Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Fractional-Splitting and Domain-Decomposition Methods for Parabolic Problems and Applications

Daoud S. Daoud^1 and Jürgen Geiser^2

submitted: 30th January 2006

1 Department of Mathematics

Eastern Mediterranean University Famagusta North Cyprus Via Mersin 10 Turkey E-Mail: daoud.daoud@emu.edu.tr

2 Weierstrass Institute for Applied Analysis and Stochastics Mohrenstrasse 39 D-10117 Berlin Germany E-Mail: geiser@wias-berlin.de

No. 1096 Berlin 2006

W I A S

2000 Mathematics Subject Classification. 80A20 80M25 74S10 76R50 35J60 35J65 65M99 65Z05.

Key words and phrases. Numerical simulation. Operator-Splitting Methods. Domain- Decomposition, Parabolic Partial Differential Equations, Convergence Analysis, Error Analysis.

2003 Physics Abstract Classifications. 02.60.Cb 44.05.+e.

This work has been supported by the DFG Research Center Matheon – ”Mathematics for key technologies” (FZT 86) in Berlin.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

In this paper we consider the first order fractional splitting method to solve decomposed complex equations with multi-physical processes for applications in porous media and phase-transitions. The first order fractional splitting method is also considered as basic solution for the overlapping Schwarz- Waveform-Relaxation method for an overlapped subdomains. The accuracy and the efficiency of the methods are investigated through the solution of different model problems of scalar, coupling and decoupling systems of convection reaction diffusion equation.

1 Introduction

We motivate our studying on complex models with coupled processes, e.g. transport and reaction-equations with nonlinear parameters. The ideas for these models came from the background of the simulation of heat transport in engineering apparatus, e.g. crystal-growth, cf. [12], or the simulation of chemical reaction and transport, e.g. in bio-remediation or waste disposals, cf. [10]. In the past many software-tools have been developed for multi-dimensional and multi-physical problems, e.g. multidimensional transport-reaction based on different PDE and ODE solvers. In the future a coupling between various software-tools with different solver methods will be of interest and could be done with the fractional splitting method.

We consider the overlapped domain decomposition method, such as overlapping Schwarz wave form relaxation, cf. [9] and [13], using fractional splitting as the basic solver over the overlapped subdomains.

The outline of the paper is as follows. For our mathematical model we describe the convection-diffusion-reaction equation in section 2. The Fractional-Splitting method is introduced in section 3. For the overlapping Schwarz-Waveform-Relaxation method we derive the error-analysis for the scalar and systems of equations (coupled or decoupled systems) and presented the results in section 4. In section 5 we present the numerical results from the solution to selective model problems. We end the article in section 6 with conclusion and comments.

2 Mathematical Model

The motivation for the study presented below is coming from a computational simulation of heat-transfer [12] and convection-diffusion-reaction-equations [10].

The mathematical equations are given by ∂_t R u + ∇ · (vu − D∇u) = f(x, t, u(x, t)) , in Ω × (0, T ) , (2.1) u(x, 0) = u_0(x) , (Initial-Condition) , (2.2) u(x, t) = u_1(x, t) , on ∂Ω × (0, T ) , (Dirichlet-Boundary-Condition) , (2.3) The unknown u = u(x, t) is considered in Ω × (0, T ) ⊂ IR^d × IR, the space-dimension is given by d . The parameter R ∈ IR^+ is a constant and named as specific heat or retardation factor. The parameters u_0(x), u_1(x, t) ∈ IR^+ are functions and used as initial- and boundary-parameter respectively. D is the thermal conductivity tensor or Scheidegger diffusion-dispersion tensor and v is the velocity. Further f(x, t, u) is a possible nonlinear function, and one could choose it for the following applications : f(x, t, u) = u^p , with p > 0 , chemical-reaction , (2.4) f(x, t, u) = u 1 − u , bio-remediation , (2.5)

f(x, t, u) = f̃(x, t) , heat-induction . (2.6)

The aim of this paper is to present a new method based on a mixed discretization method with Fractional-Splitting and Domain decomposition methods for an effective solving of strong coupled parabolic differential equations. In the next section we discuss the fractional splitting-methods for solving our equations.

3 Fractional-Splitting Methods

3.1 Splitting methods of first order for linear equations

First we describe the simplest operator-splitting, which is called sequential operator splitting for the following system of ordinary linear differential equations: ∂_tu(t) = A u(t) + B u(t) , in Ω × [t^n, t^{n+1}] , (3.1) where the initial-conditions are u^n = u(t^n). The operators A and B are spatially discretised operators, e.g. they correspond to the discretised in space convection and diffusion operators (matrices). Hence, they can be considered as bounded operators. The sequential operator-splitting method is introduced as a method which solve the two sub-problems sequentially, where the different sub-problems are connected via the initial conditions. This means that one replaces the original problem (3.1) with the sub-problems ∂u^∗(t) ∂t = Au^∗(t) , with u^∗(t^n) = u^n , (3.2) ∂u^{∗∗}(t) ∂t = Bu^{∗∗}(t) , with u^{∗∗}(t^n) = u^∗(t^{n+1}) , where the splitting time-step is defined as τ_n = t^{n+1} − t^n. The approximated split solution is defined as u^{n+1} = u^{∗∗}(t^{n+1}).

Clearly, the change of the original problems with the sub-problems usually results some error, called splitting error. Obviously, the splitting error of the sequential operator splitting method can be derived as follows (cf. e.g. [10])

ρ_n = 1 τ (exp(τ_n(A + B)) − exp(τ_nB) exp(τ_nA)) u(t^n) = 1 2 τ_n[A, B] u(t^n) + O(τ^2) . (3.3)

where [A, B] := AB−BA is the commutator of A and B. Consequently, the splitting error is O(τ_n) when the operators A and B do not commute, otherwise the method is exact. Hence, by definition, the sequential operator splitting is called first order splitting method .

Now we introduce the domain-decomposition methods as next idea for splitting methods to decompose complex domains and solve them effectively in an adaptive method.

4 Overlapping Schwarz wave form relaxation for the solution to convection-diffusion-reaction equation

The first known method for solving partial differential equation over overlapped domains is the Schwarz method due to [23] in 1869. In the last years massive parallel computers are used for simulating complex problems, therefore the method has regained its popularity, because it can be implemented as a parallel method.

Further techniques have been developed for the general cases when the domains are overlapped and non overlapped. For each class of methods there are some interesting features and both share same concepts which is how to define the interface boundary conditions over the overlapped or along the non overlapped subdomains. The general solution methods over the whole subdomains together with the interface boundary conditions estimations are either iterative or non iterative methods.

For the non overlapping subdomains the values at the interfaces are predicted by using an explicit scheme and the problem is solved over each subdomain independently. This type of method is of non iterative type but it has a drawback regarding the stability condition for the interface prediction by the explicit method and the solution by the implicit scheme or any other unconditional stable finite difference scheme [24].

