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ABSTRACT

This text is devoted to maximal regularity results for second order parabolic sys-
tems on LIPSCHITZ domains of space dimension n > 3 with diagonal principal part,
nonsmooth coefficients, and nonhomogeneous mixed boundary conditions. We show
that the corresponding class of initial boundary value problems generates isomor-
phisms between two scales of SOBOLEV-MORREY spaces for solutions and right
hand sides introduced in the first part [12] of our presentation. The solutions de-
pend smoothly on the data of the problem. Moreover, they are HOLDER continuous
in time and space up to the boundary for a certain range of MORREY exponents.
Due to the complete continuity of embedding and trace maps these results remain
true for a broad class of unbounded lower order coefficients.

7. FORMULATION OF THE REGULARITY PROBLEM

Many instationary drift-diffusion problems are formulated in terms of second order
parabolic initial boundary value problems with nonsmooth data. To prove existence
and uniqueness results or further qualitative properties like regularity or asymptotic
behaviour of solutions it is useful to get apriori estimates for solutions of the orig-
inal or at least of some auxiliary linear parabolic problem in spaces of bounded or
HOLDER continuous functions.

In the first part [12], which contains six sections and two appendices of our presen-
tation, we introduce and discuss in detail new classes of SOBOLEV-MORREY spaces
allowing a satisfactory treatment of the regularity problem for second order linear
parabolic boundary value problems

(7.1) (Eu) +Au+ Bu=f € L*(S;Y*), wu(ty) =0,

of drift-diffusion-type on regular sets G C R™ with LipPSCHITZ boundary. The natu-
ral choice for the HILBERT space Y in the functional analytic formulation of elliptic
and parabolic problems with mixed boundary conditions is the SOBOLEV space
Y = H}(G) and its dual Y* = H™ (@), see also GROGER, REHBERG [16, 17, 18],
and GRIEPENTROG, RECKE [10, 14].

In (7.1) the operator & € L?(S;Y) — L*(S;Y*) is associated with the bounded
open time interval S = (to,t1) and the map F € L(Y;Y™) via (Eu)(s) = Eu(s) for
s€ S, ue L?*S;Y). Here, E € L(Y;Y™) is defined by

(Ev,w)yy = / avwd\"  for v, w €Y.
e
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The nonsmooth capacity coefficient a € L*>°(G®) satisfies

e <essinfa(x), esssupa(x) <
zeG° zeG°

M | =

for some constant £ € (0, 1]. Moreover, we consider nonsmooth diffusivity coefficients
A € L*(S; L*(G°;S™)) with values in the set S™ of symmetric (n X n)-matrices, and
we assume that for all £ € R™ we have

1

e]|€]|* < essinf essinf A(s)(z)¢ - €, esssup esssup A(s)(x)€ - € < = €%
s€S  z€eGe s€S  z€eGe €

With regard to problem (7.1) the principal part A : L*(S;Y) — L*(S;Y™) is of the

form

(Au, w) r2(sv) = // A(s)Vu(s) - Vw(s)d\"ds for u, w € L*(S;Y).
sJa
Given lower order coefficients
be L>(S; L>=(G*%R"™)), bye L*(S;L>(G®)), bpe L=(S;L>()),
which describe drift and damping phenomena, we define B : L*(S;Y) — L?*(S;Y™)
by
(Bu, w) r2(s,y) = / / (u(s)b(s) - Vw(s) + bo(s)u(s)w(s)) A" ds
sJa

4 /S /F br(s) Kru(s) Krw(s) dAp ds

for u, w € L*(S;Y). Here, I' = OG is the LIPSCHITZ boundary of the regular set
G CR", and Kt € L(H}(G); L*(T")) denotes the trace map.

Using GROGER'’s functional analytic framework for evolution equations, discussed
in detail in [15] and the first part [12] of our presentation, we get unique solvability
and well-posedness of problem (7.1) in the HILBERT space

We(S;Y) ={ue L*(S;Y): (Eu) € L*(S;Y™)}.

Theorem 7.1 (Unique solvability). The solution operator associated with the par-

abolic problem (7.1) is a linear isomorphism between the spaces L*(S; H~Y(G)) and
{u e Wg(S; H}(G)) : u(ty) = 0}.

Proof. As we will see it suffices to show that the bounded linear VOLTERRA operator
M=A+B+al:L*S;Y)— L*S;Y*) is positively definite whenever o > 1 is
large enough. Due to our assumptions for all u € L?(S;Y’) we obtain

(A4 a&)u,u)rasyy > € [[ull7agsy) +ela = Dllullas rage):
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Moreover, for the trace map Kr € L(H}(G); L*(T)) the multiplicative inequal-
ity (3.1) holds true: We find some constant ¢g > 0 such that

IKr0lf2) < callvllmyollvlcaee)  for all v e Hy(G).
Using YOUNG’s inequality for all u € L?(S;Y) and § > 0 this yields

SL(ce +1) co+1
[(Bu, W] < ST ulagsyy + L (e + 1) Nl

Here, L = max {|[bl|o=(siz>(comn), lbollz(siz=(co, Ibrllz=(siery} > 0 is the
common bound of the lower order coefficients. If we choose 6 > 0 small enough
and a > 1 large enough such that

5L(CG + 1) cg + 1

—_— L
2 = 26
then M = A+ B+ al : L?(S;Y) — L?(S;Y*) is positively definite. Applying The-
orem 2.4 the solution operator associated with problem (7.1) maps L*(S; H1(G))
isomorphically onto {u € Wg(S; Hj(G)) : u(ty) = 0}. O

#1) <ea-1)

Following the theory of LADYZHENSKAYA, SOLONNIKOV, URALTSEVA [21] it is
true that the solution u of problem (7.1) is HOLDER continuous in time and space
up to the boundary provided that f € L9(S;W~1?(G)) and ¢ > 2, p > n with
2/q+n/p < 1. But in contrast to the case n = 2 it has turned out that for n > 3
it is not possible to find ¢ > 2, p > n satisfying 2/qg + n/p < 1 such that maximal
regularity

u€ LUS;WH(G?)), () € LU(S;W(G)),
holds true for every f € L(S;W~'?(G)) without further assumptions on the
smoothness of the data, see also GROGER, REHBERG [16, 17, 18].

Fortunately, we have found alternative function spaces for solutions and right hand
sides meeting both the requirements of HOLDER continuity and maximal regularity
in the case n > 3. The main goal of this text is to prove the following maximal
regularity result: For a certain range of parameters 0 < w < @0.(G) with w.(G) > n
the class of problems (7.1) generates linear isomorphisms between two scales of
SOBOLEV-MORREY spaces {u € Wg(S;Y) : u(tg) = 0} and L5 (S;Y™) of solutions
and functionals, respectively. Here, the function space

Wg(S;Y) ={ue Ly(S;Y) : (En) € LY(S;Y*)} C Wg(S;Y)
is embedded into a space of HOLDER continuous functions for w > n, where

LY(S;Y) C L*(S;Y), Lg(S;Y*) C L*(S;Y™"),
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are suitably chosen SOBOLEV-MORREY spaces. We refer to the first part [12] for
the theory of the above function spaces.

As the starting point for our regularity theory we consider the case B = 0. In
the first step we are interested in local estimates for solutions of (7.1) restricted to
families of time intervals

L(t)=(t—7r*t)CS,
and cubes
Qr(x) ={y eR": |y —a| <r} CG,

regardless of initial or boundary conditions, see Section 8. Here, t € S and z € G
are fixed, whereas the radius 0 < r < 1 varies in a certain range. One advantage of
considering solutions in the function space Wg(S;Y) is that we can completely avoid
the technique of STEKLOV averages. Instead of this method we use integration by
parts formulae which can be found in Section 1 and Appendix B of the first part [12]
of our presentation.

We carry over results well-known for the case of constant capacity coefficients,
see MOSER [23, 24], LADYZHENSKAYA, SOLONNIKOV, URALTSEVA [21], ARONSON,
SERRIN [3], TRUDINGER [29], and LIEBERMAN [22]. Note, that in the case of non-
smooth capacity coefficients a comprehensive regularity theory for (fundamental)
solutions of CAUCHY’s problem can be found in the work of PORPER, EIDEL-
MAN [25, 26] generalizing classical results of ARONSON [1, 2].

Based on energy estimates for solutions, in Section 9 we obtain local boundedness
results using the MOSER iteration technique. As a byproduct, we fill some gap in
the proof of PORPER, EIDELMAN [26, Theorem 2| arised from an illegal extension
of local solutions to solutions of CAUCHY’s problem.

Combined with HARNACK-type inequalities, see Section 10, this paves the way
to estimate the oscillation of solutions which leads to the CAMPANATO inequality
for the spatial gradients of solutions on concentric cubes, see Section 11. To do so,
we generalize methods introduced by KRUzHKOV [19, 20] and used by HONG-MING
YN [30] to the case of nonsmooth capacity coefficients. In addition to that, we apply
some special variant of the POINCARE inequality contained in the Appendix A of
the first part [12] of this presentation, see also STRUWE [27].

To prove the global regularity result, in Section 12 we define a suitable class of
admissible sets consisting of all regular sets G C R” for which the desired regularity
in SOBOLEV-MORREY spaces holds true for the case B = 0. The invariance of this
concept with respect to the principles of localization, LIPSCHITZ transformation, and
reflection has already turned out to be successful in the elliptic regularity theory,
see GRIEPENTROG, RECKE [10, 14]. To show that every regular set is admissible,
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therefore, it remains to prove the admissibility of some standard cuboids. For that
purpose, we use the CAMPANATO inequality for the spatial gradients of solutions on
concentric cubes, see Section 11.

Finally, in Section 13 we end up our considerations with isomorphism properties
for parabolic operators. For bounded lower order coefficients the solution operator
associated with the parabolic problem (7.1) is a linear isomorphism between the
SOBOLEV-MORREY spaces L5(S;Y™) and {u € Wg(S;Y) : u(ty) = 0} for all
MORREY exponents 0 < w < @w.(G), where w.(G) > n depends on n, ¢, S, and G,
only. The solution depends smoothly on the coefficients A, b, by, br.

Note, that for w € (n,n + 2] the embedding and trace operators from W(S;Y)
into spaces of HOLDER continuous functions are completely continuous. As a con-
sequence, for n < w < w.(G) all the results remain true if the operator B contains
unbounded lower order coefficients

be Ly(S; L*(G%R™), by € Ly™2(S; LA(G®)), br € Ly~Y(S; L*(I)),

belonging to well-known MORREY spaces. Moreover, all the assertions can be gen-
eralized to weakly coupled systems, that means, to problems with principal parts
€ and A of diagonal structure and operators B containing strongly coupled lower
order terms.

This allows to prove the unique solvability and regularity of second order drift-
diffusion problems with linear diffusion terms and nonlinear drift terms which de-
scribe, for instance, transport processes of charged particles in semiconductor het-
erostructures, chemotactical aggregation of biological organisms in heterogeneous
environments, or phase separation processes of nonlocally interacting particles, see
also GAJEWSKI, SKRYPNIK [4, 5, 6] and GRIEPENTROG [11].

In these applications the drift coefficients b are proportional to the spatial gra-
dients Vv of interaction potentials v which are solutions to similar quasistation-
ary elliptic or parabolic subproblems having exactly the required regularity Vv &€
Ly (S; L*(G°;R™)). Hence, in the case n > 3 our approach avoids artificial assump-
tions on the smoothness of the data which are in general necessary to prove that,
for instance, Vo € LI(S; L?(G°;R™)) holds true for some ¢ > 2, p > n satisfying
2/q+n/p <1

8. LOCAL MODEL PROBLEM

Assuming that B = 0, we are looking for local estimates for solutions of problem (7.1)
restricted to families of time intervals

I.(t) = (t—r*t) C S,
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and concentric cubes
Q-(r)={yeR":|ly—z| <r} CQG,

regardless of initial or boundary conditions. Here, ¢t € R and z € R" are fixed,
and the radius 0 < r < 1 varies in a certain range. Hence, if there is no fear of
misunderstanding we shortly write I, and (@),., respectively.

