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On approximate approximations using Gaussian kernels

VLADIMIR MAZ’YA ,
Department of Mathematics, Linképing University,
S5-581 83 Linképing, Sweden

AND

GUNTHER SCHMIDT
Weiersirass Institute for Applied Analysis and Stochastics,
Mohrenstr. 89, D-10117 Berlin, Germany

This paper discusses quasi-interpolation and interpolation with Gaus-
sians from a new point of view concerning accuracy in numerical com-
putations. Estimates are obtained showing a high order approximation
up to some saturation error negligible in numerical applications. The
construction of local high order quasi-interpolation formulas is given.

1. Introduction

In Maz’ya (1991), (1994) a new approximation method was proposed mainly directed to the
numerical solution of operator equations. This method is characterised by a very accurate
approximation in a certain range relevant for numerical computations, but in general the
approximations do not converge. For that reason such processes were called approzimate
approzimations (see also Maz’ya and Schmidt (1994)).

The present paper is devoted to an application of this method to the approximation of
multivariate functions using Gaussian kernels. We study some examples to approximate
functions u in R™ by sums of the form

|x — hm|2)

uh‘(x) = D~/? Z Um exp(— D

mezZ™

(1.1)

with two positive parameters, "small” h and fixed "large” D, and certain scalars u,, depending
on 4. One of the main results can be described as follows.
Let N = 2M + 2 be an even natural number. For any given ¢ > 0 there exist D > 0 and

a mask {cx, k = (ky,...,k.) € 2™, Z |k;| < M} such that the quasi-interpolation formula
i=1 )

(1.1) with um = Y e u(h(m — k)) provides for any function u € C¥(R™) N WX (R™) the

estimate

% = wallzw(me) < en BV |ulwy(re) + ellellwz-2 amy (1.2)

with some constant cy not depending on u. Roughly spoken, linear combinations of the AZ"-
shifts of the Gaussian kernel exp(—h~?D~!|x|?) approximate with arbitrary order O(RY), but
only for all h greater than some lower bound hqy. If g > h — 0 then

up(x) —u(x) = u(x) Y, exp(-7n*Dv|?) e%(x’ v) + O(h)
veZ™\{0}



i.e. under the assumption that D is fixed the quasi-interpolation does not converge.

The idea to consider such non-converging approximation processes comes from numerical
applications providing always some inaccuracies. For example, if D is chosen such that ¢ is
smaller than the machine precision then (1.1) performs like a usual high order approximation
process. But additionally and in contrast to other approximations, formulas of the from
(1.1) are easy to implement and give the possibility to determine analytically the action of
various important differential and integral operators, which is very significant especially in
the multivariate case (see Maz’ya (1994)).

The main purpose of our paper is to construct quasi-interpolation formulas providing a
prescribed approximation order and to analyse the saturation error €. In Sect. 2 we obtain
explicit error expansions of quasi-interpolation with rapidly decaying kernels for functions
from the Sobolev space WY (R™).

Based on a result on multivariate polynomial interpolation in Sect. 3 we construct the indi-
cated quasi-interpolants with Gaussians, show that these formulas are optimal with respect
to the number of mask elements and obtain estimates of the approximation error.

In Sect. 4 we derive error estimates for the interpolation with formula (1.1) to classes of
functions which are characterised by conditions on the Fourier transform. In particular, the
interpolating sum (1.1) approximates a given function u.satisfying Fu(A) exp(a|A]) € L1 (R™)
with the order O(exp(~a/2h)) up to the saturation error & 4nexp(—72D) .

The approximation with Gaussian kernels exp (—|x|?) is often mentioned in the literature
and has been studied recently in connection with radial-basis functions and principal shift-
invariant spaces. It is well known that no linear combination of translates of this generating
function reproduces polynomial. This in fact causes the saturation errors. The underlying
idea of our research is, that these errors can be made arbitrarily small since the kernels
exp (—D~!|x|?) reproduce polynomials very accurate.

Let us mention some results concerning the approximation with Gaussians. In Buhmann
(1990) the interpolation problem with sums of the form (1.1) is considered. Since the poly-
nomial reproduction is absent the author concludes that the interpolating functions cannot
yield good convergence results. However, if one looks from the point of view of practical
applications then the Gaussian kernels show remarkable approximation results. For instance,
already the simple formula |

\/Qlﬂg E u(hm) exp (— E—;%T—Ij) (1.3)

meZ3

provides in R® the approximation order O(h?) modulo a saturation error which is bounded
pointwise by

3
Ou(x)
8.303-10712. 2.609-10"2.h.) [

|u(x)| + 2.609 - 10 ;:1:' 3o,

.

