Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Exact controllability on a curve for a semilinear parabolic equation

Dietmar Hömberg^1, Masahiro Yamamoto^2

submitted: February 1, 2006

1 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstr. 39 10117 Berlin Germany E-Mail: hoemberg@@wias-berlin.de

2 Department of Mathematical Sciences The University of Tokyo 3-8-1 Komaba Meguro Tokyo 153-8914 Japan E-Mail: myama@@ms.u-tokyo.ac.jp

No. 1097 Berlin 2006

W I A S

2000 Mathematics Subject Classification. 93B05, 80A22, 35K55.

Key words and phrases. Exact controllability, parabolic equation, laser material treatment. D. Hömberg has been supported partially by DFG Research Center Matheon “Mathematics for key technologies” in Berlin. M. Yamamoto has been partly supported by Grant 15340027 from the Japan Society for the Promotion of Science and Grant 17654019 from the Ministry of Education, Cultures, Sports and Technology.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract. Motivated by the growing number of industrially important laser material treatments we investigate the controllability on a curve for a semilinear parabolic equation. We prove the local exact controllability and a global stability result in the twodimensional setting. As an application we consider the control of laser surface hardening. We show that our theory applies to this situation and present numerical simulations for a PID control of laser hardening. Moreover, the result of an industrial case study is presented confirming that the numerically derived temperature in the hot-spot of the laser can indeed be used as set-point for the machine-based process control.

1. Introduction and main result

In this paper we investigate the controllability on a curve for a semilinear parabolic equation. Our research is motivated by an application related to thermal laser material treatments like hardening or coating. The new generation of laser heat treatment equipments usually includes a device for process control. Its mode of operation is shown in Figure 1. While the laser moves along the workpiece surface, the temperature u_{hs}(t) in the hot-spot of the laser beam is measured by a pyrometer. A PID-controller is employed to adjust the laser power p(t) to approximate a desired set-point temperature h(t).

Figure 1. Pyrometer process control of laser surface hardening.

In many applications it suffices to choose the set-point temperature as a constant below the melting temperature of the respective workpiece material. However, recently we have shown that in case of workpieces with varying thickness or with cavities below the surface a constant set-point temperature is not sufficient to achieve a uniform penetration depth of the laser beam. In [4] we have shown that it is much more favourable to keep the temperature constant on a curve inside the workpiece in a fixed distance from the workpiece surface penetrated by the laser beam.

To fix the mathematical setting we assume the workpiece Ω ⊂ R^2 to be a bounded domain with smooth boundary ∂Ω. The evolution of temperature u is described by the semilinear heat equation

∂_tu(x, t) = Δu(x, t) + F (u(x, t)) + p(t)G(x, t), in Ω × (0, T ),

(1.1a) u(x, 0) = 0, in Ω,

(1.1b) ∂u ∂ν (x, t) = 0, on ∂Ω × (0, T ).

(1.1c)

Here, all physical constants have been normalized. As in [2] we assume the laser energy to be absorbed volumetrically, modelled by the term p(t)G(x, t). Here, p(t) is the laser power, serving as our control parameter and G is the normalized intensity profile. In the case of a gas-laser the profile would be of Gaussian shape decaying exponentially with decreasing distance from the surface.

Typically, the heating induces further effects inside the workpiece, e.g. melting or solidsolid phase transitions. These in turn usually lead to a release or consumption of heat. This is modelled by the function F (u), for which we assume

(H1) For any M > 0, there exists a constant C = C_M > 0 such that | | | | d^kF dy^k

(y) − d^kF dy^k

(y^′) | | | | ≤ C^M |y − y^′|, k = 0, 1, |y|, |y^′| ≤ M.

By u_p = u_p(x, t) we denote the strong solution to (1.1a) – (1.1c) with prescribed realvalued laser power p = p(t), provided that it exists for 0 < t < t_0. Then, the mathematical formulation of laser process control reads as follows:

(P) Exact control on a curve.

Let γ(t) ∈ Ω, 0 < t < T , be a smooth curve and let h = h(t) ∈ H^1(0, T ) be a given set-point function. Then determine an input p(t) such that

u_p(γ(t), t) = h(t), 0 < t < t_0.

Inverse problems of determining t-functions in evolution equations by observation data in t are discussed in [6, Chapter 6], but our problem takes a different type of observations and requires more analysis.