Our local model problem describes, for instance, a heat conduction process during
the time interval [, inside a cube @), which contains an inhomogeneous material.
Its thermal properties are described by a nonsmooth heat capacity coefficient a €
L>(Q,) which satisfies

. 1
e <essinfa(y), esssupa(y) < -
YEQr YEQr €

J

and a nonsmooth heat conduction coefficient A € L>(I,; L>(Q),;S™)) with values in
the set S™ of symmetric (n x n)-matrices satisfying

e]|€]|* < essinf essinf A(s)(y)€ - &, esssup esssup A(s)(y)E - € < E €17
s€l,  yeQr sel,  yeQr €
for all £ € R™ and some ellipticity constant 0 < ¢ < 1.
For the functional analytic formulation we choose HILBERT spaces Y, = H}(Q,)
and X, = HY(Q,). The space H, = L*(Q,) is equipped with the weighted scalar
product defined by

(v|w)y, = / vwd\)  forv, w e H,,
where A} is the weighted LEBESGUE measure defined as
AN(Q) = / ad\" for LEBESGUE measurable subsets {2 C Q.
Q

We consider the completely continuous embedding K, € L(X,; H,) of X, in H,.
Note that the restriction K.|Y, € L(Y,; H,) has a dense range K,[Y,] in H,. In
addition to that, we introduce &, : L*(I,; X,) — L*(I,;Y;) as the linear operator
associated with [, and E,. = (K, |Y,)*Jg, K, € L(X,;Y7).

The next three sections are dedicated to the local regularity properties of functions
v e Wg (I,; X,) N C(I,; H,) satisfying the homogeneous variational problem

(8.1) / (&) (s),w(s))y, ds + /1 / A(s)Vu(s) - Vw(s)dA\"ds = 0,

Ir
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or the inhomogeneous variational problem

(8.2) / (E,0) (), w(s))y. ds + /I / A($)Vo(s) - Va(s) dA" ds

Iy

— [ . wl)y. ds

I

for all test functions w € L?(1,;Y,) and exterior heat sources f € L*(I,;Y).

9. CACCIOPPOLI INEQUALITIES AND LOCAL BOUNDEDNESS

Energy estimates. We start our regularity theory with the proof of the local
boundedness of solutions to the homogeneous problem (8.1). To do so, we use the
following energy estimates:

Lemma 9.1 (CACCIOPPOLI inequalities). Let « € C?*(R) satisfy ', /" € BC(R) and

assume that "t € BC(R) is nonnegative. For all 0 < § < r <1 and every solution
veWg (I; X,)NC(I; H,) of (8.1) the estimates

20
(9.1) sup [ |u(s)]?d\" < 7/ lu(s)|* d\" ds,
SEE Qs 82(T_5)2 Ir JQr
20
9.2 / Vu(s Qd)\"dsgi/ u(s)|>d\" ds,
9:2) ] Ivu)l ooy ), J, 1)

hold true for the composition u = 1ov € L*(I,; X,) N C(I,; H,).

Proof. 1. Let 0 < § < r <1 and 7 € I; be fixed. Now, we choose a cut-off function
¢ € C§°(R™) such that for all y € R®

2 _Jo ifyeR"\Q,,
0<¢(y) <1, IIVC(y)IIST_ C(y)—{l if y € Qs,

and some cut-off function ¥ € C*°(R) such that for all s € R we have

2 0 ifs<t—r?
0<d(s) <1, [9(s)< { hesteT

L d(s) =
(r—29)? (s) 1 ifs>t— 62

2. Suppose that v € W, (I,; X,.) N C(1,; H,) solves the variational equation (8.1).
Because of (12)" =2(/"t + |/|*) € BC(R), the function

w =" Xjpr2g 07 (F) 0w € LA(I1Y;)
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is an admissible test function for (8.1). Applying Lemma B.1 the chain rule (B.1)
yields

/I (&) (5), w(s))y, ds

= Clu(t)[*ad\" — 2 /T ()9 (s)|u(s)|* a dA\™ ds
Qr t—r2 JQr

4
> ¢ u(T 2d)\"—i/ w(s)[? d\" ds.
L e AL

3. In addition to that, a straight-forward calculation leads to
/ / A(s)Vu(s) - Vw(s) d\"ds = 2/ C*9%(s) A(s)Vu(s) - Vu(s) dA\" ds
I’r (s t77‘2 Q’r

+2 /tj ., 9% (s) " (v(s))e(v(s)) A(s)Vo(s) - Vo(s) d\" ds

+ 4/; ] / 9%(s) Cu(s) A(s)VC - Vu(s) d\" ds.

Due to the nonnegativity of "+ € BC(R), YOUNG’s inequality, and the positive
definiteness of A this yields

/IT/TA(S)VU(S)-Vw(s) dA"dsz/t;/TCZﬁz(s) A(s)Vau(s) - Vu(s) d\" ds

_4/H2 /rﬂ (5)|u(s)PA(s)VC - V¢ dA™ ds,

and hence,
/ / A(s)Vu(s) - Vw(s) d\" ds
I’V‘ T
>€/T Vu(s)||* dA\™ ds — L/ lu(s)]* dA™ ds
- t—62 J Qs €(T - 5)2 I, JQr .
4. Summing up the results of the preceeding steps we arrive at
! 2
|u(7’)|2d>\"+/ [Vu(s)||* dA\™ ds < 2702/ lu(s)|? dA™ ds.
Qs t—42 J Qs e*(r —9) L JQr

Because 7 € I5 was arbitrarily fixed at the beginning, we end up with the inequali-
ties (9.1) and (9.2). O
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Remark 9.1. The function ¢+ € C?(R) defined as ((z) = z for z € R, is an admis-
sible composition function in Lemma 9.1. Hence, the solution v itself satisfies the
CAcc1oPPOLI inequalities (9.1) and (9.2).

Local boundedness. To prove the local boundedness of solutions to the homo-
geneous problem (8.1) we use the MOSER iteration technique, that means, a re-

cursive application of CACCIOPPOLI inequalities to suitable powers of the solution,
see MOSER [23, 24].

Theorem 9.2 (Local boundedness). Let the convex function « € C*(R) be non-
negative on supp(t”) which is assumed to be compact in R. Then there exists
some constant ¢ = c(n,e) > 0, such that for all 0 < r < 1 and every solution
veWg (I; X,)NC(I; H,) of (8.1) the estimate

(9.3) esssup esssup |u(s)(y)[* < c][ ][ (5)|*dA™ ds
IT T

8617'/2 yeQT/Q

holds true for the composition u = tov € L*(I,; X,) N C(I,; H,).

Proof. 1. Let @ € L*(1,; X,) N C(I,; H,) be given and set s = 1 +2/n. Then for all
0 < 6 <r <1 HOLDER’s inequality yields

(n—2)/n x—1
/ ()| dA™ ds < / ( |a(s) |/ (=2 d)\") ( \ﬁ(s)\Qd)\") ds.
Is JQs Is Qs Qs

Due to the SOBOLEV inequality we find a constant ¢; = ¢;(n) > 0 such that

(n—2)/n 2
([ wpre2ae )™ <o [ (B pouge) v
Qs Qs 0

for all w € X5 = H'(Qs), which yields

/ [i(s)[2*d\" ds < <= [ esssup [ |a(s)[? dA / l(s)|2 A" ds
Is J Qs 0 s€ls  JQs Qs

+cy | esssup [ |a(s)|* d\" // Va(s)||* dA\™ ds.
sels Qs Qs

If 4 € L3(I; X,) N C(I,; H,) satisfies the CACCIOPPOLI inequalities

sup \ﬁ( Paa® < // [a(s)[* dA™ ds,

86]5

// |Va(s) |]2d)\”ds< // (5)|* d\" ds
Qs
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for all 6, o > 0 with § <6 < o <r <1, then we obtain

2(p— §)? 20 B
R 2 J\1 Jg < C1€ (Q _/ / 7 2d\"d
/16 [ Jito=in s < (72052 v ) ( apgp ), [ 1erav

Dueto 0 < § <d <po<r<1andnx=n+2 we have
4(Q — 5)2 S ,',.2 S 452’ Q(N-FQ)% S T,2%+n+2 S (25)2%4-77,-{-2’

and we find some constant ¢y = co(n,€) > 0 such that

! // |6(s) [ dA™ ds < L // (s)[2dA" ds )
5n+2 15 J0s - (Q 52% n+2 L

2. In the following we make use of this estimate for shrinking radii
r r
Tk:§+ﬁ fOI'kGN
Obviously, for all £ € N we have

r r
§<rk+1<rk§r, rk—'r’kﬂzw,

and, hence,
ity
(T — Thy1)?*
where ¢3 = ¢3(n,e) > 0 is some constant. Setting 0 = ry11, 0 = 1 for all £ € N this

yields
2 /I /Q ()] dA\"ds < 5* ( nt2 / / (s)]>dA™ ds)
Trt1

Tk+1 Tk+1
3. We construct a sequence of smooth functions approxmlatmg the convex function
u € C(R) defined by 1(z) = |2 for z € R, k € N. To do so, for k, { € N we

< 4D, < kAL forall ke N,

define nonnegative convex functions ¢, 7, 1, ti; € C(R) by
. @ .
9(2) = 0 k if 2 <0, 8(2) = L (z)k k it z <,
27 it 0 <z, 07— 0) + 07 i< 2,

and

o(2) 2] ifz <0, ) OE Nl 07 i 2 < o,
L (z) = =
g 0 if 0 < 2, 12 (2) if —¢ <z.

Let ¢ € C°(R) be some nonnegative function which satisfies

supp(y) C (—1,1), /Rgo(z) dz=1, ¢(—2)=¢(z) forall z€R.
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Moreover, for ¢ € N we define ¢f, p7 € C5°(R) by
0P (2) =Lo(lz — 1), ¢7(z) =Lp(lz+1) for z €R.

For k, ¢ € N we consider convolutions o, o, € C*°(R) given by

o (z) = /RL?Z(Z —8)e(s)ds, op,(z) = /Refg(z — $)¢f(s)ds for z € R.

By construction, for ¢ — oo and fixed k € N the sequences (03) and (crk@g) converge

monotonously to ¢f and ¢: For all k, £ € N, and 2z € R we have
05(2) < 2) < F(). lm ofz) = (),
T(2) < () < ) (2), }Eglo T(2) = 1 (2).

Both the nonnegative and convex functions ¢z, = Lfg + LEZ € C(R) and o4y =

oy, + o, € C®(R) approximate v, = i + (¢ € C(R) for fixed k € N: For all k,
¢ €N, and z € R we have

3(2) = e (2), - one(2) < uel2) < w(2), - lim oge(2) = a(2),
and o7, € C5°(R). Because of « € C?(R) and the compactness of supp(¢”) in R we
get opot € C*(R), (opp01) = (0},01) € BO(R), and

(o or)" = (o 0t) " + (a0, 00)/]* € BC(R) forallk, £ €N.