Higher order approximations with negligible saturation errors and their application in nume-
rical methods were considered in Maz’ya (1991), (1994). In particular it was shown that the
quasi~interpolant

. . — hml? — hm/?
(D)™ Y w(hm) K (- EZROEY o (- xRl

mezZ™

approximates a smooth function u with the order O(h*¥*3) plus some small saturation error,
where Lg;) denotes the generalized Laguerre polynomial. A detailed analysis concerning



the errors of approximate approximations with respect to different norms for the quasi-
interpolation with rapidly decreasing kernels and construction methods for such kernels can
be found in Maz’ya and Schmidt (1994).

The estimate (1.2) indicates that it is possible to obtain approximations with Gaussian
kernels converging for all A — 0 if one choose the parameter D depending on h. This was
studied in some papers recently. In Wu and Schaback (1993) interpolants of the form

Zum exp( [x Dxmlz)

are considered, where the points x,, are allowed to be irregularly distributed over a domain
€1, and de Boor and Ron (1992) deals with best approximants of the forms

|x — hm|?
Um €X .
mg;,‘ (-5 )
It is shown that the corresponding expressions approximate smooth functions with arbitra-
rily high order. In the book of Stenger(1993), Section 5.8, a one-dimensional approximation
formula similar to (1.3) is considered, where D = h¥F-1) | 0 <8< 1. It is proved that this
quasi-interpolant converges for continuous functions. In Beatson and Light (1992) quasi-
interpolants of the form (1.1) with variable D are analysed providing high order approxima-
tion. In particular a tensor product construction of a quasi-interpolation formula is given
converging to u € CV(R™) N WX (R™) with the order O(A¥|In h|") if D(h) = N [In h|/x2.

In all of these approaches the use of finer grids enlarge the number of summands necessary
to compute the approximate value at a fixed point x within a given tolerance. This is in
contrast to the case of fixed D, which we prefer, because this is advantageous in numerical
applications and reflects the local character of the quasi-interpolants constructed in Sect. 3.

2. Preliminaries ,
Here we prove some results for use in later analysis. First we consider for fixed D > 0 the
~ behaviour of the quasi-interpolation formula

W)= 3 u(hm)n(%) , (2.1)

where u is a bounded function and the continuous generating function 7 satisfies the decay
condition

In(t) < A(L+1t))""""%, t e R, (2.2)

for some natural number N and positive constants A and 4.
Additionally we suppose that 7 is subjected to the moment condition

/n(t)dt=1, /t“n(t)dt=0, Va,1<|a| < N. (2.3)
n R™
Here and henceforth we use the notations: ,
Let x = (Z1,...,%+) € R™ and @ = (a,...,a) € Z3, a multiindex. We denote |a| =
o+t an, xX* =z i al = ol
. gl
5 ’LL(X) —» WU(X) .



For k = (ky,... ,k,) € Z" we define the multiindex (k) := (|kil, ... ,|ka|) € Z3,. The usual
scalar product in R™ is denoted by (x,y) and |x| = (x,x)!/2. With the abbreviation

GA(X) 2«1.(:: A)

the Fourier transform of an L,-function is defined by
Fo(A) = / (%) ex(—x) dx .

Lemma 2.1 Suppose that n satisfies (2.2), (2.3) and for gwen D > 0 the Fourier transforms
of t*n(t) are such that

{FE=n(®))(VD )} € h(Z"), 0< o] < N . (2.4)
Then for any u € CY(R™) N WX(R™) it holds
un(x) - u(x) = Ra() + 3 (—v/Dhy=lZHE 5 f(t%(t))(f v)e(3)
joe|=0 al veZ=\{0}

where

|Ra(x)] < (VDRYY Z Pec 107z (mm) - (28)

la|=N

and

1 eVl (Cv S UGy Sl A

mezZ™

Proof. Denoting
Ua(x,y): N/ N1 gu(sx + (1 - s)y)ds

from the Taylor expansion of u € C¥(R™)
u(y) = Z =2 gy + Z Ua(x,y) (2.6)

|ex|=0 |ex|=N

we obtain the representation

= 9ou(x) X — hm
up(x) = ——=ip~n/2 (hm — x)%n
h "g-:o al mL:d;“ ( \/5}7, )

