Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Analytical and Numerical Methods for Finite-Strain Elastoplasticity

Ercan Gürses^1, Andreas Mainik^2, Christian Miehe^1,

and Alexander Mielke^3,^4

submitted: 26 Apr 2006

1 Institut für Mechanik (Bauwesen)

Universität Stuttgart Pfaffenwaldring 7 70550 Stuttgart Germany E-Mail:

guerses@mechbau.uni-stuttgart.de

2 Institut für Analysis, Dynamik und Modellierung Universität Stuttgart Pfaffenwaldring 57 70569 Stuttgart Germany E-Mail:

Andreas.Mainik@mathematik.uni-stuttgart.de

3 Weierstraß-Institut

für Angewandte Analysis und Stochastik Mohrenstr. 39 10117 Berlin, Germany E-Mail: mielke@wias-berlin.de

4 Institut für Mathematik Humboldt-Universität zu Berlin Rudower Chaussee 25 12489 Berlin-Adlershof Germany

No. 1127 Berlin 2006

W I A S

2000 Mathematics Subject Classification. 74C15, 74B20, 49J40, 49S05.

Key words and phrases. Multiplicative plasticity, energetic formulation, time-incremental minimization, microstructure, energy relaxation.

Research supported by DFG within the Collaborative Research Center SFB 404 Multifield Problems in Fluid and Solid Mechanics, subproject C11.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

An important class of finite-strain elastoplasticity is based on the multiplicative decomposition of the strain tensor F = F_{el}F_{pl} and hence leads to complex geometric nonlinearities. This survey describes recent advances on the analytical treatment of time-incremental minimization problems with or without regularizing terms involving strain gradients. For a regularization controlling all of ∇F_{pl} we provide an existence theory for the time-continuous rateindependent evolution problem, which is based on a recently developed energetic formulation for rate-independent systems in abstract topological spaces.

In systems without gradient regularization one encounters the formation of microstructures, which can be described by sequential laminates or more general gradient Young measures. We provide a mathematical framework for the evolution of such microstructure and discuss algorithms for solving the associated space-time discretizations. We outline in a finite-step-sized incremental setting of standard dissipative materials details of relaxation-induced microstructure development for strain softening von Mises plasticity and singleslip crystal plasticity. The numerical implementations are based on simplified assumptions concerning the complexity of the microstructures.

1 Introduction

We study the theory of elastoplasticity in the case of finite strains in applications such as visualized in Fig. 1, where the deformation gradient F = ∇φ is considered as a matrix with positive determinant. Moreover, we work under the basic assumption that the multiplicative decomposition

F = ∇φ = F_{el} P with P = F_{pl}

can be used to describe the elastic properties via the elastic part F_{el} of the deformation tensor and the plastic evolution via the plastic tensor P. In contrast to this, the additive decomposition ε = ε_{el}+ε_{pl} is well-established in small-strain elastoplasticity and has nice mathematical features since it can be easily combined with convexity tools. The assumption of finite strains and the multiplicative split destroy classical convexity properties and the more general notions of poly- and quasi-convexity need to be employed for the energy-storage potential

ψ(F, P, p) = ~ψ(F P^{−1}, p) ,

where p are additional hardening variables.

The subsequent mathematical analysis as well as the numerical implementations are based on the time-incremental minimization problems introduced in Sect. 2 which are phrased in terms of the full stored energy

E(t, φ, P, p) = � B ψ(∇φ, P, p)+U(P, p, ∇P, ∇p)dx − ⟨Π_{ext}(t), φ⟩

PSfrag replacements

Figure 1: Experiments and numerical simulations of finite plastic deformations. (a) Necking of a polycrystalline material. (b) Neck propagation in a tensile test of an amorphous glassy polymer

and a dissipation distance

D((P_0, p_0), (P_1, p_1)) = � B D(P_0, p_0), (P_1, p_1))dx .

For a given partition 0 = t_0 < t_1 < · · · < t_N = T of the time interval [0, T ] the time-incremental minimization problem has the form

(IP) (φ_j , P_j, p_j ) ∈ Arg Min

eφ, eP,ep � E(t_j, ~φ, ~P, ~p)+D((P_{j−1}, p_{j−1}), (~P, ~p)) � . In Section 2.2 (cf. [Mie03a]) it is shown that this incremental problem occurs naturally as the fully implicit (backward Euler) scheme for the energetic formulation (S) & (E), which is a weak formulation of the time-continuous problem consisting of the elastic equilibrium together with the plastic flow law, see (2.3). In Sect. 2.3 we discuss the arising nonlinearities, which are best understood when considering the matrix groups GL_+(d) = {F ∈ R^{d×d} | det F > 0} and SL(d) = {P ∈ R^{d×d} | det P = 1} as Lie groups.

In Section 3 several existence results are surveyed. In the situation without any length scale (i.e., the term U involving ∇P in E is not present) the variables P and p can be minimized pointwise for each x ∈ B in the incremental problem (IP). This leads to the condensed potential

W^{cond}((P_0, p_0); F) = min{ ψ(F, P_1, p_1) + D((P_0, p_0), (P_1, p_1)) | (P_1, p_1) } ,

which plays a fundamental rôle in the existence theory in Sect. 3.1. Under the assumptions that W^{cond}((I, p_0); ·) is polyconvex and that it satisfies the usual coercivity assumptions, an existence theory for (IP) was derived in [Mie04b]. If polyconvexity of W^{cond} fails, then existence of solutions is not to be expected because of the formation of microstructure. In this situation the relaxation techniques of Sect. 4 have to be used to derive effective properties.

PSfrag replacements

Figure 2: Experiment and numerical simulation of microstructures in finite plastic deformations. (a) Experimentally observed microstructure. (b) Numerical simulation based on rank–one laminate microstructure

In Sect. 3.2 a regularization of (IP) is considered which involves the geometric dislocation tensor G_P = (curl P)P^⊤ via the potential U in E, namely U(P, ∇P) = V (G_P). In [MM06b] it was observed that the multiplicative decomposition F_{el} = ∇φ P^{−1} is perfectly suited to be controlled in the sense of polyconvexity, if curl P can be bounded by the energy. Hence, the solvability of (IP) can be proved under suitable assumptions on the dissipation distance.

Finally, in Sect. 3.3 we discuss work in progress (cf. [MM06a]) which uses a full regularization of the internal variables (P, p) in the energy-storage functional E, i.e., U(P, p, ∇P, ∇p) ≥ c|(∇P, ∇p)|^r. Using the abstract theory for rate-independent systems developed in [MM05, Mie05b, FM06], it is possible to show first existence of solutions for (IP) and then to pass to the limit for time step going to 0. The limit function obtained along a carefully chosen subsequence can finally be identified as a solution of the original energetic formulation (S) & (E).

In Section 4 we define material instabilities in rate independent standard dissipative solids based on finite-step-sized incremental energy minimization principles and apply the results in Sections 5 and 6 to the prediction of deformation microstructures in strain-softening von Mises and single-slip crystal plasticity. The formulation offers two important perspectives. First, the definition of material stability of standard dissipative materials is based on weak convexity conditions of incremental stress potentials in analogy to finite hyper-elasticity. Second, microstructure developments in unstable inelastic solids such as visualized in Fig. 2 are associated with non-convex incremental stress potentials similar to elastic phase transformation problems. These deformation microstructures can be resolved by a relaxation of incremental energy functionals based on a convexification of the non-convex stress potential. The subsequent developments are structured into three parts as overviewed in Table 1.

An incremental variational formulation for standard dissipative materials is outlined in the works [Mie02a, MSL02, Mie03a], which generalized treatments on the deformation theory of plasticity [Mar75], its application to a finite-step-sized incremental setting [OR99, OS99] and the formulation [CHM02] restricted to finite plasticity. It describes the response of an inelastic material by only two scalar functions: the energy storage function and the dissipation function. The general set up of this generic type of material model can be traced back to the works [Bio65, Zie63, Ger73]. It covers a broad spectrum of models in viscoelasticity, plasticity and damage mechanics. For this class of materials we define a variational formulation, where a quasi-hyperelastic stress potential at discrete time is obtained from a local minimization problem of the constitutive response, in Table 1 denoted by problem (C). Algorithms for a discrete setting of this constitutive minimization problem are outlined in the works [OS99, MA04, MAL02, MS04a, MS04b] for different approaches to finite plasticity.

A key advantage of the outlined variational formulation is the opportunity to define the stability of the incremental inelastic response in terms of terminologies used in elasticity theory, see for example [Dac89, Kra86, Cia88, MH94, Šil97]. Here, a necessary condition for the existence of minimizers forces the energy functional to be sequentially weakly lower semicontinuous (s.w.l.s.). An important implication of this desired property is the quasiconvexity of the stored elastic energy function, a terminology introduced in [Mor52]. The above outlined constitutive variational formulation enables us to extend these results to the finite-step-sized incremental response of inelasticity. To this end, we introduce an incremental energy minimization principle for standard dissipative solids that contains the incremental stress potential. The inelastic solid is then considered to be stable if this potential is quasiconvex, see condition (S) in Table 1. However, quasiconvexity is a global integral condition which is hard to verify in practice. More manageable is the slightly weaker rank-one convexity that is considered to be a close approximation of quasiconvexity. As presented in [ML03b, ML03a, MLG04], classical conditions of material stability of elastic-plastic solids outlined in [Tho61, Hil62, Ric76] are consistent with the infinitesimal form of the rank-one convexity, i.e. the strong ellipticity or Legendre- Hadamard condition.

As pointed out in the recent papers [LMD03, ML03b, ML03a, MLG04, GM06] the incremental variational formulation for the inelastic response opens up the opportunity to resolve a developing microstructure in unstable standard dissipative solids by a relaxation of the associated non-convex incremental variational problem, in Table 1 denoted by problem (R). If the above outlined material stability analysis detects a nonconvex incremental stress potential, an energy-minimizing deformation microstructure is assumed to develop such as indicated in Fig. 2. A relaxation is associated with a convexification of the non-convex stress potential by constructing its quasi-or rank-one convex envelope. We refer to [KS86, Dac89, Šil97, M¨99, Dol03] for a sound mathematical basis. The concept of relaxation has been applied to elastic phase decomposition problems in [Koh91, Lus96, CP97, DD00, GMH02, AFO03, KMR05], single crystal plasticity in [OR99, ORS00, MLG04], strain-softening von Mises plasticity in [LMD03, ML03b, ML03a] and damage mechanics in [GM06]. We comment on these results in Sections 5 and 6.

2 Modeling of Rate-Independent Elastoplasticity

2.1 Standard Generalized Materials

We consider a body with reference configuration B ⊂ R^d. The deformation is denoted by φ : B → R^d, and the deformation gradient F = ∇φ is called strain tensor. Additionally, in the sense of standard generalized materials (cf. [ZW87, Hac97]) we consider a set of internal variables I : B → Z, where Z is a suitable finitedimensional manifold. The theory is based on the elastic potential ψ and the dissipation potential ϕ as the underlying constitutive functions

ψ = ψ(F, I) and ϕ = ϕ(I, İ) ≥ 0 ,

Finite-strain elastoplasticity is based on the multiplicative decomposition F = ∇φ = F_{el} F_{pl} of the deformation gradient, where F_{el} is the elastic part of the strain tensor and P := F_{pl} the plastic part, shortly the plastic tensor. The internal variable takes the form I = (P, p) ∈ Z, where p ∈ R^m denotes some hardening variable. For simplicity we neglect any dependence on the material point x ∈ B

The deformation gradient F is best considered as an element of the Lie group GL_+(d) = { F ∈ R^{d×d} | det F > 0 } and the plastic tensor P is usually assumed to have determinant 1, i.e. P is element of the special linear group SL(d) = { P ∈ R^{d×d} | det P = 1 }. We will investigate the arising geometric nonlinearities in Sect. 2.3. Consequently, ϕ is defined on the tangent bundle TZ of the manifold Z of internal variables. The multiplicative decomposition or equivalently the axiom of plastic indifference (cf. (Sy2) on p. 359 in [Mie03a]) means

ψ = ψ(F, I) = ψ(F, P, p) = ~ψ(F_{el}, p) = ~ψ(F P^{−1}, p), (2.1)

ϕ = ϕ(I, İ) = ϕ(P, p, Ṗ, p) = ~ϕ(p, Ṗ P^{−1}, ṗ). (2.2)

Rate-independency is expressed in the fact, that ϕ is homogeneous of degree 1 in the rate İ = (Ṗ, ṗ), i.e., ϕ(I, δİ) = δϕ(I, İ) for all δ ≥ 0.