The paper is organized as follows: In Section 2 we formulate and prove the main result. In Section 3 we show a global stability result. Section 4 is devoted to an application in laser surface hardening followed by a short concluding section on future research.

2. The main result

We fix θ > 0 and define an operator A in L^2(Ω) by −Au(x) = Δu(x), x ∈ Ω with D(A) = { u ∈ H^2(Ω);^{∂u}_{∂ν} = 0 on ∂Ω } . Henceforth (·, ·) and ‖·‖ denote the scalar product and the norm in L^2(Ω), respectively. Then −A generates an analytic semigroup in L^2(Ω) and the fractional power (A + θ)^α, α ∈ R, can be defined (e.g., Pazy [5]). Moreover

(2.1)

‖(A + θ)^αe^{−tA}‖ ≤ C_0t^{−α}, α > 0,

‖u‖_L∞_{(Ω)} ≤ C_0‖(A + θ)^αu‖, α > 1 2 , ‖e^{−tA}a‖_L∞_{(Ω)} ≤ C_T ‖a‖_L∞_{(Ω)}, 0 ≤ t ≤ T.

The last estimate can be seen by the fundamental solution. For the function G we assume

(H2) G ∈ C([0, T ]; D((A + θ)^γ )), α > 1 2 , γ > α + 1 2 , G(γ(t), t) ≠ 0, 0 ≤ t ≤ T.

Then we can state the first main result on the unique local existence of the control p(t). Theorem 2.1. Assume (H1) and (H2). Then we can choose small t_0 > 0 satisfying: for an arbitrary h ∈ H^1(0, t_0) with h(0) = 0, there exists a unique p = p(t) ∈ L^2(0, t_0) such that u_p ∈ C([0, t_0]; L^∞(Ω)) ∩ H^1(0, t_0; L^∞(Ω)) and

u_p(γ(t), t) = h(t), 0 ≤ t ≤ t_0, ‖p‖_L2_{(0,t0)} ≤ C(‖h^′‖_L2_{(0,t0 )} + ‖F (0)‖_L∞_{(Ω)}).

Proof.

First Step. Let T > 0 be arbitrarily fixed. For M > 0, we can choose t_0 ∈ (0, T ) such that there exists a unique solution u_p = u_p(t) to (1.1a) – (1.1c) in t ∈ (0, t_0) as long as ‖p‖_L2_{(0,T )} ≤ M. Moreover

‖u^′_p(t)‖_L∞_{(Ω)} ≤ C ( |p(t)| + 1 +

∫_t 0 (|p(s)| + 1)ds ) , 0 ≤ t ≤ t_0, ‖u_p‖_{C([0,t0];L}∞_{(Ω))} ≤ C(‖p‖_L2_{(0,t0 )} + 1).

Here and henceforth C > 0 denotes generic constants which are dependent on G, M, F , α, γ, but independent of choices of p.

The proof is done by a usual argument by the semigroup theory (Henry [1], Pazy [5]), and for completeness we will give the details. We set B(R) = {u ∈ C([0, t_0]; L^∞(Ω)); ‖u‖_{C([0,t0];L}∞_{(Ω))} ≤ R}.

Since u_p formally satisfies

u_p(t) =

∫_t 0 e^{−(t−s)A}p(s)G(s)ds +

∫_t 0 e^{−(t−s)A}F (u_p(s))ds, t > 0,

we introduce an operator K : B(R) −→ C([0, t_0]; L^∞(Ω)) defined by

(Ku)(t) =

∫_t 0 p(s)e^{−(t−s)A}G(s)ds +

∫_t 0 e^{−(t−s)A}F (u(s))ds, t > 0.

Here and henceforth we set G(t) = G(·, t), which is considered as a map from R to L^2(Ω). Let u ∈ B(R) for given R > 0. Then, by (H2), we have

‖Ku(t)‖_L∞_{(Ω)} = ‖ ‖ ‖ ∫_t 0 p(s)e^{−(t−s)A}G(s)ds +

∫_t 0 e^{−(t−s)A}F (u(s))ds ‖ ‖ ‖_{L∞(Ω)} ≤ C ∫_t 0 |p(s)|ds‖G‖_{C([0,T ];D((A+θ)}α_{))} +

∫_t 0 ‖F (u(s))‖_L∞_{(Ω)}ds ≤ C √ t_0M + Ct_0C_R.