+ 3 —D"‘/’ Y (hm - x)* (x ‘/f;“) «(x,hm).

la]= N mezZ™

Since the series

>, (hm- X)"‘n(x\;g;n )

mezZ™



converge absolutely in view of (2.4) the Poisson summation formula

Do 3 (FE) (TR = 3 Fe o) VB) e,

mezZ™ veZ™

holds (cf. Stein and Weiss (1971)). Using the moment condition (2.3) and the estimate
Ua(x, hm)| < {|0%u/[z(am)

the assertion follows immediately. O

Let us formulate an estimate showing the local character of the quasi-interpolation if D is
fixed. By B(x, k) we denote the closed ball with radius « centered at the point x. In view of
(2.2) for any D > 0 we can find & = k(D) such that

x— hm
mex 2 (fh)‘ max 2

hm¢ B(x,ch)

X -1m
< DY eo(n, D),
( \/ﬁ)l‘ o(n, D)

where we set

ea(mD)i= > |F(t*n(t))(VDy)|.

veZ=\{0}

Lemma 2.2 (Maz'ya and Schmidt (1994)) Let w € CV(Q) in some domain Q C R™ and
is as in Lemma 2.1. Then for any x inside Q) such that B(x,kh) C Q the estimate

/2 SChmin (X hm _ |0%u X)I SRl ’
prr 3 ubmin(Z75E) )'<.§o (VDh)*lza(7, D)

N Pa(, D)
Tew ((\/ﬁh) !E}iﬁs a; + EO(U’D)> ”u’”C'N(B(x,nh))
1s valid, where the constant cy depends only on N and n.

In Section 3 we employ that the matrix (,32“)[1: isl=o » @B € 23, is nonsingular. This
follows from a general result of Hakopian which we now formulate.
A set of multiindeces J C Z%, is said to be normal if @« € J and 8 < @ imply B € J. The
linear space of n-variate polynomials associated with J we denote by

P; =span{x*: a € J}.

Further, for 1 < j < n let be given sequences T; = {t;;}2, of distinct real numbers. We
introduce the lattice 7; determined by the sequences T; and J C 73, :

Tr={ta = (t1,a1y-++ 1tn,en) : @ € J}

Theorem 2.1 (Hakopian (1983)) Let J C Z3, be a normal set. Then each polynomial
p € Py is uniquely determined by its values on the lattice T;. ‘



3. Formulas for high order convergence
Let us first consider the case that in (2.1)

n(x) = 7= ?exp(~|x") with Fn(A) = exp(~r*AP).

Then this generating function satisfies the moment condition for N = 2 and we get from
Lemma 2.1

Iu(x) — (D)2 Z,. u(hm) exp (— %)I |
S(VDRY 3 palld®ulome + [u(x)] Y exp(~Dr*|v[?)
|aj=2 veZ~\{0}
+ Dhr Z |0%u(x)| Z |v*| exp(—=Dr?|v|?) .

ja]=1 veZ™\{0}

Therefore, if A — 0 then u, does not converge to u, i.e. u; does not approximate u in the
usual sense. On the other hand, since exp(—7?) = 0.51723...- 10~* the factors

> exp(-Dr’|v*) and Dr Y |v*| exp(-Dr’|v}?), la|=1,

veZ™\{0} vezn~

are for D = 2 or D = 4 comparable with the machine accuracy in single and double pre-
cision floating point arithmetic, respectively. Hence, for our concrete example the quasi-
interpolation (2.1) behaves in numerical calculations like a usual second order approximation,
if D is appropriate chosen. -

The aim of this section is to construct approximate approximations generated by Gaussian
kernels providing a prescribed approximation order with controlled saturation errors. To this
end we form the generating function 7 as a linear combination of translates of the Gaussian
kernels so that the moment condition holds for large N. In the class of functions symmetric
in each variable, i.e.