The local balance laws involve the conjugated forces

P = ∂_Fψ(F, I) = ∂_{Fel} ~ψ(F_{el}, I)P^{−⊤} and F = −∂_I ψ(F, I) ∈ T^∗_I Z

and take the following form

−divP = f_{ext} and 0 ∈ ∂˙_I ϕ(I, İ) − F in B. (2.3)

The first equation, together with suitable boundary conditions, is the elastic equilibrium equation and the second is the plastic flow law which is defined on T^∗_I Z.

2.2 Energetic Formulation Using Dissipation Distances

We now use the abstract theory developed in [MTL02, MT04] in the Banach space setting and in [MM05, Mie05b, FM06] in the fully nonlinear setting to formulate time-continuous problem, which contains the full initial-boundary value problem of elastoplasticity. Because of the rate-independence and the strong nonconvexities we cannot expect that the rates İ exist and hence we need a derivative-free formulation. The function ϕ can be understood as an infinitesimal metric on I which defines a (global) distance D, called dissipation distance in the sequel:

D(I_0,I_1) = inf{

�_1 0 ϕ(I(s),İ(s))ds | I∈C^1([0,1],Z), I(0)=I_0, I(1)=I_1 } .

The definition provides immediately the triangle inequality

D(I_1, I_3) ≤ D(I_1, I_2) + D(I_2, I_3) for all I_1, I_2, I_3 ∈ Z . (2.4)

The plastic indifference (2.2) provides the invariance

D((P_0P_∗, p_0), (P_1P_∗, p_1)) = D((P_0, p_0), (P_1, p_1)) (2.5)

for all P_0, P_1, P_∗ and p_0, p_1.

For deformations φ : B → R^d and internal states I : B → Z we define global energy functionals by integration over the whole body B as follows

E(t, φ, I) = � B ψ(∇φ(x), I(x))dx − ⟨Π_{ext}(t), φ⟩, D(I_0, I_1) = � B D(I_0(x), I_1(x))dx,

(2.6)

where Π_{ext}(t) denotes the external loading depending on the process time t ∈ [0, T ]. Here, E(t, φ, P, p) is the Gibbs energy at time t associated with the state (φ, I) : B → R^d × Z, and D(I_0, I_1) is the minimal amount of dissipation occurring when the internal state I_0 is changed continuously into I_1.

A pair (φ, I) : [0, T ] × B → R^d × Z is called an energetic solution for the functionals (E, D), if it satisfies for all t ∈ [0, T ] the following stability condition (S) and the energy balance (E):

(S) Stability: For all comparison states (~φ, ~I) we have E(t, φ(t), I(t)) ≤ E(t, ~φ, ~I) + D(I(t), ~I) .

(E) Energy balance:

E(t, φ(t), I(t))+Diss_D(I, [0,t]) ≤ E(0, φ(0), I(t))−

�_t 0 ⟨Π̇_{ext}(s), φ(s)⟩ds .

The dissipated energy Diss_D(I, [r, s]) along a process I : [0, T ] × B → Z is

Diss_D(I, [r, s]) = sup{

�_N 1 D(I(t_{j−1}), I(t_j )) | r ≤ t_0 < t_1 < · · · < t_N ≤ s }

and coincides with

�_s r � B ϕ(I(x, t), İ(x, t))dxds for smooth processes.

The energetic formulation (S) & (E) characterizes the process completely and it does neither involve derivatives of F = ∇φ and I with respect to t or x nor derivatives of the constitutive functions ψ and ϕ. It is shown in [Mie03a, Mie05b] that the energetic formulation is consistent with the classical local balance laws (2.3), i.e., they are satisfied for any sufficiently smooth energetic solution. Moreover, in smooth and convex cases we have uniqueness of energetic solutions if a suitable initial state (φ_0, I_0) is specified.

The energetic formulation is intrinsically linked to the time-incremental problem, which has the major advantage that it is a minimization problem. For a given partition 0 = t_0 < t_1 · · · < t_N = T of the time interval [0, T ] and a given initial value (φ_0, I_0) we define the incremental problem

(IP) Incremental minimization problem: Find iteratively (φ_j, I_j ) for j = 1, ..., N such that (φ_j, I_j ) ∈ Arg min{ E(t_j, ~φ, ~I) + D(I_{j−1}, ~I) | all (~φ, ~I) } .

This is a fully backward, hence fully implicit scheme which is difficult to solve numerically. Moreover, the dissipation distance D : Z × Z → [0, ∞], which defines D, is usually not known explicitly. Hence, the algorithms discussed in [Mie02a, MAL02, MSL02] are suitable variants of (IP).

The big advantage of (IP) is its mathematical consistency which arises from D satisfying the triangle inequality (2.4). Just using this and the minimization property, we obtain that every solution (φ_j, I_j )_{j=1,...,N} of (IP) satisfies for j = 1, ..., N the following discretize versions of (S) and (E):

E(t_j , φ_j, I_j ) ≤ E(t_j, ~φ, ~I) + D(I_j , ~I) for all (~φ, ~I) , (2.7)

E(t_j, φ_j , I_j )+D(I_{j−1}, I_j ) ≤ E(t_{j−1}, φ_{j−1}, I_{j−1}) +

�_{tj}

t_{j−1} ∂sE(s, (φj−1, I j−1))ds .

(2.8)

These estimates will be crucial for the subsequent analysis.

2.3 Lie Groups and Geometric Nonlinearities

Before dealing with an existence theory for the energetic formulation we work out a little more the geometry which arises from the fact that we are dealing with finite strains and that we are using the multiplicative decomposition. In finite-strain elasticity the stored-energy density ψ should be considered as a mapping from the Lie group G := GL_+(d) = { F ∈ R^{d×d} | det F > 0 } .

The plastic tensor P is assumed to lie in the Lie subgroup

P := SL(d) = { P ∈ R^{d×d} | det P = 1 },

or even a smaller subgroup. Note that P can be seen as the matrix group that maps the crystal lattice onto itself. We write Z = P × H for the manifold of internal states, where I = (P, p) with p ∈ H.

The conjugated forces have the following properties

P = ∂_Fψ(F, P, p) ∈ T^∗_FG , Q = −∂_Pψ(F, P, p) ∈ T^∗_PP , q = −∂_pψ(F, P, p) ∈ T^∗_pH .

However, using the multiplicative structure of the Lie groups it is more advantageous to use the multiplicative derivatives defined via

K:A =^d_{ds} ψ(e^{sA}F, P, p)|_{s=0} = ∂_{Fel} ~ψ(F_{el}, p)F^⊤_{el} :A for A ∈ T_IG , M:B = −^d_{ds} ψ(F, e^{sB}P, p)|_{s=0} = F^⊤_{el} ∂_{Fel} ~ψ(F_{el}, p)P^{−⊤}:B for B ∈ T_IP .

Hence, we find stress tensor in the dual Lie algebras g and p:

K = ∂_{Fel} ~ψ(F_{el}, p)F^⊤_{el} ∈ g := T^∗_I G and M = F^⊤_{el} ∂_{Fel} ~ψ(F_{el}, p) ∈ p := T^∗_I P .

The tensors are know as the Kirchhoff stress tensor K = PF^T and the Mandel stress tensor M = QP^⊤.

The first fact about these tensors is that we obtain another insight into the flow law 0 ∈ ∂˙_I ϕ(I; İ) − F which is a differential inclusion on T^∗_I Z. Using the plastic invariance of ϕ we define the elastic domain at P = I via

Q(p) = ∂_{(P,p)}ϕ((I, p), (0, 0)) = { (M, q) | ∀ İ ∈ Z: ϕ((I, p), ~I) ≥ (M, q):~I } ⊂ p × T^∗_pH

and obtain, with M = QP^⊤, the flow law in invariant form

(ṖP^{−1}, ṗ) ∈ N_{(M,q)}Q(p) = ∂X_{Q(p)}(M, q) ⊂ p × T_pH .

The second fact about these tensors is that they satisfy much better estimates in terms of the energy potential ψ. In fact, following [Bal02] it is reasonable to work with the following multiplicative stress control estimates:

∃ C_K > 0 ∀ F_{el} ∈ G : |K(F_{el}, p)| ≤ C_K � ψ(F_{el}, p)+1 � , (2.9) ∃ C_M > 0 ∀ F_{el} ∈ G : |M(F_{el}, p)| ≤ C_M � ψ(F_{el}, p)+1 � , (2.10)

In fact, (2.10) implies (2.9) but not vice versa. These conditions are satisfied by polyconvex potentials ψ that go to ∞ for det F_{el} → 0. In fact, most Ogden materials satisfy both conditions. For instance consider

ψ(F_{el}, p) = c_1|F_{el}|^{r1} + c_2(det F_{el})^{−r2} + c_3(det F_{el})^{r3} + γ(p)

with c_j, r_j > 0 and γ(p) ≥ 0. Using ∂_F det F = cof F and (cof F)F^⊤ = F^⊤ cof F = (det F)I it is easy to see that (2.9) and (2.10) hold. A similar estimate does not hold for P(F_{el}, p), since (det F_{el})^{−1−r2} cof F cannot be estimated by (det F_{el})^{−r2} . It was observed in [FM06, KM06] that these estimates can be used effectively in rateindependent system to control the power of the external forces.

On the Lie groups G it is possible to introduce right-invariant distance

d_G(F_0, F_1) = inf{

�_1 0 |Ḟ(s)F(s)^{−1}|ds | F∈C^1([0,1],G), F(0)=F_0, F(1)=F_1 },

which satisfies d_G(F_0, F_1) = d_G(F_0F^{−1}_1 , I). Only in very few cases d_G can be calculated explicitly, see [Mie02b, HMM03]. The condition (2.9) or (2.10) now implies that log(ψ+1) is globally Lipschitz continuous � �log � ψ(F, p)+1 � − log � ψ(~F, p)+1 � � ≤ CLipdG(F, ~F) for all F, ~F ∈ G .

Since d_G(F, I) ≈ � �log(F^⊤F) � �, the energy potential ψ satisfies the upper estimate

ψ(F, p) ≤ C_{upp}(p) � |F|+|F^{−1}|

�_γ . This upper bound is consistent with the lower estimates also called coercivity:

ψ(F_{el}, p) ≥ c_1|F_{el}|^{rF} +c_2|p|^{rp} −C_2 for all (F_{el}, p) ∈ G × H . (2.11)

We will need that the dissipation distance D : Z × Z → [0, ∞], which is associated with the dissipation potential ϕ : TZ → [0, ∞], is coercive as well, namely

D((P, p), (I, p_∗)) ≥ c_3 � |P|+|P^{−1}|)^{rP} −C_3 for all (P, p) ∈ Z = P × H . (2.12)

To see that that this coercivity estimate needs a significant amount of hardening we treat the simplest example with a scalar hardening parameter p ≥ 0 and a hardening function h : [0, ∞) → (0, ∞):

~ϕ(p, V, ṗ) = � h^′(p)ṗ if ṗ ≥ |V|_p , ∞ else .

