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ABSTRACT. The stable approximate solution of ill-posed linear operator equations
in Hilbert spaces requires regularization. Tight bounds for the noise-free part of
the regularization error are constitutive for bounding the overall error. Norm
bounds of the noise-free part which decrease to zero along with the regularization
parameter are called profile functions and are subject of our analysis. The inter-
play between properties of the regularization and certain smoothness properties
of solution sets, which we shall describe in terms of source-wise representations is
crucial for the decay of associated profile functions. On the one hand, we show
that a given decay rate is possible only if the underlying true solution has appro-
priate smoothness. On the other hand, if smoothness fits the regularization, then
decay rates are easily obtained. If smoothness does not fit, then we will measure
this in terms of some distance function. Tight bounds for these allow us to obtain
profile functions. Finally we study the most realistic case when smoothness is
measured with respect to some operator which is related to the one governing the
original equation only through a link condition. In many parts the analysis is done
on geometric basis, extending classical concepts of linear regularization theory in
Hilbert spaces. We emphasize intrinsic features of linear ill-posed problems which
are frequently hidden in the classical analysis of such problems.

1. INTRODUCTION

We study noisy linear operator equations
(1.1) v =Adt o (gl <),

where A : X — Y is some bounded linear operator mapping between infinite-
dimensional separable Hilbert spaces X and Y and 6 > 0 denotes the noise level.
The spaces X and Y are equipped with norms || - ||. The same norm symbol is also
used for associated operator norms.

We assume that A is injective and that the range R(A) is not closed in Y. Then
the linear operator equation Az = y has a unique solution x = 27 € X, for every
y € R(A), but the equation is ill-posed since A~! is an unbounded operator. Thus
regularization is required in order to find stable approximate solutions of the operator
equation based on noisy data y° € Y. We consider general linear regularization
schemes based on a family of piecewise continuous functions g,(t) (0 <t < a :=
|A*A]|) for regularization parameters 0 < a < @. The family g, determines the
regularization method. Once a regularization g, is chosen, the approximate solution
to is given by
2% = go(A*A)A™.

For such approximate solution 2 we obtain an obvious error bound, using the
intermediate quantity z, = go(A*A)A*y = go(A*A)A* Az', as

(1.2) e(zf, a,0) == ||2° — 2| < ||lz" — 2o + 0]|ga(A*A)A¥|] forall 0<a<a.

The second summand on the right is independent of the underlying true solution.
Therefore the accuracy of the regularized solution is basically determined by tight
bounds on the norm of the residual ||z — z,| = [|ro(A*A)z||, where we denote
by 7o(t) == 1 —1tga(t) (0 < t < a) the residual or bias functions related to the
regularization method g,. Bounds which are increasing functions in o > 0 will give
rise to what we call profile functions.



The outline is as follows. In Section [2| we recall the basic underlying quantities,
namely general linear regularization methods for operator equations in Hilbert space
and the concept of solution smoothness in terms of general source conditions. Then,
in Section 3| we associate profile functions to any given regularization and to any set
of smooth solutions and discuss their existence. The rate at which profile functions
decay to zero turns out to be crucial and is the objective of our analysis. It will
become clear that this rate depends on the underlying regularization as well as on
the solution smoothness. In Section 4] we indicate situations when maximal rates of
decay occur, regardless of the underlying solution smoothness, namely due to the
limited qualification of the regularization method. We close this part by showing
that decay rates imply solution smoothness.

The constructive part of obtaining explicit descriptions of profile functions, as de-
pendent on the qualification of the regularization and smoothness properties of the
solution with respect to the operator A is carried out in Sections [ and [f] for several
degrees of generality. We start in Section [5| with the easiest case, when solution
smoothness is measured in terms of general source conditions given through func-
tions of A*A. This is then extended to the situation where a source condition is
satisfied only approximately, measured in terms of a specific concept of distance
functions. Tight upper bounds for such distance functions imply profile functions.

We close the analysis with Section [0] discussing the situation when solution smooth-
ness is measured with respect to a self-adjoint operator G : X — X with non-closed
range which is different from A*A. In this case an assumption, linking A*A and G,
will allow us to draw conclusions on the decay rate of the associated profile functions.

In many parts the analysis is done on geometric basis, extending classical concepts
as used in the theory of linear ill-posed equations in Hilbert space. By doing so
we not only extend previous results to a more general situation, but we aim at
emphasizing intrinsic features of the problems under consideration. Such features
are often hidden in the classical analysis of linear ill-posed problems.

2. GENERAL LINEAR REGULARIZATION METHODS AND GENERAL SMOOTHNESS

As mentioned in the introduction, profile functions will be assigned to regularization
methods and solution sets of equation . We start with the notion of a general
linear regularization scheme. Then we turn to the description of solution smoothness
in terms of general source conditions.

The basic underlying objects are index functions, and we recall the following defini-
tion, as known in the literature (e.g. [8 16} 3]).

Definition 2.1. A real function p(t) (0 < t < ¢) is called index function if it is
continuous, strictly increasing and satisfies the limit condition lim, .o, ¢(t) = 0.
2.1. General regularization methods.

Definition 2.2. A family of functions g,(t) (0 < ¢ < a), defined for parameters
0 < a < @, is called regularization if they are piece-wise continuous in « and the
following three properties are satisfied:



(i) For each 0 < t < a there is convergence |r,(t)] — 0 as o — 0.
(ii) There is a constant ; such that |r,(t)] < for all 0 < a < @.
(iii) There is a constant -, such that v/t |g(t)] < 7.//a for all 0 < a < @.

Ezample 2.3. The most famous method of regularization is the Tikhonov method
with g.(t) = 1/(t+ «), which satisfies the properties of Definition (2.2) for the
constants y; = 1 and ~, = 1/2 and arbitrarily large @ > 0.

Example 2.4. Another common regularization method is spectral cut-off, which is

given as

B 0 O<t<a) . . . 1 (0<t<aw)
ga(t) = 1/t (a<t<a) with respective residual r,(t) = 0 (a<t<a)

Obviously this obeys the properties from Definition with v, = v, = 1. Also for
that method, the upper bound @ for the regularization parameter can be selected
arbitrarily.

