Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Multi-pulse evolution and space-time chaos in dissipative systems

Sergey Zelik^1, Alexander Mielke^{12}

submitted: January 31, 2006

1 Weierstraß-Institut

für Angewandte Analysis und Stochastik Mohrenstraße 39 10117 Berlin Germany E-Mail: zelik@wias-berlin.de

mielke@wias-berlin.de

2 Institut für Mathematik Humboldt-Universität zu Berlin Rudower Chaussee 25 12489 Berlin-Adlershof Germany

No. 1093 Berlin 2006

W I A S

2000 Mathematics Subject Classification. 35Q30, 37L30.

Key words and phrases. Dissipative systems, unbounded domains, multi-pulses, normal hyperbolicity, center-manifold reduction, space-time chaos, Bernoulli shifts.

This work is partially supported by Alexander von Humboldt foundation and by the CRDF grant RUM1-2654-MO-05. The authors are also grateful to A.Vladimirov and D.Turaev for stimulating discussions..

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

We study semilinear parabolic systems on the full space R^n that admit a family of exponentially decaying pulse-like steady states obtained via translations. The multi-pulse solutions under consideration look like the sum of infinitely many such pulses which are well separated. We prove a global centermanifold reduction theorem for the temporal evolution of such multi-pulse solutions and show that the dynamics of these solutions can be described by an infinite system of ODEs for the positions of the pulses.

As an application of the developed theory, we verify the existence of Sinai- Bunimovich space-time chaos in 1D space-time periodically forced Swift- Hohenberg equation.

1 Introduction

It is well-known that even relatively simple dynamical systems generated by lowdimensional systems of ODEs can demonstrate very complicated irregular behavior (the so-called deterministic chaos). It is also well-known that the temporally localized solutions (pulses, homoclinic loops) play a crucial role in the modern theory of the deterministic chaos, see [KaHa95] and references therein. The main feature that makes these structures so important is the ability to construct more complicated multi-pulse structures by taking the appropriate sums of "shifted" pulses. In particular, very often the existence of a single pulse allows to find the huge family of multi-pulses parameterized by the elements of the Bernoulli scheme M^1 := {0, 1}^Z such that the evolution operator will be conjugated with the shift operator on M^1. Thus, the existence of a single (transversal) pulse allows to verify e.g., that the topological entropy of the system is strictly positive and to obtain the description of the deterministic chaos in terms of Bernoulli shifts on M^1.

The dynamical behavior of infinite-dimensional systems generated by evolution partial differential equations are usually much more complicated (and essentially less understood), since, in addition to irregular temporal dynamics, the formation of complicated spatial patterns usually takes place (the so-called spatial chaos phenomena) and, as a result of irregular evolution of spatially-chaotic structures, the so-called space-time chaos may appear. These phenomena are genuinely infinite-dimensional and can demonstrate the essentially higher level of complexity which is not observable in the classical finite-dimensional theory, see e.g. [CoEc99a, Zel03b, Zel04] for the case of dissipative dynamics in unbounded domains.

Nevertheless, analogously to the finite-dimensional case, localized structures are very important for the understanding the space-time dynamics generated by PDEs. Moreover, in contrast to the finite-dimensional case, here we have the additional spatial variables, such that space, time or space-time localized solutions can be a priori considered. The most studied and, in a sense, most interesting is the case of space-localized structures, in particular, spatially localized equilibria or traveling solitons or multi-solitons, especially in the case of integrable Hamiltonian systems, where these objects can be completely described by the inverse scattering methods.

However, the existence of soliton-like solutions is not restricted by integrable systems and takes place for many PDEs which are far from being integrable, e.g., for the so-called dissipative systems including the classical pattern formation equations like Ginzburg-Landau, Swift-Hohenberg, Cahn-Hilliard equations etc. Thus, spatially localized structures are one of the typical phenomena that arise in spatially extended systems under the pattern formation including hydro- and magneto-hydrodynamics, quantum physics, mathematical biology etc., see [AfMi01, BGL97, BlW02, CMat03, Cou02, DGK98, PelTr01, REzW00, San02].

On the other hand, analogously to the homoclinic loops in ODEs, spatially localized solutions (=spatial pulses) can be considered as elementary building blocks for constructing more complicated multi-pulse structures by taking a sum of spatially well-separated pulse solutions and describing the space-chaos phenomena, see [ABC96, AfMi01, Ang87, Bab00, DFKM96, MiHo88, PelTr01, Rab93, REzW00, San93]. Furthermore, even if the initial spatial pulse is independent of time, for general pulse configurations the associated multi-pulse solution is not an equilibrium due to the weak "tail" interaction between pulses, but evolves slowly in time (in particular, this evolution can be temporarily chaotic and even produce the socalled Sinai-Bunimovich space-time chaos as it is shown below on a model example of 1D Swift-Hohenberg equation with space-time periodic external forcing). Thus, the ability to give an effective description of these weak tail interactions between pulses becomes crucial for the understanding of multi-pulse structures and their evolution.

On the physical level of rigorisity, the required slow evolution equations for multipulse structures can be relatively easily obtained by inserting the multi-pulse configuration u(t, x) in the form

u(t, x) = � i V (x − ξ_i(t)) + “small^{′′}

(where V = V (x) is the initial pulse and ξ_i(t) is the position of the center of the i-th pulse at time t) into the equation considered and making the asymptotic expansion with respect to the large parameter L = inf_{i≠j} ‖ξ_i − ξ_j‖. Then, dropping out the (formally) higher terms in this expansion, one arrives at a reduced system of ODEs for the pulse centers ξ_i(t).

We however note that, although the above expansions are widespread in the physical literature (see e.g. [Cou02, SkVl02, TVM03, VlFKKR99, VlKRo01, VlMSF02]), the rigorous justification of this reduction (based on the center manifold or the Liapunov-

Schmidt reduction technique) is a highly nontrivial mathematical problem which is solved only for rather particular cases.

Indeed, to the best of our knowledge up to the moment the general center manifold reduction was obtained only for the finite number of pulses (or for space-periodic pulse configurations) and only in the case of one spatial direction, see [Ei2002, San93, San02]. Moreover, even in that case, only the local center manifold reduction theorem (in a small neighborhood of a fixed pulse configuration) is available in the literature, see [Ei2002]. This theorem is mainly adapted for the study of the multi-pulse equilibria and their stability and is clearly insufficient for describing the multi-pulse evolution if the pulses undergo large changes of their position. A global multi-pulse center manifold theorem with one manifold for all admissible pulse-configurations (also for finite number of pulses and 1D case) is announced to be proven in [Sand]. We also note that for the particular case of multi-kinks in 1D Chafee-Infante equations the infinite number of kinks has been considered in [EckR98].

The main aim of the present paper is to give a systematic study of the above justification problem in the case of parabolic dissipative systems in R^n for an infinite number of pulses. Moreover, keeping in mind the applications to the space-time chaos problem, we study also space-time periodic perturbations of the multi-pulse structures.

To be more precise, we consider the following evolutionary problem in x ∈ R^n:

∂_tu + A_0u + Φ(u) = μR(t, x, u) (1.1)

where u = (u^1, · · · , u^m) is the unknown vector-valued function, A_0 is a positively defined uniformly elliptic operator of order 2l in [L^2(R^n)]^m with constant coefficients. Φ(u) := Φ(u, D_xu, · · · , D^{2l−1}_x u) is a nonlinear interaction function which is assumed to be smooth, with Φ(0) = Φ^′(0) = 0. R(t, x, u) = R(t, x, u, · · · , D^{2l−1}_x u) is a perturbation which is also assumed to be smooth with respect to u, · · · , D^{2l−1}_x u, and μ is a small perturbation parameter. We consider this equation in the phase space X_b of spatially bounded functions (and do not assume any decay conditions as |x| → ∞). To be more precise, X_b = W^{2l(1−1/p),p}_b (R^n) with large p (or X_b = C^{2l−1}_b (R^n)), see Section 3 for rigorous definitions.

Our basic assumption is that the unperturbed equation

∂_tu + A_0u + Φ(u) = 0 (1.2)

possesses a pulse equilibrium V = V (x), |V (x)| ≤ C e^{−α|x|}, for some α > 0. Thus, we assume that the initial spatially localized structure is a priori given and will concentrate ourselves on the study of the multi-pulse structures generated by V .

We recall that equation (1.2) is spatially homogeneous and consequently possesses a group of spatial shifts {T_ξ, ξ ∈ R^n}, (T_ξu)(x) := u(x − ξ) as a symmetry group. Moreover, in addition to these shifts equation (1.2) is often invariant with respect to some rotations γ := (γ_1, γ_2) ∈ SO(n) × SO(m) that generate a linear action on

[C^∞(R^n)]^m via (T_γ u)(x) := γ_2u(γ_1x). (1.3)

In order to take into account this typical situation in our general theory, we assume that equation (1.2) is invariant with respect to the action of a Lie group G of symmetries which is a skew product of the shifts R^n and some (compact) subgroup Ḡ. For simplicity, this compact Lie group is assumed to be a subgroup of SO(n)×SO(m) (see Section 2 for slightly more general symmetry groups). Thus, the Lie group of symmetries {T_Γ, Γ ∈ G} of equation (1.2) is also assumed to be a priori given.

Therefore, the initial pulse is not isolated, but generates the whole manifold P_1 of shifted and rotated pulses

P_1 := {V_Γ := T_ΓV, Γ ∈ G} (1.4)

(the so-called one-pulse manifold) parameterized by the elements Γ of the symmetry group G. To be more precise, P_1 is a finite-dimensional submanifold of the phase space diffeomorphic to the factor group G � St_G(V ), where St_G(V ) is a stabilizer of V in G. In order to avoid the technicalities, we assume that this stabilizer is trivial

St_G(V ) = {Id}. (1.5)

and, consequently, P_1 is diffeomorphic to G (we emphasize that G is not necessarily the whole group of symmetries of (1.2), so (1.5) does not seem to be a great restriction and is usually satisfied in applications.

Finally, we assume that the invariant one-pulse manifold P_1 is normally-hyperbolic with respect to equation (1.2), i.e., in the exponential trichotomy (V_+, V_0, V_−) for linearized equation ∂_tv + A_0v + Φ^′(V )v = 0 (1.6)

(which always exists due to the Fredholm property, see Section 2) the neutral subspace V_0 coincides with the tangent plane T_V P_1 to the manifold P_1 at V :

V_0 = T_V P_1. (1.7)

We recall that the neutral subspace is always finite dimensional (Fredholm property) and the tangent space T_V P_1 is always contained in it, so assumption (1.7) can be considered as a non-degeneracy assumption (= minimal degeneracy assumption) and is also natural if the initial pulse is not “bifurcating”.

We are now able to introduce the main object of the paper – the multi-pulse manifold

P(L) := {m = ∞� j=1 V_{Γj} , Γ_j := (ξ_j, γ_j ) ∈ G, ‖ξ_i − ξ_j‖_Rn > 2L, i ≠ j} (1.8)

which describes all possible multi-pulse configurations consisting of well-separated (2L-separated) pulses. We prove in Section 4 that, for sufficiently large L, P(L) is, indeed, a submanifold of the phase space with the boundary

∂P(L) := {m ∈ P(L − ε), ε > 0 sup_{i,j∈N, i≠j} ‖ξ_i − ξ_j‖ = 2L}.

Thus, a multi-pulse configuration is determined by well-separated sequence {Γ_j}^∞_{j=1} of symmetry group elements and, therefore, its time evolution can be described by symmetry group-valued functions {Γ_j(t)}^∞_{j=1} ∈ G.

The following theorem, which gives the center manifold reduction for equation (1.1) near the manifold P(L) to the appropriate equation on P(L) can be considered as the first main result of the paper.

Theorem 1.1. Let the above assumptions hold and let l ∈ N be arbitrary. Then, for a sufficiently large L and sufficiently small perturbation parameter μ, there exist a time-dependent vector field f(t, ·) on P(L) and a function W(t, ·) : P(L) → X_b which are C^l-smooth and uniformly small, viz.,

‖ f(t, ·)‖_Cl + ‖W(t, ·)‖_Cl ≤ C(e^{−αL} +μ) (1.9)

and satisfy the following properties:

1) Every solution m(t) of the reduced equation d dt m(t) = f(t, m(t)) (1.10)

belonging to P(L + 1) ⊂ P(L) for any t ∈ [τ, T ], generates a multi-pulse solution of the initial problem (1.1) via

u(t) := m(t) + W(t, m(t)), t ∈ [τ, T ]. (1.11)

2) Vice versa, every solution u of (1.1) which is close to the manifold P(L) for all t ∈ R can be represented in the form (1.11) where m(t) is an appropriate solution of the reduced equation (1.10).

The reduced equations (1.10) can be rewritten in “coordinates” Γ_j(t) as follows d dt Γ_j(t) = f̃_j(t, ⃗Γ), j ∈ N, (1.12)

where ⃗Γ := {Γ_j}^∞_{j=1} and, consequently, gives the infinite system of ODEs describing the weak temporal evolution in the well-separated multi-pulse structures.

Moreover, we give a simple formula for the leading terms in the asymptotic expansion of the vector field f as L → ∞ and compute them explicitly for a number of equations of mathematical physics including the 1D Ginzburg-Landau and Swift-Hohenberg equations, see Section 10. In particular, let us consider the case of Swift-Hohenberg equation ∂_tu + (∂^2_x + 1)^2u + β^2u + f(u) = 0, β ≠ 0. (1.13)

Since the equation is one-dimensional and scalar, we do not have here any rotations and the symmetry group coincides with the 1D shifts G = R. We assume the existence of the symmetric normally hyperbolic pulse equilibrium V , V (x) = V (−x), for that equation (see [BGL97] and [GlL94] for the sufficient conditions which give its existence). Thus, the multi-pulse configuration is determined now by the sequence {ξ_j}^∞_{j=−∞} ∈ R, ξ_{j+1} − ξ_j > 2L of the positions of pulse centers. Then, the reduced pulse-interaction equations read: d dt ξ_j = M_0[e^{−α(ξj −ξj−1)} sin(ω(ξ_j − ξ_{j−1}) + ϕ_0)−

− e^{−α(ξj+1−ξj )} sin(ω(ξ_{j+1} − ξ_j) + ϕ_0)] + O(e^{−4(α−ε)L}), (1.14)

where λ = α + iω solves (λ^2 + 1)^2 + β^2 = 0 and the amplitude M_0 ≠ 0 and phase ϕ_0 are some constants depending on the nonlinearity f, but are independent of L.

We are also interested in the dynamics of (1.1) near the constructed center manifold. In particular, in the spectrally stable case (i.e., where the subspace V_+ in the trichotomy for (1.6) is trivial) we verify the exponential convergence to the manifold and the existence of an asymptotic phase.

Theorem 1.2. Let the assumptions of previous theorem hold and let, in addition, the pulse V be spectrally stable. Then, for every initial data u(τ) = u_τ close to the manifold P(L), the corresponding solution u(t) of (1.1) exists and remains close to that manifold for t ≥ τ as long as it remains far from the boundary ∂P(L). Moreover, there exists a solution u_0(t) in the form (1.11) for the appropriate solution m of (1.10) such that ‖u(t) − u_0(t)‖_{Xb} ≤ C e^{−γ(t−τ)}, γ > 0

where the constants C and γ are independent of the concrete choice of the initial data u_τ , t and τ. Thus, the dynamics of (1.1) near P(L) is completely determined by reduced equations (1.10).

Furthermore, keeping in mind the applications to the space-time chaos problem, we have also verified the continuity of the functions f and W in the local topology C^{2l−1}_{loc} (R^n) and studied the relations between hyperbolic trajectories of the whole and of the reduced systems and their stability, see Section 9.

Although we consider in the paper only the case of whole physical space Ω = R^n, under the minor changes the method is applicable for any sufficiently large regular domain Ω if we assume that the pulses are situated sufficiently far from the boundary. Furthermore, one can also consider the structures generated by different pulses and even with different symmetry groups. Moreover, one can relax also assumption (1.7) and consider multi-pulse structures with bifurcating pulses. In this case, together with the global symmetry group variables Γ the "state" of the pulse will be described also with the additional "small" bifurcation variables associated with V_0 � T_V P_1.

Finally, the developed methods are also applicable for the case where the initial spatially localized structure is time-dependent, e.g. traveling wave solutions or, more general, spatially localized solutions with hyperbolic (chaotic) temporal dynamics. We return to that in the subsequent work.

The rest of the paper is devoted to the application of the above developed theory to the problem of detecting and describing space-time chaos in the concrete equations of mathematical physics. We recall that, in spite of a huge amount of numerical and experimental data on various types of space-time irregular and turbulent behavior in various physical systems, see e.g. [GEP98, Man90, Man95, REzW00] and references therein, there are very few rigorous mathematical results on this topic and mathematically relevant models describing this phenomenon.

The most simple and natural known model for this phenomenon is the so-called Sinai-Bunimovich space-time chaos which was initially defined and found for discrete lattice dynamics, see [AfFe00, BuSi88, PeSi88, PeSi91]. We also recall that this model consists of a Z^n-grid of temporally chaotic oscillators coupled by a weak interaction. Then, if the single chaotic oscillator of this grid is described by the Bernoulli scheme M^1 := {0, 1}^Z, the uncoupled system naturally has an infinitedimensional hyperbolic set homeomorphic to the multi-dimensional Bernoulli scheme M^{n+1} := {0, 1}^{Zn+1} = (M^1)^{Zn} . The temporal evolution operator is then conjugated to the shift in M^{n+1} along the first coordinate vectors and the other n coordinate shifts are associated with the spatial shifts on the grid. Finally, due to the stability of hyperbolic sets, the above structure survives under sufficiently small coupling. Thus, according to this model, the space-time chaos can be naturally described by the multi-dimensional Bernoulli scheme M^{n+1}.

It is worth to note that although this model is clearly not relevant for describing the space-time chaos in the so-called fully developed turbulence (since it does not reproduce the typical properties like energy cascades and Kolmogorov’s laws which are believed to be crucial for understanding of this phenomenon), it can be useful and relevant for describing weak space-time chaos and weak turbulence (close to the threshold) where the generation and long-time survival of such global spatial patterns is still possible.

Unfortunately, even for this simplest model, the verification of such space-time chaos in continuous media described by PDEs occurs to be an extremely complicated problem. Moreover, even the existence of a single PDE that possesses an infinitedimensional Bernoulli scheme was a long-standing open problem. The first examples of such PDEs (in the class of reaction-diffusion systems), have been recently constructed in [MieZel04]. However, the method used in that paper is based on a direct modulation of a spatial grid by the structure of the nonlinearity and leads to a very special (and rather artificial) nonlinear interaction function, which is far from the classical nonlinearities arising in physical models.

In this paper we present an alternative method of finding Sinai-Bunimovich spacetime chaos in continuous media based on the multi-pulse center manifold reduction theorem formulated before. Indeed, reduced equations (1.12) for the multi-pulse evolution have the form of spatially discretized dynamical system close to dynamical systems on lattices. So, the most singular and complicated passing from spatially continuous to spatially discrete dynamics is already done and the problem is reduced to the following one: Find a spatial pulse configuration in such way that the reduced equations (1.12) would have the form of weakly coupled system of chaotic oscillators situated at the nodes of a some grid. Applying then the Sinai-Bunimovich theory to the reduced equations, we obtain the existence of the above space-time chaos in the initial equation (1.1).

However, the initial standing pulse is not a very convenient object for the realization of this scheme, since it does not have its own dynamics and all dynamics appears due to the coupling, so the coupling cannot be "small" with respect to this dynamics as in Sinai-Bunimovich model. In order to overcome this difficulty, we suggest to find a pulse-pattern consisting of finite number of pulses which demonstrate the temporally chaotic (hyperbolic) dynamics and treat it as a single temporally chaotic pulse. If we consider then a grid of well-separated temporally chaotic pulses, its reduced dynamics would be governed by a lattice model of Sinai-Bunimovich type. Of course, if the temporally chaotic pulse is a priori known, the situation becomes much simpler (see e.g., [ASCT01, BlW02, TVZ] for examples of such pulses). Nevertheless, the direct verification and investigation of the existence of chaotic pulses is much more delicate problem than the analogous one for the standing pulse. So, the above construction of a chaotic pulse from standing ones seems to be applicable to a wider class of equations. In particular, the existence of pulse solutions is known for a large class of so-called modulation equations (like Swift-Hohenberg, Ginzburg-Landau equation, etc., see e.g. [Mie02]). So, if hyperbolic space-chaos will be detected in such equations, it can be "lifted" to many other physically relevant equations (including even Navier-Stokes and other hydrodynamical equations) using the spatial center manifold reduction, see [Kir82, Kir85, Mie86, Mie02]. In particular, we refer to [AfMi01] for the existence of multi-pulse solutions in the Poiseuille problem which is based on the corresponding result in CGL equation of [AfMi99].

In order to avoid the technicalities, we realize the above scheme only for the case of space-time periodically 1D Swift-Hohenberg equation

∂_tu + (∂^2_x + 1)^2u + β^2u + f(u) = μh(t, x), f(u) = u^3 + κu^2, μ ≪ 1 (1.15)

(the space-time chaos of Ginzburg-Landau equations and infinite dimensional hyperbolic local attractors for the Swift-Hohenberg equations will be considered in the forthcoming papers [TZ2] and [TZ1]).

The following theorem, which establishes the existence of Sinai-Bunimovich spacetime chaos for the Swift-Hohenberg equations, can be considered as the second main result of the paper.

Theorem 1.3. There exists a nonempty open set of parameters (β, κ) ∈ R^2 of equation (1.15) such that, for every (β, κ) belonging to this set and every sufficiently small μ ≠ 0 there exists a space-time periodic external force h, ‖h‖_{Cb(R}2_) ≤ 1 such that the associated equation (1.15) possesses an infinite-dimensional hyperbolic set homeomorphic to the Bernoulli shifts M^2 such that the Bernoulli shifts on M^2 are conjugated to the space-time shifts (scaled by the space and time periods of h) on the above hyperbolic set.

The reason of adding the space-time periodic perturbation into the equation considered is two-fold:

1) Swift-Hohenberg related: It is known that equation (1.15) with μ = 0 is so-called extended gradient system which cannot have the space-time chaos, see [Zel04], so at least a temporally non-autonomous perturbation is unavoidable here.

2) Absence of hyperbolicity (structural stability): The invariance with respect to the continuous groups of space and time shifts in space or space-time homogeneous systems in unbounded domains (see Remark 9.2 below) leads to new essential difficulties.

Nevertheless, in the forthcoming paper [TZ2], we will partially extend Theorem 1.3 to the case of space-time homogeneous Ginzburg-Landau equation (of course by relaxing the hyperbolicity assumption).

The paper is organized as follows. The rigorous assumptions on the structure of the considered equation, its a priori given spatial pulse V and the symmetry group G, and the immediate corollaries of these assumptions are discussed in Section 2. In Section 3 we formulate and prove a number of results on the regularity of solutions of parabolic problems in weighted Sobolev spaces that are the main technical tools of the paper.

The geometric structure of the multi-pulse manifold P(L) and its relations with the original problem (1.1) is studied in Sections 4, 5 and 6. In particular, we prove here that P(L) is indeed a submanifold of the phase space consisting of "almost-equilibria" of equation (1.1) (Section 4). We construct a uniform family of projectors P_m to the tangent space T_mP(L), m ∈ P(L) (Section 5) and study the general structure of differential equations on P(L) (Section 6).

The linearized problem associated with (1.1) near P(L) is studied in Section 7 and its hyperbolicity in directions transversal to T_mP(L) is verified there.

Based on these results, in Section 8 we construct the center manifold reduction for equation (1.1) in a small neighborhood of the multi-pulse manifold P(L). In particular, Theorems 1.1 and 1.2 are proven there.

The relations between hyperbolicity and stability in infinite dimensional pulse configurations, which are very important for the applications to space-time chaos, are investigated in Section 9.

The asymptotic expansions of the reduced equations on the manifold P(L) as L → ∞ are studied in Section 10. In particular, explicit formulae for the leading term in these expansions are computed for a number of concrete equations of mathematical physics.

Finally, the application of the above theory to space-time chaos in the 1D Swift- Hohenberg equations is given in Section 11.

2 Assumptions and preliminaries

In this section, we formulate the basic assumptions to the equation considered, its pulse solution and the associated symmetry group and introduce some useful notations which are assumed to be valid throughout the paper. We start with describing the general structure of our basic nonlinear PDE.

2.1 The equation

In the whole physical space Ω = R^n we consider the following parabolic system of PDEs:

∂_tu + A_0u + Φ(u) = 0. (2.1)

It is assumed that u(t, x) := (u^1(t, x), · · · , u^m(t, x)) is an unknown vector-valued function, A_0 : [W^{2l,2}(R^n)]^m → [L^2(R^n)]^m is a positive, strongly elliptic differential operator of order 2l with constant coefficients:

(A_0u)_i := m� j=1 l� |p|,|q|=0

∂^p_x(a_{p,q,i,j}∂^q_xu_j) (2.2)

where p, q ∈ Z^n_+ are multi-indices, ∂^p_x := ∂^{p1}_{x1} · · · ∂^{pn}_xn and a_{p,q,i,j} ∈ R and the nonlinear term Φ(u) has the form

Φ(u) := Φ̄(u, D^1_xu, · · · , D^{2l−1}_x u) (2.3)

where D^s_x is collection of all derivatives ∂^p_x, p ∈ Z^n_+, |p| = s and Φ̄ is a smooth function. Moreover, we assume that

Φ(0) = D_uΦ(0) = 0. (2.4)

We recall that the strong ellipticity of the operator A_0 means that its principal symbol

A(ξ)_{i,j} := (−1)^l l� |p|=|q|=l

ξ^{p+q}a_{p,q,i,j} (2.5)

(where as usual ξ^p := ξ^{p1}_1 · · · ξ^{pn} ) satisfies

A(ξ)v.v ≥ c|ξ|^{2l}|v|^2, ξ ∈ R^n, v ∈ R^m (2.6)

for some positive c > 0, see e.g. [Ama95], and the positivity means that the spectrum of A_0 has strictly positive real part

Re σ(A_0, [L^2(R^n)]^m) > C_1 > 0. (2.7)

Remark 2.1. It is well-known (see e.g. [Ama95]), that under the above assumptions the elliptic differential operator A_0 defines an isomorphism between the Sobolev spaces [W^{2l,p}(R^n)]^m and [L^p(R^n)]^m for all 1 < p < ∞ and generates an analytic semigroup in that spaces. In particular, the parabolic operator ∂_t + A_0 is also an isomorphism between the Sobolev-Slobodetskij space [W^{(1,2l),p}(R^{n+1})]^m and [L^p(R^{n+1})]^m. Actually, we impose the strong ellipticity assumption on A_0 only in order to guarantee these properties. Thus, all of the results formulated below remains valid for operators A_0 which satisfy the above isomorphism properties.

We are now going to describe the symmetry group of the introduced basic equation.

2.2 The symmetry group

First of all, we recall that equation (2.1) always possesses a group of translations {T_ξ, ξ ∈ R^n}, (T_ξu)(x) := u(x − ξ). Except of that group, this equation very often possesses a (compact) symmetry group of "rotations" (e.g., SO(n) or SO(n)×SO(m) or subgroups thereof). That is the reason why we assume that the symmetry group G of equation (2.1) is a linear representation of a finite-dimensional Lie group G_0,

G := {T_Γ, Γ ∈ G_0} ⊂ L([C^∞(R^n)]^m, [C^∞(R^n)]^m), T_{Γ1} ∘ T_{Γ2} = T_{Γ1∘Γ2} (2.8)

dim G_0 = k ≥ n, which is a skew product of R^n and some (k − n)-dimensional compact Lie group Ḡ_0, i.e., every element Γ ∈ G_0 has the form Γ = (ξ, γ), ξ ∈ R^n, γ ∈ Ḡamma_0 and elements ξ ∈ R^n generate the subgroup of translations in G:

T_{(ξ,γ)} = T_ξ ∘ T_{(0,γ)}. (2.9)

For simplicity, we assume that G_0 is realized as a closed subgroup of the matrix group GL(R^N ) ⊂ R^{N×N} for some large N and, consequently, Ḡ_0 ⊂ GL(R^N ) is a compact subgroup of it. Furthermore, we can define a metric on the group G_0 via

‖Γ_1 − Γ_2‖ := ‖γ_1 − γ_2‖¯_{G0} + ‖ξ_1 − ξ_2‖_Rn

where ‖ · ‖¯_{G0} is some left invariant norm on Ḡ_0 (which exists since Ḡ_0 is compact) and ‖ · ‖_Rn is a standard norm in R^n. Then, the norm thus defined on G_0 will be also left invariant:

‖Γ ∘ Γ_1 − Γ ∘ Γ_2‖ = ‖Γ_1 − Γ_2‖.

Moreover, we assume that the action Γ → T_Γ is smooth with respect to Γ ∈ G at every ϕ(x) satisfying |∂^p_xϕ(x)| ≤ C_p e^{−α|x|} (2.10)

(where the constant C_p depends on p ∈ Z^m_+ , but is independent of x ∈ R^n) and the following inequalities hold:

‖∂^p_Γ(T_Γϕ)(x)‖ · (1 + |x − ξ|^{|p|})^{−1}+ + |∂^p_x(T_Γϕ)(x)| ≤ C^′_p e^{−α|x−ξ|}, ∀x ∈ R^n, Γ = (ξ, γ) ∈ G_0 (2.11) where the norms of ∂^p_Γ-derivatives are computed using the metric associated with the above embedding G_0 ⊂ GL(R^N ) and the constant C^′_p depends on p through the constant C_p from (2.10), but is independent of Γ and x.

Furthermore, in order to avoid the technicalities, we make two additional assumptions on the symmetry group G. The first is that it can be extended to L([W^{l,p}(R^n)]^m, [W^{l,p}(R^n)]^m) for all 1 ≤ p ≤ ∞ and l ∈ Z_+ and

‖T ‖_{L([W} l,p_{(R}n_{)]}m_{,[W} l,p_{(R}n_{)]}m_) ≤ C_{l,p}, ∀T ∈ G (2.12)

where the constant C depends on p and l, but is independent of T ∈ G. And the second one is that G acts by isometries in [L^2(R^n)]^m, i.e

(T u, T v) = (u, v) for all T ∈ G. (2.13)

It is also worth to mention that, due to (2.4), G is a symmetry group not only for whole equation (2.1), but also for the operators A_0 and Φ separately, i.e.

T ∘ A_0 = A_0 ∘ T , T ∘ Φ = Φ ∘ T , ∀T ∈ G. (2.14)

All of the assumptions of this subsection are obviously satisfied if Ḡ_0 is a subgroup of SO(n) × SO(m) with the standard action on [C^∞(R^n)]^m. In all applications of the general theory considered in the paper the group Ḡ_0 will be such a subgroup. Consequently, it will be not necessary to verify the above conditions in the concrete examples considered below (see Section 10).

Finally, we formulate the assumptions on the localized pulse solution.

2.3 The pulse

We assume that equation (2.1) possesses a smooth pulse equilibrium V (x) which satisfies the following estimate:

|∂^p_xV (x)| ≤ C_p e^{−α|x|} (2.15)

where the constant C_p depends on p ∈ Z^m_+ , but is independent of x ∈ R^n.

Let us consider the linearization of (2.1) on the pulse solution V which gives the following linear elliptic operator:

L_V := A_0 + D_uΦ(V ). (2.16)

We recall that, due to our assumptions on A_0 and Φ, the operator A_0 is invertible and D_uΦ(V ) is relatively compact with respect to A_0. Thus, (2.16) is a Fredholm operator of index zero and, consequently, has a finite-dimensional kernel and Cokernel. On the other hand, since equation (2.1) is invariant with respect to T_Γ, then ϕ^i := L_vi (T_Γ)V � Γ=Γ_e ∈ ker LV , i = 1, · · · , k (2.17)

where Γ_e := (0, e) is a unit element of the group G_0, {v^i}^k_{i=1} is some fixed basis in the Lie algebra G associated with the group G_0 and L_vi is a differentiation along v^i. To be more precise, let exp : G → G_0 be the associated exponential map. Since G_0 is realized as a subgroup of the matrix group GL(R^N ), the exponential map exp(·) coincides with the standard matrix exponent:

exp(g) := ∞� l=0 g^l l! , g ∈ G ⊂ M(R^N ). (2.18)

Then, the basis {v^i}^k_{i=1} generates k one-parametrical subgroups {exp(sv^i), s ∈ R} in G_0 and the functions ϕ^i can be defined as follows:

ϕ^i = d ds T_{exp(sv}i_)V � s=0.

Our next assumption is that the eigenvectors ϕ^i are linearly independent

det{(ϕ^i, ϕ^j )} ≠ 0 (2.19)

and generate the whole kernel ker L_V :

ker L_V = span{ϕ^i, i = 1, · · · , k}, dim ker L_V = k.

Moreover, we assume that the operator L_V does not have any Jordan cells at zero eigenvalue (i.e. that its geometric multiplicity is equal to the algebraic one) and the rest of the spectrum of L_V is separated from the imaginary axis:

σ(L_V , L^2(R^n)) ∩ {λ ∈ C, Re λ ∈ [−δ, δ]} = {0} (2.20)

for some positive δ.

Note also that, according to (2.11) eigenfunctions ϕ^i(x) are smooth and exponentially decaying (i.e. satisfy (2.10)). Furthermore, since L_V is Fredholm of index zero, then the adjoint operator

L^∗_V := A^∗_0 + [D_uΦ(V )]^∗ (2.21)

also has k-dimensional kernel

ker L^∗_V := span{ψ^i, i = 1, · · · , k}. (2.22)

We also note that, according to our assumptions on Φ and V , all of the coefficients of linear differential operators D_uΦ(V ) and [D_uΦ(V )]^∗ satisfy estimate (2.10) and, consequently, using the standard elliptic regularity estimates in weighted spaces (see e.g. [Tri78] or the next section), it is not difficult to verify that the eigenfunctions ψ^i are also smooth and exponentially decaying (i.e., satisfy (2.10)). We assume that the eigenfunctions ψ^i ∈ [L^2(R^n)]^m of the adjoint operator are normalized in such way that (ϕ^i, ψ^j) = δ_{ij} . (2.23)

Such a normalization exists since, due to our assumptions, the operator L_V does not have any Jordan cells at zero eigenvalue. It is also worth to recall that, according to Fredholm property, equation

L_V v = h, (v, ψ^i) = 0, i = 1, · · · , k

is uniquely solvable if and only if (h, ψ^i) = 0, i = 1, · · · , k, then the following estimate holds:

‖v‖_{[W} 2l,p_{(R}n_{)]}m ≤ C_p‖h‖_{[L}p_{(R}n_{)]}m (2.24)

where the constant C_p depends on 1 < p < ∞, but is independent of h (and the analogous result holds also for the adjoint operator).

We say that the initial pulse V (x) is spectrally stable if the following stronger analog of (2.20) holds:

σ(L_V , L^2(R^n)) ∩ {λ ∈ C, Re λ ∈ [−δ, ∞]} = {0}. (2.25)

In other words, the pulse V (x) is spectrally stable, if the spectrum of L_V consists of a zero eigenvalue of finite multiplicity and the rest of the spectrum belongs to the left halfplane.

And, finally, we assume that the symmetry group G is already factorized by the stabilizer of V and, consequently,

St_G(V ) := {Γ ∈ Γ_0, T_ΓV = V } = {Γ_e}. (2.26)

We recall that together with the principal pulse solution V (x), we also have a whole family of pulse solutions V_Γ(x) := (T_ΓV )(x) parameterized by the elements of the symmetry group G_0 and, consequently, equation (2.1) possesses the following onepulse manifold of equilibria:

P_1 := {T_ΓV, Γ ∈ G_0}. (2.27)

We conclude the section by formulating the corollaries of the above assumptions on the structure of this manifold which are of fundamental significance for what follows.

2.4 The one-pulse invariant manifold: uniform normal hyperbolicity

We first recall that, due to (2.11), all the pulses V_Γ satisfy the following shifted analog of estimate (2.10):

|∂^p_xV_Γ(x)| ≤ C_p e^{−α|x−ξ|}, Γ := (ξ, γ). (2.28)

where the constant C_p depends only on p. Let us now consider the linearized operator L_Γ on the pulse V_Γ L_Γ := A_0 + D_uΦ(V_Γ) := A_0 + F_Γ. (2.29)

Then, all of the coefficients of linear differential operator F_Γ := D_uΦ(V_Γ) also satisfy (2.28). Moreover, due to the commutation relations (2.14), L_Γ = T_Γ ∘ L_V ∘ (T_Γ)^{−1}, L^∗_Γ = T_Γ ∘ L^∗_V ∘ (T_Γ)^{−1} (2.30) (here we have used our simplifying assumption that T_Γ are isometries in L^2 and, consequently, T^∗_Γ = (T_Γ)^{−1}). Thus, the functions ϕ^i_Γ := T_Γϕ^i and ψ^i_Γ := T_Γψ^i, i = 1, · · · , k generate the kernel and co-kernel of the operator L_Γ respectively:

ker L_Γ = span{ϕ^i_Γ, i = 1, · · · , k}, ker L^∗_Γ = span{ψ^i_Γ, i = 1, · · · , k} (2.31) and satisfy the shifted analog of (2.10):

|∂^p_xϕ^i_Γ(x)| + |∂^p_xψ^i_Γ(x)| ≤ C_p e^{−α|x−ξ|} . (2.32) Moreover, due to (2.12) the equation L_Γv = h, (v, ψ^i_Γ) = 0 (2.33) is uniquely solvable if and only if (h, ψ^i_Γ) = 0, then the estimate ‖v‖_{[W} 2l,p_{(R}n_{)]}m ≤ C_p‖h‖_{[L}p_{(R}n_{)]}m (2.34) holds uniformly with respect to Γ ∈ G_0 and, since T_Γ are isometries

det{(ϕ^i_Γ, ϕ^j_Γ)} = det{(ϕ^i, ϕ^j )} ≠ 0, det{(ψ^i_Γ, ψ^j_Γ)} = det{(ψ^i, ψ^j)} ≠ 0, (ϕ^i_Γ, ψ^j_Γ) = (ϕ^i, ψ^j) = δ_{ij} . (2.35) Thus, the invariant manifold P_1 is indeed uniformly normally hyperbolic with respect to equation (2.1).

