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Abstract

Griffith’s fracture criterion describes in a quasistatic setting whether or not a pre-
existing crack in an elastic body is stationary for given external forces. In terms of
the energy release rate (ERR), which is the derivative of the deformation energy of
the body with respect to a virtual crack extension, this criterion reads: If the ERR is
less than a specific constant, then the crack is stationary, otherwise it will grow.

In this paper, we consider geometrically nonlinear elastic models with polyconvex
energy densities and prove that the ERR is well defined. Moreover, without making
any assumption on the smoothness of minimizers, we derive rigorously the well-known
Griffith formula and the J-integral, from which the ERR can be calculated. The proofs

are based on a weak convergence result for Eshelby tensors.

1 Introduction

In this paper we consider an elastic body 2y with a pre-existing crack which is subjected
to quasistatic external loadings. In the literature several fracture criteria are provided on
the basis of which one can decide, whether or not the crack will propagate for the given
forces. We consider here the Griffith criterion, which is an energetic criterion, and reads
as follows [Gri20, Lie68, Che79|:

The crack is stationary for the given forces, if the total potential energy
of the actual configuration is minimal compared to the (1.1)

total potential energy of all admissible neighboring configurations.

The total energy is the sum of the deformation energy and a dissipative energy, which
describes the energy which is needed to create the new crack surface. We treat here the
simplest model for the dissipative energy and assume that this energy is proportional to
the area or length of the crack surface. The deformation energy consists of the stored
energy and the work of the external forces. In this paper we discuss models from finite-
strain elasticity and assume that the stored energy density W is a polyconvex function
with W(A) = oo for every matrix A with det A < 0.

In general, it is not known in advance, which path the tip or front of a crack Cj in a
domain 2y will follow during the propagation. In the most general case, a domain 2,
with crack Cy is an admissible neighboring configuration with respect to g and Cy if
Q. = Qo, Cx D Cp and the area of C,\Cp is small. This general point of view includes

the kinking and branching of cracks. DalMaso et al. investigated an evolution problem for



the development of cracks in nonlinear elastic materials with quasiconvex energy density
based on this general point of view, [DFT05|. In this paper, we have a different point of
view: We assume that the crack path is known a-priori and we are interested in a criterion
on the basis of which one may decide whether or not the crack will propagate for given
external loadings. We consider the simplest geometric situation, namely a straight crack
in a two dimensional domain and we assume that the crack can grow straight on, only.
However, the techniques developed in this paper can be extended to C'-smooth interface
cracks, which will be investigated in a forthcoming paper.

Under these simplifying assumptions on the geometry of the crack and the possible crack
path, Griffith’s criterion can be reformulated in terms of the energy release rate: Let )y C
R? describe the actual configuration with a crack which is part of a straight line. We assume
that the crack can propagate straight on, only. Let furthermore W : R?*2 — R, denote
the polyconvex stored energy density and let f : Qo — R? be a given volume force density.
The energy release rate FRR()) is defined as the negative of the right derivative of the
potential deformation energy with respect to the crack length, see e.g. [Che67, Gur79|:

ERR(Q) := —CZ;( [ W(Vus)dz f~u(;da:)‘ = L) . 2

Qs 6=0 dé §=0

Here, Q5 C g is a domain with an extended crack and the deformations us are minimizers
of the functional

I(Qs,v) = ) W(Vv)dac—/Q f-vdx

on the domain Q5. The fracture criterion now reads:
If ERR() < 2v, then the crack is stationary. Otherwise it will grow. (1.3)

The constant v > 0 is the fracture toughness and depends on the material. Simple formulas
are needed in order to calculate the energy release rate.

Let us give a short and not at all complete summary of known results from literature.
There is a huge number of papers dealing with linear elastic models. There, the energy
release rate is expressed by the Griffith formula, the J-integral or the Cherepanov-Rice
integral, see e.g. [Esh51, Che67, Ric68, DD81, KS00], or by stress intensity factors, see
e.g. [IMN87|. Regularity results play an essential role in the derivation of the J-integral and
the formulas involving the stress intensity factors. For nonlinear models similar formulas
are given in the literature, as well. These formulas are derived assuming that the minimizers
have a certain regularity or that the corresponding strain and stress fields have a special
singular structure in a neighborhood of the crack tip. In general, however, such regularity
results are not proved yet and, to our knowledge, a rigorous derivation of these formulas
from definition (1.2) taking into account the known regularity and integrability properties
of minimizers is, except for a class of power-law models [Kne05], not done yet for nonlinear

elastic models. In particular, no results exist for nonconvex situations.



The goal of this paper is to describe sufficient conditions on the polyconvex energy
density W which enable us to prove that the energy release rate (1.2) is well defined also
in the nonlinear and nonconvex case and to derive the well-known formulas for the energy
release rate rigorously. In particular, we prove the following formula for the energy release
rate for energies with polyconvex density W and assuming that the crack is part of the

x1-axis (theorem 3.3):
ERR(Q) = max{ G(ug, 8) ; up minimizes I(Qp,-) } (1.4)

with

G(up,0) = /Q (VUJDW(VUO) - W(Vug)l) : V (g) dz — A Of - Orug de. (1.5)

Formula (1.5) is the well-known Griffith formula. Here, 6 is a cut-off function which
equals to 1 near the crack tip and 1 denotes the identity matrix in R?*2. The term
Vug DW (Vug) — W(Vug)1 is the Eshelby or Hamilton tensor [Esh51, GH96]. We prove
furthermore that the maximum in (1.4) is attained and that G(ug,0) = G(up) is inde-
pendent of the cut-off function 6. Finally we show that the energy release rate can also
be expressed through a path independent integral, the J-integral, in the following form
(theorem 3.5):

G(up) = /F ((vug DW (Vug) — W(Vuo)l) ﬁ) : (;) ¥ (uo - fn ds

for almost every R > 0, where T = {2 € R?; |2| = R} and @i = (n1,n2) " is the interior
unit normal vector on the path I'g. Let us note that it remains an open problem whether
G(up) = G(uy) for two different minimizers ug and u; of I(€y, -). We give an interpretation
of (1.4) at the end of section 3.

Like in the proofs for the linear case we derive relation (1.4) by transforming the domains
Qs with extended cracks back to the reference configuration 2y through a diffeomorphism
Ts : Qs — Qp which is defined with the help of the cut-off function 6 through T5(x) =
x —6(0(x),0)". Let {ug, us, & > 0} be minimizers of I(Qq,-) and (£, ), respectively.

For every 6 > 0 we have

“H(I(Q0,u0) — 1(Qs,u0 0 Ts)), (1.6)
1 (1(Qo,us 0 Ty Y) = 1(Q5,u5)) - (1.7)

In order to prove (1.4), we calculate the limes inferior for ¢ \, 0 of the right hand side in
(1.6) and the limes superior of the right hand side in (1.7) and show that the limits exist
and are equal. The main assumptions, which we need here in addition to polyconvexity,

are the following estimates for the derivatives of W: there exist constants k1, ks > 0 such



that for every A, B € M?*2 with det A > 0

‘ATDW(A)‘ <k (W(A) +1) (1.8)
|AT(D*W (A)[AB))| < ra(W(4) +1)|BI. (1.9)

Here, D*W(A)[B] € M>? with D*W(A)[Blij = Y3,y o Bu. Condition (1.8)
was first introduced in [BOP91, Bal02|, and guarantees that G(ug) from (1.5) is finite for
minimizers ug of I(p,-). The main tool for calculating the limes inferior on the right hand
side in (1.6) is Lebesgue’s convergence theorem, where assumption (1.8) leads to integrable
majorants. In this part, we follow the considerations in [BOP91], where inner variations
of the energy I(Qo,-) with respect to vector fields 6 € C§°(Qp) are investigated. In the
notion of [GH96]|, G(ug,0) is the strong inner variation of the energy functional (€, -) in
uo with respect to the vector field (6,0)".

In deriving the limes superior in (1.7) the main difficulty is that subsequences of mini-
mizers {usoT; *; & > 0} converge weakly in W1P(Qp) to some minimizer ug of I(Q, ),
only. Thus the usual theorems on interchanging the limit with integrals cannot be ap-
plied here. Based on assumptions (1.8) and (1.9) we deduce in section 2 a theorem which
states that weak convergence of the deformation fields together with convergence of the
corresponding energies implies weak convergence of the Eshelby tensor in L!. The proof
of this theorem relies on a proposition recently derived in [FMO06], see also [DFT05], where
the convergence of derivatives of parameter depending integrals is investigated. The limes
superior in (1.7) is calculated on the basis of these weak convergence results.

