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Abstract

The Random Walk on Fixed Spheres (RWFS) introduced in our paper [25], and further
developed in [26], is presented in details for Laplace and Lamé equations governing static
elasticity problems. The approach is based on the Poisson type integral formulae written for
each disc of a domain consisting of a family of overlapping discs. The original differential
boundary value problem is equivalently reformulated in the form of a system of integral
equations defined on the intersection surfaces (arches, in 2D, and caps, if generalized to
3D spheres). To solve the obtained system of integral equations, a Random Walk proce-
dure is constructed where the random walks are living on the intersecting surfaces. Since
the spheres are fixed, it is convenient to construct also discrete random walk methods for
solving the system of linear equations approximating the system of integral equations. We
develop here two classes of special Monte Carlo iterative methods for solving these sys-
tems of linear algebraic equations which are constructed as a kind of randomized versions
of the Chebyshev iteration method and Successive Over Relaxation (SOR) method. It is
found that in this class of randomized SOR methods, the Gauss-Seidel method has a min-
imal variance. In [25] we have concluded that in the case of classical potential theory, the
Random Walk on Fixed Spheres considerably improves the convergence rate of the stan-
dard Random Walk on Spheres method. More interesting, we succeeded there to extend
the algorithm to the system of Lamé equations which cannot be solved by the conventional
Random Walk on Spheres method. We present here a series of numerical experiments for
2D domains consisting of 5, 10, and 17 discs, and analyze the dependence of the vari-
ance on the number of discs and elastic constants. Further generalizations to Neumann and
Dirichlet-Neumann boundary conditions are possible, see [23].

1. Introduction

There are two main classes of stochastic numerical methods for solving PDEs:

(1) methods based on probabilistic representations of solutions in the form of expectations over diffusion
stochastic processes (e.g., see [4], [15]), (2) methods based on Markov chain simulation technique for
solving integral equations; here the crucial point is the reformulation of the original boundary value
problem in the form of integral equation [5], [6], [22].

The probabilistic representations are possible however only for scalar elliptic and parabolic equations,
e.g., see [4]. Even in this case, considerable difficulties arise when approximating the random process
near the boundary: one should take care that in each step, the simulated diffusion process is inside the
domain. This implies a rapid diminishing of the integration step when approaching the boundary, which
in turn rapidly increases the computational cost [15]. Exterior boundary value problems are hard or better
to say impossible to solve by a numerical simulation of diffusion processes in unbounded regions.

The methods based on integral equation reformulation are much more flexible. Generally, any boundary
value problem transformed into an integral form can be solved by a Markov chain simulation technique.
It should be noted however that the Monte Carlo methods for solving integral equations are traditionally
applied to integral equations v = Kv+ f with substochastic kernels when ||K|| < 1. The method was first
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developed for solving linear radiative transfer equations, and the famous Neumann-Ulam scheme works
under the condition that the Neumann series converges.

The first Monte Carlo method for integral equations with divergent Neumann series was suggested by
K. Sabelfeld in [21], and further developed in [22], [29]. The method is based on a conformal trans-
formation of the spectral parameter. In this approach the variance analysis is much more difficult than
in the Neumann-Ulam method. Nevertheless, it opens new interesting possibilities of applications. For
example, the Random Walk on Boundary methods were constructed first for Dirichlet problem in [21],
and then generalized in [29] to all classical interior and exterior boundary value problems of the electro-
static, heat and elastic potential theory. Note that in this case, there are no difficulties with the boundary
conditions and exterior problems. As to the disadvantages of this class of methods, the variance of the
method may be large for highly non-convex domains. However special versions of this methods for such
domains can be developed, in particular, based on a discretization of the boundary integral equations, or
using branching Random Walk on Boundary process [24].

In this paper, we deal with a new class of Markov chain simulation technique for systems of elliptic
equations. The method differs from the conventional Random Walk on Spheres method in the following
points: (1) The spheres are not randomly chosen, instead, they are deterministically fixed so that the
original domain is well approximated by this set of spheres; (2) The randomized evaluation of the solution
via the iterations of integrals follows not the Neumann-Ulam scheme, but a different iterative method,
e.g., the Chebyshev iterations, or the Successive Over Relaxation (SOR) method; (3) Since the phase
space is fixed, one may introduce its discretization, and construct discrete Random Walks.

It should be noted that one can think of different combinations of (1)-(3). For example, the choice (1)
means that the phase space is fixed, and the Random Walk is constructed on the set of fixed spheres;
(1) and (2) means that the relevant iteration procedure is constructed directly for integral operators, and
finally, with (1) - (3) we turn to the discrete Random Walk method organized according to the relevant
iterative procedure.

Thus the idea of the method is that the original boundary value problem is reformulated in an integral
form derived from the spherical mean value relations for fixed overlapped discs (see also [1], [3]). The
basic approach is described in our book [27]. In [28], we have extended this approach by using the Pois-
son integral formula for overlapping spheres, and considered the relevant system of integral equations.
The kernel of the Poisson integral formula was the generating transition probability density function
of the Markov chain. The iterative procedure was actually a randomized method of simple iterations.
Generally, this iterative procedure diverges in the case of Lamé equation. Therefore, we have introduced
different iteration methods, in particular, an iterative procedure with random parameters, which coincides
in the deterministic limit with Chebyshev’s method, and a randomized SOR. A general discrete random
walk scheme can be constructed through a discrete approximation of our system of integral equations.
Surprisingly, this not only has complicated the method, but in contrary, we have obtained a convenient
fast convergent method with a finite variance. Note that extensions from discs to ellipses can be readily
done by using the relevant Poisson formula for ellipses, e.g., see [20]. Generalization to 3D case is also
quite simple, since the Poisson kernel is explicitly known.

The paper is organized as follows. In Section 2 we present the main idea of the method for a simple case
of 2D Laplace equation, and study the main properties of the generating integral equation. Section 3 deals
with the system of elliptic equations, the so-called Lamé equation governing the elastic deformations of
2D bodies. In Section 4 we present iteration methods we use to construct Random Walk algorithms.
For this purpose we use an iteration method with randomly chosen parameters, introduced by Vorobiev
(e.g., see [13], [31]) and the SOR method which is particularly efficient for a special class of domains
which we call DS -domains. Detailed description of Random Walk algorithms are given in Section 5,
and numerical simulations are presented in Section 6.



Figure 1: Two overlapping discs illustrating the main notations.

2. 2D Laplace equation

To explain the main idea of the method, we present here the case of two-dimensional Dirichlet problem
for the Laplace equation. It should be noted that even in this simple case where the conventional Random
Walk on Spheres works as well, the new method converges much faster, and the accuracy achieved is
considerably higher.

2.1 Integral formulation of the Dirichlet problem

Let us consider the boundary value problem
Au(x) =0, xeD, u(y)=¢, yeI'=dD, (2.1)

where the domain D consists of two overlapping discs K()él), R;) and K(xg), Ry) centered at O; = xél)
and O, = xéz) (see Figure 1):

D =K, R)UK(XP, Rp): KOG, R)NK(X, Ry) #0 . 2.2)

We denote by 7y, the part of the circle S()él), Ri) = 8K(xgl>, R1) which belongs to the second disc while

I'y is the part of the circle S()él), R1) not belonging to the second disc; analogously  and I, are defined.
So the boundary of the domain D consists of I3 and I';, and y; Uy, is the phase space of the integral
equation to be constructed.

The regular solution to the harmonic equation satisfies the spherical mean value relation in each of the
two discs:
R? —r? u(y)ds,

ux) = >R X—yE (2.3)
S(O.R)

Here R= Ry in the first, and R= R, in the second disc, and the same for r = |x— >€) |, the distance from
X € v; to the circle’s center O= 0, i =1,2.



It is not difficult to find out that the function

1
— =’ 1
2nRy IX—yl|?

p(y;X) = R (2.4)
is a probability density function of the variable y € S(>é1), Ry), forall x € K(x{()l), R1). This immediately
follows from the representation of the solution u = 1 to the Dirichlet problem for the Laplace equation
Au(x) = 0, u(y) = 1 through the Poisson integral. From the probabilistic representation of the Dirichlet
boundary value problem considered, the density p(y;x) coincides with the probability density function
(pdf) of the first passage on S(>{)1), R1) of a Wiener process starting at x € K()él), R1). Simple simulation
of the transition according to (2.4) is given in [9].