We are now going to study the local structure of the manifold P_1. To this end, we consider the local coordinates Γ = Γ(α), α = (α^1, · · · , α^k) ∈ R^k near some point Γ_0 ∈ G_0. Then, differentiating the equation A_0V_{Γ(α)} + Φ(V_{Γ(α)}) = 0 with respect to α^i, we derive that ∂_αi V_{Γ(α)} ∈ ker L_{Γ(α)} (2.36) and, consequently, there exists a matrix Π_{ij}(α) ∈ L(R^k, R^k) such that

∂_αi V_{Γ(α)} = k� j=1 Π_{ij} (α)ϕ^j_{Γ(α)}. (2.37)

The next proposition shows that P_1 is a manifold globally diffeomorphic to G_0 and that there exists a convenient coordinate atlas on P_1 such in all local coordinates of that atlas the matrices Π_{ij} are uniformly bounded and invertible.

Proposition 2.2. Let the above assumptions hold. Then there exists a positive constant C_0 such that

C^{−1}_0 min{1, ‖Γ_1 − Γ_2‖} ≤ ‖V_{Γ1} − V_{Γ2} ‖_{[L}2_{(R}n_{)]}m ≤ C_0 min{1, ‖Γ_1 − Γ_2‖} (2.38) for all Γ_1, Γ_2 ∈ G_0 and the space L^2 in (2.38) can be replaced by any Sobolev space W^{l,p}(R^n) with l ≥ 0 and p ∈ [1, ∞].

Moreover, there exists a smooth coordinate atlas on P_1 such that, for every local coordinates of this atlas, we have ‖∂^p_αΠ(α)‖_{L(R}k_{,R}k_) + ‖Π^{−1}(α)‖_{L(R}k_{,R}k_) ≤ C_p, (2.39) where the constant C_p depends only on p and is independent of α and on the concrete choice of the local coordinates.

Furthermore, there exists positive r_0 such that, for every Γ_0 ∈ G_0 there exist local coordinates α near V_{Γ0} belonging to the above atlas such that the set O_{r0} (V_{Γ0} ) := {V_Γ, ‖Γ − Γ_0‖ ≤ r_0} belongs to the same coordinate neighborhood and

C^{−1}_0 ‖α_1 − α_2‖_Rk ≤ ‖V_{Γ(α1)} − V_{Γ(α2)}‖_{[L}2_{(R}n_{)]}m ≤ ≤ C_0‖α_1 − α_2‖_Rk , Γ(α_1), Γ(α_2) ∈ O_{r0} (V_{Γ0} ) (2.40) where the constant C_0 is independent of Γ_0, α_1 and α_2 (and, analogously to (2.38), the L^2-norm can be replaced by any Sobolev’s norm W^{l,p}).

Proof. Indeed, since the map Γ → V_Γ is smooth and the vectors L_vi V_Γ � Γ=Γ_e , i =

1, · · · , k are linear independent, then this map is a local diffeomorphism between G_0 and P_1 near Γ = Γ_e. Thus, there exists a neighborhood O_{r0} (Γ_e) of the unitary element such that C^{−1}_0 ‖Γ_1 − Γ_2‖ ≤ ‖V_{Γ1} − V_{Γ2} ‖_L2_{(R}n_) ≤ C_0‖Γ_1 − Γ_2‖ (2.41) for all Γ_1, Γ_2 ∈ O_{r0} (Γ_e). Moreover, since all norms on a finite-dimensional space are equivalent, the L^2-norm in the middle part of (2.41) can be replaced by any Sobolev norm W^{l,p}.

Furthermore, it is well-known that the exponential map

Γ(α) := exp(α · v), α · v := k� i=1 α^iv^i,

where α ∈ R^k and {v^i}^k_{i=1} is a basis in the Lie algebra G, is a local diffeomorphism near α = 0 and defines, thus, the local coordinates on G_0 near the unit element Γ = Γ_e. Lifting the constructed local coordinates from G_0 to P_1, we obtain the local coordinates α → V_{Γ(α)} on P_1 near the initial pulse V = V_{Γe} . Obviously, the coordinates thus defined satisfy (2.40) for every Γ_1, Γ_2 ∈ O_{r0} (Γ_e). Finally, since {ϕ^i_{Γ(α)}}^k_{i=1} and {∂_αi V_{Γ(α)}}_{i=1} are bases in ker L_{Γ(α)}, the transfer matrix Π_{ij}(α) is invertable and satisfies (2.39) uniformly with respect to Γ ∈ O_{r0} (Γ_e).

Thus, we have verified all the assumptions of the proposition locally near the unitary point Γ_e. In order to extend these local results from O_{r0} (Γ_e) to O_{r0} (Γ_0), for every Γ_0 ∈ G_0, it is sufficient to "shift" them by the group action operator T_{Γ0} . Indeed, the local coordinates α → Γ(α) near arbitrary Γ_0 ∈ G_0 can be defined via

Γ(α) := Γ_0 ∘ exp(α · v), α · v := k� i=1 α^iv^i,

where α ∈ R^k. Then, due to assumption (2.12) and the proved estimates near Γ = Γ_e, the coordinate atlas thus defined satisfies all the assertions of the proposition. In particular, since

ϕ^i_{Γ(α)} = T_{Γ0} ϕ^i_{exp(α·v)}, ∂_αi V_{Γ(α)} = T_{Γ0} ∂_αi V_{exp(α·v)},

the transfer matrix Π(α) is independent of Γ_0 and (2.39) holds.

Moreover, the analogous shift arguments, together with the assumption that the metric ‖Γ_1 − Γ_2‖ on Γ_0 is left invariant, show that estimate (2.41) holds for every Γ_1, Γ_2 ∈ G_0 such that ‖Γ_1 − Γ_2‖ ≤ r_0. Thus, it only remains to verify (2.38) in the case ‖Γ_1 − Γ_2‖ ≥ r_0.

To this end, we note that the right-hand side of this inequality is obvious since P_1 is globally bounded in [L^2(R^n)]^m (and (2.41) holds for every Γ_1 and Γ_2 which are sufficiently close to each other), so we only need to verify the left one. Assume that this estimate is wrong. Then, there exists two sequences Γ^1_i and Γ^2_i such that

‖Γ^1_i − Γ^2_i ‖ ≥ r_0, ‖V_Γ1_i − V_Γ2_i ‖_{[L}2_{(R}n_{)]}m ≤ 1/i. (2.42)

Moreover, due to the above translation trick, we can assume without loss of generality that Γ^1_i = Γ_e and Γ^2_i = Γ_i = (ξ_i, γ_i). We also note that, the pulse V_{Γi} is "localized" near x = ξ_i (see (2.28)) and, therefore, (2.42) implies that ξ_i are uniformly bounded: |ξ_i| ≤ R, i ∈ N. Taking now into account that G_0 is a product of R^n and a compact group, we may assume that Γ_i → Γ in G_0 as i → ∞. Finally, passing to the limit in (2.42), we infer

Γ_e ≠ Γ ∈ St_G(V )

which contradicts assumption (2.26) on the triviality of this stabilizer. Proposition (2.2) is proven.

Remark 2.3. If it is known, in addition, that the Lie group G_0 is commutative, the above defined natural local coordinates Γ(α) near Γ = Γ_e have the form

Γ(α) = exp(α^1v^1) · · · · · exp(α^kv^k) where {v^i}^k_{i=1} is the above fixed basis in the Lie algebra. Consequently, in these coordinates the transfer matric Π is identical Π(s) ≡ Id .

However, for general non-commutative Lie groups we do not have such canonical coordinates and the only thing which we can assume is Π(Γ_e) = Id (just taking the coordinate axis at Γ = Γ_e along the vectors v_i). Translating this local coordinates to arbitrary point Γ = Γ_0, we see that there exists a coordinate system from the atlas described in the previous proposition centered at Γ = Γ_0 such that Π(Γ_0) = Id.

We conclude by some kind of spatially localized version of estimate (2.38) which will be useful for what follows.

Proposition 2.4. Let the above assumptions hold. Then, there exists positive R_0 such that, for every Γ = (ξ, γ) and Γ^′ = (ξ^′, γ^′) belonging to G_0, we have (C^′_0)^{−1} min{1, ‖Γ − Γ^′‖} ≤ ‖V_Γ − V_Γ′ ‖_{L2(B}R_{0ξ )} ≤ C^′_0 min{1, ‖Γ − Γ^′‖}. (2.43)

where B^R_{x0} denotes the ball of radius R in the space R^n centered at x_0, the constant C_0 is independent of Γ, Γ^′ ∈ G_0 and the L^2-norm can be replaced by any Sobolev’s norm W^{l,p}.

Proof. We first note that, due to (2.38), it is sufficient to verify only the left inequality of (2.43). Moreover, due to translation invariance, we may assume without loss of generality that ξ = 0. Furthermore, using the assumption St_G(V ) = {Γ_e} analogously to the previous proposition, we reduce the proof to the case where ‖Γ − Γ^′‖ ≤ r_0 and, consequently, Γ and Γ^′ belong to the same coordinate neighborhood.

Using now assumption (2.11), we infer

|V_Γ(x) − V_Γ′ (x)| ≤ C‖Γ − Γ^′‖

�_1 0 |∂_ΓV_{Γs} (x)| ds ≤ C_r‖Γ − Γ^′‖ e^{−α|x|/2}

where Γ_s is a segment (in local coordinates) in G_0 connecting Γ and Γ^′. The last formula, in turns, gives an estimate ‖V_Γ − V_Γ′ ‖_{L2(Rn\B}R_{00 )} ≤ C_r‖Γ − Γ^′‖/R_0 (2.44)

Thus, using the left estimate of (2.38) and (2.44), we infer ‖V_Γ −V_Γ′ ‖^2_{L2(B}R_{00 )} = ‖V_Γ −V_Γ′ ‖^2_L2_{(R}n_) −‖V_Γ −V_Γ′ ‖^2_{L2(Rn\B}R_{00 )} ≥ (C^{−2}_0 −C^2_r /R^2_0)‖Γ−Γ^′‖^2

which implies (2.43) if R_0 is large enough. Proposition 2.4 is proven.

Remark 2.5. The properties of the normally hyperbolic one-pulse invariant manifold P_1 collected in the previous subsection play a fundamental role throughout of the paper. In contrast to this, the fact that this manifold is generated from a single pulse by translation via the symmetry group is not essential and will be nowhere essentially used below. In a fact, we have introduced the symmetry formalism only in order to simplify the verification of the above uniform normal hyperbolicity and to avoid the technicalities although all of the results of the paper remain true for general one-pulse invariant manifolds satisfying the properties of the previous subsection.

3 Weighted Sobolev spaces and regularity of solutions

In this section we recall some basic facts concerning weighted Sobolev spaces with weights of exponential growth rate and regularity of solutions of elliptic and parabolic equations in that spaces which are of fundamental significance for the next sections. We start by introducing the class admissible of weight functions.

Definition 3.1. A function θ ∈ C(R^N ) is a weight function of exponential growth rate ε ≥ 0 if θ(z) > 0 for all z ∈ R^N and

θ(z_1 + z_2) ≤ C_θθ(z_1) e^{ε|z2|}, (3.1)

for all z_1, z_2 ∈ R^N and some positive constant C_θ depending only on θ.

We will mainly use the following basic weight functions of exponential growth rate:

θ̄_{ε,z0} (z) := e^{−ε|z−z}0^| (3.2)

where ε ∈ R and z_0 ∈ R^N are parameters and their smooth analogs

θ_{ε,z0} (z) := e^{−ε}

√_{|z−z0|2+1}

. (3.3)

Obviously all these functions have exponential growth rate |ε| and the constant C_θ for these weights are independent of z_0 ∈ R^N .

The next definition gives weighted Sobolev spaces associated with these weights.

Definition 3.2. Let θ be a weight function of exponential growth rate. For every, 1 ≤ p ≤ ∞, we define the spaces L^p_θ(R^N ) and L^p_{b,θ}(R^N ) by the following norms:

‖u‖_L^p_{θ (R}N_) : = � z∈R^N

θ^p(z)|u(z)|^p dz

�_{1/p}

‖u‖_L^p_{b,θ(R}N_) : = sup_{z∈R}N � θ(z)‖u‖_Lp_{(B}1_{z )}

� (3.4) respectively (here and below B^R_{x0} denotes the R-ball of the space R^N centered at x_0. Moreover, for every l ∈ N, we can define the Sobolev spaces W^{l,p}_θ (R^N ) and W^{l,p}_{b,θ} (R^N ) as the space of distributions whose derivatives up to order l belong to L^p_θ(R^N ) and L^p_{b,θ}(R^N ) respectively. In particular, in the case N = n + 1, z = (t, x), we can define the anisotropic Sobolev spaces W^{(l1,l2),p}_θ (R^{n+1}) and W^{(l1,l2),p}_{b,θ} (R^{n+1}) as the space of distributions whose t-derivatives up to order l_1 and x-derivatives up to order l_2 belong to L^p_θ(R^{n+1}) and L^p_{b,θ}(R^{n+1}) respectively. We will usually use these anisotropic spaces with exponents (1, 2l) which are the usual spaces for the study of parabolic equations associated with the elliptic operators of order 2l.

We collect in the next proposition the important estimates related with the above weighted spaces whose proofs and more detailed exposition can be found, e.g. in [EfZe01, Zel03b].

Proposition 3.3. Let u ∈ L^p_θ(R^N ) where θ is a weight function of exponential growth rate ε. Then,

C_R(θ)^{−1}‖u‖_L^p_{θ (R}N_) ≤ � z∈R^N

θ^p(z)‖u‖^p_{Lp(BRz )} dz

�_{1/p} ≤ C_R(θ)‖u‖_L^p_{θ (R}n_) (3.5)

where the constant C_R(θ) depends only on N, R > 0, ε and the constant C_θ and is independent of u, p and the concrete form of the weight function θ. Moreover, for every α > ε, we have

C_α(θ)^{−1}‖u‖_L^p_{θ (R}N_) ≤ ≤ � z_0∈R^N

θ^p(z_0) � z∈R^N

e^{−pα|z−z0|} ‖u‖^p_{Lp(B1z )} dz dz_0

�_{1/p} ≤ C_α(θ)‖u‖_L^p_{θ (R}N_) (3.6)

where the constant C_α(θ) depends only on N, α, ε and C_θ. Analogously, if u ∈ L^p_{b,θ}(R^N ) then

C^{−1}_α (θ)‖u‖_L^p_{b,θ(R}N_) ≤

≤ sup_{z0∈RN} � θ(z_0) � z∈R^N

e^{−pα|z−z0|} ‖u‖^p_{Lp(B1z )} dz

�_{1/p}� ≤ C_α(θ)‖u‖_L^p_{b,θ(R}N_). (3.7)

Furthermore, estimates (3.5)–(3.7) remain valid if we replace thew spaces L^p by the Sobolev spaces W^{l,p} and W^{(l1,l2),p}.

Estimates (3.5) are very useful in order to verify various embedding and interpolation estimates in weighted Sobolev spaces and estimates (3.6) and (3.7) allow us to obtain the regularity estimates for the solutions for arbitrary weights θ if the analogous estimates for special weights (3.2) or (3.3) are known.

We are ready now to recall the regularity estimates for the solutions of parabolic equations in weighted Sobolev spaces introduced before. We start with the following parabolic equation associated with the elliptic operator A_0 introduced in the previous section:

∂_tv + A_0v = h. (3.8)

Proposition 3.4. Let the differential operator A_0 satisfies the assumptions of Section 2. Then, for every 1 < p < ∞, there exists ε_0 > 0 depending only on A_0 and p such that, for every weight function θ = θ(t, x) of exponential growth rate ε ≤ ε_0 and every h ∈ [L^p_θ(R^n)]^m or [L^p_{b,θ}(R^n)]^m there exists a unique solution v of equation (3.8) which belongs to [W^{(1,2l),p}_θ (R^n)]^m (resp. W^{(1,2l),p}_{b,θ} (R^n)]^m) and the following estimates hold:

‖v‖_W (1,2l),p_{θ (Rn)} ≤ C‖h‖_L^p_{θ (R}n_), resp. ‖v‖_W (1,2l),p_{b,θ (Rn)} ≤ C‖h‖_L^p_{b,θ(R}n_) (3.9)

where the constant C depends on p and the constant C_θ from (3.1), but is independent of ε, h and the concrete form of the weight function θ.

Proof. We first recall that, since A_0 is assumed to be uniformly elliptic and positively defined, then equation (3.8) is unique solvable for all h ∈ L^p(R^{n+1}), 1 < p < ∞ and the following estimate holds:

‖v‖_W (1,2l),p_{(R}n+1_) ≤ C_p‖h‖_Lp_{(R}n+1_), (3.10)

see e.g. [Ama95]. Thus, estimate (3.9) is verified for the non-weighted case θ = 1. In order to obtain its weighted analogies, we first consider the case of the special weights θ_{ε0,z0} (t, x), z_0 := (t_0, x_0) ∈ R^{n+1} introduced in (3.3). Indeed, let v be a solution of (2.8) and let ṽ(t, x) := v(t, x)θ_{ε0,z0} (t, x). Then, it is not difficult to verify, using the obvious estimate

|∂^p_z θ_{ε0,z0} (t, x)| ≤ C_pε_0θ_{ε0,z0} (t, x), (t, x) ∈ R^{n+1} (3.11)

(where the constant C_p depends on p, but is independent of (t, x), ε_0 ≤ 1 and z_0), that the function ṽ solves the following perturbed version of equation (3.8):

∂_tṽ + A_0ṽ = ε_0Ã_{ε0} (t, x)ṽ + θ_{ε0,z0} h (3.12)

where Ã_0 is the differential operator of order (2l − 1) with respect to x which is uniformly bounded with respect to ε_0 and z_0, i.e.

‖Ã_{ε0}ṽ(t)‖_Lp_{(R}n_) ≤ C‖ṽ‖_W 2l−1,p_{(R}n_) (3.13)

with the constant C independent of ε_0 and z_0. Applying now estimate (3.10) to equation (3.12) and using (3.13), we obtain that, for sufficiently small ε_0,

‖ṽ‖_W (1,2l),p_{(R}n+1_) ≤ C^′_p‖θ_{ε0,z0} h‖_Lp_{(R}n+1_). (3.14)

And, consequently, since the weights (3.3) are equivalent to (3.2), we have verified that ‖v‖^p_{W (1,2l),p̃θε}

0,z0

(R^{n+1}) ≤ C ′′ p ‖h‖^p_Lp_{θ̃ε0,z0 (Rn+1)} (3.15) where the constant C^{′′}_p is independent of z_0 ∈ R^{n+1}. Multiplying now estimate (3.15) by θ^p(z_0), integrating over z_0 ∈ R^{n+1} and using (3.6), we derive the first estimate of (3.9). The second one can be obtained analogously, replacing the integration over z_0 ∈ R^{n+1} by the supremum and using (3.7) instead of (3.6). Thus, estimates (3.9) are verified for every weight function θ of exponential growth rate ε ≤ ε_0. The existence of a solution follows in a standard way form these estimates and Proposition 3.4 is proven.

We are going to obtain now the analogous estimates in weighted Sobolev spaces for the perturbed operators L_Γ := A_0 + F_Γ, Γ ∈ G_0 introduced in (2.29) and the associated parabolic operators ∂_t+L_Γ. In contrast to the operator A_0 these operators have k-dimensional kernels and that is the reason why we need to introduce the following projectors:

P_Γv := k� i=1 (v, ψ^i_Γ)ϕ^i_Γ, (3.16)

where ψ^i_Γ = T_Γψ^i ∈ ker L^∗_Γ and ϕ^i_Γ = T_Γϕ^i ∈ ker L_Γ are introduced in the previous section. Indeed, according to estimate (2.32) operators P_Γ are well defined for all v ∈ L^2(R^n) and uniformly bounded with respect to Γ ∈ G_0. Moreover, obviously,

P^∗_Γv = k� i=1 (v, ϕ^i_Γ)ψ^i_Γ. (3.17)

Instead of studying the equation L_Γv = h and its parabolic analog (which is solvable only for h satisfying P_Γh = 0, see (2.33), (2.34)), it is much more convenient to consider the following modified equation:

∂_tv + L_Γv + P_Γv = h (3.18)

which is in a sense equivalent to the initial equation (see Remark 3.6 below), but is solvable for all h ∈ L^p(R^{n+1}) as the following proposition shows.

Proposition 3.5. Let the operators L_Γ = A_0 + F_Γ satisfy all the assumptions imposed in Section 1. Then, equation (3.18) is uniquely solvable for every h ∈ L^p(R^{n+1}) and the following estimate holds:

‖v‖_W (1,2l),p_{(R}n+1_) ≤ C‖h‖_Lp_{(R}n+1_) (3.19)

where the constant C_p depends on p, but is independent of Γ ∈ G_0. Moreover, the analogous result holds also for the adjoint equation

−∂_tw + L^∗_Γw + P^∗_Γw = h. (3.20)

Proof. We first recall that equations (3.20) are conjugate for different Γ by the transformations T_Γ. Therefore, due to (2.12), it is sufficient to verify the solvability and estimate (3.19) for Γ_e = (0, e) only. We now note that A_0 is a uniformly elliptic operator of order 2l and F_{Γe} is a differential operator of order 2l − 1 whose coefficients satisfy estimate (2.32) and, consequently, decay exponentially as |x| → ∞. Therefore, the term F_{Γe} + P_{Γe} is relatively compact with respect to A_0 and, consequently, the operator L_{Γe} +P_{Γe} is a compact perturbation of a uniformly elliptic operator A_0. Thus, this operator also generates an analytic semigroup in L^p(R^n). Moreover, since P_{Γe} v ∈ ker L_{Γe} , then the term P_{Γe} v does not change the component of the operator L_V (associated with the nonzero part of the spectrum) and the spectrum of the restriction of L_{Γe} + P_{Γe} to the kernel ker L_{Γe} obviously equals 1. Consequently, σ(L_{Γe} + P_{Γe} ) = {1} ∪ (σ(L_V )\{0}) (3.21)

and, due to assumption (2.20), there exists δ > 0 with

σ(L_{Γe} + P_{Γe} ) ∩ {λ ∈ C, Re λ ∈ [−δ, δ]} = ∅ (3.22)

and, consequently, operator L_{Γe} + P_{Γe} possesses an exponential dichotomy in the space [L^p(R^n)]^m, 1 < p < ∞, which, in turns, implies the unique solvability of (3.18) and estimate (3.19), see e.g. [Hen81]. The adjoint equation (3.20) can be treated analogously. Proposition 3.5 is proven.

Remark 3.6. Let us multiply equation (3.18) scalarly by ψ^i_Γ. Then, taking into account the orthogonality conditions, we obtain the following system of ODE for determining (v(t), ψ^i_Γ): d dt (v(t), ψ^i_Γ) + (v(t), ψ^i_Γ) = (h(t), ψ^i_Γ), i = 1, · · · , k (3.23)

which shows that if P_Γh(t) ≡ 0, then P_Γv(t) ≡ 0 (if v(t) does not grow very fast as t → ∞) and consequently v solves equation without the artificial term P_Γv. Analogous trick of adding the artificial projector term in order to treat the neutral modes was devised already in [DFKM96]. In the present paper, we will apply this idea in more complicated situation of slowly evolving multi-pulses where the associated neutral modes also evolve slowly in time (and this evolution depends on the concrete choice of the multi-pulse trajectory, see Sections 7 and 8 below).

We now consider the analog of equation (3.18) on the positive semi-axis [0, +∞)

∂_tv + L_Γv + P_Γv = 0, t ≥ 0, v � t=τ = v_0. (3.24)

For simplicity, we consider only the spectrally stable case (where (2.25) holds).

Corollary 3.7. Let the above assumptions hold and let, in addition, the initial pulse V be spectrally stable. Then, there exists a positive constant β > 0 such that, for every initial data v_0 ∈ W^{2l(1−1/p),p}(R^n), problem (3.24) possesses a unique solution and the following estimate holds:

‖v‖_W (1,2l),p_{([T,T +1]×R}n_) ≤ C e^{−βT} ‖v_0‖_W 2l(1−1/p),p_{(R}n_) (3.25)

where the constant C is independent of the concrete choice of Γ and v_0.

Indeed, due to (2.25), instead of (3.22) we have

σ(L_{Γe} + P_{Γe} ) ∩ {λ ∈ C, Re λ ∈ [−δ, +∞]} = ∅ (3.26)

and, consequently, the exponentially unstable component of the exponential dichotomy for equation (3.24) vanishes and the whole phase space belongs to the exponentially stable component which implies (3.25) (here we implicitly used that the space W^{2l(1−1/p),p}(R^n) is a trace space for W^{(1,2l),p}([0, 1] × R^n) at t = 0, see [LSU67]).

In order to obtain the weighted analog of Proposition 3.5 and Corollary 3.7, we need the following Lemma which describes the behavior of the projectors P_Γ in weighted spaces.

Lemma 3.8. Let θ(x) be a weight function of a sufficiently small exponential growth rate ε ≤ ε_0. Then, ‖P_Γv‖_L^p_{θ (R}n_) ≤ C‖v‖_L^p_{θ (R}n_) (3.27)

where the constant C depends on C_θ, but is independent of the concrete form of the weight function θ and Γ ∈ G_0. Moreover, let θ_{ε,x0} (x) be the special weights introduced in (3.3) and let M_{θε,x0} be the multiplication operator on function θ_{ε,z0} . Then,

‖M_{θε,x0} ∘ P_Γ ∘ M_{θ−ε,x0} − P_Γ‖_{L(L}p_{(Ω),L}p_{(Ω))} ≤ Cε (3.28)

where the constant C is independent of ε and x_0 ∈ R^n.

Proof. We first note that, due to estimates (3.6) and (3.7), it is sufficient to verify estimates (3.27) only for the special weights (3.3). Moreover, since L^p_θ(R^n) = M_θL^p(R^n), in order to prove (3.27), it is sufficient to estimate the norm of P_{Γ,ε,x0} := M_{θε,x0} ∘P_Γ ∘M_{θ−ε,x0} in the non-weighted space. In order to do so, we represent P_{Γ,ε,x0} and K_{Γ,ε,x0} := P_{Γ,ε,x0} − P_Γ in the form of integral operators:

(P_{Γ,ε,x0} v)(y) = � x∈R^n

K(x, y)v(x) dx, (K_{Γ,ε,x0} v)(y) = � x∈R^n

K_1(x, y)v(x) dx

where the (matrix) kernels K and K_1 have the following form

K(x, y) := [ k� i=1 ψ^i_Γ(x) ⊗ ϕ^i_Γ(y)]θ_{−ε,x0} (x)θ_{ε,x0} (y),

K_1(x, y) := [ k� i=1 ψ^i_Γ(x) ⊗ ϕ^i_Γ(y)](θ_{−ε,x0} (x)θ_{ε,x0} (y) − 1).

(3.29)

Without loss of generality, we may assume that Γ := (0, γ) (the general case is reduced to that one by the appropriate space shift). Then, using the obvious inequality � |x_0|^2 + 1 − |z| ≤ � |z − x_0| + 1 ≤ |x_0| + � |z|^2 + 1, we obtain that θ_{−ε,x0} (x)θ_{ε,x0} (y) ≤ e^{|ε|(|x|+|y|+1)} |θ_{−ε,x0} (x)θ_{ε,x0} (y) − 1| ≤ |ε|(|x| + |y| + 1) e^{|ε|(|x|+|y|+1)}

(3.30)

and, consequently, due to (2.32) (with ξ = 0), for sufficiently small |ε|, we have

|K(x, y)| ≤ e^{−α(|x|+|y|)/2}, |K_1(x, y)| ≤ C|ε| e^{−α(|x|+|y|)/2} (3.31)

where the constant C is independent of ε and x_0. Using now that the L^p − L^p norm of the integral operator is bounded by the following L^p − L^q norm of its kernel K � y∈R^n � x∈R^n

|K(x, y)|^p dx

�_{q/p} dy �_{1/q} , 1 p + 1 q = 1 (3.32)

together with estimates (3.31), we deduce the desired estimates (3.27) and (3.28) and finish the proof of Proposition 3.10.

The following slight generalization of Lemma 3.8 (which is based on the simple observation that (P_Γv)(x) decays exponentially like e^{−α|x−ξ|} as |x| → ∞ (due to estimates (2.32))), will be very important in the sequel in order to sum an infinite number of projectors P_{Γj} with different Γ_j.

Corollary 3.9. Let the assumptions of Lemma 3.8 holds. Then, there exists a sufficiently small ε_0 > 0 such that, for every ε < ε_0 and every x_0, y_0 ∈ R^n, we have the following estimates

‖P_Γv‖_L^p_{e+α/2|x−ξ|−ε|x−y0| (R}n_) ≤ C‖v‖_L^p_{e−ε|x−y0| (R}n_) ‖θ_{ε,x0} P_Γ(vθ_{−ε,x0} ) − P_Γv‖_L^p_{eα/2|x−ξ|−ε|x−y0| (R}n_) ≤ C|ε| · ‖v‖_L^p_{e−ε|x−y0| (R}n_)

(3.33)

where the constant C is independent of p, x_0 and y_0.

Indeed, the proof of that estimates is completely analogous to the proof of Lemma 3.8 and we leave it to the reader.

We are now ready to formulate and prove the weighted analog of Proposition 3.5. Proposition 3.10. Let the assumptions of Proposition 3.5 hold. Then, there exists a positive constant ε_0 depending only on p such that, for every weight function θ of exponential growth rate ε ≤ ε_0 and every h ∈ L^p_θ(R^{n+1}), equation (3.18) possesses a unique solution and the following estimate holds:

‖v‖_W (1,2l),p_{θ (Rn+1)} ≤ C_p‖h‖_L^p_{θ (R}n+1_) (3.34)

where the constant C_p depends on p and C_θ, but is independent on Γ, h and on the concrete form of the weight θ. Moreover, the analogous result holds for the spaces L^p_{b,θ} and for the adjoint equation (3.20).

Proof. As in Proposition 3.3, it is sufficient to verify estimate (3.34) only for the special weights (3.3). It is however more convenient to use here the equivalent weights θ̄_{ε,z0} (t, x) := θ_{ε,t0} (t)θ_{ε,x0} (x), for z_0 := (t_0, x_0) ∈ R^{n+1}. Indeed, let ṽ(t, x) = θ̄_{ε,z0} (t, x)v(t, x). Then, analogously to Proposition 3.5, this function satisfies the following perturbed version of (3.18):

∂_tṽ + A_0ṽ + F_Γṽ + P_Γṽ = P_Γṽ − θ_{ε,x0} P_Γ(θ_{−ε,x0}ṽ) + εĀ_εṽ + hθ̄_{ε,z0} (3.35)

where the operator Ā_ε satisfies (3.13) uniformly with respect to z_0 ∈ R^{n+1} and Γ ∈ G_0. Applying now estimate (3.19) to equation (3.35) and using (3.13) and (3.28), we obtain that, for sufficiently small ε > 0,

‖ṽ‖_W (1,2l),p_{(R}n+1_) ≤ C_p‖hθ̄_{ε,z0} ‖_Lp_{(R}n+1_) (3.36)

where C_p is independent of Γ and z_0 ∈ R^{n+1}. Estimate (3.34) for arbitrary weight can be obtained form (3.36) exactly as in Proposition 3.5. Proposition 3.10 is proven.

Corollary 3.11. Let the above assumptions hold and let, in addition, the initial pulse be spectrally stable. Then, there exists a positive constant β such that, for every weight θ ∈ C(R^n) of sufficiently small exponential growth rate and every v_0 ∈ W^{2l(1−1/p),p} θ (R^n), equation (3.24) possesses a unique solution v and this solution satisfies:

‖v‖_W (1,2l),p_{θ ([T,T +1]×Rn)} ≤ C e^{−βT} ‖v_0‖_W 2l(1−1/p),p_{θ (Rn)}, T ≥ 0 (3.37)

where the constant C depends on C_θ, but is independent of the concrete choice of the weight θ and the initial data v_0. Moreover, the analogous result holds also for the spaces W^{l,p}_{b,θ} .

Indeed, the proof of this estimate is completely analogous to the proof of Proposition 3.10, only we need to use additionally Corollary 3.7 in order to solve problem (3.18) on a semi-axis with inhomogeneous initial data.

We conclude this section by preparing some technical tools which allow us to deal with the infinite sums of operators F_{Γj} + P_{Γj} for "well-separated" sequences Γ_j.

Lemma 3.12. For each L > 0 and ε > 0 there exists a positive constant C = C(L, ε) such that, for every sequence Ξ = {ξ_j}_{j∈N} of vectors ξ_j ∈ R^n satisfying

|ξ_i − ξ_j| > 2L, i, j ∈ N, i ≠ j, (3.38)

the function R_{ε,Ξ} : R^n → R, R_{ε,Ξ}(x) := ∞� i=1 e^{−ε|x−ξj |} (3.39)

is well-defined and possesses the following estimate:

R_{ε,Ξ}(x) ≤ C(1 + [dist(x, Ξ)]^n) e^{−ε dist(x,Ξ)} . (3.40)

Proof. Indeed, since all of ξ_i satisfy (3.38), then the number N_x(s) of points ξ_i belonging to the ball B_x(s), s ∈ N, can be estimated via N_x(s) ≤ C( s L + 1)^n (3.41) where the constant C is independent on s, L, Ξ and x. Therefore, R_{ε,Ξ}(x) ≤ ∞� s=1 N_x(s) e^{−ε(s−1)} ≤ C ∞� s=1 (s + 1)^n e^{−ε(s−1)} ≤ C_ε. (3.42)

Thus, the function (3.39) is indeed well-defined. In order to prove (3.40), we set M := dist(x, Ξ). Then, obviously N_x(s) = 0, s = 1, · · · , [M] − 1 (3.43) and, consequently, (3.43) reads

R_{ε,Ξ}(x) ≤ ∞� s=[M]

N_x(s) e^{−ε(s−1)} ≤ C ∞� s=[M]

(s + 1)^n e^{−ε(s−1)} ≤

≤ C_1 e^{−εM} ∞� s=1 (s^n + M^n) e^{−εs} ≤ C_2(1 + M^n) e^{−εM} . (3.44)

Lemma 3.12 is proven.

The following proposition is the main technical tool for dealing with infinite sums of well-separated operators.

Proposition 3.13. Let Ξ be a sequence satisfying (3.38) and let H_i, i = 1, ∞ be a sequence of operators (not necessarily linear) which satisfy ‖H_iv‖_L^p_{e+β|x−ξi|−ε0|x−x0| (R}n_) ≤ K‖v‖_L^p_{e−ε0|x−x0| (R}n_) (3.45) for some positive β and ε_0 and a constant K independent of i ∈ N and x_0 ∈ R^n. Then, for every ε ≤ ε_0/2, the operator H :=

�_∞

i=1 H_i acts from L^p_θ(R^n) to L^p_θ(R^n) and the following estimate holds:

‖Hv‖_L^p_{θ (R}n_) ≤ C_{ε0,β}K‖h‖_L^p_{θ (R}n_) (3.46) where the constant C depends on ε_0, β and C_θ, but is independent of Ξ, H_i, h, K and L ≥ L_0. Moreover, the analog of (2.46) for the spaces L^p_{b,θ} holds as well. Proof. Indeed, estimate (3.45) together with (3.5) imply that

‖H_iv‖_Lp_{(B}1_{x0 )} ≤ CK e^{−β|x0−ξi|} � x∈R^n

e^{−pε|x−x0|} ‖v‖^p_{Lp(B1x)} dx

�_{1/p} (3.47) where the constant C is independent of K, Ξ and i. Using estimate (3.47) together with (3.40), we infer

‖Hv‖_Lp_{(B}1_{x0 )} ≤ ∞� i=1 ‖H_iv‖_Lp_{(B}1_{x0 )} ≤

≤ CK · R_{β,Ξ}(x_0) � x∈R^n

e^{−pε|x−x0|} ‖v‖^p_{Lp(B1x)} dx

�_{1/p} ≤ ≤ C_βK � x∈R^n

e^{−pε|x−x0|} ‖v‖^p_{Lp(B1x)} dx

�_{1/p} . (3.48)

Multiplying this inequality by θ(x_0), taking supremum over x_0 ∈ R^n and using (3.7), we obtain the analog of (3.46) for the spaces L^p_{b,θ}(R^n). In order to obtain (3.46) for the case of space L^p_θ (p < ∞!), we rewrite (3.48) in the equivalent form:

‖Hv‖^p_{Lp(B1x0 )} ≤ (C_βK)^p � x∈R^n

e^{−εp|x−x0|} ‖v‖^p_{Lp(B1x)} dx. (3.49)

Multiplying this relation by θ^p(x_0) integrating over x_0 ∈ R^n and using (3.6), we deduce (3.46) and finish the proof of Proposition 3.13.

Corollary 3.14. Let the operators A_0 and Φ satisfy all of the assumptions of Section 2 and let, in addition, ⃗Γ := {Γ_j = (ξ_j, γ_j)}^∞_{j=1} ∈ G^N_0 be a sequence of transformations such that the associated sequence Ξ := {ξ_j }^∞_{j=1} satisfies (3.38). Then the operator

F_{⃗Γ} := ∞� j=1 (F_{Γj} + P_{Γj} ) (3.50)

is well-defined on W^{2l−1,p}(R^n) and, there exists ε_0 > 0 (which is independent of Γ_j such that, for every weight function θ of exponential growth rate ε ≤ ε_0, we have

‖F_{⃗Γ}v‖_W 2l−1,p_{θ (Rn)} ≤ C‖v‖_L^p_{θ (R}n_) (3.51)

where the constant C depends on A_0 and Φ and C_θ, but is independent of L ≥ L_0 and the sequence Γ_j. Analogously, the operator

K := ∞� j=1 [M_{θε,x0} ∘ P_{Γj} ∘ M_{θ−ε,x0} − P_{Γj} ] (3.52)

is well defined on L^p(R^n) for all x_0 ∈ R^n and ε ≤ ε_0 and

‖Kv‖_L^p_{θ (R}n_) ≤ C|ε|‖v‖_L^p_{θ (R}n_) (3.53)

where the constant C is independent of ε, Γ_i and x_0. Moreover, the analogous estimates hold also for the spaces L^p_{b,θ}.

