Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Sobolev–Morrey spaces associated

with evolution equations

Jens A. Griepentrog

submitted: December 19, 2005 revised: February 8, 2007

No. 1083 Berlin 2007

2000 Mathematics Subject Classification. 35D10, 35R05, 46E35, 35K90. Key words and phrases. Evolution equations, monotone operators, second order parabolic boundary value problems, instationary drift-diffusion problems, nonsmooth coefficients, mixed boundary conditions, Lipschitz domains, Lipschitz hypersurfaces, regular sets, Morrey– Campanato spaces, Sobolev–Morrey spaces, Poincaré inequalities.

Research partially supported by BMBF grant 03-GANGB-5.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Sobolev–Morrey spaces 1

Abstract

In this text we introduce new classes of Sobolev–Morrey spaces being adequate for the regularity theory of second order parabolic boundary value problems on Lipschitz domains of space dimension n ≥ 3 with nonsmooth coefficients and mixed boundary conditions. We prove embedding and trace theorems as well as invariance properties of these spaces with respect to localization, Lipschitz transformation, and reflection. In the second part [11] of our presentation we show that the class of second order parabolic systems with diagonal principal part generates isomorphisms between the above mentioned Sobolev–Morrey spaces of solutions and right hand sides.

Introduction

Many interesting evolutionary processes can be formulated in terms of second order parabolic initial boundary value problems of drift-diffusion type. Applications we have in mind are, for instance, transport processes of electrically charged particles in semiconductor heterostructures, phase separation processes of nonlocally interacting particles, or chemotactic aggregation of biological organisms in heterogeneous environments. The adequate description of these processes requires the treatment of problems with fully nonsmooth data, linear diffusion and nonlinear drift terms.

One way to solve these problems is to study the regularity of solutions to auxiliary linear problems which is also of its own interest. In this first part of our presentation we introduce new classes of function spaces which allow a natural and satisfactory treatment of the regularity problem discussed in detail in the second part [11].

The preliminary part of this text is dedicated to both the functional analytic formulation and the unique solvability of initial boundary value problems in a more abstract context. As a starting point, in Section 1 we consider the Hilbert space

W_E (S; Y ) = { u ∈ L^2(S; Y ) : (Eu)^′ ∈ L^2(S; Y^∗) } , which gives us freedom to model a great variety of evolutionary processes by choosing appropriate Hilbert spaces Y , H and linear operators K ∈ L(Y ; H) and E = K^∗J_H K ∈ L(Y ; Y^∗). Here, we assume that the range K[Y ] is dense in H and that J_H ∈ L(H; H^∗) denotes the duality map between H and H^∗. Moreover, S = (t_0, t_1) is an open time interval, and the operators K : L^2(S; Y ) → L^2(S; H) and E : L^2(S; Y ) → L^2(S; Y^∗) are associated with S, K, and E via (Ku)(s) = Ku(s) and (Eu)(s) = Eu(s) for u ∈ L^2(S; Y ) and s ∈ S.

2 Jens A. Griepentrog

These spaces were introduced by Gröger [15] as a natural and self-evident generalization of the well-established function space

W (S; Y ) = L^2(S; Y ) ∩ H^1(S; Y^∗),

for which we find a developed theory in the literature, see Lions [21, 22], Lions, Magenes [23], Gajewski, Gröger, Zacharias [6], Temam [31], Simon [28], and Dautray, Lions [4]. It turns out, that all the basic facts known for W (S; Y ), like density of functions being smooth in time, integration by parts formulae, or embedding and trace theorems, carry over to the space W_E (S; Y ), see Gröger [15]. Section 2 is dedicated to the variational formulation and the solution of initial boundary value problems. Given a strongly monotone and Lipschitz continuous Volterra operator M : L^2(S; Y ) → L^2(S; Y^∗), for all α ∈ R the problem

(Eu)^′ + Mu − αEu = f ∈ L^2(S; Y^∗), (Ku)(t_0) = w ∈ H,

is uniquely solvable and well-posed in W_E (S; Y ), see Gröger [15].

This class of problems is large enough to cover the case of linear second order parabolic boundary value problems on Lipschitz domains Ω ⊂ R^n of space dimension n ∈ N with nonsmooth coefficients and mixed boundary conditions. We are mainly interested in the linear drift-diffusion problem

(P) (Eu)^′ + Au + Bu = f ∈ L^2(S; Y^∗), (Ku)(t_0) = 0,

where H = L^2(Ω) is equipped with the weighted scalar product

(v|w)_H = ∫ Ω avw dλ^n for v, w ∈ H,

H^1_0 (Ω) ⊂ Y ⊂ H^1(Ω) is a closed subspace of H^1(Ω), and K ∈ L(Y ; H) is simply the embedding operator. The nonsmooth capacity coefficient a ∈ L^∞(Ω) is essentially bounded from below by some constant ε > 0.

We consider nonsmooth diffusivity coefficients A ∈ L^∞(S; L^∞(Ω; S^n)) with values in the set S^n of symmetric (n × n)-matrices, and we assume that the corresponding quadratic form is essentially bounded from below by ε > 0, too. With regard to problem (P) we are concerned with principal parts A : L^2(S; Y ) → L^2(S; Y^∗) of the form

⟨Au, w⟩_L2_{(S;Y )} = ∫ S ∫ Ω A(s)∇u(s) · ∇w(s) dλ^n ds for u, w ∈ L^2(S; Y ).

