which depends on S € S and

the parameter a:
ag(a; @, ¥) =0, (2.16)

see for example [37, 41, 45] for explicit formulae. Relation (2.16) defines a quadratic
eigenvalue problem and we refer to Sect. 2.4 for some examples.

By this procedure one can generate weak solutions having a singular behavior of the
form (2.14) near a point S € S. Now the question is whether terms of the form (2.14)
characterize the singular behavior of weak solutions completely. This problem can be

answered using an appropriate integral transform, the Mellin transform [37]:

M(u(r, ))[a] = d(a, @) = /OOO = Lu(r, o) dr . (2.17)

This transform maps r0, into the complex parameter o. The Mellin transform applied to
the differential operators in (2.3), (2.4), (2.6)—(2.9), generates a Fredholm operator pencil
Ag(a) with

As(a) : Vi, = V. (2.18)



For explicit formulas for Ag(a) see the examples in [37, 45]. The operator pencil Ag(a)

and the bilinear form ag(c;-,-) from (2.16) are related as follows
(As(a)®,¥) = as(o; @, ¥) for every &, ¥ €V, . (2.19)

The corresponding quadratic eigenvalue problem Ag(a)®, = 0 has a finite number of

eigenvalues in any strip [37, 45]
c1 <Rea<e. (2.20)

The following regularity theorem is proved with the Mellin technique and connects the

eigenvalue problems (2.16) to the global regularity of weak solutions.

Theorem 2.1 (Regularity theorem). [20, 36, 37, 45] Let the volume force densities f
of (2.3) and F of (2.4) be elements of W'2(Q) and let the Neumann datum g be in
Wl+%’2(FN) with I € No. Assume that As(«) is invertible on the line Re o = [ 4 1.
Then the weak solution uw € V' of the boundary transmission problem admits the following

decomposition:

U = Upeg + Z 77505113(7", ®) . (2.21)
SeS,
V€EAS

Here, Ureg‘gi € WiH22(Q,) and

Ag ={y = (o, pt, k) : a is an eigenvalue of As(a) in the strip
O<Rea<l+lip=1,... 15 k=0,... M }. (2.22)

b ]

I(f denotes the geometrical multiplicity of a, {fbg%m W= 1,...,[5;/4 = 0,...,M5’7H} 18
a canonical system of Jordan chains of Ag(a) with respect to eigenvalue «, ngu + 1 are

the lengths of the Jordan chains, ng are cut-off functions which equal to 1 near S and the

singular functions v:j are of the form
K
s (Inr)?
Uy (Tv (P) =7 C]' (I)a,,u,nfq((p) : (223)
q=0 )

The constants ¢ are also called generalized stress intensity factors and depend on the

7y
data.

Coefficient Formulae

The coefficients cg in (2.21) express the intensity of the singular functions 1)5 (ryp). In
particular, they can vanish and then u is regular. Damage and crack criteria rely on these
coefficients. The coefficients depend on the exterior forces, the elastic material parameters

and on the geometry of the domain and can be calculated via so-called coefficient formulae.



In the case of homogeneous materials these formulae are well known [37, 41]. In this
section we derive analogous formulae of Mazya/Plamenevski type for potential fields in
composites. Corresponding coefficient formulae for linear elastic fields in bonded structures

are described in [5].

Lemma 2.2. Let Q,Q;, Qs C R? be bounded polygons, Q@ = UZ_,Q; and S € 90NN,
a corner point (see Fig. 1). For a weak solution u of the boundary-transmission problem
(2.11) with bilinear form (2.12) and M = 2 the expansion (2.21) reads near the point S

< “ ) = ngcor®® M (ap) ( sin(aoy) ) + remainder . (2.24)

us cos(agp)

Here, M (o) is a matriz depending on the kind of the boundary conditions near the corner

o _ —sin(ap(p2 — ¢1)) 0
Mlao) =Moo (ms(&o@z)sm(&o@l) —Sin(O‘OW)Sin(O‘Wl))’

( 0 cos(ao(p2 — ¢1)) )
sin(ags) cos(agpr)  cos(appr) cos(agps) )

oy _ cos(ap(p2 — ¢1)) 0
M(ao) = My-p (sin(aow)sin(aow) Sin(a0<p1)cos(ao<p2)> .

The exponent g is a zero of the equation

pz cos(a(p2 — 1)) sin(awpr) + pa sin(a(pz — ¢1)) cos(apr) =0 (D — D),
iz cos(avpr) sin(apz — ¢1)) + pa sin(apr ) cos(a(pz — 1)) =0 (N — N)
11 cos(avpy) cos(afpz — 1)) — p2sin(apr ) sin(a(pz — 1)) =0 (N = D) .

The corresponding coefficient ¢y is given by

co = OZOK;(C“O) </Q u(fs— +uls_)dx + /FN p(gs— — u%)da) , (2.25)

where s_ = ngr=® M (ag) (sin(age), cos(app)) | and

K(ap) = Kp_p = i1 sin® ag(p2 — 1) + p2(p2 — 1) sin® ager |
K(ap) = Kn—n = pip1 cos® ag(pa — ¢1) + pa(pa — ¢1) cos® ager
K(ap) = Kn—p = p1p1 cos® ap(ip2 — 1) + pa(ip2 — ¢1) sin® ager

For the meaning of the angles p1, 2 see Fig. 1.

Sketch of the proof. The formula (2.24) was derived via the Mellin technique in [45].

It remains to show (2.25): For a fixed cut-off function ng = ng(r) we consider a family
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Figure 2: a) interface crack, b) real part (K7) and imaginary part (Ks2) of ¢;

of balls Bs(S) = {z € R? : |[x — S| = r < §} such that n = 1 on Bs. We apply Green’s

formula on Q5 = Q\B;(S) and obtain

/Q 5 (u(Aus_ — uAs_)dz

2
:Z/ /J,i(AuiS_7i—uiA3—,i) dx
i=1 Y ©6NNsupp ng
Y1/ 9s_,  Ouy 20 0s_5  Oug
6 LT ) de o+ s 2o s )d
H /0 <u1 or or y ’1) e (u2 or 61"8 2 ) ¥

P1
+ uwlgs— —u—=)do.
T N0y on

Inserting the expansion (2.24) of u and considering the limit 6 — 0 we get the coefficient
formula (2.25).