Itis possible to find explicitly the distribution function P(x — y € 7y) - the probability for a particle starting
at X € S(x, R), with r = |[x— X, to reach an arc y € S(x, R) defined by the limit angles oy and o, say,
oy < o, since (e.g., see [7]):

2
P(x—>y€y):R2 d dS 1arctg{—R+rtgg}

o2

2nR |X y2 n 2
o
. 1 R+r. o 1 R+r. oy
= Earctg{ﬁtQT} — —arctg{—tg?} (2.5)
Let us now write down the Poisson formulae for both discs in the form
R~ x—xp 2 u(y)
uix) = ) / Xy ds,, xem,
S Re)
R —ly—x [ u(x)
p— _— . 2.
u(y) 2R / V—XP dSe, yeT (2.6)
S . Re)

We can give different equivalent formulations of the boundary value problem starting from these Poisson
formulae. First, let us derive a scalar Fredholm linear integral equation of the second kind for the solution
u(x). To this end, we define the kernel K(x,y), X,y € y1 U, as follows. For X € y;:

K( ) 07 " ye Y1
X.y) = R —|x—x\! 2
k11(X,Y)=+R)IO|ﬁ, YET2 ,
and for x € y,:
K( ) 07 : y € YZ
X,Y) = Re—|x—x? 2
oo (xy) = Zpet Lol yen
Using this notation we can rewrite the formulae (2.6) as follows:
W) = [ Kexy)u)dsy) + 1 @)
U2

where

R~ x—x" [ ()
f(x) = 7R 1_/|x—y|2dsy’ for x e,
1

R—[x=x"1 [ o(y)
fx) = o 1_/|X—y|2 ds,, for xey. 2.8)
2
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Note that this equation is not symmetric, but we can show that it can be symmetrized. Indeed, let us
introduce a new function by

R .
w(X) = u(X) S, xey, 1=1,2.
R~ [x = I
Then we get the following equation
W = [ Rocy)wiy)dsiy) + £00) 29

T1UY2

where for x € 7

_ 0, yen
K(X y) = R2—[x—xD 2 2 1y 22
’ 1 1 [x—x5 | ly—>g"|
2n X—YIZ\/ : Rlxo = RzXO ) YeT2

and for x € y,:

. 07 yE’YZ
K(xy) = R2_ vV 2 @
’ 11 %", [R—x=x"|
ﬁ|xy2\/ R SR YEm.

Thus we come to the integral equation with the symmetric kernel K(x, y)

/ny y) dS(y) + F(x) . (2.10)

This implies that the eigenvalues of the integral operator defined by the kernel K(x,y) in (2.7) are all
real, moreover, we will give below the explicit expression for the principal eigenvalue of this integral
operator.

As mentioned above, it is possible to give a different equivalent integral equation formulation of the
problem under study.

Let us introduce the notation: v (x) = u(x) for x € y1, and vo(X) = u(x) for x € y. Then, (2.7) reads

/ PIY; X)Va (y) S, + Fr (X / PO¢iX)V1 (X) dS¢ + f2(), (2.12)

where

— [ pyem)ds. a4 = [ p(Xix0)dS: 212)
Iy I

It is convenient to rewrite the system (2.11) in the matrix form:
v=GvV+F (2.13)
where v = (v1,V2)T, F = (1, f2)T, and G is the matrix-integral operator which acts on v as follows
Gu G2\ (w1
Gv = 2.14
<G21 Gzz) (V2> (214)
; d
( 0 .INMX>%wd%> (w) SRRt d%
_ T2 —
N X X) #(X')dS¢ 0 N
| POX) s w) | Jpiivs () ds.

Y1



The integral equation (2.7) and its equivalent vector counterpart (2.13) with the integral operator G have
nice properties. First of all, the L;-norm of G is less than 1, for any configuration of the two overlapping

discs, since [ p(y;x)dS, = 1. Hence (E — G)~! exists and is represented as a convergent Neumann
S(x.R)

series. This also follows from the next assertion which presents a nice property of the Poisson kernel and

gives simultaneously an interesting characterization of the Wiener process.

Theorem 2.1. Foranyx €y, andanyy € v,

/py, )dS, = /pyyd@_l—e—*—e—zze—h, (2.15)

s s

where the angles 6] and 65 are defined as follows (see Figure 2): 26; isthe angle of view of the arc

fromthe centre of thefirst circle, and 26; istheangle of view of thearc 11 fromthe centre of the second
circle. The angle 67, = m — 6] — 65 is the angle of view of the segment (O, O,) from the intersection
point P, or P,. This property characterizes the Wiener process as follows. For a Wiener process starting
from x € y1, the probability to reach the arc y does not depend on the starting point x and is explicitly
given by (2.15). Moreover, the sameistrue for the Wiener process starting fromy € : the probability to
reach the arc y; is not depending on the starting point y, and is equal to the same constant ¢, /m given

in(2.15).

Proof. Partly, we presented this result in [25]. Here we give a different proof of this elegant result but
first let us recall the main idea of the proof in [25]. For any x € 4 we have obviously:

Dy X) = cos(y) 1

2.16
n|x—y| 2nRy ( )

which follows from the relation: R —r2 + |x —y|? = 2R; |x— y| cos () where  is the angle between the
vectors x —y and ny, the inner normal vector at the point y which is collinear to >él) —V.

Using the relation (2.16) we can write for any x € y:

Yz/ p(y;x)dS, = — { ‘[ﬁs(w ~ R / S -

In the right-hand side, the first integral in the braces is the double layer potential integral which is equal
(e.g., see [22]) to the angle of view of the arc y from the point X, i.e., to (2n —265)/2. The second
integral is simply 6 /m. This completes the proof, since by symmetry, exactly the same result is obviously
obtained for the second disc, wheny € .

Let us give another proof of this assertion, based on the series representation of the kernel p(y;x). It is
not so elegant as the above proof, but the technique can be used in solving the full eigenvalue problem.

The expansion of the kernel we need is [10]:

1= p? 1 1
p;X) = —_ T 2pcos(® o) o2~ 2n += Z pX cos[k(6 —at)] . (2.17)
Here we use the polar coordinates: the point x is specified by (r,0), p =r/R, and the point y - by (R, at).

Let us introduce some notations. The first disc is centered at the origin Q = 0, and O, is the center of
the second disc. We denote the point of intersection of the coordinate axes QX with the second circle
by Ps. Let P, and P, be the points of intersections of our circles. We introduce the following angles (see
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Figure 2: Illustration to the proof of Theorem 2.1.

the picture of Figure 2): v is the angle between the vector O;P; and x— Py, and s, is the angle between
the vector O;P, and x— P,. Further, ¢ is the angle between x— P, and Ps — Py; @ is the angle between
Xx—P,and P; — P,.

Routine calculations yield
0; )
1-p do
2n 1—2pcos( — o) + p?
,9;

e*

= 29 —i—lz /Cos (6 —o)]do
T by
6 &k [sin[k(6; —0)]  sin[k(6] +0)]
ERE: kzlp { k&
0; psin(6; —0) psin(6; +06)

= —= t . 2.18

+n{ 9= pcos(e*—e)JrarC gl—pcos(eﬁ—e) (2.18)

It is readily seen that

v, — arctg psin(6; —0) 1 — arctg psin(6; +0) (2.19)

1—pcos(6; —6)’

Simple geometric analysis shows that 6; +63/2+wy1 +¢1 =, 6] +05/2+y2 + @2 =7, and @1+ @2 = .
This yields y1 + w7, = ©— 207 — 05, which, in view of (2.18), (2.19) completes the proof.

1—pcos(6;+6)

In constructions of iterative numerical procedures, we will need the information about the principal
eigenvalue of the integral operator. In the next theorem we find this eigenvalue explicitly. This result
was formulated in [25], however the proof there was incomplete. We give here the revised version of the
proof.

Theorem 2.2. Theintegral operator G is a Fredholm operator with the kernels p(y; x), p(%;y), contin-
uous on X € v, Y € Y2, with integrable singularities at the points of intersection of y and vy, of the type
p(y; X) ~ % asx — Y. The eigenvalues of G, ;, are all real, and moreover, A; = +6ip(G) where
o; < 1 are some positive constants, and p(G) isthe spectral radius of G given explicitly by

O 8 _ 01

T N T

7

p(G) =1~



Theintegral equation (2.13) has a unique solution which solves the Dirichlet problem (2.1).
Proof. First let us show that the singularities have the form p(y;X) :% as X —y. Simple geo-

metrical considerations show that R —r? = [x—y| - b, where b = |x — y* | and y* is the second point of
intersection of the line x— y with the circle S>,Ry). Thus p(y;x) = Now, asXx €y — Y € o,

we have asymptotically b ~ 2R; sin (6] + 63).

2nRy \x y*

Let us now consider the eigenvalue problem. Note that the integral operator G is not symmetric, but we
can symmetrize it if we follow the symmetrization we used above. Indeed, introducing the new functions

Rl RZ
X[ Wa(X) = Va(X) X [
R~ |x—xy |2 RS — x—xg |2

we come to the eigenvalue problem for the symmetric integral equation
AW = Gw
where the matrix-integral operator G is defined by

_ o U0
Gw = Q1 (xy) «(X) dS, 0 :

Iy y—x? W)

g (X y):i R%_|X_Xél)|2 R%_|y_XéZ)|2
12\ Ay om R]_ R2 )

1 2
g (Xy):i R%_’y_xg>’2 R%—‘X—Xé”z
2137 2n R, R, :

So our system of integral equations is symmetric since g2 (X,y) = g21(Y,X), and hence, the eigenvalues
A are real, moreover, they are concentrated in the interval (—p,p) symmetrically relative to the origin,
where p = p(G) < 1 is the spectral radius. Indeed, if A is an eigenvalue with the corresponding eigen-
function (wi,w), then —A is also an eigenvalue with the corresponding eigenfunction (w, —wo).