Example 2.5. Iterative regularization methods, as for instance Landweber iteration,
where for some 0 < pu < 1/||A*A|| we let

=

n—

2 =Y (I —pA*AY A, n=1,2,...,

n

[
Il
o

are covered by this approach when assigning n := |1/a] (0 < o < 1). Thus with this
identification we obtain g, (t) := 1/t (1 — (1 — ut)™) and the corresponding residual
ro(t) := (1 — pt)lY/2) (0 < @ < 1), hence obviously 7; = 1. It remains to bound 7.
Bernoulli’s inequality yields 1 — nut < (1 — ut)™, which can be used to bound

Vigalt) = 1/VE(L = (1= ut)") < (Lt (1 = (1 — ut)"))"* < Vim.
By the definition of n this yields v, = v/2pu.

We mention the following technical result from [23, Lemma 2.1|, see also [6, Proof
of Proposition 4.13].

Lemma 2.6. Let g,(t) (0 <t <a, 0 < a < a) be a reqularization with constant ..
If 0 < t < min{a,a}, then |ruz2q)(t)| > 1/2.

The above requirements (i) — (iii) are made to ensure convergence of regularization
methods for any given element z' € X. However, these are not enough to describe
rates of convergence.

As introduced in the papers [15] and [16] — [18], we measure the qualification of any
regularization method in terms of index functions .

Definition 2.7. Let ¢(¢) (0 <t < a) be an index function. A regularization g, for
the operator equation (1.1)) is said to have qualification ¢ with constant v € (0, c0)
if

(2.1) sup |ro(t)|¥(t) < v (a) forall 0<a<a.

0<t<a



This definition generalizes the concept of qualification of a regularization method
as a finite number or infinity, as for example used in [6]. We remark that a first
systematic discussion of the interrelations between solution smoothness and that
traditional concept of qualification was given in [28, 29].

For Tikhonov regularization (see Example [2.3) we can give sufficient conditions
for ¢ being a qualification in different ways, as this is formulated in the following
proposition. For more details and proofs we refer to [17, 18] and [3].

Proposition 2.8. The index function (t) (0 < t < a) is a qualification of Tikhonov
regularization with constant v = 1 if either (a) 1¥(t)/t is non-increasing on (0,a] or
(b) ¥(t) is concave on (0, al.

If there exists an argument t € (0,a) such that (c) (t)/t is non-increasing on
(0,2] or (d) ¥(t) is concave on (0,t], then 1 is a qualification with constant v =
W(a)/Y(t).

2.2. Measuring solution smoothness. In a wide sense the smoothness of ex-
pected solutions z' to can be written as a property of the form z' € M with
M C R(G) for some ‘smoothing’ linear operator G : X — X, where G is assumed to
be positive self-adjoint with non-closed range R(G) (see also [3], [20]). Specifically,
here we shall assume that the solution ' belongs to a set

(2.2) G.(R) ={r e X: z=7(G)w, |w| <R}
with some index function 7(¢) (0 <t < ||G])).

As the following lemma asserts such set is closed in X and even compact whenever
G is compact.

Lemma 2.9. For a positive self-adjoint bounded linear operator G : X — X and
an indez function T(t) (0 < t < ||G||) the set G.(R) from is closed in X.

Moreover, G.(R) is a compact subset of X whenever G is a compact operator.

Proof. First we show that G.(R) is a closed subset in X. We show that the image
{r e X 12 =Gw, we X, ||lw|] < R} of the centered ball with radius R in
X with respect to any bounded positive self-adjoint linear operator G : X — X
is a closed subset of X. Since 7(G) has the same properties as a consequence
of the boundedness of any index function 7, this shows the closedness of G.(R).
Consider a convergent sequence of images Gz, — yo € X with ||z,| < R. Since
any closed ball in X is weakly precompact and weakly closed, there is a weakly
convergent subsequence x,, — o with ||zo|| < R. Since every continuous operator G
is also weakly continuous and hence weakly closed, this implies the weak convergence
Gz, — Gz thus yo = Gy which shows the required closedness. Moreover, for
compact G it is evident that 7(G) : X — X is a compact operator and then
G,(R) is a precompact subset of X. Since G.(R) is closed in X, this implies the
compactness and proves the lemma. O

In our analysis below for index functions 7 we shall assign pairs (G, 7) Hilbert spaces
X% having G, (1) as their unit balls. In particular, we use the shortcut H := A*A



and consider Hilbert spaces X!’ for index functions ¢ with the set H,(1) as unit
ball, where we define

(2.3) Hy(R) ={reX: z=pA"A)w, |w|<R}.

Corresponding norms will be denoted by || - [[x¢ and || - ||xu, respectively. This
construction is basically due to [7].

3. PROFILE FUNCTIONS

In this section we shall introduce the notion of a profile function, discuss the problem
of existence and show that their decay is related to smoothness of the underlying
solution z' of equation (1.1)).

3.1. Definition and existence. Having chosen a linear regularization method g,,
and having fixed a set M C X of possible solutions to ([1.1)) we assign profile functions
as follows.

Definition 3.1. An index function f: (0,@] — (0,00) is called profile function for
(M, go) whenever

(3.1) sup [|ro(A*A)z|| < f(a) forall 0 <a<a.
xeM

In the definition we suppress the dependence of profile functions f on the operator
A, governing the equation (L.1)). If M := {z} € X is a singleton, then we shall write
(%, 9a), instead of ({z},g,). Note that the bound is required only for o < @,
which is useful for asymptotic considerations as § — 0 in (1.1]).

The character of possible profile functions f for (M, g,) is closely connected with
three ingredients and their interplay. In this context, properties of the regularization
Jo as first component and of the set M C X expressing the solution smoothness as
second components meet as third component the smoothing behavior of the operator
A in equation (1.1)) which leads to the non-closedness of the range R(A).

Remark 3.2. Once a profile function f(«) as above is found, together with property
(iii) of Definition [2.2] this allows us to continue the estimate (1.2) to derive

(3.2) e(z, o, 8) < f(a) + 09 forall 0<a<a,

Va
uniformly for 2t € M. The bound on the right in (3.2) can be minimized with respect
to the choice of a depending on §. To this end we consider the index function

O(a) := va f(a) 0 < a<a).