Due to our assumption ¢ is nonnegative on supp(¢”). Together with the monotonicity
of e on [0,00) and the nonnegativity of // and o}, we obtain that (og o ¢)” is
nonnegative, too. Hence, for every k, £ € N the nonnegative function opp0r € C?*(R)
is an admissible composition function in Lemma 9.1, that means, the compositions

Uy = Okp O LOV I~ L2<IT7XT> N C([_T7 HT")

satisfy the CACCIOPPOLI inequalities (9.1), (9.2). Consequently, from (9.4) it follows
that for all k£, £ € N we have

n+2/ / |ure(s |2%d}‘nd5<cl?f+1< n+2/ / | ke )|2d)\nd5>
Tky1 J1 Q Iry, JQry

Tl
4. To prove that for all i« € N higher integrability |u|%l+1 € L*(1,,; H

Tit1s T4

Tk+1

) holds
true together with the estimate

n+2 / /
z+1 I Q

Ti+1

i

()2 d\" ds < ¢! ( 9 / / (s)|% dA™ ds) :

Ti+1
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we proceed by induction: Due to the assumptions on ¢+ € C%(R) the composition
u=1ov € L*I;X,)NC(I; H,) satisfies the CACCIOPPOLI inequalities. Hence,
for i = 0 the result follows directly from (9.4). Next, we suppose that (9.6) holds
true for ¢ = k — 1. Because of (9.5) and ugy = oppou < tpou = \u\”k this yields the

estimate
/ / / ()] d\" ds
Q Qry,

n+2
h /Irk +1
Due to the monotonous convergence of (ox) to ¢ and tff = 541 we apply FATOU’s
lemma to the left hand side and pass to the limit £ — oco. This proves (9.6) for the
case 1 = k.

5. Applying the estimates (9.6) for i € {0,...,k — 1} recursively, we get

1
n+2/ / |2" dA"ds<cpk <n—+2// |2d)\"ds>
I,/ Qry "o Irg / Qr

for all £ € N, where we have introduced the polynomial

[upe(s) [ dA" ds < i (

Tk+4+1

7k

N
—

pr(x) = (k —i)»" for k € N,

i

I
o

Because of the property

e
—

k
sk p(e) = (k—i)sF = ;i%_i < ﬁ for all £k € N|

Il
o

i

we find some constant ¢4, = ¢4(n,e) > 0 such that

Sk
<n+2/ / \Q”kd)\"ds> Sﬁ?// lu(s)|? A" ds,
Ir JQr

Finally, passing to the limit £ — oo we end up with

esssup esssup |u(s)(y)* < 05][ ][ lu(s)|* dA™ ds,

SEIT/Q yeQr/Q
where ¢5 = ¢5(n,€) > 0 is some constant. O
Remark 9.2. Note that the function ¢ € C*(R), given by ¢(z) = z for z € R, is

an admissible composition function in Theorem 9.2. Hence, the solution v itself is
locally bounded and satisfies (9.3).
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10. HARNACK-TYPE INEQUALITIES

To estimate the oscillation of solutions we need not only local boundedness but also
HARNACK-type inequalities concerning level sets of nonnegative solutions to the
homogeneous problem (8.1), see KrRUZHKOV [19, 20] for the case of constant heat
capacity coefficients.

Let Q2 C R™ be open and w : {2 — R be some LEBESCGUE-measurable function.
Then for every value z € R we introduce the level set

N, (w,Q)={y € Q:w(y) > z}.

Lemma 10.1 (Measure estimate). There exist constants 0 < k1, ko, 0 < 1 depending
on n and €, only, such that for all 0 < r < 1 and every nonnegative solution
v e Wg (I; X,)NC(I; H,) of (8.1) which satisfies

1
(10.1) F A Nilo(5), Q1) ds 2 3 N,
Ir
the following pointwise estimate holds true:
1
(10.2) Ar(No(v(7), Qugr)) = 1 A Qpyr)  forall T € I,

Proof. 1.Let 0 < k; < % be some constant. Assume, that for each s € (t—7?, t—r3r?)

the inequality
-

)‘Z(N1<U<5)7QT>) < 1 _ I{% )‘Z(Qr)

holds true. Then by integration over I, we get the relation

2,2 t

/t (N (09, @,) ds + / Ao (N (v(s), @) ds

—r2 t—r3r2

tfn%r2 1 /{2 1
< [ EEQds R AN = 5 N@)
t—r2 1-— K7 2
which is a contradiction to (10.1).
Therefore, we have proved that for every constant 0 < k; < % there exists some
71 € (t — r?,t — k37?) such that

(10.3) (N (u(m), Q) > i::% A (Qy).

2. Let 0 < 0 < % be some constant which will be fixed later. We construct a

sequence of smooth functions approximating the nonnegative convex function ¢ €
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C(R) given by
—:-Inf if2<0,
(z) =< —In(z+0) f0<z<1-46,
0 ifl1-0<z.

To do so, let ¢ € C§°(R) be some nonnegative function which satisfies
supp(y) C (—1,1), /gp(z) dz=1, @(—2)=¢(z) forall z€R.
R
For k € N we define ¢, € C5°(R) by

or(z) = ko(kz+1) for z € R,

and we introduce nonnegative convex functions ¢, € C*°(R) by
(z) = / Wz —s)pp(s)ds for ze R, ke N.
R

By construction, for £ — oo the sequence () converges monotonously to ¢. More-
over, for all k& € N we have ¢/ € C5°(R) and
0<u(z) <uf(z) <lng forall 2>0, (z)=1(z)=0 forall z>1.

Calculating the derivatives

1 [ ? s
te(2) = —5/ @k(s)ds—/ . 9)#5—)5018’

M 2) — s N - (pk(S) s
O O R e e

and using HOLDER’s inequality, for all £ € N and z > 0 we obtain

L ds
17(2) ‘/ 19)z+«9—3

: (/2(19) #(s) ds) (/:(19) % ds)

- ka(s) "
< -_— < .
N /z—(1—9) (z+6—s)? ds < 15(2)

3. Let 0 < k1 < % and 0 < ko < 1 be given constants which will be fixed later.
We choose a cut-off function ¢ € C§°(R™) such that for all y € R"

2 Cly) = 0 ifyeR"\Q,,
(1 —rg)r’ v 1 ify € Qpyr

2

0<((y) <1, V¢ <
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Furthermore, let 7, € (t — 72t — k2r?) and 7 € I,,, be fixed. Because 1, € C*(R)
and ¢} € C5°(R) holds true, for all £ € N the function

Wg = CQ * X[r1,m2] L;c SRCS L2<[r§ Yr)

is an admissible test function for (8.1). Using the chain rule (B.1), see Lemma B.1,
for all £ € N we get

/wmm@mmwz

I, Qr
4. Additionally, by a straight-forward calculation for all £ € N we obtain

@wmwwjéﬁmmww

/1 / A(s)Vu(s) - Vwg(s)d\" ds = /T2 g ¢ (v(s))A(s)Vu(s) - Vu(s) d\" ds

42 / S CA)VC - V(i o 0)(s) AN ds.
1 JQr

Applying the relation ¢ > |¢}|* on [0,00) and the positive definiteness of A, for all
k € N we get

/I / A(5)V0(s)- V() dA™ ds > / N [ AT o(6) Vwon)(s)

+2 /T2 CA(s)V( - V(i ov)(s) d\" ds.
T JQr

Hence, YOUNG’s inequality yields some constant ¢; = ¢;(g,n) > 0 such that

/,T / A(s)Vu(s) - Vwy(s) dA" ds

z%/ /g?uwkov)(s)H?dvds—cl/ / IVC|2dA ds.
T1 Qr T1 Qr

5. Summing up the results of the preceeding steps and using the properties of the
cut-off functions we find some constant c¢o = co(e,n) > 0 such that for all £ € N we
have

(10.4) /Qg%k(v(@))cumg/g/@ IV (1, 0 v)(s)|2 dA" ds

2 n C2 n
< QTC w(v(m1)) dAG + 0 — o) Ao (Qrar)-

Neglecting the second integral term on the left hand side, we pass to the limit
k — oo in the two remaining integrals: The monotone convergence of () to ¢ on
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[0, 00) yields
lim / Crp(v(m)) A = Cu(v(ry)) A > / t(v(1s)) dAL.
k—o0 r Qr QNQT\NG(U(TQ) Qngr)

Because v(72) + 6 < 20 < 1 and, hence, ¢(v(72)) > Ing; > 0 hold true AZ-almost

everywhere on Q,, \ Np(v(72), Qx,r), it follows

(10.5) lim /Q Cur(v(r2) AN > N (Qrar \ No(0(72), Q) In %

Using the same argument as above, we get

lim / Cu(o(n)dNt = [ Cu(o(n))dr? < W(u(m)) dAT.
” )

heo Qr Qr\N1(v(71),Qr
(71)) <Inj. This yields
1
(10.6) lim / Cue(v(m)) dAy < (AHQr) = AL (Ni(v(71),Q,))) In <.

k—o00 0

Note, that A-almost everywhere on @), we have ¢(v

Passing to the limit £ — oo in (10.4) we use (10.5) und (10.6) to get

1

Ay (anr \ NG(U(T2)7 er)) In 20

< (NQ) — X (i (0(m). Q) n g +

C2

KY(1 — Ky)?

)\Z(QH2T')'

In view of (10.3) for every 0 < k; < 3 there exists some 71 € (t — r?, ¢ — r}r?) such
that
1 Co

N2 (@ \ No(0(72), Qo)) In o5 < 5 2(1 — A M@ gt s

Due to e <essinf, ., a(y) and esssup,,, a(y) < 1/e we obtain

@ < (14558 ) Q.
2

)\n(Q:“QQT)

which yields
)‘Z (QHW’ \ NG(U(TQ)a er)) <

1 1 — Ky 1 In2
1 A Qo
+1—/§%(+52/§§)(2+21 —) o @rar)-

Here, we fix constants 0 < k1 < % and 0 < ko9 < 1 such that

Lo 1=m) 9
1— K2 e2ky ) T 8
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After that, we choose 0 < 0 < % such that both
In2

1
2111@

Co 1

n 2 1 <z
k(1 — Kg)?Ing; = 8

< and

1
18
Indeed, we have found three constants 0 < k1, k9,0 < 1 depending on £ and n, only,
such that for all 5 € I,;,, the estimate

N2 (Quar \ Nol0(72), Q) < 3 N (@)

holds true, which proves the desired result. O

Theorem 10.2 (HARNACK-type inequality). We find constants 0 < ~ < % and
0 <k < % depending on n and &, only, such that for all 0 < r < 1 and every

nonnegative solution v € Wy, (I; X,) N C(1,; H,) of (8.1) satisfying
1
£ ), ds > 5@
Ir

the following estimate holds true:

(10.7) essinf essinf v(s)(y) > 7.

SGIRT yGQm

Proof. 1. In view Lemma 10.1 and estimate (10.2) we find 0 < k1, k2,6 < 1 depending
on € and n, only, such that

(10.8) A" (Ng(v(T), Q,.m)) > 252)\"(@,@2,") for all 7 € I,

2. Let v > 0 be some constant with 7? < g which will be fixed later. We take

a sequence of smooth functions approximating the nonnegative convex function ¢ €

C(R) defined as
—%—ln% if 2 <0,

1(z) = —ln# if0<z<6—~2

0 if  —~2 < z.
To that end, let ¢ € C§°(R) be some nonnegative function which satisfies
supp(y) C (—1,1), /go(z) dz=1, @(—=2)=¢(z) forall zeR.
R
For k € N we define ¢ € Cg°(R) by

or(2) = kp(kz +1) for z € R,
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and we construct nonnegative convex functions ¢, € C*(R) by
(z) = / Wz —s)pp(s)ds for ze R, ke N.
R

By construction, for k& — oo the sequence (¢;) converges monotonously to ¢. Fur-
thermore, for all k£ € N we have ¢} € C§°(R) and

0 <u(z) <uz) < ln,;i2 forall 2 >0, «(z) =u(z)=0 forall z>6.