For the overlapping subdomains the determination of the interface boundary condition is defined by using predictor corrector type of method. The predictor will provide an estimation of the boundary condition while the correction is performed from the updated solution over the subdomains. These types of the algorithms are iterative types with the advantage of stabilising the iterative values at the interface through the overlapping. The overlapping is used as a relaxation-method of the solution in the interface region.

In this work we will consider the overlapping type of domain decomposition method for solving the studied models of constant coefficients, decoupled and coupled systems solved by using the first order operator splitting algorithm with a backward Euler difference scheme. The most recent method in this field is the overlapping Schwarz waveform relaxation scheme, see [9] and [13].

Overlapping Schwarz waveform relaxation is the name for a combination of two standard algorithms, the Schwarz alternating method and the wave form relaxation algorithm to solve evolution problems in parallel. The method is defined by partitioning the spatial domain into overlapping sub-domains, as in the classical Schwarz method. However on sub-domains, time dependent problems are solved in the iteration and thus the algorithm is also of waveform relaxation type. Further more, the problem is solved using the operator splitting of first order over each sub-domain. The overlapping Schwarz waveform relaxation are introduced in [13] and independently in [9] as a solver method of evolution problems in a parallel environment with slow communication links. The idea is to solve over several time steps before communicating information to the neighboring sub-domains and updating the calculated interface boundary conditions for the overlapped domains.

Two forms of convergence behavior have been observed for the convergence of the overlapping Schwarz wave form relaxation method. The convergence behavior states linear convergence on bounded time domain and super linear convergence over short time domain [9].

This algorithm stands in contrast to the classical approach in domain decomposition for evolution problems, where time is first discretized uniformly using an implicit discretization and then at each time step a problem in space only is solved using domain decomposition, see for example [18] and [2, 3]. Further more, in this work the operator splitting method will be considered by using Crank-Nicolson (CN) or an implicit Euler-method for the time-discretisation. The main advantage in considering the overlapping Schwarz wave form relaxation method is the flexibility that one can solve over each sub-domain with different time steps and different spatial steps in the whole time-interval. In this section we will consider the Schwarz wave form relaxation to solve scalar, and systems of convection-reaction-diffusion equations. For the systems of convection-reaction-diffusion equations we study the weak coupled case, i.e. two equations coupled by the reaction-terms.

In this work the studied model problems are defined over unbounded time interval, or long time interval. We will show how the convergence of the iterated solutions are of linear convergence behavior.

4.1 Overlapping Schwarz wave form relaxation for the scalar convection-diffusion-reaction equation

We consider the convection-diffusion-reaction equation, given by Ru_t = Du_{xx} − νu_x − λu , (4.1) defined on the domain Ω = [0, L] for T = [t_0, t_{end}), where L, t_{end} ∈ IR^+, and R, D, ν, λ ∈ IR^+ and bounded, with the following initial and boundary conditions

u(0, t) = f_1(t), u(L, t) = f_2(t), u(x, t_0) = u_0(x) .

We have the following theorem, see [5] or [19], that shows the existency, uniqueness and regularity of the solution to the concerned boundary value problem for (4.1). Theorem 4.1. For any L_1, L_2 ∈ [0, L] with L_1 < L_2 and any continuous functions f_1, f_2 : [t_0, t_{end}] → IR and any u_0 : [L_1, L_2] → IR which satisfy the compatibility conditions u_0(L_1) = f_1(t_0) and u_0(L_2) = f_2(t_0) the boundary value-problem (4.1) and u(L_1, t) = f_1(t), u(L_2, t) = f_2(t), u(x, t_0) = u_0(x) has a unique solution. The solution u lies in C^{2,1}([L_1, L_2], [t_0, t_{end}]), that means u(·, t) ∈ C^2 and u(x, ·) ∈ C^1.

To solve the model problem using overlapping Schwarz wave form relaxation method, we subdivide the domain Ω in two overlapping sub-domains Ω_1 = [0, L_2] and Ω_2 = [L_1, L], where L_1 < L_2 and Ω_1 ⋂ Ω_2 = [L_1, L_2] is the overlapping region for Ω_1 and Ω_2.

To start the wave form relaxation algorithm we firstly consider the solution to the model problem (4.1) over Ω_1 and Ω_2 as follows Rv_t = Dv_{xx} − νv_x − λv over Ω_1 , t ∈ [t_0, t_{end}) v(0, t) = f_1(t) , t ∈ [t_0, t_{end}) v(L_2, t) = w(L_2, t) , t ∈ [t_0, t_{end}) v(x, t_0) = u_0(x), x ∈ Ω_1,

(4.2)

Rw_t = Dw_{xx} − νw_x − λw over Ω_2 , t ∈ [t_0, t_{end}) w(L_1, t) = v(L_1, t) , t ∈ [t_0, t_{end}) w(L, t) = f_2(t) , t ∈ [t_0, t_{end}) w(x, t_0) = u_0(x), x ∈ Ω_2,

(4.3)

where v(x, t) = u(x, t)|_{Ω1} and w(x, t) = u(x, t)|_{Ω2} . For the uniqueness and existence we apply theorem 4.1. We fulfill the criterias by the possitivity and boundedness of the parameters R, D, v and λ and also of the intial- and boundary-conditions.

Therefore we will obtain the overlapping Schwarz wave form relaxation from solving (4.2) and (4.3) over the whole time domain for each iteration, and then updating the interior boundary conditions v(L_2, t) and w(L_1, t). The algorithm is given by

Rv^{k+1}_t = Dv^{k+1}_{xx} − νv^{k+1}_x − λv^{k+1} over Ω_1 , t ∈ [t_0, t_{end}) v^{k+1}(0, t) = f_1(t) , t ∈ [t_0, t_{end})

v^{k+1}(L_2, t) = { w^k(L_2, t) for k > 0 u_0(L_2) for k = 0 , t ∈ [t^0, t^{end}) v^{k+1}(x, t_0) = u_0(x), x ∈ Ω_1,

(4.4)

Rw^{k+1}_t = Dw^{k+1}_{xx} − νw^{k+1}_x − λw^{k+1} over Ω_2 , t ∈ [t_0, t_{end})

w^{k+1}(L_1, t) = { v^k(L_1, t) for k > 0 u_0(L_1) for k = 0 , t ∈ [t^0, t^{end}) w^{k+1}(L, t) = f_2(t) , t ∈ [t_0, t_{end}) w^{k+1}(x, t_0) = u_0(x), x ∈ Ω_2.

(4.5)

For the uniqueness and existence of the partial equations (4.4) and (4.5) we apply theorem 4.1.

We are interested in estimating the decay of the error of the solution over the overlapping subdomains by the overlapping Schwarz wave form relaxation method.