The paper is organized as follows: In section 2 we prove the convergence results for the
Eshelby tensor, proposition 2.2 and theorem 2.6, in a slightly more general setting where
we make no restriction on the dimension of the domain. In section 3 we formulate the
main results for the energy release rate on a two dimensional domain with a straight crack.
Furthermore, we introduce a perturbed problem from which we deduce that G(ug) in (1.5)
does not depend on the cut-off function 8. The proofs of the main results are given in section
4. In section 5 we indicate how these results can be carried over to functionals with quasi-
convex energy densities. Moreover, we discuss shortly the case when non-interpenetration

conditions are prescribed on the crack faces.

2 Weak convergence of the Eshelby tensor

The goal of this section is to provide some basic estimates which follow from assumptions
(1.8) and (1.9) and to prove a convergence result for Eshelby tensors (theorem 2.6). The
following notation is used: M™*¢ denotes the set of the real m x d-matrices and Mflﬁ(d are
those with positive determinant. For elements A, B € M"*¢ the inner product is denoted
by A: B=3,", Zgzl ApsBys. For a function W : M™*% — R, DW(A) € M™*? is the

derivative of W with respect to A € M™% ie. DW(A), = agz(kA) for 1 <k<m,1<




s < d, and D2W(A) € Mmxd)x(mxd) is the Hessian of W with (D*W (A))gsjr = a?j:Via(j“j
1 <kj<m,1 < sr <d Furthermore, D>W(A)[B] € M™% with D2W (A)[B]xs =
Z?:m Zgzl D2W(A)ksjrBjr-

We assume polyconvexity for the energy density W and adopt the notation from Da-
corogna’s book, [Dac89]: For A € M4 the vector T(A) = (A, adjy(A),...,adj,(A)) €
R™(4) denotes the vector of the minors of A, 7(d) is the number of minors and adj,(A) is

the adjugate matrix of A of order s.

A1 W : M%4 — [0, 0] is polyconvex, i.e. there exists a function g : R™(4 — [0, oo] which
is continuous and convex and W (A) = g(7 (A)) for every A € M%<, Moreover,
W(A) = o0 if det A < 0.

The following growth conditions are imposed on the derivatives of W:

A2 W : M%4 — [0, 0] is differentiable on MiXd and there exists a constant k1 > 0 such
that for every A € MiXd

‘ATDW(A)) <k (W(A) +1). (2.1)
A3 W : M99 — [0, 0] is twice differentiable on MiXd and there exists a constant kg > 0
such that for every A € M‘fd and every B € M?x¢
AT(D2W (A)[AB])| < ra(W(4) +1)|B]. (2.2)
At the end of this section we give an example for a polyconvex energy density satisfying
A1 to A3. Assumptions A2 and A3 imply the following estimates:

Lemma 2.1. [BOP91, Bal02] Let W : M%*? — [0, 00| satisfy A2. There exist constants
~v1,¢1 > 0 such that for every A,C € MiXd with |C' — 1| < 1 it holds

W(AC)+1 < 1 (W(A) +1), (2.3)
ATDW(AC)| < 1 (W(A) +1), (2.4)
(W (AC) — W (A)| < er(W(A)+1)|C —1]. (2.5)

Let wn addition assumption A3 be valid. Then there exist constants vy2,ca > 0, v2 < 71,
such that for every A,C € MiXd with |C' — 1| < v and for every B € M™% we have

AT(D*W(AC) [AB])‘ < eo(W(A) +1)|B]. (2.6)

Finally, there exists a constant c3 > 0 such that for every A € I\\/JIiXd, B € M%? and every
s,t € [—to, to] with ty = % we have

|(DW (A1 +tB)) — DW(A(1 + sB))) : (AB)| < es|t — s| [ B (W(A) +1). (2.7



Proof. Assertions (2.3)—(2.5) are derived in [BOP91, Bal02] and we prove here (2.6) and
(2.7), only. Let o = min{%,vl}. For every C € MiXd with |C' — 1| < 79, every A € MiXd
and B € M%*9 it holds

ATD2W(AC) [AB]‘ - ‘C_T(AC)TDQW(AC) [ACC‘IB]‘

(2.2)
< ke (W(AC) + 1) ‘C"T) (1B

(2.3)
< 4koc1(W(A) + 1) |B]. (2.8)

This proves (2.6). Let B € M%< and A ¢ MiXd be arbitrary, to = ﬁ. For every
t € [—to,to] it follows that 1 + ¢B is invertible (Neumann series) and has a positive

determinant. Thus, for every s,t € [—to, to] we obtain

(DW(A(l +tB)) — DW(AQ1 + sB))) . AB

_ /1 di(DW(Au +(s+alt—5)B))) : ABda
0 do
=(t—s) /01 (ATD*W(AC,)[AB]) : Bda, (2.9)

where Cp, =1+ (s + a(t — s))B. Since |1 — C,| < 72 and det C,, > 0, we may apply (2.6)
to estimate the right hand side in (2.9) and obtain finally (2.7). O

The main result of this section is the following proposition:

Proposition 2.2. Let Q C R? be open and bounded and assume that W : Q — [0, 0]
fulfills A1-A3. Furthermore, let { F,,; n € Ng} € L'(Q, M%) be a sequence with

T(F,) — T(Fy) weakly in L*() for n — oo, (2.10)

J(Fy) == /QW(FO) dz < oo and J(F,) — J(Fpy) for n — oc. (2.11)

Then F,) DW(F,) — F) DW (Fy) weakly in L'(£2).

The proof of proposition 2.2 relies on a convergence lemma for parameter depending
energies E : [—tg, tp] X Y — Roo. This lemma was recently derived in [FM06] and a variant

fitting to our special situation reads as follows:
Lemma 2.3. [FM06] Let E : [—to, to] x L' (Q, M%) — [0, 00| satisfy
1. For every |t| < tg and { F,; n € Ng } € LY(Q, M) with T (F,) — T (Fy) weakly in
LY(Q) it holds liminf, .., E(t, F,) > E(t, Fp).

2. If E(0,F) < oo for a fized F' € L'(Q, M9, then E(-,F) < 0o on the whole interval
[—to,to] and t — E(t, F) is differentiable on [—to,to].



3. For every R > 0 exists a modulus of continuity wg : [0,2tg] — [0,00) such that for
every F € LY(Q) we have

E(0,F)< R=Vs,t € [~to, to] : [OE(s, ') = HE(L, F)| Swp([s —t]).  (2.12)
Then for every t € (—to,to) the following implication holds:

T(F,) — T(Fy) weakly in L'(£2)

E(t,F,) — E(t,Fy) < o0 } = OE(t, Fn) — 0,E(t, Fo). (2.13)

By modulus of continuity we mean a nondecreasing function wg : [0, 2tg] — [0, 00) with
wr(s) — 0 for s \, 0. For the proof of proposition 2.2 we consider the following parameter
depending energy E(t, F): Let B € L°(Q, M%) and tg = v2/(2 Bl oo () with 72 from
lemma 2.1. For F € L}(Q) and |t| < tg we define

Bt F) /Q W (F(2)(1 + tB(z)) da. (2.14)

The properties of the energy E(-,-) are summarized in the next lemma.

Lemma 2.4. Let Q C R? be open and bounded and let the assumptions A1-A3 be satisfied.
For every R > 0 the above defined energy E(-,-) is uniformly bounded on [—tg,to] X MR,
where Mg ={F € L*(Q); E(0,F) < R}. Moreover the function t — E(t, F) is differen-
tiable on [—to,to] for every fired F € Mg and

OE(t, F) :/(FTDW(F(lthB))) : Bdz. (2.15)
Q

Furthermore, there exists a constant ¢(R, B) > 0 such that for every F € Mp and |t| < to
|0:E(t, F)| < c¢(R, B). (2.16)

There exists a constant L = L(R,B) > 0 such that for every s,t € [—to,to] and every
Fe Mg

0,E(t, F) — 0,E(s, F)| < L(R, B) |t — s|. (2.17)

For fized t € [—tg,to] and every sequence { F,; n € Ng } C LY(Q) with T (F,) — T(F) in
LY (), the functional E(t,-) satisfies liminf, .., E(t, F,) > E(t, ).