Computation of Stress Intensity Factors for Interface Cracks

As an example we consider the linear isotropic elasticity problem in a one sided clamped
laminated structure with an interface crack, see Fig. 2. There are no volume forces and
tensions of £2000 MPa. The Young moduli are Fq = 200000 MPa and Ey = 400000 MPa,
the Poisson ratios are chosen as 11 = v9 = 0.3. The asymptotic expansion (2.21) near the
crack tip S reads [5, 60]

1 - 1 .
u = 1s (Clﬁﬂsvl(@) + 027“57%2(900 + Ureg

where
. 1 1+0 . /1'2(1_21/1)_”1(1_27/2)
e=—1In , 8= .
2t 1-0 2(pe(1 —v1) + i (1 — 1))

The coefficients ¢; as well as the functions v; are complex valued. The stress intensity

factor ¢; = Kj + 1K3 is computed via coefficient formulas similar to formula (2.25) and
the real part and imaginary part are plotted in Fig. 2, [4]. Coefficient formulas for linear

isotropic elasticity are derived in [5].



Figure 3: The vertex neighborhood

2.3 3D Vertex and Edge Singularities

Let us assume that €; C R? are polyhedrons and that the set I'p NIy consists of straight

edges. We analyze now the behavior of the potential and elastic fields near the set S:
S = {edges of 9Q;} U {vertices of 9€;} .

The vertex singularities can be described analogously to the 2D corner singularities

taking an ansatz in spherical coordinates:
using(ra 2 0) - ra(I)a(QO7 0) ’

where r = |z — v| and v is a vertex as in Fig. 3. We proceed as in the 2D case and get

(2.15), (2.16), (2.6) correspondingly and finally an operator pencil
Ay () : V(N Sg(v)) — V(QNSg(v)),

where Sr(v) = {x € R?: |z — v| = R} for sufficiently small fixed R and V(Q N Sg(v)) =
{u € WH2(Q N Sgr(v)) : ulp, = 0}. There are finitely many eigenvalues of the Fredholm

operator bundle A,(«) in any strip
aqa<Rea,<c.

We call an eigenvalue non-defective, if its algebraic and geometric multiplicities coincide.
Assuming this for simplicity we get together with the eigensolutions ®,, (¢, ) singular

vertex functions for weak solutions of the form

Uvertex = Z %(7‘)6%7“% @av((p, 0) ) (226)

1 1
*§<Re Olv<§

where 7, is a cut-off function and c,, are constants which depend on the right hand sides.
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The edge singularities are generated by 2D operator pencils. For a fixed edge €, we
introduce an orthogonal system of coordinates (yi,y2,¥3), where the ys-axis is directed
along the edge €. We denote by Kz the straight plane angular cone of opening ¢z in
the {y1,y2}-plane such that Q coincides with Kz x R in a neighborhood of €. Removing
the derivative 0,, in the operators L defined by (2.3) and (2.4) we get 2D-operators Lg
in Kz Introducing polar coordinates (p,pz) and applying the Mellin-technique we get
edge-singularities of the weak solution of the following form provided the eigenvalues are

non-defective:

Uedge = O Cap(y3)p®*@a,(pz) . (2.27)
0<Re ag<1
The exponents ag are the eigenvalues and ®,_(p¢) the corresponding eigensolutions of the
eigenvalue problem as formulated in (2.16).
The asymptotic expansion of weak solutions of (2.11), (2.12) and (2.13) reads in a

vicinity of a vertex v, provided the eigenvalues are nondefective [2, 13, 37, 45]:

Tht =1y (uvertex + E uedge) + Ureg
edges

= Z Comrav P, (0, ‘9) + My Z Z Eag(y?n r)pagq)ag(‘)o?)

—%<Re av<% edges 0<Re ag<1

+ Ureg (2.28)

where Uyeglo, € H?>7(;). Here, we accumulated the interaction of vertex and edge

singularities in the coefficient ¢, _(ys3, 7).

2.4 Examples
Vertex Exponents

We start with the Dirichlet problem for linear elastic fields in a composed Fichera domain
with the Young moduli £; = 1, F5, = 10 and Poisson ratios v1 = vy = 0.3, see Fig. 4.
The plotted squares in Fig. 4 represent the real parts whereas the diamonds show the
imaginary parts of the vertex exponents. Figure 4 is from [45], the computations where

done by D. Leguillon.

2.4.1 Kellogg’s Example

The following two dimensional example by R. B. Kellogg shows that the singular exponents
in expansion (2.21) for solutions of the Laplace equation can have arbitrary small positive
real parts.

Let be @ = (-1,1)2 C R%, Q; = {z = r(Gny) € Q: (i—1)71/2 < ¢ < in/2} for
1 <i < 4 and we consider the Laplace equation (2.3) on this domain. In the neighborhood

of S, the solution u has the structure (2.21), the singular exponents « in (2.23) are real and

11
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Figure 4: a) Fichera corner, b) vertex exponent

there are no logarithmic terms. If we choose 1 = pus =1, s = g = h > 0, then o > 0 is
a singular exponent of (2.23) if and only if cos(am) =1 — 8h/(1 + h)? [11, 24]. Tt follows
from this relation that amn, = min{a > 0, « is singular exponent} tends to 0 for h — 0
or h — oo, see also Fig. 5. Therefore, the regularity of weak solutions can get arbitrarily
low, i.e. for general situations it can only be guaranteed that u|Q1 € WHe2(Q,), e > 0

small.

2.4.2 Quasi-Monotonicity

Different authors investigated in detail the dependence of the singular exponents in (2.23)
and (2.28) on the geometry, material parameters and the number of subdomains and
we refer to [27, 42, 45, 48] for the Laplace equation and to [27, 45] for linear elasticity.
M. Petzoldt observed and proved for two dimensional polygons that a quasi-monotone dis-
tribution of the parameters y; in the Laplace equation (2.3) leads to general positive lower
bounds for Re api, and thus guarantees a higher minimum regularity of weak solutions
[48]. In [26, 27, 29] this condition was slightly modified and extended to composites of
linear elastic materials in 2D and 3D polyhedral domains and the real parts of the sin-
gular exponents were estimated. We give here the definition of quasi-monotonicity from

[29] for a cross point S which is situated on the Neumann boundary of a two dimensional

o o N

Figure 5: Domain and eigenvalues « for Kellogg’s example
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Figure 6: Example for the quasi-monotonicity condition

polygon and formulate the corresponding regularity result. Let R > 0, N € N. For
Py <Py <... <Py < Py + 27 we introduce

Q={reR*: 0<|z|<R ®_1<p<®}, 1<i<N

and Q = {z € R?: 0 < |z| < R, ®p < ¢ < ®n}. Let furthermore C* be the elasticity
tensor corresponding to the subdomain €2;. It is assumed that the boundaries I'; = {x €
R?: |z| < R, ¢ = ®;}, i € {0, N}, are parts of the Neumann boundary. The quasi-mono-
tonicity condition is satisfied if there exists an index iy € {0,..., N} such that (Fig. 6)

QM1 Cl < ... < -l <Cio > Ciotl > >N,
QM2 There exists ¢ € R*\{0} such that £ € Q;, and —t ¢ Q .