Let us assume e(x, t) = u(x, t) − v(x, t) and d(x, t) = u(x, t) − w(x, t) is the error of (4.4) over Ω_1 and (4.5) over Ω_2 respectively. The corresponding differential equations satisfied by e(x, t) and d(x, t) are given by

Re^{k+1}_t = De^{k+1}_{xx} − νe^{k+1}_x − λe^{k+1} over Ω_1 , t ∈ [t_0, t_{end}) e^{k+1}(0, t) = 0 , t ∈ [t_0, t_{end}) e^{k+1}(L_2, t) = d^k (L_2, t) , t ∈ [t_0, t_{end}) e^{k+1}(x, t_0) = 0 x ∈ Ω_1,

(4.6)

Rd^{k+1}_t = Dd^{k+1}_{xx} − νd^{k+1}_x − λd^{k+1} over Ω_2 , t ∈ [t_0, t_{end}) d^{k+1}(L_1, t) = e^k(L_1, t) , t ∈ [t_0, t_{end}) d^{k+1}(L, t) = 0 , t ∈ [t_0, t_{end}) d^{k+1}(x, t_0) = 0 , x ∈ Ω_2.

(4.7)

For Ω̃ ⊂ Ω and L̃ ∈ Ω̃ we define for bounded functions h : Ω̃ × [t_0, t_{end}) → R the following supremums norm ||h(L̃, ·)||_∞ := sup_{t∈[t0,tend)} |h(L̃, t)|. For the convergence and error bound of e^{k+1} and d^{k+1} are presented by the following theorem

Theorem 4.2. Let {e^{k+1}} and {d^{k+1}} be the sequences of errors from the solution to the subproblems (4.2) and (4.3) by Schwarz wave form relaxation over Ω_1 and Ω_2, respectively, then |e^{k+2}(x, t)| ≤ γ||e^k(L_1, .)||_∞ , ∀x ∈ Ω_1 , and |d^{k+2}(x, t)| ≤ γ||d^k(L_2, .)||_∞ , ∀x ∈ Ω_2 , for all t ∈ [t_0, t_{end}), where γ = sinh(βL_1) sinh(βL_2) sinh(β(L − L_2) sinh(β(L − L_1)) , with β = √ ν^2 + 4Dλ 2D .

It holds for all (x, t) ∈ (Ω_1 × [t_0, t_{end})) |e^{2n+1}(x, t)| ≤ γ^n_{max,1}||e^1(L_1, .)||_∞ , where γ_{max,1} = max_{x∈[0,L2]} ( exp(x − L_1) sinh(βx) sinh(βL_2) sinh(β(L − L_2)) sinh(β(L − L_1)) ) . It holds for all (x, t) ∈ (Ω_2 × [t_0, t_{end})) |d^{2n+1}(x, t)| ≤ γ^n_{max,2}||d^1(L_2, .)||_∞ , where γ_{max,2} = max_{x∈[L1,L]} ( exp(x − L_2) sinh(βL_1) sinh(βx) sinh(β(L_2 − L)) sinh(β(L_1 − L)) ) . The errors e^0 and d^0 are bounded as : ||e^0(L_1, .)||_∞ ≤ max_{t∈[t0,tend]}{max{|f_1(t)|, |f_2(t)|, |u_0(L_1)|}} , and ||d^0(L_2, .)||_∞ ≤ max_{t∈[t0,tend]}{max{|f_1(t)|, |f_2(t)|, |u_0(L_2)|}} , Proof. To estimate the error e^{k+1} and d^{k+1}, consider the following differential equations defining ê^{k+1} and d̂^{k+1}

ê^{k+1}_t = Dê^{k+1}_{xx} − νê^{k+1}_x − λê^{k+1} over Ω_1 , t ∈ [t_0, t_{end}) , ê^{k+1}(0, t) = 0 , t ∈ [t_0, t_{end}) , ê^{k+1}(L_2, t) = ||d^k(L_2, .)||_∞ , t ∈ [t_0, t_{end}) , ê^{k+1}(x, t_0) = e^{(x−L2)α sinh(βx)}_{sinh(βL2)} ||d^k (L_2, t)||_∞ , x ∈ Ω_1 ,

(4.8)

and d̂^{k+1}_t = Dd̂k+1_{xx} − νd̂k+1_x − λd̂k+1 over Ω_2 , t ∈ [t_0, t_{end}) , d̂k+1(L_1, t) = ||ek(L_1, t)||_∞ , t ∈ [t_0, t_{end}) , d̂k+1(L, t) = 0 , t ∈ [t_0, t_{end}) , d̂k+1(x, t_0) = e(x−L1)α^{sinh β(L−x)} sinh β(L−L_1) ||e k(L_1, t)||_∞ , x ∈ Ω_2 ,

(4.9)

where α =^ν_{2D} .

The solution to (4.8) and (4.9) is the steady state solution given by ê^{k+1}(x, t) = e^{(x−L2)α} sinh(βx) sinh(βL_2) ||d^k (L_2, .)||_∞ , and d̂^{k+1}(x, t) = e^{(x−L}1^{)α} sinh β(L − x) sinh β(L − L_1) ||e^k(L_1, .)||_∞ , respectively.

For the error between the steady state and time-dependent solution that is defined by E(x, t) = ê^{k+1} − e^{k+1}, it holds that RE_t − DE_{xx} + νE_x + λE ≥ 0 , over Ω_1 , t ∈ [t_0, t_{end}) , E(0, t) ≥ 0 , t ∈ [t_0, t_{end}) , E(L_2, t) ≥ 0 , t ∈ [t_0, t_{end}) , E(x, t_0) ≥ 0 , x ∈ Ω_1 .

(4.10)

Hence E(x, t) satisfies the positivity lemma by Pao (or the maximum principle theorem), see [19], therefore

E(x, t) ≥ 0 , (4.11) i.e. |e^{k+1}(x, t)| ≤ ê^{k+1}(x) = e^{(x−L2)α} sinh(βx) sinh(βL_2)

||d^k(L_2, .)||_∞ , (4.12) for all (x, t) ∈ (Ω_1 × [t_0, t_{end})) and similarly one concludes that |d^{k+1}(x, t)| ≤ d̂^{k+1}(x) = e^{(x−L1)α} sinh β(x − L_1) sinh β(L_1 − L) ||e^k(L_1, .)||_∞ , for all (x, t) ∈ (Ω_2 × [t_0, t_{end})).