Let a, = a,(6) = ©71(8) (0 < 6 < O(@)). Then we obtain uniformly for 2T € M
that

(3.3) e(z, o, ) < (147 flow),

Thus the function f(©71(d)) yields a convergence rate of the regularization g, for
x' as § — 0. This rate is achieved by an a priori parameter choice a, = a.(9).



First we shall establish that profile functions exist for any regularization g, and
compact subsets M C X.

Proposition 3.3. Let g, be any reqularization and M C X be compact. Then there
is a profile function for (M, gq).

Proof. From the properties (i) and (ii) of Definition [2.2] we deduce for « — 0 point-
wise convergence r(A*A)z — 0 for all x € X (see, e.g., [0, Theorem 4.1]). This
convergence is uniform on compact sets M C X. Hence we have

h(a) :=sup ||[ra(A*A)z|| = 0 as o — 0.
zeM

Its increasing majorant k() := sup h(s), which is well-defined for sufficiently small
O<s§oi
positive «, satisfies lin% h(a) = 0. If h(a) is continuous and non-vanishing, then it is

a profile function. Otherwise, suppose h(s) = 0 for some s > 0. We fix some ¢ > 0
with h(t) > 0 and let

h(z), x>t
h(z) == { h(?), s <z <t,
x/s h(t), 0<x<s,

which, when continuous, defines an index function. 0

Thus if G is compact and 7 is an index function, then for any regularization g, there
are profile functions for (G.(R), g.), where the sets G (R) were defined in (2.2)).

On the other hand, there cannot exist profile functions for (M, g,), where M :=
{z € X :||z|]| < 1}isthe unit ball in X. Their existence would imply that ||r,(A*A)|| —
0 as @ — 0 and hence that the range R(A) were closed, which would be contrary
to the ill-posedness of the problem under consideration (see, e.g., [25] and |6, Chap-
ter 3.1]). More generally, extending this argument, profile functions cannot exist for
(M, g,), whenever M possesses an interior point.

However, there are profile functions for non-compact sets. In Proposition be-
low profile functions for (H,(R), g,) will be obtained, where the operator A may
be compact (ill-posedness of type IT in the sense of Nashed, [22]) or non-compact
(ill-posedness of type I). In the latter case this yields non-compact sets M = H,(R).
Another specific example of profile functions for the non-compact set M = {z €
L>(0,1) : ||2]| gy < R} € X = L*(0,1) for the Tikhonov regularization and mul-
tiplication operators A mapping in L?(0,1) can be taken from [I1]. This is not by
chance and some explanation will be given in Remark below. Roughly speak-
ing, if smoothness properties of M are appropriate for the underlying operator A
from equation (L.1)), then profile functions exist for (M, g,), regardless of their com-
pactness. In this respect, compactness of M may be viewed as universal (problem
independent) smoothness.

3.2. Decay rates yield solution smoothness. To exhibit the fact that a decay
rate of a profile function implies solution smoothness in the sense of Section
we start with the following result, which extends analysis in [23]. We recall that



the operator H = A*A admits a spectral resolution with a family (E)),_,<, of

projections, which is assumed to be such that A — d||E\x'||? is left continuous, thus
represents a (spectral) measure. From Lemma we derive the following estimate.

Lemma 3.4. Let g, be a regularization with constant v, as in property (iii) of
Definition [2.4. The following estimate holds true.

1 o 1/2
(3.4)  [Iruzax'|| > 3 (/ dHE,\xTHZ) Jor all 0 <o <min{a a/4y’}.
0

Before turning to the main result of this section we state the following lemma.

Lemma 3.5. Suppose p(t) (0 < t < t) is an index function. There is a sequence
fa(t) (0 <t <) of step functions of the form Y 7", ¢jX(0.a,)(t) converging to 1/p(t)
point-wise and f,(t) < 1/p(t).

Proof. Given any such ¢ and n € N large enough n > ng, we let f(t) = 1/p(?)
and truncate at t, = f~!(n) < ¢ to obtain ¢g"(¢) (0 < ¢ < t), which is a non-
increasing bounded continuous function on the closed interval [0,¢]. Thus there is
a step function f,(t) of the required form, satisfying |f.(t) — ¢™(t)| < 1/n. The
sequence f,(t) (0 <t <t), n=mng,ng+ 1,... converges point-wise to f. O

Given a regularization g, with constant 7, and any index function h(t) (0 <t < a),
we can assign a non-negative measure ®, on (0,a] by letting

®,[0,0) := h(472a) (0 < 472a < a).
With this notation we can formulate the following result.

Theorem 3.6. Let g,(t) (0 < t < a) for the parameters 0 < o < & be a regu-
larization with constant .. We assume that the index function f(a) (0 < a < @)
is a profile function for (z',g.) with associated measure ® = @2, restricted to the
interval J, := (0,min{a,@/4v2,a}]. Then the following assertions are true:

(a) If ¢ is any index function such that 1/ € L?(J,,d®), then necessarily x' €
X1,
P
(b) We have 2t € X, for every index function b for whicht — 1/(¥*((f*)7'(t))) €
L (J.,dt), i.e., it is locally integrable.

loc

Proof. Using Lemma and the fact that f(a) (0 < a < @) is assumed to be a
profile function for (z', g,) we conclude that the estimate
1 [0 (6%

35 1) ABE < Pl < Plnta) = [Tda0) e

0 0
is valid.
Now let ¢ be any index function such that 1/v(t) € L?(J,,d®). By Lemma 3.5 we
can find a sequence f,(t) of step functions on J,, converging to 1/1%(t) point-wise.
Using (3.5) and the particular form of f,, we deduce that

1] s [ e < [ ).

Jx

7



By Fatou’s Lemma we conclude that also 1/v(t) € L2(J,,d| Exx'||*) and
11/¥1 L2 aypratiz) < 2011/0 200, d0)-

Consequently,
@1
"2 — dIlE.ztI?
oty = | el Bal
1 1
- —d||EAxTH2+/ d|| Exzt||?
/J* P2(N) O, P2(A)
1
(3.6) < 4"1/7/}‘|%2(J*,d<1>) + 2" |* < oo,

minje (o,a)\ 7. Y2 ()
because the second summand on the right is finite, which proves assertion (a).