Using the same arguments as in Step 2 of the proof of Lemma 10.1 we get the relation
|.(2)]> < (2) for all k € N and z > 0.
3. We choose some cut-off function ¢ € C{°(R") such that for all y € R”

2 ) = 0 ifyeR"\Q,
(1 —ro)r’ v 1 ify € Quyr

Moreover, let 71 = t —k?r? and 75, € I,,,, be fixed. Since ¢, € C*°(R) and ¢} € C§°(R)
holds true, for all £ € N the function

0<((y) <1, V¢ <

W = CZ * X[r,m] L;, SICAS LZ(IT; }/7")

is an admissible test function for (8.1). Following exactly the same arguments as in
Step 3 and 4 of the proof of Lemma 10.1, we get an estimate analogous to (10.4):
We obtain

(10.9) o Cup(v(7)) dN* + g /T:Q /QT ClIV (i 0v)(s)||> dN" ds

6]
< 2 AN + ————— N Qyr
> Qrg Lk(v(Tl)) a T /{3(1 — /{2)2 a(Q 2 )
for some constant ¢; = ¢1(n,e) > 0.

Due to the fact that ¢(2) <In % holds true for all z > 0 and k£ € N, we estimate

the first term of the right hand side by

Cui(v(m)) AN < A(Qy) 1§

Qr
Neglecting the first term on the left hand side of (10.9), this yields
2 n n 30
(10.10) [V (thov)(s)[|7dA" ds < cor™In —
If»clr Qngr v

for all k£ € N, where ¢y = ca(n,£) > 0 is some constant.
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In view of (10.8) we apply a weighted version (A.1) of the POINCARE inequality,
see Lemma A.2, to find a constant c¢3 = c3(g,n) > 0 such that

[nlr /ngr

2

d\" ds

w(o(s)) — ]{V RO
o\v($8),Kror
< 03(/127“)2/ / 1V (11, 0 v)(8)||* dA™ ds.
Ilil’l‘ QNQT

Using the fact, that for all s € I, we have v(s) > 6 and, hence, 1(v(s)) = 0
A"-almost everywhere on Ny(v(s), Qx,r), the mean value in the integrand of the left
hand side vanishes. Remembering (10.10) this yields some constant ¢4 = c4(n,e) > 0
such that

0
(10.11) / / |l (v(s))[2dN"ds < cyr™ 2 1In 3—2
Ilil'r QK/2T ’y

4. For every k € N the nonnegative convex function ¢, € C*(R) satisfies ¢} €
C°(R). Due to Theorem 9.2 we find a constant ¢; = c¢5(n,e) > 0 such that for
k = 2min{k;, ko } and all k € N we obtain the estimate

2
esssup esssup | (v(s)(y))]* < 05][ ][ | (v(s))|* dA™ ds.
Iokr 2KT

SGIK,T yGQm

Hence, applying (10.11) and using the monotone convergence of (i) to ¢ on [0, 00),
we arrive at

0
(10.12) esssup esssup |¢(v(s)(y))]* < cgIn 3

27
SEINT yGQm ’y

where ¢ = ¢4(n,€) > 0 is some constant.
In view of the properties of logarithmic and quadratic functions we fix some con-
stant v > 0 depending on n and ¢, only, such that

7? < min {2,92}, Cq (ln39 — 1n72) < (Inf — In~)>
Using (10.12) for all s € I, this yields

9 2 30 0\
In——— <cgln— < |In-—
v(s) +72 7 gl

A'-almost everywhere on Q. \ No_-2(v(s), Qrr). Therefore, for all s € I, we obtain
v(s) > v —7? > 0 A\-almost everywhere on Q. \ Np_-2(v(s), Qsr). Note, that
by definition for all s € I, we get v(s) > 6 —~* > 0 A"-almost everywhere on
NG—VQ (U(S), Qm‘)v



20 JENS A. GRIEPENTROG

Finally, by setting v* = min {# — 72,7 — 74} we have got onstants 0 < v*,x < 3
depending on n and e, only, such that the desired estimate
essinf essinf v(s)(y) >~
s€lnr  YEQkr

holds true. O

11. CAMPANATO INEQUALITIES

Using both local boundedness and the HARNACK-type inequality we prove the
DE GIOoRGI-MOSER-NASH inequality to estimate the oscillation of solutions. The
proofs uses ideas of TROIANIELLO [28] and HONG-MING YIN [30].

Theorem 11.1 (DE GIORGI-MOSER—NASH inequality). We find two constants
0 <v<1andc>0 depending onn and e, only, such that for all0 <6 <r <1 and
every solution v € Wy, (I,; X,) N C(I,; H,) of (8.1) we have the following estimate:

(11)  esssup esssup [o(s)(y) — 0(8)(3 >|2<c() £ et v

s,8€l5/2 Y, 9€Qs )2

Proof. 1. LetO<Q<§
v EWEQ<[Q,XQ) ( H

(11.2) /I<(5gv)( s),w ds+/lg/ ) - Vw(s) d\"ds = 0

4

be given and consider an essentially bounded function
») which satisfies both

for all w € L?(1,;Y,). We define the bounds m., m* € R by

*

(11.3) m. = essinf essinf v(s)(y) < esssup esssup v(s)(y) = m”.
sel, YEQ, sel, y€Q,

In the following step we prove that there exist constants 0 < v,k < % depending on
n, €, only, and M,, M* € R such that both

(11.4) M, < essinf essinfv(s)(y) < esssup esssup v(s)(y) < M*
s€lko YEQko s€lx, YEQ ko

and

(11.5) M* = M, < (1= 5)(m" —m.)

holds true:

2. In the case m, = m* the statement is obviously true. Hence, assume that
m. < m* and let z, € [m., m*] be the supremum of all z € [m., m*] which satisfy

£ Al e Qo v(o)w) < ) ds < 5 W@

I,
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Introducing the level sets

Fi(s) ={y € Qp 1 v(s)(y) < = — 1},
F(s) ={y € Qp: v(s)(y) < 2.},
for all s € I, and k € N we get F(s) C Fiyi(s) and U2, Fy.(s) = F(s) which yields

F AP ds = Jim £ N(F)ds < 5N

k—o0 I,
In other words, we have
1 n
(1.0 F Ny Qo)) < 2)) ds < 5 Q).
To
Analogously, introducing the level sets
Gil(s) ={y € Qo1 v(s)(y) < = + 11,
G(s) ={y € Qp: v(s)(y) < 2.},

for all s € I, and k € N we get Gy1(s) C Gi(s) and N2, Gy (s) = G(s) which yields

F NG s = Jim f NUG(s)) ds = 5 XQ,),

k—oo I

Hence, we also get
1 n
(117 F e Qo elo)) > =) ds < 5 Q).
To
2.1. In the case m, < z, the nonnegative function

V — My

€ Wi, (I; X,) N C(1y; H,)

Vy =
Zy — My

solves (11.2) as well as v. By construction, from (11.6) we get the estimate
1 n
F Al e Qi u(s)w) = 1)) ds 2 3 W@y
Iy
Applying Theorem 10.2 there exist two constants 0 < v, k < % depending on n and
e, only, such that the HARNACK-type inequality (10.7)

essinf essinf v, (s)(y) > v
s€1ko  YEQko

holds true. Hence, setting

M, =m,+y(ze —my) = 2o — (1 — ) (20 — M),
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we get
M, < essinf essinf v(s)(y),
s€1ko  YEQko
which remains true in the case z. = m. due to (11.3).
2.2. Analogously to Step 2.1, in the case z, < m* the nonnegative function

. mt—w —
V= = € Wg,(1,; X,) NC(1y; Hy)

solves (11.2), too. From (11.7) we obtain

F Ny e Qo (9)) 2 1) ds = 5 N(Q)).

I,

and Theorem 10.2 yields

essinf essinf v™(s)(y) > 7,
SGIK,Q yeQHQ

where the constants 0 < v,k < % are the same as in Step 2.1. Therefore, setting
M*=m" —~y(m" —z,) =z« + (1 — y)(m" — z,),

we get

esssup esssup v(s)(y) < M*,
s€lro  YEQko

which remains true in the case z, = m* because of (11.3). Summing up the results
of Step 2.1 and 2.2 we have shown both (11.4) and (11.5).
3. For 0 < ¢ < § we define the oscillation of v with respect to [,, Q, by

~

o(e) = esssup esssup [v(s)(y) — v(5)(7)]-
s,5€l, Y, g€Q,
A recursive application of (11.3), (11.4), and (11.5), see Step 1, to shrinking radii
0 = 1k'r yields
o(3kir) < (1—7)"o(%) forallieN.
For every pair of radii 0 < § < r we choose i € N such that x"'r < § < k'r. In the

case o(g) > () we obtain

1 1 In(1 —
Ino($) —Ino(%) §1n1—7+(i+1)1n(1_7)§1n1_7+ H(IHKV) lng'

Setting v = 2= € (0,1), we get

Ink
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which holds true also in the trivial case o(g) = 0. Hence, due to Remark 9.2

concerning the local boundedness of v, for all 0 < § < r <1 we end up with

2v
esssup esssup |v(s)(y) —v(3)(H)]* < c <é> ][ lv(s)|> d\" ds,
I JQr

s,8€15/2 Y,0€Qs /2 r

where ¢ = ¢(n, &) > 0 is some constant. O

Campanato inequalities. Due to the DE GIORGI-MOSER-NASH inequality we
get the CAMPANATO inequality for the spatial gradients of solutions to the homo-
geneous problem (8.1).

Lemma 11.2 (CAMPANATO inequality). There exist constants ¢ > 0 and w €
(n,n + 2) depending on n and €, only, such that for all 0 < 6 < r <1 and every
solution v € Wg, (I; X,) N C(I,; H,) of (8.1) we have

// 1Vo(s)|? d)\"ds<c<) // IVo(s)||2 dA" ds.
Is J Qs I r

Proof. 1. First, we consider the case 0 < ¢ < 7. Setting

v:][ ][ v(s) d\" ds,
Ips 7 Qa5

the difference v — v € Wg, (I,; X,) N C(I,; H,) satisfies (8.1) as well as v. In view
of the CAccioPPOLI inequality (9.2) and the local boundedness, see Remark 9.1
and 9.2, this leads to the estimate

// IVu(s) |2 dA" ds <ﬂ// 5) — B2 d\" ds
Is JQs 0 Q25

< 16" esssup esssup |v(s)(y) — )%,
s€lys  yeQas

where ¢; = ¢1(n,&) > 0 is some constant. Due to the relation
essinf essinf v(s)(y) < v < esssup esssup v(s)(y),
s€lys  yeQas s€lys  y€Qas
this yields
(11.8) / / Vo (s)||* dA\" ds < c16™ esssup esssup |v(s)(y) — v(8)(5)[*
Is JQs 5,8€l2s  y,§€Q2s

2. Introducing the mean value

@:][ ][ v(s) d\" ds,
IT' T
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again we make use of the fact, that v — 0 satisfies (8.1) as well as v. We apply the
DE GIORGI-MOSER-NASH inequality (11.1) to the function

v—10€ Wg (I; X,)NO(I,; H,)

to estimate its oscillation: We find two constants co > 0 and 0 < v < 1 depending
on n and ¢, only, such that for all 0 < < §

5 2v
esssup esssup |v(s)(y) — v(3)(9)]? < ez <—) ][ ][ [v(s) — 0> dA™ ds.
s,8€hs  Y,0€Q2s " I JQr

Together with (11.8) for 0 < § < % we obtain

IVo(s)||2dA" ds < = 0 lv(s) — 0* dA™ ds,
2
I(S Q(S r r I r

where w = n+ 2v € (n,n + 2) and ¢3 = c3(n,e) > 0 are constants. Hence, using
the POINCARE inequality, see Theorem A.3, we find some constant ¢4 = c4(e,n) > 0

such that
/ / [Vu(s)||?d\" ds < ¢4 (g) / / V(s)||* d\™ ds
Is J Qs r I T

5\“ ,
+cy <;) /1 I|(Ev) (S)H%I—l(Qr) ds.