According to [Mie03a] we find

D((P_0, p_0), (P_1, p_1)) = � h(p_1)−h(p_0) if p_1 ≥ p_0+d_P(P_0, P_1) , ∞ else .

Thus, assuming p_∗ = 0 and h(0) = 0 we obtain the lower estimate

D((P, p), (I, p_∗)) ≥ h(d_G(I, P)) ≥ c_4 � |P|+|P^{−1}|)^{rP} − C_4

only if h(p) ≥ c_5e^{γp} −C_5 for some c_5, γ > 0, since d_G(I, P) grows only logarithmically.

3 Existence Results

The existence results discussed in this section concern solutions without microstructure. These solutions relate to classical meso and macroscopic models for finitestrain elastoplasticity which are used for describing deep drawing or other plastic processes involving large strains. In the highly nonconvex situation we have to find assumptions on the constitutive laws which are compatible with the above geometric nonlinearities and still are good enough to prevent the formation of microstructure, which turns out to be a rather common feature in finite-strain elastoplasticity, see [OR99, CHM02, ML03a, MLG04, HH03, Mie04a, BCHH04, CT05].

We choose function spaces and functionals. The admissible deformations are supposed to lie in the set

W = { φ ∈ W^{1,rφ} (B, R^d) | φ|_{ΓDir} = id } .

For the internal variables we choose the set

Z = { (P, p) ∈ L^{rP} (B, R^{d×d}) × L^{rp} (B, R^m) | (P(x), p(x)) ∈ P × H a.e. in B } .

The choice of the Lebesgue exponents r_φ, r_F, r_P and r_p will be a crucial step in the further analysis.

All our existence results will be based on the notion of polyconvexity, which means that there exists a convex and lower semi-continuous function g : R^{md} → [0, ∞] such that ψ(F) = g(M(F)) holds, where M(F) is the vector of all minors (subdeterminants) of F ∈ R^{d×d}. The more general condition of quasiconvexity is not developed enough to handle integrands ψ which take the value +∞. In fact, in the quasiconvex case the lower semi-continuity results are usually based on the upper bound ψ(F, p) ≤ C(1+|F|)^r for all F ∈ R^{d×d}. This clearly contradict finite-strain elasticity where ψ(F, p) = +∞ for det F ≤ 0 is imposed to prevent local interpenetration. In contrast, the multiplicative stress-control estimates (2.9) and (2.10) only lead to upper estimates on G.

3.1 Existence Results for the Incremental Problem

We survey the results in [Mie04b], where the incremental problem for system without any regularization is investigated. The energy functional E_0 and the dissipation distance D are as defined via (2.6) with the specification of ψ and D as above. We added the subscript “_0” to E to indicate that no regularization is added.

A central rôle in this formulation is played by the condensed energy density

W^{cond}((P_0, p_0); F) = min{ ψ(F, P_1, p_1) + D((P_0, p_0), (P_1, p_1)) | (P_1, p_1) },

which contains the condensed information on the interplay of energy storage via ψ and energy dissipation via ϕ. Its importance derives from the fact that the minimization of � B ψ(∇φP^{−1}, p)+D((P_j, p_j), (P, p)) dx can be done pointwise in I = (P, p) under the integral giving the definition of W^{cond}. Starting from Sect. 4 (see Table 1) the condensed stored energy W^{cond} is replaced by the incremental stress potential W , which differs from W^{cond} by a constant only.

First, for any solution process the deformation φ(t) : B → R^d must be a minimizer of the condensed functional

E^{cond}(I(t); t, φ) := � B W^{cond}(I(t, x); ∇φ(x))dx − ⟨Π_{ext}(t), φ⟩ ,

which follows from the stability condition (S). Hence, W^{cond} contains significant information on the possibility of formation of microstructure (via loss of quasiconvexity [OR99, CHM02, HH03, Mie03a, MLG04]) or failure via fracture or localization, see [ML03b, ML03a, LMD03]. In Sect. 4 and thereafter E^{cond} is replaced by E, which is obtained as E^{cond} when W^{cond} is replaced by W . Hence, the two definitions just differ by a constant, and thus hvae the same minimizers.

Second, the incremental problem (IP) can be reduced to the following condensed incremental problem:

(CIP)

Find iteratively (φ_j , I_j) ∈ W × Z as follows: φ_j ∈ Arg min{ E^{cond}(I_{j−1}; t_j , φ) | φ ∈ W } I_j (x) ∈ Arg min{ ψ(∇φ(x), I)+D(I_{j−1}(x), I) | I ∈ Z }

Thus, to guarantee existence of minimizers for (CIP) we impose the very restrictive condition, namely

W^{cond}(I; t, ·) : R^{d×d} → [0, ∞] is polyconvex. (3.13)

Theorem 3.3 in [Mie04b] provides the following existence result for (IP).

Theorem 3.1 Let W, Z, E_0 and D be defined as above. Assume that W^{cond} satisfies (3.13). Further let the coercivity assumptions (2.11) and (2.12) be satisfied with r_φ, r_P and r_p such that 1 r_F + 1 r_P =: 1 r_φ < 1 d . (3.14)

If additionally Π_{ext} ∈ C^1([0, T ], W^{1,rφ} (B, R^d)^∗), then (IP) associated with (E_0, D) has, for each initial datum I_0 ∈ Z with D((I, p_∗), I_0) < ∞ and each partition 0 = t_0 < t_1 < · · · < t_N = T , at least one solution (φ_j, I_j )_{j=1,...,N} in W × Z. Moreover, there exists a constant C (depending on the data only) such that all solutions satisfy, for j = 1, ..., N,

‖φ_j ‖_{1,rφ} + ‖P_j‖_{rP} + ‖P^{−1}_j ‖_{rP} + ‖p_j‖_{rp} + E_0(t_j , φ_j , I_j ) +^j � k=1 D(I_{k−1}, I_k) ≤ C .

The proof relies on solving (CIP) with a careful bookkeeping based on the a priori estimates (2.8). The necessary coercivity of W^{cond} follows from those of ψ and D, after employing the invariance from W^{cond}((P, p); F) = W^{cond}((I, p_0); FP^{−1}) and the Hölder inequality

|FP^{−1}|^{rF} ≥ � |F|/|P|

�_{rF} ≥ c_r|F|^{rφ} − d_r|P|^{rP} .

The major drawback of the present theory is that the polyconvexity condition (3.13) is extremely difficult to check. The function W^{cond} is defined implicitly via ψ and D, but D itself is defined implicitly from ϕ. Hence, there are only very few cases where W^{cond} can be calculated explicitly. One case is in dimension d = 1 and another case is treated in [Mie04b]. It is an isotropic situation in dimension d = 2 using an abstract characterization of [Mie05a] for isotropic, polyconvex energy densities.

3.2 Partially Regularized Incremental Problems

The second result result concerns a model which uses a partial regularization which is based on the so-called geometric dislocation tensor

G_P = 1 det P � curl P � P^⊤ ∈ R^{3×3}

where the “curl” of a matrix is applied row-wise. Because of our standing assumption det P = 1 we can use a simpler form. The energy now reads

E_{curl}(t, φ, P, p) = E_0(t, φ, P, p) + � B V � (curl P)P^⊤ � dx ,

where the potential V : R^{3×3} → [0, ∞] satisfies

V is convex and V (G) ≥ c_6|G|^{rG} −C_6 on R^{3×3}. (3.15)

In [MM06b] a general lower semi-continuity result is derived for general functionals of the form I(φ, P) = � B U(∇φP^{−1}, P, (curl P)P^⊤)dx .

Under the assumption that U : R^{3×3} × R^{3×3} × R^{3×3} → [0, ∞] is polyconvex in the first two arguments and convex in the third argument and that U is suitably coercive it is shown that I is weakly lower semicontinuous on the associated Sobolev spaces.

Consider a weakly converging sequence (φ_j , P_j) ⇀ (φ, P). Along sequences with bounded energies I(φ_j , P_j) ≤ C the terms ∇φ_jP^{−1}_j , P_j, G_{Pj} are controlled in suitable Lebesgue spaces. This implies a bound on curl P_j and thus, a suitable version of the div-curl lemma can be used to show that M(P_j) ⇀ M(P) and G_{Pj} ⇀ G_P. The special form of the multiplicative decomposition ∇φP^{−1} together with det P = 1 provide the minor relations

FP^{−1} = F(cof P)^⊤, cof(FP^{−1}) = (cof F) P^⊤, det(FP^{−1}) = det F .

Hence, again applying the div-curl lemma we obtain also the convergence M(F_j P^{−1}_j ) ⇀ M(FP^{−1}) and the weak lower semi-continuity follows using (poly-) convexity.

This result is then applied to the incremental problem (IP) associated with E_{curl} and D. Again, a condensation, like in Sect. 3.1, is done for the variable p ∈ H, which does not have a derivative. We assume ψ(F_{el}, p) = ψ_{el}(F_{el}) + ψ_{hard}(p) and let

D^{cond}((P_0, p_0); P) := min{ ψ_{hard}(p) + D((P_0, p_0), (P, p)) | p ∈ H } .

Then, the incremental problem involves the integrand U(F_{el}, P, G) = ψ_{el}(F_{el}) + D^{cond}(I_{j−1}(x); P) + V (G). Thus, the crucial assumption we have to make is that

D^{cond}(I; ·) : R^{3×3} → [0, ∞] is polyconvex. (3.16)

The following result is established in [MM06b].

Theorem 3.2 Let W, Z, E_{curl} and D be defined as above. Assume that V and D^{cond} satisfy (3.15) and (3.16), respectively . Further let the coercivity assumptions (2.11) and (2.12) be satisfied with r_φ, r_P, r_p and r_G such that 1 r_F + 1 r_P =: 1 r_φ < 1 d , 1 r_G + 2 r_P

< 1 , and r_G > d . (3.17)

If additionally Π_{ext} ∈ C^1([0, T ], W^{1,rφ} (B, R^d)^∗), then (IP) associated with (E_{curl}, D) has, for each initial datum I_0 ∈ Z with D((I, p_∗), I_0) < ∞ and each partition 0 = t_0 < t_1 < · · · < t_N = T , at least one solution (φ_j, I_j )_{j=1,...,N} in W × Z. Moreover, there exists a constant C (depending on the data only) such that all solutions satisfy, for j = 1, ..., N,

‖φ_j ‖_{1,rφ} + ‖P_j‖_{rP} + ‖P^{−1}_j ‖_{rP} + ‖p_j‖_{rp} + E_0(t_j , φ_j , I_j ) +^j � k=1 D(I_{k−1}, I_k) ≤ C .

Again the polyconvexity condition (3.16) for the condensed dissipation distance is hard to satisfy. However, we have considerably more freedom than in the case of the condensed energy potential W^{cond}. Here the condition is based on the dissipation distance only, and we are able to take any polyconvex function ψ_{el} for the elastic storage. Examples are given in Section 4 of [MM06b].

However, the theory is still restrictive as we do not have good examples of dissipation distances and we do not know what type of hardening leads to polyconvexity. In the light of the example of at the end of Section 2.3 it is a natural question to ask whether the functions P ∋ P → exp � γd_P(I, P) � , if extended by +∞ outside of P, is polyconvex for sufficiently large γ > 0. It is clear that this can only hold if d_P is locally Lipschitz continuous with respect to the classical metric in R^{d×d}. Thus, sub-Riemannian or sub-Finslerian metrics are not allowed.

3.3 Strain-Gradient Plasticity

In [MM06a] a theory is developed for the case that the full gradient (∇P, ∇p) is used for regularization. For micromechanically motivated nonlocal crystal plasticity models, see [Bec06, FMAH94, Gur02, MB06, Ste96, Sve02]. This case relates to the regularized theory that was developed for other rate-independent material models like shape-memory materials, damage, brittle fracture, magnetostriction or piezoelectricity. We refer to the survey [Mie06a] in this volume. In the present theory the incremental problem will be used as a tool to construct piecewise constant solutions for partitions with smaller and smaller step sizes. We are then able to extract a subsequence which converges to a solution of the timecontinuous problem (S) and (E) as derived in Section 2.2. The analysis follows closely the abstract approach for general rate-independent systems on topological spaces as developed in [MM05, Mie05b, FM06].