We may use a change of measure to establish assertion (b). The proof is complete.
O

Remark 3.7. If the interval J, coincides with (0,al, then the second summand on
the right in 1) does not appear and we get a bound ||xT||X5 < 2|11/%|| 2¢(0,a],d®) -

The following elementary observation is useful.

Lemma 3.8. Suppose ¥, and f, fi are pairs of index functions which are re-
lated by some common strictly increasing function g as f(t) = fi(g(t)) and ¥(t) =
Y1(g(t)) on the respective domains of definition. Then it holds true that f(¢=1(t)) =

A1)

Theorem [3.6] covers the cases which were known before.

Ezample 3.9 ([23]). If the profile function f for (27, g,) is a monomial f(a) = o
for some v > 0, then we we can draw the following conclusion. For every monomial
Y(t) = t* we obtain 1/9%((f?)~*(t)) = t~*/¥, which is integrable on every finite
interval for < v. Hence we deduce that necessarily z € Xf forall 0 < p < v.

Ezample 3.10 (|14, Theorem 8]). If the profile function f for (zf, g,) is of logarithmic
type, say f(a)=log " (1/a) (0 < a < 1) for some v > 0, then by using Lemma
we also deduce that necessarily 2 € X! for all functions ¢(t) = log™*(1/t) (0 < t <
1) with p < v, because both are related to the respective functions from Example
through g(t) :=log ' (1/t) (0 <t < 1).

For the discussion of results of converse nature as presented in this subsection we
also refer to the recent book [I].

4. LOWER BOUNDS FOR PROFILE FUNCTIONS

In general profile functions f(«) can decrease to zero arbitrarily fast as a tends to
zero. This is for instance the case when g, is chosen as spectral cut-off in Example
and x' is an eigenelement of A*A, in which case |7, (A*A)x"|| = 0 for o small enough.

However, for many regularization methods there is a maximal speed of convergence
[ra(A*A)zT|| — 0 as a — 0, for any 2 # 0, regardless of its smoothness. This

8



phenomenon is related to saturation, as this was studied e.g. in [23, 24], and in
more generality in [15], from which the present approach is taken. The impact of
limited qualification on profile functions can be seen under an additional convexity
assumption.

Theorem 4.1. Let g, be any regularization with residual r.. Suppose that for all
0 <t < a the functions

(4.1) a — 1o (t)] (0<a<@)
are increasing, and for all 0 < a <@ the functions
(4.2) t o) (0<t<a)
are convex. Let ¥ be given as

(4.3) P(a) = Oi<rt1£a Ira ()] (0 <a<a@).

Then for each 0 # x € X we have

- 1

(4.4) P(a) < WHTQ(A*A)IH forall 0<a<a.
x

Hence v is a non-decreasing lower bound to any profile function for (o, ga) uni-

formly for all elements xo € X of the unit sphere, i.e., with ||xo| = 1.

Sketch of a proof. To prove that v is a lower bound to any profile function for (g, g, )
we use a Jensen-type inequality (see e.g. [15]), which yields that under (4.2]) we have

7o (A" A)z|

forall 0<a<a.
|

v(a) < |ra((lAz]?/ll2]*)] <
Moreover, under (4.1)) the function 1) is non-decreasing. This completes the proof.
O

Remark 4.2. ITn many cases, the above function (a) turns out to be a qualification
of the regularization g,. In such a case it is maximal qualification.

We shall exhibit the above result at some examples.

Example 4.3. For Tikhonov regularization as in Example we easily verify that
the assumptions are satisfied. We conclude that 1(a) = a/(a + a) with ¥(a) >
a/(2a) (0 < a < a). In this case this corresponds to the maximal qualification
which is ¥ (a) = a.

Ezxample 4.4. The n-fold iterated Tikhonov regularization, which has r,(t) = (a/(a+
t))" as its residual function also satisfies the assumptions from Theorem [£.1] and
Y(a) = (af(a+a))" > (a/(2a))". This method corresponds to the maximal known
qualification ¢ (a) = a™.

As in [I5] we close with the following example, which is interesting as it shows that
regularization, which has arbitrary classical qualification in the form ¢ (t) = ¢4 for
any 0 < ¢ < o0, still has a limited rate of decay for the profile functions, although
these can decay exponentially fast.



Ezample 4.5. Landweber iteration from Example [2.9] also satisfies all the assump-
tions. The function 1, letting 0 < b := 1/(1 — pa) < oo, turns out to be P(a) =
(1 — pa)/*l > exp(—b/a) (0 < a < 1).

Finally we stress that spectral cut-off as in Example does not fulfill the above
assumptions. Moreover, formally we would obtain the lower bound ¥ (a) = 0, which
is trivial.

Remark 4.6. Lower bounds for profile functions are related to the saturation phe-
nomenon as we shall briefly sketch. The following estimate is shown in the cause of
the proof of the theorem in [15].
(4.5) sup e(z', go, 6) > max {||ro(A*A)2"||,5/vVa} (0 <a < a).

lel<1

Thus, if ¥(a) is a lower bound as in (4.4)), then for any =t with ||zf|| = 1 we derive
that

sup e(z', go, 6) > max {¢(a),6/va} > P(©71(5) (0<a<a)

1€l <1

with O(t) := Vt(t) (0 <t < @). Hence, the function ¢(©71(d)) is a lower bound
for the error at z', no matter how smooth the true solution 2 € X was.

The functions ¢ derived in the Examples [4.3] - [4.5] can be seen to be the saturation
rates caused by the limited qualifications of the underlying regularization methods.

5. IMPACT OF SOLUTION SMOOTHNESS

As stressed earlier, the behavior of profile functions is determined by both, the
chosen regularization g, and the underlying solution smoothness. As introduced
in Section we measure this in terms of smoothness conditions of the form z €
G, (R), see , determined by an operator G and an index function 7. The impact
of such smoothness assumption on the decay rate of profile functions is easiest seen
if G is a function of A*A.