Here

and

Let us now evaluate the spectral radius of our system of integral equations. Taking the eigenfunction as
a constant (1,1), we see that the corresponding eigenvalue is given by

* * *
616 _ 8y
T T

Ao = / p(Y;X)dS, =1 (2.20)

which does not obviously depend on x.

It is not difficult to show that p(G) = A. Indeed, let A be an arbitrary eigenvalue, and (wi,w»)" - the
corresponding eigenfunction. For any x € v we can write |A||w;(X)| < |wa(y*)|Ao, where y* is a point
where |w;| reaches its maximum. For any y € y» we have analogously: |A||w(y)| < |w1(X")|Ao, Where X*
is the point of maximum of |wy|. From these two inequalities we get the desired result: |Af < A3. Thus
P(G) =o.

Finally, the equivalence of the integral equation and the Dirichlet problem is obvious: the solution of the
Dirichlet problem satisfies the integral equation whose solution is unique. This completes the proof.
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2.2 Approximating system of linear algebraic equations

Having the integral equation (2.7) or its symmetric version (2.10), we can construct a standard Random
Walk based on the Neumann-Ulam scheme, with the phase space 4 Uy,. Moreover, we can also construct
different iterative methods, e.g., SOR method, directly for these equations. However for more general
domains, it is convenient to deal with discrete Random Walks. To this end, we need to approximate the
integral equations by the relevant system of linear algebraic equations.

So let us approximate the system of integral equations (2.13) by a system of linear algebraic equations.
We choose a set of nodes X, ..., Xm,+1 uniformly on the arc y and yi,...,Ym,+1 On Y2 generating by the

uniform polar angles dlstrlbutlons (the end points are included). These meshes subdivide y and vy, in the

set of arches yg ,i=1,....,m and yé),l =1,...,mp, respectively. Of course, the nodes can be chosen

not uniformly, say, accordlng to some distribution which generates the nodes more densely around the
singular points where the arches do intersect.

Since the Poisson kernel p(y;x) has a singularity, it is convenient to take the approximation in the form:

m1+1
/p(y,Yk)Vz dS/ z p| Xl Yk VZ( ) k:27 -, My,
T
and analogously,
mp+1
/ (X, Xk Vl dS(/ — z pl yla Vl yl) k:27 7ml)
T2
where
P00 = [ pvds . A% %) = [ POXingdSe (221)

Y(li) Y(zi)
These coefficients can be evaluated explicitly, using the formula (2.5). The same approximation is used
to calculate the right hand sides f; and f, in all grid points. Thus we come to a discrete approximation
of (2.13) in the form of the following system of linear algebraic equations

my+nMp
wh =3 aw®+FM k=1 .m+m, (2.22)

i—2
or in a matrix formw = Aw-+F.

Here the column-vector w = (Wq,W,)T consists of two column-vectors: wi, whose components approxi-
mate the function v, and w, approximating the function w. The same for the vector F.

Note that the matrix A is a square matrix, it has a 2 x 2-block form, with zero diagonal blocks, and
rectangular blocks As> and Ay; relating the vectors wy and ws.

We use in our calculations also a slightly different approximation, by applying an appropriate inter-
polation of the integrated functions v and F, and applying a 12-point refinement Gauss approximation
formula in the end points of the arc.

2.3 Extension to domains consisting of a set of overlapping discs

Generalization to connected domains consisting of narbitrarily overlapping discs is not difficult, the main
problem is to choose a convenient numeration of the arches inside the discs. Generally this is a tricky
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problem but not too difficult for computer implementation. We have written a code which automatically
generates a numeration, and the relevant matrix A of the generated system of linear equations.

There are domains for which the structure of the matrix kernel of the system of integral equations is very
simple and convenient both for theoretical analysis and computer implementation. For example, assume
that each disc is overlapping only with two immediate neighbour discs which are non-overlapping - see
Figure 3. The relevant system of integral equations is written in a block matrix form, whose general
structure is shown below in (2.25) for the case when the domain is a chain of 5 overlapping discs.

This is a particular example belonging to a more general class of domains which we will call D$-
domains (DS stands for discs, index 2 means the generated matrix is cyclic of index 2).

Definition. A DS;-domain is defined as follows: (1) the domain is a connected union of overlapping
discs, (2) each disc may overlap with an arbitrary number of discs but each intersection is a result
of overlapping of only two discs, (3) any subset of discs which is a closed family of discs (a chain of
successively overlapping discs where the first disc overlaps with the last disc, (e.g., see Figure 6) consists
of an even number of discs.

Property Al. InaDS-domain, the numbering of the arches can be chosen so that the generating matrix
kernel G of theintegral operator G isa cyclic matrix of order 2 and hence it has the following block form

(0 Gp
G= [ Gy 0 ] . (2.23)

This numbering of arches we call a consistent numbering.

Indeed, the consistent numbering is constructed as follows. Let us index the discs successively following
say a clockwise direction, as 1,2,...,n. We divide all the discs in two different classes of discs: the first
class (say, “red” discs) includes the discs with odd indices 1,3,5,..., and the second class includes the
discs (say, “black” discs) with even indices. Now, the numbering of arches is as follows: first we number
successively along the chosen direction the arches of the discs belonging to the first class, and then turn,
in the last disc, to numbering successively the arches of the discs in the second class. For illustration
we show in Figures 5 - 7 examples of DS-domains, with the red-black indexation: a simple chain of 5
discs in Figure 5, with the matrix A given schematically in Figure 4, left picture; a closed set of 6 discs
in Figure 6, and a more complicated set of 17 discs in Figure 7.

By the construction of the indexation it is clear that the matrix G has the desired block structure (2.23)
where Gy, and Gy, relate the arches of the first and second groups of discs.

By Property A1, and from the block structure (2.23) the following property readily follows.

Property A2. Let D be an arbitrary DS-domain, with a consistent numbering of the arches, and let us
take the decomposition G = L + U where L is theleft, and U theright triangular operators whose
matrix kernel is given by (2.23). Then the following equalities are true

(E-oL)'=E+wL and L?=U?=0, (2.24)
where o is an arbitrary parameter.

This property will be used in Section 4 where we construct a SOR method for solving this kind of linear
equations.

To illustrate how different can be the generating matrix for different numbering, we consider the domain
consisting of n =5 discs presented in Figure 3. First, let us choose the simplest successive numbering of
all arches of our phase space, say, from left to right.

10



Figure 3: A chain of 5 discs, generating a system of 8 integral equations.

Introducing k = 2(n— 1) functions v and writing the Poisson formulae in each disc we come to a system
of k integral equations v= Gv—+ f where the kernel of the matrix integral operator G is a k x k-matrix
G which has the following structure: in the first row, only the kernel G is not zero, the second and the
third rows have the following non-zero kernels: G, Gy4 and Gzy,Gss. The same for the rows 4 and 5:
the non-zero entries are Gyz, G4 and Gsg, Gsg, etc., so that the j-th’ row non-zero entries (j is even) are
Gj,j—1 and G;j j42, while the j + 1-th’ row non-zero entries are Gj1 j—1 and Gj;1 j4+2. The last row has
only one non-zero entry: Gck—1. So the kernel matrix G has the following structure ( n =5 discs, and
number of arches k = 8):

0 G2 O 0 0 0 0 0

Gy O 0 Gy O 0 0 0

Gs1 O 0 Gy O 0 0 0
0 0 Gg O 0 Gg O 0

G= 0 0 Gs3 O 0 Gss O 0 (2.25)

0 0 0 0 Gg O 0 Ges
0 0 0 0 Gi O 0 G
0 0 0 0 0 0 Ggz 0 )

We will show now that to ensure that the system of linear algebraic equations u = Au+ f
obtained as described above is a good approximation to the exact system of integral equations
it is enough to prove that (E — A) ! exists. This in turn is ensured by the fact that our matrices
are all substochastic, and their spectral radii are all less than 1.

Let D be a DS-domain with the boundary T" = dD. Let us consider an arbitrary disc of this
domain, say, K(xk, R) with S(x, R¢) = 0K (Xk, R¢) which is overlapped with say my other discs.
Then, S(x, Ry) consists of two sets of arches: one set (we denote it by ) consists of arches
lying in the overlappings, and the second one (we denote it by T) is a part of the boundary T".

Assume that we have fixed some numbering of the arches in our domain D, and the relevant
numbering of the functions so that the function v;j(x) is defined on the arc yj. This numbering
generates a block matrix A whose entries are constructed as follows. Let us fix an arc yj €
K (X, R¢), then the j-th block row consists of my non-zero blocks; we denote the integer set of

numbering these blocks by Jj, so that ¥ means that the sum is taken over all blocks in j-th
l€J;
block row.