Since v € Wg, (I,; X,) N O(I,; H,) satisfies the variational equation (8.1), for all
0<o< 7 We arrive at the sought-for estimate

// |Vu(s)|[?d\" ds < cs (é) // V(s)||* d\" ds,
Is J Qs r I JQr

where ¢5 = c5(e,n) > 0 is some constant. Obviously, a relation of this type holds
true in the case 7 < 4§ <, too. O

We conclude our local regularity theory with the CAMPANATO inequality for the
spatial gradients of solutions to the inhomogeneous problem (8.2). This estimate
serves as the starting point of our global regularity theory for second order parabolic
initial boundary value problems in LIPSCHITZ domains with nonsmooth coefficients
and mixed boundary conditions in SOBOLEV-MORREY spaces.

Theorem 11.3 (CAMPANATO inequality). There exist two constants w € (n,n+ 2)
and ¢ > 0 depending on n and €, only, such that for all 0 < 6 < r < 1, every
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functional f € L*(L;Y)), and every solution u € Wy, (I; X,) N C(I,; H,) of the
variational equation (8.2) we have

(11.9) /I /Q IVu(s)|[2 A" ds
<c (g)w/h /Qr |]Vu(s)H2d>\”ds+c/Ir Hf(s)Hffr ds.

Proof. 1. Let ug € Wg,y,(1,;Y;) be the function which solves (8.2) and satisfies
ug(t — r?) = 0, see Theorem 7.1. Using w = uq as a test function and having in
mind the SOBOLEV—-FRIEDRICHS inequality

lug(s)[* dA™ < 47“2/ Vuo(s)||>d\™  for s € I,,
Qr Qr
we apply YOUNG’s inequality to obtain the following estimate

. / / V() P ds < /Ir<f(5)7U0(S)>YT ds
<e / 7). ds + / / Vio(e) " s,

where ¢; = ¢;(g,n) is some constant. Consequently, we get

(11.10) /IT/THVuO S|2drd <_/ 1£(s)

2. Let u € Wg, (I,; X,) N C(I; H,) be a solution of (8.2). Then the difference
v=u—uy € Wg,(I; X,) N C(I; H,) solves the homogeneous problem (8.1). Due
to Lemma 11.2 and v = u — ug, for all 0 < § < r < 1 we obtain the estimate

// |Vu(s |d)\"ds<02() // |Vo(s)||? d\™ ds
Is J Qs I .
< 2, () [ [ vt + 19 s)17) d ds.
I JQr

where w € (n,n 4+ 2) and ¢ > 0 are two constants depending on n and e.

Y*

In view of u = ug + v and estimate (11.10) this yields the existence of some
constant ¢z = c3(n, ) > 0 such that the desired inequality holds true. O

12. GLOBAL REGULARITY FOR A MODEL PROBLEM

Let S = (to,t1) be a bounded open interval, G C R™ a regular set, and 0 < ¢ < 1
some constant. To formulate our model problem we consider the following type of
parabolic operators.
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Definition 12.1 (Parabolic operator). 1. The pair of leading coefficients (a, A) is

called e-definite with respect to S and G° if a € L*>°(G°) fulfills
1

e <essinfa(y), esssupa(y) < -

yeGe yeG° 19

and A € L>(S; L>(G°;S")) satisfies the ellipticity condition

I

e ||€||* < essinf essinf A(s)(y)€ - &, esssup esssup A(s)(y)¢ - € < E 1€]17
SES yeGe sesS yeG® €
for all £ € R™. Here S" is the set of symmetric (n X n)-matrices.

2. Let the pair (a, A) of leading coefficients be e-definite with respect to S and
G°. Consider the operator E € L(H}(G); HY(G)) associated with a and in-
troduce its time-dependent counterpart & : L?(S; H}(G)) — L*(S; HYQG)) as
usual by (Eu)(s) = Fu(s) for v € L*(S; H}(G)) and s € S. Moreover, for u,
w € L*(S; HY(G)) we define the bounded linear operator A : L*(S; H}(G)) —
L2(S; HH(G)) by

(Au, w) 25,110 = /S/GA(S)Vu(S) -Vw(s)d\" ds.
3. We define the parabolic operator
P {ue Wg(S;Hy(G)) : ulty) =0} — L*(S; HH(G)),
associated with the maps € and A, by setting
Pu = (Eu) + Au for u € Wg(S; Hy(G)) with u(ty) = 0.
We formulate the model problem to find a solution u € Wg(S; H3(G)) of
(12.1) Pu=fecL*(S;HG)), wulty)=0.

Applying Theorem 7.1 the operator P is an isomorphism between the HILBERT
spaces {u € Wg(S;HY(G)) : u(to) = 0} and L*(S;H '(G)): For every [ €
L*(S; HY(@)) the initial boundary value problem (12.1) admits a uniquely de-
termined solution u € Wg(S; H}(G)). This section is dedicated to the maximal
regularity properties of the parabolic operator P. To that end we introduce the
concept of admissibility for regular sets G C R™:

Definition 12.2 (Admissible sets). 1. Let ¢ € (0,1] and /' C G C R" be two regular
sets. We denote by w.(F,G) € [0,n + 2] the supremum of all @ € [0,n + 2] such
that for every w € [0,w), all bounded open intervals S = (¢, %), every functional
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f e Lg(S; HY(@G)), and all coefficients (a, A) being e-definite with respect to S and
G°, for the solution u € Wg(S; H}(G)) to the model problem (12.1) the estimate

1Rs ull s oy < o1 (Ifllugcsren + lullwpsme )

holds true, where ¢; > 0 is some constant which depends on n, ¢, w, S, G, and F,
only. In the case F' = G we set w.(G) = w.(G, G).

2. Let F C G C R" be two regular sets. The set F' is called admissible with
respect to G, if and only if w.(F,G) > n for all € € (0,1]. We call G admissible, if
and only if @.(G) > n for all £ € (0, 1].

Theorem 12.1. If G C R™ is admissible, then for every 0 < w < w.(G) the
restriction P, of the parabolic operator P associated with the coefficients (a, A) being
e-definite with respect to S = (to,t1) and G° is a linear isomorphism between the

spaces {u € Wg(S; HY(G)) : u(to) = 0} and Ly (S; HHG)).

Proof. Let G C R"™ be admissible and 0 < w < w.(G) be some given parameter.
In view of the above definition, for every f € Lg(S; H '(G)) the solution u €
Wg(S; Hi(G)) of problem (12.1) belongs to L% (S; H} (G)) and satisfies the estimate

(12.2) lilssman < e (I lssaren + lullwasme )

where ¢; > 0 is some constant depending on n, €, w, S, and G, only. Using Re-
mark 3.2 and Theorem 5.6 this yields Au € L%(S; H'(G)) and, hence, maximal
regularity (Eu) = f — Au € L§(S; H (G)) with a norm estimate

(123) (€Y llsnsap < @ (I lngesion + lullwpsmey )

where ¢y > 0 is some constant depending on n, €, w, S, and G, only.

Since P! maps L?(S; H'(G)) continuously into Wg(S; H}(G)), see Theorem 7.1,
and L¥(S; H(G)) is continuously embedded into the space L?*(S; H'(G)), the
above estimates (12.2) and (12.3) leads to

1P~ fllwgcssmey < esllfllegs.ariey for all f e L5(S; H'(G)),
where ¢3 = c3(n, e, w, S, G) > 0 is some constant.
From the theory of functions spaces Ly (S; H'(G)), see Theorem 5.6, it follows
that the restriction P, of the parabolic operator P is a bounded linear operator from
{u e WE(S; Hy(G)) : u(ty) = 0} into L§(S; H'(G)). Combining both results, we

have proved the isomorphism property. O

Remark 12.1. We want to emphasize that for admissible sets G C R" in the case
n < w < @.(G) the solution u = P~1f € £57(S; L*(G°)) is HOLDER continuous in
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time and space up to the boundary, see Theorem 3.4 and 6.8. Hence, the aim of this
section is to prove the admissibility of all regular sets G C R".

Invariance principles for admissible sets. In the following we prove that the
concept of admissibility is invariant with respect to localization, transformation and
reflection.

Lemma 12.2 (Localization). Let G C R" be regular and assume that {Uy, ..., Uy},
{Vi,...,Vi,} are two open coverings of G such that for every i € {1,...,m} the
incluston V; C U; holds true, and V; NG s admissible with respect to U; N G. Then
the set G is admissible.

Proof. 1. Let € € (0, 1] and take a smooth partition {x1, ..., xm} C C5°(R™) of unity
subordinate to the open covering {Vi,...,V,,} of G. We choose some § > 0 such
that Qs(z) C V; holds true for every x € supp(y;) and i € {1,...,m}. Since V; NG
is admissible with respect to U; N G we choose w € (n,n + 2] satisfying

w<w.(ViNnG,U;NG) forallie{l,...,m}.

2. Let the coefficients (a, A) be e-definite with respect to S and G°. For every
i€ {l,...,m} we define the restriction a; € L>*(U; N G°), the associated operator
E; € L(HNU; N G); HY(U; N G)). Moreover, we introduce the bounded linear
operator A; : L*(S; H/(U; N G)) — L*(S; HY(U; N G)) by

(Aiv, W) L2511 UiNG)) :// A(s)Vu(s) - Vw(s) dA\" ds
s Juina

for v, w € L*(S; H(U; N GQ)).
3. Let w € (0,&] be fixed. For every functional f € L (S; H *(G)), the corre-
sponding solution u € Wg(S; Hj(G)) of the problem

(Eu) +Au=f, wu(ty) =0,
and every i € {1,...,m} we define the function
u; = Rsvina(xiw) € W, (S; Hy (U; N G))
and the functional fo; € L?(S; H~Y(U; N G)) by

<f0i7 w)LQ(S;H(}(U,ﬂG’)) = /S‘ / o u(s)A(s)VXZ : VU)(S) d\"ds
finl

-1 WA Vuls) - Vi da ds
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for w € L?(S; H}(U; N G)). Using Lemma 6.2 and 6.3 we obtain
((Esui) + Aju; — fois W) L2(ssmy winey) = ((Eu)' + Au, Zs,c(Xiw)) L2(s:H3()
= ({f, Zs,c(Xiw)) L2(s;113 (@)
for all w € L?(S; H(U; N G)). Thus, setting
fi=foi+ fui, Jfu=LsvncOuf) € L*(S;H W(U:NG)),

for every i € {1,...,m} the function v; € Wg,(S; Hi(U; N G)) solves the localized
problem

4. Due to the continuous embedding of Wg(S; H}(G)) in L3(S; L*(G®)), see The-
orem 3.4 and 6.8 and Remark 3.2, we get

luAVx,|| € L3(S: L*(G?)),  —AVu-Vx,; € L*(S; L*(G?)).

Using Theorem 5.6 for ;1 = min{w, 2} we obtain fo; € L5(S; H (U; N G)), and we
find a constant ¢; > 0 depending on ¢, G, and the above partition of unity such that

| foill Lo(s:—1winayy < e llullwysimp)y forallie{1,...,m}.
Due to Lemma 5.2 and 5.3 we get f1; € L5(S; H ' (U; N G)) and
||f11| LE(S;H-L(U;NG)) S (&) ||f||Lg(S;H*1(G)) for all 7 € {]_, ce ,m},

where the constant co > 0 depends on the partition of unity.