For given R > 0, we choose t_0 > 0 sufficiently small such that C √ t_0M + Ct_0C_R < R.

(2.2)

Hence KB(R) ⊂ B(R).

(2.3) Next we will prove that K is a contraction for small t_0 > 0. Let u, v ∈ B(R). We have ‖Ku(t) − Kv(t)‖_L∞_{(Ω)} ≤ ‖ ‖ ‖ ∫_t 0 e^{−(t−s)A} ( F (u(s)) − F (v(s)) ) ds ‖ ‖ ‖_{L∞(Ω)} ≤ C_R

∫_t 0 ‖u(s) − v(s)‖_L∞_{(Ω)}ds ≤ C_Rt_0‖u − v‖_{C([0,t0];L}∞_{(Ω))}, that is, ‖Ku − Kv‖_{C([0,t0];L}∞_{(Ω))} ≤ C_Rt_0‖u − v‖_{C([0,t0];L}∞_{(Ω))}.

Therefore, if t_0 > 0 is sufficiently small, then K : B(R) −→ B(R) is a contraction. By the contraction mapping theorem, K has a unique fixed point:

u_p(t) =

∫_t 0 e^{−(t−s)A}p(s)G(s)ds +

∫_t 0 e^{−(t−s)A}F (u_p(s))ds, 0 < t < t_0

(2.4) and ‖u_p‖_{C([0,t0];L}∞_{(Ω))} ≤ R.

(2.5) Next we will estimate ‖u^′_p(t)‖_L∞_{(Ω)}. By (2.4) and (2.5), we have u^′_p(t) = p(t)G(t) −

∫_t 0 p(s)Ae^{−(t−s)A}G(s)ds + e^{−tA}F (0) + ∫_t 0 e^{−sA}F^′(u_p(t − s))u^′_p(t − s)ds, t > 0.

Therefore, by (H2), (2.5) and the Schwarz inequality, we have

‖u^′_p(t)‖_L∞_{(Ω)} ≤ C|p(t)| + C

∫_t 0 |p(s)|‖(A + θ)^{1+α−γ} e^{−(t−s)A}(A + θ)^γ G(s)‖ds + C‖F (0)‖_L∞_{(Ω)} +

∫_t 0 ‖F^′(u_p(t − s))‖_L∞_{(Ω)}‖u^′_p(t − s)‖_L∞_{(Ω)}ds ≤ C|p(t)| + C

∫_t 0 |p(s)|(t − s)^{γ−α−1}ds + C + C_R

∫_t 0 ‖u^′_p(t − s)‖_L∞_{(Ω)}ds ≤ C|p(t)| + CM ( t^{2γ−2α−1} 0 2γ − 2α − 1

)^1_2

+ C + C_R

∫_t 0 ‖u^′_p(s)‖_L∞_{(Ω)}ds, 0 ≤ t ≤ t_0.

Therefore the Gronwall inequality yields

‖u^′_p(t)‖_L∞_{(Ω)} ≤ C(|p(t)| + 1) + C

∫_t 0 (|p(s)| + 1)ds, 0 ≤ t ≤ t_0.

(2.6)

Second Step. Let t_0 > 0 be chosen in as in First Step. In this step we will estimate ‖u_p(t) − u_q(t)‖_L∞_{(Ω)} and ‖u^′_p(t) − u_q(t)^′‖_L∞_{(Ω)} for ‖p‖_L2_{(0,t0)}, ‖q‖_L2_{(0,t0 )} ≤ M. Since u_p(t) − u_q(t) =

∫_t 0 e^{−(t−s)A}(p(s) − q(s))G(s)ds + ∫_t 0 e^{−(t−s)A} ( F (u_p(s)) − F (u_q(s)) ) ds, 0 < t < t_0, by (H1), (H2) and (2.1) we have ‖u_p(t) − u_q(t)‖_L∞_{(Ω)} ≤ C

∫_t 0 |p(s) − q(s)|ds + C ∫_t 0 ‖u_p(s) − u_q(s)‖_L∞_{(Ω)}ds.