Now we estimate the difference between vj(x;), the exact solution of the system of integral
equations taken on j-th arc at a point x; € yj, and the approximation ui(‘) taken as the i-th
component of the solution of our linear equation (ith row in the j-th block of the matrix A):
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el = ui(j) —Vj(Xi) . Hence the error vector € has in j-th block the components el

Let us also define the error vectors & and 8" with entries Si(?i) and Si(ri), the errors of approxi-
mation of the Poisson integrals (of the function v and of the boundary function ¢, respectively)
for j-th arc taken over the set of arches ¥ and T'. Thus we can write for the i-th row in the jth
block:

v = 3 Nl - 3 [ ey +3

ledjk=1 l€J; Y

n Sy (i
= 3 S Al —vi) + 8 4800
|€Jj k=1

Thus written in the matrix form these relations are
e=Ae+5+5". (2.26)

Let Ap = max(@i+1 — @;i) be the maximum difference taken over the all angular meshes. For
|

simplicity we take simple estimations ||8|| < C1A¢ and ||87|| < C,A. Therefore, we have

le]l < I(E=A)H[(CL+C2)Ao . (2.27)

2.4 Spectral radius estimations

The explicit expression for the spectral radius given in Theorem 2.2 could be obtained only for
two overlapped discs. For domains with 3 and more discs, we will get an estimation for the
spectral radius of the integral operator of our problem.

Let us first analyze the eigenvalue problem for the system of integral equations (2.13) for a
DS-domain consisting of three discs, with a consistent numbering of the arches. In this case
we have 4 integral equations for the function u1, Uy, us, us defined on the arches y1,v2,v3 and 4,
respectively. Let P be a 4 x 4 matrix whose non-zero entries are defined by

Hj :/p(y;X)dSy, XY, (|7J):(172>7(271)7(274)7<371>7(3=4)7(473)
i

So by definition, B; is the probability of the transition x € y; — vj, for the pairs of arches
(i,j) =1(1,2),(2,1),(2,4),(3,1),(3,4),(4,3).
The integrals

P2 = / P(Y;X)dS,, Paz = / p(y;x)dS,
Y1 Y3

do not depend on the point x, and P1o = P»1, P34 = Ps3, see Theorem 2.1. But P4 and P3; do
depend on the point x. It is not difficult to find a point x* where P»4 reaches its maximum Pog;
the same for Ps;.

Indeed, let us denote by x; and X, the points of intersection of the second and third discs,
S(0,,Ry) and S(0O3,R3). We construct now a disc §(O,3, Rp3) which goes through the points
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X1 and Xp, and touches the first disc at a point X* € y,. Then the point x* is the desired point
where P»4 reaches its maximum P4. Indeed, of all the points of the arc y», the point x* is the
point with a maximum angle of view of the arc y4. As follows from the proof of Theorem 2.1,
n P24 (x) equals the difference between this angle of view and 63, the angle of view of the arc vy,
from the center O,. This implies that x* is indeed the point where P»4(X) reaches its maximum.
Moreover, by Theorem 2.1, P4 is equal to 6,3/m where 623 is the angle of view of the segment
(O2,043) from the intersection point x; or Xo. The same is true for Ps;: Ps; = 631 /.

Let us find the eigenvalues of the matrix P which is obtained from P by changing P4 and Ps;
with P4 and Psq, respectively. Simple calculations give

,  PhL+PLE \/ (P%, — P2,)2 + 4P15P54Py3P3
Mo= 5 : (2.28)

The estimation for any eigenvalue of the eigenvalue problem Au = Gu is now carried out di-
rectly, as we have done in the case of two discs: from the first equation we have |A||uy(x)| <
Pr2 [u2(y*)| for any x, y* being the point of maximum of up. The value |ux(y*)| is estimated
from the second equation, etc. Simple calculations yield finally:

(A2 —Pf,) (A2 — P3,) < ProPoyPasPy. (2.29)

The form of this parabola shows that 7&,2 given by (2.28) are exactly the values where the
inequality (2.29) becomes an equality. Thus for any eigenvalue A we have the estimation: |A| <
mzli>§|ki|. This shows that the spectral radius is mainly defined by the value max{Pi2,Ps4}.
1= I

Indeed, the values I524 and F_>31 are small, compared to Pi» and Ps4, as explained above, so we
conclude from (2.28) that p(G) ~ max{P12,Ps4} +¢€, where € is a small value.

Analogous estimations can be obtained for the general case of DS;-domains. For arbitrary con-
nected domains consisting of a finite number of overlapped discs one can use simple estimation

m
p(G) < max > Ry (2.30)
IRAAE] J:]-

where n is the total number of rows, and m is the total number of columns in the system of
matrix-integral equations; here it is assumed that for all arches which are not the near neigh-
bours, P; are changed with a majorant of type F;.

3. The system of Lamé equations

In this section we will extend the approach presented in Section 2 to a system of elliptic equa-
tions (Lamé equation) governing a static 2D elasticity problem. As mentioned in the Intro-
duction, for elliptic systems, probabilistic representations in the form of an expectation over
diffusion processes are not known. We mention some efforts to treat this problem. In [17],
a direct generalization of the Walk on Spheres process to the Lamé equation was attempted,
however the main problem of divergence there was unperceived. In [2], the authors applied
the Malliavian calculus to construct an iterative procedure, but it was also unseen that the vari-
ance is increasing to infinity with the number of iterations. Note also that a model to treat a
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crack problem described in [16] appeals to an analogy with the diffusion limited aggregation
but without any convergence analysis.

Suppose a homogeneous isotropic elastic body D ¢ R" with a boundary T is given, whose state
in the absence of body forces is governed by the classical static elasticity equation, the Lamé
equation, see, e.g., [12], [27]:

Au(x) +agraddivu(x) =0, xeD, (3.1)

where u(X) = (ug(X1,...,X%n),--.,Un(X1,...,Xn)) is & vector of displacements, whose compo-
nents are real-valued regular functions. The elastic constant o

o MtH
u

is expressed through the Lamé constants of elasticity A and . It can be expressed through
the Poisson ratio v = A/2(A+ ) as follows: oo = 1/(1 —2v). The Poisson ratio characterizes
the relative amount of the change of the transverse to longitudinal displacements. It is known
that due to thermodynamical reasons v is bounded between —1 <v < 0.5. This implies for o
1/3 < o < 0. So there are materials with negative values of v (o varies in 1/3 < o < 1), and
materials with v = 0.5. The last case is very difficult for computational treating.

The first boundary value problem for the Lamé equation consists in finding a vector function
u € C?(D)NC(D) satisfying the boundary condition

uy) =g9(y), yer, (3.2)

where g € C(T") is a given vector-function.

In a full analogy with the Laplace equation, we will use the integral formulation of the given
boundary value problem which is based on the spherical mean value relation which is a gener-
alized Poisson formula. In what follows we deal with the two-dimensional case.

Let us consider an arbitrary point x = (X1, X2) with polar coordinates (r, @’) inside a disk K(xp, R)
centered at Xop = (Xo1,X02). The pointy = (y1,Y>) situated on the circle (X, R) has the coordi-
nates (R,0), where 6 = ¢’ + B, and zis defined by z=y—x, B is the angle between the vectors
x and y; y is the angle between x and z Define also the angle ¢ by ¢ = ¢’ +. The following
statement given in [27] is a generalization of the Poisson formula:

Theorem 3.1. The solution to the equation (3.1) satisfies the following mean value relation, x
being an arbitrary point in K(xo, R):

ui(x):wi /wds/, i=1,2, (3.3)

2R 4 Ix—yl2
Sxo,R)

where bjj are functions of x,y, explicitly represented as the entries of the following matrix
§+Zcosz(p+@cos(e+(p) Zcoscpsin(p+@sin(e+(p)

T a+2 : vl : _
* 2cos@sing + *sin(0+¢) 2+2sino— X Mcos(6+¢).
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Snce by definition we have

Y1 —Xo1 . Y2 —X02 y1—X1 . Yo—X
cos0 = , SIinB= , COSQ= , singp= ,
R R Py T k]
we get
_ o [(y1—x1)*—(Y2—%2)® | (y1—x1)(y1—Xo1) — (Y2 —X2)(yY2 — X02)
b1 = 1+OL—|—2 { |X—y’2 + = ,
by 1 (y1—x1)% = (Y2 =%2)®  (y1— ) (Y1 —Xo1) — (Y2 — X2) (Y2 — Xo2)
2T a2 X —y|? R2 ’
bir — by — — % [p LX) =) | (Y2 —%p)(y1 —Xon) +(¥1 —X1) (Y2 — X02)
BT T a2 X —yl? R '

In the notation of p(y; x) introduced in (2.4), the relation (3.3) reads in the matrix form:

U= [ pyxBuy)dsy). (34)

S(xo,R)

Taking this representation for two overlapping discs (see Figure 1), we can derive a system of
4 integral equations defined on the arches y; and y,. Indeed, let us introduce the notations:
vgl) (X) = u1(x) and ng) (X) = up(x) for x € y1, and vél) (X) = u1(x) and ng) (X) = up(X) for x € y2.
Then the analog of the system (2.13) can be written as v = Gv + F, or in more details,

1 1 1
Vg : 0 0 Bu Bp Vg : fl( :
Vg_z) 0 0 Bgl Bzz Vg_z) ffz)
=1 + (3.5)
vgl) Biu Bz 0 O vgl) fz(l)
V§2) By B 0 O VéZ) f 2(2)

where the integral operators Bjj, i, j = 1,2 are defined, according to (3.3), for the points of the
first disc x € K, Ry):

B, (0 = [ Py () dsy), i j =12,
Y2

while the integral operators B; i, 1,] = 1,2 are defined for the points of the second disc
X e K(xéz),Rz):

Bv () = [ Py () dsy). =12
6!
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The functions fij are defined analogously:

. 2
(000 = 3, [ Pyixbx ) g dsy), i.j=1.2.
=1

=1

It should be noted that the equivalence of the system (3.5) and the boundary value problem (3.1
), (3.2) is not evident, in contrast to the case of the Laplace equation. Indeed, the Li-norm of
the integral operator is generally larger than 1, so we have to use finer properties. Indeed, let us
estimate the L1-norm. Simple evaluations yield:

0; 65
6l < Qu (1-F-%) @6)
where
Qo = % . (3.7)
In the general case of a DS-domain we obtain by (2.30)
m
IIGHL1§Qak:rqaan R - (3.8)

30y J:]-

This estimation shows that ||G||, can be made less than 1 for a fixed value of o by a proper
choice of 67, 65, ..., 6, which would imply a restriction of the overlapping configuration. To be
free of such a restriction, we turn to the spectral radius estimation.