Proof. Let B € L>(Q, M%), The uniform boundedness of E(,-) on [~tg,to] x Mp is
an immediate consequence of estimate (2.3). Let ¢t € [—tg,to], F € Mg and h € R\{0}
such that |t + h| < tp. Then

1 1
—(E(t+h,F)—E(tF)) = / / DW(F(1+ (t+ ah)B)): (FB)dadz. (2.18)
h 2 Jo

Since W is twice differentiable on MiXd, DW is in particular continuous on MiXd and
thus DW (F(z)(1 4+ (t + ah)B(z))) — DW (F(x)(1 + tB(z))) almost everywhere in Q for

7



h — 0. Moreover, for every F' € Mg, |t| < tg, o € [0,1], h € R\{0} with |t + h| < tp and

almost every x € € assumption (2.4) implies that
F(z) " DW(F(2)(1 + (t + ah)B(z)))| < et (W(F(x)) + 1). (2.19)

Together with (2.18), the dominated convergence theorem now leads to (2.15). Estimate
(2.16) follows from (2.19), and (2.17) is an immediate consequence of (2.7).

For the proof of the last assertion in lemma 2.4 let { F},; n € Ng } C L'(2) be a sequence
with T(F,) — 7 (Fp) weakly in L'(Q2). Taking into account that the multiplicativity
of adjugate matrices, adj,(AB) = adj,(B)adj,(A) for A,B € M™% and 1 < s < d,
[Rei57, Chapter 7], it follows that 7 (F,(1 + tB)) — T (Fo(1 + tB)) weakly in L'(Q)
for n — oo as well. Since the energy density W is polyconvex, we obtain finally that
liminf, ..o E(t, F,) > E(t, Fy). O

Proposition 2.2 is now a combination of lemmata 2.3 and 2.4:

Proof of proposition 2.2. Let B € L®(Q,R¥>9) t5 = ~9/(2 1B 00 ()) and define
E(t,F) = [(W(F(1+tB))dx for F € L'(Q). Let furthermore { F;,; n € Ng } C L*(2) be
a sequence satisfying (2.10)-(2.11). Lemma 2.4 shows that E(-,) satisfies the assumptions

of convergence lemma 2.3 and thus (2.13) implies for t = 0 that
/ (F, DW(F,)) : Bdz — / (F) DW(Fy)) : Bda.
Q Q
Since B € L>®(, R%*9) is arbitrary, the proof of proposition 2.2 is finished. O]

Condition (2.2) on the second derivatives of the energy density W is a sufficient condition
for obtaining (2.12) in lemma 2.3 via estimate (2.7). One could relax (2.2) by replacing
it with a weaker assumption of the following type: For every r > 0 exists a modulus of
continuity w, : [0, 2t,] — [0, 00) with ¢, = 1 /(2r) such that

’(ATDW(A(l +1B)) — ATDW(A(1 + sB))) : B’ < we (|t — s))(W(A) + 1)

for every s,t € [~t,,t,], A € MT*% and B € M9 with |B| < r.
In addition to proposition 2.2 we have the following general lemma on the weak conver-

gence of energy densities:

Lemma 2.5. Let Q be a bounded open subset of R? and let h: Q x R™ — [0, 00] satisfy
1. h(z,-) : R™ — [0, 00] is conver and continuous for almost every x € €,

2. h(-,§):Q — [0,00] is measurable for every & € R™.
Let furthermore {v,; n € Ng} C LY(Q,R™) be a sequence with

vp — vy weakly in L' (), (2.20)

J(vg) = /Qh(a:,vg(a:)) dz < oo and J(v,) — J(vo). (2.21)

Then h(-,v,(-)) — h(-,vo(+)) weakly in L*(£2).



Proof. Let ¢ € L>(Q) be arbitrary and 3 = [[¢[| e (). The energy density h(z,v) ==
(¢p(z) + B)h(x,v) is nonnegative and satisfies 1. and 2. of lemma 2.5. Thus the functional
v = Ji(v) = [q h(x,v(x))dz is weakly lower semi-continuous on L!(Q), see e.g.[Cia93,

Thm. 7.3-1], and for the sequence { v, ; n € Ny } from Lemma 2.5 we obtain

n—oo n—o0

lim inf/ﬂcp(a:)h(a:,vn(:v)) dz = liminf (J1(vy) — BJ (vn)) > /Qcp(x)h(x, vo(x)) de.

Moreover, the functional J3(v) = [,(B—¢(x))h(z, v(z)) da is weakly lower semi-continuous

as well and thus

n—oo n—oo

lim sup/ @(z)h(z, vy (x)) do = —liminf (J2(vy) — B (vy)) < / o(x)h(z,vo(x)) de.
Q Q
The assertion of lemma 2.5 follows since ¢ € L*°(€2) is arbitrary. O

Combining proposition 2.2 and lemma 2.5 we obtain a convergence result for Eshelby

tensors.

Theorem 2.6. Let Q C R? be a bounded domain which has the interior cone property. Let
further W : M4 — [0, 00| satisfy A1-A3, p > d and let {u,;n € No} € W'P(Q) be a

sequence with
Uy — ug weakly in WHP(Q), (2.22)

J(up) — J(uo) = /QW(VUO) dz < oo for n — oo. (2.23)

Then Vu,) DW (Vuy,) — W(Vuy,)1 — Vud DW (Vug) — W (Vug)1 weakly in L'($).

Proof. For p > d and Lipschitz domains condition (2.22) implies that adj,(Vu,) —
adj,(Vup) weakly in LP/5(Q) for 1 < s < d and thus the minors 7(Vu,) converge to
T (Vug) weakly in L1(€2), [Mor52, Res67]. Since bounded domains with interior cone prop-
erty are a union of a finite number of Lipschitz domains, see e.g. [W1082], the convergence
result for minors from [Mor52, Res67| on Lipschitz domains can be immediately carried
over to domains with cone property. Lemma 2.5 and proposition 2.2 now imply theorem
2.6. O

Bounded domains with Lipschitz boundaries as well as the domains with cracks, which

we introduce in section 3, satisfy the interior cone property.

Example 2.7. Let d > 2. The following energy density is polyconvex and satisfies A2
and A3:
Wi(A) +T(det A) for A € M@*4,
iy - [ et ¢
o0 else,
where W7 : M%4 — [0,00) is a convex and twice differentiable function of p-growth for

some p > 1. This means that there exist constants ¢; > 0 such that ¢; |[A|P —co < W(A) <



FN FD

I'n

Figure 1: Domain €5 with crack Cs

cs(1 4 |A[P), |[DW(A)| < (1 + |AP™") and |D*W(A)| < (1 + |A[P~?). Furthermore,
I' : (0,00) — [0,00) is convex, twice differentiable, I'(s) — oo for s — 0 and satisfies
|sT”(s)| + [s*I"(s)| < ¢(T'(s) + 1) for every s > 0 and some constant ¢ > 0. For example,
I'(s) = s" + s for some r > 1. The proofs of A2 and A3 are based on the following
relations for A € M‘fd, B € Mx4.

Dy(det A) = cof A, AT cof A= (det A)1,
(Da(I"(det A) cof A))[AB]
= T"(det A)(cof A : (AB)) cof A+ T"(det A)(D 4 cof A)[AB],
(D4 cof A)[AB] = Dy(cof A : (AB)) — (cof A)B" = (cof A)((tr B)1 — BT).

Here, cof A € M?*9 denotes the cofactor matrix of A.

3 Energy release rate, Griffith formula

and J-integral

As already discussed in the introduction we consider the simplest geometrical situation,
namely a straight crack in a two dimensional body. Let S5 = {x € R?; 29 = 0,21 < &}
for 0 € R.

A4 Q c R? is a bounded domain with Lipschitz boundary, 0 € Q and there exists a
constant dp > 0 such that 90N S5 is a single point for every [0| < . Let Q5 = Q\S(;
and Cs5 = Qn Ss for |6] < do. The boundary of Qs is split as follows: 0Qs =
Cs UTp U Ty, where Cs5,T'p,I'y are pairwise disjoint, I'p and 'y are open and
independent of § and T'p # 0, see figure 1.