N1y ey Tjye ey Tn) = 0(2q, .00, =4, ,T0), F=1,...,1, (3.1)

we will give the function with "minimal support”. From (3.1) it is clear that for N = 2M 42
the new generating function must be subjected to the conditions

/n(t)dtz 1, /tz"‘n(t)dt =0, Va,1<|a|<M.
R™ R™
Lemma 3.3 For any M > 0 there ezist uniquely determined coefficients ci, k € Z™ with
|€(k)| = >_ |kj| < M, such that the generating function

j=1

k 2
n(x) = IE“;ISM Cx €Xp ( |x \/5| ) (3.2)
satisfies (3.1) and the moment condition (2.3) with N = 2M + 2.
Proof. From (3.2) we see that
A

Fn(A) = 7"exp(-m2 A7) D ecex(— —=) .
(k)| <M ( \/7'_)>



Hence, if a trigonometric polynomial

A
Py(X) = 'g(g:ISM x ek(— ﬁ) (3.3)
satisfies
0% Py (0) = 77 "20%exp(x*|AP)| ,0<|a|<2M +2, (3.4)
A=0
then obviously
0°F1(0) = 6% (exp(~x"N") Pu(N)| = fiaio, 0 [a] < 200 +2,

i.e. n is the required function.
To find this polynomial we use that

o )218l - T(8: +1/2 =
Ba exp(1r2|A|2) ( 7[') JEII (ﬂJ + / ) ) & 2ﬁ ) (3‘5)
A=0 0 , otherwise ,
with B8 = (B1,...,6n) € Z30. Therefore it is possible to seek Pp(A) in the form
s 27
Py(A) = ag || cos—=p5;);, B€ZZ (3.6)
|/3§M 3131 JD i >0
From (3.4) and (3.5) we obtain the system of linear equations
2 _ . —n || -
Z agB*® =17 "(-D) HI‘(aj +1/2) ,0<|a|< M. (3.7)
IBl<M j=1

From Theorem 2.1 we know that the matrix ([32"‘)?:! \aj=0 » @B € L3, is nonsingular. Thus
there exists a unique solution ag, |3| < M, of this system. Note that

e 2 A
Hcos—ﬂ-)\~=2"(ﬁ) Z ex|— —=]),
Loyt = 2,2 0)

where k() is the number of nonzero components of 3. Therefore the solution of (3.7) provides
the required generating function

k 2
n(x) = Z 27K gp iy exp (- [x — —=|7) . (3.8)
leRI<M ( vD )

It remains to show that Py () is the unique trigonometric polynomial of the form (3.3)
satisfying (3.4) and (3.1). Suppose that there exists

Pu(N)= D, Ekek(%>,

l§()I<M

which is symmetric in each variable A; and such that

_ 4r? lal
Pu(0)=(- %) Y @k==0, 0<lal<M.
leCI<M

7



As before we get from Theorem 2.1 that

. &=0, VB,0<|8l<M.
§(k)=p

But the symmetry of P (A) implies that
G, =0, i (ki) = {(ka),
which proves that (3.8) is uniquely determined. O

Remark: It can be easily seen, that the solution ag of (3.7) is independent of any permutation
o(B) of the components of the multiindez 3. Therefore the generating function (3.8) can be
written in the form

nx)= Y. 2=y, > exp (— |x — —%]2) .

121520 o (é(k))=B

£12...28n

Now we consider the saturation error provided by the formula (2.1) if the generating function
(3.8) is used.

Lemma 3.4 For any multiinder o, || < N = 2M + 2, and v € Z™ it holds
F(t*n(t))(vVDv) = (=1ivD)® v exp(—1D|v|?) . (3.9)
Proof. Since
Fn(x) = 7% exp(~m®|A[*) Par(R) ,

the periodicity of Py and the equalities (3.4) imply

0Fn(VDv) =" Y 8P Py (VDr) 8%P exp(—*|A")

B<a 'B' ( ) A=VDv
=72 ————§8 P, (0) 8* P exp(—72|A|?)
ﬁ%}! ﬁ)' * A=VDv
Bra g (A7) 8 exp(~r7|AF)
Blgx B! (a '3 A=0 A=VDr
In view of (3.5) we obtain
23 21y |2
%8 exp(n?|A| )|A=0 _ 8
28)! o
which leads to the equality
1
aaj: D a—206 2 A 2
"7(\/—") 2ﬁz<:a :3'(“ 2/6)' rled-218] 0 exp(~m* A )A=\/5u
Now we use the identity
[(m/2] m=2
1 1 d 1 2 1 . 2
om ; 71 (m — 25)! <dy) exp(-y) = — 59" ew(=y')



to deduce

1 a-283 2 2
2ﬁz<: B! (e — 25 )! wled=21A] 0 exp(—7*|Al%)

o a: 1 d \ 2%
= (2r) IH % > B;!( _25 ) xos=26; (d_,\,) exp(=7*A})

2ﬁ <aj

= (2m)'“ H(—l)“"(ff\j)“" exp(~n?2) = (27)/ (—7 )% exp(~7?|A?) .