Here we note that for ‖p‖_L2_{(0,t0)}, ‖q‖_L2_{(0,t0)} ≤ M, we have bounds ‖u_p‖_{C([0,t0];L}∞_{(Ω))}, ‖u_q‖_{C([0,t0];L}∞_{(Ω))} ≤ C, so that

‖F (u_p(s)) − F (u_q(s))‖_L∞_{(Ω)} ≤ C‖u_p(s) − u_q(s)‖_L∞_{(Ω)}, 0 ≤ s ≤ t_0, by (H1). Hence the Gronwall inequality yields ‖u_p − u_q‖_{C([0,t0];L}∞_{(Ω))} ≤ C‖p − q‖_L2_{(0,t0 )}.

(2.7) Next we have u^′_p(t) − u^′_q(t) = (p − q)(t)G(t) −

∫_t 0 (p(s) − q(s))Ae^{−(t−s)A}G(s)ds + ∫_t 0 e^{−sA}F^′(u_p(t − s))(u^′_p(t − s) − u^′_q(t − s))ds + ∫_t 0 e^{−sA} ( F^′(u_p(t − s)) − F^′(u_q(t − s)) ) u^′_q(t − s))ds ≡ (p − q)(t)G(t) + I_1 + I_2 + I_3.

First, by (H2) we have

‖I_1‖_L∞_{(Ω)} ≤ C

∫_t 0 |p(s) − q(s)|(t − s)^{γ−α−1}‖(A + θ)^γ G(s)‖ds ≤ C (∫_t 0 |p(s) − q(s)|^2ds

) 1_2 (∫_t 0 (t − s)^{2γ−2α−2}ds

) 1_2 ‖(A + θ)^γ G(s)‖_{C([0,t0];L}2_{(Ω))} ≤ C‖p − q‖_L2_{(0,t0)}.

Second, by (H1) and (2.5), we have ‖I_2‖_L∞_{(Ω)} ≤ C

∫_t 0 ‖u^′_p(s) − u^′_q(s)‖_L∞_{(Ω)}ds.

Third, by (H1) and (2.5), we have |F^′(u_p(x, s)) − F^′(u_q(x, s))| ≤ C|u_p(x, s) − u_q(x, s)| for almost all x ∈ Ω and t ∈ [0, t_0]. Hence ‖F^′(u_p(s)) − F^′(u_q(s))‖_L∞_{(Ω)} ≤ C‖u_p(s) − u_q(s)‖_L∞_{(Ω)} ≤ C‖(A + θ)^αu_p(s) − (A + θ)^αu_q(s)‖.

Consequently it follows from (2.6) and (2.7) that ‖I_3‖_L∞_{(Ω)} = ‖ ‖ ‖ ∫_t 0 e^{−(t−s)A} ( F^′(u_p(s)) − F^′(u_q(s)) ) u^′_q(s))ds ‖ ‖ ‖_{L∞(Ω)} ≤ C ∫_t 0 ‖F^′(u_p(s)) − F^′(u_q(s))‖_L∞_{(Ω)}‖u^′_q(s)‖_L∞_{(Ω)}ds

≤ C‖p − q‖_L2_{(0,t0)}

∫_t 0 ‖u^′_q(s)‖_L∞_{(Ω)}ds ≤ C‖p − q‖_L2_{(0,t0)}.

Therefore

‖u^′_p(t) − u^′_q(t)‖_L∞_{(Ω)} ≤ C|p(t) − q(t)| + C‖p − q‖_L2_{(0,t0)} + C

∫_t 0 ‖u^′_p(s) − u^′_q(s)‖_L∞_{(Ω)}ds, 0 ≤ t ≤ t_0.

The Gronwall inequality yields ‖u^′_p(t) − u^′_q(t)‖_L∞_{(Ω)} ≤ C(|p(t) − q(t)| + ‖p − q‖_L2_{(0,t0)}) + C ∫_t 0 (|p(s) − q(s)| + ‖p − q‖_L2_{(0,t0)})ds, that is, ‖u^′_p(t) − u^′_q(t)‖_L∞_{(Ω)} ≤ C(|p(t) − q(t)| + ‖p − q‖_L2_{(0,t0)}) + ∫_t 0 |p(s) − q(s)|ds, 0 ≤ t ≤ t_0.