In view of the admissibility of V; N G with respect to U; N G there exists some
constant cg > 0 depending onn, €, u, S, G, the coverings {Uy, ..., Upn}, {V1,..., Vin},
and the partition of unity, only, such that for every i € {1,...,m} the solution
u; € Wg,(S; HY(U; N GQ)) to the localized problem (12.4) satisfies the estimate

HfRS,VmGUiHLg(s;Hg(WmG)) <3 (”f”LQ‘(S;H*%G)) + HuHWE(S;Hé(G))> :
In view of Remark 3.3 we arrive at
u=>Y xu=» Zscu; € L5(S; H)(G))
i=1 j=1

together with the estimate

||U||Lg(s;Hg(G)) < ¢y <||f| LE(SH-1(G)) T ||U||WE(5;H3(G))> )

where ¢4 > 0 is some constant depending on n, , u, S, G, J, the partition of unity,
and the coverings {Uy, ..., Uy}, {Vi,..., Vin}-
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5. We complete the proof using iterative arguments: Since Step 4 and Theorem 5.6
yields
(Ew)' = f — Au € Ly(S; H'(G)),
and the embedding of W#(S; H}(G)) into £47%(S; L?(G°)) is continuous, see The-
orem 6.8, there exists some constant cs, cg > 0 depending on n, ¢, u, S, G, the
partition of unity, and {Uy,..., Uy}, {V4,...,V;u} such that

||U||wg(s;Hg(G)) < ¢ (||f| LE(SH-1(@) T+ ||U||WE(S;H5(G))> ;

HUHsg+2(s;L2(Go)) < Co (Hf”LQ‘(S;H*l(G)) + HUHWE(S;H(}(G))> .
Using Theorem 3.4 for ;1 = min{w, 4} and every i € {1,...,m} we obtain
[uAV xi|| € LE(S; L*(G°)), —AVu-Vy; € Ly7*(; L*(G?)).

Applying Theorem 5.6 we get fo; € L4(S; H Y (U; N GQ)) for every i € {1,...,m}
together with a constant c¢; > 0 depending on n, €, u, S, G, the partition of unity,
and {Uy,..., Uy}, {V4,..., V;y} such that

foill g s+ < er (1 legisimscon + Nellwasimyen) -
Using Lemma 5.2 and 5.3 we see that fy; € LY(S; H-Y(U; N G)) and

| frill s winay) < sl fllasm—1q) forallie{l,...,m},

where cg > 0 depends on the partition of unity. As in Step 4 the admissibility of
V; NG with respect to U; NG yields u € L5(S; HY(G)) and

HuHLg‘(S;Hé(G)) < ¢y (Hf”LQ‘(S;H*l(G)) + HUHWE(S;H(}(G))> )

where ¢9 > 0 is some constant depending on n, e, u, S, G, 9, the partition of unity,
and the coverings {Uy,..., Uy}, {Vi,...,Vin}. Repeating these arguments, after a
finite number of analogous steps we arrive at u = w, which proves the admissibility
of G. O

Lemma 12.3 (Transformation). Let ' C G C R"™ be two regular sets and T some
LIPSCHITZ transformation from an open neighborhood of G into R". Then F, = T[F]
is admissible with respect to G, = T[G], if and only if F is admissible with respect
to G.

Proof. 1. Let L > 1 be a LipscHITZ constant of T and ¢, € (0,1]. We consider
coefficients (a, A.) being e,-definite with respect to S and GY and the map F, €
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L(HY(G.); HY(G,)) associated with a* Moreover, we define the bounded linear
map A, : L2(S; H}(G,)) — L*(S; H~Y(G.)) by

<.A v*,w* LQ(SHI G.)) = // VU* Vw*( )dAndS

for v, w, € L*(S; H}(G.)).
Due to the properties of the JACOBI matrix DT and its determinant J7' the pair
(a, A) of transformed coefficients

a=|JT| T.a., A=[JT|-(DT)"")(T.A)DT)

is e-definite with respect to S and G° with ¢ = ¢,/L"". We introduce the op-
erator £ € L(H}(G); H'(G)) associated with a and the bounded linear map
A1 L*(S; Hy(G)) — L*(S; HTY(G)) by

(Av, W) p2(ss13(c) ://A(S)Vv(s)-Vw(s) d\" ds
sJa

for v, w € L*(S; H}(G)). Due to the chain rule and the change of variable formula
we have both €, = T*€T, and A, = T*AT,.
2. Suppose that F' is admissible with respect to G and fix 0 < w < w.(F,G). For
every functional f* € L§(S; H'(G.)) the problem
(Eauy) + Asus = [, ui(ty) =0,

admits a uniquely determined solution u, € Wg, (S; Hy(G)). Using the invariance
of the MORREY spaces with respect to LIPSCHITZ transformations, see Lemma 5.4
and 6.4, the functions u = T,u, € Wg(S; H}(G)) and f € Ly(S; H'(G)) defined
by T*f = f* satisfy
<<8u)’ + ,Au, T*w*>L2(S;H3(G)) = <T*<87*u*)’ + ‘T*A‘J'*u*, w*>L2(S;H%(G*))
= <<8*u*)’ + .A*U*, w*)LQ(S;Hé(G*))
= (f, Tews) 2(s:13.(c))

for all w, € L*(S;H}(G.)). Applying Lemma 4.4 we obtain, that v = T,u, €
Wg(S; Hi(G)) solves the transformed problem

(Eu) +Au=f, wu(ty) =0.

3. Due to the admissibility of F' with respect to G we find some constant ¢; > 0
depending on n, €, w, S, I, G such that

|Rs,pull g (s;m(rey < (HfHLg(s;H—l(G)) + HuHWE(S;Hé(G))> :
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In view of the invariance of the MORREY spaces with respect to LIPSCHITZ trans-
formations, see Lemma 4.4, 5.4, and 6.4, we end up with the estimate

IRt agcsian ey < €0 (1 rgtsimscany + e, e )

where the constant ¢; > 0 depending on n, ¢, w, T, S, F', G. This proves the
admissibility of F, with respect to GG.. The proof of the inverse statement can be
done in the same manner. O

Lemma 12.4 (Reflection). If Q, is admissible with respect to Q) for some 0 < o <1,
then Q;L and Q, are admissible with respect to Q" and QQ—, respectively.

Proof. 1. Let 0 < ¢ < 1. We consider coefficients (a~, A™) being e-definite with re-
spect to S and Q~ and the map £~ € L(H}(Q™); H1(Q
thermore, we define the bounded linear map A~ : L*(S; H,
by

7)) associated with a~. Fur-
Hl

0(Q7)) = LA(S; H7H(Q7))

U sy = [ [ AT Ve (s) v ds

for u=, w™ € L*(S; H}(Q7)).
The pair (a, A) of reflected coefficients

a=Rta”, A=RTA",

is e-definite with respect to S and Q. Let F € L(H}(Q); H'(Q)) be associated
with a and the bounded linear operator A : L?(S; H}(Q)) — L*(S; H*(Q)) defined

as
(Av, w) 12(s:11(Q) :// A(s)Vu(s) - Vw(s) dA\" ds
5JQ

for v, w € L*(S; H}(Q)). Note, that the properties of the reflection ensure both the
relations ER™ =R7E™ and AR =R A"

2. Assume that @), is admissible with respect to @) for some ¢ € (0, 1] and let
0 <w < w.(Q,,Q) be fixed. For every functional f~ € Ly (S; H'(Q™)) the problem

(Eu )Y +Auw =f7, u(t) =0,

has a uniquely determined solution u~ € Wg-(S; H(Q7)). In view of the invariance
of the MORREY spaces with respect to antireflection, see Lemma 5.5 and 6.5, the
function u = R~u~ € Wg(S; Hi(Q)) and the functional f = R~ f~ € L¥(S; H1(Q))
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satisfy the identity
(€)' + Au, w) p2(s,m1 o)) = (ER™UT) + ARTU™, W) r2(5:11(q))
= <:R (E_U_), -+ R_.A_’UJ_,'UJ)LQ(S;H&(Q))
= (R™f7,w) 205,11 (@)

for all w € L?(S; H}(Q)). Thus, v = R u~ € Wg(S; Hi(Q)) solves the reflected
problem

(Euw)' +Au=f, wu(ty) =0.
3. The admissibility of (), with respect to ) yields some constant ¢; > 0 depending
onn, €, w, o, S such that
|Rs,q,ull Ly (s:m1Q0) < €1 (HfHLg(s;H—l(Q)) + HUHWE(S;H(}(Q))) :
Consequently, the invariance of the MORREY spaces Ly (S; H '(Q7)) under antire-
flection, see Lemma 4.5, 5.5, and 6.5, leads to the estimate
HRS,QQ—UW’L;(S;H%Q;)) < 6 (”fiuLg(S;H—l(Q_)) + ”WHWE_(S;H(%(Q—))) ;

where the constant ¢o > 0 depends on n, €, w, g, and S. This yields the admissibility
of (), with respect to @~. Analogously, we prove that Q;L is admissible with respect
to Q. O

Admissibility of regular sets. To prove the admissibility for every regular set
G C R", we begin with the unit cube @ and the halfcubes Q*, Q~, and Q*. In a

first step we show that the cube @), is admissible with respect to the unit cube
for every 0 < p < 1. We use the CAMPANATO inequality for the spatial gradient of
solutions on concentric cubes, see Theorem 11.3.

Lemma 12.5. For 0 < o <1 the cube Q, is admissible with respect to Q).

Proof. 1. Let € € (0,1]. We consider coefficients (a, A) which are e-definite with
respect to S and Q, the operator E € L(H}(Q); H (Q)) associated with a, and the
bounded linear map A : L?(S; H}(Q)) — L*(S; HY(Q)) defined by

(A, W) 25,001 (@ / / Vuw(s) d\" ds

for v, w € L*(S; H}(Q)). Let u € Wg(S; H}(Q)) be the solution of the problem
(Eu)' +Au=f, u(to) =0,
where f € L*(S; H~1(Q)) is some given functional.
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We define e-definite coefficients (a, Ag) with respect to Sy = (ty — 1,%1) and @ by

setting
A(s) ifse s,
AO@Z{ (5)

(0;j) otherwise,

and extensions uy € Wg(So; H3 (Q)), fo € L*(So; H*(Q)) by

{u(s) if s €S, fo(s):{f<s) if s € S,

ug(s) =
ofs) 0 otherwise.

0 otherwise,
Then ug € Wg(Sy; Hi(Q)) solves the extended problem
(80’&0)/ —|—.A()U0 = fo, U(to — 1) = 0,

where the operator &y : L*(So; H)(Q)) — L*(So; H1(Q)) is associated with Sy
and E € L(H}(Q); H}(Q)), and the bounded linear map Ay : L*(So; H}(Q)) —
L*(Sy; H1(Q)) is defined by

(Aov, W) 25013 (Q / /AO YVo(s) - Vw(s)d\" ds
So
for v, w € L*(So; HY(Q)).
2. In the next steps we make use of the local regularity properties of uy €
Wg(So; HJ(Q)): Let 0 < o < 1 be given. Then, we fix t € S, z € @, arbitrar-
ily, and we consider radii 0 < § < 1 — p. Furthermore, we introduce the oper-

ator &5 : L*(Is(t); HY(Qs(z))) — L*(Is5(t); H'(Qs(x))) associated with Is(t) and
Es € L(HY(Qs(z)); HY(Qs(z))) which is defined by

(Esv, W) g1(Qy(z)) = / avwd\"  for v € H (Qs(x)), w € Hy(Qs(x)).
Qs(x)

Then for all t € S, x € Q,, and 0 < § < 1 — p the restriction

v =Riy0),05@t0 € Wi, (Is(t); H'(Qs(x))) N C(I5(t); L*(Qs(x)))

of ug satisfies the localized variational equation
/ ((€50)(5), w(S)) H3(Qs(a) A5 + / / Ao(s)Vu(s) - Vw(s)d\" ds
I5(t) Is Qs(x)
— [ (Lo o) 0Dy
Is(t)

for all w € L?(I5(t); Hi (Qs(2))).
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3. Using the CAMPANATO inequality (11.9), see Theorem 11.3, we find constants
w € (n,n+2] and ¢; > 0 depending on n and ¢, only, such that for allt € S, x € Q,,
and 0 < 0 <r <1-— o we have

5 w
/ / [ Vuo(s)||* dA™ ds < ¢ (—) / / [ Vuo(s)||? dA™ ds
I15(t) J Qs(x) " 1r(t) J Qr(x)

fa / o o,y 4
(T

Let w € [0,) be fixed and f € Ly(S;H *(Q)). Forallt € S, x € Q,, and
0<d<r<1-—pweobtain