j=1

Since
i\l
Ften()(VDv) = (5)  0°Fn(vVDv)

the assertion is proved. O
Using the notations introduced in the proof of Lemma 3.3 we can formulate

Theorem 3.2 Let M > 0 be a natural number, N = 2M + 2 and set for fized D

Y. 27 M agpg u(h(m - k), (3.10)

(k)< M

where ag(x) is the solution of the system (3.7). There ezist positive constants pa, || = N,
such that for any u € CN(R*) N WX (R") and all h > 0 the estimate

(o) =D 3w exp (- ESPPD)) < (VR B pafoufoqm

mezZ™ |e|=N

£ 3 0l NPEDZ Sy exp(-mDlu )

|ax|=0 ol veZ™\{0}
15 valid.

Proof. From Lemmas 2.1, 3.3 and 3.4 we derive that the quasi~interpolant

uh'(x) =D~ Y u(hm)n(x\;l:n)

mezZ™
n x — hm|? .
=D Y exp (- IR 5 509 40 w(h(m - k)
mezZ (k)| <M

satisfies

()~ u(x) = Rr) + 32 P i) 3w exp(—ri Dl ) D),

lex]=0 : veZ~\{0}

where R is bounded by (2.5) and

n/2 | -m k|2

‘( ) |£(1§|<M2 (k)a,g(k) exp( T)l “Lm(nﬂ)'

a



Remark: It is obvious that any trigonometric polynomial P(\) of period VD satisfying the
equations (3.4) can be used to construct a generating function by

n(x) = 72 F " (exp(-n?| - |*) P)(x)

such that the assertion of the previous theorem holds. But from Lémma 3.3 follows that
formula (3.10) gives the quasi-interpolant depending on the minimal number

T o) - i (nl‘_f j) (;‘) gn—i

1Bl<M j=max(n—M,0)

of function values u(h(m — k)), |{(k)| < M. The quasi-interpolant constructed in Beatson
and Light (1992) as tensor product of one-dimensional formulas depends on the values of u
at (2M + 1)* grid points.

Another advantage of the quasi-interpolant given by (3.10) comes from the fized parameter
D. Since the coefficients ag ) solve the system (3.7) they depend on D but not on h. Hence,
using the previously determined numbers agx) we can obtain high order approzimations for
different h, which ts impossible in the case of D varying together with h.

4. Interpolation with Gaussian kernels

Here we consider briefly some error estimates for the interpolation with formula (1.1) at the
lattice {hm, m € Z"}. We restrict ourselves to the case that v € L;(R") and its Fourier
transform satisfies certain integrability conditions. Let us introduce the positive smooth
function '

gn(A) = ( > exp(—7’D|RA + 1/]2))—1 .

veZ™

Theorem 4.3 Let u be a continuous function such that Fu € L;(R™). Then

Qru(x) = / ex(A) exp(~T*DRAIN) n(A) T Fu(h+ 2)dx

R™ . vez»

is the sum (1.1) interpolating u(x) at the points hm, m € Z",
1 %

Proof. The series Z Fu(X + 3

VEZ™
L,-function, thus

) converges absolutely for almost all A to an h~!-periodic

exp(~7*D?|-[*) gu Y Ful-+ =) € Ly(R™)

vezZn

and Qru is well defined. Since g,(A) is h~1-periodic we obtain

Qnu(x) = / ex(N) FuN)ga(A) T ex() exp(~rDIhA + v[?)dA. (4.1)

R~ veZn

Applying the Poisson summation formula we derive the equality

ex(N) X ex(3) exp(~1"DIkA + v]*) = (rD)™/? Y exp(- #ﬁ)em(x),

vezn mgezZr

10



which holds since for fixed x both series converge absolutely. Therefore

Qru(x) = (7D)™"/? Z exp( [__ir_n_l_ /fu A)gn(A) enm(A) dA .

mezZ™ Dh?