(2.8)

Third Step. By (K_0u)(t) = u(γ(t), t), 0 < t < t_0, we define a linear operator K_0 from C([0, t_0]; L^∞(Ω)) to L^2(0, t_0). Then |(K_0u)(t)| ≤ C‖u(t)‖_L∞_{(Ω)} ≤ C_1‖(A + θ)^αu(t)‖

(2.9) by α >^1_2 . For a given h ∈ H^1(0, t_0), let p ∈ L^2(0, t_0) satisfy

h(t) =

∫_t 0 p(s)K_0(e^{−(t−s)A}G(s))ds +

∫_t 0 K_0(e^{−sA}F (u_p(t − s)))ds, 0 < t < t_0.

(2.10)

Then for this p, we can directly verify that u_p(t) satisfies u_p(γ(t), t) = h(t), 0 < t < t_0.

(2.11) Differentiating (2.10) with respect to t, we obtain h^′(t) = p(t)(K_0G)(t) +

∫_t 0 p(s)∂_tQ(t, s)ds + K_0(e^{−tA}F (0)) + ∫_t 0 K_0(e^{−sA}F^′(u_p(t − s))u^′_p(t − s))ds, 0 < t < t_0.

(2.12)

Here and henceforth we set Q(t, s) = K_0(e^{−(t−s)A}G(s)), 0 < s < t < t_0.

Then we have ∂_tQ(t, s) = −K_0(Ae^{−(t−s)A}G(s)), 0 < s < t < t_0. Therefore |∂_tQ(t, s)| ≤ C‖(A + θ)^αAe^{−(t−s)A}G(s)‖ ≤ C‖(A + θ)^{1+α−γ} e^{−(t−s)A}(A + θ)^γ G(s)‖ ≤ C(t − s)^{γ−α−1}‖(A + θ)^γ G(s)‖_{C([0,t0];L}2_{(Ω))}, 0 < s < t < t_0, so that |∂_tQ(t, s)| ≤ C(t − s)^{γ−α−1}, 0 < s < t < t_0

(2.13) by (H2). Again by (H2), we can define an operator L defined in L^2(0, t_0) by

(Lp)(t) = −1 (K_0G)(t) {∫_t 0 p(s)(∂_tQ)(t, s)ds

+ ∫_t 0 K_0{e^{−sA}(F^′(u_p(t − s))u^′_p(t − s))}ds } , 0 < t < t_0.

(2.14)

We set U_{M1} = { p ∈ L^2(0, t_0); ‖p‖_L2_{(0,t0)}

≤ ‖ ‖ ‖ h^′ − K_0(e^{−tA}F (0)) K_0G ‖ ‖ ‖_{L2(0,t0 )} + 1 ≡ 2M^1 + 1 } . (2.15)

Then, for sufficiently small t_0 > 0, we will prove that LU_{M1} ⊂ U_{M1} .

(2.16) Proof of (2.16). Let p ∈ U_{M1} . Then, by (2.5) and (2.6), we can choose constants t_0 > 0 and R_1 > 0 such that ‖u_p‖_{C([0,t0];L}∞_{(Ω))} ≤ R_1

(2.17) and ‖u^′_p(t)‖_L∞_{(Ω)} ≤ C(|p(t)| + 1) + C

∫_t 0 (|p(s)| + 1)ds, 0 ≤ t ≤ t_0.

(2.18) By (2.1) and (2.13) we have

|Lp(t)| ≤ C

∫_t 0 |p(s)| · |∂_tQ(t, s)|ds + C

∫_t 0 ‖F^′(u_p(t − s))‖_L∞_{(Ω)}‖u^′_p(t − s)‖_L∞_{(Ω)}ds ≤ C ∫_t 0 |p(s)|(t − s)^{γ−α−1}ds + C

∫_t 0 ( max |η|≤R_1

|F^′(η)| ) ‖u^′_p(s)‖_L∞_{(Ω)}ds.

The Schwarz inequality, (H2) and (2.18) yield

|Lp(t)| ≤ C (∫_t 0 |p(s)|^2ds

) 1_2 ( t^{2γ−2α−1} 0 2γ − 2α − 1

)^1_2

+ C ∫_t 0 { |p(s)| + 1 + (∫_s 0 (|p(ξ)| + 1)dξ )} ds ≤ Ct^{γ−α− 12}

0 + Ct^{12}_0 , 0 ≤ t ≤ t_0.