// Vo (s)[|2 dA™ ds
I5(t) J Qs(x)

5 w
S (&1 <_) / / ||VU0(5)||2 d\" ds + Clrw[f]%g(S;H—l(Q)).
,r Ir(t) T(‘T)

Note, that the integral on the left hand side is a nonnegative and nondecreasing
function of the radius 0 < 6 < 1—p. Hence, for all 0 < 6 < r < 1—p the application
of an elementary inequality yields

(12.5) / / [ Vuo(s)||* dA™ ds
I5(t) Y Qs(x)

0\ n w
< Co <_> / / HVU()(S)H2 d\" ds + 02(5 [f]%;}(s;Hfl(Q))g
r I:(t) r(2)

where the constant ¢y > 0 depends on n, ¢, w, @, g, see GIAQUINTA [7, 8]. After
specifying r = 1 — p and dividing by ¢* we take the supremum over all 0 < § < 1—p,
te S, and z € (), to estimate the MORREY seminorm

IV Rs 0,6l g sic200 < € (IV0() sz @iy + M s )

where c3 > 0 depends on n, €, w, @, p, only.
4. Applying the POINCARE inequality to v = Ry, )0, (x)Uo, see Theorem A.3, for
allte S,z €@, and 0 < <1 — p we get

/ / v(s) — ][ ][ o(T)d\"dr
I5(t) J Qs(x) Is(t) JQs(x)

< @l /1 (®) </Q (@) [Vo(s)|* A" + ||LQ6($)(85U),(5)H%{_I(Qa(l“))) as,
5(t s5(x

2

d\" ds
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where ¢4 = ¢4(n,e) > 0. Since the restriction v = Ris(t),Qs () Uo solves the localized
variational equation, see Step 2, we find some constant ¢5 = ¢5(e,n) > 0 such that

/ / uo(s ][ ][ T)d\" dt
Is5(t) JQs(x) Is(t) JQs(x

<ot [ ( / [Vug(s)]2 X" + HLQa@fo@)Hz1(@6(@)) s
I5(t) Qs ()

holds true for all t € S, z € @),, and 0 < § <1 — p. Remembering estimate (12.5)
for r = 1 — p this yields

/ / uo(s ][ ][ T)d\" dt
Is5(t) 4 Qs(x) Is(t) JQs(x

Ce 5w+2 n w—+2
S =0 /s ”VU )2 dA" ds + 60 [f]L“’(SH 1(Q))

where the constant ¢g > 0 depends on n, €, w, @, p, only. After applying the minimal

2

d\" ds

2

d\" ds

property of the integral mean value to the left hand side and dividing by 6“2 we
take the supremum over all 0 < § <1—p,t € S, and = € ), to obtain an estimate
of the CAMPANATO seminorm

R0, 0225520 < O (IV0() Ba(s.azimmy + s sy

where c¢; > 0 depends on n, €, w, @, p, only.
5. Using Theorem 3.4 and the estimates for the seminorms of Rg g, u, see Step 3
and 4, we find some constant cg > 0 depending on n, ¢, w, W, g, only, such that

[Rs,Q,ul| Ly (s;01(Q,)) < c8 (HfHL;’(S;H*l(Q)) + ||U||L2(S;H3(Q))) .
Consequently, @), is admissible with respect to @) for every 0 < o < 1. O
Lemma 12.6. The unit cube Q) is admissible.

Proof. Since (@ is a regular set, we find an atlas {(Tl, U)oy (Tons Um)} for @, see
Lemma 4.2, and radii 0 < ¢ < ¢ < 1 such that the systems {V/,...,V/} and
{W1,...,V,} defined by

Q) Vi=T7Q, forie{l,...,m},

are open coverings of Q. Using Lemma 12.5 the cube Q, is admissible with respect
to @Q,. Hence, applying Lemma 12.4 the halfcube @), is admissible with respect to
@, . Consequently, Lemma 12.3 yields the admissibility of VN @ with respect to
V;NQ for every i € {1,...,m}. Due to Lemma 12.2 the result follows. O
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Lemma 12.7. The halfcubes QF, Q= and Q* are admissible sets.

Proof. Because of Lemma 12.4 and 12.6 both the halfcubes Q" and Q~ are admis-
sible. Note, that there exists a LIPSCHITZ transformation from R"™ onto R™ which
maps QT onto QF, see GRIEPENTROG, HOPPNER, KAISER, REHBERG [9, 13].
Hence, Lemma 12.3 yields the admissibility of Q<. O

Theorem 12.8 (Maximal regularity). For every reqular set G C R" there exists
some parameter &.(G) € (n,n + 2] such that for every 0 < w < w.(G) the re-
striction P, of the parabolic operator P associated with the coefficients (a, A) be-
ing e-definite with respect to S = (tg,t1) and G° is a linear isomorphism from
{u e WE(S; H{(G)) : u(to) = 0} onto Ly (S; H1(G)).

Proof. Since G is a regular set, we find an atlas {(TI, U)oy (T Um)} for G, see
Lemma 4.2, and o € (0,1) such that the system {V;,...,V,,} defined by

Vi=T,'Q,] forie{l,...,m},

is an open covering of the closure G. Applying Lemma 12.7, all the halfcubes Q7
Q,, and Q;‘E are admissible sets. Using Lemma 12.6 the cube (@), is admissible,
too. Hence, Lemma 12.3 yields the admissibility of the intersection V; NG for every
i€{1,...,m}. Due to Lemma 12.2 we arrive at the admissibility of the set G. In
view of Theorem 12.1 this yields the desired isomorphism property for P,,. 0

Remark 12.2. Let S = (to, t;) be some bounded open interval. Due the above result
for every 0 < w < @w.(G) we find some constant ¢; > 0 depending on ¢, n, w, G, and
S such that for all coefficients (a, A) being e-definite with respect to S and G°, and
every f € L%(S; H'(G)) the solution u € Wg(S; H} (G)) of problem (12.1) satisfies
the estimate

(12.6) lullwesmi@y < allflloysa-1c))-

We fix some ¢; € S and consider the subinterval S; = (to,t;) of S. In the
following we show that estimate (12.6) remains true with the same constant ¢; > 0
when both the solution u and the functional f are restricted to u; € Wg(Sy; HY (G))
and f; € Ly (S1; H(G)), respectively. To do so, we introduce the interval S, =
(t; + to — ty, t1) which contains S} and has the same length than S. We introduce
e-definite coefficients (a, Ag) with respect to Sy and G° by setting

Ao(s) = {A(s) if s € Sy,

(0;;) otherwise,
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and define extensions ug € Wi (So; Hy(G)), fo € L (So; HY(G)) by
u(s) if s € Sy, s) if s € Sy,
UO(S)Z{ O e ) = {f< f e

0 otherwise, 0 otherwise.
Then uy € W¥(Sp; Hi(Q)) solves the extended problem
(Eouo) +Aogug = fo, ulto+1 —tg) =0,

and satisfies estimate (12.6) with the same constant ¢; > 0. Because of the construc-
tion of the extensions and the definition of the norm in the corresponding MORREY
spaces we obtain the desired estimate

||U1||Wg(sl;Hg(G)) = ||U0||W;5(so;Hg(G)) < Cl”fOHL;’(So;H*l(G)) = Cl”leL;’(Sl;H*l(G))-
13. MAXIMAL REGULARITY FOR PROBLEMS WITH LOWER ORDER TERMS

In this section we conclude with isomorphism properties of second order linear par-
abolic operators with lower order terms. Suppose that ¢ € (0,1], G C R™ is a
regular set, and ' = OG denotes its L1PSCHITZ boundary. Throughout this section
we assume that the parabolic operator P is associated with the pair of leading coeffi-
cients (a, A) being e-definite with respect to some bounded open interval S = (¢, t,)
and G°.

Bounded lower order coefficients. In order to generalize the isomorphism result
for P, see Theorem 12.8, we consider bounded linear operators generated by lower
order terms:

Definition 13.1. Given a set of lower order coefficients
be L>(S; L>®(G°;R™)), by € L*=(S; L>(G°)), br e L>(S;L>(I)),
we define the bounded linear map B : L*(S; Hi(G)) — L*(S; H'(GQ)) by

Bu.whsiyey = [ [ (6)(6) - Vuls) +hsulsyu(s) axds

//bp Kpu KFU}( )d)\[‘dS
for u, w € L?(S; Hy(Q)).

Using Theorem 7.1 the operator P+ B is a linear isomorphism between the spaces
{ue Wg(S; H{(G)) : u(to) = 0} and L*(S; HY(G)): For every f € L*(S; H Y(G))

the initial boundary value problem

(13.1) Pu+Bu=f, u(ty) =0,
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admits a uniquely determined solution u € Wg(S; H}(G)). We show that the iso-
morphism property between the corresponding SOBOLEV-MORREY spaces carries
over from P to P + B:

Lemma 13.1 (Continuity). For every w € [0,n + 2] the restriction B, of B to
{ue Wg(S; Hy(@)) : u(ty) = 0} is a bounded linear map into L§(S; HY(G)).

Proof. The embedding from W(S; H}(G)) into £57%(S; L?(G°)) and the trace map
from W (S; H(G)) into £51(S; L3(T')) are continuous, and Theorem 6.8 and 6.11.
Due to Remark 3.2 and 3.5 and Theorem 3.4, 3.6, and 5.6, the continuity of B, from
{u e Wg(S; Hy(G)) : u(ty) = 0} into Lg(S; H(G)) follows. O

Theorem 13.2 (Maximal regularity). Let 0 < w < w.(G) be given. For every pair
(a, A) of leading coefficients being e-definite with respect to S and G° and all lower
order coefficients

be Lo(S; L2(G%RY), by € LO(S; L2(G°)), by € Lo(S; L=(I)),

P, + B is a linear isomorphism from {u € Wg(S;H}(G)) : u(te) = 0} onto
L5 (S; HH(G)).

Proof. 1. First, we prove the surjectivity of P,+B,: Let f € Ly (S; H *(G)) be given
and u € Wg(S; Hy(G)) be the unique solution of problem (13.1). Consequently,
u € Wg(S; H(G)) solves the model problem

Pu=(Eu) +Au= f—Bu, u(ty) =0.

Due to Theorem 6.8, 6.11 both the embedding operator from Wg(S; H}(G)) into
£2(5; L*(G°)) and the trace map from Wg(S; H}(G)) into £3(S; L*(T)) are bounded.
Using Theorem 3.4 and 3.6 we get u € L3(S; L*(G°)) and Kgru € Li(S; L*(T)).
Hence, applying Theorem 5.6 for 1 = min{w, 2} we obtain f—Bu € L(S; H1(QG)),
which leads to u € WL(S; Hi(G)), see Theorem 12.8.

We apply a bootstrap argument: The embedding from Wk(S; H}(G)) into the
space £572(S; L?(G°)) and the trace map from W%(S; HX(G)) into €47 (S; L*(I"))
are continuous, see Theorem 6.8 and 6.11. Using Theorem 3.4 and 3.6 for p =
min{w, 4} we get u € L4(S; L*(G°)) and Kgru € L4 (S; L*(T)). Therefore, by
Theorem 5.6 and 12.8 this yields f — Bu € L5(S; H1(G)) and u € Wi(S; H} (Q)).
After a finite number of analogous steps we arrive at ;1 = w which yields the surjec-
tivity of P, + B,,.