5.1. G as a function of A*A. To obtain profile functions f for the regularization
method g, the concept of general source conditions, as expressed in

(5.1) ot = Y(A*A)w (we X, ||w|]| <R),

for some index functions ¥ (t) (0 < ¢ < a) was used recently (see, e.g., [14} [16, 17,
27]). We note that (5.1]) is a specific smoothing condition (2.2)) with 7(G) = (A*A)
(cf. [3] for further discussion of such conditions).

We are going to find profile functions f uniformly for sets Hy(R), as defined by
formula (2.3)), provided the corresponding function v is a qualification of the chosen
regularization g,.

Proposition 5.1. Let the index function Y be a qualification of the reqularization
method g, with constant 0 < v < oo. Then uniformly for each ¥ € Hy(R) the
mequality

(5.2) |26 — 27| <7 RY(a) forall 0<a<a

10



is valid. Hence f(«a) :=~v Ry(a) is a profile function for (Hy(R), ga)-

Proof. From spectral theory (see, e.g., [0l Formula (2.47)]) we have with (5.1)) that
lza — 27| = llra(A"A) 27| = [Ira(A*A) (A" A) w]| < R S [ra(®)[(t).

t<a
Taking into account inequality ({2.1]) this yields (5.2), and proves the proposition. [

Remark 5.2. This proposition can be reformulated as follows. Suppose that we are
given a pair (M, g,) of a solution set M and a regularization g,. If we can find an
index function ¢ on (0, a] that is both a qualification for g, and a smoothness for M,
i.e., M C Hy(R) for some R, then there is a profile function for (M, g,). In addition
the index function v provides a decay rate. Although this is a simple observation it
explains the existence of profile functions for non-compact sets M, as discussed at
the end of Section B.11

5.2. Approximate source conditions. An important extension of the above con-
cept is obtained by relaxing requirement . In this context, we restrict ourselves
to a fixed index function ¢(t) (0 < t < a) as benchmark function. We suppose that
the solution 27 € X of is not smooth enough to satisfy a condition with
v instead of ¢ even if R > 0 is arbitrary large. The injectivity of A implies the
injectivity of p(A*A) for any index function . Hence the range R(p(A*A)) is dense
in X. Consequently, for all 0 < R < oo the element ' satisfies such a general source
condition in an approximate manner as zf = p(A*A)w + ¢ (|lw]| < R, € € X),
where the norm of the perturbation ||£|| tends to zero as R tends to infinity.

In the following we shall confine to this situation, when
(5.3) zt & R(p(AA)).

The quality of the approximation of z' by elements from H,(1) can be be expressed
by favor of the distance function

(5.4)

(1) = p9) = dist(ta, H,(1)) = inf {|[ta — p(H)o] - v e X, o] <1} (¢ > 0).
If the reference to the benchmark (H, ) is clear, as in the following lemma, then
we shall omit the super-script.

Lemma 5.3. Under the assumption (5.5) the functions p,:(t) (t > 0) an pr( )/t (t >
0) are both indez functions. Moreover, we have we have hm pat(t) =

Proof. The idea of the proof is standard in regularization theory. For each ¢ > 0 the
value p,:(t)/t = dist(x', H,(1/t)) is obtained from constrained minimization, and
Lagrange multipliers can be used to determine this value. Hence, given z7 € X let

Fi(N) = [lab = (A" A)o]* + Ao .
At given A its minimizer with respect to v € X is

oy = [P (AA) + M| p(A*A)at

-1
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which has to obey the side constraint y(A) = 1/¢, where setting
* -1 *
(5.5) X(A) 1= || [9*(A"A) + M| (A" A)a|.

Based on the injectivity of ¢(A*A) spectral calculus yields that the function y(A) (A >

0) is positive, continuous and strictly decreasing to zero as A — oo. Moreover, un-

der 1} we have )\hl’él X(A) = oo. Therefore for all ¢ > 0 the function A(t) :=
—0+

X '(1/t) exists and is an index function. Hence we obtain
i * * -1
(5.6)  pui(t)/t = lla’ — (A" A = MO || [¢*(A"A) + ADI] '] (¢ >0),

which is the composition of two index functions in . As a consequence, both func-
tions p,i(t)/t and p,i(t) have that property. On the other hand, we have

. BRT Pat (t> _
)= it (P50 ) = o,
since p,t(t)/t as an index function cannot tend to zero as ¢ — oo. This completes
the proof. 0

Remark 5.4. By using distance functions of the form
(5.7) d(R) := dist(2', H,(R)) = Rp,+(1/R) (0 < R < o)

error estimates for for the Tikhonov regularization were already studied in [I0] and
[5], see also 2, 9] and [13] for variants thereof.

The fundamental estimate for profile functions under approximate source conditions
is as follows:

Theorem 5.5. Let g, be a reqularization method with qualification ¢ and constant

. If the solution x' to equation obeys , then
(5.8)

1
|zq — '] < max {y,1} i (pei(t) +o(a))  forall t>0 and 0<a<a.
Thus the function

(5.9) fa) == 2max {y,m} pf—(&)

is a profile function for (a7, g,).
Proof. First we establish (5.8). For any v € X with ||v]] <1 we can estimate
1 k
[#a =27l = ZlIra(A"A)taT]

= —||ra(A*A) ta’ — ro(A*A) p(A*A)v 4 1o (A*A) @(A* A

(VAN
S I O A B e I S e

(Ira(A*A)(tz" — o(A"A)|| + [|ra(A"A) p(AA)v]))
(mllta’ — (A" A)v|| + |ra(A"A) (A" A)])

(1 lltzt — (A" Aol + 7 ¢(@)) .

12



Since this estimate remains true if we substitute ||tzT—p(A* A)v|| by its infimum over
all v from the unit ball of X and since ¢ is a qualification of the used regularization
method, we obtain

1
2" — 24| < max {y,71} n (pei(t) +p(a)) forall ¢t>0 and 0<a<a,

which proves estimate (5.8]). Since this estimate is valid for all ¢ > 0 and we have
by Lemma [5.3|for the index function p,+ the limit condition tlim poi(t) = 00, we can

equate the two terms in brackets of the right-hand side of (5.8). Taking into account
the strict monotonicity of function p,:(t) (¢ > 0) this yields (5.9). O

Remark 5.6. We notice that the upper bound in (5.8) cannot be improved by other
values of ¢, because it is the balance of a strictly increasing function p,:(t)/t and for
any a under consideration a decreasing function ¢(«)/t with respect to t.