Given lower order coefficients

b ∈ L^∞(S; L^∞(Ω; R^n)), b_0 ∈ L^∞(S; L^∞(Ω)), b_Γ ∈ L^∞(S; L^∞(Γ)),

Sobolev–Morrey spaces 3

modelling drift and damping phenomena, for u, w ∈ L^2(S; Y ) we define the map B : L^2(S; Y ) → L^2(S; Y^∗) by

⟨Bu, w⟩_L2_{(S;Y )} = ∫ S ∫ Ω ( u(s)b(s) · ∇w(s) + b_0(s)u(s)w(s) ) dλ^n ds + ∫ S ∫ Γ b_Γ(s)K_Γu(s)K_Γw(s) dλ_Γ ds.

Here, Γ = ∂Ω is the Lipschitz boundary of Ω ⊂ R^n, and K_Γ : H^1(Ω) → L^2(Γ) denotes the corresponding trace map. Note, that the bounded linear Volterra operator M = A + B + αE : L^2(S; Y ) → L^2(S; Y^∗) is positively definite, whenever α > 0 is large enough.

Our regularity problem can be formulated as follows: We are looking for Banach spaces L^+ ⊂ L^2(S; Y ) and L^− ⊂ L^2(S; Y^∗) such that

1. The space W = { u ∈ L^+ : (Eu)^′ ∈ L^− } is embedded into a space of functions being Hölder continuous in time and space up to the boundary.

2. The parabolic operator corresponding to problem (P) is a linear isomorphism between { u ∈ W : u(t_0) = 0 } and L^−, and it has the maximal regularity property:

f ∈ L^− −→ Au, Bu, (Eu)^′ ∈ L^−.

Following classical results of Ladyzhenskaya, Solonnikov, Uraltseva [19], there are well-known conditions on the right hand side f ∈ L^2(S; Y^∗) in terms of usual Sobolev spaces for evolution equations which ensure the Hölder continuity of the solution. But in the case n ≥ 3 these spaces are not the right choice for maximal regularity results without further assumptions on the smoothness of the domain or the coefficients. In the second part [11] of our presentation we fill this gap: There, we prove that the class of problems (P) generates isomorphisms between appropriate Sobolev–Morrey spaces meeting all the requirements of the above regularity problem, see also Lieberman [20], Hong-Ming Yin [33].

The main goal of this work is to introduce these Sobolev–Morrey spaces and to discuss their properties in detail. In Section 3 we start with a collection of classical results concerning Morrey and Campanato spaces with parabolic metric, see Campanato [2], Da Prato [3]. Section 4 is dedicated to regular sets G ⊂ R^n with Lipschitz boundary and Sobolev spaces H^1_0 (G) which allow a proper functional analytic formulation of elliptic and parabolic problems with mixed boundary conditions in nonsmooth domains, see Gröger, Rehberg [16, 17, 18], and Griepentrog, Recke [10, 12]. Setting Y = H^1_0 (G) we consider Sobolev– Morrey spaces L^ω_2 (S; Y ) ⊂ L^2(S; Y ) for Morrey exponents ω ∈ [0, n + 2].

In Section 5 for ω ∈ [0, n + 2] we introduce a new scale of Sobolev–Morrey spaces L^ω_2 (S; Y^∗) ⊂ L^2(S; Y^∗) of functionals generalizing Rakotoson’s approach

4 Jens A. Griepentrog

to elliptic boundary value problems, see [25, 26]. In Section 6 we make use of the function spaces introduced before to establish our class of Sobolev–Morrey spaces

W^ω_E (S; Y ) = { u ∈ L^ω_2 (S; Y ) : (Eu)^′ ∈ L^ω_2 (S; Y^∗) } ⊂ W_E (S; Y ).

Embedding and trace theorems for these spaces are based on invariance properties of the above Sobolev–Morrey spaces with respect to localization, Lipschitz transformation, and reflection, and on special variants of Poincaré inequalities, see Appendix A and Struwe [30]. Note, that in the case of ω ∈ (n, n + 2] the space W^ω_E (S; Y ) is embedded into a space of Hölder continuous functions.

1. Hilbert spaces for evolution equations

Let (R^n, L^n, λ^n) be the σ-finite measure space of n-dimensional Lebesgue measurable subsets of R^n. For F ∈ L^n and p ∈ [1, ∞) we denote by L^p(F ; X) the set of all Lebesgue p-integrable functions u : S → X with values in the Banach space (X, ‖ ‖_X ). The class L^∞(F ; X) consists of all Lebesgue measurable functions u : F → X which are essentially bounded.

For every G ⊂ R^n we introduce the class B(G; X) of bounded functions u : G → X. We define the set C(G; X) of continuous functions u : G → X and the subclass BC(G; X) = B(G; X) ∩ C(G; X). Moreover, for α ∈ (0, 1] we consider the set C^{0,α}(G; X) of Hölder continuous functions u : G → X and the subclass BC^{0,α}(G; X) = B(G; X) ∩ C^{0,α}(G; X).

For k ∈ N∪{∞} and open sets U ⊂ R^n we denote by C^k(U; X) the set of functions u : U → X which have continuous derivatives up to the k-th order. The subclass of all these functions with bounded continuous derivatives up to the k-th order forms the set BC^k(U; X). Finally, we introduce the subset C^k_0 (U; X) of functions u ∈ C^k(U; X) with compact support supp(u) in U.

In this section we introduce function spaces which are suitable for the formulation of the class of evolution problems we are interested in. Our representation and terminology closely follows the ideas of Gröger [15], see also Dautray, Lions [4]. Throughout the whole text we assume that

1. S ⊂ R is an open time interval, 2. Y , X, H are Hilbert spaces, Y is continuously embedded into X, 3. K ∈ L(X; H), the set K[Y ] is dense in H, 4. J_H ∈ L(H; H^∗) denotes the duality map of H, 5. E ∈ L(X; Y^∗) is defined by E = (K|Y )^∗J_H K.