By C* > 7 we mean that (C*A) : A > (C7A) : A for every A € R?*2, If the materials are
isotropic, then C'e = \;tr (€) + 2u;¢e for € € R?*? with Lamé constants A, u; and QM1

is equivalent to

<0< iy > ... > uN (2.29)
)‘1+N1S---S)‘io+ui02~~~2)‘N+ﬂN~ (2.30)

Theorem 2.3. [26, 27, 29, 45] Let Q C R? be as described above and let u € WH2(€2)
satisfy (2.11) with bilinear form (2.13) for every v € WH2(Q) with ”‘aamaBR(o) = 0.
Assume furthermore that f € L*(Q) and g; = 0 (for simplicity). Let finally the quasi-
monotonicity condition QM1, QM2 be satisfied. Then it holds for the exponents « in the
asymptotic expansion (2.21) with respect to S: Re o > % Thus ngubi € W%_572(QZ~) for
every € > 0 and a cut-off function ng. Moreover, if the materials are isotropic for every

i, then Re o > % and 775“|Q, € Wnge’z(Qi) for an appropriate € > 0.

The isotropic case is proved in [26, 27, 45] with a homotopy method. The proof of the
general case relies on a difference quotient technique and we go into details in Sect. 3, see
also [29, 31]. Analogous results are derived for more general linear elliptic systems in two
and three dimensions [29, 31, 45].
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As a special application of Theorem 2.3 we consider an elastic, isotropic bi-material
with a crack perpendicular to the interface. This example is studied in [35]. Let &y = 0,
b =73, o = 37” and &4 = 27 — 0 for small § > 0. We assume that vanishing Neumann
conditions are imposed near the cross point S = (0,0), see Fig. 6. Let ©; and Q3 be
occupied by zirconia oxide ZrOs and 25 by aluminum oxide AlsOs. The corresponding
material parameters are p; = pg = 0.73 [10° N/mm?] , \; = A3 = 1.096 [10° N/mm?] and
po = 1.46 [10° N/mm?], Ao = 2.19 [10° N/mm?]. The quasi-monotonicity condition QM1,
QM2 is satisfied for 4 > 0 and thus Re amin > % due to Theorem 2.3. The numerical
calculations in [35] confirm this with ai, = 0.57 for 6 = 0. If on the other hand the
materials are interchanged, i.e. {2 and €3 are occupied by AloO3 and s by ZrOs, then
the quasi-monotonicity condition is violated and the calculations from [35] give ayin = 0.42
for 6 = 0. Following the discussion in [35] it seems that the quasi-monotonicity condition
does not only lead to higher regularity results but also describes a class of composites

which can sustain higher loads before breaking.

3 Nonlinear Elliptic Systems of p-Structure

In this section we consider boundary transmission problems for quasilinear elliptic equa-
tions and systems of p-structure, where the p-Laplace equation is a typical example. We
admit that the growth properties of the differential operators vary from subdomain to sub-
domain. Unlike the linear case it is to the authors’ knowledge an unsolved problem whether
the behavior of weak solutions of such nonlinear transmission problems can completely be
characterized by asymptotic expansions similar to (2.21). By a difference quotient method,
Savaré [52] and Ebmeyer and Frehse [18, 19] obtained global regularity results for quasilin-
ear elliptic boundary value problems with smooth coefficients on Lipschitz domains. They
assumed that the domains satisfy an additional geometrical condition near those points,
where the boundary conditions change. Their results describe a minimum regularity in
Sobolev-Slobodeckij spaces for weak solutions on this class of domains.

The main idea for obtaining global regularity results also for transmission problems is
to combine the difference quotient technique with the quasi-monotonicity condition, which
originally was introduced for linear elliptic transmission problems (Sect. 2.4.2). We explain

here this concept in detail.

3.1 Systems of p-Structure

It is assumed that the differential operators under consideration can be derived from
convex minimization problems. Let = Ufilﬁi C R? and assume that M functions
W; : Rm*d _ R are given for some m > 1. The conditions on the functions W; are

specified later. The boundary transmission problem reads for u : 2 — R™, u|, = u; and
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given functions f, ¢g:

div (DW;(Vu;)) + fi =0 in §; , (3.1)
ui—u; =0 only;, (3.2)

DW;(Vu;)it; + DW;(Vuj)n; =0 on I'yj (3.3)
u=0 onIp, (3.4)

(3:5)

DW;(Vu;)ii; =g onTnynNT;.

Here, we use the notation DW;(A) = (%ﬁ)kl eR™dand A: B = >y 27:1 A B,

|A] = VA : A for A, B € R™*% Tt is assumed that the differential operators (3.1) are of
p-structure. This means that the energy densities W; satisfy H1-H4 here below for some

pi € (1,00):

H1 W; € C1(R™*4 R) N C2(R™*N\{0},R) .

H2 There exist ¢}, € R, ¢}, ch > 0 such that for every A € R™*d
co+ et AP S Wi(A) < (1 + A1) .

H3 There exist ¢ > 0 such that for every A € R™*4:

IDWi(A)| < L+ [APTY,  [D*Wi(A)] < AP

H4 There exist ¢; > 0 such that for every A, B € R™*4 A £ 0:

D2W, BB, > c; |APi?|B|?
ZleaA,ﬁaAﬂ ksByr > | AP |B|
7]

Condition H4 implies that the functions W; are strictly convex and that the corresponding
differential operators (3.1) are elliptic. The p-Laplace equation is included here with
W;i(Vu) = p%, |VulPt for u: Q — R.

Appropriate function spaces for a weak formulation of (3.1)—(3.5) were first introduced
and studied by W.B. Liu [39]. Let 7 = (p1,...,pnm) with p; € (1,00) corresponding to W;
and ppin = min{p;, 1 <i < M}. Then

WEP(Q) = {u € WhPmin(Q) : u|, € WHPi(Q,)} .

Q;

Since WHP(Q) ¢ WhPmin(Q), traces are well defined for elements of W1?(Q) and thus, the

following definition is meaningful:

VP(Q) = {ue WH(Q) : u|, =0}
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Figure 7: Examples for the quasi-monotonicity condition

Assume now for simplicity that the Neumann datum g in (3.5) vanishes and that I'p # ().
The weak formulation to (3.1)—(3.5) reads for given f € LI(Q) with ¢= (q1,...,qa) and
¢; '+ p;t = 1: Find u € VP(Q) such that for every v € VP(Q)

M
Z/Q DW;(Vu) : Vuodz = /vadx. (3.6)
i—1 7

It follows from the main theorem on monotone operators that (3.6) has a unique weak
solution u € VP(1).