We also mention that the same arguments yield a slightly different bound

|2t — 24| < Mmax {ps1(t),p(a)} forall ¢t>0 and 0<a<a,
which is better if the constants v and 7, differ. This implies that in all estimates
below the expression 2max {7, } can be replaced by (v + ).

Remark 5.7. Since the denominator p /' (¢(c)) in expresses an index function
tending to zero as « tends to zero, the decay rate of f(a) — 0 as o — 0 is always
lower than the corresponding rate of the benchmark function ¢, i.e., () = o(f(«))
as a — 0. In particular, one has to choose a sufficiently good benchmark function
and a regularization with high enough qualification to achieve by that way the best
possible rate for given z'.

5.3. Approximate source conditions for solutions in source-wise repre-
sentation. It is worthwhile to discuss the situation when z' has a source-wise
representation but the benchmark function ¢ is chosen in such a way that
ot & R(¢p(A*A)). This can happen in the following case only.

Lemma 5.8. Suppose ' obeys . If ' & R(p(A*A)) then necessarily (/1) (t) —
0ast— 0.

Proof. Suppose ¢(t) # o(1(t)). Then there is C' < oo such that (t) < Cp(t) for
small 0 < t <t. Given 0 < € < t we can bound

/:ﬁdHEwTHQ:/:ﬁdHEAxTHQ+/jﬁd“EﬂTH2
< [ B+ S5 [ G mat

S} et

< e { Cosup SV 1ot

< max {C’, sup

A>t

< 6
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Letting ¢ — 0 we obtain ||z7||xz < oo, thus 2T € R(p(A*A)), which completes the
proof. O

If, slightly stronger but geometrically intuitive, we assume that the quotient (/1) (t)
is strictly increasing, then we can give a clear picture for the resulting function p ()
for t > 0 sufficiently small.

Theorem 5.9. We suppose that x' obeys and that the quotient (@/v) (t) is an
indez functions for 0 <t < a. Then we can estimate the distance function as

(5.10) pat(t) < ((g) i (Rt)) forall 0<t< %Zia;

Proof. The proof is carried out using the analysis from the proof of Lemma
and we shall make use of the notation introduced there. As there let A(t) :=
x~1(1/t) (t > 0) with function x from (5.5). Then for 27 = ¢(4*A)v with ||v|]| < R
representation allows for the following bound

Pt () = )| [P (A" A) + A T] 2| < (ROA®)| [P(AA) + M) ] (A A)|
B CAMYs) M) 210,
= (Re) sup 5o = (B L FU(()7 W),

where we make the crucial observation that u — A(t)/(u 4+ A()) is the residual of
Tikhonov regularization. To continue we introduce the auxiliary function

,_ ?/1((902)_1(5))_ f 2y-1(g s 20,
Gyl M —(gp) (D)) (0<s<@a)

It is clear that 1/k(s) is an index function, hence lim x(s) = co. Also, the function

s—0+4

k(u)/+/u is decreasing whenever k is. Hence Proposition (a) applies and allows
us to conclude the estimate

(5.12) pai () < (ROV((P*)TH(AW)) (£ >0),
noting that 1 ((¢?)~!(s)) for sufficiently small s > 0 is an index function.

Next we shall establish for sufficiently small ¢ > 0 an upper bound A(t) for A(t)
which then will yield estimate (5.10). Indeed, let A(t) be obtained as inverse
(5.13) A(t) = k1(1/(Rt)).

It is enough to show that A(t) < A(t). To this end notice that s was decreasing,
hence u — (¢((p?) "' (u))y/u)/u is so, and we derive, again using arguments as above

that for 0 < ¢ < L2@ the estimate

)
wO0) < = = CO <y a1 00 prar )
1 A U
< 5,8 R V€ () B)VAD
= KAD).
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Consequently, A(t) < A(t), and we arrive at

Rt

It is a routine matter to check that both versions in the right hand side of ([5.14)
are equal. Indeed, starting from the identity ¥ (u)/¢(u) = 1 (u)/p(u), a variable

substitution u := (¢ /)" (Rt) yields
><MO),

1 w(wﬂM(RO)_R<¢2(<
completing the proof. ([l

(:14)  palt) < (ROG((E) D)) < (ROL(()HAW) = WJ(l)

<16

Rt o ((p/0) " (Rt)

Corollary 5.10. Suppose that ¢ is a qualification for g, with constant v. Under
the assumptions of Theorem there is some & > 0 such that

(5.15) f(a) :==2max{y,n} R¢(a) (0<a<a)
is a profile function for (Hy(R), ga)-
Proof. For proving that (5.15)) is a profile function for (Hy(R), g,) we use the es-

timate (5.8) of Theorem and the bound (5.10) which together yield for some
sufficiently small £ > 0 the error bound

2o — 2|| < max {V,fyl}% <g0 ((g)_ (Rt)) + go(oz)) 0<t<t 0<a<a).

Then for sufficiently small o > 0 there is some t, = t,(«) € (0, ] satisfying the equa-
tion

@(@)JWM)=¢W%mmwm:wMWWww»MMW@

wif) =2 max {y,1} RY(a).

This, however, completes the proof. O

|70 — 2f|| <2 max {y, 11}

FEzrample 5.11. For monomials ¢(t) = ¢” and ¢(t) = t" with v, > 0, everything can
be made explicit. Lemma states that is valid if and only if 0 < n < v,
which in the case of monomials is equivalent to saying that (¢/)(f) is an index
function. We obtain the bound p,(t) < (Rt)"/=7)

The global properties required for the quotient function ¢/v on (0,a] are rather
strong assumptions in Theorem [5.9] used for obtaining the estimate in Corol-
lary [5.10f On the other hand, in [I3] and [5] by a completely different technique
there have been developed error estimates of type with some other constant
which only need local properties of ¢/1 on an arbitrarily small interval (0,¢]. In
order to show that our approach is powerful enough to work with such weaker as-
sumptions, we conclude this section with a local variant of Theorem [5.9yielding the
results of Corollary with different constant under the local assumption on the
quotient function.
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Theorem 5.12. We suppose that =¥ obeys and that ¢, 1 are index functions
on (0,a]. Moreover, it is assumed that there exists some 0 < ¢ < a such that the
quotient function ¢/v is an index function on the interval (0,e]. Then with the

constants C, = pr((? > 1 and K, = ﬁ(—?ﬁ—(‘?) > 1 we can estimate the distance

function as

-1
(5.16) i (t) < % ’ ((%) (RK. t)) forall 0<t<7

and sufficiently small t > 0. If, moreover, ¢ is a qualification for g, with constant
v, then there is & > 0 such that the function

(5.17) fla) :=2max{y,} K. RY(a) (0<a<a)
is a profile function for (Hy(R), o).