Proof. Indeed, since all of the coefficients of the differential operator F_{Γj} satisfy estimate (2.32), then we have

‖F_{Γj} v‖_L^p_{e+β|x−ξj |−ε|x−x0| (R}n_) ≤ C‖v‖_W 2l−1,p_{e−ε|x−x0| (Rn)} (3.54)

where the constant C is independent of Γ_j and x_0 ∈ R^n. All of the assertions of Corollary 3.14 follow now from Proposition 3.13, estimate (3.54) and Corollary 3.9. Corollary 3.14 is proven.

Remark 3.15. As it follows from the proof of Proposition 3.13, the result remains valid if we replace the weights e^{−β|x−ξi|} by arbitrary weights θ_i(x) satisfying ∞� i=1 θ_i(x) ≤ C < ∞ (3.55)

where the constant C is independent of x. We will use below this simple observation in the situation, when we have space-time integration in (3.45) and (3.46) (over (t, x) ∈ R^{n+1}), but the weights θ_i(x) = e^{β|x−ξi|} will depend only on the spatial variable.

4 The multi-pulse manifold: general structure

In this section, we start to study the manifold of non-interacting (standing) pulses. To this end, we first need to define and study the space of sequences ⃗Γ = {Γ_j}^∞_{j=1} of admissible pulse configurations.

Definition 4.1. Let L be a sufficiently large positive number. Let us define the space B̃(L) of 2L-separated sequences as follows B̃(L) := {⃗Γ := {(ξ_j, γ_j)}^∞_{j=1} ∈ (G_0)^N, sep(⃗Γ) > 2L}. (4.1)

where sep(⃗Γ) := inf{|ξ_i − ξ_j|, i ≠ j}.

Moreover, we set Σ = {ξ_j}_{j∈N} and define the associated semi-metric on B̃(L) as follows:

d(⃗Γ^1, ⃗Γ^2) := sup_{j∈N} inf_{i≠j} d(⃗Γ^1_j , ⃗Γ^2_i ) (4.2) and d^s(⃗Γ^1, ⃗Γ^2) := max{d(⃗Γ^1, ⃗Γ^2), d(⃗Γ^2, ⃗Γ^1)} (4.3) where d(·, ·) is some bounded metric on the G_0 (e.g., d(Γ^1, Γ^2) = min{1, ‖Γ^1 − Γ^2‖} where ‖ · ‖ is the norm on the group G_0 introduced in Section 2.).

We note that d^s(⃗Γ^1, ⃗Γ^2) = 0 if and only if there exists an infinite permutation π : N → N such that ⃗Γ^1 = π⃗Γ^2 = {Γ^2_{π(j)}}^∞_{j=1}. Moreover, obviously, d^s(π_1⃗Γ^1, π_2⃗Γ^2) = d^{sym}(⃗Γ^1, ⃗Γ^2) for every two permutations π_1, π_2 ∈ S_∞ and, consequently, (4.3) gives a metric on a factor space B(L) := B̃(L) � S_∞. (4.4)

It is not difficult to verify that B(L) is a smooth manifold over the B-space l^∞ = l^∞(R^k) with the standard norm ‖r‖_l∞ := sup_{j∈N} ‖r_j‖_Rk . Indeed, for every ⃗Γ^0 ∈ B(L), the set B_{r0} (⃗Γ^0) := {⃗Γ ∈ B̃(L), ‖⃗Γ^0 − ⃗Γ‖_∞ := sup_{j∈N} ‖Γ^0_j − Γ_j‖ < r_0} (4.5)

is an open neighborhood of ⃗Γ^0 in B(L) if r_0 > 0 is small enough. Moreover, analogously to Proposition 2.2, the map α → ⃗Γ(α) from l^∞ to [G_0]^N defined by

⃗Γ(α) := {Γ_j(α_j)}_{j∈N}, Γ(α_j) := Γ^0_j ∘ exp(α_j · v), α = {α_j}_{j∈N} ∈ l^∞(R^k), (4.6)

where v = {v^i}^k_{i=1} is a fixed basis in the Lie algebra G, is a local diffeomorphism and, consequently, gives the natural local coordinates on B(L) near ⃗Γ^0. Thus, the whole neighborhood B_{r0} (⃗Γ^0) belongs to the same coordinate neighborhood if r_0 > 0 is small enough and, due to the uniformity proven in Proposition 2.2, the radius r_0 can be chosen uniformly with respect to ⃗Γ^0 ∈ B(L + δ), δ > 0 and the norms of coordinate diffeomorphisms will be also independent of ⃗Γ^0.

In the sequel we will identify (everywhere where it does not lead to misunderstandings) the element ⃗Γ ∈ B(L) with its proper coordinates and write Γ^i_j ∈ l^∞ instead of α^i_j ∈ l^∞.

We note that, obviously, B(L) ⊂ B(L − δ) if δ > 0. In the sequel, we will also need the "boundary" ∂B(L) which is defined via

∂B(L) := {⃗Γ ∈ B(L − δ), δ > 0, sep(⃗Γ) = 2L}. (4.7)

Moreover, we also need to introduce the local topology on the space B(L).

Definition 4.2. We say that a sequence ⃗Γ^n ∈ B(L) converges locally to some ⃗Γ ∈ B(L) if, for every R > 0

lim_{n→∞} dist_{sH}({⃗Γ^n}_R, {⃗Γ}_R) = 0 (4.8)

where {⃗Γ}_R ⊂ R^{N×N} is a set of all components Γ_j = (ξ_j, γ_j) of ⃗Γ satisfying |ξ_j| < R and dist_{sH} is a symmetric Hausdorff distance between sets in R^{N×N} . For every γ > 0, we introduce also the following "quasimetric" on B(L):

d^s_γ (⃗Γ^1, ⃗Γ^2) := max{d_γ (⃗Γ^1, ⃗Γ^2), d_γ (⃗Γ^2, ⃗Γ^1)}

where d_γ (⃗Γ^1, ⃗Γ^2) := sup_{j∈N} {e^{−γ|ξ1j |} inf_{i∈N} d(⃗Γ^1_j , ⃗Γ^2_i )} (4.9)

(compare with (4.2) and (4.3)). Then, as not difficult to see, the local convergence is equivalent to the convergence with respect to d^s_γ .

We define also the pulse map V : B(L) → [L^∞(R^n)]^m by the following expression:

V(⃗Γ) = V_{⃗Γ} := ∞� j=1 V_{Γj} (4.10)

where V_{Γj} = T_{Γj} V is a Γ_j-shift of the initial pulse V .

We are now ready to define the central object of our paper, the multi-pulse manifold P(L) as follows:

P(L) := V(B(L)) (4.11) which is naturally endowed by the topology, induced by the embedding P(L) ⊂ [L^∞(R^n)]^m.

The next proposition shows that this set is indeed a smooth submanifold diffeomorphic to B(L) (and clarifies our choice of the topologies on B(L)). Proposition 4.3. Let the pulses V_{Γj} satisfy the assumptions of Section 2. Then, for a sufficiently large L > 0, the set P(L) is a smooth submanifold of [L^∞(R^n)]^m and the function (4.10) is a diffeomorphism between P(L) and B(L). Moreover, there exists positive constants C_0 and γ_0 independent of L ≥ L_0 such that, for every γ ∈ [0, γ_0] C^{−1}_0 d^s_γ (⃗Γ^1, ⃗Γ^2) ≤ ‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (R}n_) ≤ C_0d^s_γ (⃗Γ^1, ⃗Γ^2) (4.12) for all ⃗Γ^1, ⃗Γ^2 ∈ B(L).

Proof. Let us introduce some notations which are useful for weighted estimates of multi-pulses. Let ⃗Γ^1, ⃗Γ^2 ∈ B(L) and let 0 < r < L/2. We introduce the following subsets of N:

N^1_c (r) := {j ∈ N, ∃i ∈ N, ‖Γ^1_j − Γ^2_i ‖ ≤ r}, N^1_o(r) := N � N^1_o(r) (4.13) and the analogous subsets N^2_c (r) and N^2_o(r). Then, up to the renumeration, we may assume that N^1_c (r) = N^2_c (r) := N_c(r) and ‖Γ^1_j − Γ^2_j ‖ ≤ r, j ∈ N_c(r). (4.14) Then, the equivalent weighted distance D^s_γ between ⃗Γ^i can be now computed via

D^s_γ (⃗Γ^1, ⃗Γ^2) = max � sup j∈N^1_o(r)

{e^{−γ|ξ1j |}}, sup_{j∈N2}

o(r)

{e^{−γ|ξ2j |}}, sup_{j∈Nc(r)}{e^{−γ|ξ1j |} ‖Γ^1_j − Γ^2_j ‖} � . (4.15) Indeed, it is not difficult to verify that C^{−1}d^s_γ (⃗Γ^1, ⃗Γ^2) ≤ D^s_γ (⃗Γ^1, ⃗Γ^2) ≤ Cd^s_γ (⃗Γ^1, ⃗Γ^2) where the constant C depends on r, but is independent of L. We also set ⃗Γ^i_o := {Γ^i_j}_{j∈N}i_{o(r)} and ⃗Γ^i_c := {⃗Γ^i_j}_{j∈Nc(r)}, i = 1, 2. Then, obviously V_{⃗Γ}i = V_{⃗Γ}i_o + V_{⃗Γ}i_c , i = 1, 2. (4.16)

Let us first prove the inequality in the right-hand side of (4.12). Indeed, let r = 1. Then, due to (4.16)

‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (R}n_) ≤ ‖V_{⃗Γ}1_o ‖_L∞_{e−γ|x| (R}n_)+ + ‖V_{⃗Γ}2_o ‖_L∞_{e−γ|x| (R}n_) + ‖V_{⃗Γ}1_c − V_{⃗Γ}2_c ‖_L∞_{e−γ|x| (R}n_). (4.17) Then, due to (2.10) and (2.11) and Lemma 3.12, for γ ≤ α/2, we have ‖V_{⃗Γ}1_o ‖_L∞_{e−γ|x| (R}n_) ≤ sup_{x∈Rn} � j∈N^1_o

e^{−α|x−ξ1j |−γ|x|} ≤ ≤ sup_{j∈N1} o {e^{−γ|ξj |}} sup_{x∈Rn} R_{α−γ,Σ}1 (x) ≤ C sup_{j∈N1} o {e^{−γ|ξj |}}. (4.18) The second term in the right-hand side of (4.17) is completely analogous and for estimating the third one we need to use additionally that |V_Γ1_j (x) − V_Γ2_j (x)| ≤ C e^{−α|x−ξ1j |} ‖Γ^1_j − Γ^2_j ‖ (4.19) where the constant C is independent of j and of Γ^1_j , Γ^2_j ∈ G_0 such that ‖Γ^1_j −Γ^2_j ‖ ≤ 1 (which is also and immediate corollary of (2.10) and (2.11)). Thus, the right-hand side of inequality (4.12) is verified.

Let us now verify the left-hand side of (4.12). To this end, we will use again splitting (4.13)–(4.14), but now with sufficiently large r < L/2 which will be fixed below. Let us first consider some j_0 ∈ N^1_o. Then, by definition, dist(ξ^1_j , Ξ^2) ≥ 2r^′ := r − C_1 (4.20) (here C_1 is the norm of the compact group Ḡ_0 realized as a subset of R^{N×N} in the metric ‖ · ‖ defined in Section 2) and

‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (R}n_) ≥ ‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 ) ≥ ‖V_Γ1_{j0} ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 )− − ‖ ∞� j∈N^1_o,j≠j_0

V_Γ1_j ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 ) − ‖V_{⃗Γ}1_c − V_{⃗Γ}2_c ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 ) − ‖V_{⃗Γ}2_o ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 ). (4.21)

Furthermore, according to Lemma 3.12, and estimates (2.10) and (2.11), we have

‖ ∞� j∈N^1_o,j≠j_0

V_Γ1_j ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 ) ≤ ≤ sup

|x−ξ^1_{j0} |≤r^′ { � j∈N^1_o(r),j≠j_0

e^{−(α−γ)|x−ξ1j |}} sup_{j∈N1}

0(r)

{e^{−γ|ξ1j |}} ≤ C e^{−α(L−r′)/2} D^s_γ (⃗Γ^1, ⃗Γ^2) (4.22) where we have implicitly assumed that γ ≤ α/2. Analogously, ‖V_{⃗Γ}1_c − V_{⃗Γ}2_c ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 ) ≤ C e^{−α(L−r′)/2} D^s_γ (⃗Γ^1, ⃗Γ^2), ‖V_{⃗Γ}2_o ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 ) ≤ C e^{−αr′/2} D^s_γ (⃗Γ^1, ⃗Γ^2)

(4.23)

(here we have implicitly used (4.20)). Inserting these estimates to (4.21), we arrive at ‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (R}n_) ≥ ‖V_Γ1_{j0} ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 ) − C(e^{−α(L−2r′)/4} + e^{−αr′/4})D^s_γ (⃗Γ^1, ⃗Γ^2).

Using now (2.43), we obtain ‖V_Γ1_{j0} ‖_L∞_{e−γ|x| (B}r′_{ξ1j} 0 ) ≥ κ e^{−γ|ξ1j}0^| for some positive κ (which is independent of r^′ ≥ R_0). Assuming now that L is large enough and fixing r^′ ≥ R_0 in such way that C(e^{−α(L−r′)/2} + e^{−αr′/2}) ≤ κ/2, we will have ‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (R}n_) ≥ κ e^{−γ|ξ1j}0^| −κ/2D^s_γ (⃗Γ^1, ⃗Γ^2) and, taking the supremum over j_0 ∈ N^1_o, ‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (R}n_) ≥ κ sup_{j∈N1} o {e^{−γ|ξ1j |}} − κ/2D^s_γ (⃗Γ^1, ⃗Γ^2). (4.24) Arguing analogously, we establish also that

‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (R}n_) ≥ κ sup_{j∈Nc}{e^{−γ|ξj |} ‖Γ^1_j − Γ^2_j ‖} − κ/2D^s_γ (⃗Γ^1, ⃗Γ^2), ‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (R}n_) ≥ κ sup_{j∈N2} o {e^{−γ|ξ2j |}} − κ/2D^s_γ (⃗Γ^1, ⃗Γ^2).

(4.25)

Combining (4.24) and (4.25), we deduce ‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_L∞_{e−γ|x| (R}n_) ≥ κ/2D^s_γ (⃗Γ^1, ⃗Γ^2) which finishes the proof of estimate (4.12).

In particular, taking γ = 0 in that estimate, we see that V is a Lipschitz continuous isomorphism between B(L) and P(L) and, consequently, P(L) is a submanifold of [L^∞(R^n)]^m. The differentiability of V can be verified completely analogously and we left it to the reader. Thus, Proposition 4.3 is proven.

The next corollary shows that all Sobolev’s norms are equivalent on the manifold P(L).

Corollary 4.4. Let the assumptions of Proposition 4.3 holds and let 1 ≤ p ≤ ∞, l ∈ [0, ∞) such that^l_n −^1_p > 0. Then, there exists C = C(p, l) such that C^{−1}‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) ≤ ‖m_1 − m_2‖_W l,p_{b,e−γ|x| (Rn)} ≤ C‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) (4.26)

for every m_1, m_2 ∈ P(L) Proof. Indeed, since W^{l,p} ⊂ L^∞, then taking in account Proposition 4.3, it is sufficient to verify only that ‖V_{⃗Γ}1 − V_{⃗Γ}2 ‖_W l,∞_{e−γ|x| (Rn)} ≤ C_ld^s_γ (⃗Γ^1, ⃗Γ^2)

and this inequality can be verified exactly as in the case l = 0 (see Proposition 4.3).

Remark 4.5. The last proposition allows us to fix a convenient uniformly smooth atlas (in the sense that all transfer maps are uniformly smooth) of local coordinates on P(L). Indeed, let α → ⃗Γ(α) be the local coordinates near ⃗Γ^0 ∈ B(L) introduced in Definition 4.1. Then, due to Propositions 4.3 with γ = 0 and 2.2, we have that the whole neighborhood O_r′_0 (V_{⃗Γ}0 ) := {m ∈ P(L), ‖m − V_{⃗Γ}0 ‖_L∞_{(R}n_) ≤ r^′_0} (where r^′_0 = r^′_0(r_0) > 0 is sufficiently small positive number, independent of ⃗Γ^0 ∈ B(L + δ) belongs to the same coordinate neighborhood of that atlas and, for sufficiently large L and every ⃗Γ^1 = ⃗Γ(α^1), ⃗Γ^2 = ⃗Γ(α^2) ∈ O_r′_0 (V_{⃗Γ}0 ),

C^{−1}_0 ‖α^1 − α^2‖_l∞ ≤ ‖V_{⃗Γ(α}1_) − V_{⃗Γ(α}2_)‖_L∞_{(R}n_) ≤ C_0‖α^1 − α^2‖_l∞ (4.27) where the constant C_0 is independent of the concrete choice of ⃗Γ^0 ∈ B(L). Thus, the map α → V_{⃗Γ(α)} where ⃗Γ(α) is defined by (4.6) gives indeed a natural local coordinates near V_{⃗Γ}0 . In the sequel, the local coordinates on P(L) will always mean the local coordinates belonging to the above described atlas.

Remark 4.6. We define also the boundary ∂P(L) := V(∂B(L)). Then, Proposition 4.3 shows also that the map V is a diffeomorphism of ∂P(L) and ∂B(L). Let us now consider the tangent space T_mP(L) to the manifold P(L) at point m = V_{⃗Γ} endowed by the metric of [L^∞(R^n)]^m. Obviously, every element v ∈ T_mP(L) has a form v = v(a) = ∞� j=1 k� i=1 a^i_jϕ^i_{Γj} , a = {a^i_j} ∈ l^∞(R^k),

see (2.37) and (4.10). Then, analogously to Proposition 4.3, one establishes that C^{−1}‖a‖_l∞ ≤ ‖ v(a)‖_L∞_{(R}n_) ≤ C‖a‖_l∞ for some C independent of a and m. Furthermore, analogously to Corollary 4.4, all Sobolev norms are also equivalent on T_mP(L).

We are now ready to prove that the manifold P(L) consists of "almost equilibria" of equation (2.1). To this end, we introduce the function F(m) := A_0m + Φ(m), m ∈ P(L) (4.28) or, in terms of ⃗Γ, F(⃗Γ) := F(V_{⃗Γ}) = Φ(V_{⃗Γ}) − ∞� j=1 Φ(V_{Γj} ) (4.29)

where ⃗Γ = [V]^{−1}m (here we have used that every pulse V_{Γj} is an equilibrium of (2.1)).

The following lemma shows that the function F is indeed small. Lemma 4.7. Let the above assumptions hold. Then, for every ε > 0 the function F(⃗Γ) satisfies |F(⃗Γ)(x)| ≤ C_ε e^{−(α−ε)[dist(x,Ξ)+dist′(x,Ξ)]}, (4.30) where the positive constant C_ε is independent of x ∈ R^n and ⃗Γ ∈ B(L) and dist^′(x, Ξ) denotes the distance from x to the second nearest element of Ξ: dist^′(x, Ξ) := sup_{j∈N} inf_{i≠j} ‖x − ξ_i‖. (4.31)

In particular, ‖F(⃗Γ)‖_L∞_{(R}n_) ≤ C_ε e^{−2(α−ε)L}, ε > 0. Moreover, the function F : ⃗Γ → L^∞(R^n) is Fréchet differentiable and ‖F^′(⃗Γ)‖_{L(T⃗ΓB(L),L}∞_{(R}n_{))} ≤ C_ε e^{−2(α−ε)L} . (4.32) Proof. In order to verify (4.30), we use the following obvious formula

Φ(v_1 + v_2) − Φ(v_1) − Φ(v_2) =

�_1 0 Φ^′(v_1 + sv_2) ds · v_2− − �_1 0 Φ^′(sv_2) ds · v_2 =

�_1 0 �_1 0 Φ^{′′}(s_1v_1 + s_2v_2) ds_1 ds_2 · [v_1, v_2] (4.33)

which is valid for every two sufficiently smooth functions v_1 and v_2. Applying this formula to the function F(⃗Γ) and iterating it (infinitely many times), we have

F(⃗Γ) = ∞� i=1 T(V_{Γi} , ∞� j=i+1

V_{Γj} )[V_{Γi} , ∞� j=i+1

V_{Γj} ] (4.34)

where T(u, v) :=

�_1 0 �_1 0 D^2_uΦ(s_1u + s_2v) ds_1 ds_2.

Using now estimates (2.28) and the fact that all of

�_∞

j=i+1 VΓj are uniformly bounded,

we obtain the following estimate: |(F(⃗Γ))(x)| ≤ C � i,j, i≠j

e^{−α|x−ξi|} e^{−α|x−ξj |} . (4.35)

This estimate implies (4.30). Indeed, let ξ_{j0} ∈ Ξ be the nearest to x element of the grid Ξ. Then, according to Lemma 3.12, � i,j, i≠j

e^{−α|x−ξi|} e^{−α|x−ξj |} = e^{−α|x−ξj0 |} � i≠j_0

e^{−α|x−ξi|} + � j≠j_0

e^{−α|x−ξj |} � i≠j

e^{−α|x−ξi|} ≤

≤ C_ε e^{−α dist(x,Ξ)} e^{−(α−ε) dist(x,Ξ\{ξj0 })} + � j≠j_0

e^{−α|x−ξj |} C_ε e^{−(α−ε) dist(x,Ξ)} ≤

≤ C_ε e^{−(α−ε)[dist(x,Ξ)+dist′(x,Ξ)]} . (4.36) Moreover, since dist(x, Ξ) + dist^′(x, Ξ) ≥ |ξ_{j0} − ξ_j′_0 | ≥ 2L where ξ_j′_0 is the second nearest to x element of the grid Ξ, estimate (4.30) implies that the L^∞-norm of F(⃗Γ) is bounded from above by C_ε e^{−2(α−ε)L}. The Fréchet differentiability of F(⃗Γ) can be verified in a standard way and we leave it for the reader. So, it only remains to verify estimate (4.32). To this end, we note that the derivative D_{⃗Γ}F(⃗Γ)δ⃗Γ, δ⃗Γ ∈ T_{⃗Γ}B(L) is given by the following expression:

F^′(⃗Γ)δ⃗Γ = ∞� j=1 [Φ^′(V_{⃗Γ}) − Φ^′(V_{Γj} )]D_ΓV_{Γj} · δΓ_j. (4.37)

Using now the obvious formula Φ^′(⃗Γ) − Φ^′(V_{Γj} )) =

�_1 0 Φ^{′′}(V_{⃗Γ} − sV_{Γj} ) ds · � i≠j

V_{Γi}

together with estimates (2.28) and Lemma 3.12, we deduce analogously to the proof of (4.30) that

|(F^′(⃗Γ)δ⃗Γ)(x)| ≤ ∞� j=1 e^{−α|x−ξj |} ‖δΓ_j‖ � i≠j

e^{−α|x−ξi|} ≤

≤ C‖δ⃗Γ‖_{R∞} ∞� j=1 e^{−α|x−ξj |} � i≠j

e^{−α|x−ξi|} ≤ C_ε‖δ⃗Γ‖_l∞ e^{−(α−ε)[dist(x,Ξ)+dist′(x,Ξ)]} (4.38)

and Lemma 4.7 is proven.

In particular, estimates (4.30) and (4.32) imply the following uniform Lipschitz continuity of the function F:

‖F(⃗Γ^1) − F(⃗Γ^2)‖_L∞_{(R}n_) ≤ C_ε e^{−2(α−ε)L} d^s(⃗Γ^1, ⃗Γ^2) (4.39) where the constant C_ε depends on ε > 0, but is independent of ⃗Γ^1, ⃗Γ^2 ∈ B(L). The next lemma gives the weighted analog of this estimate. Lemma 4.8. Let the above assumptions hold and γ ≤ α/2. Then ‖F(⃗Γ^1) − F(⃗Γ^2)‖_L∞_{e−γ|x| (R}n_) ≤ C e^{−αL} d^s_γ (⃗Γ^1, ⃗Γ^2) (4.40) where the constant C is independent of ⃗Γ^i ∈ B(L).

Proof. Let ⃗Γ^i ∈ B(L), i = 1, 2. Analogously to Proposition 4.3 We introduce the sets N^i_o = N^i_o(1) and N_c(r) = N_c(1) via (4.13), (4.14) and will use splitting (4.16). Then, we have

|[F(⃗Γ^1) − F(⃗Γ^2)](x)| ≤ |[F(⃗Γ^1) − F(⃗Γ^1_c )](x)|+ + |[F(⃗Γ^2) − F(⃗Γ^2_c )](x)| + |[F(⃗Γ^1_c ) − F(⃗Γ^2_c )](x)|. (4.41) We transform the first term in the right-hand side of (4.41) as follows:

|[F(⃗Γ^1) − F(⃗Γ^1_c )](x)| ≤ |[Φ(V_{⃗Γ}1_c + V_{⃗Γ}1_o ) − Φ(V_{⃗Γ}1_c ) − Φ(V_{⃗Γ}1_o )](x)| + |F(⃗Γ^1_o)(x)|. Using now (4.33) and Lemma 3.12, we infer

|[Φ(V_{⃗Γ}1_c + V_{⃗Γ}1_o ) − Φ(V_{⃗Γ}1_c ) − Φ(V_{⃗Γ}1_o )](x)| ≤ � i∈N^1_c � j∈N^1_o

e^{−α|x−ξ1i |−α|x−ξ1j |} ≤ ≤ C sup_{j∈N1} o {e^{−α|x−ξ1j |/4}} e^{−α/2(dist(x,Σ1c )+dist(x,Σ1o))} ≤ c e^{−αL} sup_{j∈N1} o {e^{−α|x−ξ1j |/4}}.

Multiplying this estimate by e^{−γ|x|} and using that e^{−γ|x|−γ|x−ξj |} ≤ e^{−γ|ξj |} and γ ≤ α/4, we have

‖Φ(V_{⃗Γ}1_c + V_{⃗Γ}1_o ) − Φ(V_{⃗Γ}1_c ) − Φ(V_{⃗Γ}1_o )‖_L∞_{e−γ|x| (R}n_) ≤ C sup_{j∈N1} o {e^{−γ|ξ1j |}}.

Moreover, using (4.35) (with ⃗Γ^1_o instead of ⃗Γ), we deduce the analogous estimate for the term F(⃗Γ^1_o). Thus, ‖F(⃗Γ^1) − F(⃗Γ^1_c )‖_L∞_{e−γ|x| (R}n_) ≤ CD^s_γ (⃗Γ^1, ⃗Γ^2) (4.42) Analogously, the second term in the right-hand side of (4.41) can be estimated via ‖F(⃗Γ^2) − F(⃗Γ^2_c )‖_L∞_{e−γ|x| (R}n_) ≤ CD^s_γ (⃗Γ^1, ⃗Γ^2). (4.43) In order to estimate the third term, we recall that ‖⃗Γ^1_c −⃗Γ^2_c ‖_∞ ≤ 1 and, consequently, analogously to (4.38), we have |[F(⃗Γ^1_c ) − F(⃗Γ^2_c )](x)| ≤ C_ε e^{−αL} sup_{j∈Nc}{e^{−α|x−ξ1j |/4} ‖Γ^1_j − Γ^2_j ‖}.

Multiplying this estimate by e^{−γ|x|} and taking the supremum over x, we finally deduce that ‖F(⃗Γ^1_c ) − F(⃗Γ^2_c )‖_L∞_{e−γ|x| (R}n_) ≤ C e^{−αL} D^s_γ (⃗Γ^1, ⃗Γ^2). (4.44)

Estimates (4.42), (4.43) and (4.44) imply (4.40) and finish the proof of Lemma 4.8.

We now reformulate the above two lemmas in terms of the manifold P(L).

Corollary 4.9. Let the above assumptions hold. Then the function F : P(L) → L^∞(R^n) is Fréchet differentiable and satisfies the following estimates:

‖F(m_1) − F(m_2)‖_L∞_{(R}n_) ≤ C_ε e^{−2(α−ε)L} ‖m_1 − m_2‖_L∞_{(R}n_) ‖F^′(m)‖_{L(TmP(L),L}∞_{(R}n_{))} ≤ C_ε e^{−2(α−ε)L}

(4.45)

where ε > 0 is arbitrary and C_ε depends on ε, but is independent of L and m_i ∈ P(L) (here and below we denote by T_mP(L) the tangent space to P(L) at point m).

Moreover, for every 0 ≤ γ ≤ α/4, we have

‖F(m_1) − F(m_2)‖_L∞_{e−γ|x| (R}n_) ≤ C e^{−αL} ‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) (4.46)

where C is independent of L and m_i ∈ P(L).

Indeed, the assertion of this corollary follows immediately from Lemma 4.7 and (4.8) and Proposition 4.3.

Remark 4.10. Arguing analogous, it is not difficult to verify that F ∈ C^k(P(L), L^∞(R^n)) for every k ∈ N and the analogies of estimates (4.45) hold. Moreover, the weight e^{−γ|x|} in Proposition 4.3 and Lemma 4.8 can be replaced by e^{−γ|x−x0|} and all of the constants will be uniform with respect to x_0 ∈ R^n. This gives estimate (4.46) also with weight e^{−γ|x−x0|}. Proposition 3.3 then gives estimate (4.46) for any weight function θ of sufficiently small exponential growth rate.

5 The multi-pulse manifold: projectors and tangent spaces

In this section, we continue to study the basic manifold P(L). To be more precise, we construct here a family of projectors P_m : [L^∞(R^n)]^m → T_mP(L) which plays an essential role in our center manifold construction. To this end, we need the following lemmas.

Lemma 5.1. Let the assumptions of Section 2 hold. Then, for sufficiently large L and every ⃗Γ ∈ B(L) there exists a family of functions ψ̄^i_j(⃗Γ) ∈ C^∞(R^n), i = 1, · · · , k, j ∈ N which satisfy the analog of (2.32):

|∂^p_xψ̄^i_j(⃗Γ)| ≤ C_{p,ε} e^{−(α−ε)|x−ξj |} (5.1) and the following orthogonality relations (ψ̄^i_j(⃗Γ), ϕ^l_{Γr} ) = δ_{il} · δ_{jr}. (5.2) Moreover, these functions are Fréchet differentiable with respect to ⃗Γ and the following uniform estimate holds:

|D_{⃗Γ}ψ̄^i_j(⃗Γ)(x)δ⃗Γ| ≤ C_ε e^{−(α−ε)|x−ξj |} ‖δ⃗Γ‖_l∞ (5.3) where the constant C_ε depends on ε > 0, but is independent of ⃗Γ ∈ B(L), i, j and x ∈ R^n.

Proof. Let us fix j_0 ∈ N and seek for the associated functions ψ̄^i_{j0} in the form

ψ̄^i_{j0} (x) =^∞ � j=1 k� i=1 a^i_jψ^i_{Γj} (x) (5.4)

where a^i_j ∈ R are the unknown coefficients. Multiplying (5.4) scalarly by ϕ^l_{Γr} and using the orthogonality relations (2.35) and (5.2), we obtain the following system for a^i_j: a^l_r + � j≠r k� i=1 a^i_j(ψ^i_{Γj} , ϕ^l_{Γr} ) = δ_{j0r}. (5.5) We claim that, for sufficiently large L this equation in l^∞ possesses a unique solution and this solution possesses the following estimate: |a^i_j| ≤ 2 e^{−(α−ε)|ξj −ξj0 |} . (5.6) Indeed, let us introduce a new unknown b^i_j := a^i_j e^{(α−2ε)|ξj −ξj}0^| which satisfies the following analog of (5.5):

⃗b + B_{j0}⃗b = ⃗l_{j0} (5.7) where (⃗l_{j0} )^i_j := δ_{j,j0} and the linear operator B_{j0} is defined via

(B_{j0}⃗l)^l_r := b^l_r + � j≠r k� i=1 b^i_j e^{−(α−2ε)(|ξj −ξj0 |−|ξr−ξj0 |)}(ψ^i_{Γj} , ϕ^l_{Γr} ). (5.8)

We now note that, due to estimates (2.32), we have

e^{−(α−2ε)(|ξj −ξj0 |−|ξr−ξj0 |)} |(ψ^i_{Γj} , ϕ^l_{Γr} )| ≤ C_ε e^{(α−2ε)|ξr−ξj |} e^{−(α−ε)|ξr−ξj |} = C_ε e^{−ε|ξr−ξj |} (5.9) and, consequently, due to Lemma 3.12, ‖B_{j0} ‖_{L(l}∞_{,l}∞_) ≤ C^′_εL^n e^{−εL} . (5.10) Thus, for sufficiently large L_0, ‖B_{j0} ‖ ≤ 1/2 and, consequently, equation (5.7) is uniquely solvable in l^∞ and the solution ⃗b satisfies ‖⃗b‖_∞ ≤ 2‖⃗l_{j0} ‖_∞ = 2 which implies estimate (5.6).

It remains to note that (5.6) together with (2.32) imply (5.1). Indeed,

|∂^p_xψ̄^i_j(⃗Γ)(x)| ≤ 2C_p ∞� r=1 e^{−(α−ε)|ξr−ξj |} e^{−α|x−ξr|} ≤

≤ 2C_p e^{−(α−ε)|x−ξj |} ∞� r=1 e^{−ε|x−ξr|} ≤ C^′_{ε,p} e^{−(α−ε)|x−ξj |} . (5.11)

Thus, (5.1) is verified. The differentiability of the functions ψ̄^i_j with respect to ⃗Γ and estimate (5.3) can be verified analogously (see also the next Lemma). Lemma 5.1 is proven.

We are now ready to define the required projectors P_m:

P_mv := � j∈N k� i=1 (ψ̄^i_j(⃗Γ), v)ϕ^i_{Γj} (5.12)

where m ∈ P(L), ⃗Γ = [V]^{−1}m and v ∈ L^∞(R^n) is arbitrary. Indeed, it follows immediately from (5.12) and the fact that ϕ_{Γj} is a derivative of V_{Γj} with respect to Γ_j, that P_mv ⊂ T_mP(L), ∀v ∈ L^∞(R^n).

Moreover, from the orthogonality relations (5.2), we infer P^2_m = P_m, P_mT_mP(L) = T_mP(L). (5.13) Thus, P_m are indeed the projectors on the tangent space T_mP(L). The following theorem which establishes the smooth dependence of the projectors P_m on m can be considered as the main result of the section.

Theorem 5.2. Let the above assumptions hold. Then, the projectors P_m are welldefined and depend smoothly on m ∈ P(L). In particular, for every 1 ≤ p ≤ ∞, ‖P_m‖_{L(L}p_{(R}n_{),L}p_{(R}n_{))} + ‖P^′_m‖_{L(TmP(L),L(L}p_{(R}n_{),L}p_{(R}n_{)))} ≤ C (5.14) where the constant C is independent of m, p and L (if L is large enough). Moreover, for v ∈ L^1_b(R^n) and sufficiently small γ > 0, we also have ‖P_{m1} v − P_{m2} v‖_L∞_{e−γ|x| (R}n_) ≤ C‖v‖_L1_{b(R}n_)‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) (5.15)

uniformly with respect to m_1, m_2 ∈ P(L).

Proof. Indeed, estimate (5.14) is a standard corollary of Lemma 5.1, Proposition 3.13 and exponential decay conditions (2.32), so we rest its proof to the reader.

Thus, we only need to verify the weighted Lipschitz continuity (5.15). Indeed, let Γ^1, Γ^2 ∈ B(L) be arbitrary and let the sets N^i_o, i = 1, 2 and N_c be defined by (5.61) and (5.62) with r = 1. Then, we split the difference P_{m1} v − P_{m2} v as follows:

P_{m1} v − P_{m2} v = � j∈N^1_o k� i=1 (ψ̄^i_j(⃗Γ^1), v)ϕ^i_Γ1_j − � j∈N^2_o k� i=1 (ψ̄^i_j(⃗Γ^2), v)ϕ^i_Γ2_j +

+ � j∈N_c k� i=1 (ψ̄^i_j(⃗Γ^1), v)[ϕ^i_Γ1_j − ϕ^i_Γ2_j ] − � j∈N_c k� i=1 (ψ̄^i_j(⃗Γ^1) − ψ̄^i_j(⃗Γ^2), v)ϕ^i_Γ2_j (5.16)

Using now inequalities (4.10), (2.32), we estimate the first term in the right-hand side of (5.16) via | � j∈N^1_o k� i=1 (ψ̄^i_j(⃗Γ^1), v)ϕ^i_Γ1_j | ≤ C‖v‖_L1_{b(R}n_) � j∈N^1_o

e^{−α|x−ξ1j |}

which immediately gives ‖ � j∈N^1_o k� i=1 (ψ̄^i_j(⃗Γ^1), v)ϕ^i_Γ1_j ‖_L∞_{e−γ|x| (R}n_) ≤ C sup_{j∈N1} 0 {e^{−γ|ξ1j |}}

if γ < α/2. The second and the third term in (5.16) can be estimated analogously. And, the last forth term can be also estimated analogously if, in addition, the following estimate is known:

‖ψ̄^i_j(⃗Γ^1) − ψ̄^i_j(⃗Γ^2)‖_L∞_{e−γ|ξ1j |+α|x−ξ1j |/2 (R}n_) ≤ CD^s_γ (⃗Γ^1, ⃗Γ^2) (5.17)

for every j ∈ N_c (we recall that the metric D^s_γ is introduced by (4.15)). In order to verify this, we recall that the function ψ^i_{j0} (⃗Γ) satisfy

ψ̄_{j0} (⃗Γ) =^∞ � j=1 a_j(j_0, ⃗Γ)ψ_{Γj}

(in order to simplify the notations, we assume that k = 1 and omit the corresponding indexes). Then, using (5.6) and (2.32) and arguing analogously, we reduce the verification of (5.17) to the following estimate:

|a_j(j_0, ⃗Γ^1) − a_j(j_0, ⃗Γ^2)| e^{−γ|ξ1j |+α|ξ1j −ξ1j}0^{|/2} ≤ CD^s_γ (⃗Γ^1, ⃗Γ^2) (5.18) for all j, j_0 ∈ N_c and with C independent of j, j_0 and ⃗Γ^i.

