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RANDOM APPROXIMATION OF FINITE SUMS

PETER MATHE

September 2, 1992

ABSTRACT. This paper is devoted to a detailed study of the randomized
approximation of finite sums, i.e., sums Z]":__I zj, « € R™, where m is
supposed to be large, shall be approximated with information on n coor-
dinates, only. The error is measured on balls in ', 1 < p < co. Main
emphasis is laid on the exact solution of the problems stated below. In most
cases we obtain both, an optimal method for the Monte Carlo setting and
the description of least favorable distributions for the average case setting,
exhibiting results obtained in a previous paper by the author, [Mat92].
Moreover, the solution of the finite-dimensional problem is applied to the
Monte Carlo integration of continuous functions. Finally, this knowledge
is used to study some of the properties, the optimal methods possess.

1. INTRODUCTION

This paper is devoted to a detailed study of the randomized approximation of
finite sums. Although this is no problem of numerical relevance, it may serve as a
model study of Monte Carlo integration on C(0,1), the continuous functions on the
unit interval, equipped with the supremum norm || - ||. This application is studied
in the last section.

Main emphasis is laid on the exact solution of the problems stated below. This
work shall exhibit results obtained in a previous paper by the author, see [Mat92].

Since we are able to compute the optimal methods in many cases explicitely we
can study some of their properties. The usual (crude) Monte Carlo integration is
motivated by the law of large numbers, cf. [Erm71, §2.4] : If f € C(0,1) is any
function, then [ f(z)dz = Bf = lim,_o, 1/n >i=1 f(§;),a.s., where the {; are in-
dependent random variables, distributed uniformly on [0,1]. A simple computation
proves

1/2
| [ f(w)dw—%Zf(&)lz) N

1980 Mathematics Subject Classification (1985 Revisz:on)‘ Primary 41 A 44; Secondary

65 C 05, 65 D 30.
Key words and phrases. Monte Carlo integration, optimal error, least favorable

distribution.



2 PETER MATHE
Another standard argument proves that this typical Monte Carlo rate n='/? cannot
be improved on the class of all functions with || f||lec < 1. Thus at the level of the
rate of convergence we cannot expect to gain new insight.

We will however compute the exact optimal error and prov1de a strictly optlmal
random method.

2. OPTIMAL APPROXIMATION OF FINITE SUMS

We shall study stochastic methods to approximate sums with a large number of
summands. Since we are dealing with the discrete case in this section the underlying
probabilities, describing the stochastic methods can be treated as combinatorial.

The analysis carried out below is in the framework and notation of Information-
based Complexity, see [TWW88]. Additional background information can be ob-
tained there. Summation shall be considered as a linear functional S™ on R™, where
m represents the length of the sum. To be precise, let S™ : R™ — R be defined as

S™(z) = sz, z = (z;)j, eR™.

i=1

Weighted sums can be repreéented similarly as S : R™ — R via

57(x) =Y oz, ©=(z;)fL; €R™.

j=1

(We always shall assume, that the weights o = (0;)iL, are positive and arranged in

decreasing order, oy > g, > --+ > 0.) We shall consider 5™ or S as functionals

acting on the closed unit balls B := {:1, eR™, YLz <L 1} CR™M1<p<

o0, the usual modification for p = oo, i.e., B} is the class of problem elements.
Given n € N we shall allow any deterministic method » of the form

u(z) = cha:j, zeR™,
j€l
where I C {1,...,m} is any subset of at most n elements and (c;)7L; € R™ a

arbitrary welghts (Observe that the values of ¢ J & I are not needed in the com-
putation). Thus the class of admissible methods is

M, (R™):= {u(w) = cha;j, card([]) S n,cj € R} .

JjerI

All these methods u are linear (in z) functionals on R™, which can be written
as u(z) = LiL, xs(5)ejzj, where x; is the indicator function of the subset I C

{1,...,m ‘
Let us, for completeness, review the worst-case problem of approximating S7* by
methods u € 9, (R™) here, i.e., the error of any method u on B}* is defined as

e(S7u, By) 1= sup {|S7(2) - u(x)|, =€ By},
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and

e(S7, M (R™), B") 1= inf {e(ST",u, B"), u € M,(R™)}.

Proposition 1. For any p,1 <p < oo and 1 < n < m we have

(1) e(S7, B (R™), BY) = (S los )"
(2) e(S™, M, (R™), B™) = (m — n)!/7".