Sobolev–Morrey spaces 5

We denote by ( | )_H and ⟨ , ⟩_H the scalar product in H and the dual pairing between H and H^∗, respectively. The duality map J_H ∈ L(H; H^∗) of H is defined as usual by ⟨J_H u, v⟩_H = (u|v)_H for u, v ∈ H. Note, that the restriction E|Y = (K|Y )^∗J_H K|Y ∈ L(Y ; Y^∗) is symmetric and positively semidefinite.

Definition 1.1 (Sobolev space). 1. The function f ∈ L^2(S; Y^∗) is called weakly differentiable if there exists some f^′ ∈ L^2(S; Y^∗) which satisfies ∫ S ⟨f^′(s), v⟩_Y ϑ(s) ds = − ∫ S ⟨f(s), v⟩_Y ϑ^′(s) ds for all ϑ ∈ C^∞_0 (S), v ∈ Y .

We introduce the Sobolev space H^1(S; Y^∗) as usual by

H^1(S; Y^∗) = { f ∈ L^2(S; Y^∗) : f^′ ∈ L^2(S; Y^∗) } . 2. Corresponding to E : L^2(S; X) → L^2(S; Y^∗), which is associated with S and E ∈ L(X; Y^∗) via (Eu)(s) = Eu(s) for s ∈ S, u ∈ L^2(S; X), we set

W_E (S; X) = { u ∈ L^2(S; X) : (Eu)^′ ∈ L^2(S; Y^∗) } . Theorem 1.1. W_E(S; X) is a Hilbert space with the scalar product

(u|v) = (u|v)_L2_{(S;X)} + ((Eu)^′|(Ev)^′)_L2_{(S;Y} ∗_) for u, v ∈ W_E (S; X).

Proof. 1. The bilinear form is correctly defined for u, v ∈ W_E(S; X), and it has the properties of a scalar product.

2. To prove the completeness of W_E (S; X), let (u_k) be some Cauchy sequence in W_E(S; X). Then the sequences (u_k) and ((Eu_k)^′) converge in L^2(S; X) and L^2(S; Y^∗) to functions u ∈ L^2(S; X) and f ∈ L^2(S; Y^∗), respectively. Since E ∈ L(X; Y^∗) the sequence (Eu_k) converges in L^2(S; Y^∗) to Eu ∈ L^2(S; Y^∗). Hence, passing to the limit k → ∞ in∫ S ⟨(Eu_k)^′(s), v⟩_Y ϑ(s) ds = − ∫ S ⟨(Eu_k)(s), v⟩_Y ϑ^′(s) ds,

for all ϑ ∈ C^∞_0 (S), v ∈ Y we get the identity ∫ S ⟨f(s), v⟩_Y ϑ(s) ds = − ∫ S ⟨(Eu)(s), v⟩_Y ϑ^′(s) ds

which proves (Eu)^′ = f ∈ L^2(S; Y^∗) and u ∈ W_E (S; X). □

Lemma 1.2. Let the map C ∈ L(X; Y ) satisfy (1.1) ⟨Ew, Cv⟩_Y = ⟨Ev, Cw⟩_Y for all v, w ∈ X.

Then the bounded linear operator C : L^2(S; X) → L^2(S; Y ), associated with S and C via (Cu)(s) = Cu(s) for s ∈ S and u ∈ L^2(S; X), maps W_E (S; X) continuously into W_{E|Y} (S; Y ).

6 Jens A. Griepentrog

Proof. We define bounded linear operators C_0 : L^2(S; Y ) → L^2(S; Y ) and E_0 : L^2(S; Y ) → L^2(S; Y^∗) associated with S, C|Y ∈ L(Y ; Y ), and E|Y ∈ L(Y ; Y^∗), by (C_0u)(s) = Cu(s), (E_0u)(s) = Eu(s) for s ∈ S, u ∈ L^2(S; Y ).

Due to (1.1) and the symmetry of E|Y for every u ∈ W_E (S; X), ϑ ∈ C^∞_0 (S), and v ∈ Y we obtain ∫ S ⟨(C^∗_0(Eu)^′)(s), v⟩_Y ϑ(s) ds = ∫ S ⟨(Eu)^′(s), Cv⟩_Y ϑ(s) ds = − ∫ S ⟨Eu(s), Cv⟩_Y ϑ^′(s) ds = − ∫ S ⟨(E_0Cu)(s), v⟩_Y ϑ^′(s) ds,

which yields (E_0Cu)^′ = C^∗_0(Eu)^′ ∈ L^2(S; Y^∗) and Cu ∈ W_{E|Y} (S; Y ). Hence, C maps W_E(S; X) continuously into W_{E|Y} (S; Y ). □

Density of smooth functions. Every function from W_E (S; X) can be approximated by functions with values in X being smooth in time. We start with the case S = R.

Lemma 1.3 (Density). The set C^∞_0 (R; X) is dense in W_E (R; X).

Proof. 1. Let φ ∈ C^∞_0 (R) be a nonnegative function satisfying ∫ R φ(s) ds = 1 and supp(φ) ⊂ (−1, 1), and define φ_k ⊂ C^∞_0 (R) by φ_k(s) = kφ(ks) for k ∈ N, s ∈ R. For every u ∈ L^2(R; X) the sequence (u_k) of convolutions u_k = φ_k ∗ u ∈ BC^∞(R; X) ∩ L^2(R; X) converges to u in L^2(R; X).