In order to verify (5.18), we recall that the coefficients a_j(j_0, ⃗Γ) are determined by the following equations:

a_r(j_0, ⃗Γ) + ∞� j=1 A^j_r(⃗Γ)a_j(j_0, ⃗Γ) = δ_{r,j0} , r ∈ N with A^j_r(⃗Γ) = (ψ_{Γr} , ϕ_{Γj} ). Let us introduce now the new coefficients:

c_r(j_0, ⃗Γ) := e^{−γ|ξr|} e^{α|ξj0 −ξr|/2} a_r(j_0, ⃗Γ), d_r(j_0) := c_r(j_0, ⃗Γ^1) − c_r(j_0, ⃗Γ^2) Then, the coefficients c_r solve c_r(j_0, ⃗Γ) + � j≠r

C^j_r (j_0, ⃗Γ)c_j(j_0, ⃗Γ) = e^{−γ|ξr|} δ_{r,j}

with C^j_r (j_0, Γ) := e^{−γ|ξr|} e^{γ|ξj |} e^{α|ξj}0^{−ξr|/2} e^{−α|ξj}0^{−ξj |/2} A^j_r(j_0, ⃗Γ) and, moreover, if γ < α/4, we also have |C^j_r (j_0, ⃗Γ)| ≤ C e^{−α|ξj −ξr|/4} (5.19) Furthermore, we rewrite the equations for {d_r}_{r∈Nc} as follows: d_r(j_0) + � j∈N_c, j≠r

C^j_r (j_0, ⃗Γ^1)d_j(j_0) = L_r(j_0) (5.20)

where r, j ∈ N_c and

L_r(j_0) := (e^{−γ|ξ1r |} − e^{−γ|ξ2r |})δ_{r,j0} − � j∈N^1_o

C^j_r (j_0, ⃗Γ^1)c_j(j_0, ⃗Γ^1)+ + � j∈N^2_o

C^j_r (j_0, ⃗Γ^2)c_j(j_0, ⃗Γ^2) + � j∈N_c

[C^j_r (j_0, ⃗Γ^1) − C^j_r (j_0, ⃗Γ^2)]c_j(j_0, ⃗Γ^2) (5.21)

We claim that |L_r(j_0)| ≤ CD^s_γ (⃗Γ^1, ⃗Γ^2) (5.22) where the constant C is independent of r, j_0 ∈ N_c and ⃗Γ^i ∈ B(L). Indeed, since r ∈ N_c, then estimate (5.22) for the first term in the right-hand side of (5.21) is obvious. Analogously, using (5.6) and (5.19) together with Lemma 3.12, we infer | � j∈N^1_o

C^j_r (j_0, ⃗Γ^1)c_j(j_0, ⃗Γ^1)| ≤ C � j∈N^1_o

e^{−α|ξ1j −ξ1r |} e^{−γ|ξ1j |} e^{−α|ξj −ξj0 |/4} ≤ C_1 sup_{j∈N1} o {e^{−γ|ξj |}}.

The third term is completely analogous and we only need to estimate the last one. To this end, we use again the fact that j, j_0, r ∈ N_c, estimates (5.6) and (5.19) and, in addition, estimates (2.38) (for estimating the differences between ψ_Γ1_j and ψ_Γ2_j , see the above formula for C^j_r (j_0, ⃗Γ)). Then, we obtain | � j∈N_c

[C^j_r (j_0, ⃗Γ^1) − C^j_r (j_0, ⃗Γ^2)]c_j(j_0, ⃗Γ^2)| ≤ ≤ C � j∈N_c

e^{−α|ξ1j −ξ1r |/4} e^{−γ|ξ1j |} e^{−α|ξ1j}0^{−ξ1j |/4}(‖Γ^1_j − Γ^2_j ‖ + ‖Γ^1_{j0} − Γ^2_{j0} ‖ + ‖Γ^1_r − Γ^2_r‖) ≤

≤ C sup_{j∈Nc}{e^{−γ|ξ1j |} ‖Γ^1_j − Γ^2_j |}

(if γ < α/8). Thus, estimate (5.22) is verified.

We are now able to return to system (5.20). Indeed, according to (5.19) and assumption (3.38), the matrix C(j_0, ⃗Γ^1) := {C^j_r (j_0, ⃗Γ^1)}_{j,r∈Nc} is close to the diagonal one if L is large. Thus, fixing L to be large enough, analogously to the proof of Lemma 5.1, we infer sup_{j∈Nc} d_j(j_0) ≤ 2 sup_{j∈Nc} L_j(j_0) ≤ 2CD^s_γ (⃗Γ^1, ⃗Γ^2)

which, together with (5.19) imply (5.18). Thus, estimate (5.15) is verified and Theorem 5.2 is proven.

We are now formulate the analog of Lemma 3.1 and Corollary 3.4 for the projectors P_m.

Proposition 5.3. Let the above assumptions hold. Then, for sufficiently large L, there exists an exponent γ > 0 (independent of L ≥ L_0) such that, for every m ∈ P(L), every 1 ≤ p ≤ ∞ and every weight function θ of exponential growth rate less than γ, one has ‖P_mv‖_{L(L}^p_{θ (R}n_{),L}^p_{θ (R}n_{))} + ‖P^′_m‖_{L(TmP(L),L(L}^p_{θ (R}n_{),L}^p_{θ (R}n_{)))} ≤ C (5.23) where the constant C depends on C_θ, but is independent of m, p and on the concrete choice of the weight θ.

Moreover, if M_{ε,x0} be the multiplication operator on the special weight θ_{ε,x0} and ε is small enough, then, analogously to (3.28), ‖M_{ε,x0} ∘ P_m ∘ M_{ε,x0} − P_m‖_{L(L}p_{(R}n_{),L}p_{(R}n_{))} ≤ C|ε| (5.24) where the constant C is independent of ε, m and x_0.

The proof of that proposition is based on estimates (5.1) and (2.32) and is analogous to Corollary 3.14, see also Lemma 3.8, therefore, we leave it to the reader. The next corollary gives the leading part of the asymptotics of P_m as L → ∞. Corollary 5.4. Let the above assumptions hold. Then, for sufficiently large L, every weight function of θ sufficiently small exponential growth rate and every m = V_{⃗Γ} ∈ P(L), ‖P_mv − ∞� j=1 P_{Γj} v‖_L^p_{θ (R}n_) ≤ C_ε e^{−2(α−ε)L} ‖v‖_L^p_{θ (R}n_) (5.25)

where ε > 0 and v ∈ L^p_θ(R^n) are arbitrary and C_ε depends on ε and C_θ, but is independent of m and v. Moreover, the analogous estimate holds for the spaces L^p_{b,θ}(R^n) as well.

Indeed, according to (5.4), (5.6) and (2.32), we have |ψ̄^i_j(⃗Γ)(x) − ψ^i_{Γj} (x)| ≤ C_ε e^{−2(α−ε)L} e^{−ε|x−ξj |} (5.26) which together with definition (5.12) of the operator P_m gives the required estimate (5.25).

We introduce now one more linear operator which is essential for studying the evolution of pulses. We recall that P_m is smooth with respect to m, so the map δm → P^′_m[δm] is well-defined for all δm ∈ T_mP(L). Then, we define D(m)[δm]v := P_mP^′_m[δm]v (5.27) for every m ∈ P(L), δm ∈ T_mP(L) and v ∈ L^p_b(R^n) and obtain the following analog of Theorem 5.2.

Theorem 5.5. Let the above assumptions hold. Then, the operator D(m) is uniformly (with respect to m ∈ P(L) and L ≥ L_0) smooth (and, obviously, linear with respect to δm and v). Moreover, for sufficiently small γ, the following analog of (5.15) holds:

‖D(m_1)[δm_1]v_1 − D(m_2)[δm_2]v_2‖_L∞_{e−γ|x| (R}n_) ≤ ≤ C(‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) + ‖δm_1 − δm_2‖_L∞_{e−γ|x| (R}n_) + ‖v_1 − v_2‖_L∞_{e−γ|x| (R}n_)) (5.28) where the constant C depends on ‖δm_i‖_L∞_{(R}n_) and ‖v_i‖_L∞_{(R}n_), but is independent of the concrete choice of m_i, δm_i ∈ T_mP(L), v_i and L being large enough. The proof of this result is completely analogous to Theorem 5.2 and is left to the reader.

Remark 5.6. Obviously, the transposed operator to P_m (in L^2(R^n)) has the form

P^∗_mv = ∞� j=1 k� i=1 (ϕ^i_{Γj} , v)ψ̄^j_i (⃗Γ). (5.29)

Then, arguing exactly as before one can verify that the transposed projectors P^∗_m also satisfy the analogs of Theorems 5.2 and 5.5. In particular, analogously to (5.25), we have ‖P^∗_mv − ∞� j=1 P^∗_{Γj} v‖_L^p_{θ (R}n_) ≤ C_ε e^{−2(α−ε)L} ‖v‖_L^p_{θ (R}n_)

where ε > 0 and v ∈ L^p_θ(R^n) are arbitrary and C_ε depends on ε and C_θ, but is independent of m and v. Moreover, the analogous estimate holds for the spaces L^p_{b,θ}(R^n) as well.

We conclude this section by verifying that the tangent space T_mP(L) "almost coincides" with the zero spectral subspace of the linearized operator A + Φ^′(m). To this end, we introduce one more operator S(m)v := P_m(Av + Φ^′(m)v). (5.30) The following theorem gives the uniform smallness of the operator S(m) thus defined.

Theorem 5.7. Let the above assumptions hold. Then, for sufficiently large L, the operator S(m) depends smoothly on m and satisfies:

‖S(m)‖_{L(L}∞_{(R}n_{),L}∞_{(R}n_{))} + ‖S^′(m)‖_{L(TmP(L),L(L}∞_{(R}n_{),L}∞_{(R}n_{)))} ≤ C_ε e^{−2(α−ε)L} (5.31) where ε > 0 is arbitrary, C_ε depends on ε, but is independent of m ∈ P(L). Moreover, for sufficiently small γ > 0 and every m_1, m_2 ∈ P(L) and v_1, v_2 ∈ L^∞(R^n),

‖S(m_1)v_1 − S(m_2)v_2‖_L∞_{e−γ|x| (R}n_) ≤ ≤ C_ε e^{−αL}(‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) + ‖v_1 − v_2‖_L∞_{e−γ|x| (R}n_)) (5.32) where ε > 0 is arbitrary and C_ε depends on ε and ‖v_i‖_L∞_{(R}n_), i = 1, 2, but is independent of the concrete choice of m_i and v_i.

Proof. Indeed, taking into account (5.26) and the fact that ψ^i_{Γj} solves the conjugate equation, we get

|(ψ̄^i_j(⃗Γ), Av + Φ^′(m)v)| = |((A^∗ + [Φ^′(m)]^∗)ψ̄^i_j(⃗Γ), v)| ≤ ≤ |((A^∗ + [Φ^′(m)]^∗)ψ^i_{Γj} , v)| + C_ε e^{−2(α−ε)L} ‖v‖_L∞_{(R}n_) = = ‖(Φ^′(m) − Φ^′(V_{Γj} ))ψ^i_{Γj} ‖_L1_{(R}n_)‖v‖_L∞_{(R}n_) + C_ε e^{−2(α−ε)L} (5.33) Moreover, according to (2.32), we have

‖(Φ^′(m) − Φ^′(V_{Γj} ))ψ^i_{Γj} ‖_L1_{(R}n_) ≤ C sup_{x∈Rn}{e^{−(α−ε)|x−ξj |} � k≠j

e^{−α|x−ξk|}} ≤ ≤ C � k≠j

e^{−(α−ε)|ξj −ξk|} ≤ C_ε e^{−2(α−ε)L} (5.34)

which together with (5.33) gives estimate (5.31) for S(m)v. The required estimate for the derivatives and the weighted Lipschitz continuity (5.32) can be proven analogously, see the proof of Lemma 4.8 and Theorem 5.2. Theorem 5.7 is proven. Remark 5.8. Analogously to the previous section, the weight e^{−γ|x|} can be replaced in all weighted estimates of this section by any weight θ of sufficiently small exponential growth rate.

6 The multi-pulse manifold: differential equations and the cut off procedure

This section is devoted to study the differential equations on the multi-pulse manifold. We start by recalling the standard facts on the following differential equation on P(L): d dt m = f(t, m), m(t_0) = m_0 (6.1) where the unknown function m(t) belongs to P(L) for every t and the function f(t, ·) ∈ C^k(P(L), L^∞(R^n)), k ≥ 1, such that f(t, m) ⊂ T_mP(L) for every t ∈ R and every m ∈ P(L). We however note that, since P(L) is not compact, the above assumptions are not sufficient even for the local existence of a solution. That is why we require, in addition, the global boundedness and Lipschitz continuity of the function f:

‖ f(t, m_1) − f(t, m_2)‖_L∞_{(R}n_) ≤ K‖m_1 − m_2‖_L∞_{(R}n_), ‖ f(t, m)‖_L∞_{(R}n_) ≤ C (6.2) where the constants K and C are independent of m, m_1, m_2 ∈ P(L) and t ∈ R. Theorem 6.1. Let the function f satisfy assumptions (6.2). Then, for every m_0 ∈ P(L) and every t_0 ∈ R, there exists a unique local solution m(t) defined on the interval (t^−_0 , t^+_0 ). Moreover, either t^−_0 = −∞ (resp. t^+_0 = +∞) or m(t^−_0 ) ∈ ∂P(L) (resp. m(t_0) ∈ ∂P(L)). Moreover, this solution is Lipschitz continuous with respect to the initial data:

‖m_1(t) − m_2(t)‖_L∞_{(R}n_) ≤ e^{K|t−t0|} ‖m_1(t_0) − m_2(t_0)‖_L∞_{(R}n_) (6.3) for all t such that both m_1(t) and m_2(t) are well defined.

Proof. The local existence and uniqueness of a solution can be verified in local coordinates exactly as in finite-dimensional case. So, we only need to verify estimate (6.3). Indeed, let m(t) := m_1(t) − m_2(t). Then, it obviously satisfies the following integral equation

m(t) = m(t_0) +

�_t

t_0

(f(s, m_1(s)) − f(s, m_2(s))) ds.

Let t ≥ t_0 (for t ≤ t_0 the proof is analogous). Then, taking the L^∞-norm from both parts of that equality, we have

‖m(t)‖_L∞_{(R}n_) ≤ ‖m_0(t)‖_L∞_{(R}n_) + K

�_t

t_0

‖m(s)‖_L∞_{(R}n_) ds

which, together with the Gronwall inequality, gives (6.3) and finishes the proof of the theorem.

We recall that the above solution depends also continuously on f. Indeed, let ‖ f_1(t, ·) − f_2(t, ·)‖ := sup_{m∈P(L)} ‖ f_1(t, m) − f_2(t, m)‖_L∞_{(R}n_).

Then, the following analog of (6.3) holds.

Corollary 6.2. Let the above assumptions hold and let m_1 and m_2 be two solutions of (6.1) with the right-hand sides f_1 and f_2 respectively. Then

e^{−K|t−t0|} ‖m_1(t) − m_2(t)‖_L∞_{(R}n_) ≤

≤ ‖m_1(t_0) − m_2(t_0)‖_L∞_{(R}n_) + K sgn(t − t_0)

�_t

t_0

e^{−K|t0−s|} ‖ f_1(s, ·) − f_2(s, ·)‖ ds (6.4) for all t such that both m_1 and m_2 are well-defined.

The proof of that estimate can be obtained by Gronwall inequality exactly as in Theorem 6.1 and so omitted.

Analogously, if the Lipschitz continuity of f in weighted spaces is, a priori, known ‖ f(t, m_1) − f(t, m_2)‖_L∞_{θ (R}n_) ≤ K‖m_1 − m_2‖_L∞_{θ (R}n_) (6.5) for some weight function θ of exponential growth rate, then one has the analogous Lipschitz continuity of solutions in weighted spaces.

Corollary 6.3. Let θ be a weight function and f_1 and f_2 be right-hand sides of equation (6.1) satisfying (6.5) and let ‖ f_1(t, ·) − f_2(t, ·)‖_θ := sup_{m∈P(L)} ‖ f_1(t, m) − f_2(t, m)‖_L∞_{θ (R}n_).

Then, for the associated solutions m_1 and m_2 of equation (6.1), one has

e^{−K|t−t0|} ‖m_1(t) − m_2(t)‖_L∞_{θ (R}n_) ≤ ≤ ‖m_1(t_0) − m_2(t_0)‖_L∞_{θ (R}n_) + K sgn(t − t_0)

�_t

t_0

e^{−K|t0−s|} ‖ f_1(s, ·) − f_2(s, ·)‖_θ ds (6.6) for all t such that both m_1 and m_2 are well-defined.

Furthermore, as usual, if the function f is more regular, then the dependence of the solution m on the initial data is also more regular. In particular, the equation of variation associated with the solution m(t) of equation (6.1) reads d dt w(t) = f^′_m(t, m(t)) w(t), w(t_0) = w_0 ∈ T_mP(L) (6.7)

or in the equivalent covariant form

P_m d dt w(t) = P_m f^′_m(t, m(t)) w(t), w(t_0) = w_0 ∈ T_mP(L) (6.8)

where, as usual, the expression ∇ f(t, m) := P_m f^′_m(t, m) can be interpreted as a covariant gradient of the vector field f(t, ·). The next standard corollary confirms that the solution w thus defined is indeed a Fréchet derivative of m(t) with respect to the initial data.

Corollary 6.4. Let the above assumptions hold and let, in addition, the vector field f be Fréchet differentiable and its Fréchet derivative f^′_m is uniformly continuous on P(L). Then the solution m(t) of equation (6.1) is Fréchet differentiable with respect to the initial data m_0 and its derivative w(t) := D_{m0} m(t) w_0 solves equations (6.7) and (6.8). Analogously, if the vector field f is C^k-differentiable and its kth derivative is uniformly continuous, then the function m_0 → m(t) is also C^k-differentiable.

The proof of this assertion is completely analogous to the finite-dimensional case and is also left for the reader.

Remark 6.5. It is not difficult to obtain the form of equation (6.1) in the manifold B(L) in terms of local coordinates Γ^i_j. Indeed, since

m(t) := V(⃗Γ(t)) = ∞� j=1 V_{Γj (t)},

then d dt m(t) = ∞� j=1 k� i=1 k� l=1 Π_{il}(Γ_j)ϕ^l_{Γj} · d dt Γ^i_j(t).

Thus, multiplying equation (6.1) by the function ψ̄^i_j(⃗Γ(t)) (which is introduced in Lemma 5.1), integrating over x ∈ R^n and using (5.2), we have k� i=1 Π_{il} d dt Γ^i_j(t) = (f(t, V_{⃗Γ(t)}), ψ̄^l_j(⃗Γ(t))), j ∈ N, l = 1, · · · , k (6.9)

which allows us to obtain the explicit expression for (6.1) in local coordinates (we recall that the transfer matrix Π_{ij}(Γ) is defined by (2.37)).

The manifold P(L) has a boundary and the trajectory m(t) of equation (6.1) can reach this boundary in finite time. As usual, this fact is very inconvenient for the center manifold constructing and some cut-off procedure is necessary. However, in contrast to the finite-dimensional case, the L^∞-distance to the boundary is not a differentiable function (even in the neighborhood of the boundary) and, thus, cannot be used for this procedure.

We overcome this difficulty by constructing, instead of a usual scalar cut-off function, a special cut-off operator Cut(m) acting on the vector fields on P(L) and define the modified version of (6.1) in the form d dt m(t) = Cut(m(t)) f(t, m(t)). (6.10)

Roughly speaking, the operator Cut(m) will be identical if m is far from the boundary and will stop the motion of ith and jth pulse if the distance between them become close to 2L. To be more precise, the following theorem holds.

Theorem 6.6. For every sufficiently large L and all ε > 0, there exist linear operators Cut(m) ∈ L(L^∞(R^n), L^∞(R^n)) depending smoothly on m ∈ P(L) such that, � � � 1) Cut(m) w ⊂ T_mP(L) 2) Cut(m) = P_m, if m ∈ P(L^′) with L^′ ≥ (1 + ε)L 3) ‖ Cut(m)‖_Ck_{(P(L),L(L}∞_{,L}∞_{))} ≤ C_k.

(6.11) where the constant C_k is independent of m and L.

Moreover, for every vector field f satisfying the assumptions of Theorem 6.6, and every m_0 ∈ P(L), the associated trajectory m(t) of the modified equation (6.10) is globally defined for all t ∈ R, never reaches the boundary ∂P(L) (in finite time) and satisfies the analogs of estimate (6.4).

Furthermore, the operator Cut is Lipschitz continuous in the local topologies, i.e.

‖ Cut(m_1) w_1 − Cut(m_2) w_2 ‖_L∞_{e−γ|x| (R}n_) ≤ C e^{δL} � ‖ w_1 − w_2 ‖_L∞_{e−γ|x| (R}n_) + (‖ w_1 ‖_L∞_{(R}n_) + ‖ w_2 ‖_L∞_{(R}n_))‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_)

� (6.12)

for all m_1, m_2 ∈ P(L) and every w_i ∈ T_{mi} P(L) and sufficiently small γ > 0 and δ > 0.

Proof. We first note that, it is sufficient to construct the operator Cut(m) only on the tangent space T_mP(L) (it can be then extended to all L^∞(R^n) by taking the composition with the projector P_m.

To this end, we introduce, for every i ∈ N and some fixed β > 0, the following smooth analog of functions (3.40): ~R_i(m) := � j≠i

θ_{β,ξi} (ξ_j) = � j≠i

e^{−β}

√_{|ξi−ξj |2+1} , i ∈ N, (6.13)

where m = V_{⃗Γ} and dist^′(ξ, Σ) is defined by (4.39). Then, according to Lemma 3.12, we have e^{−β[dist′(ξi,Ξ)−1]} ≤ ~R_i(m) ≤ C_β dist^′(ξ_i, Ξ)^n e^{−β dist′(ξi,Ξ)} . (6.14) Moreover, using Proposition 4.3, it is not difficult to verify that these functions are smooth with respect to m and the following estimate holds: ‖ ~R^′_i(m)‖_{L(TmP(L),R)} ≤ C ~R_i(m) (6.15) where the constant C depends on β, but is independent of m and L and the analogous estimate hold for higher derivatives as well.

Let us now introduce the cut-off function ~Θ : R_+ → R_+, ~Θ ∈ C^∞(R) such that ~Θ(z) ≡ 1, z ∈ [0, 1/2], ~Θ(z) ≡ 0, z ≥ 1 (6.16)

Obviously such a function exists and we have C_k := sup{|~Θ^{(k)}(z)|, z ≥ 0} < ∞. (6.17) For j ∈ N, we introduce the following cut-off functions Θ_j : P(L) → R, j ∈ N:

Θ_j : P(L) → R, Θ_j(m) := ~Θ(e^{+2βL} R̃_j(m)). (6.18)

We are now ready to introduce the desired operator Cut(m). To this end, we rewrite equation (6.1) in the equivalent form (6.9) and defined the desired modified equation as follows:_k � i=1 Π_{il}(Γ_j) d dt Γ^i_j = Θ_j(m)(f(t, m), ψ̄^l_j (m)). (6.19)

Returning now to the m variable, we have d dt m = � j∈N k� l=1 Θ_j(m)(f(t, m), ψ̄^l_j(m))ϕ^l_{Γj} (6.20)

and, consequently,

Cut(m) w := � j∈N k� i=1 Θ_j(m)(w, ψ̄^i_j(m))ϕ^i_{Γj} . (6.21)

We claim that the operator Cut(m), thus defined, satisfies all of the assertions of the theorem. Indeed, the first assertion of (6.11) is obvious. Let us verify the second one. Let L^′ = L^′(L) > L solves

C_β(L^′)^n e^{−2βL′} = 1/2 e^{−2βL} .

Then, on the one hand, for sufficiently large L > L_0(ε), L^′ ≤ L^′ := (1 + ε)L. On the other hand, due to (6.15) and (6.16), we have

Θ_j(m) ≡ 1, ∀m ∈ P(L^′) ⊂ P(L), j ∈ N. (6.22)

It remains to note that (6.21) and (6.22) together with the orthogonality relation (5.2) imply that Cut(m) w = w, ∀ w ∈ T_mP(L^′).

Thus, the second assertion of (6.11) is verified. Furthermore, the smoothness of the operator Cut(m) follows from the explicit formula (6.21) and estimate (6.11)(3) follows from (6.15) and (6.17) and, therefore, assertions (6.11) are verified.

Let us now verify that the trajectory m(t) of the cutted-off equation (6.10) cannot reach the boundary ∂P(L) in a finite time. Indeed, let the distance between two pulses V_{Γj1 (T )} and V_{Γj2 (T )} is less than 2L + 1 at some time T . Then, according to (6.16) and left inequality of (5.6)

Θ_{j1} (m(T )) = Θ_{j2} (m(T )) = 0

and, consequently, these pulses do not move and the distance between them cannot decrease under the time evolution. Thus, the trajectory m(t) cannot indeed reach the boundary in a finite time and, therefore, due to Theorem 6.1, is defined for all t ∈ R.

Thus, it only remains to verify the weighted estimate (6.12). This estimate can be easily verified arguing as in the proof of Theorem 5.2 and so is left to the reader (the only difference here is that we do not have the analog of (6.15) in weighted norms and, as a result, the weighted Lipschitz constant in (6.12) contains exponentially growing term e^{δL} where the constant δ = δ(γ) can chosen arbitrarily small if γ is small enough). Theorem 6.6 is proven.

7 Slow evolution of multi-pulse profiles: linear case

In this section, we begin the study the dynamics, generated by equation (2.1) in a neighborhood of the multi-pulse manifold P(L). We start with the following result which gives the nonlinear "orthogonal" projectors to the manifold P(L).

Theorem 7.1. Let the assumptions of Section 2 hold and let L be large enough. Then, there exists δ > 0 and the nonlinear smooth function π : O_δ(P(L+1)) → P(L) (where the δ-neighborhood is taken in the L^∞-topology) such that

P_{π(v)}(v − π(v)) ≡ 0, for all v ∈ O_δ(P(L + 1)) (7.1)

The function π(v) is uniquely defined by this equation,

π(m) = m, π^′(m) = P_m, ∀m ∈ P(L + 1) (7.2)

and moreover, its C^k-derivatives are uniformly bounded for any k ∈ N:

‖π‖_Ck_{(Oδ(P(L)),P(L))} ≤ C_k. (7.3)

Finally, the constants δ and C_k are independent of L.

Proof. As usual, the existence of such projector can be obtained by the implicit function theorem. In order to show that, we first note that the required projector can be constructed locally, for the δ-neighborhood of every point m_0 ∈ P(L + 1). Indeed, the local uniqueness of it will be guaranteed by the implicit function theorem and the global uniqueness follows immediately from the local one.

Thus, it is sufficient to verify the existence of π only in the neighborhood O_δ(m_0) for some m_0 ∈ P(L + 1). Then, v = m_0 + w with ‖w‖_L∞ ≤ δ and the required m := π(v) should be found from the equation

P_m(m_0 + w − m) = 0.

Or, rewriting it in the local coordinates Γ^i_j near ⃗Γ^0 = [V]^{−1}m_0 (see Remark 4.5), we will have (V_{⃗Γ}0 + w − V_{⃗Γ}, ψ̄^i_j(⃗Γ)) = 0, j ∈ N, i = 1, · · · , k.

The last equation can be easily solved by the implicit function theorem in the space l^∞. Indeed, let F : l^∞ × L^∞(R^n) → R^∞ be defined via

F (⃗Γ, w)^i_j := (V_{⃗Γ}0 + w − V_{⃗Γ}, ψ̄^i_j(⃗Γ)) (7.4)

(where, for simplicity, we have identified the point ⃗Γ ∈ B(L) with its local coordinates near ⃗Γ^0).

Obviously, the function F depends smoothly on ⃗Γ and w. Moreover, F (⃗Γ_0, 0) = 0 and (F^′_{⃗Γ}(⃗Γ^0, 0)δΓ)^i_j = (− � l,r,m

Π_{lm}(Γ^0_r)ϕ^l_Γ0_r δΓ^m_r , ψ̄^i_j (⃗Γ_0)) = −δΓ^i_j

where we have implicitly used the orthogonality relations (5.2) and the fact that the local coordinates on G_0 near Γ = Γ^0 can be chosen in such way that Π(Γ^0) = Id, see Remark 2.3. Thus, D_{⃗Γ}F (⃗Γ^0, 0) = − Id and, consequently, due to the implicit function theorem, equation F (⃗Γ, w) = 0 has a unique solution ⃗Γ = ⃗Γ(w) if ‖w‖_L∞ ≤ δ is small enough. Moreover,it is not difficult to see that the constant δ is independent also on ⃗Γ^0 ∈ B(L + 1). Thus, the required projector π : O_δ(P(L + 1)) → P(L) is constructed (we note that ⃗Γ(w) does not necessarily belong to P(L + 1), but it always belong to P(L) if δ > 0 is small enough). Formulae (7.2) follow from the basic equation (7.1) and the differentiability and estimates (7.3) are simple corollaries of the implicit function theorem. Theorem 7.1 is proven.

Remark 7.2. The above theorem shows, in particular, that every point u ∈ O_δ(P(L+ ε)), ε > 0, can be uniquely decomposed in a sum

u = v + m, m ∈ P(L), P_mv = 0

where m := π(u). In turns, this splitting shows that P(L) is a submanifold in L^∞(R^n) where the neighborhood of m ∈ P(L) locally looks like ker P_m × T_mP(L) ∼ ker P_m × l^∞.

According to Theorem (7.1), it seems natural to seek for the solution u(t) of problem (2.1) in the form

u(t) = v(t) + m(t), m(t) ∈ P(L), P_{m(t)}v(t) ≡ 0 (7.5)

where m(t) solves the appropriate equation on P(L) and v(t) is small and satisfies some equation on the "normal" bundle of P(L) generated by ker P_m. Differential equations on P(L) have been studied in the previous section and the aim of this section is to study the linearized equations for v(t) (the nonlinear case will be considered in the next section). To be more precise, we will study the following linear problem ∂_tv + A_0v + Φ^′(m(t))v = h(t), (7.6) where m(t) is an arbitrary "slow" trajectory on P(L) and find necessary and sufficient conditions on h(t) which allow to satisfy the additional condition P_{m(t)}v(t) ≡ 0. These conditions will be used in the next section in order to deduce the equations for the pulse evolution.

Analogously to (3.18), it is convenient to eliminate the "neutral" modes of equation (7.6) by adding the artificial projector as follows:

∂_tv + A_0v + Φ^′(m(t))v + P_{m(t)}v = h(t), (7.7)

We start our consideration by the case of standing pulses m(t) ≡ m ∈ P(L)

∂_tv + A_0v + Φ^′(m)v + P_mv = h(t). (7.8)

and then treat the case of slowly moving pulses via a perturbation technique. The next proposition gives the solvability (7.8) if L is large enough.

Proposition 7.3. Let the operators A_0 and Φ satisfy all of the assumptions of Section 2. Then, for every 1 < p < ∞, there exists a (large) constant L_0 and a (small) positive constant ε_0 such that, for every L ≥ L_0, every m ∈ P(L) and every weight function θ with exponential growth rate ε ≤ ε_0, equation 7.8 is uniquely solvable for every h ∈ L^p_θ(R^{n+1}) in the class W^{(1,2l),p}_θ (R^{n+1}) and the following estimate holds:

‖v‖_W (1,2l),p_{θ (Rn+1)} ≤ C‖h‖_L^p_{θ (R}n+1_) (7.9)

where the constant C depends only on C_θ and is independent of L, ε, m ∈ (L) and of the concrete choice of the weight θ. Moreover, the analogous result holds for the adjoint equation:

−∂_tw + A^∗_0w + [Φ^′(m)]^∗w + P^∗_mw = h (7.10) and for the weighted spaces L^p_{b,θ}.

Proof. We first note that it is sufficient to verify the assertion of Proposition 7.3 for the non-weighted case θ = 1 only. The case of general weights can be deduced from this particular case using (5.23), (5.24) exactly as in Proposition 3.10. Thus, we assume from now on that h ∈ L^p(R^{n+1}) and θ = 1.

We first construct an approximate solution of equation (7.8). We seek for that approximate solution in the form

ṽ(t, x) := v_0(t, x) + ∞� i=1 v_i(t, x) (7.11)

where v_i solves

∂_tv_i + A_0v_i + (F_{Γi} + P_{Γi} )v_i = h_i(t, x) := h(t, x)χ_BL_{ξi} (x), (7.12)

χ_V (x) is the standard characteristic function of the set V ⊂ R^n and the remainder v_0 satisfies

∂_tv_0 + A_0v_0 = h_0(t, x) := h(t, x) − ∞� i=1 h_i(t, x). (7.13)

Let us consider now the sequence of sets V_i := B^L_{ξi} , i = 1, · · · , ∞ and V_0 := R^n � ( �_∞ i=1 V_i) and the associated special weights

θ_{i,β}(x) := e^{β dist(x,Vi)}, i = 0, · · · , ∞. (7.14)

Then, obviously, the weights θ_{i,β}(x) are exponential with growth rate β and, since the sequence Γ_j is L-separated, we have V_i ∩ V_j = ∅ for i ≠ j. Moreover, according to Proposition 3.10, for sufficiently small β and ε, we have

‖v_i‖_W (1,2l),p_θ

i,β (x) e

−ε|z−z0| (R

n+1) ≤ C‖h‖L^p_e−ε|z−z_0| (R×V^i), i = 0, · · · , ∞ (7.15)

where the constant C is independent of L, Γ_i and z_0 := (t_0, x_0) ∈ R^n. We have used here that θ_{i,β}(x) ≡ 1 if x ∈ V_i. Let us now consider the approximation error operator Rh := ∂_tṽ + A_0ṽ + Φ^′(m)ṽ + P_mṽ − h. (7.16)

Then, since h =

�_∞

i=0 h_i, we have

Rh = [Φ^′(m) − ∞� j=1 Φ^′(V_{Γj} )]ṽ + [P_m − ∞� j=1 P_{Γj} ]ṽ + ∞� i=0 R_iv_i (7.17)

where

R_iu := ∞� j=1,j≠i

(F_{Γj} + P_{Γj} )u, F_{Γj} := Φ^′(V_{Γj} ).

The following lemma shows that the error operator R is uniformly small if L is large enough. The proof of Proposition 7.3 will be continued after this.

Lemma 7.4. Let the above assumptions hold. Then, for sufficiently large L,

‖Rh‖_Lp_{(R}n+1_) ≤ C e^{−δL} ‖h‖_Lp_{(R}n+1_) (7.18)

where the positive constants C and δ are independent of L, h and Γ_j.

Proof. We first note that, according to estimates (7.15) and Proposition 3.13, we have ‖ṽ‖_W (1,2l),p_{(R}n+1_) ≤ C‖h‖_Lp_{(R}n+1_) (7.19)

where the constant C is independent of L ≥ L_0, h and m ∈ P(L). Then, arguing analogously to Lemma 4.7, we deduce that

‖[Φ^′(m) − ∞� j=1 Φ^′(V_{Γj} )]ṽ‖_Lp_{(R}n+1_) ≤ C e^{−αL} ‖ṽ‖_W (1,2l),p_{(R}n+1_) ≤ C^′ e^{−αL} ‖h‖_Lp_{(R}n+1_).

(7.20) Moreover, due to estimate (5.25), we also have

‖[P_m − ∞� j=1 P_{Γj} ]ṽ‖_Lp_{(R}n+1_) ≤ C e^{−αL} ‖h‖_Lp_{(R}n+1_). (7.21)

Thus, the first two terms in (7.17) satisfy (7.18) and we only need to estimate the sum �_∞ i=0 R_iv_i.

We are going to do so using Proposition 3.13. Indeed, according to the first estimate of (3.33) and estimates (3.6) and (3.54) and the fact that the weights θ = θ_{i,β} are exponential with growth rate β and the constant C_θ is uniformly bounded with respect to i, we have that, for sufficiently small positive β and ε:

‖(F_{Γj} + P_{Γj} )v_i‖_L^p_{θi,β (x) eα|x−ξj |/2−ε|x−x0| (R}n_) ≤ C‖v_i‖_W 2l−1,p_{θi,β (x) e−ε|x−x0| (Rn)} (7.22)

where the constant C is independent of i, j, Γ_j and x_0 ∈ R^n. We now note that assumption (3.1) applied to weight functions θ_{i,β}(x) imply that

θ_{i,β}(x) ≥ C^{−1}_θ θ_{i,β}(ξ_j) e^{−β|x−ξj |} (7.23)

Moreover, it follows from the explicit form of the weights θ_{i,β}(x) and from the fact that Γ_j are 2L-separated that

θ_{i,β}(ξ_j) ≥ e^{βL}, ∀i ≠ j (7.24)

and, consequently, if β < α/4, we have for i ≠ j

θ_{i,β}(x) e^{α|x−ξj |/2} ≥ C e^{βL} e^{α|x−ξj |/4}

and, thus, estimate (7.22) implies that

‖(F_{Γj} + P_{Γj} )v_i‖_L^p_{eα|x−ξj |/4−ε|x−x0| (R}n_) ≤ C^′ e^{−βL} ‖v_i‖_W 2l−1,p_{θi,β (x) e−ε|x−x0| (Rn)} (7.25)

for all j ≠ i (and with the constant C^′ independent of L, i, j and Γ_j. Estimate (7.25) allows to apply Proposition 3.13 for estimating R_i which gives

‖R_iv_i‖_L^p_{θ (R}n_) ≤ C^{′′} e^{−βL} ‖v_i‖_W 2l−1,p_{θi,β θ (Rn)} (7.26)

which is valid for every weight function of a sufficiently small exponential growth rate ε ≤ ε_0. In particular, for i = 0, (7.26) together with (7.15) and integration over t ∈ R imply that ‖R_0v_0‖_Lp_{(R}n+1_) ≤ C_1 e^{−βL} ‖h‖_Lp_{(R}n+1_) (7.27) and, thus, we it remains to estimate an infinite sum

�_∞ i=1 R_iv_i using again Proposition 3.13. To this end, we take θ = θ_{i,β0} (x) e^{−ε|x−x0|} in estimate (7.26) with positive β_0 and ε satisfying β_0 + ε ≤ ε_0. Then, using the fact that θ_{i,β0} (x) ≥ e^{−β0L} e^{β0|x−ξi|}, we obtain from (7.26) that

‖R_iv_i‖^p_Lp_{eβ0|x−ξi|−ε|x−x0| (Rn)} ≤ (C_2 e^{−(β−β0)L})^p‖v_i‖^p_{W 2l−1,pθ}

i,β+β0 (x) e

−ε|x−x0| (R

n) (7.28)

where the constant C_2 is independent of L, z_0 := (t_0, x_0) ∈ R^{n+1} and Γ_j. Multiplying (7.28) by e^{−pε|t−t0|}, integrating over t ∈ R and using (7.15) (where θ_{i,β} is now replaced by θ_{i,β+β0} , we finally deduce

‖R_iv_i‖_L^p_{eβ0|x−ξj |−ε|z−z0| (R}n+1_) ≤ C e^{−(β−β0)L} ‖h‖_L^p_{e−ε|z−z0| (R}n+1_). (7.29)

Estimate (7.29) allow to apply Proposition 3.13 (see also Remark 3.15) for estimating the sum

�_∞ i=1 R_iv_i which together with (7.27) imply (7.18) and finishes the proof of the lemma.