(where p' is conjugate to p, i.e., 1/p+1/p' =1)

Proof: It is easy to see that the method u(x) = }7_, ojz; yields the error stated in
the theorem. To prove that this is best possible, let u with I and (c;)f%; be chosen.
We have

sup 1S7(2) — w(@)]P = |57 —ullZ =D oy — i + Do P = > oy
reBy

jel igl Jgl

Since the weights are arranged in decreasing order we obtain the lower estimate. [

The above result may serve as a reference to be compared with the estimate
obtained for random methods.

To proceed we shall introduce random (stochastic) methods. Stochastic methods
are considered as probabilities on the class of (admissible) deterministic methods.
Therefore the class 901,(R™) can be identified with a special Borel subset of R™
and it shall be equipped with the respecting Borel o-algebra, denoted by F (we
suppress the parameters n,m). Any probability P on [9,(R™), F] will be called
a Monte Carlo method on 91,(R™). This approach is equivalent to the following
(more intuitive) procedure. One chooses any n-subset I of {1,...,m} at random,
further weights ¢ = (¢q,..., ¢, ) are randomly chosen and the composition uy .(z) =
2 jer€i%; gives our random method in 90,(R™). We shall however provide an
optimal method, which only chooses the set I of indices at random.

It is well-known that the mapping (u,z) — u(z) is product measurable (where
B is equipped with the Borel-o-algebra, too), cf. [Mat92]. The error of any
random method P on [9,(R™),F]is defined as usual by

1/2
(57, P,o) = [ 157() - w(@)aP(w)
at any specific element z € B}*, whereas
1/2
(57,2, By i= sup ( [157(2) ~ u(e)dP(w)
T€B®

characterizes the overall quality of P. We shall look for an optimal method P
minimizing the above quantity, i.e.,

e (7, Ma(R™), B) := inf {e(S7", P, B*), P a probability on M, (R™)} .
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It has been proven by the author [Mat92] that under the above assumptions the
Monte Carlo error e™(57,9,(R™), B") is equal to the average-case error

P

(1) ™9 (ST, M (R™), B 1= sup {e(S7", M (R™), ), p(By) =1}

Here 1 is any Borel probability on B;* and

e(S™, M, (R™), ) := in { (/ 1S™(2) — u(z)]zdu(x)> R sm,,(Rm)}

denotes the p-average-case error. Any probability 4 maximizing the right-hand side
in (1) is said to be least favorable.

The aim of this section is the description of both the optimal random methods
P and least favorable distributions u for the problems S™ on B, 1< p<oo.

Let us start with a result for S7* in case p = 1, similar to the example treated in
[Mat92].

Theorem 1. For any 1 < n < m we have

(1)

1/2
e’"°(5;",m,,(R'"),B;"):ma,x{<§}§—_—"_—2> , h=n+1,... ,m}.
i=1 %

(2) As a spectal case we have

eme(S™, M, (R™), B = | 2=

m

Proof: We will prove the equality in (1) by a reduction of the above summation
problem to the case of the example treated in [Mat92]. The reader is referred to
the computation carried out there. We know from [Mat92, Thm. 5] that a least
favorable distribution p for the average-case may be chosen to sit at the extreme
points {+ey,...,ten} of BT, where e, ..., e, denotes the unit vector basis in R™
i.e., p is of the form

B = Z (ajéej + :31'6—63') s

j=1

for some «;,4; > 0, 37 (e + ;) = 1. For such p and any method

ZL(J,') = ZX](j)Cjil)j, T € R™

j=t
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we can compute the error

(S = [187(2) ~ u(o)du()
= Y (o5 +B)loy — xi1(5)es1
j=1
= > viloi = xi(G)e;l?
j=1
with v; = @; + 8;, j=1,...,m. It is easy to see that for any (7;)f~, and choice

of I the above expression is minimized with respect to (¢;)jer if ¢; := 05, j €I
hence

e(57, Ma(R™), p)?

inf {ivjaf(l —x1(7)), card(l) = n}

(2) = inf {i'yjaf(lv— &), & €Ao, 1}ai§j = n}

= &Z+1(D,,, ru’)

with @2, ,(D,, 1) as in [Mat92, equation 21]. The shift from n — n + 1 results from
the different definition of the quantities. Thus we have carried out the reduction
process and can rely on the result proved in [Mat92]. O ‘

Remark 1. The second statement in the theorem can be proven directly, proceeding
after (2). Moreover, an optimal random method is obtained by a uniform choice of
n-sets I out of {1,...,m} and equal weights ¢; = --- = ¢,, = 1. A least favorable
distribution p is the uniform distribution on {%e,,...,+e,}.

Now we are prepared for the main result of this section. Considerations will
henceforth be restricted to the case S™, since no solution is available for the general
case.