3.2 The Quasi-Monotone Covering Condition and Regularity

Kellogg’s example in Sect. 2.4.1 shows that even in the linear case one cannot expect
to obtain general minimum regularity results without any further assumptions on the
geometry of the subdomains or the distribution of the coefficients. Furthermore, when
proving the regularity results with a difference quotient technique, one has to ensure that
functions of the form n?(z)(u(z + he;) — u(z)), where 7 is a cut-off function, {ey,...,eq}
a basis of R, h > 0 and v € W'P(Q), are admissible test functions. In particular, the
translated function n?u(- + he;) should be an element of W1#(Q) as well. This cannot be
guaranteed for an arbitrary geometry and an arbitrary distribution of the parameters p;.

Our main assumption on the boundary transmission problem is that the subdomains
Q; together with the energy densities W; satisfy the quasi-monotone covering condition.
We formulate here this condition for an interior cross point S and refer to [29, 31] for the

general case.

Definition 3.1. Let S € Q C R? be an interior cross point of the subdomains €;, 1 <
i < N and R > 0 such that Br(S) € Q. Let W;, 1 < i < N, be the energy densities
corresponding to the subdomains €);.

The pairs {(Q;, W;), 1 < i < N} satisfy the quasi-monotonicity condition on Bgr(S) if
there exist numbers k; € R and an open cone K C R? with vertex in 0 such that for every
hek,1<i,j<N and A R™ it holds

if Q,+hN Qj 7é @, then W](A) + k‘j > WZ(A) + k; . (3.7)
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See Fig. 7 (left) for an example. For interior cross points on two dimensional domains
which are composed of polygonal subdomains, this definition can be reformulated in a
more illustrative way. Let Q = Br(0) CR? and ; = {x € R? : &; | < ¢ < ®;, |z| < R}
for &5 < ... < & = &g + 27w. The quasi-monotonicity condition is satisfied if there exist
an index 79 € {2,..., N} and numbers k; € R such that it holds (see Fig. 7, right):

M3 For every A € R"™*2 we have
Q y

Wi(A)+ k1 > Wa(A) + ke > ... > W (A) + K4y <
o< WN(A)+]<:N < Wl(A)—f—k‘l .

QM4 There exists £ € R?\{0} such that € Q; and — € Q;, .

Example 3.2. Let W;(A) = pii |A|P* for A € R%. Then QMS is equivalent to

PZp22... 2P <...<PN<Dp1.

The energy densities W;(A) = & |A]?, A € R?, in Kellogg’s example (Sect. 2.4.1) do not

satisfy the quasi-monotonicity condition with respect to S = (0,0).

Example 3.3. Let ©Q,9Q;,Q9 C R? be bounded Lipschitz domains with Q; N Qs = 0,
Q=0,UQ and Qy € Q. Let furthermore 9Q = I'p or 9 = I'y and assume that W,
Wy satisfy H1-H4 with p; # p2. Then the quasi-monotone covering condition is satisfied
for the pairs {(€2;, W;), i = 1,2}, see Fig. 8. We refer to [29, 31] for further examples.

Theorem 3.4. [29, 50, 31] Let Q C R be a bounded Lipschitz domain with Q = UM Q;.
We assume that the functions W; : R™*4 — R, 1 < i < M, satisfy H1-H4 for some
pi € (1,00) and the quasi-monotone covering condition. Let finally f € LI(Q) with p; ' +
q{l =1.

Then the weak solution u € VP() of (3.6) and the stress field 0 = DW (Vu) € L1(Q)
have the following regularity: For every § > 0

1 _S5p.
uly, € WRTP(Q), o], € WET@(Q) if pi € [2,00) (3.8)

1 _ 50
uhew%wm@%ahememgimﬁuﬂ. (3.9)

Here, r(s) 2ds _ and for s € (1,2] it is s < r(s) < 2.

= 2d—2+s

1

Figure 8: Nested Lipschitz domains

17



Non vanishing Dirichlet and Neumann conditions are treated in [29, 31]. The regularity
theorem corresponds well with the results of references [18, 19, 52| for pure boundary value
problems. Moreover, the results of the linear case (Thm.2.3) are recovered by Theorem

3.4. Note that Theorem 3.4 is applicable in the situation described in Example 3.3.

Remarks on the proof. The proof of Theorem 3.4 is carried out with a difference quo-
tient technique, where the domain €2 is covered by a finite number of balls and Theorem
3.4 is proved for each ball separately. We give here a sketch for an interior cross point S
for which the quasi-monotonicity condition of Definition 3.1 is satisfied. For simplicity we
assume that p; > 2 for every i. For the full proof we refer to [29, 31].

The goal is to derive the following estimate for h € I, where K is the cone of Definition
3.1:

Z/ \Vu(z 4+ h) — Vu(z)|P dz < c|h| , (3.10)
Q:NBR(S)

and the constant ¢ is independent of h € K. Inequality (3.10) implies that u! QuNBr(S) is

an element of the Nikolskii space N/ P “(Q;N Bg(9)) [56]. The embeddmg theorems for
Nikolskii and Sobolev-Slobodeckij spaces lead to u|Q nBr(s) € w __6’1?’((2 N Bg(S)) for
every d > 0 [56]. We prove now estimate (3.10). H1-H4 imply the following convexity
inequality (see e.g. [29])

N
0% | Vu(z — V()P dx
Z:/Qn Vu(a +h) - Vu(@)” d
N
§Z/.772DW(VU):V(u(m+h)—u(:ﬂ))dx

+ Z/ Wi(Vu(z + h) = Wi(Vu(z))) dz, (3.11)

where 7 is a smooth cut-off function with n = 1 on Br(S). The quasi-monotonicity
condition guarantees that v(z) = n?(u(z + h) — u(x)), h € K, is an an element of V?(Q)
and thus is an admissible test function for the weak formulation. Using (3.6), the first term
on the right hand side in (3.11) can be controlled after some technical calculations by ¢ |h|.
The second term in (3.11) can be rewritten as follows with Ajw(z) = w(z + h) — w(zx)

and the numbers k; from Definition 3.1:

Z/ Wi(Vu(z + b)) + ki — Wi(Vu(z)) — k) dz

_Z/ A (P (Wi(Vu) + ki) de

—Z / (o) WiVl + B)) + ) d (312
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The quasi-monotonicity condition implies that the first term on the right hand side in
(3.12) is < 0. Since 7 is smooth, the second term can be estimated by c|h|. Thus (3.10)
holds and the proof is finished.

Inequalities like convexity inequality (3.11) are essential for obtaining regularity results
via a difference quotient technique. On the basis of inequalities like (3.11) we proved a
global regularity result for a shear thinning fluid of power-law type [28] and extended a
local regularity result by Carstensen and Miiller [9] for stress fields of not strictly convex

energies to a global one [30].

4 Application of the Regularity Results

The derived regularity results and coefficient formulae can be applied in different fields. We
discuss here two of them in detail, namely sensitivity analysis for linear elastic fields and

the derivation of formulas in fracture mechanics for a nonlinear elastic model of power-law

type.