We are now ready to finish the proof of Proposition 7.3. To this end, we note that, due to estimate (7.19), the linear operator T : h → ṽ is well-defined and uniformly bounded. Fix now the constant L_0 > 0 large enough that the (L^p → L^p)-norm of the error operator R will be less than 1/2. Then, the exact solution of problem (7.8) can be found by the following Neumann series:

v := T ∘ ( ∞� i=0 R^i)v. (7.30)

The convergence of the series is guaranteed by the fact that R is a contraction and estimate (7.19) guarantees that the solution thus obtained satisfies estimate (7.9) with θ = 1. Thus, the existence of the required solution v is verified. In order to verify its uniqueness, it is sufficient to prove that the adjoint equation (3.3) is also solvable (in the same class) for every h ∈ L^p(R^{n+1}), but this fact can be verified exactly in the same way as for equation (3.1). Proposition 7.3 is proven.

We are now ready to study the case of slowly moving pulses. To this end, we assume that we are given a trajectory m(t) ∈ P(L) for all t ∈ R and depending slowly on time, i.e. there exists a small positive constant ν (which will be specified below) such that ‖ d dt m(t)‖_L∞_{(R}n_) ≤ ν, t ∈ R. (7.31)

We now consider the nonautonomous equation (7.7) where the pulse curve m(t) satisfies (7.31). Since the Sobolev’s norms are equivalent on the manifold P(L), see Corollary 4.4, then (7.31) implies

‖m^′(t)‖_Ck_{(R}n_) ≤ C_k‖m^′(t)‖_L∞_{(R}n_) ≤ C_kν (7.32)

for all k ∈ N.

The following theorem, which gives the unique solvability of equation (7.7) is considered as the main result of this section.

Theorem 7.5. Let the operators A_0 and Φ satisfy all of the assumptions formulated in Section 2. Then, there exist positive ν_0, L_0 and ε_0 such that for any L ≥ L_0, for any curve m : R → P(L) satisfying (7.31) with ν ≤ ν_0 and every weight function θ of exponential growth rate ε ≤ ε_0 equation (7.7) is uniquely solvable in W^{(1,2l),p}_θ (R^{n+1}) for every h ∈ L^p_θ(R^{n+1}) and the following estimate holds:

‖v‖_W (1,2l),p_{θ (Rn+1)} ≤ C‖h‖_L^p_{θ (R}n+1_) (7.33)

where the constant C depends on C_θ, but is independent of h, L, ν and the concrete choice of the curve m(t). Moreover, the analogous estimates hold also for the adjoint equation of (7.7) and for the spaces L^p_{b,θ}.

Proof. First of all, we note that (as in Proposition 7.3), it is sufficient to verify (7.33) for the non-weighted case θ = 1 only. Estimate (7.33) for general weights can be deduced from the non-weighted one using estimate (5.24) exactly as in Proposition 7.3 and Proposition 3.5. Thus, we assume below that h ∈ L^p(R^{n+1}). As in the proof of Proposition 7.3, we are going to construct the approximate solution ṽ(t, x) of problem (7.7). To this end, for every m ∈ P(L) we introduce the solution operator L_m : L^p(R^{n+1}) → W^{(1,2l),p}(R^{n+1}) via L_mh := v̄ (7.34) where v̄ is a unique solution of equation (3.1) (with standing pulses) constructed in Proposition 7.3. For every s ∈ R, we define now w(s, t, x) := (L_{m(s)}h)(t, x) (7.35) (we emphasize that, for every s ∈ R, we solve equation (7.8) with standing pulses m(s)) and then define the approximative solution ṽ(t, x) of (7.7) by the following expression:

ṽ(t, x) := w(t, t, x). (7.36) We now need to deduce some estimates for the functions (7.35) and (7.36). To this end, we recall that m(s) is assumed to belong to P(L) for every s ∈ R and, consequently, due to Proposition 7.3, ‖w(s, ·, ·)‖_W (1,2l),p_{θ (Rn+1)} ≤ C‖h‖_L^p_{θ (R}n+1_) (7.37)

where the constant C is independent of s and ⃗Γ and θ is a weight function with a sufficiently small exponential growth rate. We are now going to estimate the function w̃(s, t, x) := ∂_sw(s, t, x) which obviously satisfies the following equation: ∂_tw̃ + A_0w̃ + Φ^′(m(s))w̃ + P_{m(s)}w̃ = −Φ^{′′}(m(s))m^′(s)w − D_mP_{m(s)}m^′(s)w. (7.38) Using now estimates (5.2), (7.32) and (7.37), we deduce

‖Φ^{′′}(m(s))m^′(s)w + P^′_{m(s)}m^′(s)w‖_L^p_{θ (R}n+1_) ≤ ≤ Cν‖w‖_W (1,2l),p_{θ (Rn+1)} ≤ C^′ν‖h‖_L^p_{θ (R}n+1_). (7.39) Applying now estimate (7.9) to equation (7.38) and using (7.39), we infer ‖w̃(s, ·, ·)‖_W (1,2l),p_{θ (Rn+1)} ≤ Cν‖h‖_L^p_{θ (R}n+1_) (7.40) where the constant C is independent of ν, m, h and the concrete form of the weight θ. We are now going to verify that ‖ṽ‖_W (1,2l),p_{(R}n+1_) ≤ C‖h‖_Lp_{(R}n+1_). (7.41) To this end, we observe that (7.37) implies the following estimate:

�_{m+1} m ‖∂_tw(s, r, ·)‖^p_{Lp(Rn)} + ‖w(s, r, ·)‖^p_{W 2l,p(Rn)} dr ≤ ≤ C � R e^{−pε|m−t|} ‖h(t)‖^p_{Lp(Rn)} dt (7.42) for sufficiently small ε > 0 and the constant C independent of m ∈ R. Analogously, (7.40) gives

‖w̃(s, m, ·)‖^p_{Lp(Rn)} +

�_{m+1} m ‖∂_tw̃(s, r, ·)‖^p_{Lp(Rn)} + ‖w̃(s, r, ·)‖^p_{W 2l,p(Rn)} dr ≤ ≤ (Cν)^p � R e^{−pε|m−t|} ‖h(t)‖^p_{Lp(Rn)} dt. (7.43) Combining estimates (7.42) and (7.43) and using the obvious formula |w(t, t, x) − w(m, t, x)| ≤

�_{m+1} m |w̃(s, t, x)| ds, t ∈ [m, m + 1] we obtain �_{m+1} m ‖∂_tṽ(s, ·)‖^p_{Lp(Rn)} +‖ṽ(s, ·)‖^p_{W 2l,p(Rn)} dr ≤ C � R e^{−pε|m−t|} ‖h(t)‖^p_{Lp(Rn)} dt. (7.44) Summing inequalities (7.44) for all m ∈ Z, we finally deduce (7.41). Now it is not difficult to finish the proof of the theorem. To this end we consider, as in the proof of Proposition 7.3, the approximation error operator R : L^p(R^{n+1}) → L^p(R^{n+1}) defined via

(Rh)(t, x) := ∂_tṽ + A_0ṽ + Φ^′(m(t))ṽ + P_{m(t)}ṽ − h = w̃(t, t, x) (7.45) where we used that ∂_tṽ = [∂_sw(s, t, ·) + ∂_tw(s, t, ·)]_{s=t} = ∂_tw(t, t, ·) + w̃(t, t, ·).

It now follows from (7.43) that ‖Rh‖_Lp_{(R}n+1_) ≤ Cν‖h‖_Lp_{(R}n+1_), (7.46) where the constant C is independent of ν and of the concrete choice of Γ_j(t). Thus, R is a contraction for sufficiently small ν_0 (e.g., if Cν_0 ≤ 1/2) and, consequently, the exact solution v(t, x) of (7.7) can be found by the Neumann series (7.30) where the operator T maps h to ṽ. Moreover, due to estimate (7.41) the solution v thus constructed satisfies (7.33) with θ = 1. In order to verify the uniqueness of that solution, it is sufficient to verify that the adjoint equation −∂_tw + A^∗_0w + [Φ^′(m(t))]^∗w + P^∗_{m(t)}w = h. (7.47) also possesses a solution w ∈ W^{(1,2l),p}(R^{n+1}) for every h ∈ L^p(R^{n+1}) which can be proved exactly as for equation (7.7). Theorem 7.5 is proven.

Thus, due to Theorem 7.5, the solution operator T_m of problem (7.7) is welldefined as a linear operator from L^p_θ(R^{n+1}) to W^{(1,2l),p}_θ (R^{n+1}) and from L^p_{b,θ}(R^{n+1}) to W^{(1,2l),p} b,θ (R^{n+1}) for all 1 < p < ∞ and every weight function θ of sufficiently small exponential growth rate by the following expression: T_mh := v (7.48) where v solves (7.7) with the right-hand side h. The next lemma shows that this operator depends continuously on the curve m(t) Lemma 7.6. Let the assumptions of Theorem 7.5 hold and let h ∈ L^p_b(R^{n+1}). Then, for every weight function θ of sufficiently small exponential growth and every two curves m_1(t) and m_2(t) satisfying the assumptions of Theorem 7.5, the following estimate holds:

‖T_{m1} h − T_{m2} h‖_W (1,2l),p_{b,θ (Rn+1)} ≤ C‖h‖_L^p_{b(R}n_)‖m_1 − m_2‖_L∞_{θ (R}n+1_) (7.49) where the constant C is independent of h and the functions m_1(·) and m_2(·) satisfying the assumptions of Theorem 7.5.

Proof. Indeed, let w_i := T_{mi} h. Then the difference w := w_1 − w_2 satisfies the equation:

∂_tw + A_0w + Φ^′(m_1(t))w + P_{m1(t)}w =

= −[Φ^′(m_1(t)) − Φ^′(m_2(t))]w_2 − [P_{m1(t)} − P_{m2(t)}]w_2 := h_{m1,m2} . (7.50) Using now that Φ(u) is smooth and of order 2l − 1 together with estimates (4.26) and the θ-weighted analog of (5.15) (see Remark 5.8), we infer ‖h_{m1,m2} ‖_L^p_{b,θ(R}n+1_) ≤ C‖w_2‖_W (1,2l),p_{b (Rn)}‖m_1 − m_2‖_L∞_{θ (R}n+1_) (7.51) It remains to note that, due to Theorem 7.5, ‖w_2‖_W (1,2l),p_{b (Rn+1)} ≤ C‖h‖_L^p_{b(R}n+1_) and, consequently, applying again Theorem 7.5 to equation (7.51), we obtain estimate (7.50) and finish the proof of Lemma 7.6.

We now recall that the term P_{m(t)}v in equation (7.7) is artificial and, therefore, we want to eliminate it. In order to do so, we impose the additional restriction P_{m(t)}v(t) ≡ 0, or, which is the same Z^i_r(t) := (v(t), ψ̄^i_r(m(t)) ≡ 0, i = 1, · · · , k, r ∈ N. (7.52) If P_{m(t)}v(t) ≡ 0 is satisfied, then, P_{m(t)}∂_tv(t) + D(m(t))[m^′(t)]v(t) ≡ 0 where the operator D(m) = P_mP^′_m is studied in Theorem 5.5. Applying now the operator P_m to both sides of equation (7.7), and using the last relation, we infer −D(m(t))[m^′(t)]v(t) + S(m(t))v(t) ≡ P_{m(t)}h(t) (7.53) with S(m) defined by 5.30. Thus, restriction P_{m(t)}v(t) ≡ 0 implies relation (7.53). The next proposition shows that this relation is also sufficient for P_{m(t)}v(t) ≡ 0 to be satisfied.

Proposition 7.7. Let h ∈ L^p_b(R^{n+1}) and v ∈ W^{(1,2l),p}_b (R^{n+1}) be the associated unique solution of equation (7.7). Assume also that (7.53) is satisfied for every t ∈ R. Then, (7.52) is also satisfied for all t ∈ R and, consequently, v solves the following reduced form of equation (7.7):

∂_tv + A_0v + Φ^′(m(t))v = h. (7.54)

Proof. Indeed, applying operator P_{m(t)} to both sides of equation (7.7) and using (7.53), we infer P_{m(t)}∂_t(P_{m(t)}v(t)) + P_{m(t)}v(t) = 0. (7.55)

Using now that P_{m(t)}v(t) =

�_∞ j=1 �_k i=1 Z^i_j (t)ϕ^i_{Γj (t)} and multiplying scalarly equation (7.55) by ψ̄^i_j(m), we will have d dt Z^i_j(t) + Z^i_j (t) + Q^i_j(t)Z(t) = 0 (7.56)

where

Q^i_j (t)Z(t) := ∞� l=1 k� r=1 Z^r_l (t)(D_Γϕ^i_{Γl} Γ^′_l(t), ψ̄^r_j (m(t)))

and Z(t) = {Z^r_j (t)}_{j∈N,i=1,··· ,k} ∈ l^∞. Moreover, using estimates (2.32) and (5.1) and the fact that m^′(t) is uniformly small, see (7.31) and arguing in a standard way, we have ‖Q(t)‖_{L(l}∞_{,l}∞_) ≤ Cν (7.57)

where the constant C is independent of L and of the concrete choice of the trajectory m(t) ∈ P(L). This estimate shows that equation (7.56) has the form d dt Z(t) + Z(t) = Q(t)Z(t) (7.58)

which is a small linear perturbation of the simplest one:^d_{dt} Z(t) + Z(t) = 0. Since this equation, obviously, possesses an exponential dichotomy, then the perturbed equation possesses the same property if ν is small enough. It remains to note that, by the assumptions of the proposition, v ∈ W^{(1,2l),p}_b (R^{n+1}) and, consequently, Z(t) is, a priori, uniformly bounded as t → ∞. Thus. Z(t) ≡ 0 and Proposition 7.9 is proven.

Remark 7.8. Proposition 7.7 remains true also for local solutions v of (7.7) defined for t ∈ [τ, T ] if it is known, in addition, that P_{m(t0)}v(t_0) = 0 for some t_0 ∈ [τ, T ]. Indeed, the last assertion implies that Z(t_0) = 0 and, due to the uniqueness theorem for equation (7.56), we have Z(t) ≡ 0, t ∈ [τ, T ].

We conclude this section by formulating the analogous results for the initial value problem ∂_tv + A_0v + Φ^′(m(t))v + P_{m(t)}v = 0, t ≥ τ, v � t=τ = v_τ (7.59)

under the additional assumption that the single pulse V (x) is spectrally stable.

Proposition 7.9. Let the assumptions of Theorem 7.5 hold and, in addition, assume that the pulse V is spectrally stable. Then, there exists a positive constant β such that, for every weight function θ ∈ C(R^n), every τ ∈ R and every v_τ ∈ W^{(1,2l),p}_θ (R^n), problem (7.59) possesses a unique solution v and the following estimate holds:

‖v‖_W (1,2l),p_{θ ([T,T +1]×Rn)} ≤ C e^{−β(T −τ)} ‖v_τ ‖_W 2l(1−1/p),p_{θ (Rn)}, T ≥ τ (7.60)

where the constant C depends on C_θ, but is independent of the concrete choice of θ, m(t) and v_τ . Moreover, the analogous result holds also for the spaces W^{l,p}_{b,θ} . Furthermore, if equality (7.53) holds for every t ≥ τ and P_{m(τ)}v_τ = 0, then

P_{m(t)}v(t) ≡ 0, ∀t ≥ τ. (7.61)

Indeed, estimate (7.60) can be verified analogously to the proof of Theorems 7.5 (we only need to use, in addition, Corollary 3.11 in order to estimate the functions v_j from the proof of Theorem 7.5 on a halfline t ∈ [τ, ∞)). In order to verify (7.61), it is sufficient to note that, under the assumptions of the proposition, the function Z(t) defined by (7.52) satisfies equation (7.58) for t ≥ τ with the initial data Z(τ) = 0. Since the solution of (7.58) is unique, then necessarily Z(t) ≡ 0 which implies (7.61) and finishes the proof of Proposition 7.9.

8 Slow evolution of multi-pulse structures: center manifold reduction

In this section, we construct a center manifold reduction for the following perturbed version of equation (2.1):

∂_tu + A_0u + Φ(u) = μR(t, u) (8.1)

in the neighborhood of the multi-pulse manifold P(L) with sufficiently large L. Here μ ≥ 0 is a small parameter and R(t, u) := R(t, x, u, D_xu, · · · , D^{2l−1}_x u) is a smooth function with respect to u, D_xu,· · · , D^{2l−1}_x u and is uniformly bounded with respect to (t, x) ∈ R^{n+1}.

To this end, we first fix the exponent p = p(n) in such way that

W^{2l(1−1/p),p} b (R^n) ⊂ C^{2l−1}_b (R^n). (8.2)

Then, as known (see e.g. [Ama95]), the Cauchy problem

∂_tu + A_0u + Φ(u) = μR(t, u), u � t=τ = u_τ (8.3)

is locally uniquely solvable for every u_τ ∈ W^{2l(1−1/p),p}_b (R^n) and every τ ∈ R and, thus, defines a local dynamical process U(t, τ) in the phase space X_b := W^{2l(1−1/p),p}_b (R^n)

U(t, τ)u_τ := u(t), u solves (8.3), τ ≤ t ≤ t(u_τ ) > τ. (8.4)

We restrict ourselves to consider equation (8.1) in a sufficiently small neighborhood O_κ(P(L)) of the multi-pulse manifold P(L). According to Theorem 7.1, every such solution u(t) can be uniquely decomposed as follows: u(t) = m(t) + v(t), m(t) ∈ P(L), P_{m(t)}v(t) ≡ 0. (8.5) Inserting now expression (8.5) into equation (8.1) and using that A_0m = F(m) − Φ(m), see (4.28), we obtain the following equivalent form of equation (8.1): ∂_tv+A_0v+Φ^′(m(t))v = −F(m(t))−Φ(v(t), m(t))+μR(t, v(t)+m(t))−m^′(t) (8.6) where Φ(v, m) := Φ(v+m)−Φ(m)−Φ^′(m)v. Furthermore, since we are interested in the small neighborhood of P(L) and (consequently) the rate m^′(t) of pulse evolution is also expected to be small, we assume from now on that ‖v(t)‖_W 2l(1−1/p),p

b (R^n) + ‖m

′(t)‖_L∞_{(R}n_) ≤ κ (8.7) where κ is small enough that all of the assumptions of previous sections are satisfied (this inequality will be justified below).

We now recall that P_{m(t)}v(t) ≡ 0 and, consequently, due to (7.53),

(Id −D(m(t))[·]v(t))m^′(t) =

= P_{m(t)}(−F(m(t)) − Φ(v(t), m(t)) + μR(t, v(t) + m(t))) − S(m(t))v(t) (8.8) which will be interpreted as a differential equation for m on the manifold P(L). To this end, we need the following lemma, which allows us to solve it with respect to m^′(t).

Lemma 8.1. Let the above assumptions hold and let v ∈ L^∞(R^n) with ‖v‖_L∞_{(R}n_) ≤ κ with κ being small enough. Then, for every m ∈ P(L), the operator M(m, v) w := (Id −D(m)[·]v)^{−1} w is well defined as an operator from L^∞(R^n) to P(L), depends smoothly on m and v and its norms is uniformly bounded:

‖M(·, ·)‖_Ck_{(P(L)×{‖v‖L∞(Rn)<κ})} ≤ C_k (8.9) for all k ∈ N. Moreover, this operator is also Lipschitz continuous in weighted norms, i.e. for every m_i ∈ P(L) v_i ∈ L^∞(R^n) such that ‖v_i‖_L∞_{(R}n_) < κ and w_i ∈ T_mP(L), we have

‖M(m_1, v_1) w_1 −M(m_2, v_2) w_2 ‖_L∞_{e−γ|x| (R}n_) ≤ C(‖ w_1 − w_2 ‖_L∞_{e−γ|x| (R}n_)+ + (‖ w_1 ‖_L∞_{(R}n_) + ‖ w_2 ‖_L∞_{(R}n_))(‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) + ‖v_1 − v_2‖_L∞_{e−γ|x| (R}n_))) (8.10) where the constant C is independent of L, m_i, v_i and w_i and γ > 0 is small enough.

Indeed, all of the assertions of the lemma follow immediately from Theorem 5.5 and the standard presentation of the operator M as the Neumann series

M(m, v) = ∞� i=1 (D(m)[·]v)^i.

Thus, equation (8.8) can be rewritten in the following more convenient form:

m^′(t) = f(t, m(t), v(t)) (8.11)

where

f(t, m, v) := M(m, v) � − P_m � F(m) − Φ(v, m) + μR(t, v + m) � − S(m)v � . (8.12)

The next lemma collects the main properties of the function f which are factually already proven above.

Lemma 8.2. Let the above assumptions hold. Then the function f is uniformly smooth on P(L) × {‖v‖_W (2l(1−1/p),p_{b (Rn)} < κ} for every fixed t and, in particular, the following estimates hold: � ‖ f(t, m, v)‖_L∞_{(R}n_) + ‖ f^′_m(t, m, v)‖_{L(TmP(L),L}∞_{(R}n_{))} ≤ C_ε(e^{−2(α−ε)L} +μ + κ^2) ‖ f^′_v(t, m, v)‖_{L(Xb(R}n_{),L}∞_{(R}n_{))} ≤ C_ε(e^{−2(α−ε)L} +μ + κ) (8.13) where ε > 0 is arbitrary, and the constant C_ε is independent of t, m, v and L ≥ L_0(ε). Moreover, f is also Lipschitz continuous in the local topology as well, namely

‖ f(t, m_1, v_1) − f(t, m_2, v_2)‖_L∞_{e−γ|x| (R}n_) ≤

≤ C(e^{−αL} +μ + κ)(‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) + ‖v_1 − v_2‖_W 2l(1−1/p),p_{b,e−γ|x| (Rn)}) (8.14)

where γ > 0 s small enough and C is independent of t, m_i, v_i and L.

Indeed, the required estimates for operators F(m), S(m), P_m and M(m, v) are obtained in Corollary 4.9, Theorem 5.7, Theorem 5.2 and Lemma 8.1 respectively. Combining these estimates and taking into the account that Φ(m, 0) = Φ^′_v(m, 0) = 0, we receive all of the estimates stated in the lemma.

Furthermore, in order to solve equation (8.6), we transform it to the form of (7.7) (taking into the account that P_{m(t)}v(t) ≡ 0)

∂_tv + A_0v + Φ(m(t))v + P_{m(t)}v = h_μ(t, m(t), v(t), m^′(t)) (8.15)

with h_μ(t, m, v, w) := −F(m) − Φ(v, m) + μR(t, v + m) − w (8.16) We recall that, by the construction, equation (8.11) is exactly condition (7.53) for equation (8.15) which, due to Proposition 7.7 and Remark 7.8, guarantees that the additional artificial term P_{m(t)}v(t) vanishes identically. Thus, if u(t), t ∈ [τ, T ] solves (8.1) and u(t) ∈ O_κ(P(L)) on [τ, T ] then the associated functions m(t) and v(t) satisfies on [τ, T ] the following system: � ∂_tv + A_0v + Φ(m(t))v + P_{m(t)}v = h_μ(t, m(t), v(t), m^′(t)) m^′ = f(t, m, v)

(8.17)

and, vise versa, any solution (m(t), v(t)), t ∈ [τ, T ] with sufficiently small v and satisfying P_{m(τ)}v(τ) = 0 generates a unique solution u(t) := m(t) + v(t) of equation (8.1). Therefore, instead of the initial equation (8.1), it is sufficient to solve the associated system (8.17).

Nevertheless system (8.17) is still inconvenient for the center manifold reduction. Indeed, we are going to use the cut-off operator Cut(m) in order to eliminate the influence of the boundary ∂P(L). However, the equation does not coincide with condition (7.53) for the first equation and, consequently, we cannot eliminate the artificial term P_mv.

In order to overcome this difficulty, we replace the function h in the first equation of (8.17) by the following one:

H(t, m, v, m^′) = h_μ − P_mh_μ − D(m)[m^′]v + S(m)v =

= (Id −P_m)(−F(m) − Φ(v, m) + μR(t, v + m)) − D(m)[m^′]v + S(m)v. (8.18)

Indeed, on the one hand, if the second equation of (8.17) is satisfied we have h_μ = H, see (8.8). Consequently, (8.17) is equivalent to the following one: � ∂_tv + A_0v + Φ(m(t))v + P_{m(t)}v = H(t, m(t), v(t), m^′(t)), m^′ = f(t, m, v).

(8.19)

On the other hand, as is not difficult to verify, condition (7.53) is automatically satisfied if the first equation of (8.19) holds (independently of the validity of the second equation). Thus, the term P_{m(t)}v(t) is now controllable and we can, indeed, cut-off the second equation. To this end, using the cut-off operator introduced in Theorem 6.6, we finally transform system (8.19) as follows � ∂_tv + A_0v + Φ(m(t))v + P_{m(t)}v = H(t, m(t), v(t)), m^′ = ~f(t, m(t), v(t)) := Cut(m(t)) f(t, m(t), v(t))

(8.20)

with H(t, m, v) := H(t, m, v,~f(t, m, v)). (8.21)

Indeed, equations (8.19) and (8.20) are no more equivalent, but, due to the construction of the cut-off operator, they coincide for all m ∈ P(L^′) where

L^′ > (1 + ε)L

(and ε > 0 tends to zero as L → ∞). Consequently, these equations are still equivalent as long as the trajectory m(t) remains inside of P(L^′) (and v(t) remains inside of O_δ(P(L^′))). On the other hand, due to Theorem 6.6, the trajectory m(t) cannot now reach the boundary ∂P(L) in finite time and, therefore, we need not to take care on the "boundary effects".

Thus, instead of studying the initial equation (8.1), it is sufficient to investigate the more convenient system (8.20).

The next lemma collects, analogously to Lemma 8.2, the main properties of the function H which are factually verified in the previous sections.

Lemma 8.3. Let the above assumptions hold and let

‖v‖_W 2l(1−1/p),p

b (R^n) < κ, (8.22)

for a sufficiently small κ. Then, the function H defined by (8.21) is uniformly smooth with respect to m ∈ P(L) and v satisfying (8.22) and the following estimates hold: � � � ‖H(t, m, v)‖_L^p_{b(R}n_)+ ‖H^′_m(t, m, v)‖_{L(TmP(L),L}^p_{b(R}n_{))} ≤ C_ε(e^{−2(α−ε)L} +κ^2 + μ), ‖H^′_v(t, m, v)‖_{L(W} 2l(1−1/p),p

b (R^n),L^p_b(R^n)) ≤ Cε(e

−2(α−ε)L +μ + κ)

(8.23)

where ε > 0 is arbitrary and the constants C and C_ε are independent of L, t, m and v. Moreover, the weighted Lipschitz continuity also holds:

‖H(t, m_1, v_1) − H(t, m_2, v_2)‖_L^p_{b,e−γ|x| (R}n_) ≤ C e^{+δL}(e^{−αL} +μ + κ)× × � ‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) + ‖v_1 − v_2‖_W 2l(1−1/p),p_{b,e−γ|x| (Rn)} � (8.24)

for γ > 0 and δ > 0 sufficiently small.

Indeed, as in the previous lemma, the required estimates for operators F(m), S(m), P_m, f and Cut are obtained in Corollary 4.9, Theorem 5.7, Theorem 5.2, Lemma 8.2 and Theorem 6.6 respectively. Combining these estimates and taking into account that Φ(m, 0) = Φ^′_v(m, 0) = 0, we receive all of the estimates stated in the lemma (we emphasize that the growing multiplier e^{δL} comes from the analogous growing estimate for the operator Cut, see Theorem 6.6).

Remark 8.4. As before, we have formulated in Lemma 8.2 and 8.3 the weighted estimates for the case of weights e^{−γ|x|} only. In a fact, they holds for all weights e^{−γ|x−x0|} uniformly with respect to x_0 ∈ R^n.

Thus, lemmas 8.2 and 8.3 together with Theorem 7.5 show that equations (8.20) give indeed the splitting of the initial problem (8.1) into slow (m) and fast (v) variables. The next theorem, which establish the existence of a center manifold reduction for that system is the main result of the section.

Theorem 8.5. Let the assumptions of Section 2 hold. Then, for every finite k ∈ N and every ε > 0, there exist L_0 = L_0(k, ε) and μ_0 = μ_0(k) such that, for every L > L_0 and |μ| ≤ μ_0, there is a unique map W : R × P(L) → W^{2l(1−1/p),p} b (R^n) which is C^k-smooth with respect to m ∈ P(L) and satisfies ‖W(t, ·)‖_{Ck(P(L),W} 2l(1−1/p),p

b (R^n)) ≤ Cε(e

−2(α−ε)L +μ) (8.25)

where C_ε is independent of t, L and μ. This map possesses the following properties: 1) For every τ ∈ R and every m_τ ∈ P(L) the solution m(t) of the equation d dt m(t) = f̃(t, m(t), W(t, m(t))), m(τ) = m_τ (8.26) is globally defined for all t ∈ R and generates an associated solution of problem (8.20) via v(t) := W(t, m(t)).

2) Vise versa, every solution (m(t), v(t)) of problem (8.20) which is defined for all t ∈ R and whose v component belongs to a sufficiently small neighborhood of P(L) for all t can be represented in the form (m(t), W(t, m(t))) for some solution m(t) of (8.26).

3) For all t ∈ R and all m ∈ P(L), we have P_mW(t, m) ≡ 0.

Moreover, if, in addition, the quantity e^{2γL}(e^{−αL} +μ) is small enough, the map W(t, ·) is also uniformly Lipschitz continuous in the local topology, i.e.

‖W(t, m_1) − W(t, m_2)‖_W 2l(1−1/p),p_{b,e−γ|x| (Rn)} ≤ C(μ + e^{−αL})‖m_1 − m_2‖_L∞_{e−γ|x| (R}n_) (8.27)

where γ > 0 is small enough.

Remark 8.6. Theorem 8.5 claims that the set ~Q := {(t, m, W(t, m)), t ∈ R, m ∈ P(L)} is a globally invariant (center) manifold for (8.20) in the extended phase space R × P(L) × X_b. This manifold generates a family of manifolds in the phase space X_b of the initial problem (8.1) via U_L(t) := {u = m + W(t, m), m ∈ P(L)}.

Indeed, estimate (8.25) (together with the orthogonality of W) guarantees that they are C^k-submanifolds of X_b globally diffeomorphic to P(L). However, these manifolds are not invariant with respect to the flow generated by equation (8.1), since the construction of equations (8.20) involves the cut-off procedure. Nevertheless, if we restrict ourselves to consider slightly smaller manifolds

U_L′ (t) := {u = m + W(t, m), m ∈ P(L^′)} ⊂ U_L(t)

with L^′ = (1+ε)L, the time dependent family U^′ = U^′(t) of manifolds will be locally invariant with respect to the evolution governed by (8.1), i.e., the trajectory u(t) of equation (8.1) can enter or go out from U_L′ only through the boundary ∂U_L′ and the dynamics on the family U_L′ is governed by the reduced equations (8.26). Thus, the time-dependent family U_L′ (t) gives, indeed, the non-autonomous center manifold reduction for (8.1) near the multi-pulse manifold P(L^′).

Beginning of Proof of Theorem 8.5. As usual, we restrict ourselves by constructing only the Lipschitz continuous center manifold. The smoothness of function W can be proven in a standard way using e.g. the fiber contraction arguments, see the monograph [SSTC01] or [Mie86, Mie88, VaV87].

According to the general scheme, and using the Banach contraction principle, we are going to check that, for any τ ∈ R and m_τ ∈ P(L), system (8.20) possesses a unique solution (m(t), v(t)), t ∈ R, such that m(τ) = m_τ and v(t) ∈ O(P(L)) for all t ∈ R. Then, we set W(τ, m_τ ) := v(τ) and obtain the required center manifold.

Let us consider now a ball

B_κ := {v ∈ W^{(1,2l),p}_b (R^{n+1}), ‖v‖_W (1,2l),p_{b (Rn+1)} ≤ κ}

where κ is a sufficiently small positive number, which will be fixed below. Then, due to Theorems 6.1 and 6.6 and Lemma 8.2, for every τ ∈ R, every m_τ ∈ P(L) and every v ∈ B_κ, the second equation of (8.20):

m^′(t) = ~f(t, m(t), v(t)), m(τ) = m_τ

possesses a unique solution m = S_τ (m_τ , v). Moreover, due to Lemma 8.2 and Theorem 6.6, we have

‖m^′(t)‖_L∞_{(R}n_) ≤ C_ε(e^{−2(α−ε)L} +κ^2 + μ) (8.28)

where C_ε depends on ε > 0, but is independent of L > L_0(ε), μ, τ and m_τ . Thus, the rate of pulse evolution is indeed slow (e.g. assumption (7.31) is satisfied) and we can apply Theorem 7.5 in order to invert the linear part of the first equation (8.20). To be more precise, we define the following operator:

L(τ, m_τ , v) := T_{Sτ (mτ ,v)}H(·, S_τ (m_τ , v), v(·)) (8.29)

where T_m is the solution operator defined by (7.48). Then, finding bounded solutions of (8.20) is equivalent to finding fixed points of the operator (8.29). The next Lemma shows that this map is really well defined on B_κ.

Lemma 8.7. Let the above assumptions hold and let κ_0 := C_ε(e^{−2(α−ε)L} +μ) (8.30) for the appropriate constant C_ε depending only on ε. Then, the map L defined above maps B_κ into itself L(τ, m_τ , ·) : B_{κ0} → B_{κ0} , ∀τ ∈ R, m_τ ∈ P(L) if L > L_0(ε), |μ| < μ_0(ε).

Proof. Indeed, according to Lemma 8.3 and Theorem 7.5, we have ‖L(τ, m_τ , v)‖_W (1,2l),p_{b (Rn+1)} ≤ C^′_ε(e^{−2(α−ε)L} +κ^2 + μ) if v ∈ B_κ. So, we only need to find κ satisfying κ ≤ C^′_ε(e^{−2(α−ε)L} +κ^2 + μ).

It is not difficult to see that, for sufficiently large L and small μ, this inequality has a solution of the form (8.30) and Lemma 8.7 is proven.

Our next aim is to verify that L is a contraction in the appropriate metric weighted in time.

Lemma 8.8. Let the above assumptions hold. Then, for sufficiently large L and small μ, there exists a positive constant γ (independent of L and μ) such that ‖L(τ, m^1_τ , v_1) − L(τ, m^2_τ , v_2)‖_W (1,2),p_{b,e−γ|t−τ| (Rn+1)} ≤

≤ C_ε(e^{−2(α−ε)L} +μ)(‖m^1_τ − m^2_τ ‖_L∞_{(R}n+1_) + ‖v_1 − v_2‖_W (1,2),p_{b,e−γ|t−τ| (Rn+1)}) (8.31) uniformly with respect to τ ∈ R, m^i_τ ∈ P(L) and v_i ∈ B_{κ0} . Proof. Indeed, due to Lemma 8.2 and Theorem 6.6, we have ‖~f(t, m_1, v_1)−~f(t, m_2, v_2)‖_L∞_{(R}n_) ≤ κ^′_0(‖m_1−m_2‖_L∞_{(R}n_)+‖v_1(t)−v_2(t)‖_W 2l(1−1/p),p_{b (Rn)}) with κ^′_0 := Cκ_0. Consequently, denoting m_i := S(τ, m^i_τ , v_i) and applying estimate (6.4), we get

e^{−κ′|t−τ|} ‖m_1(t) − m_2(t)‖_L∞_{(R}n_) ≤ ≤ ‖m^1_τ − m^2_τ ‖_L∞_{(R}n_) + κ^′ sgn(t − τ)

�_t τ e^{−κ′|s−τ|} ‖v_1(s) − v_2(s)‖_W 2l(1−1/p),p_{b (Rn)} ds.

Multiplying this inequality by e^{−(γ−κ′)|t−τ|} for some γ > κ^′ and taking the supremum over t ∈ R, after the standard estimates, we infer

‖m_1 − m_2‖_L∞_{e−γ|t−τ| (R}n+1_) ≤ ‖m^1_τ − m^2_τ ‖_L∞_{(R}n_)+ + κ^′ γ − κ^′ sup_{t∈R} {e^{−γ|s−τ|} ‖v_1(s) − v_2(s)‖_W 2l(1−1/p),p_{b (Rn)}} ≤ ‖m^1_τ − m^2_τ ‖_L∞_{(R}n_)+ + C κ^′ γ − κ^′

‖v_1 − v_2‖_W (1,2l),p_{b,e−γ|t−τ| (Rn+1)}. (8.32)

Using now this formula together with the fact that v_i ∈ B_{κ0} and Lemma 8.3, we obtain the analogous estimate for the function H:

‖H(·, m_1, v_1) − H(·, m_2, v_2)‖_L^p_{b,e−γ|t−τ| (R}n+1_) ≤

≤ Cκ_0(‖m^1_τ − m^2_τ ‖_L∞_{(R}n_) + ‖v_1 − v_2‖_W (1,2l),p_{b,e−γ|t−τ| (Rn+1)})

we have assumed, for simplicity, that γ > 2κ_0.

Finally, fixing γ > 2κ_0 small enough such that Theorem 7.5 and Lemma 7.6 hold for the weight e^{−γ|t−τ|}, we deduce the required estimate (8.31) (we note that the validity of Theorem 7.5 and Lemma 4.4 requires γ < ε_0 independent of L and μ, so such γ exists for sufficiently small κ_0). Lemma 8.8 is proven.