Hence

‖Lp‖_L2_{(0,t0 )} ≤ C(t^{γ−α− 12}_0 + t^{12}_0 ),

so that if t_0 > 0 is sufficiently small such that

C(t^{γ−α− 12}

0 + t^{12}_0 ) ≤ 2M_1 + 1,

then Lp ∈ U_{M1} . Thus the proof of (2.16) is complete.

Next we will prove that L : U_{M1} −→ U_{M1} is a contraction if t_0 > 0 is sufficiently small.

Let p, q ∈ U_{M1} . First by (2.13) and the Schwarz inequality, we obtain | | | | ∫_t 0 p(s)∂_tQ(t, s)ds −

∫_t 0 q(s)∂_tQ(t, s)ds | | | | ≤ C

∫_t 0 |p(s) − q(s)|(t − s)^{γ−α−1}ds

≤ C‖p − q‖_L2_{(0,t0)} ( t^{2γ−2α−1} 0 2γ − 2α − 1

)^1_2 . Second | | | ∫_t 0 { K_0(e^{−sA}F^′(u_p(t − s))u^′_p(t − s)) − K_0(e^{−sA}F^′(u_q(t − s))u^′_q(t − s)) } ds | | |

= | | | | | ∫_t 0 K_0(e^{−sA}F^′(u_p(t − s))(u^′_p(t − s) − u^′_q(t − s)))ds

+ ∫_t 0 K_0e^{−sA} ( F^′(u_q(t − s)) − F^′(u_q(t − s))u^′_q(t − s) ) ds | | | | ≤ C ∫_t 0 ‖F^′(u_p(s))‖_L∞_{(Ω)}‖u^′_p(s) − u^′_q(s)‖_L∞_{(Ω)}ds + C ∫_t 0 ‖F^′(u_q(s)) − F^′(u_q(s))‖_L∞_{(Ω)}‖u^′_q(s)‖_L∞_{(Ω)}ds.

By (2.17) and (H1) we have ‖F^′(u_p(s))‖_L∞_{(Ω)} ≤ C and

‖F^′(u_p(s))−F^′(u_q(s))‖_L∞_{(Ω)} ≤ C‖u_p(s)−u_q(s)‖_L∞_{(Ω)} ≤ C‖(A+θ)^αu_p(s)−(A+θ)^αu_q(s)‖.

Hence by (2.7) and (2.8) | | | | ∫_t 0 K_0e^{−sA}(F^′(u_p(t − s))u^′_p(t − s) − F^′(u_q(t − s))u^′_q(t − s))ds | | | | ≤ C ∫_t 0 ‖u^′_p(s) − u^′_q(s)‖_L∞_{(Ω)}ds + C

∫_t 0 ‖(A + θ)^αu_p(s) − (A + θ)^αu_q(s)‖ds ≤ C ∫_t 0 ( |p(s) − q(s)| + ‖p − q‖_L2_{(0,t0)} +

∫_s 0 |p(ξ) − q(ξ)|dξ ) ds + Ct_0‖p − q‖_L2_{(0,t0)} ≤ C √ t_0‖p − q‖_L2_{(0,t0 )}.

(2.19)

Consequently

|Lp(t) − Lq(t)| ≤ C(t^{γ−α− 12}_0 + t^{12}_0 )‖p − q‖_L2_{(0,t0 )}, 0 ≤ t ≤ t_0, that is, L is a contraction from U_{M1} to U_{M1} for small t_0 > 0. Thus for h ∈ H^1(0, t_0), there exists a unique p ∈ L^2(0, t_0) such that (2.12) holds. Since h(0) = 0, by integrating (2.12) over (0, t), we see that this p satisfies (2.10). Thus the proof of Theorem 2.1 is complete.

3. A global stability result

We discuss the global stability provided that u_p, u_q exist in t ∈ (0, T ) and satisfty a priori bounds:

(3.1) { ‖u_p‖_{C([0,T ];L}∞_{(Ω))}, ‖u_q‖_{C([0,T ];L}∞_{(Ω))} ≤ M,

‖p‖_L2_{(0,t0 )}, ‖q‖_L2_{(0,t0 )} ≤ M.