We only treat the simplest case and consider the energy functional

E_{reg}(t, φ, P, p) = E_0(t, φ, P, p) + � B c_1|∇P|^{r1} +c_2|∇p|^{r2} dx ,

where c_1, c_2 > 0 and r_1, r_2 > 1. The dissipation distance D is kept as above. For the admissible deformations φ we keep the function space W ⊂ W^{1,rφ} (B, R^d) equipped with the weak topology. For the internal variables we now set Z_{reg} = Z_P × Z_p with

Z_P := { P ∈ W^{1,r1} (B, R^{d×d}) | P(x) ∈ P a.e. on B } and Z_p := { p ∈ W^{1,r2} (B, R^m) | p(x) ∈ H a.e. on B } ,

where Z_{reg} carries the weak topology of W^{1,r1} (B, R^{d×d}) × W^{1,r1} (B, R^m). Using polyconvexity of F → ψ(·, p) and the above coercivity assumptions it is possible to show that the incremental problem (IP) associated with (E_{reg}, D) has at least one solution ((φ^k_j , I^k_j ))_{j=1,...,Nk} , where we already assumed that we have a sequence of partitions indexed by k ∈ N such that the fineness ϕ_k = max{t^k_j −t^k_{j−1} | j = 1, ..., N_k } tends to 0. We define the piecewise constant interpolants (q_k, I_k) : [0, T ] → W ×Z_{reg} with (q_k(t), I_k(t)) = (φ^k_{j−1}, I^k_{j−1}) for t ∈ [t^k_{j−1}, t^k_j ) and (q_k(T ), I_k(T )) = (φ^k_{Nk} , I^k_{Nk} ).

According to (2.7) these piecewise constant solutions satisfy the stability conditions (S) on each point of the partition, i.e., (q_k(t^k_j ), I_k(t^k_j )) ∈ S(t^k_j ) with

S(t) := { (φ, I) | ∀ (~φ, ~I): E_{reg}(t, φ, I) ≤ E_{reg}(t, ~φ, ~I) + D(I, ~I) } .

Moreover, the energy estimate (2.8) provides the energy bounds

E_{reg}(t^k_j , φ_k(t^k_j ), I_k(t^k_j )) + Diss_D(I_k, [0, t^k_j ]) ≤ E_{reg}(0, φ_0, I_0) +

�_tk_j 0 ∂_sE_{reg}(s, φ_k(s), I_k(s))ds .

(3.18)

They give rise to the bounds

‖(φ_k, I_k)‖_L∞_{([0,T ],W}1,rφ_{×W}1,r_{1 ×W}1,r_{2 )} ≤ C , sup_{t∈[0,T ]} E_{reg}(t^k_j , φ_k(t^k_j ), I_k(t^k_j )) ≤ C, Diss_D(I_k, [0, T ]) ≤ C .

Thus, by using a suitable version of Helly’s selection principle (cf., [MM05]) it is possible to extract a subsequence and to find a limit process (φ, I) : [0, T ] → W × Z_{reg}, which is a candidate for an energetic solution.

Using weak lower semi-continuity the energy bound (3.18) easily supplies the upper energy estimate

E_{reg}(t,φ(t),I(t))+Diss_D(I, [0,t]) ≤ E_{reg}(0,φ_0,I_0)+ t� 0 ∂_sE_{reg}(s,φ(s),I(s))ds .

The crucial step in the convergence proof is to show that the sets S(t) of stable states are sequentially closed in the weak Banach space topology. This step is easy if D is weakly continuous but it also works in more realistic cases with hardening, which is irreversible, see [MM06a]. If this step is done we know that the limit process satisfies (S) and, moreover, a general abstract proposition yields the lower energy estimate and hence (E) holds as well.

We summarize the result as follows.

Theorem 3.3 Let W, Z_{reg}, E_{reg} and D be given as above with ψ and D satisfying the coercivity estimates (2.11) and (2.12) with^1_{rF} +^1_{rP} =^1_{rφ} <^1_d . Moreover, assume Π_{ext} ∈ C^1([0, T ], W^{1,rφ} (B, R^d)^∗). Then, for each stable initial state (φ_0, I_0) ∈ S(0) the energetic formulation (S) and (E) has at least one solution (φ, I) : [0, T ] → W × Z_{reg}. All solutions satisfy

(φ, P, p) ∈ L^∞([0, T ], W^{1,rφ} (B, R^d) × W^{1,r1} (B, R^{d×d}) × W^{1,r2} (B, R^m))

and Diss_D((P, p), [0, T ]) < ∞.

3.4 Time-Dependent Boundary Conditions

The existence results of Sections 3.1 to 3.3 rely on the fact that the space W of admissible deformations is independent of time. For many applications one needs to generalize this assumption. For the incremental problem (IP) it is not too difficult to work with W(t), however for the energetic formulation it is not clear how to define the power ∂_tE(t, q) of the external loadings that are due to changes of W(t).

The usual way to implement time-dependent Dirichlet data is to substract a sufficiently smooth function that has the correct boundary value and then try to find the homogeneous part. In the case of small strain, when working with u : x → φ(x) − x this means u(t, x) = u_{Dir}(t, x) + v(t, x) with v(t, ·)|_{ΓDir} = 0. We let W = { v ∈ W^{1,p}(B, R^d) | v|_{ΓDir=0} } and define the shifted energy ~E(t, v, I) = E(t, u_{Dir}(t)+v, I). The power of the external loading now takes the form

∂_t ~E(t, v, I) = � B ∂_Fψ(∇(u_{Dir}(t)+v), I):∇u̇_{Dir}(t) dx

−⟨Π̇_{ext}(t), u_{Dir}(t)+v⟩ − ⟨Π_{ext}(t), u̇_{Dir}(t)⟩ .

However, in the case of finite-strain elasticity we cannot guarantee that the integrand ∂_Fψ lies in L^1(B), since we cannot control the Piola-Kirchoff stress P = ∂_Fψ by ψ itself.

In the case of finite-strain elasticity the stored energy density ψ takes the value +∞ and ∂_Fψ(F, I) exists only on G. In order to use the multiplicative stress control (2.9) for the Kirchhoff stress K we assume that time-dependent Dirichlet data φ_{Dir} are given. We then decompose the desired solution φ via composition of functions

φ(t, x) = φ_{Dir}(t, ξ(t, x)) = (φ_{Dir}(t, ·) ∘ ξ(t, ·))(x) .

Here, we assume that φ_{Dir} can be extended such that φ_{Dir} ∈ C^2([0, T ] × R^d, R^d) and that ∇_xφ_{Dir} and (∇_xφ_{Dir})^{−1} are bounded on [0, T ] × R^d. The set of admissible deformations is now W = {ξ ∈ W^{1,p}(B, R^d) | ξ|_{ΓDir} = id} with p > d and the shifted energy is ^E(t, ξ, I) = E(t, φ_{Dir}(t) ∘ ξ, I). Using the classical chain rule formula

∇_x(φ_{Dir}(t) ∘ ξ)(x) = ∇_yφ_{Dir}(t, ξ(x))∇_xξ(x)

and the definition of K in Section 2.3 we find the expression for the power

∂_t ^E(t, ξ, I) = � B K(∇φ_{Dir}∇ξ, I):(∇φ_{Dir})^{−1}∇φ̇_{Dir} dx −⟨Π̇_{ext}(t), φ_{Dir} ∘ ξ⟩ − ⟨Π_{ext}(t), φ̇_{Dir} ∘ ξ⟩ .

Here, for ~E(t, q) < ∞ we may conclude via (2.9) that K ∈ L^1(B, R^{d×d}) while (∇φ_{Dir})^{−1}∇φ̇_{Dir} lies in C^0(B, R^{d×d}). Hence, the right-hand side is indeed well defined and the power control

|∂_t ~E(t, ξ, I)| ≤ c^E_1 � ~ E(t, ξ, I)+c^E_0 � can be established easily. We refer to Section 5 in [FM06] for more details concerning the full existence result for energetic solutions in the case of time-dependent Dirichlet data.

In [KM06] very similar ideas are used to derive formulas for the energy-release rate in crack propagation for the case of finite-strain elasticity. Also a very restricted case of temperature dependence can be treated by this method of energy control, see [Mie06b] and Sect. 5.4 in [Mie06a].

4 Modeling of Microstructure via Relaxation

In principle, the time incremental problem (IP) and the energetic formulation (S) & (E) introduced in Sect. 2.2 is a very flexible tool to treat the relaxation as well. We refer to [Mie03b, Mie04a, MRS06b, MO06, MT06] for some recent developments. However, the analytical methods are not yet adapted to the specific nonlinearities involved in finite-strain elastoplasticity. In particular, there is no theory which combines the theory of gradient Young measure with finite-strain plasticity. Thus, the evolutionary theory for gradient Young measures used in models for shapememory alloys in [KMR05] cannot be generalized to the present situation. Despite of the lacking mathematical tools in this area, the following sections show that the algorithmical approach for these problems has advanced considerably over the last decade.

4.1 Incremental Stability of Standard Dissipative Solids

As pointed out in [ML03b, ML03a, MLG04] a key advantage of the variational formulation outlined briefly in Table 1 is the opportunity to analyze the incremental stability of inelastic solids in terms of terminologies used in finite elasticity. In the following we define the material stability of standard dissipative solids based on global weak convexity properties of the incremental stress potential.

The existence of the constitutive minimization problem allows the introduction of an incremental minimization formulation of the boundary-value problem of finite inelasticity for standard dissipative solids. Now consider a functional E of the current deformation field φ_{n+1}at the right boundary of the increment [t_n, t_{n+1}]:

E(φ_{n+1}) = � B W (F_{n+1}) dx − [ Π_{ext}(φ_{n+1}) − Π_{ext}(φ_n) ] , (4.19)

with the global load potential function Π_{ext}(φ) = � B φ · γ dx + � ∂B_t φ · t dx of dead

body forces γ(x, t) in B and surface tractions t(x, t) on ∂B_t. As outlined in Sect. 3.1, see also [ML03b, ML03a, MLG04], the current deformation map of inelastic standard dissipative materials can then be determined by a principle of minimum incremental energy for standard dissipative solids

E(φ^∗_{n+1}) = inf_{φn+1∈W} E(φ_{n+1}) , (4.20)

subject to the essential boundary conditions of a prescribed deformation φ̄ on ∂B_φ, written in the form φ_{n+1} ∈ W := { φ ∈ W^{1,p}(B) | φ(x) = φ̄(x) on ∂B_φ }. As usual, we consider a decomposition of the surface into a part where the deformation is prescribed and a part where the tractions are given, i.e. ∂B = ∂B_φ ∪ ∂B_t and ∂B_φ ∩ ∂B_t = ∅. The minimization problem (4.20) governs the response of the inelastic solid in the finite increment [t_n, t_{n+1}] in a structure identical to the principle of minimum potential energy in finite elasticity.