End of Proof of Theorem 8.5. It is now not difficult to finish the proof of the theorem. Indeed, according to Lemmas 8.7 and 8.11, for every fixed τ ∈ R and m_τ ∈ P(L), the map L(τ, m_τ , ·) is a contraction on B_τ (endowed by the topology of W^{(1,2l),p}

b,e^{−γ|t−τ|} (R

n+1)), if κ_0(L, μ) is small enough. Since, B_τ endowed by this topology is, obviously, a complete metric space, then, due to the Banach contraction principle, this map has a unique fixed point v = V (τ, m_τ ) ∈ B_{κ0} . Moreover, since this map is Lipschitz continuous also in m_τ , we have

‖V (τ, m^1_τ ) − V (τ, m^2_τ )‖_W (1,2l),p_{b,e−γ|t−τ| (Rn+1)} ≤ Cκ_0‖m^1_τ − m^2_τ ‖_L∞_{(R}n_) (8.33)

We now set W(τ, m_τ ) := V (τ, m_τ )(τ).

We claim that the map W thus defined satisfies all assertions of the theorem. Indeed, the Lipschitz analog of (8.25) is an immediate corollary of (8.33). Let now (m(t), v(t)) be a bounded solution of (8.20) such that v ∈ B_{κ0} . Then, due to the uniqueness of W, we have

v(t) = W(t, m(t)), t ∈ R

and, consequently, m(t) solves the reduced problem (8.26). Vice versa, the fact that any solution m(t) of the reduced problem generates the associated solution of problem (8.20) is an immediate corollary of our construction of map L and the property P_mW(t, m) ≡ 0 follows from the fact, that, due to Proposition 7.7, any solution (m(t), v(t)) of (8.20) which is defined for all t and bounded, necessarily satisfies P_{m(t)}v(t) ≡ 0.

So, it only remains to verify the weighted Lipschitz continuity (8.27). To this end, it is sufficient to verify that the operator L is a contraction in the space-time weighted metric of W^{(1,2l),p}_{b,e−γ|t−τ|−γ|x|} (R^{n+1}) as well. Indeed, since all of the "space-uniform" estimates involved into the proof of Lemma 8.8 have their space weighted analogs, we also have the space-weighted analog of estimate (8.31), but with the Lipschitz constant C e^{δL}(e^{−αL} +μ). If this quantity is small enough, we have the contraction in the space-time weighted norm which, in turns, gives (8.27). Theorem 8.5 is proven. Let us now study the dependence of the function W on t. To this end, it is however more convenient to investigate the dependence of equation (8.1) on the perturbation R. To this end, we introduce a metric on the space of such perturbations via the following natural expression:

‖R_1(t, ·) − R_2(t, ·)‖_Cm := ‖R_1(t, ·) − R_2(t, ·)‖_Cm_{(Oδ(P(L)),L}∞_{(R}n_{))},

m = 0, 1, · · · . Then, the following result holds.

Corollary 8.9. Let the above assumptions hold and let W_{R1} and W_{R2} define the center manifolds for equation (8.1) with right-hand sides R_1 and R_2 respectively. Then, for any m, sufficiently large L and small μ, one has

‖W_{R1} (t, ·) − W_{R2} (t, ·)‖_{Cm(P(L),W} 2l(1−1/p),p_{b (Rn))} ≤

≤ Cμ sup_{s∈R} {e^{−γ|t−s|} ‖R_1(s, ·) − R_2(s, ·)‖_Cm } (8.34)

where the positive constants C and γ depend on the C^m-norms of R_1 and R_2, but are independent of L, μ, t and s.

Indeed, including the dependence on R into the operator L and arguing exactly as in the proof of Lemma 8.8, we obtain the additional term Cμ sup_{t∈R}{e^{−γ|t−τ|} ‖R_1(t, ·)− R_2(t, ·)‖_C0 } which,in turns gives (8.34) for m = 0. The proof of estimate (8.34) for m > 0 is analogous to the standard proof of the higher regularity of the center manifold and we leave it to the reader.

Corollary 8.10. Let the above assumptions hold and let W(t, ·) define the center manifold for equation (8.20) with some fixed right-hand side R. Then, the following estimate holds:

‖W(t, ·) − W(t + τ, ·)‖_{Cm(P(L),W} 2l(1−1/p),p_{b (Rn))} ≤

≤ Cμ sup_{s∈R} {e^{−γ|t−s|} ‖R(s, ·) − R(s + τ, ·)‖_Cm }. (8.35)

In particular, if R(t, ·) is autonomous, time-periodic or almost-periodic in time, the same will be true for the manifold W.

Indeed, in order to deduce (8.35), it is sufficient to apply estimate (8.34) with R_1(t, ·) = R(t, ·) and R_2(t, ·) = R(t + τ, ·).

We now recall that the group of spatial symmetries G acts on the phase space of (8.1) by isometries T_Γ, Γ ∈ G. Moreover, as it is not difficult to see, the pulse manifold P(L) and the projectors P_m are invariant with respect to this action:

T_ΓP(L) = P(L), P_{TΓm} = T_Γ ∘ P_m ∘ T^{−1}_Γ .

The next corollary shows that the map W(t, ·) is also invariant with respect to the part of group G which leaves invariant the perturbation R. This result will be used in our application to space-time chaos construction in the Swift-Hohenberg equations.

Corollary 8.11. Let the above assumptions hold and let R be invariant with respect to some T_{Γ0} , Γ_0 ∈ G:

T_{Γ0} R(t, u) ≡ R(t, T_{Γ0} u). (8.36)

Then, the manifold W is also invariant with respect to T_{Γ0} :

T_{Γ0} W(t, m) = W(t, T_{Γ0} m). (8.37)

Indeed, under the additional assumption (8.36), all of the terms in equations (8.20) will be T_{Γ0} -invariant and, consequently, the operator L will be also T_{Γ0} -invariant. Due to the uniqueness part of the Banach contraction principle, we conclude then that the fixed point of that map should be T_{Γ0} -invariant which, in turns, gives (8.37).

Remark 8.12. Although we state the weighted estimate (8.27) for the weight e^{−γ|x|} only, it holds also for all shifted weights e^{−γ|x−x0|} uniformly with respect to x_0 ∈ R^n, see Remarks 4.10, 5.8 and 8.4. This, in turns, allows to prove (8.27) for all weights of exponential growth rates less or equal γ.

Remark 8.13. It is worth noting that, since different Sobolev norms are equivalent on P(L), see Corollary 4.4, the manifold is, obviously, precompact in the local topology of L^∞_{e−γ|x|} (R^n). However, it is not closed in that topology since the pulses can escape to infinity and their number can decrease. If the number of non-escaping pulses remains infinite, the limit point will belong to P(L) = P_∞(L) or to its boundary ∂P_∞(L), but if it remains only finite number of pulses, we obtain the finite-pulse manifold which is formally not contained in P_∞(L)

P_N (L) := {m := N� j=1 V_{Γj} , dist(ξ_i, ξ_j) > 2L, i ≠ j}.

Thus the closure of P(L) in the local topology can be described as follows:

P̄(L) = cl_{loc}(P(L)) = P_∞(L) ∪ ∂P_∞(L) ∪^∞ � N=1 (P_N (L) ∪ ∂P_N (L)) ∪ {0} (8.38)

(where zero corresponds to the case where all of the pulses escape to infinity).

Moreover, since the function W(t, ·) and all the terms in equations (8.20) are uniformly Lipschitz continuous in the weighted metric, they can be extended in a unique way from P(L) to P̄(L) preserving all of the properties formulated in Theorem 8.5. In particular, restrictions of the extended W to the stratus P_N (L) give the center manifold reduction for the finite number N of pulses. For N = 0, we have u_0(t) := W(t, {0}) which gives the perturbed trajectory (in the absence of pulses) associated with the hyperbolic equilibrium u ≡ 0 of the non-perturbed equation.

Remark 8.14. The advantage the unified approach described in previous remark is, in particular, the possibility to use weighted estimates of the form (8.27) in situations where m_1 and m_2 contain different number of pulses. For instance, applying this estimate for m_1 = m and m_2 = {0} where m ∈ P(L) is some fixed pulse configuration, we will have

‖W(t, m) − u_0(t)‖_L∞_{e−γ|x−x0| (R}n_) ≤ C e^{+δL}(μ + e^{−αL})‖m‖_L∞_{e−γ|x−x0| (R}n_)

uniformly with respect to x_0 ∈ R^n and m ∈ P(L). Multiplying this inequality by e^{+γ dist(x0,Ξ)/2} (where Ξ = Ξ(m) = {ξ_j}^∞_{j=1} are the pulse centers) and taking into account that this function is a weight function of exponential growth rate γ/2, we obtain

‖W(t, m) − u_0(t)‖_L∞_{e+γ dist(x,Ξ)/2 (R}n_) ≤

≤ C e^{δL}(μ + e^{−αL})‖m‖_L∞_{e+γ dist(x,Ξ)/2 (R}n_) ≤ C_1 e^{δL}(μ + e^{−αL}) (8.39)

where C_1 is independent of t and m ∈ P(L). The last formula shows that far away from the pulse centers, the function W is uniformly exponentially close to the perturbed equilibrium u_0(t) in the absence of pulses.

We conclude this section by studying the behavior of the solutions of (8.1) in a small neighborhood of the above constructed center manifold. For simplicity, we restrict ourselves to consider only the most physically relevant case of spectrally stable pulses. See [Mie90] for cases where also unstable directions are present.

Theorem 8.15. Let the assumptions of Theorem 8.5 hold and let, in addition, the single pulse V = V (x) be spectrally stable (see Section 2). Then, there exist δ > 0 such that, for every initial data (m_τ , v_τ ) such that

m_τ ∈ P(L), ‖v_τ ‖_{Xb} ≤ δ, P_{mτ} v_τ = 0 (8.40)

the associated semi-trajectory (m(t), v(t)), t ≥ τ of (8.20) exists globally in time and converges exponentially to the center manifold of this system. Moreover, there exists a trace-trajectory m_0(t) of the reduced system (8.26) such that

‖v(t) − W(t, m_0(t))‖_{Xb} + ‖m(t) − m_0(t)‖_L∞ ≤ C e^{−γ(t−τ)}, t ≥ τ (8.41)

where the constants C and γ are independent of (m_τ , v_τ ), τ and t.

Proof. The assertion of the theorem is a standard corollary of the normal hyperbolicity of the center manifolds. Nevertheless, since, in contrast to usual situation, the manifold is now infinite-dimensional, we prefer to give a complete proof of that fact.

We start with the global solvability of system (8.20) near the center manifold.

Lemma 8.16. Let the above assumptions hold. Then, for sufficiently small δ, the trajectory (m(t), v(t)) of system (8.20) starting from the initial data satisfying (8.40) exists globally in time t ≥ τ and remains close to the center manifold:

‖v(t)‖_{Xb} ≤ Cδ, t ≥ τ (8.42)

where C is independent of the concrete choice of the trajectory, satisfying (8.40).

Proof. Indeed, the local existence of a solution in the phase space X_b for (8.20) is obvious, since, the equation for v is a parabolic semilinear PDE and the second one (for m) is generated by a globally bounded smooth vector field on a globally bounded manifold P(L). So, we only need to verify a priori estimate of the form (8.42) for the (potentially unbounded) v-component. Then, by standard arguments, the local solution can be globally extended for all t ≥ τ.

In order to obtain such estimate, we invert the linear part of the v-equation using Proposition 7.9 (here we need the assumption that the single pulse is stable) and the first estimate of (8.23). Then, we have

‖v‖_{C([τ,T ],Xb)} ≤ C‖v_τ ‖_{Xb} + Cκ_0(e^{−αL} +μ + ‖v‖^2_{C([τ,T ],Xb)})

uniformly with respect to all T ≥ τ. It remains to note that, for sufficiently small κ_0, this inequality allows to obtain a priori upper bound for the norm of v of the form (8.42) if the norm of the initial data v_τ is small enough. Lemma 8.16 is proven.

Our next task is to study the perturbations of the second equation of (8.20) by the exponentially decaying in time terms. For simplicity, we set from now on τ = 0 and consider the perturbed version of the second equation of (8.20):

m^′(t) = f̃(t, m, v(t) − ṽ(t)) (8.43)

where the perturbation ṽ has finite norm in the space C_e+γt (R_+, X_b)

‖ṽ‖_{Ce+γt (R+,Xb)} ≤ ν (8.44)

and γ > 0 is large enough.

Lemma 8.17. Let the function v satisfy inequality (8.42) for sufficiently small δ > 0. Let us assume also that the quantity γ_0 := C_ε(e^{−2(α−ε)L} +μ + δ + ν) is small enough. Then, for every γ > γ_0 and every function ṽ ∈ C_e+γt (R_+, X_b) satisfying (8.44), there exists a unique solution m_0 = m_0(ṽ) of problem (8.43) such that

‖m − m_0‖_{Ce+γt (R+,Xb)} ≤ γ_0 γ − γ_0

‖ṽ‖_{Ce+γt (R+,Xb)}. (8.45)

Moreover, the map ṽ → m_0(ṽ) is uniformly Lipschitz continuous in the weighted metrics:

‖m_0(ṽ_1) − m_0(ṽ_2)‖_{Ce+γt (R+,Xb)} ≤ γ_0 γ − γ_0

‖ṽ_1 − ṽ_2‖_{Ce+γt (R+,Xb)} (8.46) for all ṽ_1 and ṽ_2 satisfying (8.44).

Proof. We first note that, due to Lemma 8.2 and Theorem 6.6, we have ‖f̃(t, m_1, v(t)−ṽ(t))−f̃(t, m_2, v(t))‖_L∞_{(R}n_) ≤ γ_0(‖ṽ(t)‖_{Xb} +‖m_1−m_2‖_L∞_{(R}n_)) (8.47) uniformly with respect to m_i ∈ P(L). For every N ∈ N, we now define the function m_N (t) as a unique backward solution of the following problem

m^′_N (t) = f̃(t, m_N (t), v(t) − ṽ(t)), m_N (N) = m(N), t ∈ [0, N]. Then, due to estimate (6.4), we have

‖m_N (t) − m(t)‖_L∞_{(R}n_) ≤ γ_0

�_N t e^{γ0(s−t)} ‖ṽ(s)‖_{Xb} ds, t ∈ [0, N].

Extending m_N (t) for t ≥ N by m_N (t) = m(t), multiplying the last inequality by e^{+γt} and taking sup over t ∈ R_+, we have ‖m_N − m‖_{Ce+γt (R+,Xb)} ≤ γ_0 γ − γ_0

‖ṽ‖_{Ce+γt (R+,Xb)} (8.48) and, analogously, for different ṽ, we have

‖m_N (ṽ_1) − m_N (ṽ_2)‖_{Ce+γt (R+,Xb)} ≤ γ_0 γ − γ_0

‖ṽ_1 − ṽ_2‖_{Ce+γt (R+,Xb)}. (8.49) We claim that the functions m_N generate a Cauchy sequence in C_e(γ−ε)t (R_+, L^∞(R^n)) as N → ∞. Indeed, for M ≥ N, according to (8.49), we have

‖m_N − m_M ‖_{Ce(γ−ε)t (R+,L}∞_{(R}n_{))} ≤ γ_0 γ − ε − γ_0 sup t∈[N,M]

{e^{(γ−ε)t} ‖ṽ‖_{Xb} } ≤ C e^{−εN} .

Thus, we can define the limit solution m_0(t) of problem (8.43) by m_0 = lim_{N→∞} m_N (where the limit is taken e.g. in C_b(R_+, L^∞(R^n)). Since estimates (8.48) and (8.49) are uniform with respect to N, then the limit function m_0 also satisfies these estimates. Thus, the required solution ṽ → m_0(ṽ) satisfying (8.46) and (8.47) is constructed. The uniqueness of that solution is obvious since the decaying exponent γ is assumed to be larger than the Lipschitz constant γ_0 of equation (8.43). Lemma (8.17) is proven.

Let us now construct the v-component associated with the m-component m_0(t) constructed in the previous lemma. We seek for it as a solution of the following equation:

∂_tv_0 + A_0v_0 + Φ^′(m_0(t))v_0 = H(t, m_0(t), v(t) − ṽ(t)), v_0(0) = W(0, m_0(0)) (8.50) where m_0 = m_0(ṽ) is defined in the previous lemma. The next lemma gives the natural estimates for the solution v_0(t) thus defined.

Lemma 8.18. Let the above assumptions hold. Then, for sufficiently small μ, ν and δ and sufficiently large L, the following estimate holds: ‖v − v_0‖_{Ce+γt (R+,Xb)} ≤ Cδ + C_1γ_0(1 + γ_0)ν (8.51) where γ_0 := C_ε(e^{−2(α−ε)L} +μ + ν + δ), γ > 2γ_0 is some positive exponent and C and C_1 are some constants independent of δ, ν and γ_0.

Moreover, the map ṽ → v_0 is uniformly Lipschitz continuous in the following sense:

‖v_0(ṽ_1) − v_0(ṽ_2)‖_{Ce+γt (R+,Xb)} ≤ C_1γ_0(1 + γ_0)‖ṽ_1 − ṽ_2‖_{Ce+γt (R+,Xb)} (8.52) for all ṽ_1 and ṽ_2 satisfying the above properties. Proof. Indeed, due to Theorem 8.5 and Lemma 8.17, we have ‖v_0(0)‖_{Xb} ≤ Cκ_0γ_0ν and the analogous estimate for ‖v_0(ṽ_1)(0)−v_0(ṽ_2)(0)‖_{Xb} . Proposition 7.3 and Lemma 8.3 then give ‖v_0‖_{Cb(R+,Xb)} ≤ C(δ + ν) (8.53) if γ_0 and κ_0 is small enough. This estimate, together with Lemma 8.3 yield ‖H(t, m_0(t), v(t) − ṽ(t)) − H(t, m(t), v(t))‖_L^p_{b(R}n_) ≤ ≤ Cγ_0(‖ṽ(t)‖_{Xb} + ‖m(t) − m_0(t)‖_{Xb} ) (8.54) and, analogously, for the Lipschitz continuity

‖H(t, m_0(ṽ_1)(t), v(t) − ṽ_1(t)) − H(t, m_0(ṽ_2)(t), v(t) − ṽ_2(t))‖_L^p_{b(R}n_) ≤ ≤ Cγ_0(‖ṽ_1(t) − ṽ_2(t)‖_{Xb} + ‖m_0(ṽ_1)(t) − m_0(ṽ_2)(t)‖_{Xb} ). (8.55) Then, for the difference v̄(t) = v(t) − v_0(t), we have

∂_tv̄ + A_0v̄ + Φ^′(m(t))v̄ = [Φ^′(m(t)) − Φ^′(m_0(t))]v_0(t)+ +[P_m −P_{m0} ]v_0(t)+[H(t, m(t), v(t))−H(t, m_0(t), v(t)−ṽ(t))], v̄(t) = v(0)−v_0(0). Applying Proposition 7.3 to this equation, using (8.55) and (8.53) and fixing γ in such way that the weight e^{γt} satisfies the assumptions of that proposition, we establish estimate (8.51) (here we have also implicitly used that ‖m_1 − m_2‖_{Xb} ≤ C‖m_1 − m_2‖_L∞_{(R}n_)). The Lipschitz continuity (8.52) can be established completely analogous. Lemma 8.18 is proven.

We are now ready to finish the proof of the theorem. Indeed, let us consider the ν-ball B_ν in the space C_eγt (R_+, X_b) and the map Q : B_ν → C_eγt (R_+, X_b), Q(ṽ) := v − v_0(ṽ)

We claim that, for sufficiently small δ and μ and large L, there exists ν_0 such that Q : B_{ν0} → B_{ν0} . Indeed, due to Lemma 8.18, it is sufficient to take ν_0 = 2Cδ if δ, L and μ are such that C_1γ_0(1 + γ_0) < 1/2. Moreover, estimate (8.52) shows that, in this case, the map Q : B_{ν0} → B_{ν0} will be a contraction.

Thus, due to Banach contraction principle, there exist a (unique) fixed point ṽ_0 of this map. This means that the function v_0(ṽ_0) = v − ṽ_0 satisfies

∂_tv_0 + Av_0 + Φ^′(m_0)v_0 + P_{m0} v_0 = H(t, m_0(t), v_0(t))

where m_0 = m_0(ṽ_0) and, therefore, the pair (m_0, v_0) solves indeed problem (8.20). Moreover, since v_0(0) = W(0, m_0(0)), then

v_0(t) = W(t, m_0(t))), ∀t ≥ 0.

Thus, (m_0, v_0) belongs to the center manifold. Finally, estimate (8.41) is now an immediate corollary of (8.45) and (8.51) and Theorem 8.15 is proven.

Remark 8.19. The assertion of the last theorem can be easily reformulated in terms of the initial problem (8.1). Namely, under the assumptions of Theorem 8.15, there exist a constant δ such that, if u_τ ∈ O_δ(P(L^′)) then either the associated solution u(t) of problem (8.1) belongs to O_{Cδ}(P(L^′)) for all t ≥ τ or there exists T_∗ ≥ τ such that u(T_∗) ∈ O_{Cδ}(∂P(L^′)) (in the first case we set T_∗ = ∞).

In both cases, there exists a trajectory of (8.1) on the center manifold ~u(t) ∈ U_L′ (t) for t ∈ (τ, T_∗) such that

‖u(t) − ~u(t)‖_{Xb} ≤ C e^{−γ(t−τ)}, t ∈ [τ, T_∗)

where C and γ > 0 are independent of u_τ , τ and t. Thus, in the spectrally stable case, the dynamics generated by (8.1) in the small neighborhood of the multi-pulse manifold P(L^′) is completely determined by the reduced dynamics on the center manifold generated by (8.26).

9 Hyperbolicity and stability

The main task of this section is to discuss briefly the basic facts of hyperbolic theory adapted to the case of infinite-dimensional equations of the form (8.1) or (8.26), see e.g. [KaHa95, MieZel04] for more details. We start with equation (8.1) which we rewrite in the following form:

∂_tu + A_0u + F (t, u) = 0 (9.1)

with F (t, u) := Φ(u) − μR(t, u) and R(t, u) = R(t, x, u, D_xu, · · · , D^{2l−1}_x u) satisfying the assumptions of Section 8.

Definition 9.1. A complete trajectory u ∈ W^{(1,2l),p}_b (R^{n+1}) of equation (9.1) is hyperbolic if there exists a constant C_u > 0 such that, for every h ∈ L^p_b(R^{n+1}), the associated inhomogeneous equation of variations

∂_tw + A_0w + F^′_u(t, u(t))w = h (9.2)

has a unique solution w ∈ W^{(1,2l),p}_b (R^{n+1}) and the following estimate holds:

‖w‖_W (1,2l),p_{b (Rn+1)} ≤ C_u‖h‖_L^p_{b(R}n+1_). (9.3)

A set H^{tr} ⊂ W^{(1,2l),p}_b (R^{n+1}) of trajectories of (9.1) is a (uniformly) hyperbolic (trajectory) set if it is bounded

‖H^{tr}‖_W (1,2l),p_{b (Rn+1)} ≤ C^1_Htr (9.4)

and every trajectory u ∈ H^{tr} is hyperbolic and the hyperbolicity constant C_u in (9.3) is independent of the concrete choice of u ∈ H^{tr} (C_u ≤ C_Htr ).

Remark 9.2. The above definition of a hyperbolic trajectory is equivalent to the standard one via stable and unstable foliations. In particular, it is not difficult to verify that this definition is independent of the concrete choice of the exponent p. We however emphasize once more that this definition has sense for the nonautonomous and non-homogeneous (e.g. space-time periodic) case only. In contrast to this, in the autonomous or homogeneous case, the functions ∂_tu or/and ∇_xu always belong to the kernel of equation of variations, so the neutral foliation appears. Furthermore, the standard requirement for the finite-dimensional theory is that this foliation is one-dimensional (or, more generally, finite-dimensional). This can be satisfied only for spatially localized structures decaying exponentially as x → ∞. Obviously, this requirement is too restrictive for the study the multi-pulse structures containing infinitely many pulses. Moreover, we do not know any reasonable extention of the hyperbolic theory for that case. That is the reason why we restrict ourselves to consider only the space-time non-homogeneous case where such a theory exists and is analogous to the finite-dimensional case.

The next theorem gives the standard relation between hyperbolicity and stability of a hyperbolic trajectory.

Theorem 9.3. Let equation (9.1) satisfy the above assumptions. Then a complete trajectory u ∈ W^{(1,2l),p}_b (R^{n+1}) is hyperbolic in the sense of previous definition if and only if, there exists, a neighborhood V_δ(u) of u in W^{(1,2l),p}_b (R^{n+1}) and for every function F̃ (t, u) := F̃ (t, x, u, D_xu, · · · , D^{2l−1}u) which belongs to L^p with respect to (t, x) and C^1 with respect to u, such that the norm

‖F̃ ‖ := ‖F̃ (·, ·)‖_C1_{(Vδ(u),L}p_{(R}n+1_{))} < δ_u (9.5)

is small enough, the perturbed equation

∂_tu + A_0 + F (t, u) = F̃ (t, u) (9.6) has a unique solution ũ in V_δ(u) and this solution satisfies

‖u − ũ‖_W (1,2l),p_{b (Rn+1)} ≤ C‖F̃ ‖ (9.7)

with the constant C independent of F̃ .

Moreover, the perturbed trajectory ũ is also hyperbolic and the set H^{tr} is uniformly hyperbolic if and only if it is bounded and the constant C in (9.7) is independent of the concrete choice of u ∈ H^{tr}.

Proof. Indeed, let the trajectory u be hyperbolic in the sense of Definition 9.1. We will seek for the desired solution of the perturbed equation (9.6) in the form ũ := u + v. Then, the function v should satisfy the following equation:

∂_tv + A_0v + F^′_u(t, u(t))v = −[F (t, u + v) − F (t, u) − F^′(t, u)v] + F̃ (t, u + v). (9.8)

Since the trajectory u is bounded in W^{(1,2l),p}_b (R^{n+1}) and F is smooth, the function H(t, v) := F (t, u + v) − F (t, u) − F^′(t, u)v satisfies

‖H(·, v)‖_Lp_{(R}n+1_) + ‖H^′_v(·, v)‖_{L(W} (1,2l),p_{b (Rn+1),Lp(Rn+1))} ≤ C_1‖v‖_W (1,2l),p_{b (Rn+1)}

where C_1 depends only on F and the norm of u.

Using now that the linear part of equation (9.8) is invertible (the hyperbolicity assumption) and applying the implicit function theorem, we deduce the existence and uniqueness of the required solution ũ and estimate (9.7). Note also that the constant C in (9.7) depends only on the hyperbolicity constant C_u, function F and the norm of u and is independent of the concrete choice of u and F̃ .

Let us now assume that the trajectory u ∈ W^{(1,2l),p}_b (R^{n+1}) is stable in the sense that (9.7) holds for every sufficiently small perturbation F̃ and the associated perturbed solution ũ. We need to verify that equation (9.2) is uniquely solvable for every h ∈ L^p_b(R^{n+1}) and estimate (9.3) holds. To this end, for every sufficiently small ε > 0, we consider the perturbation F̃ = εh(t). Let u_ε be the associated solution (9.6) and w_ε :=^{uε−u}_ε . Then, this function satisfies

∂_tw_ε + Aw_ε + F^′_u(t, u(t))w_ε − h = − 1 ε [F (t, u + εw_ε) − F (t, u) − εF^′_u(t, u)w_ε] (9.9)

and, due to estimate (9.7), we have

‖w_ε‖_W (1,2l),p_{b (Rn+1)} ≤ C‖h‖_Lp_{(R}n+1_). (9.10)

We see that the right-hand side of equation (9.9) tends to zero as ε → 0 (in the L^p_b-norm). Moreover, due to (9.10), we may assume without loss of generality that w_ε → w weakly in W^{(1,2l),p}_{loc} (R^{n+1}). Passing then to the limit in equation (9.9), we conclude that the function w solves (9.2) and (9.10) gives estimate (9.3) for this solution. Thus, the existence of a solution of (9.2) and estimate (9.3) are verified.

Let us now verify the uniqueness. Indeed, let the uniqueness fail. Then there exists w_0 ∈ W^{(1,2l),p}_b (R^{n+1}) such that

∂_tw_0 + A_0w_0 + F^′_u(t, u)w_0 = 0. (9.11)

Let us now construct the perturbed equation (9.6) in order the function ũ = u + εw_0 to be its solution. Indeed, it is not difficult to verify using (9.11) that ũ solves

∂_tũ + A_0ũ + F (t, ũ) = F̃ (t, ũ) := [F (t, u + εw_0) − F (t, u) − εF^′(t, u)w_0] := ε^2h_ε(t).

Obviously, ‖h_ε‖_L^p_{b(R}n+1_) ≤ C and, consequently, due to (9.7),

‖ũ − u‖_W (1,2l),p_{b (Rn+1)} = ε‖w_0‖_W (1,2l),p_{b (Rn+1)} ≤ C_1ε^2.

Passing to the limit ε → 0 in this formula, we see that ‖w_0‖_W (1,2l),p_{b (Rn+1)} = 0 and the uniqueness is also verified. Theorem 9.3 is proven.

Remark 9.4. It follows from the proof of Theorem 9.3 that, in order to verify the hyperbolicity, it is sufficient to prove the existence of ũ and estimate (9.7) only for the perturbations of the form

F̃ (t, u) = εh(t), h ∈ L^p_b(R^{n+1}), ε ≪ 1.

Moreover, it is sufficient to consider only more regular than L^p_b-integrable functions h, say, belonging to C_b(R^{n+1}) or C_b(R, X_b(R^n)). Indeed, in this case, arguing as before, instead of (9.2), we will have an estimate

‖w‖_W (1,2l),p_{b (Rn+1)} ≤ C‖h‖_{Cb(R,C}2l−1_{b (R}n_{))} (9.12)

and it remains to note that, due to the parabolic regularity, the solvability of (9.1) for more regular h and estimate (9.12) imply the solvability for h ∈ L^p_b(R^{n+1}) and estimate (9.3). In order to see that, one can use that, for sufficiently large constant M, the auxiliary equation

∂_tw_1 + A_0w_1 + F^′(t, u(t))w_1 + Mw_1 = h (9.13)

for all h ∈ L^p_b(R^{n+1}) and satisfies (9.3) and the remainder w_2 = w − w_1 satisfies the analog of (9.2) ∂_tw_2 + A_0w_2 + F^′_u(t, u(t))w_2 = Mw_1 with more regular external forces Mw_1 ∈ C_b(R, C^{2l−1}_b (R^n)) for which (9.12) is applicable.

Moreover, due to the smoothing property for parabolic equations, we may replace the W^{(1,2l),p} b (R^{n+1})-norm in the left-hand side of (9.7) by a weaker norm, for instance C_b(R, C^{2l−1}_b (R^n)). We will use these simple observations below in order to verify that a hyperbolic set for the reduced system on the pulse manifold P(L) remains hyperbolic for the whole system (8.1) as well.

Thus, if H^{tr} a hyperbolic set of equation (9.1) and F̃ is a sufficiently small perturbation, then, according to Theorem 9.3, for every u ∈ H^{tr} there exist a unique hyperbolic trajectory ũ ∈ H̃^{tr} of the perturbed equation and, therefore the map

S : H^{tr} → H̃^{tr}, Su = ũ (9.14)

is well defined. The next corollary shows that S is a homeomorphism in the local topology.

Corollary 9.5. Let H^{tr} be a hyperbolic set of equation (9.1) and let the perturbation F̃ be sufficiently small. Then the map S : Htr → H̃tr defined via (9.14) is a homeomorphism in the topology of W^{(1,2l),p}_{loc} (R^{n+1}).

Proof. We first note that the sets H^{tr} and H̃^{tr} are precompact in W^{(1,2l),p}_{loc} (R^{n+1}). Indeed, since H^{tr} is bounded in W^{(1,2l),p}_b (R^{n+1}), it is precompact in C_{loc}(R, C^{2l−1}(R^n)) (due to our choice of the exponent p). Using now the fact that the map u → F (·, u) is continuous as the map from C_{loc}(R, C^{2l−1}(R^n)) to L^p_{loc}(R^{n+1}) together with the parabolic regularity (3.9), we conclude that H^{tr} is compact in W^{(1,2l),p}_{loc} (R^{n+1}). The (pre)compactness of H̃^{tr} can be established analogously. Moreover, without loss of generality, we can assume that they are closed in W^{(1,2l),p}_{loc} (R^{n+1}), otherwise we can take a closure preserving the uniform hyperbolicity. Thus, H^{tr} and H̃^{tr} are compact.

Thus, we only need to verify the continuity of S. Indeed, let {u_n}^∞_{n=1} ⊂ H^{tr} be a sequence converging to some u ∈ H^{tr} in W^{(1,2l),p}_{loc} (R^{n+1}) and let ũ_n = Su_n ∈ H̃^{tr}. Let also ũ belongs to the limit set of {ũ_n} (it exists since H̃^{tr} is compact). Then, due to estimate (9.7), we have

‖ũ_n − u_n‖_W (1,2l),p_{loc (Rn+1)} ≤ C‖F̃ ‖

and, consequently, ‖ũ − u‖_W (1,2l),p_{loc (Rn+1)} ≤ C‖F̃ ‖

Since Su is a unique solution of the perturbed equation belonging to V_δ(u), then necessarily ũ = Su (if the perturbation is small enough). Thus, {ũ_n}^∞_{n=1} has a unique limit point ũ = lim_{n→∞} ũ_n = Su. Corollary 9.5 is proven.

Remark 9.6. The result of Corollary 9.5 can be improved as follows: there exists positive ε_0 such that, for every weight function θ(t, x) of exponential growth rate ε ≤ ε_0, the following estimate holds:

C^{−1}‖u_1 − u_2‖_W (1,2l),p_{θ (Rn+1)} ≤ ‖Su_1 − Su_2‖_W (1,2l),p_{θ (Rn+1)} ≤ C‖u_1 − u_2‖_W (1,2l),p_{θ (Rn+1)},

see [MieZel04]. However, the proof of this estimate given there essentially uses that the phase space is a linear space. So, keeping in mind the extention of the hyperbolic theory to equations on the pulse manifold P(L), we prefer to give the alternative proof of Corollary 9.5 which does not use the global linear structure and can be immediately extended to manifolds.

Remark 9.7. Projecting the trajectory hyperbolic set to X_b := W^{2l(1−1/p),p}_b (R^n) via T r � t=τ u = u(τ), we obtain the associated hyperbolic sets H_τ := T r � t=τ H^{tr} in the phase space for every τ ∈ R. If it is known, in addition, that the map T r � t=τ is injective, then, due to compactness it will be a homeomorphism of sets H^{tr} and H_τ in the local topology and, consequently, due to Corollary 9.5 the sets H_τ and H̃_τ will be also homeomorphic. The sufficient conditions for the injectivity of T r � t=τ (=backward uniqueness) can be found e.g. in [AgNi63] and [AgNi67] although we do not know whether or not the backward uniqueness theorem holds for solutions of (9.1) under the above general assumptions. We however note that, for the hyperbolic sets obtained from the center manifold reduction to the multi-pulse manifolds (which we are mainly interested in this paper) such uniqueness is immediate since it takes place on the center manifold. So, we need not to verify rather delicate backward uniqueness property for that particular case.

Our next task is to extend the above theory to equations on the multi-pulse manifold P(L) analogous to (8.26). To be more precise, we consider the following equation on P(L): d dt m = f(t, m), m ∈ P(L) (9.15)

with the uniformly smooth and bounded function f.

Definition 9.8. Analogously, we say that a complete trajectory m of equation (9.15) is hyperbolic if, for every H ∈ L^∞(R^{n+1}) such that P_{m(t)}H(t) ≡ H(t), the associated equation of variation

P_{m(t)} d dt w −P_{m(t)}(f^′_m(t, m(t)) w) = H(t) (9.16)

has a unique solution w ∈ L^∞(R, T_{m(t)}P(L)) and the following estimate holds:

‖ w ‖_L∞_{(R}n+1_{))} ≤ C_m‖H‖_L∞_{(R}n+1_). (9.17)

A set H^{tr} of trajectories of equation (9.15) is a (uniformly) hyperbolic set if every trajectory belonging to it is hyperbolic and estimate (9.17) holds uniformly with respect to all trajectories from H^{tr} (we do not require boundedness of H^{tr} here since the manifold P(L) is globally bounded).

The following theorem is the analog of Theorem 9.3 for (9.15) on P(L).

Theorem 9.9. A complete trajectory m ∈ L^∞(R^{n+1}) of equation (9.15) is hyperbolic in the sense of previous definition if and only if, there exists, a neighborhood V_δ(m) of u in L^∞(R^{n+1}) and for every function f̃(t, m) such that P_mf̃(t, m) = f̃(t, m) which belongs to L^∞ with respect to t and C^1 with respect to m, such that the norm

‖f̃‖ := sup_{t∈R} sup_{v∈Vδ(m)}(‖f̃(t, v)‖_L∞_{(R}n_) + ‖f̃^′_v(t, v)‖_{L(L}∞_{(R}n_{),L}∞_{(R}n_{))}) < δ (9.18) is small enough, the perturbed equation d dt m − f(t, m) = f̃(t, m) (9.19)

has a unique solution m̃ in V_δ(m) and this solution satisfies ‖m − m̃‖_L∞_{(R}n+1_) ≤ C‖f̃‖ (9.20) with the constant C independent of f̃.

Moreover, the perturbed trajectory m̃ is also hyperbolic.

Proof. The proof of this result is very simular to the proof of Theorem 9.3. The only difference with the case of linear phase space is the fact that now the difference m̃(t) − m(t) between the solutions of (9.15) and (9.19) does not belong to the tangent space and, therefore, cannot be directly interpreted as a solution of some equation on the tangent space close to the equation of variations. That is why, we only explain below how to overcome this problem leaving the details to the reader. To be more precise, instead of the difference m̃ − m we will write the equation on its projection w to the tangent space w(t) := P_{m(t)}(m̃(t) − m(t)).