The domains )5 satisfy the interior cone condition. We call 2 reference configuration with
initial crack Cy. I'p and 'y denote the Dirichlet and Neumann boundary, respectively.
For § > 0, the pairs (25, Cs) describe admissible neighboring configurations. The following
conditions are imposed on the volume force density and the Dirichlet- and Neumann data,

where we adopt the usual notation for Sobolev-Slobodeckij spaces [Ada92, Gri85]:

/ ~
A5 p>2, 1411 gpc W HP(p,R2), he (Wl_%’p(FN,N)) and f € L9(Q), R?).
Furthermore, § € C§°(Q) is a cut-off function with @ = 1 in a neighborhood of the

origin.
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For [0| < dp, p > 1 and gp from A5 we define
VP(Qs) = {u € Wl’p(Q(;,]RQ); U|FD =gp }

The minimization problem for determining the deformation fields ugs corresponding to 25
now reads for || < dp:
Ps Find us € VP(Qy) such that for every v € VP(Qy)

I(Qs,us) < I(Qs,v) := ; W(Vv)dx — ) f-vdr — <h,U‘FN>1“N. (3.1)
6 6
Here, (-,-)r, denotes the dual pairing in (Wlf%’p(FN))’ and Wlf%’p(l“N). In order to

obtain existence of minimizers we need a coercivity assumption on the energy density W.

A6 p > 2 and there exist constants § € R, r > 1, a1 > 0 and as with ag = 0if p > 2 and
as > 0, else, such that W(A) > ay |[A|P + ag|det A|” + 3 for every A € M?*2.

The energy densities from example 2.7 satisfy A1-A3 and A6. The following existence
theorem is due to Ball [Bal77], see also [Cia93].

Theorem 3.1. Let d = 2, p > 2 and assume that A1 and A4-A6 are satisfied. Assume
in addition that inf,cyp ) [(Q0,v) < co. Then problem Ps has a solution us € VP({s)
for every || < do.

Note that minimizers of I({2s, ) need not be unique.

Definition 3.2. For |§] < ¢ let I(2s) = min{ I(Q5,v); v € VP(Qys) }. The energy release
rate ERR(€) for the domain Qg with crack Cy and data f, gp, h is defined by

1($20) — 1(%25)

; . (3.2)

ERR(Q) = lim
6>07

The next assumption is a condition on sequences of minimizer ug of I({s,-):

AT u, € VP(Qp) is a minimizer of I(€,-) and for every § > 0 exists a minimizer ugs of
I(Qs, ) such that the whole sequence {usoT; '; 6 > 0} converges weakly to u, in
WP(Q) for § — 0 and, if p = 2, then det V(ug o Ty ') — det Vu, weakly in L" ()
with r > 1 from AG6.

We are now ready to formulate our main result.

Theorem 3.3. Let d =2, p > 2 and A1-A6 be satisfied, inf,cynqq) 1(0,v) < oo. Then
the energy release rate ERR(Qg) is well defined which means that the limit in (3.2) exists

and s finite. Moreover, a generalized Griffith formula is valid:

ERR(Qo) = max { G(ug, ) ; ugp minimizes 1(Qo,-) over VP(Q) }, (3.3)

11



where

0 0
G(up,0) = / (Vug DW (Vug) — W(Vug)1) : V dz — O0f - —updx. (3.4)
Qo 0 Qo dxq
The function 0 is an arbitrary cut-off function from A5. Moreover, G(ug,0) = G(ugp)
15 independent of the choice of 0 for every minimizer ug. Let finally Ty : Q5 — €,
Ts(z)=x—96 (6(0“7) ) Then, for minimizers ug of I1(Qo,-) the following identity holds:

G(up) = lim 61 (I(0,u0) — I(Qs, ug 0 Tj)). (3.5)

For every minimizer us of 1(Qo,-) with property AT we have ERR(0) = G(us).

We postpone the proof of this theorem to section 4.3. Let us emphasize that the max-
imum in (3.3) is attained. It is an open question whether every minimizer of I(p,-) has
property A7. If this would be the case, then ERR(€y) = G(ug) for every minimizer ug
of I(Qo,-). Note that ERR(y) > 0, since VP(Qy) C VP(s) for § > 0 and therefore
I(Qs5) < I(p). In the case of unique minimizers, (3.3) corresponds to formulas for the
energy release rate in literature on fracture mechanics, see e.g. [Gur79, Che67].

Furthermore, we have the following behavior of the energy I(€5) with respect to the

parameter o:

Theorem 3.4. Let the assumptions A1-A6 be satisfied and I(Q) < oo. There exists
a constant 8o > 0 such that the function E : [—6p,00] — R, § — () is Lipschitz
continuous, not increasing and for every |6| < do the left and right derivatives exist and

equal to

}lli{‘%(—h)*l(E@ —h) — E(9)) = max{ —G(us) ; us minimizes I(s,-) },

}llii% R™YE( + h) — E(8)) = min{ —G(us) ; us minimizes 1(Qs,-) } = —ERR(Qs).

The next theorem relates Griffith formula (3.4) with the J-integral.

Theorem 3.5. Let assumptions A1-A6 be satisfied and let Ry > 0 such that Bg,(0) € Q.
Assume furthermore that 81 f = 0 on Bg,(0). For R € (0, Ry) letTr = {x € R?; |2| = R}
be a circular path around the crack tip O with interior unit normal vector i = (nq, ng)T.

For every minimizer ug of 1(Qo,-) and almost every R € (0, Ry) we have

G lug) = /F <(VuJDW(Vu0)—W(VuO)1) ﬁ)-((l))+(uo-f)n1ds. (3.6)

The integrand in (3.6) is an element of L*(T'r) for almost every R.

The proof of this theorem is given in section 4.4 and uses the fact that G(ug,0) is

independent of the cut-off function 6 for minimizers wg.
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We will now give a comment on formula (3.3) for the energy release rate. In the case of
several minimizers it is an open question whether G(ug) = G(u1) for different minimizers
ug, u1 of I(€p,-). One could interpret G(ug) as a local energy release rate, where local
means that not only the geometry 25 has to be close to €2y but also that deformations on
Qs are considered which are in some sense “close” to ug. In contrast to that, definition 3.2
describes the global energy release rate. Let ug be an arbitrary minimizer of (€, ) and
assume that ERR(Qg) > 27. The Griffith-criterion in the form (1.3) predicts that the crack
will grow even though G(up) might be less than 2. This means that the criterion in this
formulation allows for a jump from minimizer ug to a minimizer u; with G(u;) = ERR(Qp)
and the crack will develop starting from the configuration defined through u;. It is a
modeling assumption whether one formulates Griffith’s criterion in the global version (1.3)
with ERR(Qp) from (3.3) and allows for jumps between minimizers, or whether one trusts

in a local version of the type
If G(ug) < 2, then the crack is stationary. (3.7)

In fact, (1.3) and (3.7) are based on different interpretations of the notion admissible
neighboring configuration in (1.1).

This discussion might become clearer by considering a perturbed problem. Let || < dg,
e >0and «a € (1,p]. Let finally ug € VP(Qp) be a minimizer of I(€,-). We define

P5 Find uj € VP(€)5) such that for every v € V?(Qs)

I (uo; ugy) < I§(up;v) = I(s,v) + 6/ |v — up|® dz. (3.8)
Qs

Obviously, Pg = Py.

Theorem 3.6. Let A1-A6 be satisfied, p > 2, a € (1,p], inf,cyr(q,) I(Q0,v) < 00 and ug
a minimizer of 1(Qg,-).
1. Problem PS5 has a solution for every ¢ > 0, |6| < dg. Moreover, ug is the unique
minimizer of P§ for every e > 0 and I§(uo; uo) = 1(Qo,up) = I1(Qp).

2. Let I§(ug) = min{ I§(ug;v); v € VP(Q5) }. For every € > 0 the function 6 — I5(ug)
is differentiable in 6 =0 and

lim 51 (I3 (u0) — 15 (u0)) = G(uo, 0) = G(uo) (3.9)

with G(-,-) from (3.4). The function 6 is arbitrary as long as A5 holds.
This theorem will be proved in section 4.2. Theorem 3.6 reveals that G(ug) describes a
local energy release rate whereas ERR(£) from (3.3) is a global one. It follows from (3.9)

that G(up) is independent of the choice of the cut-off function 6 since the left hand side in
(3.9) does not depend on 6.
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4 Proofs

Like in the case of linear elastic models the proofs of our main results are based on the
diffeomorphism Ty : Q5 — 2, which we already introduced in theorem 3.3. We apply
the mapping Ty in order to transform the integral expressions in the difference quotient
51 (I(QO, uo) — I(Qy, U5)) to the fixed domain Qg. The limit for 6 — 0 is then calculated
in the domain €29. This section is organized as follows: In section 4.1 we summarize the
properties of the mapping 75 : (2s — ), derive convergence results for sequences ugo T 5_1
and prove two lemmata on the derivative of I§(uo; vs) with respect to special paths vs which
are parameterized by Ts. Here, the convergence results from section 2 are essential. In
sections 4.2 (for ¢ > 0) and 4.3 (for ¢ = 0) we combine these lemmata and prove theorems
3.3, 3.4 and 3.6 on the energy release rate and its connection with the Griffith formula. In

section 4.4 we prove theorem 3.5 on the J-integral.