4.1 Sensitivity Analysis

The goal of shape and structure optimization in elasticity is to determine an elastic body
or composite which is optimal with respect to objective and constraint functionals. For
example, if one wants to avoid plastification the values of the von Mises yield functional
should be small enough, or if one wants to avoid crack growth, the energy release rate (or
the stress intensity factors) should not exceed their critical values. The influence of the
shape or the structure of the domain on the stress behavior has been studied by many
authors [21, 53] and the corresponding sensitivity analysis is well developed for problems
in smooth domains. Here, we focus on the sensitivity analysis for linear elastic fields in
two-dimensional non smooth domains and study a class of functionals with respect to
shape perturbation.

Let Q C R? be a polygonal domain. We introduce a family of mappings {®. €
[C3(Q)]?, € €[0,20]} which admit Taylor expansions

D, (z) =z + e®(z) + 2Pp(e, x)

with ®, &g € [C3(Q))2. The function ®g(e,z) is bounded with respect to e for every
z € Q. The perturbations (€, T:,I'2 TY) of the reference configuration (Q,T,I'P,TV)

are defined by
Qo =d.(), T.=d. (), TP=a.P), V=0,1V).

3 3

Since ®. € [C3(2)]? the number of singular points in €. is independent of .
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Let be ue a solution of (2.4) in Q. with mixed boundary conditions on I'2, 'Y and
corresponding interface conditions on I'.. We consider functionals associated with the

elastic fields u. and o(uc)

J(QE) = / F(uma(ua))dm’e s (4.1)
Qe
where the function F' satisfies for a positive constant ¢ the growth conditions

F(p,q) < a(p)(c+ qI*), 93F(p,q) < a(p)(c+ lq]) (4.2)

for some a € C(R?) and all p € R?, ¢ € R*.
Our goal is to derive formulae for the sensitivity of the functional J with respect to the

perturbation mapping ®., i.e. we want to calculate the shape derivative

07(2, ®) =t L2 = /()

e—0 £

(4.3)
and to express dJ(§2, ®) as an integral over 0.

Sensitivity Formulae with Material and Shape Derivatives

We give different formulae for d.J(€2, ®) with material and shape derivatives. The material

derivatives of u. and o, are defined as

0= d(ue © Pc) ’ (4.4)
de =0
whereas the shape derivative is given as
du
"i= —|  =4-—Duy®. 4.5
e I e (4.5)

It is proved in [7] that @ and «’ are well defined. We assume that the transformed force

densities f. o ®. and g. o . depend smoothly on ¢

fa o (I)a :fO +€f1 +52fR(5) s
g: 0 P =go + g1 + %gr(e) .

Furthermore,

Heo®. =  fig+eii+ e2ig(e) ,
(ue 0 ®.) () =up(z) + ei(z) + O(e?) .
Theorem 4.1. [7] Let F in (4.1) be continuously differentiable with respect to all its

arguments and satisfy the growth conditions (4.2). Furthermore, let ax = min{Re «; €

(0,1)}, where «j is defined by (2.22). Then

4J(Q, ) = / (OuF (19, 00) - it + 8y (g, 70) : & + F(ug, 00)div ) da .
Q
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If additionally ax > %, then

dJ(Q,®) :/(auF(uo,ao) ' +0,F(ug,00) : U') dx +/ F(ug,00)® - fipds, .
Q o0

If ax > %, then

dJ(Q,(I)) = /@Q F(UO,UO)((I) . ﬁo)dsx

+ / w- (P -7ip)(f + kg) — divr((® - 7ig)or(ug))) dsy
FN
- /F (@ 710)(C0, F (w0, 00) — o))y uods. (4.6)

or(ug) is the tangential component of the stress tensor on 0), k is the curvature of OS2,

the tangential divergence operator divr is defined by
diVF’U =divv — Dvﬁo . ﬁ() s
and w is the so-called adjoint displacement field, see [7].

Remark 4.2. If ax = % and a homogeneous material is given, then we have to add to

(4.6) stress intensity factors [7]. This yields for straight propagation of cracks in linear,

isotropic, elastic materials with the energy functional

1
700 = 5 [ otuc): eluyie. (47)
Qe
to the well-known Irwin formula
2
dJ(Q,®) =7 Ki(uo)®
i=1

Here, K; are the classical stress intensity factors and - is a material constant.

4.2 Griffith’s Fracture Criterion for a Power-Law Model

A special case in sensitivity analysis is the derivation of the formulas for the energy release
rate of bodies with pre-existing cracks. We describe here recently derived results for a

power-law model.

4.2.1 The Ramberg-Osgood Model and Regularity

The Ramberg-Osgood model is applied to describe materials with low proportionality limit
and with strain hardening behavior [10, 47]. The field equations for the displacement field
u: Q — R? and stress field o : Q — R%*? read as follows:

dive+ f=0 in Q, (4.8)
e(u) — Ao — « ‘JD‘qu o =0 inQ (4.9)
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Figure 9: Examples for an admissible domain and a cracked domain

together with boundary conditions on 9. Here, o

=0— étr ol denotes the deviator of
o, ¢ > 2 is the strain hardening parameter, A the tensor of elastic compliances (A~! = C
with C from (2.5)) and o > 0 a further material constant. The field equations (4.8)—(4.9)
are closely related to quasilinear elliptic systems of p-structure (Sect. 3). The following
global regularity results are derived in [31, 32] with a difference quotient technique for
weak solutions on admissible domains (¢ > 2, p~! +¢ 1 =1):
2d

we WihEmIm(Q), o, divu e W202(Q)n Wi 3(Q) (4.10)
for every > 0. We call a domain admissible if either A1 or A2 here below is satisfied:
A1 Q c R? is a bounded Lipschitz domain and Tp N Ty = 0.

A2 Q c R? is a Lipschitz polyhedron where at most d faces intersect near points S €
T'p NTx. Furthermore, the interior opening angle between I'p and I'y is less than
m, see Fig. 9 and [17].

A slightly more general definition of admissible domains is given in [32]. Local regularity
results are proved by Bensoussan and Frehse in [3].