4.1.1 Quasiconvexity of the Incremental Stress Potential

Extending results of the existence theory in finite elasticity as summarized in [Bal77, Cia88, Dac89, MH94, Šil97] to the incremental response of standard dissipative solids in the finite step [t_n, t_{n+1}], we consider the sequentially weakly lower semicontinuity (s.w.l.s.) of the functional (4.19) as the key property for the existence of sufficiently regular minimizers of the variational problem (4.20). The internal part of the functional (4.19) is sequentially weakly lower semicontinuous, if the incremental stress

PSfrag replacements

Figure 3: Interpretation of incremental energetic stability conditions of an inelastic material. A given homogeneous deformation state F_{n+1} of the material such as the pure shear mode of Figure (a) is stable if superimposed fine-scale fluctuation patterns (b) (quasiconvexity) with support on the boundary ∂D or first-order laminates (c) (rank-one convexity) increase the averaged incremental stress potential on D

potential defined by the constitutive minimization problem is quasiconvex and also it satisfies some technical growth condition, see for example [Dac89, AF84, Šil97]. We regard the quasiconvexity introduced in [Mor52] of the incremental stress potential W as the fundamental criterion for the incremental material stability of the inelastic solid. W is said to be quasiconvex at F_{n+1} if condition

W (F_{n+1}) ≤ inf_{w∈W0} 1 |D| � D W (F_{n+1} + ∇w(y))dx , (4.21)

holds with y ∈ D subject to the constraint w ∈ W_0 := {w ∈ W^{1,∞}(D)|w = 0 on ∂D} providing a support on ∂D. Here, D ⊂ R^3 is an arbitrarily chosen part of the inelastic solid. The condition states that for all fluctuations w on D with support on ∂D the homogeneous deformation given by F_{n+1} provides an absolute minimizer of the incremental potential in D. Thus the condition rules out internal buckling, the development of local fine-scale microstructures and phase decomposition of a homogeneous local deformation state. This mechanical interpretation is visualized in Fig. 3. The material is stable if the superimposed fluctuation field of Fig. 3(b) with w = 0 on ∂D yields a higher energy level than the homogeneous deformation F_{n+1} of Fig. 3(a).

The well-motivated concept of quasiconvexity is based on a global integral condition in space which is hard to verify in practice. The central difficulty is to find the fluctuation field w ∈ W_0 on D that minimizes the integral in (4.21). However, recall that weak convexity conditions are related via

convexity ⇒ polyconvexity ⇒ quasiconvexity ⇒ rank-one convexity , (4.22)

and that the slightly weaker rank-one convexity condition is considered as a close approximation of the quasiconvexity condition, see for example [Dac89]. In what follows, we focus on the rank-one convexity as a criterion for material stability.

4.1.2 Rank-one Convexity of the Incremental Stress Potential

The definition of rank-one convexity can be traced back to the work of Corall and Graves, see for example [Šil97]. The incremental stress potential W is said to be rank-one convex at F_{n+1} if the condition

W (F_{n+1}) ≤ inf_{ξ,F+,F−}{ ξW (F^+) + (1 − ξ)W (F^−) } , (4.23)

holds for the laminate deformations F^+ and F^− which satisfy the conditions

F_{n+1} = ξF^+ + (1 − ξ)F^− and rank[F^+ − F^−] ≤ 1 , (4.24)

in terms of the volume fraction ξ ∈ [0, 1]. Condition (4.24)_1 states that the volume average of the micro-deformations F^± yields the macroscopic homogeneous deformation F_{n+1}. The compatibility of the micro-phases (±) along their interface is ensured by (4.24)_2. The rank-one convexity condition (4.23) rules out the development of local fine-scale microstructures in the form of first-order laminates defined by a rank-one deformation tensor. The material is stable if the superimposed firstorder laminate-type fluctuation field of Fig. 3(c) yields a higher energy level than the homogeneous deformation F_{n+1} of Fig. 3(a). A qualitative picture of a non-convex, unstable incremental response is given in Fig. 4. Observe carefully, that (4.23) is a global stability criterion that needs the knowledge about the global range of instability between F^− and F^+. The material stability cannot be directly decided in terms of a given local deformation F_{n+1}, but needs the rank-one convex hull construction governed by F^− and F^+. The local form of the rank-one convexity condition is the classical Legendre-Hadamard or ellipticity condition

(M ⊗ N) : ∂^2_{FF}W (F_{n+1}) : (M ⊗ N) ≥ 0 , (4.25)

in terms of the consistent tangent modulus for arbitrary unit vectors M and N, see [Had03, TN65]. As shown in [ML03b, ML03a], classical conditions of material stability of elastic-plastic solids outlined in [Tho61, Hil62, Ric76] are consistent with this local convexity condition, which is often motivated by considering wave propagation in solids. As shown in Fig. 4, the associated range of instability is different from the one predicted by the global condition (4.23). Recall that both conditions are mathematical definitions related to the existence of regular solutions of the variational problem (4.20). The question whether the global or local conditions (4.23) and (4.25) are relevant depends on the physical ability of an inelastic solid material to develop deformation microstructures in the associated unstable ranges. This can only be clarified by experimental investigations.

In what follows we rewrite the rank-one convexity condition (4.23) for two-dimensional problems. To this end, we introduce the ansatz

F^± := F_{n+1}L^± with � L^+ := 1 +(1 − ξ)d M ⊗ N , L^− := 1 − ξd M ⊗ N , (4.26)

PSfrag replacements

Figure 4: Qualitative representation of a non-convex incremental stress potential and its convexification. l and g characterize the ranges where the local and the global convexity criterion are not satisfied, respectively. (a) At F_{n+1} the stress potential W is not rank-one convex (dashed). As a consequence, the macroscopic deformation state F_{n+1} is not stable and decomposes into micro-phases F^± which determine the rank-one convex envelope (solid). (b) The relaxed stress-strain relation characterizes a snap-through behavior between the micro-phases F^± due to the constant slope of the rank-one convex envelope

for the two deformation phases that satisfies the conditions (4.24). It models a first-order laminate in terms of the two Lagrangian unit vectors M and N, which correspond with those used in the Hadamard condition (4.25). For two-dimensional problems, these vectors can be parameterized by two angles φ and χ, i.e. M(φ) = [cosφ sin φ]^T and N(χ) = [cos χ sin χ]^T . The scalar d describes the intensity of the bifurcation on the micro-scale. ξ is the volume fraction of the phase (+) and can be understood as a probability measure in the sense of [You69]. Hence, for a twodimensional description of the rank-one laminate, deformations microstructures are characterized by four micro-variables q = [ξ, d, φ, χ]^T ∈ Q , which are constrained to lie in the admissible domain Q := {q | 0 ≤ ξ ≤ 1 , d ≥ 0 , 0 ≤ φ ≤ π , 0 ≤ χ ≤ π} . With this notation at hand, we write the global rank-one convexity condition (4.23) for two-dimensional problems as the minimization problem

W (F_{n+1}) ≤ inf_{q∈Q}{W̄^h(F_{n+1}, q)} , (4.27)

in terms of the function

W̄^h(F_{n+1}, q) = ξW (F^+(F_{n+1}, q)) + (1 − ξ)W (F^−(F_{n+1}, q)) , (4.28)

that represents the the volume average of the potentials in the two deformation phases. Figure 4(a) provides a visual demonstration for a non-convex incremental stress potential W . The incremental stress potential W (F_{n+1}) is greater than the interpolation of the potentials W (F^+) and W (F^−) of the phases. As a consequence, the homogeneous deformation state is not stable and decomposes into the microdeformations F^± which minimize the function W̄^h. In a typical incremental analysis of an inelastic solid, the accompanying check of incremental rank-one convexity in

[t_n, t_{n+1}] needs the solution of the local minimization problem (4.27)

inf_{q∈Q}{W̄^h(F_{n+1}, q)} � = W (F_{n+1}) : rank-one convex at F_{n+1} < W (F_{n+1}) : not rank-one convex at F_{n+1} , (4.29)

for the four variables q defined before. The necessary condition of the minimization problem W̄^h_{,q} = 0 , (4.30)

is a nonlinear equation for the determination of the micro-variables q. Note that W̄ h is not convex and for the solution of (4.30) the Newton iteration cannot directly be applied. We refer to [ML03b, ML03a, MLG04] for solution procedures.

4.2 Relaxation of a Non-Convex Constitutive Response

As pointed out in the recent papers [LMD03, ML03b, ML03a, MLG04], the incremental variational formulation for the constitutive response opens up the opportunity to resolve the developing microstructure in non-stable standard dissipative solids by a relaxation of the associated non-convex incremental variational problem. If the above outlined material stability analysis detects a non-convex incremental stress potential W , an energy-minimizing deformation microstructure is assumed to develop such as indicated in Fig. 3. A relaxation is associated with a convexification of the non-convex function W by constructing its convex envelopes W_Q. The convexification is concerned with the determination of a developing microstructure. This section develops a framework for a first-order rank-one relaxation of standard dissipative solids.

4.2.1 Quasi-Convexified Relaxed Incremental Variational Problem

If material instabilities are detected at a point X ∈ B of the solid by a failure of conditions (4.23) or (4.27), we face a non-convexity of the incremental potential W in some region of the inelastic solid. If the incremental potential function W is not quasiconvex, the internal part of the functional (4.19) is assumed to be not sequentially weakly lower semicontinuous. Then the existence of solutions of (4.20) is not ensured. In other words, the minimum of the incremental boundary-value problem (4.20) is not attained. Following [Dac89, AF84] we consider the relaxed energy functional

E_Q(φ_{n+1}) = � B W_Q(F_{n+1}) dx − [ Π_{ext}(φ_{n+1}) − Π_{ext}(φ_n) ] , (4.31)

where the internal part of the relaxed energy functional is obtained by replacing the non-convex integrand W in (4.19) by its quasiconvex envelope W_Q. The current deformation field of the elastic-plastic solid is then determined by the relaxed incremental variational principle

E_Q(φ^∗_{n+1}) = inf_{φn+1∈W} E_Q(φ_{n+1}) , (4.32) that minimizes the relaxed incremental potential energy E_Q. The quasiconvexified incremental stress potential W_Q is defined by the minimization problem

W_Q(F_{n+1}) = inf_{w∈W0} 1 |D| � D W (F_{n+1} + ∇w(y))dx , (4.33)

with respect to the microscopic fluctuation field w that constitutes the development of a deformation microstructure, subject to a boundary condition providing a support on ∂D. The first and second derivatives of the relaxed potential W_Q function define relaxed stresses and tangent moduli

P̄_{n+1} := ∂_FW_Q(F_{n+1}) and C̄_{n+1} := ∂^2_{FF}W_Q(F_{n+1}) . (4.34)

The relaxed problem (4.32) is considered to be a well-posed problem as close as possible to the unstable problem (4.20). The minimization problem (4.33) determines a micro-fluctuation field w as indicated in Fig. 3(b). However, as already mentioned the basic difficulty is the detection of relevant functions w which define the minimizing microstructure.

4.2.2 Rank-One-Convexified Relaxed Incremental Variational Problem

A failure of rank-one convexity conditions (4.23) or (4.27) indicates the instability of the homogeneous deformation state F_{n+1} and the development of a pattern of first- and higher-order laminates as indicated in Fig. 3(c). We consider the relaxed energy functional

E_R(φ_{n+1}) = � B W_R(F_{n+1}) dx − [ Π_{ext}(φ_{n+1}) − Π_{ext}(φ_n) ] , (4.35)

where the internal part of the relaxed energy functional is obtained by replacing the non-convex integrand W in (4.19) by its rank-one-convex envelope W_R, which is considered to be close to the quasi-convex envelope W_Q. The current deformation field of the elastic-plastic solid is then determined by the relaxed incremental variational principle E_R(φ^∗_{n+1}) = inf_{φn+1∈W} E_R(φ_{n+1}) , (4.36)

that minimizes the relaxed incremental potential energy E_R for the admissible deformation field. In [KS86] a construction was proposed to characterize the rank-one convexification based on a recursion formula. Starting with W_{R0} (F_{n+1}) = W (F_{n+1}), one computes the functions

W_{Rk} (F_{n+1}) = inf_{ξ+,ξ−,F+,F−}{ξ^+W_{Rk−1} (F^+) + ξ^−W_{Rk−1} (F^−)} with k ≥ 1 , (4.37)

for the scales k = 1, 2, 3.... After an infinite number of steps k → ∞ the exact rank-one convexified incremental stress potential

W_R(F_{n+1}) = lim_{k→∞}W_{Rk} (F_{n+1}) , (4.38)

PSfrag replacements

Figure 5: Rank-one convexification and development of sequential laminates. The rank-one convexification W_{Rk} (F_{n+1}) based on Kohn-Strang’s recursion formula implies the development of a sequential laminate. Starting from the homogeneous deformation state F_{n+1} any phase of level k − 1 decomposes into two phases (+) and (−) of level k. As a consequence, a typical binary tree structure emerges

is obtained. Similar to (4.34), relaxed stresses and tangent moduli are defined as P̄_{n+1} := ∂_FW_R(F_{n+1}) and C̄_{n+1} := ∂2_{FF}W_R(F_{n+1}). According to recursive approach by [KS86] any phase of order k − 1 decomposes into two phases (+) and (−) of order k and minimize the average of the corresponding incremental stress potentials. The developing micro-phases form a sequential laminate.