Due to E ∈ L(X; Y^∗) for all u ∈ W_E(R; X) we obtain Eu ∈ H^1(R; Y^∗). The sequence of convolutions (Eu)_k = φ_k ∗ (Eu) ∈ BC^∞(R; Y^∗) ∩ H^1(R; Y^∗) converges to Eu in H^1(R; Y^∗). This yields lim_{k→∞} ‖Eu_k − Eu‖_H1_{(R;Y} ∗_) = 0 since Eu_k = (Eu)_k holds true for all k ∈ N.

2. We choose cut-off functions ϑ_k ∈ C^∞_0 (R) satisfying

ϑ_k|(−k, k) = 1, 0 ≤ ϑ_k(s) ≤ 1, |ϑ^′_k(s)| ≤ 1 for all s ∈ R, k ∈ N.

Now, we prove that the sequence of functions v_k = ϑ_ku_k ∈ C^∞_0 (R; X) converges to u in W_E (R; X): The fact, that lim_{k→∞} ‖v_k − u‖_L2_{(R;X)} = 0 holds true, follows from the estimate ∫ R ‖v_k(s) − u(s)‖^2_X ds ≤ 2 ∫ R ( |ϑ_k(s) − 1|^2‖u_k(s)‖^2_X + ‖u_k(s) − u(s)‖^2_X ) ds ≤ 2 ∫ R\(−k,k)

‖u_k(s)‖^2_X ds + 2 ∫ R ‖u_k(s) − u(s)‖^2_X ds ≤ 4 ∫ R\(−k,k)

‖u(s)‖^2_X ds + 6 ∫ R ‖u_k(s) − u(s)‖^2_X ds.

Sobolev–Morrey spaces 7

Because of (Ev_k)^′ = (ϑ_kEu_k)^′ = ϑ^′_kEu_k + (Eu_k)^′ϑ_k and the properties of the cut-off functions, for all k ∈ N we get ∫ R ‖(Ev_k)^′(s) − (Eu_k)^′(s)‖^2_Y ∗ ds ≤ 2 ∫ R ( |ϑ^′_k(s)|^2‖(Eu_k)(s)‖^2_Y ∗ + |ϑ_k(s) − 1|^2‖(Eu_k)^′(s)‖^2_Y ∗ ) ds, and, hence, ∫ R ‖(Ev_k)^′(s) − (Eu_k)^′(s)‖^2_Y ∗ ds ≤ 4 ∫ R\(−k,k) ( ‖(Eu)(s)‖^2_Y ∗ + ‖(Eu_k)(s) − (Eu)(s)‖^2_Y ∗ ) ds + 4 ∫ R\(−k,k) ( ‖(Eu)^′(s)‖^2_Y ∗ + ‖(Eu_k)^′(s) − (Eu)^′(s)‖^2_Y ∗ ) ds, which yields lim_{k→∞} ‖(Ev_k)^′ − (Eu_k)^′‖_L2_{(S;Y} ∗_) = 0. Together with the fact, that the sequence ((Eu_k)^′) converges to (Eu)^′ in L^2(R; Y^∗), see Step 1, we obtain the relation lim_{k→∞} ‖(Ev_k)^′ − (Eu)^′‖_L2_{(R;Y} ∗_) = 0. □

To prove a corresponding statement for arbitrary open intervals S ⊂ R we need some preparation:

Lemma 1.4. Let S ⊂ S_0 ⊂ R be two open intervals and ϑ ∈ BC^∞(R) some function with supp(ϑ) ∩ S_0 ⊂ S. Then, for u ∈ W_E(S; X) the function u_0 : S_0 → X defined by u_0|S = ϑu and u_0|(S_0 \ S) = 0 belongs to W_E (S_0; X).

Proof. Let u ∈ W_E(S; X) be given. The above construction implies that u_0 ∈ L^2(S_0; X). We define f_0 : S_0 → Y^∗ by

f_0|S = ϑ^′Eu + (Eu)^′ϑ, f_0|(S_0 \ S) = 0.

Due to E ∈ L(X; Y^∗) this yields f_0 ∈ L^2(S_0; Y^∗). Note, that for ϑ_0 ∈ C^∞_0 (S_0) the inclusion supp(ϑϑ_0) ⊂ supp(ϑ) ∩ S_0 ⊂ S holds true. Hence, for all v ∈ Y we obtain ∫ S_0

⟨f_0(s), v⟩_Y ϑ_0(s) ds = ∫ S ⟨(Eu)(s), v⟩_Y ϑ^′(s)ϑ_0(s) ds + ∫ S ⟨(Eu)^′(s), v⟩_Y ϑ(s)ϑ_0(s) ds

8 Jens A. Griepentrog and therefore, ∫ S_0

⟨f_0(s), v⟩_Y ϑ_0(s) ds = − ∫ S ⟨(Eu)(s), v⟩_Y ϑ(s)ϑ^′_0(s) ds = − ∫ S_0

⟨(E_0u_0)(s), v⟩_Y ϑ^′_0(s) ds, where E_0 : L^2(S_0; X) → L^2(S_0; Y^∗) is associated with S_0 and E. Consequently, this yields (E_0u_0)^′ = f_0 ∈ L^2(S_0; Y^∗) and u_0 ∈ W_E (S_0; X). □ For every h ∈ R we introduce the shifted interval S_h = {s + h : s ∈ S}. Note, that the open interval S ⊂ R is unbounded if and only if there exists some h ≠ 0 with S_{−h} ⊂ S ⊂ S_h. In that case we define the translation τ_hu : S_h → X of the function u : S → X by (τ_hu)(s) = u(s − h) for s ∈ S_h.