Further, from (4.1) we get
u(x) = Quu(x) = [ &N FuNgh(A) T (1= ex(5)) exp(~5"DIRA +v%) d
R~ veZ™
such that

) 74 .
rm(Z) = E7m 1, myezn,

proves the assertion. O
To estimate the approximation error we write

V(in*DhA + ZX)
d(iw2DARA)

a(A) Y (- ex(%)) exp(—m*DhA + v|*) =1 -

vezZ™
where
¥(z):= ) exp(-7’D|v|?) e®Er) = 1 #s(zixD) (4.2)
VEZ™ j=1

with the Theta-function ¥3 (see e.g. Whittaker and Watson (1962)). This is an integral
function and quasi doubly-periodic

P3(z + 7 + in?D|irD) = exp(n*D) e~ I;(2]in D),
which implies
Wz + i7°Dv) = exp(n>D|v|?) e 3= §(z) . (4.3)

Furt‘her, the function ¥3(2|iwD) has simple zeros at the points
1
(k+§)7r+(m+%)i7r2D, k,kmeZ. (4.4)

Using (4.3) we derive

= [ (s AP

R"

Z/ex(/\+ )J—'u(A+ )< (_%)0(1';(2;?3’;;;%))‘1/\

uEZ“

Ch vEZ™

I

where Cj, denotes the cube [—3, =)". Since obviously

‘ﬁ(irzDhA + !f)

<
9(in*DRN) !

11



we obtain the estimate
) - @l <2 X [1Fu+ D)l ax
vezZ™\{0} Ch

+| C/ ex(A)Fu(N)(1 - ﬂ(i;r(gfgh:)% )) dA| (4.5)

<2 / | Fu(A)] dX + | C/ ex(N)Fu(A) (1 - ﬂ(“;“(zfghf\;% ))d,\1

R"'\C),

After this preparations one can formulate several estimates for the interpolation error. We
give two examples.

Theorem 4.4 Suppose that the function u is such that

lull = [ 1Fu(NI 3+ A" dA < oo

for some natural N. Then the estimate

N-1
, : 1 Dhy ol |0*u(x)|
() = Q)| < ew ()" [y + 3 laai0)] (T2) " 12X
|a|=0 )
15 valid, where
9z + %)
— 8«{1 _ 4,
ao(x) = 0 (1 32) ) (4.6)
. z=0
and the constant cy does not depend on u.
Proof. We take the Taylor series of
dz+ =) & z“
- ——22 = a )
¥(z) [MZ:OG' (x) a!

which due to (4.2) and (4.4) converges absolutely and uniformly for all x € R™ and all
z=(z1,...,2,) with [z] < 7%\/1 +72D2 — §, § > 0. Note that the functions a,(x) given by
formula (4.6) are smooth and h-periodic.

Since for A € C it holds |7?*DhA;| < 7?D/2 we derive

[emirn(s - PR o

-y %}‘l(ixzvh)lal / ex(A) A% Fu(A) dA
lee|=0 ) Chr
- gz‘o “cif) ((?)'“‘aau(x) - (ir'«’ph)!alm é h ex(A) A% Fu()) dA) .

But

D) [ A F) A < (DR ol e

R™\C),

< (DR [y (20)71%1 = (20" (22) "y

12



such that in view of (4.5) it remains to estimate

’ i aa(X)W/ex(A) A% Fu() d,\j

a!

|a|=N Ch

- (x*Dh)el
< A T jxl-N
< 2 )l o Ll i

|
NG et 2 a!
The last series is uniformly bounded and therefore the constant ¢y can be estimated by

¢y <2+ max i (ﬁ;zD)lﬂllai?)] .

|a|=0

(2h )N il i (ﬁsz)lal |aa(x)] .

O

Remark: Using the function ¥ the saturation error for the quasi-interpolant vof Theorem 3.2
can be written in the form

gt ol 9% u(x ™
> ()" T et s 5

|a}=0 £=0

Finally we show that the interpolation with (1.1) converges exponentially up to the satu-
ration error.

Theorem 4.5 If for somea >0

[ 1Fu(N)] expalAl) dx =: ul, < oo

* then for all x € R™ the error of the interpolation with (1.1) can be estimated by

[u(x) - Qau(x)| < (erexp (- 7) + ez exp(~7"D)) lull,

where
Ly VE-1 a k
¢, <1 +kz=:1 (k) exp(— a0 )(1+exp(-— m)) ,
and
. n-—1
< Y, exp(—mD(lvfP-1))+ ), (k " 1) exp(—m?Dk) 251 .
vez~\{0} ko \F T

Proof. Again we use the estimate (4.5). Obviously

/ |Fu(A)| A < exp(- 5 / | Fu(A)] exp(alAl)dA .