Then, on the one hand, arguing as in Theorem 7.1, we can verify that, if the norm ‖m̃ − m‖_L∞_{(R}n_) is small enough, the element m̃ is uniquely determined by w and m and, uniformly with respect to m ∈ P(L), we have m̃ − m = w +O(‖ w ‖^2_L∞_{(R}n_)). (9.21) On the other hand, using the formula

P_m(t) d dt P_{m(t)}s(t) = P_{m(t)} d dt s(t) + D(m(t))[m^′(t)]s(t)

and equations for m̃ and m, we obtain that w(t) should satisfy

P_{m(t)}^d_{dt} w(t) − P_{m(t)}(f^′_m(t, m(t))(m̃(t) − m(t))) = f̃(t, m̃(t)) + P_{m(t)}[f(t, m̃(t)) − f(t, m(t)) − f^′(t, m(t))(m̃(t) − m(t))] + D(m(t))[m^′(t)](m̃(t) − m(t))

(9.22)

where D(m) := P_m ∘P^′_m is studied in Theorem 5.5. Using now (9.21) and the obvious fact that D(m)[w_1] w_2 ≡ 0, ∀ w_i ∈ T_mP(L), we see that (9.22) is indeed a small perturbation of the equation of variations and, consequently, the implicit function theorem is applicable. The rest of the proof repeats word by word the proof of Theorem 9.3 ad so omitted. Theorem 9.9 is proven.

Thus, as in the previous case, hyperbolic sets are stable under the perturbations. The next corollary shows that the associated map S : H^{tr} → H̃^{tr} is a homeomorphism in the local topology.

Corollary 9.10. Let H^{tr} be a hyperbolic set of equation (9.15), f̃ be a sufficiently small perturbation and H̃^{tr} be the associated hyperbolic set of the perturbed equation. Assume in addition that the functions f(t, m), f̃(t, m) and f^′(t, m) are continuous in the local topology. Then, the associated map S : H^{tr} → H̃^{tr}, Sm = m̃ is a homeomorphism in the topology of L^∞_{loc}(R^{n+1}).

The proof of this assertion is completely analogous to the proof of Corollary (9.5) and so is omitted.

To conclude the section, we study the relations between the hyperbolic sets of the full system (8.1) and of the reduced multi-pulse system (8.26) under the assumptions of Theorem 8.5. Indeed, let H^{tr}_{red} be a hyperbolic set of trajectories of the reduced system (8.26) such that m(t) ∈ P((1 + ε)L), for every t ∈ R and m ∈ H^{tr}_{red}. Then, due to the construction of the center manifold, the functions

u(t) := m(t) + W(t, m(t)), m ∈ H^{tr}_{red} (9.23)

solve the initial problem (8.1). Thus, the trajectory set H^{tr}_{full} of the initial equation (8.1) associated with H^{tr}_{red} is well-defined. The following corollary shows that H^{tr}_{full} will be a hyperbolic trajectory set for equation (8.1).

Corollary 9.11. Let the assumptions of Theorem 8.5 holds and let H^{tr}_{red} be a hyperbolic set of the reduced equation (8.26) such that m(t) ∈ P((1 + ε)L) for all t ∈ R and m ∈ H^{tr}_{red} (where ε > 0 is the same as in Theorem 8.1). Then, the associated trajectory set H^{tr}_{full} of the initial equation (8.1) will be also hyperbolic.

Proof. Let m ∈ H^{tr}_{red} be arbitrary and u be the associated trajectory of the full equation (8.1). We need to verify that u is hyperbolic in the sense of Definition 9.1.

According to Theorem 9.3 and Remark 9.4, it is sufficient to verify that, for every function h ∈ L^∞(R^{n+1}), the perturbed equation

∂_tu + A_0u + Φ(u) − μR(t, u) = νh(t) (9.24)

possesses a unique solution ũ = ũ(ν) if ν > 0 is small enough and the following estimate holds:

‖ũ(t) − u(t)‖_{Xb} ≤ Cν‖h‖_L∞_{(R}n+1_) (9.25)

where the constant C is independent of ν, h and t ∈ R.

We now recall that, due to Theorem (8.1), the perturbed equation (9.25) also possesses a center manifold reduction W̃(t, m) and the reduced equation reads d dt m̃(t) = f̃_h(t, m̃(t), W̃(t, m̃(t))) (9.26) where the function f̃_h is obtained from f (which is, in turns, defined by (8.12)) by replacing μR by μR + νh. Moreover, due to Theorems 7.1 and 8.5, every solution of (9.24) which belongs to a sufficiently small neighborhood of P((1 + ε)L) for all t ∈ R can be obtained from the reduced equation (9.26). On the other hand, due to Corollary 8.9, we have

‖W̃(t, ·) − W(t, ·)‖_C1_{(P(L),Xb)} ≤ Cν‖h‖_L∞_{(R}n+1_) (9.27)

(where W(t, ·) is the center manifold reduction associated with ν = 0) and, consequently,

‖f̃_h(t, ·, W(t, ·)) − f(t, ·, W(t, ·))‖_C1_{(P(L),P(L))} ≤ Cν‖h‖_L∞_{(R}n+1_). (9.28)

Thus, equation (9.26) is a small perturbation of equation (8.26) (which corresponds to the case ν = 0). Since the initial trajectory m ∈ H^{tr}_{red} is assumed to be hyperbolic, then Theorem 9.9 gives that (9.26) is uniquely solvable in a small neighborhood of m (if ν > 0 is small enough) and the associated solution m̃(t) satisfies

‖m̃(t) − m(t)‖_L∞_{(R}n_) ≤ Cν‖h‖_L∞_{(R}n+1_). (9.29)

Formula ũ(t) = m̃(t) + W̃(t, m̃(t)) gives now the unique solution of (9.24) belonging to the small neighborhood of u and estimates (9.27) and (9.29) imply (9.25) which finishes the proof of hyperbolicity of u. The uniform hyperbolicity of H^{tr}_{full} is an immediate corollary of the fact that the constant C in (9.25) depends only on the hyperbolicity constant C_m and is independent of the concrete choice of m ∈ H^{tr}_{red}. Corollary 9.11 is proven.

10 Multi-pulse evolution equations: asymptotic expansions

In this section, we compute the leading terms in the asymptotic expansion of the reduced ODEs on a center manifold as the distance 2L between pulses tends to ∞. Moreover, for some concrete examples of equations of the form (8.1), we give the explicit form of that terms. The following theorem can be considered as a main result of the section.

Theorem 10.1. Let the assumptions of Theorem 8.5 holds. Then, the reduced system (8.26) on a center manifold has the following structure: d dt m = f_0(t, m) + f̄(t, m) (10.1)

where

f_0(t, m) := � j∈N P_{Γj} � � l≠j

A_0V_{Γl} � + μ � j∈N P_{Γj} R(t, V_{Γj} ) (10.2) and the remainder f̄ satisfies

‖f̄(t, ·)‖_C1_{(P(L),L}∞_{(R}n_{))} ≤ C_ε[e^{−2(α−ε)L} +μ]^2 (10.3)

where the constant C_ε depends on ε > 0, but is independent of L, μ and m ∈ P((1 + ε)L).

Proof. We first recall that, due to the assumption m ∈ P((1 + ε)L) the cut-off operator Cut(m) ≡ Id, the right-hand side f̃ in the pulse-equations (8.26) can be found by (8.12), i.e., the right-hand side of the reduced equations (8.26) reads

f̃(t, m, W(t, m)) =

M(m, W(t, m)(P_m(−F(m)−Φ(W(t, m), m)+μR(t, m+W(t, m)))−S(m)W(t, m)) (10.4)

Moreover, due to (8.25) and Lemma 8.1 the operator M(t, m) := M(m, W(t, m)) satisfies ‖M(t, ·) − P_m‖_C1_{(P(L),L(L}∞_{(R}n_{),L}∞_{(R}n_{))} ≤ C_ε(e^{−2(α−ε)L} +μ)

and, consequently (since f is also of order C_ε(e^{−2(α−ε)L} +μ), see Theorem 8.5), up to the remainder, we can set M(t, m) = Id.

Furthermore, since the function Φ(v, m) is quadratic with respect to v, estimate (8.25) guarantees the Φ(W(t, m), m) also belongs to the remainder and, analogously, due to Theorem (5.7), the term S(m)W(t, m) belongs to the remainder as well.

Finally, due to (8.25), the expression R(t, W(t, m)+m) = R(t, m)+O(e^{−2(α−ε)L} +μ) and, due to Corollary 5.4, ‖P_m −

�_∞ j=1 P_{Γj} ‖ ≤ C_ε e^{−2(α−ε)L}. Thus, expression (10.4) can be represented as follows:

f̃(t, m) = −^∞ � j=1 P_{Γj} F(m) + μ ∞� j=1 P_{Γj} R(t, m) + O([e^{−2(α−ε)L} +μ]^2). (10.5)

At the next step, using (2.28) and Lemma 3.12, we conclude that

|(R(t, V_{⃗Γ}) − R(t, V_{Γj} ), ψ^i_{Γj} )| ≤ C_ε � l≠j

e^{−(α−ε/2)|ξj −ξl|} ≤ C_ε e^{−2(α−ε)L}

and, consequently, up to the remainder the term � j∈N P_{Γj} R(t, m) can be replaced by � j∈N P_{Γj} R(t, V_{Γj} ). Thus, the theorem will be proved if we verify that � j∈N P_{Γj} F(m) = − � j∈N P_{Γj} ( � l≠j

A_0V_{Γl} ) + O(e^{−4(α−ε)L}) (10.6)

which is an immediate corollary of the following lemma.

Lemma 10.2. Let the above assumptions hold. Then, the following decomposition is valid:

(F(V_{⃗Γ}), ψ^i_{Γj} ) = − � l≠j

(A_0V_{Γj} , ψ^i_{Γj} ) + [O^′]^i_j (⃗Γ) (10.7) where the remainder O^′ satisfies:

‖O^′_j(·)‖_C1_{(B(L),R}k_) ≤ C_ε e^{−2(α−ε)L} e^{−(α−ε) dist′(ξj ,Ξ(⃗Γ))} (10.8) where the constant C_ε depends on ε > 0, but is independent of L and ⃗Γ. Proof. We give below only the estimate of the l^∞-norm of O^′ and the estimate of its ⃗Γ-derivative can be obtained analogously. To this end, we first split V_{⃗Γ} := V_{Γj} + V_{⃗Γj} and F(⃗Γ) = [Φ(V_{Γj} + V_{⃗Γ}j ) − Φ(V_{Γj} ) − Φ(V_{⃗Γ}j )] + F(⃗Γ^j) (10.9) where ⃗Γ^j = {Γ_l}_{l≠j}. Moreover, analogously to Lemma 4.7, we have |F(⃗Γ^j)|(x) ≤ C_ε e^{−(α−ε)[dist(x,Ξj )+dist′(x,Ξj )]} and, consequently, due to the triangle inequality, we have

|(F(⃗Γ^j), ψ^i_{Γj} )| ≤ C_ε sup_{x∈Rn}{e^{−(α−ε)|x−ξj |+dist(x,Ξj )} e^{−(α−ε) dist′(x,Ξ)}} ≤ ≤ C_ε e^{dist′(ξj ,Ξ)} e^{−2(α−ε)L} . (10.10) So, the term (F(⃗Γ^j), ψ^i_{Γj} ) belongs to the remainder. In order to estimate the first term in the right-hand side of (10.9), we use formula (4.33) with v_1 = V_{Γj} and v_2 := V_{⃗Γ}j . Then, we have

Φ(V_{Γj} + V_{⃗Γ}j ) − Φ(V_{Γj} ) − Φ(V_{⃗Γ}j ) = = �_1 0 �_1 0 D^2_uΦ(s_1V_{Γj} + s_2V_{⃗Γ}j ) ds_1 ds_2[V_{Γj} , V_{⃗Γ}j ] = = �_1 0 �_1 0 {D^2_uΦ(s_1V_{Γj} + s_2V_{⃗Γ}j ) − D^2_uΦ(s_1V_{Γj} )} ds_1 ds_2[V_{Γj} , V_{⃗Γ}j ]+ + �_1 0 �_1 0 D^2_uΦ(s_1V_{Γj} ) ds_1 ds_2[V_{Γj} , V_{⃗Γ}j ] := I_1 + I_2. (10.11) Using now assumptions (2.28) and Lemma 3.12, we verify

|(I_1, ψ^i_{Γj} )| ≤ C_ε sup_{x∈Rn}{ � � m≠j

e^{−α|x−ξm|}

�_2 e^{−2(α−ε)|x−ξj |}} ≤ ≤ C^′_ε sup_{x∈Rn}{e^{−2(α−ε) dist(x,Ξj )} e^{−2(α−ε)|x−ξj |}} ≤ C^′_ε e^{−2(α−ε) dist′(ξj ,Ξ)} and, consequently, this term also belongs to the remainder. We now transform the term (I_2, ψ^i_{Γj} ) as follows (using that D_uΦ(0) = 0):

I_2 =

�_1 0 �_1 0 D^2_uΦ(s_1V_{Γj} ) ds_1 ds_2[V_{Γj} , V_{⃗Γ}j ] = = �_1 0 D^2_uΦ(s_1V_{Γj} ) ds_1[V_{Γj} , V_{⃗Γ}j ] = [D_uΦ(V_{Γj} )]V_{⃗Γ}j (10.12) and, consequently, using the fact that the functions ψ^i_{Γj} are eigenfunctions of the conjugate of the linearization of (2.1) at u = V_{Γj} , we finally deduce

(I_2, ψ^i_{Γj} ) = ([D_uΦ(Γ_j)]V_{⃗Γ}j , ψ^i_{Γj} ) = − � l≠j

(V_{Γl} , A^∗_0ψ^i_{Γj} ) = − � l≠j

(A_0V_{Γl} , ψ^i_{Γj} ). (10.13)

Lemma 10.2 is proven.

Consequently, Theorem 10.1 is also proven.

The next corollary gives the analog of the proved theorem in local coordinates. Corollary 10.3. Let the assumptions of Theorem 10.1 hold. Then, the reduced pulse interaction equations (8.26) have the following form in the local coordinates Γ^i_j described in Definition 4.1 (see also Remark 4.5):

Π(Γ_j) d dt Γ_j = � m≠j

F([Γ_j]^{−1} ∘ Γ_m) + μR(t, Γ_j) + O_j(t, ⃗Γ), j ∈ N (10.14)

where the matrix Π(Γ) is defined in (2.37), the functions F and R are defined via F^i(Γ) := (V_Γ, A^∗_0ψ^i)_L2_{(R}n_), R^i(t, Γ) := (R(t, V_Γ), ψ^i_Γ)_L2_{(R}n_), i = 1, · · · , k, (10.15) the conjugate eigenfunctions ψ^i are defined in (2.22) and (2.23), and the remainder O satisfies ‖O(t, ·)‖_C1_{(l}∞_{,l}∞_) ≤ C_ε[e^{−2(α−ε)L} +μ]^2 (10.16) where the constant C depends on ε > 0, but is independent of L and μ.

Indeed, taking the inner product of equation (10.1) with the function ψ^i_j(⃗Γ) and using the orthogonality relations (5.2), formula (2.37) and the obvious identity

(A_0V_{Γl} , ψ^i_{Γj} ) = (A_0T_{Γl} V, T_{Γj} ψ^i) = = (T_{[Γ}−1_j A_0T_{Γl} V, ψ^i) = (A_0T_{[Γj ]}−1_{·Γl} V, ψ^i) = (A_0V_{[Γj ]}−1_{·Γj} , ψ^i),

we obtain equations (10.14) in any local coordinates belonging to the atlas described in Remark 4.5.

Remark 10.4. We see that, due to Theorem 10.1, up to the terms of order [e^{−2(α−ε)} L+ μ]^2, the reduced system of ODEs has the form

Π(Γ_j) d dt Γ_j = � m≠j

F([Γ_j]^{−1} ∘ Γ_m) + μR(t, Γ_j), j ∈ N. (10.17)

Here, the terms F([Γ_j]^{−1} ∘ Γ_m), m ≠ j can be interpreted as a pairwise "tail"- interaction between pulses V_{Γj} and V_{Γm} and the term μR(t, Γ_j) is a "self-interaction" of the jth pulse appeared due to the perturbation of the initial equation (2.1). We also note that, formally, equation (10.17) contains infinitely many interaction terms F([Γ_j]^{−1} ∘ Γ_m). Nevertheless, only finite number of them are factually larger than [e^{−2(α−ε)} L + μ]^2 and, consequently, the others can be included into the remainder O. To be more precise, arguing as in Lemma 10.2, it is easy to verify that

‖F([Γ_j]^{−1} ∘ Γ_m)‖ ≤ C_ε e^{−(α−ε)|ξj −ξm|} (10.18)

and therefore, due to Lemma 3.12, all the terms F([Γ_j]^{−1} ∘ Γ_m) with |ξ_j − ξ_m| ≥ 4L can be also interpreted as a part of remainder. Then, system (10.17) reads

Π(Γ_j) d dt Γ_j = � m∈N_{⃗Γ}(j)

F([Γ_j]^{−1} ∘ Γ_m) + μR(t, Γ_j), j ∈ N (10.19)

where N_{⃗Γ}(j) := {m ∈ N, |ξ_j − ξ_m| < 4L}. It is also worth to note that the number of points in N_{⃗Γ}(j) is finite and uniformly bounded

#N_{⃗Γ}(j) ≤ C_0 = C_0(n) (10.20)

where the constant C_0 depends only on n (and is independent of ⃗Γ, L and j). In particular, in one-dimensional case n = 1, C_0 = 2 and consequently, for every given pulse V_{Γj} , we have at most two neighboring pulses on the distance less than 4L from it. Moreover, in one-dimensional case we have a natural ordering on the set of pulses: Γ_i < Γ_j if and only if ξ_i < ξ_j which preserves under the evolution inside of the center manifold. Thus, after the renumeration of the pulses in the increasing order, equations (10.19) read:

Π(Γ_j) d dt Γ_j = F([Γ_j]^{−1} ∘ Γ_{j−1}) + F([Γ_j]^{−1} ∘ Γ_{j+1}) + μR(t, Γ_j), j ∈ Z (10.21)

which are usual for the one-dimensional theory, see [Ei2002, San93, San02].

In contrast to that, in the multidimensional case n ≥ 2, we do not have any canonical ordering of the pulses and, moreover, the neighboring pulses to V_{Γj} (i.e. the pulses V_{Γm} , m ∈ N_{⃗Γ}(j)) also can change under the time evolution (the set N_{⃗Γ(t)}(j) can depend on t). That is the reason why, we retain in (10.14) all of the "tail"-interactive terms.

We now going to consider several examples of equations of the form (8.1) and give some explicit formulae for computing the pairwise interaction function F(Γ). We start with the case of a spherically symmetric pulse and gradient equations.

Example 10.5. Let us assume that initial pulse V (x) of equation (2.1) is spherically symmetric and that the linearized operator L_V := A_0 + D_uΦ(V (x)) is self-adjoint:

V (x) := V (r^2), r := |x|, [L_V ]^∗ = L_V . (10.22)

Then, we obviously have n-eigenfunctions of operator L_V generated by derivatives of the initial pulse V

ϕ^i(x) := −∂_{xi} V (x) = −2x_iV^′(r^2), i = 1, · · · , n. (10.23)

Furthermore, we assume that these functions generate the whole kernel of L_V , then this pulse satisfies all of the assumptions of Section 1 with the symmetry group of spatial translations G := R^n, Γ := ξ ∈ R^n and

(T_ξu)(x) := u(x − ξ). (10.24)

In that case, we have V_Γ(x) = V_ξ(x) := V (x − ξ) and ∂_{ξi} V_ξ = −∂_xV (· − ξ) = ϕ^i(· − ξ) = ϕ^i_ξ. According to (2.37), this gives

Π(ξ) = Id . (10.25)

Moreover, it is not difficult to verify that (ϕ^i, ϕ^j) = 0 for i ≠ j and, since, the operator L_V is assumed to be self-adjoint, the conjugate functions ψ^i have the following form:

ψ^i(x) := c^{−1}ϕ^i(x), c^2 := ‖ϕ^i‖^2_L2_{(R}n_) = 1 n � R^n

r^2[V^′(r^2)]^2 dx (10.26)

(the multiplier c^{−1} is chosen in order to satisfy (2.23)). Inserting these formulae to the definition of F(ξ), we establish that, in this case the interaction function has a gradient structure F(ξ) = ∇_ξG(ξ) with the potential

G(ξ) := c^{−1} � R^n

V (x − ξ).A_0V (x) dx. (10.27)

where u.v means the standard inner product in R^m. As a particular example of equations of that type one can consider the scalar reaction-diffusion equation

∂_tu = aΔ_xu − f(u) (10.28)

The existence theorems for a spherically symmetric pulse V (r^2) in the gradient case (the so-called ground state solution for this equation (under some natural assumptions on the nonlinearity f) can be proven e.g. by variational methods, see in [BerL83]. Moreover, the computation of the interaction function F for more complicated non-gradient equations with spherically symmetric pulse in two dimensions related with nonlinear optics (including the asymptotics for G(ξ) as ξ → ∞) and the examples of spectrally stable pulses can be found in [TVM03], [VlMSF02].

The next example will be the so-called generalized 1D Swift-Hohenberg equation which is factually a particular case of Example 10.5.

Example 10.6. Let us consider the following problem in x ∈ R:

∂_tu + (∂^2_x + 1)^2u + β^2u + f(u) = 0, f(0) = f^′(0) = 0. (10.29)

Here A_0 := (∂^2_x + 1)^2 + β^2 and, obviously, (10.29) has a gradient structure, so we are under the assumptions of Example 10.5. Our task now is to find the explicit form of function G(ξ) and/or its asymptotics as ξ → ∞. Our assumption is that equation (10.29) possesses a nondegenerate symmetric pulse equilibrium V (x), i.e. V (x) = V (−x). (10.30) It is known that such pulses exist, e.g. for the cubic nonlinearity f(u) := u^3 + κu^2, κ ∈ R (10.31) in some region of parameters β and κ, see [BGL97, GlL94]. Let λ ∈ C, α := Re λ > 0 solve the characteristic equation: (λ^2 + 1)^2 + β^2 = 0. (10.32) Then, the pulse V (x) has the following asymptotics as x → ±∞: V (x) = Re {V_0 e^{∓λx}} + V_r(x), |V_r(x)| ≤ C e^{−2α|x|} (10.33) for some V_0 ∈ C, |V_0| ≠ 0 (here we have implicitly used the assumption that the pulse V (x) is symmetric. We are now going to simplify expression (10.27) for G using asymptotics (10.33). To this end, we also need the following version of Green’s formula for the operator A_0 which can be easily verified by integration by parts:

�_∞ 0 [g_1(x).A_0g_2(x) − A_0g_1(x).g_2(x)] dx = K_0(g_1, g_2) := −[g_1(0)g^{′′′}_2 (0)− − g^′_1(0)g^{′′}_2 (0) + g^{′′}_1 (0)g^′_2(0) − g^{′′′}_1 (0)g_2(0) + 2g_1(0)g^′_2(0) − 2g^′_1(0)g_2(0)]. (10.34) Using (10.33) and (10.34) and the fact that A_0 e^{λx} ≡ 0, we have

(V (· − ξ), A_0V (·)) = = �_0 −∞ V (x − ξ).A_0V (x) dx +

�_∞ 0 V (x − ξ).A_0V (x) dx = = �_0 −∞ V (x − ξ).A_0[V (x) − Re V_0 e^{λx}] dx+ + �_∞ 0 V (x − ξ).A_0[V (x) − Re V_0 e^{−λx}] dx =

�_0 −∞ A_0V (x − ξ).V_r(x) dx+ + �_∞ 0 A_0V (x − ξ).V_r(x) dx − K_0(V (x − ξ), V (x) − Re V_0 e^{λx})+ + K_0(V (x − ξ), V (·) − Re V_0 e^{−λx}) =

�_0 −∞ A_0V (x − ξ).V_r(x) dx+ + �_∞ 0 A_0V (x − ξ).V_r(x) dx + Re{V_0K_0(V (x − ξ), e^{−λx} − e^{λx})} = = � R A_0V (x − ξ).V_r(x) dx + 2 Re{V_0λ(V (−ξ)λ^2 + V^{′′}(−ξ) + 2V (−ξ))}. (10.35)

Moreover, due to (10.34), we have |V_r(x)| ≤ C e^{−2α|x|} and |A_0V (x − ξ)| = |f(V (x − ξ)| ≤ C e^{−2α|x−ξ|} (10.36) Therefore, | � R A_0V (x − ξ).V_r(x) dx| ≤ C_ε e^{−2(α−ε)|ξ|} ≤ C_ε e^{−4(α−ε)L} .

Thus, up to the terms of order e^{−4(α−ε)L}, we have G(ξ) = 2c^{−1} Re{V_0λ(V (−ξ)λ^2 + V^{′′}(−ξ) + 2V (−ξ))}. (10.37) Furthermore, since the function V (x) is even, then the potential G(ξ) is also even with respect to ξ. So, without loss of generality, we may assume that ξ > 0. Inserting now V (−ξ) = 1/2[V_0 e^{−λξ} +V̄_0 e^{−λ̄ξ}] (up to the terms of order e^{−2α|ξ|}), we deduce that V (−ξ)λ^2 + V^{′′}(−ξ) + 2V (−ξ) := V_0 e^{−λξ}[λ^2 + 1]+ + 1/2V̄_0 e^{−λ̄ξ}[λ^2 + λ̄^2 + 2] = V_0iβ e^{−λξ} (10.38) where we have used that λ^2 + 1 = iβ. Thus, up to the terms of order e^{−4(α−ε)L}, we have

G(ξ) = 2c^{−1}β Re{iV^2_0 λ e^{−αξ−i Im λξ}} = M_0 e^{−α|ξ|} sin(Im λ|ξ| + ϕ_0) (10.39) where M_0 = 2c^{−1}|V_0|^2β|λ| = 2c^{−1}|V_0|^2β � 1 + β^2 > 0 if β ≠ 0 and ϕ_0 ∈ R is some real number. Finally, returning to the function F, we have, up to the terms of order e^{−4(α−ε)L} F(ξ) = M^′_0 sgn(ξ) e^{−α|ξ|} sin(ω|ξ| + ϕ^′_0) (10.40) where M^′_0 > 0, ω := Im λ ≠ 0 and ϕ^′_0 ∈ R. The reduced system of ODEs on the center manifold associated with equation (10.29) reads (up to the terms of order e^{−2(α−ε)L}) d dt ξ_j = M^′_0[e^{−α|ξj−1−ξj |} sin(ω|ξ_{j−1} − ξ_j| + ϕ^′_0) − e^{−α|ξj+1−ξj |} sin(ω|ξ_{j+1} − ξ_j| + ϕ^′_0)], where j ∈ Z and the pulses V_{ξj} are numerated in the increasing order. We consider also the perturbed version of equation (10.29) (which will be used in the next section for constructing the example of space-time chaos):

∂_tu + (∂^2_x + 1)^2u + β^2u + f(u) = μh(t, x), f(0) = f^′(0) = 0 (10.41) for some h ∈ L^∞(R^{n+1}). Then, according to Theorem 10.1, the reduced ODEs on the center manifold read (up to the terms of order [e^{−2(α−ε)L} +μ]^2): d dt ξ_j = M^′_0[e^{−α|ξj−1−ξj |} sin(ω|ξ_{j−1} − ξ_j| + ϕ^′_0)− − e^{−α|ξj+1−ξj |} sin(ω|ξ_{j+1} − ξ_j| + ϕ^′_0)] + μR(t, ξ_j) (10.42) with R(ξ) := −c^{−1} � R h(t, x)∂_xV (x − ξ) dx.

Remark 10.7. We see from (10.42) that if dist(ξ_j, ξ_{j+1}) ∼ 2L then the term F(ξ_{j+1} − ξ_j) is of order e^{−2αL} and, therefore, gives indeed the leading term of the asymptotic expansion as L → ∞. It is also worth to emphasize that the form of the interaction functions in (10.42) depends only on the properties of the linear part of equation (10.29) and is independent of the nonlinearity f. So, the concrete choice of f determines only the amplitude M^′_0 and the phase ϕ^′_0 in equations (10.42). It was however crucial to verify that M^′_0 ≠ 0 (otherwise, the first term of the expansion would vanish identically and one need to compute the further term of the asymptotics). The fact that the frequency ω ≠ 0 is also very important for what follows, see the next section.

We conclude this section by considering the generalized 1D Ginzburg-Landau equation.

Example 10.8. Let us consider the following problem:

∂_tu − (1 + iκ)∂^2_xu + γu + uf(|u|^2), f(0) = 0 (10.43)

where u(t, x) = u_1(t, x) + iu_2(t, x) is an unknown complex-valued function, f : R → C is a given nonlinearity and κ ∈ R and γ ∈ C are parameters. This equation possesses a natural group of symmetries G := R^1 × S^1, Γ := (ξ, ϕ) and

(T_{(ξ,ϕ)}u)(x) := e^{iϕ} u(x − ξ), ϕ, ξ ∈ R (10.44)

which are isometries with respect to the inner product (u, v) := Re � R u(x)v̄(x) dx.

We assume that equation (10.43) possesses a homoclinic equilibrium solution V (x) to u ≡ 0 which is symmetric with respect to x, i.e. V (−x) = V (x). Then, analogously to (10.33), this solution necessarily has the following asymptotics as x → ±∞:

V (x) = V_0 e^{∓λx} +V_r(x), x → ±∞, where λ := � γ 1 + iκ

(10.45)

with λ = α + iω, α > 0 and, as in the previous example |V_r(x)| ≤ C e^{−2α|x|}. See [AfMi99, AfMi01] for existence of single and multi-pulse equilibria for (10.43) as well as for the Poiseuille profile. See also, [ASCT01] for numerical and experimental observations of different pulses in (10.43).

In contrast to the previous example, we now have two-dimensional group of symmetries and, consequently, the dimension of the kernel for the nondegenerate pulse V (x) is equal two and the corresponding eigenfunctions are

ϕ^1_Γ(x) := − e^{iϕ} V^′(x − ξ), ϕ^2_Γ(x) := i e^{iϕ} V (x − ξ). (10.46)

Since G_0 is Abelian, we again have Π(Γ) = Id. Moreover, the function ϕ^1 is odd with respect to x and ϕ^2 is even. Consequently (ϕ^1, ϕ^2) = 0. We however note, that our equation is now not gradient, so we need to introduce also the adjoint eigenfunctions ψ^i_Γ(x) (which do not coincide as before with ϕ^i_Γ(x) and should be computed by solving the adjoint equation L^∗_{VΓ} ψ^i_Γ = 0). Without loss of generality, we may assume that ψ^1(x) is odd and ψ^2(x) is even, so the orthogonality relations (ϕ^1, ψ^2) = (ϕ^2, ψ^1) = 0 are automatically satisfied and the rest of the (2.23) ((ϕ^1, ψ^1) = (ϕ^2, ψ^2) = 1) can be obtained by scaling. Furthermore, analogously to (10.45), we have

ψ^l(x) = (±1)^lΨ̄^l_0 e^{±λ̄x} +ψ^l_r(x), x → ±∞ (10.47)

for some Ψ^l ∈ C and l = 1, 2. According to Theorem 10.1, we need to compute the following quantities:

F^l(ξ, ϕ) = Re{e^{iϕ} � R V (x − ξ)A_0ψ̄^l(x) dx}, l = 1, 2 (10.48)

with A_0 := −(1 + iκ)∂^2_x + γ. Inserting now the asymptotic expansions (10.47) into the right-hand side of (10.48) and arguing exactly as in (10.35), we infer � R V (x − ξ)A_0ψ̄^l(x) dx = (1 − iκ)Ψ^l_0{V (x − ξ)∂_x((−1)^l e^{λx} − e^{−λx})−

− V^′(x − ξ)((−1)^l e^{λx} − e^{−λx})} � x=0 + O(e^{−2α|ξ|}) (10.49)

and, consequently, � F^1(ξ, ϕ) =2 Re{(1 − iκ) e^{iϕ} Ψ^1_0V^′(−ξ)} + O(e^{−2α|ξ|}), F^2(ξ, ϕ) =2 Re{(1 − iκ) e^{iϕ} Ψ^2_0λV (−ξ)} + O(e^{−2α|ξ|}).

(10.50)

Moreover, since V (x) and ψ^2(x) are even and ψ^1 is odd, then F^1 and F^2 are odd and even with respect to ξ respectively. So, without loss of generality, we may assume that ξ > 0. Then, due to (10.45), we have � F^1(ξ, ϕ) =2 Re{(1 − iκ) e^{iϕ} Ψ^1_0V_0λ e^{−λξ}} + O(e^{−2α|ξ|}), F^2(ξ, ϕ) =2 Re{(1 − iκ) e^{iϕ} Ψ^2_0V_0λ e^{−λξ}} + O(e^{−2α|ξ|}).

(10.51)

Thus, up to the terms of order e^{−4αL} (which can be considered as a part of the remainder), we have � F^1(ξ, ϕ) =M^1_0 sgn{ξ} e^{−α|ξ|} sin(ϕ + ω|ξ| + θ_1), F^2(ξ, ϕ) =M^2_0 e^{−α|ξ|} sin(ϕ + ω|ξ| + θ_2),

(10.52)

where M^l_0 := |2(1 − iκ)Ψ^l_0V_0λ| ≠ 0 and θ_l ∈ R. Finally, according to (10.21) the ODE on the center manifold has the following form: d dt ξ_j = M^1_0 [e^{−α(ξj+1−ξj )} sin(ω(ξ_{j+1} − ξ_j) − ϕ_{j+1} + ϕ_j + θ_1)−

− e^{−α(ξj −ξj−1)} sin(ω(ξ_j − ξ_{j−1}) + ϕ_j − ϕ_{j−1} + θ_1)], d dt ϕ_j = M^2_0 [e^{−α(ξj+1−ξj )} sin(ω(ξ_{j+1} − ξ_j) − ϕ_{j+1} + ϕ_j + θ_2)+

+ e^{−α(ξj −ξj−1)} sin(ω(ξ_j − ξ_{j−1}) + ϕ_j − ϕ_{j−1} + θ_2)],

(10.53)

where j ∈ Z and the pulses are numerated in an increasing order.

Remark 10.9. The existence of the pulse solution in Example 10.6 is verified analytically or/and numerically for wide class of equation (10.43) including the classical Ginzburg-Landau equation with cubic nonlinearity, quintic Ginzburg-Landau equation (where the above pulse can be spectrally stable) and even for the case of non-polynomial nonlinearity f arising in laser dynamics, see [AfMi99, VlFKKR99, VlKRo01, VlMSF02]. Formal derivation of equations (10.53) can be found also in [SkVl02].

11 An application: spatio-temporal chaos in periodically perturbed Swift-Hohenberg equation

In this concluding section we show how the multi-pulse center manifold reduction can be applied in order to prove that the concrete equations of mathematical physics possess the so-called space-time chaos. One of the most natural mathematical model for that phenomena was suggested by Sinai and Bunimovich [BuSi88] (see also [PeSi88] and [PeSi91]). A discrete lattice dynamical system consisting of a Z^n-grid of weakly coupled chaotic in time oscillators has been considered there. Then, without taking into account the coupling, the above system is just a Z^n-Cartesian product of the basic chaotic oscillator. In particular, if this chaotic oscillator contains a hyperbolic set G_0 then the uncoupled system will contain an infinite-dimensional hyperbolic set G ∼ (G_0)^{Zn} . Therefore, due to the structure stability theorem for hyperbolic sets, the coupled system also possesses a hyperbolic set homeomorphic to G if the constant of interaction is small enough.

We also recall that the simplest model example of a hyperbolic set G_0 is the one generated by a single transversal homoclinic orbit. Then it is naturally homeomorphic to the Bernoulli scheme M^1 := {0, 1}^Z. In this case, the infinite-dimensional hyperbolic set G of the whole coupled system will be homeomorphic to the multidimensional Bernoulli scheme M^{n+1} := {0, 1}^{Zn+1} = (M^1)^{Zn} (see Definition 11.1 below). Thus, the multidimensional Bernoulli scheme M^{n+1} can be considered as a natural model for describing the space-time chaos phenomena in dissipative systems in unbounded domains.

It is worth to note that the existence of the above hyperbolic sets in concrete equations of mathematical physics seems to be a highly nontrivial problem and for a long time there were not any example of a dissipative PDE where this existence were rigorously verified. The first examples of such PDEs has been recently suggested in [MieZel04] where the above hyperbolic sets were found on the attractors of some special space-time periodic reaction-diffusion equations in R^n. However, the nonlinear interaction function for that examples is very complicated and constructed artificially, i.e., it is rather far from the concrete nonlinearities arising in mathematical physics.

In this section, we present an alternative method of constructing such hyperbolic sets based on the analysis of weak interaction of an infinite grid of pulses and the center manifold reduction obtained in previous sections. We believe that this method can be applied for many concrete equations of mathematical physics. We illustrate this method on model example of the generalized 1D Swift-Hohenberg equation considered in Example 10.6. Further applications will be considered in forthcoming papers.

Thus, we consider the space-time periodically forced Swift-Hohenberg equation:

∂_tu + (∂^2_x + 1)^2u + β^2u + f(u) = μh(t, x), f(0) = f^′(0) = 0 (11.1)

where h(t, x) = h_μ(t, x) is some special space-time periodic external force and μ is a small parameter. Our main assumption concerning the non-perturbed equation (with μ = 0) is that equation possesses a nondegenerate pulse V (x) which satisfy the assumptions of the center manifold theorem proved above. Then, we show that under some special forcing h pairs of weakly interacting pulses generate chaotic oscillators in time with the hyperbolic set G_0 = M^1. Considering after that a Zgrid of such pairs of pulses and using the center manifold reduction, we verify the existence of a hyperbolic set (G_0)^Z = M^2.

In order to formulate the precise results, we first recall the notion of a Bernoulli scheme.

Definition 11.1. Let M^n be a Cartesian product {0, 1}^{Zn} endowed by the Tikhonov topology (by definition, this means that M^n consists of functions v : Z^n → {0, 1} endowed by the local topology). Obviously, the group of shifts {S_l, l ∈ Z^n} naturally acts on M^n via

(S_lv)(m) := v(l + m), l, m ∈ Z^n, v ∈ M^n. (11.2)

The set M^n and the group S_l acting on it are usually called Bernoulli scheme and Bernoulli shifts respectively. We also introduce the natural one-parametric subgroups {S^i_l , l ∈ Z}, i = 1, · · · , n by the following expression:

S^i_l := S_{l⃗ei} , l ∈ Z (11.3)

where e_i is the ith coordinate vector in R^n.

We are now ready to formulate the main result of this section which establishes the existence of an infinite-dimensional hyperbolic set of the above form for the generalized Swift-Hohenberg equation.