Sketch of a proof. We follow the proof of Theorem but the local version of the
estimate is obtained using Proposition (c) with £ = ©?(¢) as
pat () < (Rt) Co((9*) 7 (A1)
for sufficiently small ¢ > 0. Moreover, instead of in the local variant we have
to set ~
At) = &7 (1/(R K- 1)),
which is well-defined for ¢ € (0,¢] with ¢ > 0 sufficiently small. Then as in the

original proof it can be shown that A(f) < A(t) for 0 < t < f again based on
Proposition 2.§] (¢). Precisely, we have the estimate

K00 = = X8 < L )+ A01) 7 A" A )]
o MO e e
T ) VA < () A0) VA
— k(A1)
Finally, we arrive at
put) < (B0) Cob((#) " 0)) < (R1) Covl() (o)) = 52/ (775

which proves (5.16). For proving (5.17) we use the estimate (5.8) of Theorem

yielding here for sufficiently small ¢ > 0 and o > 0, and since = <1

0 -t < max {3,71} (so ((g) (RE. t)) + w(a)) .

Now we choose t, = t,(«) such that the equation

0 ((5) (RE. m) — (o)

holds. This is possible for sufficiently small a > 0 and yields ¢, = % Ri(e. Hence
we obtain the profile function (5.17)) as required. O
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6. LINKING SCALES BY RANGE INCLUSIONS

Since the initial study of linear inverse problems in Hilbert scales (see [21]) it is well
known that the operator G measuring smoothness of the solution z" must be linked
to the operator A governing equation (I.1)) in order to obtain error bounds. There
are various ways to establish such a link and we will investigate its impact on profile
functions, next.

Again we start with the benchmark function ¢ and assume in addition that
(6.1) z' € G-(R)

with G,(R) defined by (2.2). Moreover, we impose the following link condition,
precisely that there are an index function o(t) (0 < ¢ < ||G||) and a constant C' < co
such that

(6.2) |lo(G)v|| < Clle(A*A)v|| for all v e X.

Remark 6.1. There is an extensive analysis in [3] of linking conditions in various
ways. In particular it is shown as Proposition 2.1 in [3] that the validity of condi-
tion (6.2) with some positive C' is equivalent to the range inclusion

(6.3) R(0(G)) € R(p(A"A)).

We mention the following consequence of (6.2)) (see e.g. [19]). Given Hilbert spaces
X and Z with Z C X let J: Z — X be the canonical embedding, leaving elements
from Z invariant.

Lemma 6.2. Under the canonical embedding Jgf: X¢ — Xg is norm bounded
by C and we have

(6.4) G, (R) C H,(CR).

Proof. Tt is well known that for any pair S, T of operators a relation || Sv|| < ||Tv||
implies || T"'v|| < [|S~'v]||, whenever the right hand sides are finite. Thus (6.2)
implies for any = € X¢ with [|z||xe¢ < 1 that |[|x# < C and hence (6.4). O

We will distinguish two scenarios and we start with the easier one and state

Proposition 6.3. Let g, be a reqularization which has qualification o with constant
v and assume that =¥ obeys . If condition 15 valid for an index function
o, and if there is K < 0o such that 7(t)/o(t) < K (0 <t < ||G]]), then the function

(6.5) fla) =vC K Rp(a) (0<a<a)

is a profile function for (G-(R), ga)-

Proof. From 7(t)/o(t) < K (0 < t < a) we deduce from Lemma [6.2| that G.(R) C
G, (K R), which is equivalent to ||7(G)z| < K ||o(G)z|| for all z € X. Furthermore,
in the light of Lemma [6.2] the link condition (6.2)) implies G,(KR) C H,(CKR),

and any profile function for H,(C' K R) provides us with a profile function for G,(R),
such that the proof can be completed using Proposition O
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Thus we are left with the case when
(6.6) (o/7)(t) = 0 as t— 0.

Then we have X& C X and the canonical embedding Jgn: XS — X& is norm
bounded. The question is whether one can use condition (6.2)) to draw conclusions
for the behavior of profile functions in this case.

Suppose we assume a linking condition , but smoothness is measured as z' €
G-(R) with respect to a different index function 7. Can we establish an index
function 1, assigned to a triplet (o, 7, ), such that the following range implication
holds true:

(6.7) R(0(G)) € R(p(H)) = R(7(G)) € R(¥(H))?

In specific situations this problem was already posed (cf. [I3, Formula (5.10) on
p. 815]) and partially answered previously (cf. [3, Corollary 2.3]). Most prominently,
the Heinz-Kato inequality (see [6, Proposition 8.21]) yields

R(G) € R(H) = R(G") € R(H")

for 0 < p < 1, as a consequence of operator monotonicity. In fact this can be
extended to more general situations in which operator monotone functions occur. It
is convenient to draw the following diagram.

G,T I

G:X¢ Yo X¢ o, x
(6.8) | -

mxn e, xn Ty
o Y7
Under the upper row shows embeddings which are bounded. Using Lemma [6.2]
the embedding Jgf is norm bounded by C, provided the link condition holds
true. Plainly the identity /: X — X has norm equal to one. The question ad-
dressed in this diagram is whether we can describe an index function 1 such that
the corresponding embedding Jgf’ is norm bounded, say by some constant L < oo.
Diagram also suggests that the resulting function ¢ will describe smoothness,
not covered by ¢, and approximate source conditions must be used to obtain results.