Theorem 2. For any 1 < n < m we have
(1) ege(s™, m,(R™), BY) = 1 =

(2) An optimal Monte Carlo method for the above problem is obtained by a
uniform choice of n-sets I out of {1,...,m} and equal weights
m
Co =CL =7+ = Cpy = ——F———.
=

Proof: We shall prove the upper bound by computing the error of the method
described in (2). The case n = 1 shall be omitted since it is easier to handle. Solet us
fix 2 < n < m. The uniform choice of n-sets I can be characterized as a probability
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p on ‘B(n), the collection of all n-subsets of {1,...,m},i.e., p= (,}‘—) > resp(n) 01+ Let

us consider the error of the random method P, obtained from p by

p(I) ife=ce
P(ur.) = : .
(ure) {0 i ¢ # Con

Given any z € BT we calculate

e(S™, P,z)? = Z |Z$: Coo D
Iem(n) j=1 jel
- (m T 13 (0 - coxi D
IeP(n) j=1
= Z wal(l cooX1(k))(1 = ceoxr (1))
IE&B(n)kl-—
_ ng T (- ex()
Ie‘JJ(n)
+ Zmz( ™ Y (1= caoxr(B))(1 = cooxs(l))
k#l IeP(n)

S, (i) I (i

2k (HC‘” Mt <'::>) |
) 3 (25)

+ gmkx( <1—2cc>o ( ) +c (m) )

(3) _ ]|z||§(l—2coo—%+c m)—l—zzkx,(l et bl _@:_1)_)

pe “m(m—1)

It is easy to check that 1 — 2co2 + 2 nrol) = g oand 1 - 2000 + 22 =

oo m(m—1)
——2 . Thus we obtain
(1+ n m—nl))

m

m—

mi/?

(4) e(Sm’P’BOTZ) = T/ S8up “:1;”2
1+ /222D jalle =1

(5) = ——,
=

which completes the proof of the upper estimate.
We turn to the lower estimate and shall construct a probability p on {+1,—1}™ €
BT, which provides the p-average-case error

e(S™, M. (R™), 1) = .
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This probability will turn out to be a mixture of probabilities y*,/ = 0,...,m
which themselves are uniform distributions on all vectors z € {+1, —1}™, satisfying
Z;»":l z; = m—2l,1i.e., exactly [ of their components are equal to —1. The following
lemma describes properties of these measures and can be proven by straightforward
computation.

‘Lemma 1. For any choice of m and l = 0,..., m we have

(1)
-2 )
/:cjdp, (z) = — j=1,...,m,

(2)
/ (@) {1 ifj=k
T; TRl \T) = m—20)2-m n, .
! : % Jfi#Fk

(3) For any method w(x) = 3 ;c;cjzj, @ € R™ we have

e(Sm u, 4 )2 — (m__2l)2 2(m 21)22 ] % (ZC])

JjeI jer
(m~21)2—m) )
R R D2
m(m — 1) ]26; J

Observe that e(S™,u, u*)? = e(S™,u, u™_,)?. Using the above identities we con-

struct the desired p as follows. Put g := \/% and w := 1+ﬁ Let (wi)y,ws >
0,> 1%, w; = 1 be chosen such that '

Zw,(m -20)? = w.
=0
This is possible since 0 < w < m?. Having fixed such choice of (w;)-, let p be
defined as
= Z ’U)“U,;n.
=0

Let us now fix any method u;, € M,(R™) and ;;ut s = Z].E, ¢j. We conclude,
using topic (3) of Lemma 1 that

e(S™ u,pu)? = 2 wie(S™, u, u*)?

B w_2_w sz(w—m) m? — w .2
B m(m — 1) m(m—l)z

3

To minimize this with respect to the choice of u € 9,(R™) we can sequentially
minimize over (c;);,, for fixed s and I, choices of I,card() < n and choices of s
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and arrive at

Y

(5™ &), 2 int {w - 20— (ufn - 1)+ m(m - )}

m  mn(m—1)
2

mn—-1)+(m-n)(1+6) , }
m2n(m — 1)

= winf{l— s+
s m

- w (1 ~ 1)%”(1,7:_1)7;)(1 T ﬁ)>

W 3 n(m — 1)
T 148 (Hﬂ (m—n)+1"i-"—i))'

148
Since B2 -1 = %"_—’:l we obtain
m m w
e(S ’mn(R )a ) 22— +,6
which proves the lower bound. Moreover we can see, that the lower bound is attained

for any method u(z) = ¢ ;c;2; wherec = £ = +\/TTF' O

Another look at the proof of the foregoing Theorem Q_gives rise to

Corollary 1. For 2 < g < 0o we have for 1 <n<m
eme (5™, M (R™), B") =

1 -n

where this bound is attained with the same method as described in topic (2) of
Theorem 2.