2. In view of Lemma 13.1 the operator B, is a bounded linear map from the space
{ue WE(S; H}(G)) : u(to) = 0} into Lg(S; H'(G)). By definition the same holds
true for P, and, therefore, for the sum P, + B, too. The unique solvability of the
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problem (13.1), and the surjectivity, see Step 1, yields that the operator P, + B,
maps {u € Wg(S; Hj(G)) : u(to) = 0} onto Lg(S; H'(G)). Therefore, by the
Inverse Mapping Theorem it is a linear isomorphism between these spaces. 0

Theorem 13.3 (Continuous dependence). Let ¢ € (0,1] and 0 < w < w.(G) be
given constants. Then for every pair (a, A) of leading coefficients being e-definite
with respect to S and G° and all lower order coefficients

be L™(S; L™ (G%R™)), by L>(S; L>=(G")), bre L™(S;L>()),
the assignment (A, b, by, br) — (P+B)~! is a continuous map from the metric space
of admissible coefficients equipped with the metric d defined by
d((A, b, by, br), (A,b,by, b)) = |A — All oo (s;n0 (Gossmy) + 10— bll oo (530 (Gosrm)
+ [[bo — byl Lo (L0 (@oy) + |br — bl Lo (550 (),
into the BANACH space L(Lg(S; HY(G)); W¥(S; Hi(GQ))) of solution maps corre-
sponding to problem (13.1).

Proof. We consider the maps P, B, P, and B associated with the sets (a, A, b, b, br),
(a, A, b, by, br) of admissible coefficients, respectively. Using the same arguments as
in the proof of Lemma 13.1 for all u € W(S; H}(G)) we obtain

S Cld((Aa b7 b07 bF)) (Aa l_)a b()) QI‘)) ||u||WE(S7H(}(G))7

where ¢; = ¢1(n,e,w,S,G) > 0 is some constant. Therefore, for every fixed set
(A, b, by, br) of admissible coeffcients we find some constant 6 > 0 such that for all
admissible coefficients (A, b, by, br) which satisfy

(13.3) d((A, b,bo, br), (A, b, by, br)) <6,
the following relation holds true
212+ B) ewswi 1P+ B =P — B)|lcowwny) < 1.
Using the identities
P+B=(P+B)(T—(P+B)'(P+B—-P-B)),
(P+B) ' —P+B) ' =(P+B)'(P+B-P-B)(P+3B) ",

for all admissible coefficients (A, b, by, br) which satisfy (13.3) the above estimates
and the VON NEUMANN expansion leads to

1P +B) Mlewswe < 201(@+B) ewswe
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and, consequently,

I(P+B)™ = (24 B)  ewsws
<22+ ﬁ)_lni(L;’;Wg)Hz +B — P — Bllewe:Ly)-
Applying (13.2) we end up with the desired estimate

[(P+B)" = (2+B) ewsws
S 2Cld(<A7 b7 b07 bF)7 (Aa l_)7 éOu bl")) H (2 + ﬁ)il Hi(LEJ7W2{)
for all admissible coefficients (A, b, by, br) which satisfy (13.3). O

Unbounded lower order coefficients. It turns out that for the most interesting
range of parameters n < w < @.(G) the above results for the parabolic operator
P 4+ B remain true under weaker assumptions on the lower order coefficients. Cor-
responding to Theorem 5.6 it is sufficient to suppose that

be L(SiTAGHR"), by € Ly (S TAGY), b € L) (S; TA(D))

Lemma 13.4 (Complete continuity). For every w € (n,n + 2| the restriction B,
of B to {u € Wg(S; H{(G)) : u(ty) = 0} is a completely continuous map into
L5 (S; H7H(G)).

Proof. Let w € (n,n + 2| be fixed and take 0 € (n,w). Then the embedding from
We(S; HY(G)) into £572(S; L?(G°)) and the trace map Kgr from Wg(S; HH(G))
into £5(S; L3(T")) are completely continuous, see Theorem 6.9 and 6.12. Due to
Remark 3.2, 3.5 and Theorem 3.4, 3.6, and 5.6, this yields that the operator B,, maps
{ue WE(S; H{(G)) : u(to) = 0} completely continuous into L§ (S; H~}(G)). O

Theorem 13.5 (Maximal regularity). Let ¢ € (0,1] and n < w < w.(G) be given
constants. For every pair (a, A) of leading coefficients being e-definite with respect
to S amd G° and all lower order coefficients

be Ly(S; L*(G%R™), by € Ly 2(S; L*(G%)), br € Ly~ (S; L*(I)),

P, + B is a linear isomorphism from {u € Wg(S;HJ(G)) : u(te) = 0} onto
L5 (S; HH(G)).

Proof. 1. Let n < w < w.(G) be given. Since P, is an isomorphism between
{u e Wg(S; H}(G)) : u(to) = 0} and L§(S; H'(G)), see Theorem 12.8, and B,, is
completely continuous from {u € Wg(S; Hj(G)) : u(to) = 0} into L§(S; HHG)),
see Lemma 13.4, the sum P, + B, is a FREDHOLM operator of index zero between
these spaces. Hence, it suffices to prove the injectivity of the linear operator P, +B..,.
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2. Suppose, that u € Wg(S; HY(G)) is a solution of the homogeneous initial
boundary value problem

(13.4) Pu+Bu=0, u(ty) =0.

For fixed t; € S we consider the subinterval S; = (fg,t;) of S, the restriction
up € W¥(Sy; HY(G)) of the solution u and the restriction f; € Ly (S1; H Y(G)) of
the functional Bu € Ly (S; H 1(G)). Due to Remark 12.2 we get

(13.5) lwillwe si;m1 @y < allfillgsia-16),

where the constant ¢; > 0 may depend on S but not on t;. To estimate the right hand
side of (13.5) we use Theorem 6.8 and 6.11, Remark 3.2 and 3.5, and Theorem 5.6
to find some constant ¢y = c2(n, G) > 0 such that

(13.6) [ fillg svm-1(6)) < c2eslluill ooy

where cg > 0 is given by

C2B = ||b||%g(S;L2(G°;Rn)) + ||b0||i;72(S;L2(GO)) + ||bF||i§’*1(S;L2([‘))'

To estimate the left hand side of (13.5) we consider the interval Sy = (t1+to—ts, 1)
which contains S; and has the same length than S, and we define the zero extension

o € WE(So; HA(G)) by

ug(s) =
ofs) 0 otherwise.

{u(s) if s € 5,

In view of the continuity of the embedding from W (Sy; H} (G)) into the HOLDER
space C%%(Sy; C(G)) for a = (w — n)/4, see Theorem 3.4 and 6.8, and the defini-
tion of the norms in the corresponding MORREY and HOLDER spaces, the above
construction yields

Hu1HCo,a(S—1;C(@)) < ”UOHCM(S_O;C(E)) < C3”u0HWg(SO;H(}(G’)) = Cs”“l”wg(sl;Hg(G)),
where the constant ¢3 > 0 may depend on S but not on t;. Together with (13.5)
and (13.6) this leads to the key estimate
(13.7) Huchoya(s_l;c@) < C4HU1HC(S_1;C(§))7

where the constant ¢4 = c1coc3¢p > 0 does not depend on 4.
3. Because t; € S was arbitrarily fixed at the beginning we may choose

th="to+2(te—to) forke{l,...,0},
where ¢ € N, ¢ > 1 is large enough to satisfy the condition
(138) 2C4<tg — f}o)a < 0.
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Furthermore, for k£ € {1,...,¢} we introduce the intervals Sy = (tx_1,%x) and the
restrictions uy € W¥(Sg; HH(G)) of u € WE(S; HY(GQ)).

We prove that for every k& € {1,...,¢ — 1} from wu(t,_1) = 0 it follows that
u(s) = 0 for all s € Sj. To do so, we proceed by induction: Starting from & = 1 and
using (13.7), condition (13.8) ensures that for all s € S; we have

[u(s) — u(to)lle@ < (s = to)*lurllconsrom@) < sllullesno@):

Since u(ty) = 0 this leads to u(s) = 0 for all s € S;.
Assuming that u(t;_1) = 0 holds true for some k € {1,...,0—1}, we apply (13.7)
and (13.8) to ux € Wg(Sy; Hy(G)) to get

Ju(s) — U(tk—l)HC(E) <(s— tk—l)a||uk||co7a(s_k;0(6)) < %Huk‘HC(S_k?C(a))

for all s € Sy. Therefore, u(t, 1) = 0 yields u(s) = 0 for all s € S},
Hence, we have proved, that u = 0 is the unique solution of the homogeneous
problem (13.4) in the space W¥(S; H}(G)). Following Step 1, the linear operator

P+ B, is an injective FREDHOLM operator of index zero and, consequently, a linear
isomorphism between W (S; H}(G)) and Ly (S; H1(Q)). O

Theorem 13.6 (Continuous dependence). Let ¢ € (0,1] and n < w < w.(G) be
given constants. Then, for every pair (a, A) of leading coefficients being e-definite
with respect to S and G° and all lower order coefficients

be Ly(S; L*(G%R™), by € Ly >(S; L*(G%)), br € Ly~ (S; L*(I)),

the assignment (A, b, by, br) — (P+B)~! is a continuous map from the metric space
of admissible coefficients equipped with the metric d defined by

d((A7 b7 b07 bF)7 (Aa l_)7 éOu l_)l")) = ”A - A”LW(S;L‘X’(GO;S")) + ”b - QHLEJ(S;LQ(GO;R"))
+ 6o = boll Lo2(s;12(0y) + 1or = brll Lo-1(s512(r))
into the BANACH space L(LY(S; H™(Q)); W¥(S; HY}(G))) of solution maps corre-
sponding to problem (13.1).

Proof. Let the operators P, B, P, B be associated with the sets (a, A, b, bg, br),
(a, A, b, by, br) of admissible coefficients, respectively. By the same arguments as in
the proof of Lemma 13.4 for all u € Wg(S; Hi (G)) we get

”?U/ + BU‘ — EU - ﬁu”Lg’(S;H_l(G)) S Cld(<A7 b7 b07 bF)7 (Aa l_)7 éOubF)) HuHWE(S,Hé(G))7

where ¢; = ¢(n,e,w,S,G) > 0 is some constant. Hence, for every fixed set
(A, b, by, br) of admissible coefficients there exists a constant 6 > 0 such that for



44 JENS A. GRIEPENTROG

all admissible coefficients (A, b, by, br) which satisfy
(13.9) d((A,b,bo,br), (A,b, by, br)) <,
the relation
212+ 3B) ewsgwpllP+ B = 2 = B)|lewgry) <1

holds true. Now we repeat exactly the same arguments as in the proof of Theo-
rem 13.3 to get the estimate

I(P+B)™ = (2+B)  ewswe)
< 2¢1d((A, b, bo, br), (A, b, by, br)) 12+ B) |2 g awe)
for all admissible coefficients (A, b, by, br) which satisfy (13.9). O
Remark 13.1. All the results can be generalized to weakly coupled systems, that

means, to problems with principal parts € and A of diagonal structure and opera-
tors B containing strongly coupled lower order terms.

Remark 13.2. One problem left open is the continuous dependence of the solution
u € Wg(S; HY(G)) to problem (13.1) on the e-definite capacity coefficient a. Tt
would be interesting to know whether the quantity

[(Eu)" — (@)/HL;’(S;H*I(G)) + [Ju — H||L;(S;H3(G))

can be estimated in terms of || f — f||re(s;-1(¢)) and the modified distance

d((aa A7 ba b07 bF)a (Qa Aa b7 bOa l_)I‘))

= lla —allze@e) + |4 = All oo (s;20(Goism)) + 110 — bl g (5:22(Go )
+ [[bo = boll Lo—2(s;12(0y) + 1or = brll Lo-1(s512(1))
defined for admissible coefficients (a, A, b, by, br), (a, A, b, by, by). Here, the functions

ue Wg(S; Hy(G)) and u € Wg(S; Hy(G)) are solutions to the problems
(Eu) +Au+ Bu=f € Ly(S; H(G)), u(ty) =0,
(Eu) +Au+Bu= f € L5(S; HY(G)), ulty) =0.
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