Theorem 3.1. We assume that (3.1) holds and (p, u_p), (q, u_q) satisfy u_p(γ(t), t) = h(t), u_q(γ(t), t) = j(t), 0 < t < T.

Then there exists a constant C > 0 such that ‖p − q‖_L2_{(0,T )} ≤ C‖h^′ − j^′‖_L2_{(0,T )}.

Proof. By (H1), (2.4) and (3.1), similarly to (2.6), we can prove ‖u^′_p(t)‖_L2_{(0,T ;L}∞_{(Ω))}, ‖u^′_p(t)‖_L2_{(0,T ;L}∞_{(Ω))} ≤ C_M .

(3.2) Since (p, u_p) and (q, u_q) satisfy (2.12), we have

(p(t) − q(t))(KG_0)(t) = h^′(t) − j^′(t) −

∫_t 0 (p(s) − q(s))∂_tQ(t, s)ds − ∫_t 0 K_0e^{−sA}(F^′(u_p(t − s))u^′_p(t − s) − F^′(u_q(t − s))u^′_q(t − s))ds.

Similarly to (2.7), (2.8) and (2.19), we can obtain | | | | ∫_t 0 K_0e^{−sA}(F^′(u_p(t − s))u^′_p(t − s) − F^′(u_q(t − s))u^′_q(t − s))ds | | | | ≤ C (∫_t 0 |p(s) − q(s)|^2ds

) 1_2 , 0 ≤ t ≤ T.

(3.3)

By (H2), (2.3) and (3.3) we can estimate to obtain

|p(t) − q(t)| ≤ C|h^′(t) − j^′(t)| + C

∫_t 0 |p(s) − q(s)|(t − s)^{γ−α−1}ds + C (∫_t 0 |p(s) − q(s)|^2ds

) 1_2

≤ C|h^′(t) − j^′(t)| + C (∫_t 0 |p(s) − q(s)|^2ds

) 1_2 , 0 ≤ t ≤ T.

Therefore squaring the both hand sides and applying the Gronwall inequality, we obtain

|p(t) − q(t)|^2 ≤ C|h^′(t) − j^′(t)|^2 + C

∫_t 0 |h^′(s) − j^′(s)|^2ds, 0 ≤ t ≤ T.

Thus the proof of Theorem 3.1 is complete.

4. An application: laser surface hardening

In laser surface hardening the heating induces phase transitions inside the workpiece that subsequently lead to a hardening of the penetrated surface layers. A simple way of describing this phenomenon is to keep track of the growth of the high-temperature phase austenite assuming that it will be transformed completely to the hard phase martensite upon cooling.

The corresponding mathematical model is ∂_tu = Δu − ∂_ta + p(t)G(x, t) in Ω × (0, T )

(4.1a)

∂_ta = f(u, a) := 1 τ(u) [ a_{eq}(u) − a ] + in Ω × (0, T )

(4.1b)

a(x, 0) = 0, in Ω

(4.1c) u(x, 0) = 0, in Ω

(4.1d) ∂u ∂ν (x, t) = 0, in ∂Ω × (0, T ).

(4.1e)

Here, F (u) = −∂_ta describes the consumption of latent heat during the growth of austenite, τ is a time constant and [x]_+ = max{x, 0} the positive part function. The equilibrium volume fraction a_{eq} is monotone and satisfies a_{eq}(x) = 0 for x < A_s and a_{eq}(x) = 1 for x > A_f , where A_s and A_f are the threshold temperatures for the beginning and the end of the transformation. Hence the austenite volume fraction increases during heating until it reaches some value ã ≤ 1. During cooling we have a_t = 0, and the value ã is kept. In [3, Lemma 2.2] we have shown that for any temperature evolution u ∈ L^2(Q) (4.1b) – (4.1c) admits a unique solution a. After regularizing the positive part function we may assume that f as defined in (4.1b) is differentiable with bounded partial derivatives^{∂f}_{∂u} ,^{∂f}_{∂a} . Then it is a standard application of Gronwall’s lemma to infer

|∂_ta_1(x, t)| − ∂_ta_2(x, t) ≤ c_1 ( |u_1(x, t) − u_2(x, t)| +

∫_t 0 |u_1(x, ξ) − u_2(x, ξ)| dξ )

|∂_{tt}a_1(x, t)| − ∂_{tt}a_2(x, t) ≤ c_2 ( |∂_tu_1(x, t) − ∂_tu_2(x, t)| + |u_1(x, t) − u_2(x, t)| + ∫_t 0 |u_1(x, ξ) − u_2(x, ξ)| dξ ) .