4.1 Convergence results based on the inner variation 7}

The domains €5 are mapped to Qg in the following way: Let 6 € C5°(£2) be a function
according to A5. Choose 0 < 8 = do(f) < % ||Vc9||;o(ﬁ)
line {z € R%; x5 = 0, |z1| < dp }. For |§] < &y we define

in such a way that 6 = 1 on the

Ts: Qs — Qo, z—y=Ts5(x)=2—-90 <0(0$)> (4.1)

and use the notation

¢s(x) :=det V,Ts(x) =1 — 661 (z), (4.2)
where 6 ;(z) = %0(3}) for i € {1,2}. The mapping Tj is an element of C>°(Qs) and
det V,(T5(z)) > ¢ > 0 for every |6] < 6y and = € Q. Moreover, Tj is a diffeomorphism and

maps the crack Cs to Cp, see e.g. [DD81, GH96|. For functions vs : Qs — R? we introduce
the notation v (y) = vs(T; *(y)) for y € Qo. Furthermore,

Vol (y) = Va0(T5 ' (y), VaT°(y) = VoTs(: . °y) = det VT (y).

)‘Tgl(y)

Derivatives are transformed as follows for x € €05 and y € (p:
Vavs(Ty (y) = Vo’ () VT2 (y), Vo (Ts(x) = Vavs(2)(VaTs(x)

Elementary calculations show that T3 induces an isomorphism Tg between the spaces
WP (Qs) and WP(Qq) for every p € (1,00) via

Ts: WHP(Qo) — WHP(Qs) : u s uo Ty

For fixed p € (1,00), the operator norms of Tjs and Té_1 are bounded with respect to
|0] < dp. The same holds for LP(£2s). Moreover, Ts is a bijection between V?({)s) and

VP(Qy) since Ty|,~ = id and therefore, Ts keeps the boundary conditions unchanged. Let

‘as”z
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us finally remark that the constants in the Poincaré/Friedrichs inequality as well as the
constants in embedding theorems for Sobolev spaces are uniformly bounded with respect
to |(5 ‘ < .

The next technical lemma can be seen as an analog to convergence theorems for difference

quotients of WP-functions.

Lemma 4.1. Let Q C R? be open and bounded and 0 € C°(Q,R). Let furthermore 5o > 0
be small enough such that the family Ts : Q — Q, x+— x — (60(x),0) " is a diffeomorphism
for every |6 < 0g. We define ¢°(y) = o(T5 ' (y)) for y € Q. Then it holds:

1. Letp € [1,00) and ¢ € LP(Q). Then ¢° — ¢ strongly in LP(Q) for 6 — 0.

2. Assume in addition that OX) is Lipschitz. For p € [1,00) we define LP(Q,01) ={p €
LP(Q,R); O € LP(Q) }. Then there exists a constant ¢ = c(f) > 0 such that for
every @ € LP(2,01) and |0| < do

H5_1(s05 - w)‘

Lo < c(0) 1012l 1o () - (4.3)

Moreover, 5~ (p° — @) — 001 strongly in LP(Q).

3. Assume that O is Lipschitz, p € (1,00). Let { o, ; |8, < 6, n € N} C LP(Q,01)
be a sequence with 5, — 0 for n — oo and @’ — @ weakly in LP(Q,81). Then
5 (% — % 0 T, ) — 001 weakly in LP(RQ).

n

Proof. The first assertion of lemma 4.1 can be proved completely analogously to the
corresponding assertion on the strong convergence of finite differences of LP functions, see
e.g. [Nec67|. We prove the second and third assertion in detail.

Let 2 C R? be a bounded domain with Lipschitz boundary. The set LP(£2,9;) with the
norm (¢l o6, = 9l Lo) + 1010l 1r(q) is a reflexive Banach space since it is a closed
subspace of the reflexive Banach space LP(£2,div) = { f € LP(Q,R?); div f € LP(Q) } via
@ — (¢,0)T. The set C>(Q,R?) is dense in LP(€,div), see e.g. [GS86], and therefore it
follows that C*°(Q, R) is dense in LP(£),d;) as well. We prove first that the second part of
lemma 4.1 is valid for ¢ € C>°(Q). By density, this result is then carried over to the whole
space LP(Q,01).

For |0] < 6o and ¢ € LP(Q,8;) we define Ls(p) = 3(¢p o T5_1 — @), Lo(p) = 001¢.
Obviously, Ls : LP(€Q,01) — LP(Q) is a linear and bounded operator for every |d| < dy. We
prove now that the operator norms are uniformly bounded.

Let |6| < dp and h € R small. Let further z = T; '(y), =), = Téjrlh(y) for every y € Q.
Then it holds

im %(.’L‘h —z) = lim l(Ta;l (y) —T; ' (v) = <1> (4.4)

1
h—0 h—0 h
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with gs = det V, Ty from (4.2). Relation (4.4) can be derived as follows: By the definition
of x and xj, we have 0 = T5(z) — Ts4+n(xp) which implies

(9(?)) gy (em)Oe(z)) = VT (,) (),

where s = x + s(xp, — ) for some s = s(z, h) € [0, 1]. By assumption, the matrix VTj(xs)

is invertible for every z; and || < dp and thus

=) = (VT (1) = 2 <1>

Q(S(xs) 0

Since z, — = and xs — z for |h| — 0, we obtain (4.4). Let now ¢ € C>(£). For every
y € Q it follows with (4.4) that

L6 (1) 010% (y)
5/ Y )ds—/o st. (4.5)

Holder’s inequality and a transformation of coordinates (y = Tss(x)) lead to

3160

[ Ls(e
QSé

Cgs(@)deds < @) Il (46)

Since C*°(2) is dense in LP({),0;), we obtain (4.6) immediately for arbitrary functions
from LP(§2,01) and thus supjsi<s, [|Ls]| < c. Let again ¢ € C>(2). Relation (4.5) implies

that
ILs(g) — / /

Taking into account that 6%°(y)010% (y)/q* (y) converges for fixed (s,y) € [0,1] x Q to
0(y)01¢(y), the dominated convergence theorem implies that the right hand side in (4.7)

e 8“" W) ppono)| dyds. @)

converges to 0. Since the operators Ls are uniformly bounded and since Ls(¢) — Lo(yp) in
LP(£2) on the dense subset C*°(Q2), we obtain immediately that Ls(¢) — Lo(¢) for every
@ € LP(,01). This finishes the proof of part two.

Let L} : LP(Q,0;) — LP(Q) be defined by Li(¢) = (¢ — ¢ o Ts) for § # 0. A

transformation of coordinates leads to

(L3(0).0) = ~(La0).0) ~ 5 | (qorgzs —1)evoTrda (4.

for every ¢ € LP(Q,01), v € C3°(Q) and § # 0. Here, (u,v) = [,uvdz. Note that
S H(det VT~ — 1) = 9751/q5 and therefore, together with the first and second part of

this lemma, we have

1 1
L5('U) —+ g <detVT5 — 1> U o T5 — 981'0 -+ 11819 (49)
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strongly in L4(9) for every v € C5°(Q) and ¢ € [1,00). Let now { ¢%"; n € N} C LP(Q,0y)
be a sequence which converges weakly to ¢ € LP(2,0;) for some p € (1,00). Relations
(4.8) and (4.9) show that

lim (Lgn(go‘s”),w = —/ 001 (Ov) dz = / v001p dx (4.10)
Q Q

0n—0

for every v € C3°(Q2). In the last equality we have used the Gauss theorem, which is
applicable to elements from LP(2,0;). Since L5(yp) = Ls(p o T5), estimate (4.3) and the
weak convergence of the sequence { ©nineN } imply that there is a constant ¢ > 0 with

HL;n(cp(;n)HLp(Q) < cfor every n € N. Combining this estimate with (4.10) and taking into

account that C°(Q) is dense in L (Q) finally proves the last assertion of lemma 4.1. [

The next lemma states that the mapping § — I5(uo) is Lipschitz continuous. This result
is based on the mapping properties of Ty, the coercivity of W and assumption A2. We
recall that I§(ug) = min{ I§ (ug;v); v € VP(5) } for ¢ > 0 with I§(up;-) from (3.8). For
e=0,itis I?(ug) = I(Qs) = inf{ [(Qs,v) ; v € VP(Qy) }.