Theorem 3.2. Theintegral operator G of the system (3.5) is a Fredholm operator with kernels
continuouson x € y; andy € v, with the same type of singularities at the points of intersections
of the archesy; and y, asthe singularitiesin the case of Laplace equation. The spectral radius
of G islessthan 1 for any nonempty overlapping, which ensures the equivalence of the system
(3.5) and the boundary value problem (3.1), (3.2).

Proof. The first part of the statement immediately follows from the fact that the kernel func-
tions of the integral operator G are represented as products of bounded functions bj; and the
function p(y;x). The property p(G) < 1 can be derived as a consequence of the result obtained
by Sobolev in [30]: the Schwarz alternation procedure for two overlapped domains, for the
boundary value problem (3.1), (3.2), constructed by the simple iteration of the Green formula
representations for these domains, is convergent. For details of this derivation see [27].

Note that it seems quite plausible that Sobolev’s arguments hold true for arbitrary connected
domains consisting of a finite number of overlapping discs, see [11].

The discrete approximation of the system of integral equations (3.4) in the form of a linear
system of algebraic equations is straightforward: using exactly the same nodes we obtain an
analog of (2.22). The error vector will have also the same form (2.26), with the estimation of
type (2.27). This follows from the structure of the kernel (3.4) represented as a product of the
Laplace kernel p(y; x) and smooth functions bjj(x,y). The difference with the Laplace equation
is in the entries: instead of a scalar element &;; we have a 2x2 matrix {bj;}. So all the stochastic
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iteration procedures we present in the next sections are equally applicable to systems of linear
algebraic equations generated by both the Laplace and Lamé integral kernels.

The principal difference of the Laplace and Lamé integral kernels is that the system of algebraic
equations generated by the Lamé integral kernel is not substochastic, in contrast to the case of
the Laplace integral kernel.

4. Monte Carlo Iteration methods

In this section we present different Monte Carlo iterative procedures for solving linear systems
of equations, generally being integral equations, with specific details for system of linear alge-
braic equations. First we present a general iterative procedure with random parameters which
in the deterministic limit tends to the iterative procedure with Chebyshev parameters. In the
next subsection we describe a randomized version of the successive over relaxation (SOR) type
method. Both classes of methods will be used then to solve our systems of linear equations.

4.1 A generalized Vorobiev’s stochastic iterative procedure with optimal
random parameters

Assume we have to solve a linear, generally, integral equation of the second kind:

a9 = [ kx y)uydy+ () @)
X

or in the operator form u= Ku+ f.

Standard Monte Carlo algorithms (known also as the Neumann-Ulam scheme) for solving this
kind of equations usually require that p(|K|) < 1, where the integral operator |K| is defined by
its kernel |k(x,y)|, p(|K]|) is the spectral radius. Sabelfeld (see [21], and [22]) has extended the
Neumann-Ulam methods by applying conformal transformation of the spectral parameter. This
generates different iteration procedures which are convergent even if p(|K|) > 1. However the
main problem - the variance finiteness of the relevant Monte Carlo estimator - was resolved
under certain restrictive assumptions. Further developments of this approach can be found in
[14].

Here we suggest to use a nonstationary iterative procedure, starting with ug = 0,u; = Bo f:
Ujr1 = ouj+Bj(f+Kuj), j=1,..., (4.2)

where oj, Bj are some constants which we choose so that oj +j = 1.

It should be stressed that we will deal here with two stochastic elements in the Monte Carlo
evaluation of the iterative procedure (4.2): the first one introduced by Vorobiev [31] suggests
to sample the parameters f3; at random, according to a certain optimal probability distribution.
The second one is introduced by a Markov chain for a Monte Carlo calculation of the iterations
KI. Of course, these two elements can be used independently. For instance, in [31] the random
parameters were used to solve linear algebraic iterations where the matrix iteration Al were
calculated directly. On the other side, in our first algorithms, we have constructed a numerical
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procedure where in (4.2), the iterations K/ were calculated by a Markov chain simulation, while
the parameters were deterministic, satisfying a convergence condition (see below (4.4)).

Simple analysis shows that if we assume that the eigenfunctions ¢, (defined through ¢x =
MK dy) form a complete system in the space L (X) of square-integrable functions on a space X,
then the following estimation of the error can be made.

Let the initial error be eg = ¥, ; Ci¢j, then

gn:iq [lﬂ[(a]"i‘ﬁj}\,il)] o = ici [.n <1_Bjki7:1
i=1 L |

j=1 i=1 J

)] 6. 43

Hence if for all A; there exists a set of numbers [ such that

M—1
A

then for all 3; belonging to this set the method converges.

'1—[3 ’:qk<1—8, 6>0 (4.4)

Algorithm NIRP: Nonstationary Iterations with Random Parameters.

It is possible to construct different Monte Carlo estimators following this iterative procedure.
We prefer to construct biased estimators: first, we fix n, the number of iterations we will per-
form, and choose the numbers Bo,B1,- .., Bn-1 at random. How to make such a choice optimal,
we will discuss later.

Then we proceed as follows. We use for convenience the reversed indexation, so let B = Bn_,
k=1,...,n. First we choose p(x,y), an arbitrary transition density function for our Markov
process such that p(x,y) # 0 for (x,y) where k(x,y) # 0. Start our Markov chain from the point
where the solution u(xg) should be found, say, xg, and take the current state as X = Xp. The
current value of the iteration index is j = 1. Take the initial value of the weight as Q = 1. The
initial value of the random estimator is § = f(xp) B1. Then, make the following steps:

1. Sample uniformly in (0,1) a random number rand and check if rand > . If so, then
calculate the random estimator

§:=E+Qf (X)Bj1.

and go to the next iteration which means that we put j := j+ 1 and go to 1 (provided
j<n).

2. Otherwise if rand < [3’]-, we simulate the transition from the current state X to the next
state Y according to the transition density p(x,y). Then recalculate the weight Q :=
QK(X.,Y)/p(X,Y), and the random estimator is scored as = _§+ Q_B’Hl f(Y). The cur-
rent state is now renewed as i = k, X =Y; we turn to the next iteration again by putting
ji=j+landgotolifj<n.

After n steps we finish the evaluation of our random estimator &(xp). It is not difficult to show
that the constructed random estimator & is unbiased:

un(Xo) = EE .
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Indeed, for i = 1,2 this is obvious since ug = 0, u; = Bo f. The next step is also the next step in
the Markov chain method since

U2 = (0 41E 4+ Bj 1K) (0 E + BiK)Uj + (0t 1E + B aK)Bj -+ Bjya f,

and so on. After n steps we will have

Uitn = {lﬂ[(aj+n—iE+l3j+n—iK)}Uj

i=1

n—1 n—k
+ kZ [{H(aj—i-n—iE-‘rBHn—iK)} Bjr—1f

+Bj+n—1f . (4.5)
=1[ (i=1

Written in this form, the iteration procedure can be clearly evaluated as described in the above
algorithm.

Optimal random parameters .

As mentioned above, the parameters i can be chosen deterministically, say, according to the
Chebyshev iteration method which is based on polynomials uniformly close to zero, e.g., see
[13]. However in our method, it is quite natural to choose these parameters randomly, according
to a minimization of the probabilistic error (see [31]). Remarkably, the Chebyshev choice of
parameters will follow from this probabilistic approach.

To analyze the error, it is convenient to work with the operator H = E — K. We introduce the

corresponding polynomial by
n

Pa(t) = J(1-Bit) . (4.6)

i=1

By the definition of the iterations (4.2), and taking into account that o.j =1 — j, Hu = f, and
€j = u—uj, we readily find that

It is the general idea, in the iterative methods, to make the polynomial Py(t) as close to zero as
possible, and in the deterministic approach the problem was solved by Markov and Chebyshev
(e.g., see [13)).

There is another approach suggested in [31] where the parameters By are sampled at random,
and it is then natural to measure the error in the probabilistic sense.