Lemma 1.5 (Translation). Let S ⊂ R be some unbounded open interval, and let h ≠ 0 satisfy S_{−h} ⊂ S ⊂ S_h. Then for all u ∈ W_E(S; X) we have τ_hu ∈ W_E (S_h; X) and lim_{δ↓0} ‖(τ_{δh}u)|S − u‖_{WE(S;X)} = 0.

Proof. For u ∈ W_E (S; X) we define u_0 ∈ L^2(R; X), f_0 ∈ L^2(R; Y^∗) by u_0|S = u, u_0|(R \ S) = 0, f_0|S = (Eu)^′, f_0|(R \ S) = 0.

Due to the continuity of the translation operator we get lim_{δ↓0} ‖τ_{δh}u_0 − u_0‖_L2_{(R;X)} = 0, lim_{δ↓0} ‖τ_{δh}f_0 − f_0‖_L2_{(R;Y} ∗_) = 0.

Because (τ_{δh}u_0)|S = (τ_{δh}u)|S and (τ_{δh}f_0)|S = (τ_{δh}(Eu)^′)|S holds true for all δ ∈ (0, 1), this yields

lim_{δ↓0} ‖(τ_{δh}u)|S − u‖_L2_{(S;X)} = 0, lim_{δ↓0} ‖(τ_{δh}(Eu)^′)|S − (Eu)^′‖_L2_{(S;Y} ∗_) = 0. Note, that for all δ ∈ (0, 1) and ϑ ∈ C^∞_0 (S_{δh}) we have τ_{−δh}ϑ ∈ C^∞_0 (S). Consequently, for all v ∈ Y we obtain ∫ S_{δh}

⟨(τ_{δh}(Eu)^′)(s), v⟩_Y ϑ(s) ds = ∫ S ⟨(Eu)^′(s), v⟩_Y (τ_{−δh}ϑ)(s) ds = − ∫ S ⟨(Eu)(s), v⟩_Y (τ_{−δh}ϑ^′)(s) ds = − ∫ S_{δh}

⟨(E_{δh}τ_{δh}u)(s), v⟩_Y ϑ^′(s) ds, where the operator E_{δh} : L^2(S_{δh}; X) → L^2(S_{δh}; Y^∗) is associated with S_{δh} and E. Hence, we get (E_{δh}τ_{δh}u)^′ = τ_{δh}(Eu)^′ ∈ L^2(S_{δh}; Y^∗) which leads to the relation lim_{δ↓0} ‖(τ_{δh}u)|S − u‖_{WE(S;X)} = 0. □

Sobolev–Morrey spaces 9

Theorem 1.6 (Density). The set of restrictions { u|S : u ∈ C^∞_0 (R; X) } is dense in W_E(S; X).

Proof. 1. In the case S = R the assertion follows from Lemma 1.3.

2. Let S ⊂ R, S ≠ R be an unbounded open interval and ε > 0. Then we have S_{−h} ⊂ S ⊂ S_h for some h ≠ 0. Applying Lemma 1.5 to u ∈ W_E (S; X), we find some δ ∈ (0, 1) with ‖(τ_{δh}u)|S − u‖_{WE(S;X)} ≤ ε.

Next, we choose some cut-off function ϑ ∈ BC^∞(R) with supp(ϑ) ⊂ S_{δh} and ϑ|S = 1. Because of τ_{δh}u ∈ W_E (S_{δh}; X) and Lemma 1.4 the function u_0 : R → Y defined by u_0|S_{δh} = ϑτ_{δh}u, u_0|(R \ S_{δh}) = 0, belongs to W_E(R; X), and we obtain u_0|S = (τ_{δh}u)|S. Using Lemma 1.3 we find some function w ∈ C^∞_0 (R; X) with ‖w − u_0‖_{WE (R;X)} ≤ ε. Due to

‖w|S − u‖_{WE (S;X)} ≤ ‖w|S − u_0|S‖_{WE(S;X)} + ‖(τ_{δh}u)|S − u‖_{WE (S;X)}

this yields ‖w|S − u‖_{WE(S;X)} ≤ 2ε.

3. Finally, we consider the case of bounded open intervals S = (t_0, t_1) with t_0, t_1 ∈ R and t_0 < t_1. Let ε > 0 be fixed arbitrarily. We choose some cut-off function ϑ ∈ BC^∞(R) with supp(ϑ) ⊂ S_0 = (−∞, t_1) and supp(1 − ϑ) ⊂ S_1 = (t_0, ∞). Due to Lemma 1.4 we get two functions w_0 ∈ W_E (S_0; X) and w_1 ∈ W_E(S_1; X) if we set

w_0|(−∞, t_0] = 0, w_0|(t_0, t_1) = (1 − ϑ)u, w_1|(t_0, t_1) = ϑu, w_1|[t_1, ∞) = 0.

Applying Step 2 of the proof we find functions u_0, u_1 ∈ C^∞_0 (R; X) such that

‖u_0|S_0 − w_0‖_{WE (S0;X)} ≤ ε, ‖u_1|S_1 − w_1‖_{WE (S1;X)} ≤ ε,

which yields

‖(u_0 + u_1)|S − u‖_{WE (S;X)} ≤ ‖u_0|S − (1 − ϑ)u‖_{WE (S;X)} + ‖u_1|S − ϑu‖_{WE (S;X)} = ‖u_0|S − w_0|S‖_{WE(S;X)} + ‖u_1|S − w_1|S‖_{WE (S;X)} ≤ 2ε.