Therefore one gets the estimation with the supremums-norm : We can conclude |e^{k+1}(x, t)| ≤ ||e^{k+1}(x, .)||_∞ , for all (x, t) ∈ (Ω_1 × [t_0, t_{end})), and similar estimates for d^{k+1} can also be derived. Then we conclude ||e^{k+1}(x, .)||_∞ ≤ e^{(x−L2)α} sinh(βx) sinh(βL_2)

||d^k(L_2, .)||_∞ , (4.13) and ||d^{k+1}(x, .)||_∞ ≤ e^{(x−L1)α} sinh β(x − L_1) sinh β(L_1 − L)

||e^k(L_1, .)||_∞ . (4.14)

Considering (4.14), evaluating d^k(x, t) for x = L_2, i.e. ||d^k(L_2, .)||_∞ ≤ e^{(L2−L1 )α} sinh β(L_2 − L) sinh β(L_1 − L)

||e^{k−1}(L_1, .)||_∞ , (4.15)

and substituting in (4.13), we conclude that

|e^{k+1}(x, t)| ≤ e^{(x−L2)α} sinh(βx) sinh(βL_2) e^{(L2−L1 )α} sinh β(L_2 − L) sinh β(L_1 − L) ||e^{k−1}(L_1, .)||_∞ , and e^{(x−L2)α} sinh(βx) ≤ e^{(L1−L2 )α} sinh(βL_1) ,

consist for all (x, t) ∈ (Ω_1, [t_0, t_{end})). One obtains |e^{k+1}(L_1, t)| ≤ e^{(L1−L2)α} sinh(βL_1) sinh(βL_2) e^{(L2−L1)α} sinh β(L_2 − L) sinh β(L_1 − L) ||e^{k−1}(L_1, .)||_∞ , for all (x, t) ∈ (Ω_1, [t_0, t_{end})). And one gets the result ||e^{k+2}(L_1, .)||_∞ ≤ sinh(βL_1) sinh(βL_2) sinh β(L_2 − L) sinh β(L_1 − L) ||e^k(L_1, .)||_∞ . Similarly for d^{k+1}(x, t) one concludes that ||d^{k+2}(L_1, .)||_∞ ≤ sinh(βL_1) sinh(βL_2) sinh β(L_2 − L) sinh β(L_1 − L) ||d^k (L_1, .)||_∞ .

Theorem 4.2 shows that the convergence of the overlapping Schwarz method depends on γ =^{sinh(βL1)}

sinh(βL_2) sinh β(L−L_2) sinh β(L−L_1) . Due to a large overlapping of the domains, we will have a

relaxation and the error will vanish for L_2 ≈ L. The main challange will be a small overlapp with adequate errors based on the amount of iterations.

4.2 Overlapping Schwarz wave form relaxation for a weakly coupled system of convection-diffusion-reaction equation

In the following part we are going to present the convergence and the error bound of the overlapping Schwarz wave form relaxation for the solution to the coupled system of convection-diffusion-reaction defined by two functions u_1 and u_2. The coupling criteria in this case of study is imposed within the source term of the second solution component. The considered system with the solution u_1 and u_2 is given by R_1u_{1,t} = D_1u_{1,xx} − ν_1u_{1,x} − λ_1u_1 over Ω = {0 < x < L} , t ∈ [t_0, t_{end}) , u_1(0, t) = f_{1,1}(t), t ∈ [t_0, t_{end}) , u_1(L_2, t) = f_{1,2}(t), t ∈ [t_0, t_{end}) , u_1(x, t_0) = u_0(x) , (4.16) for u_1, and for u_2 is given by

R_2u_{2,t} = D_2u_{2,xx} − ν_2u_{2,x} − λ_2u_2 + λ_1u_1 over Ω, t ∈ [t_0, t_{end}) , u_2(L_1, t) = f_{2,1}(t), t ∈ [t_0, t_{end}) , u_2(L, t) = f_{2,2}(t), t ∈ [t_0, t_{end}) , u_2(x, t_0) = u_0(x) .

(4.17)

For the uniqueness and existence of the equations (4.16) and (4.17) we apply theorem 4.1.

In (4.17) the coupling appears in the source term and is defined by the parameter λ_1 with the first component u_1. The strength or the bound of the coupling and the contribution is related to the value of the scalar defined by λ_1. The coupled case (4.17) is reduced to the case of two decoupled equations by assuming λ_1 = 0 in (4.17).

The overlapping Schwarz wave form relaxation for (4.16) over Ω_1 and Ω_2 is given by

R_1v^{k+1}_{1,t} = D_1v^{k+1}_{1,xx} − ν_1v^{k+1}_{1,x} − λ_1v^{k+1}_1 over Ω_1, t ∈ [t_0, t_{end}) , v^{k+1}_1 (0, t) = f_{1,1}(t), t ∈ [t_0, t_{end}) ,

v^{k+1}_1 (L_2, t) = { w^k_1 (L_2, t) for k > 1 u_1(L_2, 0) for k = 1

, t ∈ [t_0, t_{end}) ,

v^{k+1}_1 (x, t_0) = u_0(x), x ∈ Ω_1 ,

(4.18)

R_1w^{k+1}_{1,t} = D_1w^{k+1}_{1,xx} − ν_1w^{k+1}_{1,x} − λ_1w^{k+1}_1 over Ω_2, t ∈ [t_0, t_{end}) ,

w^{k+1}_1 (L_1, t) = { v^k_1 (L_1, t) for k > 1 u_1(L_1, 0) for k = 1 , t ∈ [t^0, t^{end}) , w^{k+1}_1 (L, t) = f_{1,2}(t), t ∈ [t_0, t_{end}) , w^{k+1}_1 (x, t_0) = u_0(x), x ∈ Ω_2 .

(4.19)

For the system defined by (4.17) one denote the Schwarz wave form relaxation as

R_2v^{k+1}_{2,t} = D_2v^{k+1}_{2,xx} − ν_2v^{k+1}_{2,x} − λ_2v^{k+1}_2 + λ_1v^{k+1}_1 over Ω_1, t ∈ [t_0, t_{end}) , v^{k+1}_2 (0, t) = f_{2,1}(t), t ∈ [t_0, t_{end}) ,

v^{k+1}_2 (L_2, t) = { w^k_2 (L_2, t) for k > 1 u_2(L_2, 0) for k = 1

, t ∈ [t_0, t_{end}) ,

v^{k+1}_2 (x, t_0) = u_0(x), x ∈ Ω_1 , (4.20)

R_2w^{k+1}_{2,t} = D_2w^{k+1}_{2,xx} − ν_2w^{k+1}_{2,x} − λ_2w^{k+1}_2 + λ_1w^{k+1}_1 over Ω_2, t ∈ [t_0, t_{end}) ,

w^{k+1}_2 (L_1, t) = { v^k_2 (L_1, t) for k > 1 u_2(L_1, 0) for k = 1

, t ∈ [t_0, t_{end}) ,

w^{k+1}_1 (L, t) = f_{2,2}(t), t ∈ [t_0, t_{end}) , w^{k+1}_1 (x, t_0) = u_0(x), x ∈ Ω_2 . (4.21)

For the uniqueness and existence of the equations (4.18), (4.19), (4.20) and (4.21) we apply theorem 4.1.

The convergence and the error bound for the solution to (4.18-4.19) and (4.20- 4.21) is given by the following theorem.