Figure 5 shows the typical binary tree structure of a rank-2 laminate. The unstable macroscopic deformation state F_{n+1} decomposes into two micro-phases F^+ and F^− of micro-level 1 which again split into two pairs of micro-phases A^+, A^− and B^+, B^− of micro-level 2. The rank-one convexified potential W_{R2} then consists of the volume average of the stress potentials W at the root of the tree, i.e. W_{R2} (F_{n+1}) = ξ^{F+} [ξ^{A+} W (A^+)+ξ^{A−} W (A^−)]+ξ^{F−} [ξ^{B+} W (B^+)+ξ^{B−} W (B^−)]. In the context of subgrain dislocation structures in single crystal plasticity, [OR99, ORS00] relax the incremental constitutive description of the material based on the explicit construction of microstructures by recursive lamination and their subsequent equilibration. However, they applied, based on physical arguments, a strong approximation by freezing the orientation of the laminates and the volume fractions during the deformation process. Such a strong assumption has also been applied by [ML03b, ML03a] for the analysis of microstructure development in strain-softening von Mises plasticity. In contrast to these approaches, in [MLG04, AFO03] a rank-one convexification has been proposed that determines both the developing orientation of the laminates as well as the volume fraction.

4.2.3 First-Order Rank-One-Convexified Incremental Problem

We approximate the exact rank-one convexification procedure outlined above by a two-phase analysis that takes into account only the first micro-level of Fig. 5. Hence, an unstable macro-deformation F_{n+1} decomposes into the two phases F^+ and F^− modeled by ansatz (4.26). Then the first-order rank-one convexification of the nonconvex function W is obtained for two-dimensional problems by the minimization problem W_{R1} (F_{n+1}) = inf_{q∈Q} W̄^h(F_{n+1}, q) , (4.39)

for the function W̄^h defined in (4.28) with respect to the set of micro-variables q. A problem similar to (4.39) was solved in [LMD03] for a one-dimensional strainsoftening elastic-plastic bar. The solution of the minimization problem (4.39) yields solutions of ξ, d, φ, χ, which in the two-dimensional context determine two stable phases. The relaxed stresses and moduli are obtained by evaluation of derivatives of the function (4.28) with respect to F. The first derivative of (4.39) with respect to the deformation F_{n+1} at the solution point q^∗ reads

∂_FW_{R1} = W̄^h_{,F} + [ W̄^h_{,q} ][ q_{,F} ] . (4.40)

Here, the last term vanishes due to the necessary condition (4.30) of the minimization problem. Thus we identify the macro-stresses P̄_{n+1} = W̄^h_{,F} . (4.41)

The second derivative of the potential reads

∂^2_{FF}W_{R1} = W̄^h_{,FF} + [ W̄^h_{,Fq} ][ q_{,F} ] . (4.42)

Here, the sensitivity of the fluctuation with respect to the macro-deformation is obtained by taking the linearization of (4.30), i.e. q_{,F} = −[W̄^h_{,qq}]^{−1}[W̄^h_{,qF}]. Insertion into (4.42) finally specifies the relaxed moduli to C̄_{n+1} = W̄^h_{,FF} − [ W̄^h_{,Fq} ][ W̄^h_{,qq} ]^{−1}[ W̄^h_{,qF} ] . (4.43)

Observe that the relaxed moduli consist of the volume average of the moduli of the phases and a softening part. The latter is the consequence of the flexibility of the rank-one laminate due to the phase decay. The algorithm of first-order rank-one convexification is summarized in Table 2.

5 Relaxation of Strain Softening Isotropic Plasticity

The relaxation technique outlined in Sect. 4 is applied to the treatment of shearband localizations in strain-softening isotropic elastoplasticity. The softening response of the model causes localization phenomena which is interpreted as microstructure developments on multiple scales associated with non-convex incremental stress potentials. The strain softening inelastic materials with non-convex incremental stress potentials have been investigated in the context of one dimensional elastic-plastic bar in [LMD03], and in isochoric damage mechanics in [GM06].

The main goals of the numerical investigations are the analysis of the developing microstructures and the demonstration of the mesh-invariance of the relaxation technique proposed. We refer to [ML03b, ML03a] for details of the relaxation algorithm. The elastic energy storage function has the following form

ψ(F_{el}, α) = μ 2 [ ‖F_{el}‖^2 − 3 ] + μ^2 λ [ J^{−λ/μ} − 1 ] + 1 2 hα^2 , (5.44)

PSfrag replacements

Figure 6: Localization of Indentation Test at Plane Strain. Comparison of the 30 × 18 and the 45 × 27 element meshes. (a) Deformed meshes with equivalent plastic strains, (b) Relevant localization directions

PSfrag replacements

Figure 7: Indentation Test at Plane Strain. Deformed mesh with zoomed-out microstructures of shaded elements at the center Gauss point for the (a) 25 × 15 and (b) 45 × 27 element mesh

PSfrag replacements

Figure 8: Localization of Indentation Test at Plane Strain. Load displacement curves for different finite element meshes (a) with non-relaxed formulation and (b) proposed relaxation technique

with J := det F_{el} = det F, the shear modulus μ > 0, the Lame constant λ > 0 and the softening modulus h < 0. The level set function is given as

E = { (Σ, β) | ‖Σ‖ + � 2 3 β ≤ c } , (5.45)

where φ is the Mandel stress, β is the conjugate force to the hardening variable α and c is a material parameter. Then the dissipation function for the isotropic von Mises plasticity with softening can be formulated as

ϕ(L_{pl}, α̇) = sup_{(Σ,β)∈E}{Σ : L_{pl} + βα̇} , (5.46)

in terms of the plastic velocity gradient L_{pl} := ṖP^{−1} and the rate of hardening variable α̇.

Here, we approximate the minimization problem (4.39) by introduction of an a priori length scale δ representing the width of micro-shearband. Then, in the finite element context the volume fraction ξ at each integration point is described as a function of the length scale δ and a characteristic geometric parameter g of the finite element. A further simplification to the minimization problem is obtained by fixing the laminate orientation angle χ to the critical direction θ_{cr} obtained from the acoustic tensor

Q(α) := L(α) · ∂^2_{FF}W (F_{n+1}) · L(α) , (5.47)

where L(α) = [cos(α) sin(α)]^T is a unit vector to describe the localization direction. The material stability is controlled by the following minimization problem for the determinant of the acoustic tensor

min_α {det[Q(α)]} � > 0 : stable at F_{n+1} ≤ 0 : unstable at F_{n+1} , (5.48)

and if the determinant becomes zero or negative then the critical angle θ_{cr} and the laminate orientation χ are determined as

χ = θ_{cr} = arg{min_α [det Q(α)]} . (5.49)

Furthermore we consider M · N = 0 which characterizes a shear band type failure. Then, the approximated relaxed energy is obtained by a minimization with respect to one scalar variable d,

W_{R1} (F_{n+1}) = inf_d [ ξW^+(F_{n+1}, d) + (1 − ξ)W^−(F_{n+1}, d) ] . (5.50)

Having computed W_{R1} the relaxed stresses P̄ and the relaxed moduli C̄ can be computed from (4.41) and (4.43), respectively.

As a representative example, we consider next a plane strain indentation test where a localization in the form of curved shear bands are observed experimentally. The equivalent plastic strains and the formation of shear bands with corresponding localization directions are plotted in Fig. 6. In Fig. 7 the development of microstructures is visualized at the selected integration points for two discretizations. In order to prove the mesh objectivity of the proposed relaxation algorithm load-deflection curves are plotted in Fig. 8 for four different mesh densities. The non-relaxed formulation in Fig. 8(a) shows a clear mesh dependency whereas the proposed relaxation algorithm in Fig. 8(b) exhibits no mesh dependency in the post-critical regime.

6 Relaxation of Non-Convex Single-Slip Plasticity

We now point out details of the first-order rank-one convexification analysis introduced in Sect. 4 for the model problem of single slip plasticity. Different from the strain softening example discussed in Sect. 5, the non-convexity appears in the single-slip plasticity as a result of geometric constraints related with the orientation of a slip-system. The model problem of single slip crystal plasticity has already been investigated in several works, see [CHM02, BCHH04, Mie04a, CT05, CO05, MLG04].

The main goals of the numerical investigations are the analysis of the developing microstructures and the demonstration of the mesh-invariance of the relaxation technique proposed. We refer to [MLG04] for details of the relaxation algorithm based on first-order rank-one convexification. As a concrete form, we apply a compressible Neo-Hookean material

ψ(F_{el}) = μ 2 [‖F_{el}‖^2 − 3] + κ 4 [J^2 − 2(1 + 2 μ κ ) ln J − 1] , (6.51)

with J := detF_{el} = detF. κ > 0 and μ > 0 denote the bulk and the shear moduli, respectively. The dissipation function for the linear hardening model of single-slip plasticity is ϕ(L_{pl}) = [τ_0 + hγ] |L_{pl} : (S ⊗ T)| , (6.52)

in terms of the Schmid stress τ associated with the slip system of single-slip plasticity and the linear hardening modulus h. The slip system is described by the slip direction S and the slip normal T with S · T = 0.

Here, a key contribution is the derivation of a semi-analytical solution that reduces for two-dimensional problems the independent micro-variables from four in q to just

PSfrag replacements

Figure 9: Simple shear test. Comparison of evolution of microstructures for simple shear test with three different slip system (a) α = 145^∘, (b) α = 135^∘, (c) α = 125^∘. After loss of material stability microstructures develop which are modeled as firstorder rank-one laminates

PSfrag replacements

Figure 10: Simple shear test. Comparison of relaxed and non-relaxed Kirchhoff stress components for plane strain tension test and two different slip systems. (a) α = 135^∘, (b) α = 125^∘. The shape of the governing stress coordinate τ_{12} represents a snap-through behavior within the non-convex range. After recovery of the stable homogeneous state the relaxed and the non-relaxed stress responses coincide again

one variable. Recall the necessary conditions (4.30) of the minimization problem of relaxation

W̄ h_{,ξ} = W + − W − − d [ξP+ + (1 − ξ)P−] : (FM ⊗ N) = 0

W̄ h_{,d} = ξ(1 − ξ) [P+ − P−] : (FM ⊗ N) = 0

W̄ h_{,φ} = ξ(1 − ξ) d [P+ − P−] : (FM_{,φ} ⊗ N) = 0

W̄ h_{,χ} = ξ(1 − ξ) d [P+ − P−] : (FM ⊗ N_{,χ}) = 0

� � � � � � , (6.53)

in terms of the four micro-variables q := [ξ, d, φ, χ]^T . Note that first two conditions in (6.53) are the physical and the configurational force equilibrium conditions on the interface between two phases. In the sequel, we will evaluate these conditions and derive a semi-analytical solution for the minimizing laminate F^±. The plastic deformation P^± and the hardening variable in the phases (±) are denoted