Hence, u_0 + u_1 admits the desired approximation property. □

Integration by parts and continuous embeddings. In this subsection we temporarily assume that X = Y holds true. Otherwise we refer to the special case treated in Appendix B.

Theorem 1.7 (Integration by parts). For every u ∈ W_E(S; Y ) there exists a uniquely determined continuous representative Ku : S → H such that (Ku)(s) = Ku(s) for almost all s ∈ S. The operator K is a bounded linear map from W_E (S; Y )

10 Jens A. Griepentrog to BC(S; H). Moreover, for every u ∈ W_E (S; Y ) and all s, t ∈ S the following integration by parts formula holds true: (1.2) ‖(Ku)(t)‖^2_H − ‖(Ku)(s)‖^2_H = 2

∫_t s ⟨(Eu)^′(τ), u(τ)⟩_Y dτ.

Proof. 1. In the first step we prove the statement for u ∈ C^∞_0 (R; Y ). Then, the function φ : R → R defined by φ(τ) = ⟨Eu(τ), u(τ)⟩_Y for τ ∈ R, belongs to C^∞_0 (R). Due to the symmetry of the operator E = K^∗J_H K ∈ L(Y ; Y^∗), for all τ ∈ R we get φ^′(τ) = ⟨Eu^′(τ), u(τ)⟩_Y + ⟨Eu(τ), u^′(τ)⟩_Y = 2⟨Eu^′(τ), u(τ)⟩_Y .

By integration for all s, t ∈ S this yields 2 ∫_t s ⟨(Eu)^′(τ), u(τ)⟩_Y dτ = ⟨J_H Ku(t), Ku(t)⟩_H − ⟨J_H Ku(s), Ku(s)⟩_H and, hence, ‖Ku(t)‖^2_H ≤ ‖Ku(s)‖^2_H + ‖u|S‖^2_{WE(S;Y )}.

Integrating over some bounded subinterval (s_0, s_1) ⊂ S, for all t ∈ S we obtain the estimate

(s_1 − s_0)‖Ku(t)‖^2_H ≤ ∫ S ‖Ku(s)‖^2_H ds + (s_1 − s_0)‖u|S‖^2_{WE(S;Y )} ≤ ( ‖K‖^2_{L(Y ;H)} + (s_1 − s_0) ) ‖u|S‖^2_{WE(S;Y )}.

Hence, we find some constant c = c(S, K) > 0 such that sup_{t∈S} ‖Ku(t)‖_H ≤ c ‖u|S‖_{WE(S;Y )} for all u ∈ C^∞_0 (R; Y ).

2. Let u ∈ W_E (S; Y ). Due to Theorem 1.6 there exists some sequence (u_k) ⊂ C^∞_0 (R; Y ) such that (u_k|S) converges to u in W_E (S; Y ). Applying the result of Step 1 to the differences u_k − u_ℓ, we get

sup_{t∈S} ‖Ku_k(t) − Ku_ℓ(t)‖_H ≤ c ‖u_k|S − u_ℓ|S‖_{WE(S;Y )} for all k, ℓ ∈ N.

In view of the completeness of BC(S; H) there exists a limit function w ∈ BC(S; H) which satisfies lim_{k→∞} sup_{t∈S} ‖Ku_k(t) − w(t)‖_H = 0. For all k ∈ N and all bounded open subintervals (s, τ) ⊂ S we have the estimate

∫_τ s ‖Ku(t) − w(t)‖^2_H dt ≤ 2

∫_τ s ( ‖Ku(t) − Ku_k(t)‖^2_H + ‖Ku_k(t) − w(t)‖^2_H ) dt ≤ 2 ‖K‖^2_{L(Y ;H)} ∫ S ‖u_k(t) − u(t)‖^2_Y dt + 2(τ − s) sup_{t∈S} ‖Ku_k(t) − w(t)‖^2_H .

Sobolev–Morrey spaces 11

Passing to the limit k → ∞ we obtain w(t) = Ku(t) for almost all t ∈ S. We define by Ku = w ∈ BC(S; H) the uniquely determined representative Ku : S → H which satisfies (Ku)(t) = Ku(t) for almost all t ∈ S.

3. Due to Step 1, we have ‖Ku_k‖_{BC(S;H)} ≤ c ‖u_k|S‖_{WE(S;Y )} for all k ∈ N. Passing to the limit k → ∞ and using Step 2 we obtain

‖Ku‖_{BC(S;H)} ≤ c ‖u‖_{WE(S;Y )} for all u ∈ W_E (S; Y ).

Hence, K is a bounded linear operator from W_E(S; Y ) to BC(S; H). Moreover, following Step 1, for all k ∈ N and s, t ∈ S we get

‖Ku_k(t)‖^2_H − ‖Ku_k(s)‖^2_H = 2

∫_t s ⟨(Eu_k)^′(τ), u_k(τ)⟩_Y dτ.

Passing to the limit k → ∞, Step 2 yields the desired identity (1.2). □

Theorem 1.8 (Extension). Let t ∈ S = (t_0, t_1), S_0 = (t_0, t), S_1 = (t, t_1). If u_0 ∈ W_E(S_0; Y ) and u_1 ∈ W_E (S_1; Y ) satisfy (K_0u_0)(t) = (K_1u_1)(t), then the function u : S → Y defined by u|S_0 = u_0 and u|S_1 = u_1 belongs to W_E(S; Y ).

Proof. Due to the construction we have u ∈ L^2(S; Y ), and the function f : S → Y^∗ defined by f|S_0 = (E_0u_0)^′ and f|S_1 = (E_1u_1)^′ belongs to f ∈ L^2(S; Y^∗).