Theorem 4.3. Let e^{k+1}_i and d^{k+1}_i (i = 1, 2) be the error from the solution to the subproblems (4.18-4.19) and (4.20- 4.21) by Schwarz wave form relaxation over Ω_1 and Ω_2, respectively. Then the error bounds of (4.18)-(4.19) defined by e_1 and d_1 over Ω_1 and Ω_2 are given by

||e^{k+2}_1 (L_1, .)||_∞ ≤ γ_1||e^k_1(L_1, .)||_∞, (4.22) and ||d^{k+2}_1 (L_1, .)||_∞ ≤ γ_1||d^k_1(L_1, .)||_∞, (4.23)

respectively, and the error bound of (4.20- 4.21) defined by e_2 and d_2 over Ω_1 and Ω_2 are given by

||e^{k+2}_2 (L_1, .)||_∞ ≤ ||e^k_2(L_1, .)||_∞γ_2 + γ_2^{λ1}_{λ2} Ψ [ 1 + e^{α2(L1−L)}e^{β2(L−L1 )} ]

+^{λ1}_{λ2} Ψ [ e^{α2(L1−L2 ) sinh β2L1}

sinh β_2L_2 − e α_2(L_1−L)eβ_2(L−L_2 ) sinh β2L1 sinh β_2L_2 ] + λ_1 λ_2 Ψ [ e^{α2L1 sinh β2(L1−L2 )}

sinh β_2L_2 − e α_2(L_1−L_2 ) sinh β2L1 sinh β_2L_2 + 1 ] , (4.24)

and ||d^{k+2}_2 (L_2, .)||_∞ ≤ ||d^k_2 (L_2, .)||_∞γ_2 + γ_2^{λ1}_{λ2} Ψ [ 1 + e^{α2(L1−L)}e^{β2(L−L1)} ]

+^{λ1}_{λ2} Ψ [ e^{α2(L1−L2 ) sinh β2L1}

sinh β_2L_2 − e α_2(L_1−L)eβ_2(L−L_2) sinh β2L1 sinh β_2L_2 ] + λ_1 λ_2 Ψ [ e^{αL1 sinh β2(L1−L2 )}

sinh β_2L_2 − e α_2(L_1−L_2) sinh β2L1 sinh β_2L_2 + 1 ] , (4.25) respectively, where

γ_i = sinh β_iL_1 sinh β_iL_2 sinh β_i(L_2 − L) sinh β_i(L_1 − L)

, with α_i = ν_i 2D_i , β_i = √ ν^2_i + 4D_iλ_i 2D_i , for i = 1, 2, and Ψ = max_Ω {e_1, e_2} .

Proof. Since the system (4.16) does not depend on u_2, we can estimate the equations (4.22) and (4.23) by using the Theorem 4.2.

Let e^{k+1}_2 (x, t) := u_2(x, t) − v^{k+1}_2 (x, t) and d^{k+1}_2 (x, t) := u_2(x, t) − w^{k+1}_2 (x, t) be the error of (4.20) and (4.21) over Ω_1 and Ω_2 respectively. Then the corresponding differential equations are satisfied by e_2(x, t) and d_2(x, t) :

R_2e^{k+1}_{2,t} = D_2e^{k+1}_{2,xx} − ν_2e^{k+1}_{2,x} − λ_2e^{k+1}_2 + λ_1e^{k+1}_1 over Ω_1, t ∈ [t_0, t_{end}) , e^{k+1}_2 (0, t) = 0, t ∈ [t_0, t_{end}) , e^{k+1}_2 (L_2, t) = d^k_2 (L_2, t), t ∈ [t_0, t_{end}) , e^{k+1}_2 (x, t_0) = 0, x ∈ Ω_2 , (4.26)

R_2d^{k+1}_{2,t} = D_2d^{k+1}_{2,xx} − ν_2d^{k+1}_{2,x} − λ_2d^{k+1}_2 + λ_1d^{k+1}_1 over Ω_2, t ∈ [t_0, t_{end}) , d^{k+1}_2 (L_1, t) = e^k_2(L_1, t), t ∈ [t_0, t_{end}) , d^{k+1}_1 (L, t) = 0, t ∈ [t_0, t_{end}) , d^{k+1}_1 (x, t_0) = 0, x ∈ Ω_2. (4.27)

Furthermore we consider the following differential equations defined by ê^{k+1} and d̂k+1 given by

R_2ê^{k+1}_{2,t} = D_2ê^{k+1}_{2,xx} − ν_2ê^{k+1}_{2,x} − λ_2ê^{k+1}_2 + λ_1Ψ over Ω_1, t ∈ [t_0, t_{end}) , ê^{k+1}_2 (0, t) = 0, t ∈ [t_0, t_{end}) , ê^{k+1}_2 (L_2, t) = ||d^k_2(L_2, t)||_{Ω2,∞}, t ∈ [t_0, t_{end}) , ê^{k+1}_2 (x, t_0) = A(x), x ∈ Ω_1 ,

(4.28)

where A(x) is given by

A(x) = ||d^k_2 (L_2, .)||_∞e^{α2(x−L2) sinh(β2x)}_{sinh(β2L)}

+^{λ1}_{λ2} Ψ [ e^{α2x sinh(β2(x−L2 ))}

sinh(β_2L_2) − e α_2(x−L_2) sinh β2x sinh β_2 L_2 + 1 ] ,

and R_2d̂^{k+1}_{2,t} = D_2d̂^{k+1}_{2,xx} − ν_2d̂^{k+1}_{2,x} − λ_2d̂^{k+1}_2 + λ_1Ψ over Ω_2, t ∈ [t_0, t_{end}) , d̂^{k+1}_2 (L_1, t) = ||ek_2(L_1, t)||_{Ω1,∞}, t ∈ [t_0, t_{end}) , d̂^{k+1}_2 (L, t) = 0, t ∈ [t_0, t_{end}) , d̂^{k+1}_2 (x, t_0) = B(x), x ∈ Ω_2 ,

(4.29)

where B(x) = ||e^k(L_1, .)||_∞e^{α2(x−L1) sinh(β2(x−L))} sinh(β_2(L_1−L))

+^{λ1}_{λ2} Ψ^{sinh(β2(L−x))}

sinh(β_2(L_1−L)) [ e^{α2(x−L1)} − e^{α2(x−L)}e^{β2(L−L1)} ]

−^{λ1}_{λ2} Ψ [ 1 − e^{α2(x−L)}e^{β2(L−x)} ] . (4.30)

Then the solution to (4.28) and (4.29) is the steady state solution given by

ê^{k+1}_2 (x, t) = A(x), ∀x ∈ Ω_1, t ∈ [t_0, t_{end}) , and d̂^{k+1}_2 (x, t) = B(x), ∀x ∈ Ω_2, t ∈ [t_0, t_{end}) ,

respectively.