As in the case of quasilinear elliptic systems of p-structure, it is also for the Ramberg-
Osgood model an unsolved problem, whether the behavior of weak solutions near re-
entrant corners, edges or crack tips can be completely characterized by asymptotic expan-
sions. A comparison between singularities obtained with ansatzes of the form w(r, ) =
r*v(yp) and between the regularity results (4.10) shows good agreement:

Let Qor = {2 €R?: —7 < ¢ <, |z| < R} for R > 0, and assume that Ty D {z : p =
+7}, ie. Qo C R? is a domain with a crack on the negative x-axis. First investigations
on crack tip singularities for Ramberg-Osgood materials were done by Hutchinson [22] and
Rice and Rosengren [50]. Based on the assumption that the displacement and stress fields
have an asymptotic structure like in the linear case (2.21), they derived a strongly non-
linear eigenvalue problem from which they calculated the leading terms in the asymptotic
expansion. In particular, they obtained

u(r,9) = 1T0(g) + treg (1 9) , 0(19) =17 IT(9) +oreglrg)  (411)
near the crack tip. The singular terms are called HRR-fields. Relation (4.11) fits well with

3 4
the regularity results (4.10) since the function v(z) = |z|” is an element of W575’ﬁ((2),
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which is the space from (4.10) for d = 2, if and only if v > %. Furthermore, numerical
investigations (see e.g. [61]) show the dependence of the exponents in (4.11) on the opening
angle of the domain and indicate that the singular behavior of weak solutions is completely
characterized by asymptotic expansions as in the linear case. But to our knowledge there
is no rigorous proof of this conjecture and therefore, we do not use relation (4.11) for the

derivation of formulas for the energy release rate.

4.2.2 Griffith’s Fracture Criterion and Energy Release Rate

Griffith’s fracture criterion is an energetic criterion and reads as follows for a domain €

with pre-existing crack Cjy and loading F' [38]:

The crack Cy is stationary with respect to the applied loading F' if the total potential
energy 11 of the body in the actual configuration is minimal compared to every admissible

neighboring configuration.

We consider here the simplest case and assume that plane strain conditions hold, that the
crack is part of a straight line and that the crack can grow straight on, only. Admissible
neighboring configurations are characterized as follows: For § € R let S5 = {z € R? :
x1 < 6,29 = 0} and let Q C R? be a bounded domain with Lipschitz boundary such that
5 (L) € Qfor |§] < d. For 8] < &y we define Qs = Q\Ss, C5 = QN S5 and call Qg
actual configuration with crack Cy. The domains s, > 0, are admissible neighboring
configurations with cracks Cs.

The total potential energy Il has the following form for a displacement field u and

external forces F":
II(Q) = L (s, u) — W (Qs,u, F) + D(Qs) . (4.12)

Here, I, denotes the elastic strain energy, W the work of the external forces and D is
a dissipative energy which we assume to be proportional to the crack length: D(Qs) =
D() + 29. The constant v > 0 is the specific surface energy or fracture toughness and

depends on the material. The elastic strain energy of the Ramberg-Osgood model reads for

a displacement field ug, a corresponding stress field o5 with e(us) = Ao+« !0(? ‘qu Jéj =
D AW, (05) and complementary energy density We.(os) = %AJ(; Tos5 -+ % ‘Uﬂq:
Iel(Q(;,u(g) = / ags . €(U5) - WC(O'(;) dz . (4.13)
Qs

Let f € L9Q), g € (We'(Ty)) and F = (f,g). Then W (s, us,F) = [, fusdae +
(us, g)ry- The quantity E (s, us, F') = I(Qs, us) — W (s, us, F) describes the potential
deformation energy. Let (ug,05) be a weak solution of (4.8)—(4.9). Griffith’s fracture

criterion takes now the form: If

E(QQ,UO,F) — E(Qg,u(s,F) < D(Qg) — D(Qo) = 2’)/(5 (414)
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for every small § > 0, then the crack Cj is stationary. This motivates the following

definition, which is a special case of (4.3) with J = —E:

Definition 4.3 (Energy release rate). For § > 0 let ugs,05 be a weak solution of (4.8)—
(4.9). The energy release rate, shortly ERR, for the domain Qy with crack Cjy and exterior

forces F' is defined as
1
ERR(Qo, F) = lim —(E(Q, uo, F) — E(Qs,us, F)) .
5\0 0
With this definition the fracture criterion reads:
If ERR(Q0, F) < 27, then the crack is stationary, otherwise it will grow.

The question is whether the energy release rate is well defined and whether there exist
formulas for calculating this quantity. In the case of linear elastic materials such formulas
(Griffith’s formula, J-integral, formulas based on the stress intensity factors) are rigorously
proved in [14, 25, 40]. For nonlinear elastic models these formulas were derived in the
literature under the assumption that the elastic fields ug, og are smooth enough or that
they can be characterized by certain asymptotic expansions near the crack tip. However,
such regularity results are not known in general. Using the regularity results for the

Ramberg-Osgood model from Sect. 4.2.1 we proved the following theorem:

Theorem 4.4. [33, 31] Let § € C5°(Q) with @ = 1 in a neighborhood of the crack tip. Let
furthermore T' be a non-intersecting, Lipschitz-continuous path around the crack tip with
normal vector i = (ny,ns)! pointing towards the crack tip. Let finally f € Cl(ﬁ) with
%f = 0 in a neighborhood of the crack tip and T (see Fig. 9). Then the energy release

rate is well defined for the Ramberg-Osgood model and the Griffith-formula holds:

ERR(Q(), F) = / oo . (81U0 &® ve)sym dr + / ug - 81(«9]") dz
Qo Q0

_/Q (00 : £(up) — Wa(oo)) D10 dz . (4.15)

Furthermore, after integration by parts,

ERR(QQ,F) Z/F(Joﬁ)-aluOdS —/F(JQZE(U()) —WC(U()))nldS—i-/Fu -fnlds . (4.16)

This path integral is called J-integral. The integrands of (4.15) and (4.16) are L'-functions
and (4.15)—(4.16) are independent of 6 and of the path T.

The formulas for the energy release rate have the same structure as in the linear case.
Moreover, the proof of Theorem 4.4 runs parallel to the linear case and is based on the
mapping Ts(z) = x — 9 (6(;))7 which is a diffeomorphism from the domain Q5 to €.
The J-integral is meaningful due to the regularity results in (4.10). In a recent paper we
extended Theorem 4.4 to geometrically nonlinear elastic models with polyconvex energy

densities [34], results for dynamical crack propagation (linear case) are proved in [46].
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Numerical Examples for the Energy Release Rate

The following example is studied in [54]. Let Qo = (—5,5)?\Sp be a compound of two
materials with an interface crack and energy densities corresponding to modified p;-Laplace
operators, i.e. Wi(A) = p; (ki + |A|2)% for A € R? i = 1,2. This example can be
interpreted as an anti-plane case of the Ramberg-Osgood model. The same notation as in

the previous section is used here, see also Fig. 2. The field equations for u : ¢ — R read
div DWZ(V’U,Z) =0 in Q;, DWZ(VUZ)T_I:Z =0 onI'yuUCy
together with the Dirichlet conditions

—2x1+ w9+ 15 if 29 = -5, 21 € (—5,5) s
u(z) =40 ifx; =5,
21+ 10 — 15 if zo =5, IE1€(—5,5).