Lemma 4.2. Letp >2,e >0, a € (1,p] and let A1, A2 and A4-A6 be satisfied. Assume
further that inf ey vy I(Qo,v) < oo and that ug minimizes 1(Qo,-). Then there exists a
constant dg > 0 such that inf,cy»q,) I5(uo;v) < 0o for every 6| < do. Furthermore, the

set
L:={ueVP(Q); 3|0| < do such that uwo Ts minimizes I5(ug;-) } (4.11)

is bounded in WYP(Qq). If p =2, then the set {det Vu; u € L} is bounded in L" () with

r from A6. Moreover, the set
{ | W(Vus)dz; us minimizes I§(uo;-), |0] < dp } (4.12)
Qs

18 bounded in R. Finally there exists a constant ¢ > 0 such that

|15, (u0) — I5, (uo) | < c|01 — b, (4.13)
0 < I (uo; us 0 T3 ') — I (uo) < cld], (4.14)

for every §,01,02 € [—do, 0] and every minimizer us of I5(uo;-).

In particular, lemma 4.2 implies that every sequence { us o Tgl; |0] < &0}, where ug

minimizes I§(uo;-), is a minimizing sequence for I§(uo, -) for § — 0.

Proof. Let ¢ > 0 be arbitrary and let T : 25 — Qg be the mapping defined in (4.1). Chose
do < 1/(2 HVGHLOO(Q)) small such that [V, () — 1| < v and |(VThs,(2)) ' = 1] <
with 1 from lemma 2.1. Let v € VP(Qp) with 1(Q0,v) < co. It follows from estimate (2.3)
for the energy density W that I (ug;v o T5) < oo for every |§] < dg. This proves the first

assertion of lemma 4.2.
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For 01 < d2 we have VP(Qs,) C VP(Qs,) and thus
15, (o) < T5(u0) < I% 4 () < 00 (4.15)
for every || < dg. Coercivity assumption A6 implies that the set
{v e VP(Qs,); 15, (uo;v) < 1% (uo) } (4.16)

is bounded in VP(Qs,). Since the minimizers us of I§(uo;-) are contained in this set, we
get together with the mapping properties of Ty that the set L from (4.11) is bounded
in VP(Qp). Estimate (4.15) and the boundedness of the set L finally imply that the set
{st W (Vus)dz ; us minimizes I (uo; -), |0] < 0 } is bounded as well.

We will now prove the Lipschitz continuity of the mapping § — I§(ug). Let |d1], [d2] < do
with d; < 9. Then

0 < I, (o) — I, (wo) < I, (uoi us, 0 Ty, 5,) — I, (uos usy). (4.17)

where wus, is an arbitrary minimizer of I§2(u0;-). Note that Ts,—s, : Q5, — (s, is a
diffeomorphism. After a transformation of coordinates (y = Tj,_s,(x)) in the terms with

the energy density W we obtain
-1
15, (uos usy 0 Tg,~ 5 ) — 15, (uo; us,)

= | W(Vyus, ()45, () dz — [ W(Vyug, (2)) do
952 952

— frus, 0Tyt dy + [ ugs, dx
951 952

+ 6/ |up — ug, o Ts,—s,|" dy — 5/ lup — ug,|” da
Qs £
L4+ (4.18)
Here, g5,—5, () = det VT, _5,(x). Our next task is to show that
’II+---IG| Sc\(51—52] (4.19)

with a constant ¢ which is independent of us,. For the estimate of I5 + Is we apply the
following inequality, see e.g. [Kne05]: for every 3 > 0 exists a constant ¢ > 0 such that for
every A, B € R*:

1417 = |BI?| < e(14] + |B)* " |4~ B. (4.20)
The previous inequality, Holder’s inequality and the triangle inequality show that

Is 4+ Is < E/~ ‘|uo—u(52 oT5_21_51|0‘ — Jug —u52]°“ dy
Q

Le(Q)
(4.21)

a—1
1 ~1
<ce (Huo —ugy 0Ty~ 5 @) + |Jup — u(SQHL&(Q)) Hu52 o Tys ~5 — us,

18



The mapping properties of T and the boundedness of the set L imply that the first factor
in (4.21) is bounded independently of d1,d2 and us,. Since a < p, lemma 4.1 and the
boundedness of the set L lead to

L@ S c(0) |02 — 61| 10116, || () < €161 — b2 ,

—1
HU52 ° T52*51 — Usy

where ¢ is independent of d1,d2 and wug,. Altogether we have |I5 + Ig| < ce |91 — d2|. The

terms I3 + I4 can be treated similarly: Holder’s inequality and lemma 4.1 yield
B 1 < | 171 [us, o Tk, = uss| dy < 161 = 8ol 1Ly 10108, 5

and thus |Is + I4| < c¢|d; — 62| for a constant ¢ which is independent of 01, d2 and us,. Note
that

L+ 1= W(Vus, (VaTs,—s,) ) — W(Vaus,) dz
Qs,

(=) / 0.AW (Vuis, (VoTs,—5,) ") da.
0

52

The assumption on dy entails that |(VTs,—s,(2)) ™" — 1| < y1 and therefore, the inequalities
from lemma 2.1 are applicable to I; 4+ Is and lead to

I+ | < c|6, — 52|/ (W (Vug,) + 1) da.
Qs,

Since the set in (4.12) is bounded, we arrive finally at |I; 4+ I3]| < ¢ |01 — d2|. Altogether we
have shown that estimate (4.19) is valid, which yields (4.13). For |§| < d¢, estimate (4.14)

follows from

0 < I§(upsus o Ty ') — I§(uo)
< |05 (uos us o Ty Y) — I (uo; ug)| + |15 (uo; us) — I (uo)|
and (4.17)-(4.19) with &; = 0 and ds = 4. O

The next lemma provides a formula for the derivative of the energy I5(u;-) = I(Qs, ) +
5f96 |- — u|® dz with respect to the path {wuoTys; |d] < &y} for general u € VP(Qy).

Lemma 4.3. Let A1,A2 and A4-A6 be satisfied, € > 0 and o € (1,p]. Furthermore, let
u € VP(Qp) with I(Qo,u) < oo and let O be chosen according to A5, Ts(x) = x—5(0(z),0) .
Then the function § — I5(u;u o Ty) is differentiable in 6 = 0 and
d L
- <d5 I5(ujuo T5)> ’6:0 = %13(1)5 Y(I5 (usu) — I5 (ws;u 0 Ts)) = G(u, 0) (4.22)

with G(-,-) from (3.4).
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Note that the formula on the right hand side of (4.22) is independent of ¢ > 0. In the
notion of [GH96|, G(u,0) is the (strong) inner variation of I§(u;-) at u in the direction of
the vector field (6,0)". The proof of lemma 4.3 relies on assumption A2 and the dominated

convergence theorem and we follow the arguments in [BOP91].

Proof. Assumption A2 implies that |I§(u;u o T5)| < oo for |§] < &g if &g is small enough.

A transformation of coordinates in I§(u;u o Ts) leads to

1

9o
I5(u;u) — I5 (usuo Ts) = / ?(W(Vyu) — W(Vzu)) dy — (5/ q—’;W(Vyu) dy
QO Q0

1
- JARN A —u)dy—e/ —‘u—u
/QQ‘S Q0q5
:Il—{—...—}—f4,

5‘0‘

dy

where fo(y) = f o T; '(y) and where we have used that Joo [ rude — [o frusdr =
fQ (u —ug) dz. Lemma 4.1 applied to I yields

‘5_11'4‘ < —c( ) Hu - u‘SHa

< a—1 a
5 oy ST ) 910l gy

and thus §~ 11y — 0 for § — 0 since a € (1,p]. Again by lemma 4.1 we obtain for I3:
6 — —/ 0f - 01udy.
Qo
Since 0,51/ q® converges uniformly to 61 on € for 6 — 0, we have

lim§ L=~ [ 0, W(V,u)dy.
6—0 Qo

For the convergence of §~ 111 note that V,u(y) = Vyu(y)ViTs(: and

M)

1= Vo Ts5(2)] < 0] IVO] ooy <™ (4.23)

with 1 from lemma 2.1, if |§| is small enough. The term §~'I; can be written as follows:

1 1

5 o (W ()~ W(Tou(u) dy

5/ /0 3V (Vaul) + 5(Vyuly) = Vauly))) dsdy

//0 DW (Vyu(y) (VLT (y) + s(1 — VxTa(y))))(Vyu(y) V. (955y>>) dsdy.
(4.24)

The integrand of (4.24) converges pointwise to DW (Vyu(y)) : (Vyu(y) (§) @ VO) for
almost every s and y as 6 — 0. Furthermore, estimate (2.4) is applicable to the integrand
of (4.24) due to inequality (4.23) and implies that the integrand in (4.24) is bounded by
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the integrable function ¢(W(Vyu(y)) + 1) [[VO| ;o g- The constant ¢ is independent of 4,

s and y. Thus the dominated convergence theorem leads to

_ 1
o 0 qT(W(VyU(y)) - W(Vau(y))) dy — /vauT(y) DW (Vyu(y)) : V (9(01/)) dy
for 6 — 0. This finishes the proof of lemma 4.3. O

In the proof of lemma 4.3 it is important that the parameter § occurs in the mapping
Ty, only, which enables us to derive pointwise convergence of the energy density and its
derivatives and to apply the dominated convergence theorem. In the next lemma we
discuss the case, where a sequence {u5" ; n € N} converges weakly to ug, only. Here, the
convergence results for Eshelby tensors, which we deduced in section 2, play an important

role.