So let us assume that we have chosen n random numbers B1,...,Bn which are equally and
independently distributed on some interval. Then the polynomial P, is a random variable, and
we can write:

n
I[P = Y Inpy (4.8)
k=1

where px = |1 — Bkt|. Note that the random numbers In pg are equally and independently dis-
tributed, so we can apply the central limit theorem. This implies that as n increases, the distri-
bution density function of In|P,| tends to a Gaussian distribution density

. 2
ﬁem{‘%}
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where a= (In|1—Bkt|) is the expectation, and D - the variance of In py. Standard considerations

yield
N In(e) —na
{(GEDE 1—¢<W>

where @ is the function ® = %ﬁ J¥et dt. From this follows that to ensure that the probability
of deviation of P,(t) tends to zero we have to require that the expectation a is negative.

Let ¢(x) be the distribution density of Bk which is defined on the interval [M~1, m~!] where m
and M are the lower and upper boundaries of the spectrum of the operator E — K. Thus we have

1/m 1/m
a:/ln\tx—1|(p(x)dx D= /(In\tx—1|—a)2(p(x)dx. (4.9)
1/M 1/M

In [31] it is suggested that the expectation a should not depend on t, which implies that

1/m
da_ [ x¢(X)
dt  J tx—1

1/M

dx=0. (4.10)

A density function on [M~%, m~1] which solves (4.10) has the form:
1

X) = . 4.11
o) = =M (M=) (#.11)

This gives
—In M, (4.12)

VM —/m
and
D<n2+8|n2,/$+0((%)3/z). (4.13)
From this, an estimation of the number of iterations n required to reach the error € can be derived
In(e)

where the expectation a is given by (4.12).

One might argue that Vorobiev’s suggestion to choose the density ¢ under the condition that
the expectation a is independent of t looks unjustified. However in his second paper [32] it was
shown that in some sense, this choice cannot be improved.

Sampling from the density ¢ is simple: by the inversion method we find first the simulation
formula for the random number [3;1, which finally yields

2
P = (M —m) cos(mrandy) +M +m

where randy are random numbers uniformly distributed on (0,1). A variance reduction can be
achieved by the following modification: the interval is uniformly divided into n equal subinter-
vals, and then, change in the simulation formula (4.14) randy with (j —rand;j)/n where j are
integer numbers which cyclically vary with period nas j =1,...,n, and rand; are random num-
bers uniformly distributed on (0,1). Remarkably, if rand; are changed with their expectations
0.5, we come to the method with optimal Chebyshev parameters, see [31].

(4.14)
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4.2 SOR method

Let us start with the simple case of two overlapping discs and the governing system of integral
equations (2.13). The matrix kernel G can be represented as G = L +U where L and U are
the lower and upper - triangular operators, respectively:

) 0 0\ /1 0
V= (Y{ p(X ,Y) *(X )dS(’ 0) v, - Y{‘ p(X',y) V]_(X/>ds(/
and

(0 Jp(y:x) *(y)dg,) (vl) y{ p(X;y) Vo (X )dS¢
Uv= 0 i . _

\) 0

Introducing a scalar parameter « we rewrite our equation v = Gv + F in the form:
v=(E-oL)}(1l-0)E+oU)v+anE-oL)F. (4.15)

This is a general form of transformation which is used to construct SOR method as a simple
iteration method for (4.15) (e.g., see [33] and [13]). Note that in the case we consider here, i.e.,
for DS;-domains, with a consistent numbering of arches, (E — wL )~ = E+ oL, therefore, our
equation has the following simple form

v=Tgv+d (4.16)

where
To=(E+oL)[(1-0)E+0oU], d=oE+wnL)F.

Now we notice that all this is true for any DS,-domain, since here we have used only (2.24), the
Property A2, which holds for such domains.

Now, if p(|Te|) < 1, we can apply the standard Neumann-Ulam scheme. It can be applied
directly to the integral form, or to the approximating system of linear algebraic equations. Here
it is convenient again to use a Markov chain of length n, to evaluate the n-th approximation.

Note that in the case of matrix operators, there are well known interrelations between the spectra
of G and Ty, (e.g., see [33], [18], [8]) which can be used to analyse the convergence and
variance of stochastic methods. Here we show an analogous result for integral operators.

Theorem 4.1. Assume that D is an arbitrary DS,-domain. The eigenvalues At of the integral
operator T, and the eigenvalues p of the original integral operator G = L + U arerelated by

(AT +0—1)% = A1 0?12 . (4.17)

Hence, for each i, the two numbers

O+ /02 —4(o—1), 2 212 .
= | Y Z‘ b =1-0+ B2 2 B2 2wz a-d0  (419)
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are eigenvalues of the operator T,.

Proof. In the transformations below we use the property (2.24) which is true for an arbitrary
DS-domain. Simple transformation of the eigenvalue problem

ToV=ATV
yields:
(l-wo—A1)Ev+oUv+AitolLv=0,
hence,
U+t L)v:wv. (4.19)
Second iteration of (4.19) results in
— 172
(U+2rL)2v = Ar(UL + LU = (W) v (4.20)
Note that the second iteration of the original eigenvalue problem (L +U)w = pw reads:
(U+L)2w=(LU+UL)w=p?w. (4.21)
Comparison of (4.20) and (4.21) yields
Ly @22

which proves (4.17). The relation (4.18) follows immediately from (4.17).

It is well known (e.g., see [33]) that the necessary condition for the convergence of the SOR
method is | — 1| < 1, and the minimum of At is attained at

2

Wopt = . 4.23
1+ V1-p2(G) 429
Moreover, for any @ inthe range 0 < o < 2,
2
[mp(e)+\/m2p2(e)—4(m—1)} /A if 0<o < oo
P(To) = (4.24)

o—1 if oopt < 0 <2.

We will use the relation (4.18) to estimate the variance of our stochastic algorithm for solving
the Lamé equation in Section 5.2.

Remark 4.1. The estimation (5.6) obtained in the next section and cal cul ations of Section 6 will
show that the best results are obtained with a Random Walk method based on the Gauss-Seidel
method, i.e., SOR method with ® = 1, when p(T,) = p?(G). For illustration, we show in Tables
1 and 2 the general structure of the relevant kernel matrices T, for the case of a DS;-domain
consisting of 5 discs (see Figure 5) where A;jj stand for the relevant kernels of the original
system of integral equations.
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Figure 4: General structure of block matrices for the consistent numbering through “Red-Black” index-
ation. Left picture: 5 discs shown in Figure 3. Right picture: The same geometry, but for 6 discs.

0 0 0 0 0 0 0 [OIAVE:
0 0 0 0 0 (DA25 (DA27 0
0 0 0 0 0 (DA25 (DA27 0
0 0 0 0 WA45 0 0 0
Ro = 0 0 mAs3  Ass || 0% AssAss 0 AszAzs 02 AszAgy 0
0 0 ™mAss  MAss | 0°AssAus  ©°As3Pgs  ©°As3Agy 0
A1 A2 0 0 0 0?ArPgs  0?AAY 2 ArAsg
mAg1 2Ag2 O 0 0 0?AgoPos  W?AgPyr 2 Ag1Asg

Table 1: Matrix Ry, in the kernel matrix of SOR: T, = (1 — ®)E + Ry, for 5 discs shown in

Figure 5. Here 02 = o(1 — o).

To

0 0 0O 0 0 0 Asg
0000 0 Az Az 0
0000 0 Az Aot 0
0 0 0O Aus 0 0 0
0 0 0 O AssAss AszAss  AszAgy 0
0 0 0 O AssAss AssAss  Asshgy 0
0 00O 0 A2Pos  ArzPor AriAgs
0 00O 0 AgoPos  As2Por AsiAds

Table 2: The kernel matrix of the Gauss-Seidel method (®w = 1), for 5 discs shown in Figure 5.
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S

Figure 5: “Red-Black” indexation. A DS-domain with 5 discs.

Figure 7: “Red-Black” indexation. A DS-domain with 17 discs, which includes 4 closed subsets of
even number of discs.
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5. Discrete Random Walk algorithms

In this section we present stochastic algorithms for solving systems of linear algebraic equations
constructed as discrete approximations to the relevant integral equations, as described in Sec-
tions 2 and 3. The stochastic algorithms are based on discrete versions of the iteration methods
described in Section 4.1 (iteration method (4.2) with its stochastic implementation in Algorithm
NIRP, and in Section 4.2 (SOR, based on the transformation (4.16)).

These algorithms can be considered as a Random Walk approach for solving the relevant system
of linear algebraic equations on the basis of relevant iteration method which is different from
the conventional Monte Carlo method based on the convergent Neumann series.

5.1 Discrete Random Walk based on the iteration method (4.2)

Let us consider a system of linear algebraic equations (LAE) which approximates the relevant
system of integral equations for our domain: this can be, e.g., the system of type (2.7) in the
case of Laplace equation, or (3.5) - for the Lamé equation. The LAE can be written in its direct
form, or in the form related to the appropriate indexation generated by the consistent numbering
for the DS-domains. We stress that the form of LAE is not important for the stochastic methods
we suggest below.

So assume that we have to construct a Monte Carlo algorithm for a system of mlinear algebraic
equations

m
X =Y ax+b, i=1..m
j=1
or in the matrix form,

X=Ax+Db. (5.1)

We assume that Max, min, the maximal and minimal eigenvalues of the matrix A are known or
at least estimated.