The energy release rate can be expressed by the Griffith formula
2
ERR(Q) =) / Oy, us DW; (V) - VO — Wi (V) 0y, 0 daz
i=1 7%

where 0 is a cut-off function centered at the crack tip. Figure 10 shows the energy release

rate for k1 = kg = 1077, different lengths of the crack Cy and varying parameters p; and
pi.
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Figure 10: Energy release rate versus crack length, 1, po, p1, p2
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5 Conclusions

High mechanical stresses can occur in linear and nonlinear elastic composites in the vicinity
of re-entrant corners, edges, cracks and near interior surfaces, where the different materials
of the composite come together. These stress concentrations have a strong influence on the
strength and physical life of the structure. Their knowledge is fundamental for fracture
and failure criteria.

In the linear case the substructures consist of linear elastic materials and the singular
behavior of the displacement and stress fields can be completely characterized by means
of an asymptotic expansion of the solution near the mentioned geometrical and structural
peculiarities. Detailed formulas are derived. For some classes of semilinear and quasi-
linear systems of partial differential equations (e.g. stationary Navier-Stokes equations,
semiconductor equations) it can be shown that the regularity of the solutions is dominated
by assigned linearized problems.

Nonlinear elastic field equations of power-law type do not fit in this framework in general
and it is an open question whether the behavior of the elastic fields can be completely
characterized by leading terms in an asymptotic expansion similar to the linear case. In
order to obtain global regularity results for nonlinear elastic field equations of power-
law type a combination of the difference quotient technique with the concept of a quasi-
monotone distribution of material parameters was used. This leads to the new concept of
a quasi-monotone covering condition for the subdomains and the energy densities which
determine the differential operators on the subdomains.

The regularity results for linear and nonlinear elastic problems can be applied in shape
and structure optimization problems in nonsmooth domains, sensitivity analysis for com-
pound elastic structures and the Griffith fracture criterion for a nonlinear elastic model of
power-law type. Relying on the proved regularity results formulae for shape derivatives
and the energy release rate are derived. Numerical experiments show their relevance for

computations.

Acknowledgement

The authors were supported by the German Research Foundation (DFG), SEB 404 Mul-
tifield Problems in Solid and Fluid Mechanics, project C5.

Bibliography

[1] F. Ali Mehmeti, M. Bochniak, S. Nicaise, and A.-M. Séndig. Quasilinear elliptic
systems of second order in domains with corners and edges: Nemytskij operator, local
existence and asymptotic behaviour. Zeitschrift fir Analysis und ihre Anwendungen,
21:57-90, 2002.

26



2]

[13]

[14]

T. Apel, A.-M. Sandig, and S. Solov’ev. Computation of 3d vertex singularities
for linear elasticity: Error estimates for a finite element method on graded meshes.
Mathematical Modelling and Numerical Analysis, 36:1034-1070, 2002.

A. Bensoussan and J. Frehse. Asymptotic behaviour of Norton-Hoff’s law in plasticity
theory and H'! regularity. In J.-L. Lions and C. Baiocchi, editors, Boundary Value
Problems for Partial Differential equations and Applications, number 29 in Research

Notes in Applied Mathematics, pages 3—26. Masson, Paris, 1993.

M. Bochniak. Analytische und numerische Behandlung von Spannungssingularitdten

in elastischen Strukturen. Dissertation, Universitat Stuttgart, 2000.

M. Bochniak and A.-M. Sandig. Computation of generalized stress intensity factors for
bonded elastic structures. Mathematical Modeling and Numerical Analysis, 33:853—
878, 1999.

M. Bochniak and A.-M. Sandig. Local solvability and regularity results for a class of
semilinear elliptic problems in nonsmooth domains. Mathematica Bohemica, 124:245—
254, 1999.

M. Bochniak and A.-M. Sandig. Sensitivity analysis of 2d elastic structures in presence
of stress singularities. Archives of Mechanics, 51:275-291, 1999.

M. Borsuk and M. Dobrowolski. On the behavior of solutions of the Dirichlet problem
for a class of degenerate elliptic equations in the neighborhood of conical boundary
points. Nonlinear Boundary Value Problems, 9:29-34, 1999.

C. Carstensen and S. Miiller. Local stress regularity in scalar nonconvex variational
problems. SIAM Journal on Mathematical Analysis, 34(2):495-509, 2002.

J.-L. Chaboche and J. Lemaitre. Mechanics of solid materials. Cambridge University
Press, 1990.

M. Costabel, M. Dauge, and S. Nicaise. Singularities of Maxwell interface problems.
Mathematical Modeling and Numerical Analysis, 33:627-649, 1999.

M. Dauge. Elliptic Boundary Value Problems on Corner Domains. Smoothness and
Asymptotic Expansion, volume 1341 of Lecture Notes in Mathematics. Springer Ver-
lag, 1988.

M. Dauge. Singularities of corner problems and problems of corner singularities.
ESAIM Proceedings, 6:19-40, 1998.

P. Destuynder and M. Djaoua. Sur une interpretation mathématique de I'intégrale de
Rice en théorie de la rupture fragile. Mathematical Methods in the Applied Sciences,
3:70-87, 1981.

27



[15]

[18]

[19]

[21]

[22]

M. Dobrowolski. On quasilinear elliptic equations in domains with conical boundary
points. Journal fir die reine und angewandte Mathematik, 394:186-195, 19809.

M. Dryja, M. V. Sarkis, and O. B. Widlund. Multilevel Schwarz methods for elliptic
problems with discontinuous coefficients in three dimensions. Numerische Mathe-
matik, 72:313-348, 1996.

C. Ebmeyer. Steady flow of fluids with shear-dependent viscosity under mixed bound-
ary value conditions in polyhedral domains. Mathematical Models and Methods in
Applied Sciences, 10(5):629-650, 2000.

C. Ebmeyer. Nonlinear elliptic problems with p-structure under mixed boundary value
conditions in polyhedral domains. Advances in Differential Equations, 6(7):873-895,
2001.

C. Ebmeyer and J. Frehse. Mixed boundary value problems for nonlinear elliptic
equations in multidimensional non-smooth domains. Mathematische Nachrichten,
203:47-74, 1999.

P. Grisvard. FElliptic Problems in Nonsmooth Domains. Pitman Press, Bath, Avon,
1985.

E. J. Haug, K. K. Choi, and V. Komkov. Design Sensitivity analysis of structural

systems. Academic Press Inc., 1986.

J. W. Hutchinson. Singular behaviour at the end of a tensile crack in a hardening
material. Journal of the Mechanics and Physics of Solids, 16:13-31, 1968.

G. R. Irwin. Analysis of stresses and strains near the end of a crack traversing a
plate. Journal of Applied Mechanics, 24:361-364, 1957.