Lemma 4.4. Let A1-A6 be satisfied, p > 2, a € (1,p| and e > 0. Let further ug € VP(Qp)
with I(Qo,up) < 0o and let {u’ ; n € N} C VP(Qp) be a sequence with 6, — 0 for n — oo

and

u’ — g weakly in WP (Qo) for n — oo, (4.25)
det Vu'" — det Vug weakly in L' (Qo) with r from A6 if p =2, (4.26)
I (uo; u™) — I (uo; uo) = 1(S0, uo) for n — oo. (4.27)

Then, for every 0 from A5,

It (u ;u6n It (u ;u6"OT
li 00 = 15, (uo o) = G(uo, 0) (4.28)

n—o00 571
with G(-,-) from (3.4).

)

Later we choose u’" = ug, o T(Szl, where the us, are minimizers of I§ (uo;-).

Proof. We skip the index n in the proof. Let {u’; § # 0} and ug be given according to

lemma 4.4. After a transformation of coordinates in I§ (ug; u’ o T) we obtain
I§ (ug; u®) — I (ug; ul o Ty)

- / %(W(vyua) — W(Veu')) dy + /Qo(l - qlé)W(vyu‘S) dy

Q0 4
e @ a
= [ 1w = dy 5 [ (o= | o — sl dy
Q Q

Here, us = u®oT}s. Inequality (4.20), Holder’s inequality, the triangle inequality and lemma,
4.1 lead to

_ ce .
‘(5 114‘ Sm Q(‘uo—u5’+|uo—u(;]) llu‘s—u(;’ dy
) _ya—1 -
< ee(||uo — u Hm(@) + ltto — usl o) 19118 | o sy - (4.30)
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It follows from the mapping properties of Ty, assumption (4.25) and a € (1,p| that the
last factor in (4.30) is uniformly bounded with respect to |6 < dg. The triangle inequality

and lemma 4.1 imply

) 6
luo = sl foery < H“O Y Hm(fz) i Hu - u5’

Lo (%)

< o =] o, + 191 10108

Together with the weak convergence u’ — wug in WP(Qg) € L*(£) we obtain that the
first factor in (4.30) tends to O for 6 — 0. Altogether we have shown that

o, —0

for § — 0. Again by lemma 4.1 we obtain
1
(5_113 = —/ f : (’LL(s —Ug)dy — —/ 0f : 81u0dy
0o 9

and it remains to calculate the limits of §~1I; and §~1I5. We have
5, = —/ #W(Vyua)dy.
Qo 4

Assumptions (4.25)—(4.27) together with lemma 2.5 imply that W (V,u’) converges weakly
to W (Vyup) in L'(£). Since «9751/q‘S converges uniformly to 6 ;, we arrive at

5_112 — — 0 971W(Vyu0) dy
0

The term 611 can be written as follows:

1
L= [ W(V,ul)—W(Vul)dy + / (5 — D)W (Vyu') — W(Veud)) dy
Qo Qo 94
= I11 + I1a.

Note that V,u’(y) = V,u’(y) V,T° and therefore, by estimate (2.5),

|67 1a| < 16| c(0 / W(V,u’)dy).

13| — 0 for |§] — 0. We treat the remaining term I11 as follows:

6 =671 W(v %) — W (V,u’V,T%) dy

e /Q / SW (T (VT 4+ 5(1 - T,T7) dsdy

0
=/ Vi’ DW (Vi) : (3) ® Va0 dy
0
+ /Q /01 VyuéT (DW (V,u’C(y, s,6)) — DW(V,ul)) : () @ V,0° dsdy
0

= I + L2 (4.31)
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Here, C(y,s,0) = VT (y) + s(1 = V,T%(y)) =1 — §(1 — 5)V (905 ). For small enough |4],
estimate (2.7) leads to
(T2 < () [8] [ (1+W(Vyu’)dy
Qo
and thus I;12 — 0 for § — 0. From proposition 2.2 it follows that Vu5TDW(Vu5) —
Vug DW (Vug) weakly in L'(). Since V,6° converges uniformly to V6, we finally arrive
at
Lt — | Vud DW(Vug) : (}) ® VO dy.
Qo
This finishes the proof of lemma 4.4. O

4.2 Prof of theorem 3.6 for ¢ >0

We prove now theorem 3.6 on the energy release rate for the functional I§(ug;-) for fixed
e > 0. Let the assumptions of theorem 3.6 be satisfied, € > 0 and let ug € VP(2y) be a
minimizer of (€, ). We recall that ug is the unique minimizer of I§(ug;-). Our aim is to
show that

lim 6 (7 (uo) — 1§ (u0)) = G(uo,0) (4.32)
with G(-,-) from (3.4) and arbitrary € from A5. Let {J,; n € N, §, > 0} be a sequence
with 6, \, 0 for n — oo and let { ug, ; n € N} be minimizers of I§ (uo;-). Then for every
neN

0 (15 (uo; uo) — I, (uos uo 0 Ts,)) < 6, (15 (uo) — I3, (uo))

(15 (up; ug,, © T(;Ll) — I§ (uosus,))- (4.33)

IN

(5_1
671

Here, Ts(x) = = — §(6(x),0) " is the diffeomorphism introduced in section 4.1. Lemma 4.3
guarantees for the left hand side in (4.33) that

61i{10 6 (IS (uo; uo) — I§ (uosug o Ts,)) = G(uo, 0). (4.34)

From lemma 4.2 we know that the sequence { us, o T(;Ll ; n € N} is a minimizing sequence
for I§(uo; ) and contains therefore a subsequence which converges weakly in W1?(Qg) to
the unique minimizer ug of I§(ug;-). By contradiction we conclude that also the whole
sequence converges weakly to ug. Lemma 4.4 implies now for the right hand side in (4.33)
that

Jim, 8515 o s, o T5,1) = I, (uos s, ) — Gluo, ). (4.35)

Combining (4.34) and (4.35) implies (4.32) for the whole sequence ¢ \ 0.

The case 6, /* 0 can be treated completely analogously to the case §, \, 0, we only have
to replace < in (4.33) by >. Since the left hand side in (4.32) is independent of the cut-off
function 0, it follows that G(ug,0) is also independent of the choice of . This finishes the
proof of theorem 3.6.
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4.3 Proof of theorems 3.3 and 3.4

Let the assumptions of theorem 3.3 be satisfied and € = 0. The goal is to show that

gi{% §H(I(Q) — I(Qs)) = max{ G(uo,0) ; up minimizes I(Q,-) } (4.36)
with G(ug, #) from (3.4). The major difference to the case with € > 0 (theorem 3.6) is that
I1(Q,-) may have several minimizers. Moreover, we cannot prove that every minimizer
ug of I(Qp,-) has property A7, which means that it is not clear in general, whether for
every minimizer ug there exists a sequence of minimizers us of I(€s,-) such that the
whole sequence {us o Ty Ls > 0} converges weakly to ug for 6 N\, 0. If this would
be the case, we could argue completely analogously to the case € > 0 and would obtain
ERR(Q) = G(ug, 0) for every minimizer ug of I(Qp,-).