Here we adopt the algorithm described in Section 4 for integral equations, to LAE (5.1). We
will construct unbiased random estimators &, for up, the n-th iteration of the process (4.2) to the
solution x, and more precisely, to its |-th component X;.

First of all, we have to choose a nonnegative transition density matrix p(i — j);i,j=1,...,m,
2’1-“:1 p(i — j) = 1for all i, which is consistent with the matrix A, i.e., p(i — j) # 0 if a;j # 0.
It is convenient to take
&)
T‘:l laij|

This ensures that the random walk will be concentrated only on non-zero elements which is
important since we deal with sparse block matrices. We will not have absorptions in our random
walk. The Random Walk algorithm can be presented as follows:

p(i —j) = pij =
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0. The initial score is set to zero: S=0.

1. Choose n random parameters according to the formula:
Bi) = . o —
Max+ min+ (Max—min)cos(rmrand(i))
where rand(i), i = 1,...,n are independent samples generated by a rand-generator. Calculate
the initial value of the estimator as &, = by B(1).

i=1 n

geeey

2. Set the initial weight Q = 1, and the initial number of iteration j = 1; fix the initial state as
i=1.

3. Take a sample aj = rand(j); if oij > B(]), then calculate &, := En+ Qb B(j + 1), and make
the next iteration, i.e., j ;== j+1 and go to p.3 if j, the number of iterations is less than n;
otherwise, if j = n, make a score S:= S+ &, and start the new statistics from p.1.

4. Otherwise, if oj < B(j), we simulate the transition from the old state i to the new state k
according to the density p(i — k). If the dimension of the problem is very large, we can use
the economic algorithm described below in Section 5.2. Recalculate the weight and the random
estimator:
Q:=Qaik/pik, &n:=E& +QB(j+1)bk,

then, renew the state as i = k, and go to the next iteration, i.e., j := j+1, and go to p.3, if |,
the number of iterations is less than n; otherwise make a score S:= S+ &, and start the new
statistics from p.1.

Averaging the estimator over statistics of size N gives the result: x; ~ S/N.

5.2 Discrete Random Walk method based on SOR

Here we present two variants of the Random Walk algorithm. Let D be a DS;-domain, so that
(E—oL)~! = E+ oL, and hence our system (5.1) can be rewritten in the form

X=Tx+f, (5.2)
where T = (E+oL)((1-0)E+wU),and f = (E+oL)b.

The first algorithm for calculation of n-th approximation is based on a direct randomized cal-
culation of the finite number of iterations of the operator T, i.e., by evaluation of the Neumann
series f +Tf+T2f+...+T"f+... . Asin the previous section, we do not introduce absorp-
tion in our Markov chain. So to calculate the component x; of the solution to (5.2), we suggest
the following algorithm.

0. The initial score is set to zero: S=0.

1. Fix n, the number of iterations to be made, and choose the parameter o, say, equal to Wopt
given by (4.23), or to 1, as in the Gauss-Seidel method. Calculate the matrix T, and the vector
f.
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2. Set the initial weight Q = 1, the number of iteration j = 1, and the current state of the Markov
chaini =1. The initial value of the estimator is set as &, = f.

3. Simulate the transition from the state i to the new state k according to the density p(i — k)
which is chosen, e.g., as in the method of the previous section:

ltik]
L [t

p(i — k) = pik=
Racalculate the weight and the random estimator:

Q:=Qtik/pik, &n:=E& +Qfk,

then, renew the state as i = k, and go to the next iteration, i.e., j := j+ 1, and go to p.3, if j,
the number of iterations is less than n; otherwise make a score: S:= S+ &, and start the new
statistics from p.1.

Averaging the estimator over statistics of size N gives the result x; ~ S/N.

Another version of this is algorithm follows from the factorization of the SOR operator. Let
[(i,j)and u(i, j) be the entries of the triangular matrices L and U, respectively, and let al (i, j) =
dij+ol(i,j),au(i,j) = (1 —m)dij+ wu(i, j) where &;j is the Kronecker symbol. According to
the representation T = (E+ oL )[(1 — ®)E + U], we make the transition from the state i to state
k in two steps: first, sample the transition from i to a state i’ according to the matrix E + oL (i.e.,
the transition i — i’ is sampled from the pdf pl(i,i’) defined below in (5.3)), and then make the
transition i’ — k according to the matrix ((1 — ®)E + wU) (i.e., the transition i’ — k is sampled
from the pdf pu(i’, k) also defined in (5.3)). In each step the weight is recalculated, so that in
the first step Q := Qal(i,i")/pl(i,i’) and then, Q := Qau(i’,k) /pu(i’, k), with the final random
estimator &, := &, + Q f (k).

The transition densities are defined by

al(i,i)
mJal (i, )

lau(i’, k)|

Ui/,k = =m o -
PUL K = S5m0 Tau(i, )

pl(i,i") = (5.3)

5.3 Sampling from discrete distribution

In the discrete random walks we use, the discrete distributions pj; are fixed, and therefore, to
sample from the discrete distributions, it is very convenient to use the algorithm suggested by
Walker (see [19]). We suggest below one of the possible implementations of this method.

So let py, ..., pn be a discrete distribution.

First, we arrange two arrows: a real array qi,...,Qn, and an integer array as,...,an. This is
done in the following procedure:
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1. Letg=pin, i=1...,n

2. Construct two initial sets of the set of indices 1,...,nby Q= {i: q; < 1}, Q= {1,...,n}\ Q.
3. For each element i of Q, do the following: take j € Q and recalculate gj:=0;— (1—q);
put & = j; if q; < 1 then the set Q is extended by Q = QU {j}, while Q= Q\ {j}.

Note that here under "For each element i of Q" we understand that we have to go through all
the elements of the continuously renewed set of indices Q.

4. Recalculate g :=q+i—1,i=2,...,n.

Having constructed these two arrays, qi,...,qn and as, ..., an, the procedure of modelling the
required random integer number | from the distribution p1,..., pn looks simple and uses only
one sample of the random generator rand, namely:

5.Putv=n-rand, nn=Int{v}+1

if v< g, thenl =nn, else | = ann.

Note that we arrange the arrays “out of the loop”. This makes the algorithm extremely effi-
cient because the time to sample one transition i — k does not depend on the dimension of the
distribution p1,...,pn. In other words, the computer time is essentially not depending on the
number of nodes on the arches we use to approximate the integral equations by a system of
linear algebraic equations.

5.4 The variance of stochastic methods

The described algorithms are based on the convergent iteration processes (the nonstationary
process (4.2), and the stationary process SOR (4.16)), and on unbiased random estimators of
the iterations. However all this does not guarantee that the stochastic method is numerically
stable since the variance can be increasing with the number of iterations.

In the nonstationary process, the variance has an estimation (4.13), provided we can control the
variance coming from the randomized estimation of each iteration.

Let us consider the variance of the SOR method described in Section 5.2. It is well known (e.g.,
see [14]) that the Neumann-Ulam scheme for a linear equation x = Tx+ f has a finite variance if
p(T?/p) < 1 where under T2 /p we understand here a matrix whose entries are defined through
the entries of the matrix T and the transition probabilities pix by t2 / pik.

We can derive an estiamtion of the spectral radius p(T?2/p) using the form of the transition
probabilities we have chosen in our scheme: pix = |tik|/2rj“:l Itij|. Indeed, for such a choice, we
have obviously

p(T2/p) < [ Tll2p(IT]) (5.4)

m
where || T|[1 = max Y. |tij|, and |T| is a matrix with the entries |tjj|.
i=1,...mj—1

gee
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For the norm ||T||1, we obtain the estimation
Tl <11 - 0]+ 0Ci + 0|l - 0|C+ 0’ Cs (5.5)

where C;,C, and Cz are some constants expressed through the probabilities Pj and Py Fy;.
These constants can be expressed through ||L||1 and ||U||1. Indeed, from the definition of the
matrix T we conclude that C; = ||L||1,C1 = ||U |1, and C3 = ||L||1||U ||1.

For the spectral radius p(|T|) we use the expression given by (4.18). Putting these estimations
in (5.4) we obtain the desired estimation

22
p(T%/p) < {\1—&)]+mCl+m|1—m\Cg+m2C3}{l—w+HT(D + ug\/uzw2+4—4m}

(5.6)
where g = p(A), A being the original matrix of our linear system.

Note that for two discs, in the case of the Laplace equation, an explicit expression can be
obtained: since p(G) = Ao, we get for the Gauss-Seidel scheme (o = 1) p(T?/p) = A3,

The behaviour of p(T?/p) on the parameter o in the general case of an arbitrary DS,-domain is
well described by the estimation (5.6) both for the Laplace and Lamé equations. In the interval
0 < o < 1 it decreases polynomially, with the principal linear term, and for ® > 1 it increases
polynomially as well, with the principal term C3p(G) o*. This is confirmed in our calculations,
see Figure 9 (Laplace equation, 5 discs - left panel, and Lamé equation with oo = 5, for 5 discs
- right panel).