R"’\C};
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Using the definition of the function ¥ we obtain

3 exp(—7?D|w[?) exp(-2r*Dh(v, A)) (1 — ex(%))

_ |vez»

I I(ir?*DhA + =)

P(in?DhA) Z:, exp(=7*D|v|?) exp(—21*Dh(v, A))
<2 UEZZ::} exp(—72D|v|?) exp(—2w*Dh{v,A)) .
Hence
e TR o
< 2/1fu(A )l exp(alA]) d\ maxexp(—alA]) 3~ exp(— 7°D(Iw[? + 24(v, A))).

veZ™\{0}
Let us introduce the subsets

Vi={veZ": |y;|]<1} and V,:={veV:|v=k}, k=1,...,n.

Then
> exp(=mD([v]* +2h(r,A)) = D exp(—7*D(|v|* + 2h(v, A)))
vez™\{o} veEZ™\V
+Z > exp(=m*D(|vf* + 2h(v, X)) .

Since |hA;] < 1 we have
n

w4 20, 3) 2 3 (1= 27 = 2) = S (Ul = D+ 11 - 1),

i=1 i=1

such that for A € C),

> exp(— 7*D(Jv|* + 2h(p, A))) < > exp(-*Dlv|?) .

vEZ™\V veZ™\{0}

Now we estimate
Z exp(— 7*D(|v|* + 2h(v, A)))

Z exp(-n*Dk)2F ﬁcosh(27rzDhﬂj/\j) .

k=1 ﬁEVkﬂz>° j=

Note that

exp(—a|A|) Z fIcosh(QWzDhﬂjAj)

BEVanZ3,j=1

< > Hexp( ﬂ,]z\ |) cosh (27?Dhf; ;)

BEVWNZT, j=1
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and for z < L

[\"]

xp( \/_ )cosh (27%D2)

1
[ ol g renl- ) awn o
B ,2w?Dg—ﬁ—

hE

This implies that for 27?D <

h\/_andAEC'h

exp(—alA|) Z Z exp(— m*D(|v[* + 2h(v, A)))

k=1 veV,
. " | o
S;;g; (Z) EXP(—ﬂjipk)2k.S eXp(_ﬂjl))Eé% (k.: 1) eXp(“—Wzljk)2k+l,

If 272D > % then

eXP(—GI/\DZ Y exp(=7*D(|v|* + 2h{p, X))

k=1 VEV)

R
= gxp(_ ;E) g (Z) exp(_ al/—_{;—}?—) (1 + ex p( hi/@))k‘ ‘

Collecting all estimates we get the assertion. O
We remark that the best Ly-approximant P,u of the form (1.1) to u € L;(R™) has the
Fourier transform
Z Fu(A + ) exp(—szlhA +v)? )
F(Pyu)(A) = exp(~m*Dh[A[?) €22

> exp(—2x*D|hA + v|?)

veZ™

(sée de Boor et al (1994)). Hence the same technique provides similar estimates for the error
of the orthogonal projection.

REFERENCES

Maz’va, V., 1991 A New Approximation Method and its Applications to the Calculation of Vo—
lume Potentials. Boundary Point Method, in: 3. DFG-Kollogium des DFG-Forschungsschwer—
punktes "Randelementmethoden”, 18, SchloB Reisensburg.

Maz’va, V., 1994 Approximate Approximations, in: The Mathematics of Finite Elemnents and Ap-
phca,twns Highlights 1993, J. R. Whiteman (ed.), 77-104, London: Wiley.

Maz’va, V., & ScHMIDT, G., 1994 On Approximate Approximations, Preprint InTH—MAT-R 94-12,
Llnkoplng. Link&ping University, Department of Mathematics.

15



BUHMANN, M. D., 1990 Multivariate Cardinal Interpolation with Radial-Basis Functions, Constr.
Approz. 6, 225-255.

Wu, ZONG-MIN, & SCHABACK, R., 1993 Local Error Estimates for Radial Basis Function Interpola—
tion of Scattered Data, IMA J. Num. Ana. 13, 13-27.

DE Boor, C., & RoN, A., 1992 Fourier Analysis of the Approximation Power of Principal Shift—
Invariant Spaces, Consir. Approz. 8, 427-462.

STENGER, F., 1993 Numerical Methods Based on Sinc and Andlytic Functions, Berlin: Springer.

BeaTsoN, R. K., & LigaT, W. A., 1992 Quasi-interpolation in the Absence of Polynomial Repro—
duction, in: Numerical Methods of Approzimation Theory, Vol. 9, D. Braess and L. L. Schumaker,
(eds.), 21-39, Basel: Birkhauser.