Proof: A look at the proof of the upper bound in Theorem 2, see equation (3) gives
an individual error for the method P,

e(S™, Poo, z) = ||z|| (——7-”1/2——) .
1+

Thus, analogously to (4) we have

ml/? mtild
e g
To prove the lower bound define T, : R™ — R™ as

T,(z):=m Y1z, zeR™.

e(S™, Poo, B) =

It is easily seen that ||T; : I} — {™|| = 1. Let p be any least favorable distribution
for BZ and put p, := po Tq‘l, be the image distribution of p under 7},. Hence
p(B7) = 1 and we have for any method u € MM, (R™)

e(S™,u, py) = m™%(S™, u, p),
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from which the proof can be completed. [

We turn to the optimal error for $™ on balls B*, 1< p < 2. We are, however,
not able to compute the exact error, as done before, but we can provide an estimate
which reflects the right asymptotics with respect to m,n € N. The inherent difficulty
in case 1 < p < 2 can be seen from equation (3) and

sup [lzfl =4 1Ep22
p llzll. =
lello=t o \mMEUr 2<p< oo

Given two functions f,g : N X N — R the asymptotics f < g means that there are
constants 0 < ¢ < C' < oo, such that c¢f(m,n) < g(m,n) < C f(m,n),m,n € N.

Theorem 3. Let 1 < p < 2. Then we have for 1 <n < m

(1)

m-—n
n+ (m —n)m=2/r"

eme(S™, M, (R™), BI) < \/

(2) An almost optimal Monte Carlo method P, is obtained from uniform sam-
pling of I € P(n) with weight c, =

m
n+(m-n)m=-2/¢""

Remark 2. The extremal cases p = 1,2 can be compared with the results in (2) of
Theorem 1. and Corollary 1.

Proof (of the theorem): We shall start with the individual error, computed in (3),
which represents the error of any method P, consisting of uniform samphng and
weighting with equal weight ¢. Hence

o G m2 _ o 2 M(m —n) - o czﬂn_;_l)_
(57, B By)" = sup A llellelr =Sy (Z :) ( e T m(m—l))

l=ll,=
( ) m 2 2
n(m-—n n
< sup < |lz]l3——+ z; (1 - c—-—>
|l =1 m? ; ! m

If we substitute the value of ¢, and observe that | Y72, ;| < mt?, x € B we
obtain the upper estimate.

To prove the lower estimate we have to choose an almost least favorable distribu-
tion on B}*, appropriately. So, let y; be the uniform distribution on {£e,,...,%en}
and p2 be the two-point distribution on e = m~'/?(1,...,1) and —e. Thus p,; and
1o are concentrated on By Further, let w := m2+(m"§ ATy hence 0 < w < 1.
Finally define p := wpyy + (1 — w)po.



10 PETER MATHE

To estimate the error with respect to this measure p choose any method u(z) =
Y jerciz; and let s := 3 .. c;. We have

e(S™ u,p)? = we(S™ u,p)? 4 (1 —w)e(S™, u, ps)?

E(7&—23-1—ch?) +w(m—n)+1—w(m2—2sm+sz).

m m melp

Minimizing sequentially over (c;
and choices of s we arrive at

2 —— —
e(S'",u,u)zziI}f{%(l—fl—) pol gl “’(m-s)ﬁ}.

);er for fixed s and I, choices of I,card(]) < n

m ma2/p

This is minimized at s = ——2%—— hence ¢, := % as stated in (2) in the
n+(m—n)m-2/p""? p n )
formulation of the theorem. The choice of such c,, denote the respective method

by u, for a moment, provides the error

m-n
(n+ (m —n)m=2/7")"

m \ m-—n 1
= 2
e(S™, up, 1) (2—m=2P")(n+ (m —n)m=2r") = 2

d

3. APPLICATIONS TO MONTE CARLO INTEGRATION

In this section we are going to apply the results of Section 2 to the simplest
integration problem Int : C(0,1) — R with Int(f) := fol f(t)dt, fe C(0,1). This
is natural, since one can expect that for large m the functionals 5™ tend to Int.
The class of possible (deterministic) methods shall be

m, (C(0,1)) := {icjéfj, c; €R,& € (0, 1)} ,

i=1

which means, that any v € 9, (C(0,1)) , which is of the form u = Y7_, ¢;6,
acts as u(f) = Y7-, ¢ f(&), f € C(0,1). One can prove that 9, (C(0,1)) is a
Borel set in the space of finite measures on (0, 1), equipped with the weak topology.
According to the definition in [Mat92] any probability P on 91, (C(0,1)) will be
called a Monte Carlo method, the error of which on B(0,1), the unit ball of C(0,1)
in the supremum norm || f||e := maxXsepo,11|f(t)| will be defined as