Theorem 11.2. Let the nonlinearity f and the parameter β in equation (11.1) be such that the non-perturbed equation (with μ = 0) possesses a homoclinic pulse satisfying the assumptions of Theorem 8.5. Then, for every sufficiently small μ > 0 there exist two positive numbers P_t = P_t(μ) and P_x = P_x(μ) (tending to infinity as μ → 0) and a smooth external force h = h_μ which is P_t-periodic in time and P_x-periodic in space (and is uniformly bounded as μ → 0, i.e. ‖h_μ‖_C1_{b(R}n_) ≤ C) such that the forced Swift-Hohenberg equation (11.1) possesses a hyperbolic set H^{tr} ⊂

W^{(1,4),p} b (R^2) of trajectories (in the sense of Definition 9.1). Moreover, there exists a one-to-one map κ : M^2 → H which satisfies the following commutation relations:

T^1_{lPt} ∘ κ = κ ∘ S^1_l , T^2_{lPx} ∘ κ = κ ∘ S^2_l , l ∈ Z (11.4)

where T_l is a space-time translation group, i.e. (T^1_s u)(t, x) := u(t + s, x) and (T^2_s u)(t, x) := u(t, x + s). Furthermore, the map κ is a homeomorphism if the set H^{tr} is endowed by the local topology of W^{(1,4),p}_{loc} (R^2).

Proof. As already mentioned, in order to prove the theorem, we consider a special grid of pair of pulses. To this end, for every sufficiently large L, we define the numbers L_j ∈ R, j ∈ Z, by the following recursive procedure:

L_0 = 0, L_{2j+1} − L_{2j} = 2L, L_{2j} − L_{2j−1} = 4L, j ∈ Z. (11.5)

The numbers L_j will play the role of nodes of our grid of pulses. To be more precise, we seek for the pulse configuration ⃗ξ(t) = {ξ_j(t)}_{j∈Z} satisfying

|L_j − ξ_j(t)| ≤ C, t ∈ R. (11.6)

Keeping in mind (11.6), we introduce the new pulse coordinates ξ̄_j := ξ_j − L_j which should be of order 1 as L → ∞. Moreover, without loss of generality, we may assume that 2ωL + θ = 2πk for some k ∈ N. Then, according to Theorem 10.1 and computations of Example 10.6, the reduced ODE on the center manifold reads � � � � � � � d dt ξ̄_{2j} = −M_0 e^{−2αL} e^{−α(ξ̄}2j+1^{−ξ̄}2j^) sin(ω(ξ̄_{2j+1} − ξ̄_{2j} ))+

+μR(t, L_{2j} + ξ̄_{2j}) + O(e^{−4(α−ε)L}), d dt ξ̄_{2j+1} = M_0 e^{−2αL} e^{−α(ξ̄}2j+1^{−ξ̄}2j^) sin(ω(ξ̄_{2j+1} − ξ̄_{2j} ))+

+μR(t, L_{2j+1} + ξ̄_{2j+1}) + O(e^{−4(α−ε)L}),

(11.7)

where the self-interaction function R(ξ) = −C^{−1} � R h(t, x)∂_xV (x − ξ) dx. We now start to construct a special external force h(t, x). We assume that

P_x = 4L, P_t := T_0 · M^{−1}_0 e^{2αL} and h(t, x) = h̄(t · M_0 e^{−2αL}, x) (11.8)

for some smooth function h̄ which is T_0-periodic with respect to t and P_x-periodic with respect to x (the period T_0 is independent of L and will be fixed below). Therefore, all of the self-interaction terms are reduced to the following two functions:

R_i(τ, ξ̄) := −c^{−1} � R h(τ, x)∂_xV (x − ξ̄ − iL), i = 0, 1, τ := t · M_0 e^{−2αL} . (11.9)

On the other hand, we recall that equation (11.1) is invariant with respect to discrete spatial shifts T^2_{4kL} := T_{4kL}, consequently, due to Corollary 8.11, the reduced system

(11.7) is also invariant with respect to these spatial shifts and the maps W(t, ·) defined in Theorem 8.5 are also invariant. We now note that the spatial shift on length 4L of system (11.7) coincides with the shift of indexes by 2 in the above local coordinates. To be more precise, let

S_k : l^∞ → l^∞, (S_k ⃗ξ̄)_l := ξ_{2k+l}, k, l ∈ Z. (11.10)

Then, equations (11.7) will be invariant with respect to this group of shifts. Moreover, according to Corollary 8.10, the map t → W(t, ·) is P_t-periodic with respect to t and, consequently, the reduced system is also P_t-periodic.

We claim that, in order to prove the theorem, it is sufficient to construct the required hyperbolic set H^{tr}_{red} for the reduced system (11.7) only. Indeed, according to Corollary 9.11, the associated trajectory set H^{tr}_{full} of the whole system will be also hyperbolic. The commutation relations (11.4) will be immediate corollaries the analogous relations for the hyperbolic set H^{tr}_{red}. Finally, according to Theorem 8.5 and estimate (8.27), the map U_t m(·) → u(·) := m(·) + W(·, m(·)) is a homeomorphisms of H^{tr}_{red} and H^{tr}_{full} in local topologies as well and, therefore, the continuity of κ is also immediate if H^{tr}_{red} is homeomorphic to M^2.

Thus, the theorem would be proven if we find a hyperbolic set H^{tr}_{red} ∈ C_b(R, l^∞) of trajectories of (11.7) and a one-to-one map κ̄ : M^2 → H^{tr}_{red} satisfying

T^1_{lPt} ∘ κ̄ = κ̄ ∘ S^1_l , S_l ∘ κ̄ = κ̄ ∘ S^2_l (11.11)

such that κ̄ will be a homeomorphism in a local topologies. Therefore, we can now concentrate ourselves on studying the reduced system (11.7). To this end, we first make the change of variables t → τ and fix

μ := M_0 e^{−2αL} . (11.12)

Then, (11.7) reads � � � � � � � d dτ ξ̄_{2j} = − e^{−α(ξ̄}2j+1^{−ξ̄}2j^) sin(ω(ξ̄_{2j+1} − ξ̄_{2j}))+

+R_0(τ, ξ̄_{2j} ) + O(e^{−2(α−ε)L}), d dτ ξ̄_{2j+1} = e^{−α(ξ̄}2j+1^{−ξ̄}2j^) sin(ω(ξ̄_{2j+1} − ξ̄_{2j}))+

+R_1(τ, ξ̄_{2j+1}) + O(e^{−2(α−ε)L}).

(11.13)

We now need to simplify also the functions R_i(τ, ξ) introduced in (11.9). To this end, we first introduce a cut-off function χ_L ∈ C^∞_0 (R) in such way that χ_L(x) ≡ 1 for x ∈ [−L + 1, L − 1] and χ_L(x) ≡ 0 for x /∈ [−L, L] and then, for every two given smooth T_0-periodic with respect to τ functions f_1(τ, x) and f_2(τ, x) we define the external force h_{f1,f2} by

h_{f1,f2} (τ, x) := −cf_1(τ, x)χ_L(x) − cf_2(τ, x − 2L)χ_L(x − 2L), (11.14) for all x ∈ [−2L, 2L] and extend it space-periodically for all x ∈ R. Inserting this formula into (11.9) and taking into the account that V (x) decays exponentially as x → ∞, we arrive at

R_i(τ, ξ) = [f_i ∗ (∂_xV )](τ, ξ) + O(e^{−αL}), i = 0, 1 (11.15)

where (f ∗ g)(ξ) := � R f(x)g(x − ξ) dx is a convolution operator. Thus, (11.13) is now transformed to

�_d dτ ξ̄_{2j} = − e−α(^¯ξ2j+1−^¯ξ2j ) sin(ω(ξ̄_{2j+1} − ξ̄_{2j})) + (f_1 ∗ V ′)(τ, ξ_{2j} ) + O(e−αL), d dτ ξ̄_{2j+1} =e−α(^¯ξ2j+1−^¯ξ2j ) sin(ω(ξ̄_{2j+1} − ξ̄_{2j}))+(f_2 ∗ V ′)(τ, ξ̄_{2j+1})+O(e−αL) (11.16) where the functions f_1 and f_2 can be chosen arbitrarily. We see that the leading part of the asymptotic expansion of equations (11.13) is now independent of L. Moreover, system (11.16) is weakly coupled perturbation of the following uncoupled system:

�_d dτ ξ̄_{2j} = − e−α(^¯ξ2j+1−^¯ξ2j ) sin(ω(ξ̄_{2j+1} − ξ̄_{2j} )) + (f_1 ∗ V ′)(τ, ξ_{2j}), d dτ ξ̄_{2j+1} = e−α(^¯ξ2j+1−^¯ξ2j ) sin(ω(ξ̄_{2j+1} − ξ̄_{2j} )) + (f_2 ∗ V ′)(τ, ξ̄_{2j+1}) (11.17)

which is a Z^n Cartesian product of the system of two ODEs �_d dτ Y = − e^{−α(Z−Y )} sin(ω(Z − Y )) + (f_1 ∗ V^′)(τ, Y ), d dτ Z = e^{−α(Z−Y )} sin(ω(Z − Y )) + (f_2 ∗ V^′)(τ, Z).

(11.18)

Thus, if this system of two scalar ODEs possesses a hyperbolic set G_0 homeomorphic to the one-dimensional Bernoulli scheme M^1 (and such that the Poincare map of (11.18) (we recall that system (11.18) is T_0-periodic in time) is conjugated to the Bernoulli shift S_1 on M^1, then the whole decoupled system (11.17) possesses a hyperbolic set G ∼ (G_0)^Z = M^2 and the commutation relations (11.11) (with P_t = T_0 due to the scaling of time) will be naturally satisfied. Therefore, due to the stability theorem for hyperbolic sets on P(L), see Theorem 9.9 and Corollary 9.10, the weakly coupled system (11.16) will also possess a hyperbolic set H^{tr}_{red} ∼ M^2 which satisfies the same commutation relations.

We also recall that, in order to verify the existence of the above hyperbolic set for system (11.18), it is sufficient to construct at least one transversal (=hyperbolic in the sense of Definition 9.1) homoclinic trajectory for system (11.18), see e.g. [KaHa95]. Thus, in order to finish the proof of the theorem, we only need the following lemma.

Lemma 11.3. There exist T_0 ∈ R and smooth T_0-periodic with respect to time functions f_1 and f_2 such that equation (11.18) possesses a T_0-periodic in time solution (Y_p(t), Z_p(t)) and a transversal homoclinic orbit (Y_0(t), Z_0(t)) to it.

Proof. We first show that the convolution operators f_i ∗ V^′ in equations (11.18) can be replaced by arbitrary functions g_i in equations (11.18). To this end, we consider the particular case of function f which is a trigonometric polynomial with respect to x:

f(τ, x) = M� N=−M

a_N e^{iκNx}, a_N (τ) ∈ C (11.19)

when κ > 0 is a parameter. Then the function (f ∗ V^′)(τ, ξ) is also a trigonometric polynomial with respect to ξ and

(f ∗ V^′)(τ, ξ) = M� N=−M

b_N (τ) e^{−iκNξ}, b_N (τ) := iκNa_N (τ)^V (κN) (11.20)

where ^V (ξ) is a Fourier transform of the pulse V . We note that the initial pulse is assumed to be exponentially decaying as x → ∞. Consequently, its Fourier transform ^V (ξ) is an analytic function in a strip | Im ξ| < α and therefore, it possesses at most countable number of zeros at the real line. Thus, there exists at most countable set Ξ ⊂ R_+ such that for any κ ∈ Ξ, the grid {κN, N ∈ Z, N ≠ 0} contains at least one zero of the function ^V (ξ). Consequently, for almost all κ, we have ^V (κN) ≠ 0, N ∈ Z, n ≠ 0 (11.21)

and, therefore, we can invert the expression for b_N (τ) and find, for any b_N (τ) with N ≠ 0 the associated coefficient a_N (τ). The latter means that, every trigonometric polynomial of the form (11.20) (for almost all κ) with zero mean (i.e. with b_0 = 0) can be realized as a convolution of V^′ with the appropriate function f. Since these polynomials are obviously dense in C^1(R × [−R, R]) for any R ∈ R and the homoclinic orbits preserve under small perturbations, in order to prove the lemma, it is sufficient to construct smooth T_0-periodic with respect to time functions g_1 and g_2 in such way that the following system of two ODEs � � � d dτ Y = − e^{−α(Z−Y )} sin(ω(Z − Y )) + g_1(τ, Y ), d dτ Z = e^{−α(Z−Y )} sin(ω(Z − Y )) + g_2(τ, Z)

(11.22)

possess a zero solution Y (τ) ≡ Z(τ) ≡ 0 and a transversal homoclinic orbit (Y_0, Z_0) to that solution.

We are now going to construct "by hands" the homoclinic orbit (Y_0(t), Z_0(t)) of problem (11.22). To this end, we first need the origin Y = Z = 0 to be a hyperbolic equilibrium. In order to have this property, we will seek for equation (11.22) in the following form:

Y^′ = f_1(Y, Z) + ḡ_1(τ, Y ), Z^′ = f_2(Y, Z) + ḡ_2(τ, Z) (11.23)

where

f_1(Y, Z) = − e^{−α(Z−Y )} sin(ω(Z − Y )) − 2ωY, f_2(Y, Z) := e^{−α(Z−Y )} sin(ω(Z − Y )) and the functions ḡ_i(τ, ξ) vanish identically for small |ξ|. Obviously, system (11.23) has the form of (11.22). On the other hand, this system has indeed an equilibrium Y = Z = 0 and the linearization at this equilibrium reads

y^′ = −ω(y + z), z^′ = ω(z − y). (11.24)

It is not difficult to verify that the matrix of this linear system has the eigenvalues λ_± = ±ω √ 2 and the with the associated eigenvectors e_± = (1, −1∓ √ 2). Therefore, the equilibrium is indeed hyperbolic and, moreover, the nonlinear system (11.23) possesses one dimensional stable V_− and unstable V_+ manifolds near the origin. Since the perturbations ḡ_i vanish near the origin, these manifolds are independent of ḡ_i.

Let us now fix small δ > 0 and construct some special solutions of (11.23). Firstly, let (Y_±(t), Z_±(t)) be the solutions of (11.23) belonging to the manifolds V_±. We normalize this solutions by the following condition:

Z_+(0) = −δ, Z_−(0) = δ (11.25)

Then we have lim_{τ±∞}(Y_±(τ), Z_±(τ)) = (0, 0) and (Y_±(τ), Z_±(τ)) are close to the direction of e_± for ±τ ≥ 0. We also fix a time t_0 > 0 and y_0 > 0 such that sin ωy_0 = −1 and define Z_n(t) as solution of the following equation:

Z^′ = e^{−α(Z−y0)} sin(ω(Z − y_0)), Z(t_0) = −δ (11.26)

Since sin ωy_0 = −1, then, for sufficiently small δ, the solution Z_n(t) monotonely increases for t ≥ t_0 and there exists t_n > 0 such that Z_n(t_0 + t_n) = +δ.

We are now ready to construct the required homoclinic loop (Y_0(t), Z_0(t)) as follows:

(Y_0(τ), Z_0(τ)) = � � � (Y_+(τ), Z_+(τ)) τ ≤ 0 (y_0, Z_n(τ)) τ ∈ [t_0, t_0 + t_n] (Y_−(τ − t_n − 2t_0), Z_−(τ − t_n − 2t_0)) t ≥ 2t_0 + t_n.

(11.27)

and we connect these pieces of curves in C^∞-smooth way on the time intervals τ ∈ [0, t_0] and τ ∈ [t_0 + t_n, 2t_0 + t_n] arbitrarily satisfying the only two conditions

1) Y_0(τ) ≥ Y_0(0), Z_0(τ) ≤ −δ, τ ∈ [0, t_0], 2) Y_0(τ) > Y_−(0), Z_0(t) ≥ δ, τ ∈ [t_0 + t_n, t_0 + 2t_n]

(11.28)

We are now ready to define the perturbations ḡ_i in such way that the curve (Y_0(τ), Z_0(τ)) will be a homoclinic loop for (11.23). To this end, we introduce the cut-off function χ_δ ∈ C^∞ such that χ_δ(x) = 1 for |x| < δ/4 and χ_δ(x) = 0 for |x| ≥ δ/3 and set

ḡ_1(τ, Y ) := � 0, τ ∈ (−∞, 0] ∪ [2t_0 + t_n, +∞) χ_δ(Y − Y_0(τ))[Y^′_0 (τ) − f_1(Y_0(τ), Z_0(τ))], otherwise (11.29) and ḡ_2(τ, Z) := � 0, τ ∈ (−∞, 0] ∪ [t_0, t_0 + t_n] ∪ [2t_0 + t_n, +∞) χ_δ(Z − Z_0(τ))[Z^′_0(τ) − f_2(Y_0(τ), Z_0(τ))], otherwise. (11.30)

It then follows form the explicit construction given above that the functions ḡ_i thus defined are C^∞-smooth and the function (Y_0(τ), Z_0(τ)) is indeed a homoclinic loop solution of equation (11.23).

Moreover, the functions ḡ_i vanish identically for τ /∈ [0, 2t_0 + t_n] and also in a δ/4- neighborhood of the origin. The latter means that we can extend the functions ḡ_i T_0-periodically (with a sufficiently large T_0 ≫ 2t_0 + t_n) and the homoclinic loop (Y_0(τ), Z_0(τ)) will be not destroyed.

Thus, the required homoclinic loop (Y_0(τ), Z_0(τ)) is constructed. In order to finish the proof of the lemma, it only remains to verify that this loop is transversal (hyperbolic). In order to verify that fact, we need to study the linearization of equation (11.23) at the above loop which gives the following operator

L := d dτ − � ∂_Y [f_1(Y_0, Z_0) + ḡ(τ, Y_0)] ∂_Z f_1(Y_0, Z_0) ∂_Y f_2(Y_0, Z_0) ∂_Z [f_2(Y_0, Z_0) + ḡ_2(τ, Z_0)] � (11.31)

and, in order to have the hyperbolicity, we need this operator to be invertible (say, in [L^2_b(R)]^2 or, which is the same, in [L^2(R)]^2). We note that, due to the fact that zero equilibrium of (11.23) is hyperbolic and the functions Y_0(τ) and Z_0(τ) decay exponentially the essential spectrum of the operator L (in [L^2(R)]^2) coincides with the essential spectrum of the linearization (11.24) which is two imaginary lines σ_{ess}(L) = {±ωi √ 2λ, λ ∈ R}. Thus, if zero belongs to the spectrum of L (otherwise the operator L is invertible and, consequently, the homoclinic loop (Y_0, Z_0) is hyperbolic and Lemma 11.3 is proven), it should be only a discrete eigenvalue of finite multiplicity and the associated eigenfunctions (y_0, z_0) decay exponentially as τ → ±∞: L � y_0 z_0 � = 0, |y_0(τ)| + |z_0(τ)| ≤ c e^{−ω√2|τ|} . (11.32)

Moreover, since the right-hand side of (11.24) has zero trace, there exists at most one eigenfunction (y_0, z_0) satisfies (11.32) and, consequently, zero eigenvalue of L has geometric multiplicity one. We introduce also the conjugate eigenfunction (y^∗_0, z^∗_0 ) via L^∗ � y^∗_0 z^∗_0 � = 0, |y^∗_0(τ)| + |z^∗_0 (τ)| ≤ c e^{−ω√2|τ|} . (11.33)

We are now going to construct a small perturbation of system (11.23) which does not change the loop (Y_0, Z_0), but makes it hyperbolic. To this end, we find positive δ and ν such that

Y_0(τ) ≥ δ, Z_0(τ) ≥ δ, Y^′_0 (τ) ≠ Z^′_0(τ) τ ∈ [t_c, t_c + ν] (11.34)

for some t_c ∈ [0, 2t_0 + t_n] (they are exists, due to the explicit construction of the pulse (Y_0, Z_0)) and perturb the functions ḡ_i in equations (11.23) as follows:

g̃_1(τ, Y ) := ḡ_1(τ, Y ) + εC_1(τ)χ_δ(Y − Y_0(τ))(Y − Y_0(τ)), g̃_2(τ, Z) := ḡ_2(τ, Z) + εC_2(τ)χ_δ(Z − Z_0(τ))(Z − Z_0(τ)),

(11.35) for t ∈ [0, 2t_0 + t_n] and then extend them T_0-periodically for all τ. Here ε > 0 is a small parameter and C_i are smooth functions satisfying

supp C_i ⊂ [t_c, t_c + ν]. (11.36)

Then, obviously the perturbation of the form (11.35) does not destroy the homoclinic loop (Y_0, Z_0) (it solves the perturbed equations as well) and changes the linearization operator (11.31) as follows:

~L_ε = L − ε � C_1(τ) 0 0 C_2(τ) � (11.37)

where the functions C_i satisfying (11.36) and ε > 0 can be chosen arbitrarily. We claim that it is possible to chose these parameters in such way that 0 /∈ σ(L̃_ε). Then, the loop (Y_0, Z_0) would be hyperbolic for the perturbed equation and the lemma would be proven. Assume that the latter is not true. Then, for any ε ∈ R and any functions C_i satisfying (11.36), we have

0 ∈ σ(L̃_ε). (11.38)

Then, exactly as for the case of non-perturbed equation, there exists an exponentially decaying eigenfunction (y_ε, z_ε) of the perturbed operator (11.37):

L̃_ε � y_ε z_ε � = 0, |y_ε(τ)| + |z_ε(τ)| ≤ c e^{−ω√2|τ|} (11.39)

whose geometrical multiplicity is one. Moreover, due to the classical spectral perturbation theory, the functions (y_ε, z_ε) tend to (y_0, z_0) as ε → 0, e.g. in C_b(R) (under the proper normalization). On the other hand, multiplying equation (11.39) scalarly in [L^2(R)]^2 by the function (y^∗_0, z^∗_0 ) and using (11.33), we infer �_{tc+ν}

t_c

[C_1(τ)y_ε(τ)y^∗_0(τ) + C_2(τ)z_ε(τ)z^∗_0 (τ)] dτ = 0. (11.40)

Passing now to the limit ε → 0 in (11.40), we finally arrive at �_{tc+ν}

t_c

[C_1(τ)y_0(τ)y^∗_0(τ) + C_2(τ)z_0(τ)z^∗_0 (τ)] dτ = 0 (11.41)

which should be valid for any C_i satisfying (11.36). The latter immediately implies that y_0(τ) · y^∗_0(τ) ≡ z_0(τ) · z^∗_0 (τ) ≡ 0, τ ∈ [t_c, t_c + ν].

Thus, without loss of generality, we can conclude that y_0(τ) ≡ 0 on some subinterval J ⊂ [t_c, t_c +ν] (otherwise, the same assertion for z_0(τ) or for conjugate eigenfunction is true). We also recall that, due to the assumption Y_0(τ) ≠ Z_0(τ) for τ ∈ [t_c, t_c + ν], we obtain that the functions

∂_Z f_1((Y_0(τ), Z_0(τ)) and ∂_Y f_2(Y_0(τ), Z_0(τ)) do not vanish identically on [t_c, t_c + ν]. Thus, from equation (11.32) we conclude that z_0(τ) ≡ 0 on J as well which is impossible since (y_0, z_0) is a nontrivial solutions of linear system of two ODEs. Thus, our assumption is wrong and there exist ε and C_i such that (11.38) is wrong. Thus, Lemma 11.3 is proven.

Hence, theorem 11.2 is proven.

Remark 11.4. We see that equation (11.1) with the spatio-temporal external forcing of an arbitrarily small order μ possesses a hyperbolic set homeomorphic to M^2. Nevertheless, in the case of Swift-Hohenberg equation, we clearly cannot take μ = 0. Indeed, in this case the equations of two-pulse interactions have a gradient structure (and the same is true for N-pulse interaction for any finite N) and autonomous and, consequently, cannot generate the chaotic in time oscillations. The same problem arises if we try to restrict ourselves by considering only time independent external forces.

Moreover, equation (11.1) is formally gradient, consequently, the spatio-temporal topological entropy of any spatio-temporal invariant subset of it (e.g. global attractor if it exists) equals zero, see [Zel04]. Since this entropy is strictly positive for the Bernoulli scheme M^2, the homeomorphic embedding of it into the space of trajectories of (11.1) satisfying the commutation relations (11.4) cannot exist in the case μ = 0.

In contrast to this, for the case of generalized Ginzburg-Landau equation considered in Example 10.8, the two-pulse interaction system is far from being gradient and can (in principle) generate chaotic dynamics in time. Thus, it is probably possible to find the space-time chaotic dynamics in the Ginzburg-Landau equations even without external forces (or for small autonomous space periodic external forces). We return to this problem somewhere else.

Remark 11.5. As we have already mentioned before, the simplest nonlinearity f for which the non-perturbed Swift-Hohenberg equation possesses a pulse to zero equilibrium has the form f(u) = u^3 + κu^2 (for some values of parameters κ and β) which differs from the classical nonlinearity f(u) = u^3 by presence of a sufficiently large quadratic term κu^2 (it is also known that the cubic Swift-Hohenberg equation with κ = 0 does not possess equilibria homoclinic to zero state, see [PelTr01]. However, the term κu^2 can be vanished by the trivial linear variable change u = ū − κ/3 in equation (11.1) which gives

∂_tū + (∂^2_x + 1)^2ū + ū^3 − β^′ū = κ^′ + μh(t) := h̄(t) (11.42)

for some new values β^′ and κ^′. Thus, the result on existence of Sinai-Bunimovich space-time chaos stated in Theorem 11.2 remains true for the classical cubic nonlinearity as well (only the external forces should contain in that case the additional non-small constant κ^′.

To conclude, we note that we have proved Theorem 11.2 by constructing highly artificial space-time periodic external forces h(t, x). This were made in order to avoid rather delicate dynamical analysis of the two-pulse interaction equations (11.18) and to have the explicit expression for the transversal homoclinic orbit in it. On the other hand, everything what we need from this system is the existence of the irregular recurrent dynamics (∼ the existence of a single transversal homoclinic orbit) which does not look as a great restriction. Thus, the result of Theorem 11.2 is expected to be true for large class of space-time periodic external forces h(t, x). The only essential restrictions on this class are the following ones:

1) Sufficiently large spatial period P_x (in order to be able to have different influence to different elements of the pulse-pair).

2) Essentially larger time period P_t ∼ e^{βPx} . Indeed, the characteristic rate of pulse evolution is proportional to e^{−2αL} and if the time period will be essentially shorter the influence of the non-autonomous effects will be averaged and we return to the autonomous gradient system which cannot demonstrate chaos.

Up to these structural assumptions (which seem to be unavoidable under the above method), the external forces h(t, x) are expected to be more-or less arbitrary.

References

[ABC96] V. Afraimovich, A. V. Babin and S. N. Chow: Spatial chaotic structure of attractors of reaction-diffusion systems, Trans. Amer. Math. Soc., 348, 1996, no. 12, 5031–5063.

[AfMi99] A. Afendikov and A. Mielke: Bifurcation of homoclinic orbits to a saddlefocus in reversible systems with SO(2)-symmetry, J. Diff. Eqns 159, 1999, no. 2, 370–402.

[AfMi01] A. Afendikov and A. Mielke: Multi-pulse solutions to the Navier-Stokes problem between parallel plates. Z. Angew. Math. Phys., 52(1), 79–100, 2001.

[AfFe00] V. Afraimovich and B. Fernandez: Topological properties of linearly coupled map lattices, Nonlinearity, 13, 2000, 973–993

[AgNi63] S. Agmon, L. Nirenberg: Properties of solutions of ordinary differential equations in Banach space. Comm. Pure Appl. Math, Vol. 16, 1963, 121–239.

[AgNi67] S. Agmon, L. Nirenberg: Lower bounds and uniqueness theorems for solutions of differential equations in a Hilbert space, Comm. Pure Appl. Math., 20, 1967, 207–229.

[ASCT01] N. Akhmediev, J. Soto-Crespo and G. Town: Pulsating Solitons, chaotic solitons, period doubling, and pulse coexistence in mode-locked lasers: Complex Ginzburg-Landau Equation Approach. Phys. Rev. E, Vol. 63, 2001, 056602-1– 056602-13.

[Ama95] H. Amann: Linear and quasilinear parabolic problems. Vol. I: Abstract linear theory. Monographs in Mathematics 89, Birkhauser Boston 1995.

[Ang87] S. Angenent: The shadowing lemma for elliptic PDE. In Dynamics of infinitedimensional systems (Lisbon, 1986), volume 37 of NATO Adv. Sci. Inst. Ser. F Comput. Systems Sci., pages 7–22. Springer, Berlin, 1987.

[Bab00] A.V. Babin: Topological invariants and solutions with a high complexity for scalar semilinear PDE, J. Dynam. Differential Equations, 12, 2000, no. 3, 599–646.

[BerL83] H. Berestycki and P.-L. Lions: Nonlinear scalar field equations. I. Existence of a ground state. Arch. Rational Mech. Anal. 82, 1983, No. 4, 313–345.

[BGL97] L. Belyakov, L. Glebsky and L. Lerman: Abundance of stable stationary localized solutions to the generalized 1D Swift-Hohenberg equation, Comp. Math. Appl, Vol. 34, No. 3-4, 1997, 253–266.

[BlW02] S. Blanchflower and N. Weiss: Three-dimensional magnetohydrodynamic convectons. Phys. Lett. A, Vol.294 (2002), No. 5-6, 297–303.

[BuSi88] L.A. Bunimovich and Ya. G. Sinaĭ: Spacetime chaos in coupled map lattices, Nonlinearity, 1, 1988, no. 4, 491–516.

[CoEc99a] P. Collet and J.-P. Eckmann: The definition and measurement of the topological entropy per unit volume in parabolic PDEs, Nonlinearity 12, 1999, no. 3, 451–473.

[CMat03] S. Cox and P. Matthews: Instability and localisation of patterns due to a conserved quantity. Phys. D, Vol. 175, 2003, no. 3-4, 196–219.

[Cou02] P. Coullet: Localized patterns and fronts in nonequilibrium systems, Int. J of Bifurcation and Chaos, Vol. 12, No. 11, 2002, 2445-2457.

[DFKM96] G. Dangelmayr, B. Fiedler, K. Kirchgässner, and A. Mielke: Dynamics of nonlinear waves in dissipative systems: reduction, bifurcation and stability, volume 352 of Pitman Research Notes in Mathematics Series. Longman, Harlow, 1996. With a contribution by G. Raugel.

[DGK98] A. Doelmann, A. Gardner and T. Kaper: Stability analysis of singular patterns in the 1D Gray-Scott model, Physica D, 122, 1–36.

[EckR98] J.-P. Eckmann and J. Rougemont: Coarsening by Ginzburg-Landau dynamics. Comm. Math. Phys. 199, No. 2, 1998, 441–470.

[Ei2002] S-I. Ei: The motion of weakly interacting pulses in reaction-diffusion systems, JDDE, Vol. 14, No. 1, 2002, 85–137.

[EfZe01] M. Efendiev, S. Zelik: The attractor for a nonlinear reaction–diffusion system in an unbounded domain, Comm. Pure Appl. Math. 54, 2001, 625–688.

[GlL94] L. Glebsky and L. Lerman: On small stationary localized solutions for the generalized 1D Swift-Hohenberg equation, Chaos, 5(2), 1994, 424–431.

[GEP98] G. Goren, J.-P. Eckmann, and I. Procaccia: Scenario for the onset of space-time chaos. Phys. Rev. E (3), 57(4), 4106–4134, 1998.

[Hen81] D. Henry: Geometric theory of semilinear parabolic equations. Lecture Notes in Mathematics, 840. Springer-Verlag, Berlin-New York, 1981.

[KaHa95] A. Katok, B. Hasselblatt: Introduction to the Modern Theory of Dynamical Systems, Cambridge University Press, 1995.

[Kir82] K. Kirchgässner: Wave-solutions of reversible systems and applications. J.

Differential Equations, 45(1), 113–127, 1982.

[Kir85] K. Kirchgässner: Nonlinear wave motion and homoclinic bifurcation. In Theoretical and Applied Mechanics (Lyngby, 1984), pages 219–231. North-Holland, Amsterdam, 1985.

[LSU67] O.A. Ladyzhenskaya, V.A. Solonnikov, N.N. Uraltseva: Linear and Quasilinear Equations of Parabolic Type, Nauka, 1967.

[Man90] P. Manneville: Dissipative structures and weak turbulence. Perspectives in Physics. Academic Press Inc., Boston, MA, 1990.

[Man95] P. Manneville: Dynamical systems, temporal vs. spatio-temporal chaos, and climate. In Nonlinear Dynamics and Pattern Formation in the Natural Environment (Noordwijkerhout, 1994), volume 335 of Pitman Res. Notes Math. Ser., pages 168–187. Longman, Harlow, 1995.

[MiHo88] A. Mielke and P. Holmes: Spatially complex equilibria of buckled rods.

Arch. Rational Mech. Anal., 101(4), 319–348, 1988.

[Mie86] A. Mielke: A reduction principle for nonautonomous systems in infinitedimensional spaces. J. Differential Equations, 65(1), 68–88, 1986.

[Mie88] A. Mielke: Reduction of quasilinear elliptic equations in cylindrical domains with applications. Math. Meth. Appl. Sci., 10, 1988, 51–66.

[Mie90] A.Mielke: Normal hyperbolicity of center manifolds and Saint-Venant’s principle. Arch. Rat. Mech Anal., 110, 1990, 353–372.

[Mie97] A. Mielke: Instability and stability of rolls in the Swift-Hohenberg equation, Comm. Math. Phys. 189, 1997, 829–853.

[Mie02] A. Mielke: The Ginzburg–Landau equation in its role as a modulation equation. In “Handbook of Dynamical Systems, Vol. 2, B. Fiedler (edr), Elsevier 2002,” pp. 759–834.

[MieZel04] A.Mielke and S. Zelik: Infinite-dimensional hyperbolic sets and spatiotemporal chaos in reaction-diffusion systems in R^n. (submitted).

[PelTr01] L. Peletier and W.Troy: Spatial patterns. Higher order models in physics and mechanics. Progress in Nonlinear Differential Equations and their Applications, 45. Birkhäuser Boston, Inc., Boston, MA, 2001.

[PeSi88] Y.B. Pesin and Y.G. Sinaĭ: Space-time chaos in the system of weakly interacting hyperbolic systems. J. Geom. Phys., 5(3), 483–492, 1988.

[PeSi91] Y.B. Pesin and Y.G. Sinaĭ: Space-time chaos in chains of weakly interacting hyperbolic mappings,Adv. Soviet Math., 3, Dynamical systems and statistical mechanics (Moscow, 1991), 165–198, Amer. Math. Soc., Providence, RI, 1991.

[Rab93] P.H. Rabinowitz: Multibump solutions of a semilinear elliptic PDE on R^n, Degenerate diffusions (Minneapolis, MN, 1991), 175–185, IMA Vol. Math. Appl., 47, Springer, New York, 1993.

[REzW00] M. I. Rabinovich, A. B. Ezersky and P. D. Weidman: The dynamics of patterns. World Scientific Publishing Co., Inc., River Edge, NJ, 2000.

[San93] B. Sandstede: Verzweigungtheorie homokliner Verdopplungen, PhD thesis, University of Stuttgart, 1993.

[San02] B. Sandstede: Stability of travelling waves. Handbook of dynamical systems, Vol. 2, 983–1055, North-Holland, Amsterdam, 2002.

[Sand] B. Sandstede: Weak interaction of pulses (in preparation)

[SSTC01] L. P. Shilnikov, A. L. Shilnikov, D. Turaev and L. Chua: Methods of qualitative theory in nonlinear dynamics. Part II, World Scientific Series on Nonlinear Science. Series A: Monographs and Treatises, 5. World Scientific Publishing Co., Inc., River Edge, NJ, 2001.

[SkVl02] D. Skryabin and A. Vladimirov: Vortex induced rotation of clusters of localized states in the complex Ginzburg-Landau equation. Phys. Rev. Let. Vol. 89, No. 4, 2002, 044101-1–044101-4.

[TVM03] M. Tlidi, A. Vladimirov and P. Mandel: Interaction and stability of periodic and localized structures in optical bistable systems. IEEE Jour. of Quantum Electronics, Vol. 39, No. 2, 216–226.

[Tri78] H. Triebel: Interpolation Theory, Function Spaces, Differential Operators, North–Holland, 1978.

[TVZ] D. Turaev, A. Vladimirov and S.Zelik: Chaotic bound state of optical localized structures in mode-locked lasers and laser transverse dynamics (in preparation).

[TZ1] D. Turaev and S. Zelik: Infinite-dimensional hyperbolic attractors for spacetime periodically perturbed 1D Swift-Hohenberg equations (in preparation).

[TZ2] D. Turaev and S. Zelik: Sinai-Bunimovich space-time chaos in 1D Ginzburg- Landau equations: the homogeneous case (in preparation).

[VaV87] S. van Gils and A. Vanderbauwhede: Center manifolds and contractions on a scale of Banach spaces. J. Funct. Anal., 72, 1987, 209–224.

[VlFKKR99] A. Vladimirov, S. Fedorov, N. Kaliteevskii, G. Khodova and N.

Rosanov: Numerical investigation of laser localized structures. J. Opt. B: Quantum Semicl. Opt., Vol. 1, 1999, 101–106.

[VlKRo01] A. Vladimirov, G. Khodova and N. Rosanov: Stable bound states of one-dimensional autosolitons in a bistable laser. Phys. Rev. Let, Vol. 63, 2001, 056607-1–056607-6.

[VlMSF02] A. Vladimirov, J. McSloy, D.Skryabin and W. Firth: Two-dimensional clusters of solitary structures in driven optical cavities. Phys. Rev. E, Vol. 65, 2002, 046606-1–046606-11.

[Zel00] S.V. Zelik: Spatial and dynamical chaos generated by reaction diffusion systems in unbounded domains, J. Dynam. Diff. Eqns., to appear.

[Zel03a] S.V. Zelik: The attractor for an nonlinear reaction–diffusion system in an unbounded domain and Kolmogorov’s ϵ–entropy, Mathem. Nachr., 248-249, issue 1, 2003, 72–96.

[Zel03b] S.V. Zelik: The attractors of reaction-diffusion systems in unbounded domains and their spatial complexity, Comm. Pure Appl. Math., 56, issue 5, 2003, 584–637.

[Zel04] S. V. Zelik: Multiparametrical semigroups and attractors of reaction- diffusion systems in R^n, Proc. Moscow Math. Soc., 65, 2004, 69–130.