By defining the function E(x, t) = ê^{k+1} − e^{k+1}, as in the proof of theorem 4.2, and by the maximum principle theorem we conclude that

|e^{k+1}_2 (x, t)| ≤ ê^{k+1}_2 (x, t)

for all (x, t) and similarly |d^{k+1}_2 (x, t)| ≤ d̂^{k+1}_2 (x, t). Then

||e^{k+1}_2 (x, .)||_∞ ≤ ||d^k_2 (L_2, .)||_∞e^{α2(x−L2 ) sinh(β2x)}_{sinh(β2L)}

+^{λ1}_{λ2} Ψ [ e^{α2x sinh(β2(x−L2))} sinh(β_2L_2 ) − e α_2(x−L_2 ) sinh β2x sinh β_2L_2 + 1 ] , (4.31)

and ||d^{k+1}_2 (x, t)||_∞ ≤ ||e^k(L_1, .)||_∞e^{α2(x−L1) sinh(β2(x−L))}_{sinh(β2(L1−L))} +^{λ1}_{λ2} Ψ^{sinh(β2(L−x))}

sinh(β_2(L_1−L)) [ e^{α2(x−L1)} − e^{α2(x−L)}e^{β2(L−L1 )} ] − λ_1 λ_2 Ψ [ 1 − e^{α2(x−L)}e^{β2(L−x)} ] . (4.32)

By evaluating (4.32) for d^k_2(x, t) at x = L_2, substituting the results in (4.31) and afterwards evaluating the resulting relation at x = L_1 we observe that (4.24) holds in general.

Similarly (4.25) follows from evaluating e^{k+1}_2 (x, t) at x = L_1, substituting in (4.32) and evaluating afterwards the resulting relation at x = L_2.

For the coupled system we observed the Theorem 4.3 and assume that the error depends on two main factors, the convergence parameter γ_i and the coupling parameter λ_1 defining the system coupling (4.16), (4.17). Its obvious that for the coupling parameter λ_1 = 0 one retain the decoupled system and faster convergence rate is achieved if we have a small ratio^{λ1}_{λ2} .

5 Numerical Results

In this section we will present the numerical results from the solution to several model problems using the presented methods. The problems are discretized using second order approximation with respect to the spatial variable using regular mesh spacing h(= L/N) and backward approximation with respect to the time using Δt time stepping. The first order operator splitting method (FOP) is considered to be the basic solution algorithm for the overlapping Schwarz waveform relaxation method (FOPSWR).

5.1 First example : Convection-diffusion-reaction equation

We consider the one-dimensional convection-diffusion-reaction equation given by

R∂_tu + v∂_xu − ∂_xD∂_xu = −λu , on Ω × [t_0, t_{end}) (5.1) u(x, t_0) = u_{exact}(x, t_0) , (5.2) u(0, t) = u_{exact}(0, t) , u(L, t) = u_{exact}(L, t), (5.3)

defined over Ω × [t_0, t_{end}) with Ω = [0, L], and t_0 = 100, t_{end} = 10^5 and L = 150. Further we have λ = 10^{−5}, v = 0.001, D = 0.0001 and R = 1.0.

The analytical solution of the equation (5.1) considered on IR × (0, t_{end}), with vanishing Dirichlet-boundary conditions and also using a δ-function as initial value, can be derived by Laplace-Transformation, see [15], and is given by

u_{exact}(x, t) = ũ_0 2 √ Dπt exp(− (x − vt)^2 4Dt ) exp(−λt) , (5.4)

with ũ_0 = 1, the restiction of u_{exact} to Ω × (0, t_{end}) is a solution to (5.1)-(5.3).

We considered the backward Euler discretization for both of the splitted operators, i.e. the convection and the diffusion reaction operator, to simulate the solution over the time interval [100, 10^5].

The model problem (5.1) is solved using first order operator splitting (FOP), and also the operator splitting with overlapping Schwarz wave form relaxation method (FOPSWR).

We compare the accuracy of the solution over the entire spatial domain with different h values, and different time steps Δt, using FOP-method, and FOPSWR-method over two subdomains with different size of overlapping. The error of solution are given in Table 1, and Table 2, respectively. The FOPSWR-method is considered over two overlapping subdomains of different overlapping size L_2 −L_1, to conclude on the accuracy of the algorithm with the operator splitting. The considered subdomains were Ω_1 = [0, 60], and Ω_2 = [30, 150] and Ω_1 = [0, 100], and Ω_2 = [30, 150]

The results derived for the FOP-method are presented the in Figure 1.

In the numerical computations the time-steps and space-steps are systematically refined in order to visualize the accuracy and error reduction through the simulation over the time interval for refined time and space steps. From Table 1 one observes that by the FOP-method the error reduced as second order with respect to space time err_{u1} err_{u1} err_{u1} Δt_0 = 20 0.001195 2.86514e-4 1.2868e-4 Δt_0/2 = 10 0.00113 2.3942e-4 8.6641e-5 Δt_0/4 = 5 0.001108 2.15813e-4 6.55262e-5 h_0 = 1 h = h_0/2 h = h_0/4

Table 1: The L_{Ω,∞}-error in time and space for the convection-diffusion-reaction-equation using FOP-method.

Figure 1: The results for the FOP-method.

time err_{u1} err_{u1} err_{u1} err_{u1} err_{u1} err_{u1} Δt_0 = 20 1.196e-3 1.195e-3 2.871e-4 2.865e-4 1.290e-4 1.286e-4 Δ^{t0}_2 = 10 1.138e-3 1.137e-3 2.397e-4 2.394e-4 8.681e-5 8.681e-5 Δ^{t0}_4 = 5 1.108e-3 1.08e-3 2.159e-4 2.158e-4 6.782e-5 6.552e-5 overlap. 30 70 30 70 30 70 size h_0 = 1 h = h_0/2 h = h_0/4

Table 2: The L_{Ω,∞}-error in time and space for the scalar convection-diffusion-reaction-equation using FOPSWR- method with the Schwarz waveform relaxation algorithm for two different size of overlapping 30 and 70.

and reduced also with respect to time. For further refinement one should obtain first order convergence results with respect to time.

For the solution by the FOPSWR-method, using the FOP-method as basic solver, the accuracy of the solution is improved over the large size of overlapping subdomains.

The results for the modified method are presented in the Figure 2.

Figure 2: The results for the Schwarz-method with 2 domains (overlapping 30).

Figure 3: The results for the Schwarz-method with 2 domains (overlapping 70).

5.2 Second example System of Convection-diffusion-reaction equation

We consider a further example of a one-dimensional convection-diffusion-reaction equation, given as (5.1) - (5.4) with the following parameters λ = 4.0 · 10^{−5}, v = 0.001, D = 0.0001, R = 1.0 and t_0 = 100.