We will now prove (4.36). Let 6 be chosen according to A5. For every § > 0 and every

minimizer ug of 1(Qp,-) we have
§HI(Q0) — 1(Qs)) > 61 (I(Q0,u0) — I(Qs,ug 0 Ts)) (4.37)

and, by lemma 4.3, the right hand side in (4.37) converges to G(ug, 8) for 6 \, 0. Since the
minimizer ug in (4.37) is arbitrary, we may then take the supremum over all minimizers.
This leads to

lign\iélf §H(I(Q) — I(Qs)) > sup{ G(ug, 0) ; up minimizes I(Q, ) }. (4.38)

It follows from the boundedness of the set L from (4.11) and the set defined in (4.12) (see
lemma 4.2) together with assumption A2 that the supremum in (4.38) is finite. Let now
{0n; n € N} be a sequence with d,, \, 0 for n — oo and let { us, ; » € N} be minimizers
of 1(Qs,,-). By lemma 4.2 there exists a subsequence {d,, ; k¥ € N} and a minimizer ug
of I(Q,-) with us, o T(;:Li — ug weakly in W1P(Qp). With lemma 4.4 it follows for this
subsequence

li;is\uop 5;:([(90) —1(%%,,)) < 52%0 5;k1(I(QO, us,, © T(s;i) —1(%%,, ,us,, )

= G(ug,0) < sup{ G(v,0); v minimizes I(Q, ") }.
Thus we have shown that every sequence §, ™\, 0 contains a subsequence d,, \, 0 with

lim sup 5;}3([((20) — 1(Qs,, ) < sup{ G(uo, ) ; uo minimizes I(Qo,") }. (4.39)
PN

The usual proof by contradiction shows that (4.39) holds also for the whole sequence d,,.
Combining (4.38) and (4.39) leads to

%i{% S H(I(Q) — I(Qs)) = sup{ G(uo, 0) ; up minimizes I(Q,-) }. (4.40)
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It remains to show that the supremum in (4.40) is attained. Coercivity assumption A6
and the weak lower semi-continuity of I({,-) guarantee that the set of minimizers of
I(Q,-) is weakly compact in VP(Qq). Let {u,;n € N} be a sequence of minimizers of
I(Q, ) with G(up,0) — sup{ G(v,0); v minimizes I(£2,-) }. Then there exists a subse-
quence, which we also denote by {u,; n € N} and a minimizer ug of I(p,-) such that
u, — ug weakly in VP(Qq) and, if p = 2, det Vu,, — det Vug weakly in L"(Qy) with
r > 1 from A6. Since I(Q,u,) = I(Qo,up) for every n, it follows in particular that
fQo W (Vu,)dy — fQO W(Vup) dy for n — oo. Thus, proposition 2.2 and lemma 2.5 imply
that G(up,0) — G(up,0) and therefore ug is a maximizer of G(-, ) with respect to the set
{v € VP(Qp); v minimizes (€, -) }. This proves (3.3).

Let finally u, € VP(€y) be a minimizer of I(€p,-) which satisfies property A7. This
means that for every 6 > 0 there exists a minimizer ug of I({s,-) such that the whole
sequence {ugo T 571 ;0 > 0} converges weakly to u,. As before, lemma 4.4 implies now
that

limsup 0~ H(I(Q) — 1()) < limsup 6~ H(I(Qo, u®) — I(Qs, us)) = G(us, )
N0 PN
and together with (4.38) we obtain the last assertion of theorem 3.3.

For the proof of theorem 3.4 note that for § < 0 and minimizers uy of 1(€y, ) we have
SHI(Q0) — I(Qs)) < 67 1(I(Q0,u0) — I(Qs,u0 o T5)). We obtain therefore completely
analogous to the previous considerations that

lim 6 (1(Q0) — 1(Q)) = min{ G(ug, 0) ; up minimizes I(Q,-) }

6—0
<0

with G(-,-) from (3.4).

4.4 Proof of theorem 3.5 on the J-integral

The proof of theorem 3.5 on the J-integral is based on the lemma of Du Bois-Reymond,
[Hor83]. Let f € L(Q) with 9, f = 0 and let ug be an arbitrary minimizer of (g, -). The
functions ug and f are elements of LP(Q, d1; R?) and L4(Q, d1; R?), respectively. Applying
Green’s formula to the last term in the Griffith formula (3.4) leads to

—/Hf-aluody:/810u0'fdy.
Q Q

Thus, the Griffith formula (3.4) can be rewritten as follows for arbitrary 6 € C3°(Q) with
0 = 1 near the crack tip:

G (ug) = /Q P(z) - VO(z) dz, (4.41)
where F' € L'(£)) and

F(z) = (Vug DW (Vo))" (§) = W(Vuo) (§) + (uo - f) (§) - (4.42)
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Inserting two different 6; and 05 into (4.41) and taking the difference implies
0= / F(x)-Vldz (4.43)
Qo

for every 6 € C°(Q) with § = 0 near the crack tip 0. Let Ry > such that Bg,(0) € Q. In
particular, we may choose 6(x) = 0(|z|) with § € C3°((0, Ro)). With this choice, equation

(4.43) reads in polar coordinates

Ro T N - Ro )
0= /0 /_Tr F(z(r,9) - (sing) derd (r)dr = /0 g(r)rd'(r) dr. (4.44)

Since F' € L'(€)), Fubini’s theorem guarantees that g € L'(0, Rg) as well. The lemma
of Du Bois-Reymond implies now that there exists a constant x such that g(r)r =  for
almost every r € (0, Ryg). Together with (4.41) we obtain finally that g(r)r = k = —G(uo)

for almost every r, which finishes the proof of theorem 3.5.

5 Concluding remarks

5.1 Non-interpenetration conditions

Up to now the two sides of the crack are allowed to penetrate into each other, which
may lead to unphysical solutions. To overcome this problem one has to include non-
interpenetration conditions in the set V?(€s) of admissible deformation fields. One possi-
bility is to replace VP(€s) by

VP(Q(;) ={ue Wl’p(Q(;); U|FD =gp, (ux —u_)-(9)>0o0n Cs },

where uy is the trace of u on the crack face Cs with respect to the upper and lower half
plane, respectively. Since the mapping Ts : s — g induces an isomorphism between
VP(Qs) and VP(Qp), all results from section 3 on the energy release rate remain valid.

A further possibility to exclude self-interpenetration is proposed by Ciarlet and Necas,
[CN8T7|. Here, the set of admissible deformation fields is defined by

Ve (Q5) = {u c Whr(Qy); U|FD = gp, det Vu > 0 a.e. in (s,

/ detvudxgvol(u(m))} (5.1)
Qs

for p > d. Again, the mapping Ty : 25 — g induces an isomorphism between the spaces
Vi (Q5) and V& (Qo). In [CN87], it is proved that for bounded Lipschitz domains € and
p > d the set VE () is closed in the weak topology of W'P(Q). Taking into account
that bounded domains with cone property are a union of a finite number of Lipschitz
domains, this result can be carried over to such domains and it is in particular valid for
the domains with cracks, which we introduced in section 3. The results from section 3 on
the energy release rate can now be proved without essential changes for problems with a

non-interpenetration condition of the form (5.1) and p > 2.
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5.2 Quasiconvex energy densities

The results from the previous sections remain true for continuous, quasiconvex energy

densities W : M — [0, 00), d > 2, satisfying the following additional assumptions:

AQ W is twice differentiable and there exist constants ¢; > 0 and p € (1,00) such that
for every A, B € M%*?

0<W(A) <er(1+ |AP), (5.2)

ATD?*W(A)[AB]| < co(W(A) + 1) |B|. (5.3)

Note that inequality (5.2) implies in particular that [DW (A)| < ¢(1+|AP™1), see [Dac89),
and therefore, estimate (2.1) is valid. Under assumption (5.2) with p € (1, 00), proposition

2.2 remains valid if one replaces (2.10) by {u,; n € No} € WLP(Q), u,, — up weakly in
WLP(Q) and F,, = Vu,,. Lemma 2.5 can be modified in the following way:

Lemma 5.1. Let Q@ C R? be open and bounded. Assume in addition that
W . M™4 — [0,00) is quasiconver and that (5.2) holds for some p € (1,00). Let
{un;n €Ny} C WHP(Q) be a sequence with

Uy, — ug weakly in WHP(Q) and / W(Vuy,)dx — / W (Vup) dz.
Q Q

Then W (Vuy,) — W (Vug) weakly in L'(Q).

Proof. For every ¢ € L>®(Q2) with ¢ > 0, Theorem 1.1 in [Mar85| guarantees that the
functional J : WHP(Q) — R, u — [, ¢(z)W (Vu(z)) dz is weakly lower semicontinuous.

The lemma can now be proved in the same way as lemma 2.5. O

Assuming AQ and A4-AG6, the convergence results from section 4.1 as well as the
results on the energy release rate in section 3 can now be derived in the same way as for
the polyconvex case on the basis of the modified proposition 2.2 and lemma 5.1.
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