Here a_1, a_2 are the solutions to (4.1b) – (4.1c) corresponding to u_1, u_2, respectively. Using these estimates instead of (H1) it is possible to recover Theorems 2.1 and 3.1.

As a numerical example we consider the surface hardening of a workpiece with rectangular cavity (cf. [4]). Figure 2 depicts the result of a numerical simulation of (4.1a) – (4.1e) with constant laser power p(t) ≡ p_0 and constant velocity. On top, the temperature in the

Figure 2. Uncontrolled case: Temperature in hot-spot of the laser beam (top) and resulting fraction of austenite (bottom).

hot-spot of the laser on the surface is described. Below, one can see the resulting austenite fraction a(T ) which we assume to coincide with the hardened zone. The situation shown in Figure 2 is unfavourable for two reasons. The high temperature above the cavity and at the end of the workpiece will lead to an undesired surface melting. Moreover, the through-hardening above the cavity will foster fatigue effects and eventually lead to crack formation.

In [4], we have shown that a way to obtain a uniform hardening depth is to control the temperature to be constant about one millimeter from the quenched end close to the lower boundary of the desired hardening strip. Theorems 2.1 and 3.1 show that it is indeed possible to control the temperature in such a way and thus provide a theoretical basis for this approach.

We define a corresponding curve γ(t) and compute a solution to (4.1a) – (4.1e) where the laser power at timestep t_{i+1} is derived using a standard PID algorithm, i.e.,

e(t_i) = h(t_i) − u(γ(t_i), t_i)

(4.2a)

p(t_{i+1}) = k_1e(t_i) + k_2

t_i∫

t_0

e(t) dt + k_3ė(t_i).

(4.2b)

Here, h is the given constant set-point temperature, and the resulting laser power at time t_{i+1} is the sum of a term proportional to the error between actual and set-point temperature, its integral and its derivative, which explains the name PID algorithm.

Figure 3. Controlled case: Temperature T_{hs} in hot-spot of laser beam and T_sub close to lower end of desired hardening depth (top). Resulting austenite fraction (bottom).

On top of Figure 3 the temperature T_{hs} in the hot-spot of the laser beam and the controlled temperature T_{sub} are depicted. Obviously, the PID algorithm works very well. The figure below shows that the desired constant hardening depth has been achieved. From practical point of view the non-constant temperature T_{hs} should be suitable as the setpoint temperature for the machine-based control illustrated in Figure 1.

Figure 4. Result of a hardening experiment utilizing the computed temperature T_{hs} as set-point for the machine-based control (Courtesy of Photon Laser Engineering, Berlin, Germany).

Figure 4 shows the result of a corresponding experiment. The resulting hardening strip is nearly constant. Especially the dangerous situation of a through-hardening above the cavity does not occur.

5. Concluding remarks

In the present paper we have investigated the controllability on a curve for a semilinear parabolic equation. This problem is of particular importance for laser material treatments. Unfortunately, our analysis so far is limited to the twodimensional case. An extension to the 3D case requires further regularity analysis of the state equation.

From numerical point of view the PID algorithm in combination with a finite element solver for the state equations works very well. However, another challenging direction of further research is convergence analysis for this numerical strategy.

References

[1] Henry, D., Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathematics 840, Springer, Berlin, 1981.

[2] Mazhukin, V.I., Samarskii, A.A., Mathematical modeling in the technology of laser treatments of materials, Surveys Math. Indust. 4 (1994) 85–149.

[3] Hömberg, D., Volkwein, S., Control of laser surface hardening by a reduced-order approach using proper orthogonal decomposition, Math. Comput. Modelling 38 (2003) 1003–1028.

[4] Hömberg, D., Weiss, W., PID-control of laser surface hardening of steel, IEEE Trans. Control Syst.

Technol, to appear.

[5] Pazy, A., Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer, Berlin, 1983.

[6] Prilepko, A.I., Orlovsky, D.G. and Vasin, I.A., Methods for Solving Inverse Problems in Mathematical Physics, Marcel Dekker, New York, 2000.