For the initial condition we use the analytical solution given in (5.4), with ũ_0 = 1.0 and t_0 = 100. As boundary condition we use the Dirichlet-Boundary-condition with the analytical solutions given in (5.4). The time-interval is [100, 10^5]. The results for the classical method (operator-splitting) are given in Table 3.

time err_{u1} err_{u1} err_{u1} Δt = 20 2.075e-4 1.963e-4 1.799e-4 Δ^t_2 = 10 2.055e-4 1.948e-4 1.794e-4 Δ^t_4 = 5 2.045e-4 1.940e-4 1.792e-4 size h_0 = 1 h = h_0/2 h = h_0/4

Table 3: L_{Ω,∞}-error in time and space for the convection-diffusion-reaction equation solved by operator splitting.

In the next experiments we consider the modified method. For the overlapping we obtain the overlap size-length of 30 and 70, i.e. Ω_1 = {0 < x < 60} and Ω_2 = {30 < x < 150} while for the other case we have Ω_1 = {0 < x < 100} and Ω_2 = {30 < x < 150}. The results are given in Table 4.

time err_{u1} err_{u1} err_{u1} err_{u1} err_{u1} err_{u1} Δt_0 = 20 2.076e-4 2.075e-3 1.964e-4 1.963e-4 1.800e-4 1.800e-4 Δ^{t0}_2 = 10 2.056e-4 2.055e-4 1.948e-4 1.948e-4 1.795e-4 1.794e-4 Δ^{t0}_4 = 5 2.046e-4 2.046e-3 1.941e-4 1.941e-4 1.792e-4 1.792e-5 overlap. 30 70 30 70 30 70 size h_0 = 1 h = h_0/2 h = h_0/4

Table 4: The L_{Ω,∞}-error in time and space for the scalar convection-diffusion-reaction-equation using DD for two different size of overlapping 30 and 70 and operator splitting.

We compare the results of our computations given in Table (3) and (4). We can observe a reduction of the error for each time and space refinement for the modified method. Further refinement in time would obtain a first order convergence result. Because of the decoupling, each equation could be computed separately. For the first component one derive improved results because of the smaller reaction in the equation.

5.3 Third example System of Convection-diffusion-reaction equation (coupled), solved with Operator-Splitting

We deal with the more complicate example of a one-dimensional convection-diffusion-reaction equation.

R_1∂_tu_1 + v∂_xu_1 − ∂_xD∂_xu_1 = −R_1λ_1u_1 , (5.5) R_2∂_tu_2 + v∂_xu_2 − ∂_xD∂_xu_2 = R_1λ_1u_1 − R_2λ_2u_2 , (5.6) u_1(x, t_0) = u_{1,exact}(x, t_0) , u_2(x, t_0) = u_{2,exact}(x, t_0) (5.7) u_1(0, t) = u_{1,exact}(0, t) , u_2(0, t) = u_{2,exact}(0, t), (5.8) u_1(L, t) = u_{1,exact}(L, t) , u_2(L, t) = u_{2,exact}(L, t), (5.9)

defined over Ω × [t_0, t_{end}) with Ω = [0, L], and t_0 = 100, t_{end} = 10^5 and L = 150. Further we have λ_1 = 1.0 10^{−5}, λ_2 = 4.0 10^{−5}, v = 0.001, D = 0.0001,R_1 = 2.0, and R_2 = 1.0.

The analytical solution of the equation (5.5)-(5.6) considered on IR × (0, t_{end}), with vanishing Dirichlet-boundary conditions and also using a δ-function as initial value, can be derived by Laplace-Transformation, see [15], and is given by

u_{1,exact}(x, t) = u_{10} 2R_1 √ D π t/R_1 e^{− (x−v t/R1)} 2 4 D t/R1 e(−λ1 t),

u_{2,exact}(x, t) = u_{20} 2 R_2 √ D π t/R_2 e^{− (x−v t/R2)} 2 4 D t/R2 e(−λ2 t) + R_1 λ_1 u_{10} 2 √ D π (R_1 − R_2) exp( xv 2D ) e^{−(R1 λ1 −R2 λ2 ) t} (R1−R2 ) (W (ν 2) − W (ν_1)),

ν_1 = √ R_1 λ_1 −^{(R1 λ1−R2 λ2)}

R_1−R_2 R1 + v

2/(4D) ,

ν_2 = √ R_2 λ_2 −^{(R1 λ1−R2 λ2)}

R_1−R_2 R2 + v

2/(4D) ,

W (ν) = 0.5(exp(−^{x v ν}_{2 D} )erfc(^{x−v ν t√}_{4 Dt} ) + exp(^{x v ν}_{2 D} )erfc(^{x+v ν t√}_{4 Dt} )) ,

defined for the initial condition with u_{10} = 1.0 and u_{20} = 0.0, the restiction of u_{exact} to Ω × (0, t_{end}).

We have erfc(·) as the known error-function and we denote the following conditions : R_1 > R_2 and λ_2 > λ_1.

In the next tables we compare the classical with the modified method and test the depend on the reaction-parameters.

time err_{u1} err_{u2} err_{u1} err_{u2} err_{u1} err_{u2} Δt_0 = 20 4.594e-4 2.8e-3 3.611e-4 2.452e-3 1.036e-4 2.702e-3 Δ^{t0}_2 = 10 4.506e-4 2.403e-3 3.515e-4 2.447e-3 9.528e-5 2.697e-3 Δ^{t0}_4 = 5 4.461e-4 2.39e-3 3.466-4 2.438e-3 9.110e-5 2.689e-3 size h_0 = 1 h = h_0/2 h = h_0/4

Table 5: L_{Ω,∞}-error in time and space for the system of convection-diffusion-reaction-equation using first order splitting, with λ_1 = 2e − 5, λ_2 = 4e − 5.

The results for the classical method (Operator-Splitting method) are given in Table 5. The results for the modified method (Operator-Splitting method and Domain decomposition method) is given in Table 6.

time err_{u1} err_{u2} err_{u1} err_{u2} err_{u1} err_{u2} Δt_0 = 20 4.594e-4 2.403e-3 3.611e-4 2.452e-3 1.036e-4 2.702e-3 Δ^{t0}_2 = 10 4.506e-4 2.398e-3 3.515e-4 2.447e-3 9.528e-5 2.697e-3 Δ^{t0}_4 = 5 4.461e-4 2.388e-3 3.466e-4 2.438e-3 9.110e-5 2.689e-3 size h_0 = 1 h = h_0/2 h = h_0/4 overlap. 70

Table 6: L_{Ω,∞}-error in time and space for the system of convection-diffusion-reaction-equation using first order splitting and Schwarz wave form relaxation method, with λ_1 = 2e − 5, λ_2 = 4e − 5.

In the Figure 4 one sees the result for the system, where the solutions for different time-steps are presented.