R. B. Kellogg. On the Poisson equation with intersecting interfaces. Applicable
Analysis, 4:101-129, 1975.

A. M. Khludnev and J. Sokolowski. Griffith formulae for elasticity systems with
unilateral conditions in domains with cracks. FEuropean Journal of Mechanics and
Solids, 19:105-119, 2000.

D. Knees. Regularitiatsaussagen fiir zweidimensionale elastische Felder in Kompositen.
Diplomarbeit, Universitdt Stuttgart, 2001.

D. Knees. Regularity results for transmission problems for the Laplace and Lamé
operators on polygonal or polyhedral domains. Bericht SFB404 2002/10, Universitét
Stuttgart, 2002.

28



[28]

[31]

[32]

[40]

D. Knees. On the regularity of weak solutions of a shear thinning fluid of power-law
type. Bericht SFB 404 2003/23, Universitit Stuttgart, 2003.

D. Knees. On the regularity of weak solutions of nonlinear transmission problems on
polyhedral domains. Zeitschrift fir Analysis und ihre Anwendungen, 23(3):509-546,
2004.

D. Knees. Global stress regularity for convex and some nonconvex variational prob-
lems on nonsmooth domains. Bericht SFB 404 2005/04, Universitat Stuttgart, 2005.
(submitted).

D. Knees. Regularity results for quasilinear elliptic systems of power-law growth in
nonsmooth domains: boundary, transmission and crack problems. PhD thesis, Uni-
versitdt Stuttgart, 2005. http://elib.uni-stuttgart.de/opus/volltexte/2005/2191/.

D. Knees. Global regularity of the elastic fields of a power-law model on Lipschitz
domains. Mathematical Methods in the Applied Sciences, Published Online: 15 Feb
2006, DOI: 10.1002/mma.727, 2006.

D. Knees. Griffith-formula and J-integral for a crack in a power-law hardening mate-
rial. Mathematical Models and Methods in Applied Sciences, 2006. accepted.

D. Knees and A. Mielke. Energy release rate for cracks in finite-strain elasticity.
WIAS Preprint No. 1100, Weierstrass Institute for Applied Analysis and Stochastics,
Berlin, 2006. (submitted).

7. Knésl, L. Nahlik, and J. Radon. Influence of interface on fatigue threshold values
in elastic bimaterials. Computational Materials Science, 28:620-627, 2003.

V. A. Kondrat’ev. Boundary value problems for elliptic equations in domains with
conical or angular points. Transactions of the Moscow Mathematical Society, 10:227—
313, 1967.

V. A. Kozlov, V. G. Maz’ya, and J. Rossmann. FElliptic Boundary Value Problems in

Domains with Point Singularities. American Mathematical Society, 1997.
H. Liebowitz, editor. Fracture, volume 1-6. Academic Press, New York, 1968.

W.-B. Liu. Degenerate quasilinear elliptic equations arising from bimaterial problems
in elastic-plastic mechanics. Nonlinear Analysis, Theory, Methods € Applications,
35:517-529, 1999.

V. G. Maz’ya and S. A. Nazarov. Asymptotics of energy integrals under small per-
turbations of the boundary close to angular and conic points. Trudy Moskovskogo
Matematicheskogo Obshchestva, 50:79-129, 1987.

29



[41]

[44]

[45]

[47]

V. G. Maz’ya and B. A. Plamenevsky. On the coefficients in the asymptotics of
solutions of elliptic boundary value problems in domains with conical points. Math-
ematische Nachrichten, 76:29-60, 1977.

D. Mercier. Minimal regularity of the solutions of some transmission problems. Math-
ematical Methods in the Applied Sciences, 26:321-348, 2003.

S. Nicaise and A.-M. Séndig. General interface problems, part 1. Mathematical
Methods in the Applied Sciences, 17:395-430, 1994.

S. Nicaise and A.-M. Séndig. General interface problems, part II. Mathematical
Methods in the Applied Sciences, 17:431-450, 1994.

S. Nicaise and A.-M. Séndig. Transmission problems for the Laplace and elasticity
operators: Regularity and boundary integral formulation. Mathematical Methods in
the Applied Sciences, 9:855-898, 1999.

S. Nicaise and A.-M. Séndig. Dynamical crack propagation in a 2d elastic body.
The out-of plane state. Preprint 2005/001, Institut fiir Angewandte Analysis und
Numerische Simulation, Universitit Stuttgart, 2005. (submitted).

W. R. Osgood and W. Ramberg. Description of stress-strain curves by three pa-
rameters. NACA Technical Note 902, National Bureau of Standards, Washington,
1943.

M. Petzoldt. Regularity results for Laplace interface problems in two dimensions.
Zeitschrift fir Analysis und ihre Anwendungen, 20(2):431-455, 2001.

L. Recke. Applications of the implicit function theorem to quasilinear elliptic bound-
ary value problems with non-smooth data. Comm. Part. Diff. Equat., 20:1457-1479,
1995.

J. R. Rice and G. F. Rosengren. Plane strain deformation near a crack tip in a
power-law hardening material. Journal of the Mechanics and Physics of Solids, 16:1—
12, 1968.

A.-M. Séndig. The Shapiro-Lopatinskij condition for boundary and transmission
problems for the Lamé system. Bericht 98/14, SFB 404, Universitit Stuttgart, 1998.

G. Savaré. Regularity results for elliptic equations in Lipschitz domains. Journal of
Functional Analysis, 152:176-201, 1998.

J. Sokolowski and J. P. Zolesio. Introduction to Shape Optimization. Springer Verlag,
1992.

30



[54]

[57]

[58]

[59]

M. Thomas. Mode-III-Interface-Bruch in einem Verbund aus nichtlinearen Materi-

alien. Diplomarbeit, Universitat Stuttgart, 2006.

P. Tolksdorf. On the Dirichlet problem for quasilinear equations in domains with
conical boundary points. Communications in Partial Differential Equations, 8:773—
817, 1983.

H. Triebel. Spaces of Besov-Hardy-Sobolev type. Teubner-Texte zur Mathematik.
Teubner, 1978.

H. M. Westergaard. Bearing pressures and cracks. Journal of Applied Mechanics,
6:A49-A53, 1939.

K. Wieghardt. Uber das Spalten und Zerreifien elastischer Korper. Auf Grund eines
Ansatzes von A. Sommerfeld. Zeitschrift fiir Mathematik und Physik, 55:60—103, 1907.

M. Williams. Stress singularities resulting from various boundary conditions in an-

gular corners of plates in extension. Journal of Applied Mechanics, 74:526-528, 1952.

M. Williams. The stresses around a fault or crack in dissimilar media.
Bull.Seismol.Soc. Amer., 49:199-204, 1959.

H. Yuan and G. Lin. Analysis of elastoplastic sharp notches. International Journal
of Fracture, 67:187-216, 1994.

31