Remark 6.4. If the embedding JgTw were norm bounded, say by some constant
L < oo, then G,(R) C Hy(LR), and any profile function for (Hy,(LR), g,) would
also be a profile function for (G, (R), ga)-

As the diagram (6.8)) clearly indicates, interpolation properties may help to find
suitable index function t. The implication (6.7)) of range inclusions is indeed true
if operator monotonicity occurs and we shall mention the following result from [19).

Theorem 6.5. Let 2! obey . We assume that G and A*A are linked by ,
where we suppose that o is such that there is an extension o(t) (0 < t < b) with
o(b) > ¢(a) and this extension is an index function. Moreover, given an index
function 7(t) (0 < t < ||G||) we assign the index function

(6.9) Y(t) =1(07 (1) (0<t<a).
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Then the implication is satisfied whenever the function 72((a?)71(t)) (0 <t <
©*(a)) is operator monotone.

Precisely, the norm bound
(6.10) 1757 X8 — X || < max{1,C}
with C' from 1s valid.

Now we return to the analysis of profile functions. To establish these the full strength
of the implication (6.7 is not necessary. But we shall also indicate its strength in
Corollary below. However, the function ¢ from (6.9)) will occur, nonetheless.

There are in principle two ways to use the link conditions or (6.3), respectively,
to obtain profile functions. One can either transfer all information to the scale gen-
erated by the operator GG or to the scale generated by H := A*A. Both ways finally
provide the same asymptotic results but under assumptions of different strength.
We start with the first approach which requires weaker assumptions.

Lemma 6.6. The link condition implies

1
(6.11) pff’@(t) < Epif’a)(Ct) forall 0<t< oo.

Proof. Plainly, condition (6.2)) yields G,(1/C) C H,(1) and we obtain
pU (1) = dist (t2', H, (1)) < dist(ta!, G,(1/C))

- %dist(Ct:pT, Gy(1)) = %p;?m(ct).

With this preparation we can state the main result of this section.

Theorem 6.7. Let g, be a reqularization method with qualification @ and constant
v for the operator equation with solution x' the smoothness of which is char-
acterized by the conditions and with some index functions ¢ and 7. We
suppose the link condition with some index function o for connecting A*A and
G. If the function

(6.12) (a/T)(t) (0<t<|G]) isan indezx function,

then there is some & > 0 for which the function ¢(t) (0 <t < @) from is an
index function, and

(6.13) f(a) =2 max{y,v} max{1l,C}R ¢¥(a) (0 <a<a)

is a profile function for (G-(R), ga)-

Remark 6.8. If we assume (6.3)) instead of (6.2)), then C' := ||(p(A*A))'7(G)|| < o
and the function f from (6.13) is a profile function with the constant C.
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Proof of Theorem[6.7. For an arbitrary ' € G,(R) using the bound (5.8) and
Lemma [6.6] we obtain for all 0 < a < a

1/, 1 (1 (o
la—afll < max{y, m}5 (470 + 0(@)) < max{r.71}; (5/); () + so(a)) .
By exploiting Theorem in the scale generated by G we can continue and bound

(6.14) lza — 2|l < max{y,n}~

1/1 AN
— — RCt
(o7 () men) +ota)
for 0 < a < 75 (2) (JIG|]). There is some 0 < @ < ||G||/C' for which we can equate
both summands on the right of formula (6.14)) whenever 0 < o < @. This leads to

PRI p(a)
te=40) = R G Co@))

Moreover by (6.12) we have that 7(c71(Ct)) < max{1,C}r(c71(¢)) for 0 < t < @.
Thus we can estimate for 0 < a < &

p(a)

*

(0<a<a).

<2 max{y,11} R7(c" 1 (Cp(a))).

|20 — 2'|| <2 max{y,n}

Consequently we obtain
2o — 27| <2 max{y,7} max{1,C} Ry(a) (0<a<a),
completing the proof. O

Remark 6.9. The results of Theorem with an appropriately modified constant
in (6.13) can also be obtained under the weaker assumption that

(¢/7)(t) (0<t<e) isan index function,

for arbitrarily small ¢ > 0 instead of the global assumption (6.12). This is an
immediate result of the opportunity of localization as outlined in Theorem and
its proof.

As mentioned above, we can also try to transfer the information from the link
conditions (6.2) and (6.3 to the scale generated by H = A*A.

We recall the definition of the function v in formula in the context of Theo-
rem The following observation is useful.

Lemma 6.10. Let the functions 7,0 and @, be as in Theorem[6.5 If the quotient
o /T is an index function on (0,|G||] then ¢/v is an index function on (0, a).

Proof. We assign s = s(t) := o7 (p(t)) (0 < t < a), thus s € (0,b]. With this
identification we obtain

o) o) ol als)

U(t)  leHo(s)  T(o7Ha(s))  T(s)

]
Keeping this lemma in mind we can prove the following counterpart of Theorem
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Theorem 6.11. Assume that the reqularization g, has qualification o with constant
v and that o /T is an index function on (0,||G||]. Under the assumptions of Theo-
rem in particular the operator monotonicity of the function 72((0?)71(t)) (0 <
t < *(a)), the function

(6.15) f(a) =2 max{y,n} max{1,C} Ry(«a) (0<a<a)
is a profile function for (G-(R), ga)-

Proof. Let L := max {1, C'}. The estimate (6.10)) of Theorem|[6.5yields the inclusion
G-(R) C Hy(LR). Thus profile functions for (H,(LR), g,) are also profile functions

for (G-(R),gs). By Lemma the function ¢(t)/¢(t) (0 < t < a) is an index

function and we can apply Theorem to bound the distance function p(w?’w) as

-1
(H.9) @ p(a)
P (1) < o (—) LRt 0<t< )
o <e((8) wrn) <im0
Corollary provides us with the profile function as given in (6.15)). O

Example 6.12. Again, let us discuss the situation when the index functions are in the
form of monomials, precisely we assume that o(t) = t*, 7(t) = t. Then the operator
monotonicity as required in Corollary is fulfilled whenever p > 1, which can be
deduced from the Heinz-Kato inequality. If the link condition is assumed to
hold for ¢(t) = ¢, and if the regularization has qualification ¢, then we arrive at a

profile function f(a) = Ca*/#, uniformly for =t satisfying (5.3) and (6.1)).
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