We modify for a second experiment the reaction-parameters to obtain the influence between the first and the second component. In the first computation we use the classical method and get the following results given in Table 7.

time err_{u1} err_{u2} err_{u1} err_{u2} err_{u1} err_{u2} Δt = 20 3.396e-3 6.058e-7 2.673e-3 6.192e-7 7.746e-4 6.820e-7 Δ^t_2 = 10 3.30e-3 6.044e-7 2.599e-3 6.179e-7 7.083e-4 6.808e-7 Δ^t_4 = 5 3.297e-3 6.018e-7 2.562e-3 6.152e-7 6.753e-4 6.784e-7 size h_0 = 2 h = h_0/2 h = h_0/4

Table 7: L_{Ω,∞}-error in time and space for the system of convection-diffusion-reaction-equation using first order splitting, with λ_1 = 1e − 9, λ_2 = 4e − 5.

In the second computation we use the modified method and get the following results

Figure 4: The first-order results for the different time-steps and discretisations for the first component and different time-steps.

given in Table 8.

time err_{u1} err_{u2} err_{u1} err_{u2} err_{u1} err_{u2} Δt = 20 3.380e-3 6.058e-7 2.673e-3 6.192e-7 7.746e-4 6.820e-7 Δ^t_2 = 10 3.314e-3 6.044e-7 2.599e-3 6.179e-7 7.083e-4 6.808e-7 Δ^t_4 = 5 3.297e-3 6.018e-7 2.545e-3 6.152e-7 6.753e-4 6.784e-7 size h_0 = 2 h = h_0/2 h = h_0/4 overlap. 70

Table 8: L_{Ω,∞}-error in time and space for the system of convection-diffusion-reaction-equation using first order splitting and Schwarz wave form relaxation method with λ_1 = 1e − 9, λ_2 = 4e − 5.

We see in Table 7 and 8 a higher order results in space for the first component. For the second component the influence of the first component is important and decreasing the error of the first component, also decreases the error of the second component. The results for the modified method are shown in the Figure 5.

In the next section we present our conclusions.

6 Conclusions and Discussions

We present the mathematical background for the coupling of simple physical and one-dimensional software-codes. The convergence-results for simple and systems of one-dimensional parabolic equations are derived for the Schwarz-Domain-Decomposition-method. Numerical results for the scalar and system of parabolic equations are done and we can see the effectivity with Domain-Decomposition and Operator-Splitting-

Figure 5: The second-order results for the different time-steps and discretisations for the first component and different time-steps.

Figure 6: The results for the Schwarz-method with 2 domains.

methods. In future we will focus on more applied problems, for example in crystalgrowth, see [1] and biological models, see [6].

References

[1] N. Bubner, O. Klein, P. Philip, J. Sprekels, and K. Wilmanski. A transient model for the sublimation growth of silicon carbide single crystals. Journal of Crystal Growth, 205: 294-304, 1999.

[2] X.C. Cai. Additive Schwarz algorithms for parabolic convection-diffusion equations. Numer. Math., 60(1):41–61, 1991.

[3] X.C. Cai. Multiplicative Schwarz methods for parabolic problems. SIAM J.

Sci Comput., 15(3):587–603, 1994.

[4] D.S. Daoud, M.J. Gander Overlapping Schwarz Waveform Relaxation for Convection Reaction Diffusion Problems Procedding of DD13 conference, France, published by CIMNE, Barcelona, Spain, April 2002 (first edition).

[5] L.C. Evans. Partial Differential Equations. Graduate Studies in Mathematics, Volume 19, American Mathematical Society, 1998.

[6] R.E. Ewing. Up-scaling of biological processes and multiphase flow in porous media. IIMA Volumes in Mathematics and its Applications, Springer-Verlag, 295 (2002), 195-215.

[7] I. Farago, and A. Havasi. On the convergence and local splitting error of different splitting schemes. Eötvös Lorand University, Budapest, 2004.

[8] I. Faragó and J. Geiser. Operator-Splitting Methods for Multidimensional and Multi-physical Problems in Porous Media. Comput. Math. Appl., (to be submitted)

[9] M.J. Gander and H. Zhao. Overlapping Schwarz waveform relaxation for parabolic problems in higher dimension. In A. Handlovičová, Magda Komorníkova, and Karol Mikula, editors, Proceedings of Algoritmy 14, pages 42– 51. Slovak Technical University, September 1997.

[10] J. Geiser. Discretisation Methods with embedded analytical solutions for convection dominated transport in porous media Proceeding of Numerical Analysis and Applications, Third international conference, Rousse, Bulgaria, 2004, Lect.Notes in Mathematics (Springer), vol.3401, 2005.

[11] J. Geiser, R.E. Ewing, and J. Liu. Operator Splitting Methods for Transport Equations with Nonlinear Reactions. Proceedings of the Third MIT Conference on Computational Fluid and Solid Mechanic, Cambridge, MA, June 14-17, 2005.

[12] J. Geiser, O. Klein, and P. Philip. Anisotropic thermal conductivity in apparatus insulation: Numerical study of effects on the temperature field during sublimation growth of silicon carbide single crystals. Preprint Weierstraß-Institut für Angewandte Analysis und Stochastik, Berlin, 2005.

[13] E. Giladi and H. Keller. Space time domain decomposition for parabolic problems. Technical Report 97-4, Center for research on parallel computation CRPC, Caltech, 1997.

[14] M.S. Glockenbach. Partial Differential Equation : Analytical and Numerical Methods. SIAM, Society for Industrial and Applied Mathematics, Philadelphia, OT 79, 2002.

[15] W.A. Jury, K. Roth. Transfer Funktions and Solute Movement through Soil.

Bikhäuser Verlag Basel, Boston, Berlin, 1990 .

[16] W.H. Hundsdorfer. Numerical Solution od Advection-Diffusion-Reaction Equations. Technical Report NM-N9603, CWI, 1996.

[17] G.I Marchuk. Some applicatons of splitting-up methods to the solution of problems in mathematical physics. Aplikace Matematiky, 1 (1968) 103-132.

[18] Gérard A. Meurant. Numerical experiments with a domain decomposition method for parabolic problems on parallel computers. In Roland Glowinski, Yuri A. Kuznetsov, Gérard A. Meurant, Jacques Périaux, and Olof Widlund, editors, Fourth International Symposium on Domain Decomposition Methods for Partial Differential Equations, Philadelphia, PA, 1991. SIAM.

[19] C.V. Pao Non Linear Parabolic and Elliptic Equation Plenum Press, New York, 1992.

[20] G. Strang. On the construction and comparision of difference schemes. SIAM J. Numer. Anal., 5:506–517, 1968.

[21] J.G. Verwer and B. Sportisse. A note on operator splitting in a stiff linear case.

MAS-R9830, ISSN 1386-3703, 1998.

[22] Z. Zlatev. Computer Treatment of Large Air Pollution Models. Kluwer Academic Publishers, 1995.

[23] H.A. Schwarz. Über einige Abbildungsaufgaben. Journal für Reine und Angewandte Mathematik, 70:105–120, 1869.

[24] C. N. Dawson, Q. Du, and D. F. Dupont. A finite Difference Domain Decomposition Algorithm for Numerical solution of the Heat Equation. Mathematics of Computation, 57:63-71, 1991