Let ϑ ∈ C^∞_0 (S), v ∈ Y be fixed. Then we have w = ϑv ∈ W_E (S; Y ), and using the integration by parts formula, see Theorem 1.7, we get

((K_0u_0)(t)|Kv)_H ϑ(t) = ∫ S_0 ( ⟨(E_0u_0)^′(s), w(s)⟩_Y + ⟨Ev, u_0(s)⟩_Y ϑ^′(s) ) ds, −((K_1u_1)(t)|Kv)_H ϑ(t) = ∫ S_1 ( ⟨(E_1u_1)^′(s), w(s)⟩_Y + ⟨Ev, u_1(s)⟩_Y ϑ^′(s) ) ds. Because of (K_0u_0)(t) = (K_1u_1)(t) and the symmetry of E this yields ∫ S ⟨f(s), v⟩_Y ϑ(s) ds = ∫ S_0

⟨(E_0u_0)^′(s), v⟩_Y ϑ(s) ds + ∫ S_1

⟨(E_1u_1)^′(s), v⟩_Y ϑ(s) ds = − ∫ S ⟨Ev, u(s)⟩_Y ϑ^′(s) ds = − ∫ S ⟨(Eu)(s), v⟩_Y ϑ^′(s) ds.

Hence, we get (Eu)^′ = f ∈ L^2(S; Y^∗) and u ∈ W_E (S; Y ). □

12 Jens A. Griepentrog

Completely continuous embeddings. It turns out that in the case of complete continuity of the operator K ∈ L(X; H) this property carries over to the operator K from W_E (S; X) into L^2(S; H), whenever S = (t_0, t_1) is bounded. The following proof generalizes an idea of Temam [31], see also Lions [21, 22], Simon [28].

Lemma 1.9. Let K ∈ L(X; H) be completely continuous. Then, for every δ > 0 there exists some constant c > 0 such that

(1.3) ‖Kw‖^2_H ≤ δ ‖w‖^2_X + c ‖Ew‖^2_Y ∗ for all w ∈ X.

Proof. 1. Assume, that there exists some δ > 0 such that we can find some sequence (w_k) ⊂ X which satisfies

‖w_k‖_X = 1, ‖Kw_k‖^2_H > δ + k ‖Ew_k‖^2_Y ∗ for all k ∈ N.

Because of K ∈ L(X; H) this yields lim_{k→∞} ‖Ew_k‖_Y ∗ = 0.

2. Due to the complete continuity of K ∈ L(X; H) there exists an increasing subsequence (k_ℓ) ⊂ N and some limit h ∈ H such that lim_{ℓ→∞} ‖Kw_{kℓ} − h‖_H = 0. Because of E = (K|Y )^∗J_H K ∈ L(X; Y^∗) and Step 1 for all v ∈ Y this yields

⟨J_H h, Kv⟩_H = lim_{ℓ→∞}⟨J_H Kw_{kℓ} , Kv⟩_H = lim_{ℓ→∞}⟨Ew_{kℓ} , v⟩_Y = 0.

In view of K|Y ∈ L(Y ; H) and the density of K[Y ] in H we obtain h = 0 which contradicts to the fact that ‖Kw_k‖^2_H > δ holds true for all k ∈ N, see Step 1. Hence, the assumption was not true, which proves the desired estimate (1.3). □

Theorem 1.10 (Complete continuity). Let S = (t_0, t_1) be some bounded open interval and K ∈ L(X; H) be completely continuous. Then K maps W_E (S; X) completely continuous into L^2(S; H).

Proof. 1. Let (u_k) ⊂ W_E (S; X) be a bounded sequence and c_1 > 0 some constant such that

(1.4) ∫ S ( ‖u_k(s)‖^2_X + ‖(Eu_k)^′(s)‖^2_Y ∗ ) ds ≤ c_1 for all k ∈ N.

We choose an increasing subsequence (k_ℓ) ⊂ N such that (u_{kℓ} ) converges weakly to some limit u in W_E (S; X). Due to the lower semicontinuity of the norm this yields

(1.5) ∫ S ( ‖u(s)‖^2_X + ‖(Eu)^′(s)‖^2_Y ∗ ) ds ≤ c_1.

Consequently, the sequence (v_ℓ) ⊂ W_E (S; X) defined by v_ℓ = u_{kℓ} − u for ℓ ∈ N, converges weakly to 0 in W_E(S; X). Note that (Ev_ℓ) is bounded in H^1(S; Y^∗).

Sobolev–Morrey spaces 13

Together with the continuous embedding of H^1(S; Y^∗) in BC(S; Y^∗) this implies the existence of some constant c_2 > 0 such that (1.6) ‖(Ev_ℓ)(s)‖_Y ∗ ≤ c_2 for all s ∈ S, ℓ ∈ N.

2. To prove that lim_{ℓ→∞} ∫ S ‖(Ev_ℓ)(s)‖^2_Y ∗ ds = 0 holds true, we proceed as follows:

Let t ∈ S and δ > 0 be fixed arbitrarily. Because of Ev_ℓ ∈ H^1(S; Y^∗) ⊂ BC(S; Y^∗), for all ℓ ∈ N and s ∈ (t, t_1) we have

(Ev_ℓ)(t) = (Ev_ℓ)(s) −

∫_s t (Ev_ℓ)^′(τ) dτ.