P^± = P^⋆(1 ± Δγ^±S ⊗ T) and γ^± = γ^⋆ + Δγ^± , (6.54)

where Δγ^± = (γ − γ_n)^± are the incremental plastic arc lengths. P^⋆ and γ^⋆ are the plastic deformation and γ^⋆ the hardening variable of the last stable homogeneous state, respectively. Equation (6.54) points out the cause of the phase decay for the model problem of single slip plasticity that results from the bifurcation of the plastic deformation starting from P^⋆ with Δγ^±. The equilibrium of the Schmidt stresses τ^+ = τ^− yields the identity Δγ^+ = Δγ^− = Δγ of the incremental slips. If one postulates the preservation of the volumetric deformation det[F^+] = det[F^−] = det[F] it turns out that the Lagrangian laminate vectors are orthogonal, i.e. N·M = 0. This result allows for the parameterization of these vectors in terms of the vectors of the slip system N = cos θ S − sin θ T and M = sin θ S + cos θ T where θ is an in-plane orientation angle. Exploitation of these results leads to the identification of the inclination angle and a formula for the micro-intensity

tan θ = −P^⋆ : S ⊗ T and d = 2Δγ cos^2 θ (1 + Δγ^2)

. (6.55)

PSfrag replacements

Figure 11: Rectangular specimen in plane strain tension. Visualization of microstructure developments at selected Gauss points for discretizations with (a) 6×12 and (b) 20 × 40 elements

Insertion of the above obtained results in the necessary conditions (6.53)_{1,4} yields an expression for the volume fraction ξ = 1 2 + d^{−1} � c_{NM} c_{MM}

+ tan θ � , (6.56)

where we have introduced the abbreviation c_{XY} = X · C · Y. The incremental plastic multiplier Δγ can be determined by algebraic manipulations as

Δγ =

2d + E cos^2 θ d^2 + F

, (6.57)

in terms of the coefficients E = −4(hγ^⋆ +c)/(μc_{MM} ) and F = [4h/μ+4 cos^2 θ (c_{NN} − c^2_{NM} /c_{MM} )]/c_{MM} . Note, that the incremental slip is only a function of the microintensity.

As a consequence, insertion of (6.57) into (6.55)_2 leads to a polynomial of degree five that p(d) which only depends on the micro-intensity. The solutions of the polynomial p(d) is the relevant micro-intensity d^∗ that minimizes the volume average of the stress-potentials in the two micro-phases

d^∗ = arg{ inf_{d∈D}[W̄^h] } with D ∈ {d|p(d) = 0} . (6.58)

PSfrag replacements

Figure 12: Rectangular specimen in tension. Load-displacement curves for five different finite element meshes in terms of (a) the non-relaxed (non-objective) formulation (the finer the mesh the softer the response) (b) the proposed relaxation technique

Having computed d, the volume fraction ξ, the relaxed stresses P̄ and the relaxed moduli C̄ can be computed from (6.56), (4.41) and (4.43), respectively.

First, we investigate a homogeneous simple shearing with different slip systems shown in Fig. 9. Because of a specific choice of the orientation of the slip-systems the material stability of the homogeneous deformation can be lost and microstructures may arise. The development of the first-order rank-one laminate type microstructures is plotted in Fig. 9 for various level of deformation. During the macro deformation the plastic slip-systems start to rotate and align to the principal loading mode. The stronger the blocking of the principal deformation the longer the non-convex range. The shear component of the Kirchhoff stress for the relaxed and the non–relaxed solutions are plotted in Fig. 10 where the range of the non-convex domain is clearly dependent on the chosen slip system orientation.

Next, a plane strain tension test is considered where the slip direction vector is taken to be 10^∘ counterclockwise from the horizontal. In Fig. 11 the development of microstructures is visualized for two different mesh densities. The specific orientation of the slip system causes the non-convex incremental potential which is relaxed by the proposed algorithm in terms of first-order laminates. In order to prove the mesh objectivity of the proposed relaxation algorithm load-deflection curves are plotted in Fig. 12 for different mesh densities. Although there is no softening in the model, the non-relaxed formulation shows mesh dependency due to non-convexity in the problem whereas the proposed relaxation algorithm exhibits no mesh dependency.

Final example is concerned with a rectangular specimen in shear where the slip direction is chosen to be 135^∘ counterclockwise from the horizontal. In Fig. 13, the development of microstructures is visualized by considering two different levels of deformation where the evolution of volume fractions and laminate orientations can be seen.

PSfrag replacements

Figure 13: Rectangular specimen in shear. Visualization of microstructure developments at selected Gauss points at (a) u = 20mm (b) u = 30mm

7 Conclusions

The energetic formulation for finite-strain elastoplasticity has been proved as a very flexible mathematical tool that links the heavily used time-incremental minimization problem to a suitable weak time-continuous problem. Moreover, the theory of the the calculus of variations can be used to provide existence results for the incremental problem as well as for the time-continuous one. For the latter case we still need to assume spatial regularizations to prevent the formation of microstructure. At present the global existence theory has proved to be successful in the simplest situations, but further developments is needed to explore the capability of the method for providing classical solutions, i.e., without microstructure. Moreover, it will be essential to derive reliable and efficient numerical algorithms in the spirit of [MR05, MRS06b].

The energetic formulation has the major drawback that the stability condition (S) is a global condition, whereas a local condition would be more physical and better for numerical purposes. First results to understand rate-independent systems as limits of systems with small viscosity are presented in [EM06], but this theory is restricted to finite-dimensional Hilbert spaces. Generalizations to infinite dimensions including abstract metric spaces are developed in [MRS06a], but there applicability in elastoplasticity is still out of reach.

References

[AF84] E. Acerbi and N. Fusco. Semicontinuity problems in the calculus of variations.

Archive of Rational Mechanics and Analysis, 83, 125–145, 1984.

[AFO03] S. Aubry, M. Fago, and M. Ortiz. A constrained sequential–lamination algorithm for the simulation of sub–grid microstructure in martensitic materials. Computer Methods in Applied Mechanics and Engineering, 192, 2823–2843, 2003.

[Bal77] J. M. Ball. Convexity conditions and existence theorems in nonlinear elasticity.

Archive of Rational Mechanics and Analysis, 63, 337–403, 1977.

[Bal02] J. M. Ball. Some open problems in elasticity. In P. Newton, P. Holmes, and A. Weinstein, editors, Geometry, Mechanics, and Dynamics, pages 3–59. Springer, New York, 2002.

[BCHH04] S. Bartels, C. Carstensen, K. Hackl, and U. Hoppe. Effective relaxation for microstructure simulations: algorithms and applications. Computer Methods in Applied Mechanics and Engineering, 193, 5143–5175, 2004.

[Bec06] M. Becker. Incompatibility and Instability Based Size Effects in Crystals and Composites at Finite Elastoplastic Strains. PhD thesis, Institut für Mechanik (Bauwesen), Reprot No. I-18, Universität Stuttgart, 2006.

[Bio65] M. A. Biot. Mechanics of Incremental Deformations. John Wiley & Sons Inc., New York, 1965.

[CHM02] C. Carstensen, K. Hackl, and A. Mielke. Non–convex potentials and microstructures in finite–strain plasticity. Proceedings of the Royal Society London, Series A, 458, 299–317, 2002.

[Cia88] P. G. Ciarlet. Mathematical Elasticity. Elsevier Science Publishers B.V., Amsterdam, 1988.

[CO05] S. Conti and M. Ortiz. Dislocation microstructures and the effective behavior of single crystals. Archive of Rational Mechanics and Analysis, 176, 103–147, 2005.

[CP97] C. Carstensen and P. Plecháč. Numerical solution of the scalar double–well problem allowing microstructures. Mathematics of Computation, 66, 997–1026, 1997.

[CT05] S. Conti and F. Theil. Single-slip elastoplastic microstructures. Archive of Rational Mechanics and Analysis, 178, 125–148, 2005.

[Dac89] B. Dacorogna. Direct Methods in the Calculus of Variations. Springer–Verlag, Berlin Heidelberg, 1989.

[DD00] A. DeSimone and G. Dolzmann. Material instabilities in nematic elastomers.

Physica D, 136, 175–191, 2000.

[Dol03] G. Dolzmann. Variational Methods for Crystalline Microstructure – Analysis and Computation. Springer–Verlag, Berlin Heidelberg, 2003.

[EM06] M. Efendiev and A. Mielke. On the rate-independent limit of systems with dry friction and small viscosity. Journal of Convex Analysis, 13(1), 151–167, 2006.

[FM06] G. Francfort and A. Mielke. Existence results for a class of rate-independent material models with nonconvex elastic energies. J. reine angew. Math., 2006. In print.

[FMAH94] N. A. Fleck, G. M. Müller, M. F. Ashby, and J. Hutchinson. Strain gradient plasticity: theory and experiment. Acta Materialia, 42, 475–487, 1994.

[Ger73] P. Germain. Cours de Mécanique des Milieux Continus. Masson et Cie, Paris, 1973.

[GM06] E. Gürses and C. Miehe. Relaxation analysis of material instabilities in damage mechanics based on incremental convexification techniques. submitted to International Journal of Solids and Structures, 2006.

[GMH02] S. Govindjee, A. Mielke, and G. J. Hall. The free–energy of mixing for n–variant martensitic phase transformations using quasi–convex analysis. Journal of the Mechanics and Physics of Solids, 50, 1897–1922, 2002.

[Gur02] M. E. Gurtin. A gradient theory of single-crystal viscoplasticity that accounts for geometrically necessary dislocations. Journal of the Mechanics and Physics of Solids, 50, 5–32, 2002.

[Hac97] K. Hackl. Generalized standard media and variational principles in classical and finite strain elastoplasticity. Journal of the Mechanics and Physics of Solids, 45(5), 667–688, 1997.

[Had03] J. Hadamard. Leçons sur la propagation des ondes et les équations de l’hydrodynamique. Hermann, Paris, 1903.

[HH03] K. Hackl and U. Hoppe. On the calculation of microstructures for inelastic materials using relaxed energies. In C. Miehe, editor, IUTAM Symposium on Computational Mechanics of Solids at Large Strains, pages 77–86. Kluwer, 2003.

[Hil62] R. Hill. Acceleration waves in solids. Journal of the Mechanics and Physics of Solids, 10, 1–16, 1962.

[HMM03] K. Hackl, A. Mielke, and D. Mittenhuber. Dissipation distances in multiplicative elastoplasticity. In W. Wendland and M. Efendiev, editors, Analysis and Simulation of Multifield Problems, pages 87–100. Springer-Verlag, 2003.

[KM06] D. Knees and A. Mielke. Energy release rate for cracks in finite-strain elasticity.

Mathematical Methods in the Applied Sciences, 2006. Submitted (WIAS Preprint 1100).

[KMR05] M. Kružík, A. Mielke, and T. Roubíček. Modelling of microstructure and its evolution in shape-memory-alloy single-crystals, in particular in cualni. Meccanica, 40, 389–418, 2005.

[Koh91] R. V. Kohn. The relaxation of a double–well problem. Continuum Mechanics and Thermodynamics, 3, 193–236, 1991.

[Kra86] A. Krawietz. Materialtheorie: Mathematische Beschreibung des phänomenologischen thermomechanischen Verhaltens. Springer–Verlag, Berlin, 1986.

[KS86] R. V. Kohn and G. Strang. Optimal design and relaxation of variational problems i, ii, iii. Communications on Pure and Applied Mathematics, 39, 113– 137, 139–182, 353–377, 1986.

[LMD03] M. Lambrecht, C. Miehe, and J. Dettmar. Energy relaxation of non– convex incremental stress potentials in a strain–softening elastic–plastic bar. International Journal of Solids and Structures, 40, 1369–1391, 2003.

[Lus96] M. Luskin. On the computation of crystalline microstructure. Acta Numerica, 36, 191–257, 1996.