STEIN, E. M., & WEiss, G., 1971 Introduction to Fourier Analysis on Euclidian Spaces, Princeton:
Princeton University Press.

HaxopriaN, H., 1983 Integral Remainder Formula of the Tensor Product Interpolation, Bull. Ac.
Pol., Math. 31, 267-272.

WHITTAKER, E. T., & WaTson, G. N., 1962 A Course of Modern Analysis, Cambridge: Cambridge
University Press. ‘

DE Boor, C., DEVORE, R. A., & RoN, A., 1994 Approximation from Shift-invariant Subspaces of
Ly(R?), Trans. AMS 341, 787-806.

16



- Recent publications of the
Weierstrafi—Institut fiir Angewandte Analysis und Stochastik

Preprints 1994

82. Anton Bovier, Jean-Michel Ghez: Remarks on the spectral properties of
tight binding and Kronig-Penney models with substitution sequences.

83. Klaus Matthes, Rainer Siegmund-Schultze, Anton Wakolbinger: Recurrence
of ancestral lines and offspring trees in time stationary branching popula-
tions.

84. Karmeshu, Henri Schurz: Moment evolution of the outflow-rate from non-
linear conceptual reservoirs.

85. Wolfdietrich Miiller, Klaus R. Schneider: Feedback stabilization of nonlinear
discrete-time systems.

86. Gennadii A. Leonov: A method of constructing of dynamical systems with
bounded nonperiodic trajectories.

87. Gennadii A. Leonov: Pendulum with positive and negative dry friction. Con-
tinuum of homoclinic orbits.

88. Reiner Lauterbach, Jan A. Sanders: Bifurcation analysis for spherically sym-
metric systems using invariant theory.

89. Milan Kucera: Stability of bifurcating periodic solutions of differential in-
equalities in R3.

90. Peter Knabner, Cornelius J. van Duijn, Sabine Hengst: An analysis of crystal
dissolution fronts in flows through porous media Part I: Homogeneous charge
distribution.

91. Werner Horn, Philippe Laurengot, Jiirgen Sprekels: Global solutions to a
Penrose-Fife phase—field model under flux boundary conditions for the in-
verse temperature.

92. Oleg V. Lepskii, Vladimir G. Spokoiny: Local adaptivity to inhomogeneous
smoothness. 1. Resolution level.

93. Wolfgang Wagner: A functional law of large numbers for Boltzmann type
stochastic particle systems.

94. Hermann Haaf: Existence of periodic travelling waves to reaction—diffusion
equations with excitable—oscillatory kinetics.



95.
96.
97.

98.

99.
100.
101.
102.
| 103.
104.

105.
106.

107.
108.
109.

110.

Anton Bovier, Véronique Gayrard, Pierre Picco: Large deviation principles
for the Hopfield model and the Kac-Hopfield model.

Wolfgang Wagner: Approximation of the Boltzmann equation by discrete
velocity models.

Anton Bovier, Véronique Gayrard, Pierre Picco: Gibbs states of the Hopfield
model with extensively many patterns.

Lev D. Pustyl’nikov, Jérg Schmeling: On some estimations of Weyl sums.

Michael H. Neumann: Spectral density estimation via nonlinear wavelet
methods for stationary non—-Gaussian time series.

Karmeshu, Henri Schurz: Effects of distributed delays on the stability of
structures under seismic excitation and multiplicative noise.

Jorg Schmeling: Estimates of Weyl sums over subsequences of natural num-
bers. ’

Grigori N. Milstein, Michael V. Tret’yakov: Mean-square approximation for
stochastic differential equations with small noises.

Valentin Konakov: On convergence rates of suprema in the presence of non-
negligible trends.

Pierluigi Colli, Jiirgen Sprekels: On a Penrose-Fife model with zero interfa-
cial energy leading to a phase—field system of relaxed Stefan type.

Anton Bovier: Self-averaging in a class of generalized Hopfield models.

Andreas Rathsfeld: A wavelet algorithm for the solution of the double layer
potential equation over polygonal boundaries.

Michael H. Neumann: Bootstrap confidence bands in nonparametric regres-
sion.

Henri Schurz: Asymptotical mean square stability of an equilibrium point
of some linear numerical solutions with multiplicative noise.

Gottfried Bruckner: On the stabilization of trigonometric collocation meth-
ods for a class of ill-posed first kind equations.

Wolfdietrich Miiller: Asymptotische Input-Output-Linearisierung und Stér-
groBenkompensation in nichtlinearen Reaktionssystemen.