6. Numerical simulations

We present first the results of numerical experiments for the Laplace equation which illustrate
the convergence acceleration when using the SOR-based RWFS in comparison to the conven-
tional Random Walk on Spheres (RWS) method. Note that under RWS we understand here a
discrete random walk on the fixed discs, constructed according to the Neumann-Ulam scheme.
The main calculation results however concern the Lamé equation: here we give a detailed nu-
merical analysis of the new methods suggested. In particular, we analyze the behaviour of the
spectral radii of the SOR-based integral operators, in particular, how they depend on the param-
eters o and o, the rate of overlapping, and the number of discs. For both Laplace and Lamé
equations we analyze the error of the method as a function of the number of iterations.

6.1 Laplace equation

The domain consists of four discs of radii 1, all equally pairwise overlapped with 6* =08} 65 =
0.5. The Laplace equation is solved by the standard random walk on spheres method (RWS),
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Figure 8: The relative error €(n) as a function of n, the number of iterations, for the standard Random
Walk on Spheres method (RWS) - upper curve, and for the SOR-based RWFS. Geometry: 4 equal discs
of radii 1, all equally pairwise overlapped with 6; + 65 = 0.5. Laplace equation.

and by the SOR-based RWFS. In Figure 8 we show the relative error € as a function of the
number of iterations. It is clearly seen that the SOR-based RWFS method reaches its steady-
state error g more than 2 times faster than that of standard RWS. In addition, the steady state
error g of the SOR-based RWFS is considerably smaller than that of the standard RWS.

6.2 Lamé equation

The following model boundary value problem is solved:
Au(x) +ograddivu(x) =0, xeD, (6.1)

with the Dirichlet boundary conditions u(y) = g(y), for y € dD, the domain D consists of
5 overlapping discs shown in Figure 5. We have chosen the case with the exact solution
Ui(X1,X2) = 145 1% X2 —XaXo + X}, | = 1,2, with j #1.

First we study how the rate of convergence of the SOR-based RWFS depends on the parameter
. In Figure 9 we show the spectral radii of the following operators: A - the original (untrans-
formed) matrix which generates the standard RWS, with the relevant operator A2 /p, - a matrix
with the entries {a,-zj /pij}, where pjj is the relevant transition probability. Analogously is de-
fined the matrix T2 /p where T is the matrix of the SOR method. For comparison, in Figure 9

we show the results both for the Laplace (left panel) and Lamé (right panel) equations.

As seen from the results of Figure 9, right panel, the standard RWS diverges in the case of
Lamé equation, because p(A?/p) ~ 1.11. For the SOR-based RWFS, the spectral radius p(T)
monotonically decreases with o, however p(T?/p) reaches its minimum p(T?2/p) ~ 0.6 at
® = 1. Thus the SOR method with @ = 1, i.e., the Gauss-Seidel method, is optimal here. The

30



14r
081

12

p(A%Ip)=1.11

0.7

I N

051

p(A%Ip)=0.379

041

p(T’Ip)

02r

I I I I I I I I I I I I I I I I
0.4 05 06 0.7 0.8 0.9 1 11 12 13 0 0.4 05 0.6 0.7 0.8 0.9 1 11 12

Figure 9: The dependence of the spectral radii p(T) and p(T?/p) on the parameter @. Geometry: 5
discs shown in Fig.5. Left panel: Laplace equation, right panel: Lamé equation, o = 5. For comparison,
the spectral radii p(A) and p(A%/p) are shown where A is the matrix of the untransformed system.

almost linear decrease in the interval 0 < ® < 1, and the polynomial increase with the principal
term of order Cw* for o > 1 are theoretically explained at the end of Section 5.4.

The Gauss-Seidel method has shown the best results in all the calculations, in particular, let
us discuss the results presented in Figure 10. Here we show the relative error as a function of
the number of iterations. Two cases are considered, left panel: the domain consists of 5 discs
shown in Figure 3, and the right panel: 6 discs shown in Figure 6. The Lamé equation was
solved by the RWS and SOR-based RWFS methods. It is seen that for both oo = 3.5 and oo = 6,
the SOR-based RWFS converges, and reaches its steady state error in about 20 iterations. The
standard RWS shows a divergence for oo = 6, while for o = 3.5, it shows a kind of stable results,
but the error is considerably larger. In Figure 11 it is shown how the spectral radii do depend on
the amount of overlapping. Here we have solved the Lamé equation with oo = 2.5, for two discs
of unit radii, and denote 8" = 67 +-05. It is clearly seen that p(T?/p) < 1 for any overlapping
while p(A2/p) < 1 only if 8* > 1.1.

A detailed information about the spectral radii is presented in Table 3: here o varies from 1/32
to 15, the number of overlapping discs is 2,5, and 10. It is seen that the spectral radii very slowly
depend on the number of discs. The dependence on o is more pronounced. It is interesting to
note that the standard RWS method diverges after o reaches the value of about 2, while the
SOR-based RWFS starts to diverge only after o. approaches to 10.

Of course, a question arises if the method can be improved, to guarantee the convergence for
larger values of o.. For example, it would be quite suggestive to apply the symmetrized version
of the SOR method [33] because Q, in (3.6) varies between 1 and 4+/2, as o. increases.
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g(n)

Figure 10: The relative error, as a function of n, the number of iterations. Left panel: the Lamé equation,
for 5 discs presented in Fig.3; solid line: SOR, for a. = 3.5; here the spectral radii are: p(T) = 0.575, and
p(T?/p) = 0.503. Dashed line: SOR, for o.= 6; the spectral radii are: p(T) = 0.65, and p(T?/p) = 0.68.
Circles: RWS, for o. = 3.5; the spectral radii are: p(A) = 0.76, and p(4/p) = 0.99. Stars: RWS, for
o = 6; the spectral radii are: p(A) =0.81, and p(#4?/p) = 1.17. Right panel: the same as in left panel, but
for 6 discs presented in Fig.4. The spectral radii are: solid line, p(T) =0.72, and p(T?/p) = 0.64; dashed
line, p(T) = 0.79, and p(T?/p) = 0.80; circles: p(A) = 0.85, and p(A?/p) = 1.04; stars: p(A) = 0.89,
and p(A?/p) = 1.2.
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Figure 11: The spectral radii of the SOR operator T, and T2/p, and for the simple iteration operator A
and A?/p, as functions of 6%, for two overlapping discs of unit radii. The Lamé equation with o. = 2.5.



o | Ngises | P(T)  p(T2/p) p(A) p(A?/p)
2 |0547 0322 0740 0.718
0549 0333 0741 0731
10 | 0536 0319 0732 0713

2 0.569 0.355 0.755 0.783
1. 5 0.576 0375 0.759 0.801
10 10565 0361 0.751 0.782

2 0.662 0.527 0.813 1.06
2.5 5 0.689 0.586  0.830 1.10
10 | 0683 0574 0.826 1.08

2 0.737  0.705  0.858 1.28
5. 5 0.781 0.805 0.884 1.34
10 |0.779 0.797 0.883 1.32

2 0.791 0.863 0.889 1.43
9. 5 0.847 0.997 0.920 1.51
10 | 0.853 1.00 0.924 151

2 0.799 0.890 0.894 1.46
10. 5 0.854 1.02 0.924 1.54
10 | 0.859 1.02 0.927 151
2 0.826 0.983  0.909 1.54
15. 5 0.890 1.14 0.944 1.62
10 | 0.898 1.15 0.947 1.63

K=
o

Table 3: The spectral radii of the simple iteration operators Aand A?/p, and the SOR operators
T, and T?/p, for different values of the elasticity parameter o, for DS,-domains consisting of
2, 5 and 10 discs. It is seen that the standard RWS diverges already for oo = 2.5 even for two
discs. The SOR-based RWFS converges in this case for all oo < 15, and for 10 discs, for o < 9.
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7. Conclusion and discussion

Random Walk on Fixed Spheres method (RWFS) is developed for Laplace and systems of Lamé
equations. The method is especially efficient for 2D domains represented as a family of over-
lapping discs, but it works well also for practically arbitrary 2D domains. The method is based
on a reformulation of the original differential boundary value problem into a system of integral
equations, starting with the Poisson type integral formula for a disk. The derived system of in-
tegral equations can be solved by the standard Neumann-Ulam scheme, but it works only under
some restrictions which are satisfied in the case of Laplace equation, and are not satisfied in the
case of Lamé equation. To overcome this difficulty, we have constructed two different stochastic
iterative procedures: (1) a Chebyshev-type iterations with random parameters, and (2) a SOR-
based iteration procedure. The calculations have shown that the new SOR-based RWFS method
considerably accelerates the convergence of the standard random Walk on Spheres method, and
provides much higher accuracy, when applying to the Laplace equation. More interesting, the
new SOR-based RWFS is the first convergent method with finite variance for solving the system
of Lamé equations. Generally, there are no probabilistic representations for system of elliptic
equations, and we believe that the idea behind our approach will give a rise to new attempts to
construct such probabilistic solutions.

As mentioned above, the RWFS method is especially efficient for domains represented as a
family of overlapping discs (or spheres, in 3D), but it works well also for domains which can
be approximated by this kind of families. It should be noted that the standard Random Walk
on Spheres (RWS) method where the last random sphere stops in an e-boundary deals also with
this type of domains. The difference in this sense is that in RWS, a huge number of random
spheres is involved, while in RWFS, we approximate the domain by a family of deterministic
spheres the number of which can be taken not large.
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