1/2
e(Int, P, B(0,1)):= sup { [ |Int(f)— u(f)|*dP(u)
[Iflleo=1

and
e™*(Int, M, (C(0,1)), B(0,1)) := inf {e(Int, P, B(0,1)), P(M,(C(0,1)))=1}.

With the above notation we can state
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Theorem 4. For every n € N we have

1
1++n
An optimal Monte Carlo method can be chosen to be of the form P, := ¢, Z;.':l b¢,
where (fj);':l is an independent uniformly distributed sample in (0,1) and ¢, =
1

n+/n’
Proof: P, is clearly a Monte Carlo method on 9, (C(0,1)). It provides an error at

f € B(0,1)

e™(Int, 90, (C(0, 1), B0, 1) =

Il

e(Int, P,, f)? / . / [In8(f) = en D F(§)Idér - 6o

(6) = (1 -=2nc, +n(n—1)c2) | Int(f)|* + nc Int( f?).
Since ¢, is chosen satisfying 1 — 2nc, + n(n — 1)cZ = 0 we arrive at

1
14+ /n

It remains to prove ﬁ to be a lower bound. Roughly one could think of R™ to be
mapped to a space of step functions, z € R™ — 370, T X(izk, Ly- Such a mapping
would easily lead to the desired lower bound. However, since step functions are not
continuous we shall make use of a pertubation argument. To this end, given any
0<e< % let ¢, € C(0,1) be a piecewise linear continuous function, defined as

e(Int, P,, B(0,1)) = v/nc, =

,0<t<e
,e<t<l—¢.
=t 1-e<t<1

€

‘Pe(t) =

= O e

Given m € N let
fi®):=p(mt—-j+1), t€l0,1],7=1,...,m

be a family of m continuous functions with almost disjoint support, supp f; =
[L=1, L]. Further we define 7™ : R™ — C(0,1) by

T (z) = ijfj, reR™.
j=1
It is clear that T]" is linear and ||77" : I — C(0,1)|| = 1. Moreover one has

1 — .
Int oT™ = 8.5"",
m
and, if v € M, (C(0,1)), then u o T/™ meets at most n coordinates, thus v o T™ €

M, (R™).
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Now, given any distribution ¥™ on BT put u™ := v™ o (T™)™", the image of v™
under 77*. The above arguments imply, given any method u € 9, (C(0,1)),

e(Int,u,u) = e(IntoT/”,uo T, v™)

1-—-
8™ wo T™, u™).

= ¢
Consequently,

9 (Tnt, MM, (C(0, 1)), B(0,1)) > e**9(~—=5™ 90, (R™), B

= L=Coma(gm om,(R™), BT),
m

for any m and ¢ < % Thus
e®9(Int, M, (C(0,1)),B(0,1)) > sup —%e“””(sm,ﬁﬁn(Rm),ng)

1
= sup ———

1
147’
which completes the proof of the theorem. O

It seems worth to discuss some of the properties of the Monte Carlo method P,,
constructed above.

First, notice that the sequence of distributions u can always be chosen to be
symmetric. This implies that the linear method constructed in the proof above is
optimal among all affine methods u of the form u(z) := a + 3";c;¢; f(&5), f €
B(0,1). To see this, take any u of the above form, v = a + uo,uo € M, (C(0,1))
and compute

1) —u(DPders)

[ 11005 =ua( F)=alaur ()

[ 118t(=P)=ua(= ) =aPauz(£)

_ /IInt(f)—uO(f)—aiz+2|Int(—f)—Uo(—f)~ai du™(f)

J11(5) = wo( 1) Pau(f) +

which is minimized for ¢ = 0. Secondly, a look at the optimal Monte Carlo method
P, described in Theorem 4. shows that it is biased. Precisely,

Int( f).

n

/ u(NdPa(w) = nea Int(f) = 7=

This is a “slight” underestimation, while the usual “crude” Monte Carlo method
(with & = 3) is unbiased.
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Finally, let us mention, that the same optimal Monte Carlo error as stated in
Theorem 4 is obtained for continuous functions on the s-dimensional unit cube
[0, 1]°, thus reproving the independence of the dimension.
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