[M¨99] S. Müller. Variational models for microstructure and phase transisitions. In S. Hilderbrandt and M. Struwe, editors, Calculus of Variation and Geometric Evolution Problems, Lecture Notes in Mathematics 1713, pages 85–210. Springer Verlag, Berlin Heidelberg, 1999.

[MA04] C. Miehe and N. Apel. Anisotropic elastic-plastic analysis of shells at large strains. a comparison of multiplicative and additive approaches to enhanced finite element design and constitutive modelling. International Journal for Numerical Methods in Engineering, 61, 2067–2113, 2004.

[MAL02] C. Miehe, N. Apel, and M. Lambrecht. Anisotropic additive plasticity in the logarithmic strain space: Modular kinematic formulation and implementation based on incremental minimization principles for standard materials. Computer Methods in Applied Mechanics and Engineering, 191, 5383–5425, 2002.

[Mar75] J. B. Martin. Plasticity. Fundamentals and General Results. MIT press, Cambridge, Massachusetts, 1975.

[MB06] C. Miehe and M. Becker. Incompatibility based strain gradient crystal plasticity. submitted to Computer Methods in Applied Mechanics and Engineering, 2006.

[MH94] J. E. Marsden and T. J. R. Hughes. Mathematical Foundations of Elasticity.

Dover Publications Inc., New York, 1994.

[Mie02a] C. Miehe. Strain–driven homogenization of inelastic microstructures and composites based on an incremental variational formulation. International Journal for Numerical Methods in Engineering, 55, 1285–1322, 2002.

[Mie02b] A. Mielke. Finite elastoplasticity, Lie groups and geodesics on SL(d). In P. Newton, A. Weinstein, and P. J. Holmes, editors, Geometry, Dynamics, and Mechanics, pages 61–90. Springer–Verlag, 2002.

[Mie03a] A. Mielke. Energetic formulation of multiplicative elasto–plasticity using dissipation distances. Continuum Mechanics and Thermodynamics, 15, 351–382, 2003.

[Mie03b] A. Mielke. Evolution of rate–independent inelasticity with microstructure using relaxation and Young measures. In C. Miehe, editor, IUTAM Symposium on Computational Mechanics of Solid Materials at Large Strains (Stuttgart Aug. 2001), pages 33–44. Kluwer, 2003.

[Mie04a] A. Mielke. Deriving new evolution equations for microstructures via relaxation of variational incremental problems. Computer Methods in Applied Mechanics and Engineering, 193, 5095–5127, 2004.

[Mie04b] A. Mielke. Existence of minimizers in incremental elasto–plasticity with finite strains. SIAM Journal on Mathematical Analysis, 36, 384–404, 2004.

[Mie05a] A. Mielke. Necessary and sufficient conditions for polyconvexity of isotropic functions. Journal of Convex Analysis, 12, 291–314, 2005.

[Mie05b] A. Mielke. Evolution in rate-independent systems (ch. 6). In C. Dafermos and E. Feireisl, editors, Handbook of Differential Equations, Evolutionary Equations, vol. 2, pages 461–559. Elsevier B.V., 2005.

[Mie06a] A. Mielke. A mathematical framework for standard generalized materials in the rate-independent case. In SFB404-Abschlussband. Springer-Verlag, 2006.

[Mie06b] A. Mielke. Temperature-induced phase transformations in shape-memory alloys. In preparation, 2006.

[ML03a] C. Miehe and M. Lambrecht. Analysis of microstructure development in shearbands by energy relaxation of incremental stress potentials: Large–strain theory for standard dissipative solids. International Journal for Numerical Methods in Engineering, 58, 1–41, 2003.

[ML03b] C. Miehe and M. Lambrecht. A two–scale finite element relaxation analysis of shear bands in non–convex inelastic solids: Small–strain theory for standard dissipative materials. Computer Methods in Applied Mechanics and Engineering, 192, 473–508, 2003.

[MLG04] C. Miehe, M. Lambrecht, and E. Gürses. Analysis of material instabilities in inelastic solids by incremental energy minimization and relaxation methods: Evolving deformation microstructures in finite plasticity. Journal of the Mechanics and Physics of Solids, 52, 2725–2769, 2004.

[MM05] A. Mainik and A. Mielke. Existence results for energetic models for rateindependent systems. Calc. Var. PDEs, 22, 73–99, 2005.

[MM06a] A. Mainik and A. Mielke. An existence result for rate-independent straingradient plasticity at finite strains. In preparation, 2006.

[MM06b] A. Mielke and S. Müller. Lower semicontinuity and existence of minimizers for a functional in elastoplasticity. ZAMM Zeitschrift für Angewandte Mathematik und Mechanik, 86, 233–250, 2006.

[MO06] A. Mielke and M. Ortiz. A class of minimum principles for characterizing the trajectories of dissipative systems. In preparation, 2006.

[Mor52] C. B. Morrey. Quasiconvexity and the semicontinuity of multiple integrands.

Pacific Journal of Mathematics, 2, 25–53, 1952.

[MR05] A. Mielke and T. Roubíček. Numerical approaches to rate-independent processes and applications in inelasticity. In preparation, 2005.

[MRS06a] A. Mielke, R. Rossi, and G. Savaré. On a metric approach to a class of rate-independent problems. In preparation, 2006.

[MRS06b] A. Mielke, T. Roubíček, and U. Stefanelli. Γ-limits and relaxations for rate-independent evolution equations. In preparation, 2006.

[MS04a] C. Miehe and J. Schotte. Anisotropic finite elastoplastic analysis of shells:

Simulation of earing in deep-drawing of single- and polycrystalline sheets by taylortype micro-to-macro transitions. Computer Methods in Applied Mechanics and Engineering, 193, 25–57, 2004.

[MS04b] C. Miehe and J. Schotte. Crystal plasticity and evolution of polycrystalline microstructure. In E. Stein, R. de Borst, and J. R. Hughes, editors, Encyclopedia of Computational Mechanics, chapter 8, pages 267–289. John Wiley & Sons, 2004.

[MSL02] C. Miehe, J. Schotte, and M. Lambrecht. Homogenization of inelastic solid materials at finite strains based on incremental minimization principles. application to the texture analysis of polycrystals. Journal of the Mechanics and Physics of Solids, 50, 2123–2167, 2002.

[MT04] A. Mielke and F. Theil. On rate-independent hysteresis models. Nonlinear partial differential equations and their applications (NoDEA), 11, 151–189, 2004. (Accepted July 2001).

[MT06] A. Mielke and A. M. Timofte. Two-scale homogenization for evolutionary variational inequalities via the energetic formulation. In preparation, 2006.

[MTL02] A. Mielke, F. Theil, and V. I. Levitas. A variational formulation of rateindependent phase transformations using an extremum principle. Archive of Rational Mechanics and Analysis, 162, 137–177, 2002.

[OR99] M. Ortiz and E. Repetto. Nonconvex energy minimization and dislocation structures in ductile single crystals. Journal of the Mechanics and Physics of Solids, 47(2), 397–462, 1999.

[ORS00] M. Ortiz, E. A. Repetto, and L. Stainier. A theory of subgrain dislocation structures. Journal of the Mechanics and Physics of Solids, 48, 2077–2114, 2000.

[OS99] M. Ortiz and L. Stainier. The variational formulation of viscoplastic constitutive updates. Computer Methods in Applied Mechanics and Engineering, 171, 419–444, 1999.

[Ric76] J. R. Rice. The localization of plastic deformation. In W. T. Koiter, editor, Theoretical and Applied Mechanics, pages 207–220. North–Holland, Amsterdam, 1976.

[Šil97] M. Šilhavý. The Mechanics and Thermodynamics of Continuous Media.

Springer–Verlag, Berlin Heidelberg New York, 1997.

[Ste96] P. Steinmann. Views on multiplicative elastoplasticity and the continuum theory of dislocations. International Journal of Engineering Science, 34, 1717–1735, 1996.

[Sve02] B. Svendsen. Continuum thermodynamic models for crystal plasticity including the effects of geometrically-necessary dislocations. Journal of the Mechanics and Physics of Solids, 50, 1297–1329, 2002.

[Tho61] T. Y. Thomas. Plastic Flow and Fracture in Solids. Academic Press, London, 1961.

[TN65] C. Truesdell and W. Noll. The nonlinear field theories of mechanics. In S. Flügge, editor, Handbuch der Physik, chapter Bd. III/3. Springer–Verlag, Berlin., 1965.

[You69] L. C. Young. Lectures on the Calculus of Variations and Optimal Control Theory.

Saunders, London, 1969.

[Zie63] H. Ziegler. Some extremum principles in irreversible thermodynamics with application to continuum mechanics. In I. N. Sneddon and H. R., editors, Progress in Solid Mechanics, Vol. IV. Springer Verlag, Berlin Heidelberg, 1963.

[ZW87] H. Ziegler and C. Wehrli. The derivation of constitutive relations from the free energy and the dissipation function. In Advances in applied mechanics, Vol. 25, pages 183–237. Academic Press, Orlando, FL, 1987.

Table 1: Overview: Minimization Principles for Standard Dissipative Solids

(M) Constitutive Model. F ∈ GL_+(3) at x ∈ B is the local deformation and I ∈ Z a generalized vector of internal variables. Set of local material equations has the structure

stresses P = ∂_Fψ(F, I) evolution equation 0 ∈ ∂I ψ(F, I) + ∂İ ϕ(İ, I) , I(0) = I_0

defined in terms of an energy storage and a dissipation function ψ, ϕ.

(C) Incremental Variational Formulation of Constitutive Model. In a finite time increment [t_n, t_{n+1}], the minimization problem of the constitutive response stresses P_{n+1} = ∂_FW (F_{n+1}) stress potential W (F_{n+1}) = infI

�_{tn+1}

t_n [

ψ̇ + ϕ ] dt , I(t_n) = I_n

determines the current internal state I_{n+1} ∈ Z and provides a potential for the stresses at time t_{n+1}.

(S) Stability of Incremental Constitutive Response. In [t_n, t_{n+1}] the material is locally stable if the incremental stress potential W is quasi–convex

stable response W (F_{n+1}) ≤ inf_w^1_{|D|} � D W (F_{n+1} + ∇w(y)) dx

for all possible fluctuations w(y) on the domain D.

(R) Microstructure Development in Non–Stable Materials.

For an unstable non–convex response, the incremental minimization problem of convexification

macro–stresses P_{Qn+1} = ∂_FW_Q(F_{n+1}) relaxation W_Q(F_{n+1}) = inf_w^1_{|D|} � D W (F_{n+1} + ∇w(y)) dx

provides a relaxed quasi–convex hull W_Q of W and determines the current microstructure fluctuation field w(y).

Table 2: First–Order Rank–One Convexification of Incremental Response 1. Database {F_{n+1}, I^+_n , I^−_n } and starting value q_0 := {ξ, d, N, M}_0 given.

2. Set micro–deformation phases

F^± := F_{n+1}L^± with � L^+ := 1 +(1 − ξ)d M ⊗ N , L^− := 1 − ξd M ⊗ N .

3. Evaluate the potential W̄^h(F_{n+1}, q) = ξW (F^+) + (1 − ξ)W (F^−) and its derivatives W̄^h_{,F}, W̄^h_{,q}, W̄^h_{,FF}, W̄^h_{,qq}, W̄^h_{,qF̄}.

4. Convergence check: If (‖ W̄^h_{,q} ‖ ≤ tol) go to 6. 5. Newton update of micro–variables q ⇐ q − [ W̄^h_{,qq} ]^{−1}[ W̄^h_{,q} ] .

6. Set relaxed macro–stresses and tangent macro–moduli P̄_{n+1} = W̄^h_{,F̄} and C̄_{n+1} = W̄^h_{,F̄F̄}−[ W̄^h_{,F̄q} ][ W̄^h_{,qq} ]^{−1}[ W̄^h_{,qF̄} ] .