Next, we choose some θ ∈ (t, t_1) which satisfies c_1(θ − t) ≤^δ_8 . Integrating over the interval (t, θ), and defining w_ℓ ∈ X and f_ℓ ∈ Y^∗ by

w_ℓ = 1 θ − t

∫_θ t v_ℓ(s) ds, and f_ℓ = 1 θ − t

∫_θ t ∫_s t (Ev_ℓ)^′(τ) dτ ds = 1 θ − t

∫_θ t (θ − s)(Ev_ℓ)^′(s) ds, we get the identity (Ev_ℓ)(t) = Ew_ℓ − f_ℓ for all ℓ ∈ N.

Due to the weak convergence of (v_ℓ) to 0 in L^2(S; X), see Step 1, we have

lim_{ℓ→∞}⟨f, w_ℓ⟩_X = lim_{ℓ→∞} 1 θ − t

∫_θ t ⟨f, v_ℓ(s)⟩_X ds = 0 for all f ∈ X^∗.

That means, (w_ℓ) converges weakly to 0 in X. Because of the complete continuity of E = (K|Y )^∗J_H K ∈ L(X; Y^∗) this yields lim_{ℓ→∞} ‖Ew_ℓ‖_Y ∗ = 0. We choose ℓ_0 = ℓ_0(δ) ∈ N such that

(1.7) ‖Ew_ℓ‖^2_Y ∗ ≤ δ 4 for all ℓ ∈ N, ℓ ≥ ℓ_0.

On the other hand, for all ℓ ∈ N we get

‖f_ℓ‖^2_Y ∗ ≤ 1 (θ − t)^2 (∫_θ t (θ − s)^2 ds ) (∫_θ t ‖(Ev_ℓ)^′(s)‖^2_Y ∗ ds ) . Hence, using (1.4), (1.5), and c_1(θ − t) ≤^δ_8 we obtain ‖f_ℓ‖^2_Y ∗ ≤^δ_6 for all ℓ ∈ N. Due to (Ev_ℓ)(t) = Ew_ℓ − f_ℓ and (1.7) this yields

‖(Ev_ℓ)(t)‖^2_Y ∗ ≤ 2 ‖Ew_ℓ‖^2_Y ∗ + 2 ‖f_ℓ‖^2_Y ∗ ≤ δ for all ℓ ∈ N, ℓ ≥ ℓ_0. Because we have fixed δ > 0 and t ∈ S arbitrarily at the beginning, we get pointwise convergence, that means lim_{ℓ→∞} ‖(Ev_ℓ)(t)‖^2_Y ∗ = 0 for all t ∈ S. In view of the

14 Jens A. Griepentrog uniform estimate (1.6) and the boundedness of the interval S ⊂ R the dominated convergence theorem yields (1.8) lim_{ℓ→∞} ∫ S ‖(Ev_ℓ)(s)‖^2_Y ∗ ds = 0.

3. Let δ > 0 be fixed. Applying Lemma 1.9 we find some constant c_3 > 0 such that for all ℓ ∈ N we have ∫ S ‖(Kv_ℓ)(s)‖^2_H ds ≤ δ ∫ S ‖v_ℓ(s)‖^2_X ds + c_3 ∫ S ‖(Ev_ℓ)(s)‖^2_Y ∗ ds.

Due to (1.4) and (1.5) this yields ∫ S ‖(Kv_ℓ)(s)‖^2_H ds ≤ 4c_1δ + c_3 ∫ S ‖(Ev_ℓ)(s)‖^2_Y ∗ ds for all ℓ ∈ N.

Using (1.8) and passing to the limit ℓ → ∞ we end up with lim sup ℓ→∞ ∫ S ‖(Kv_ℓ)(s)‖^2_H ds ≤ 4c_1δ.

Because δ > 0 was fixed arbitrarily, we have found a subsequence (Ku_{kℓ} ) which converges to Ku in L^2(S; H). □ Corollary 1.11 (Complete continuity). Let S = (t_0, t_1) be some bounded open interval, and let both K ∈ L(X; H) and K_0 ∈ L(X; H_0) be completely continuous, where H_0 is some further Hilbert space. If for every δ > 0 there exists some constant c > 0 such that ‖K_0w‖^2_{H0} ≤ δ ‖w‖^2_X + c ‖Kw‖^2_H for all w ∈ X, then K_0 : L^2(S; X) → L^2(S; H_0), associated with S and K_0 via (K_0u)(s) = K_0u(s) for s ∈ S, maps W_E(S; X) completely continuous into L^2(S; H_0). Proof. 1. Let (u_k) be a bounded sequence in W_E (S; X). Then there exists an increasing subsequence (k_ℓ) ⊂ N such that (u_{kℓ} ) converges weakly to some limit u in W_E(S; X). We take some constant c_1 > 0 such that (1.9) ∫ S ‖u_k(s)‖^2_X ds ≤ c_1 for all k ∈ N, ∫ S ‖u(s)‖^2_X ds ≤ c_1.

Since K maps W_E (S; X) completely continuous into L^2(S; H), see Theorem 1.10, the sequence (Ku_{kℓ} ) converges to Ku in L^2(S; H).

Sobolev–Morrey spaces 15 2. Let δ > 0 be arbitrarily fixed. Due to the assumption we find some constant c_2 > 0 such that for all ℓ ∈ N we have ∫ S ‖(K_0u_{kℓ} )(s) − (K_0u)(s)‖^2_{H0} ds ≤ δ ∫ S ‖u_{kℓ} (s) − u(s)‖^2_X ds + c_2 ∫ S ‖(Ku_{kℓ} )(s) − (Ku)(s)‖^2_H ds.

In view of (1.9) and the convergence of (Ku_{kℓ} ) to Ku in L^2(S; H), see Step 1, we pass to the limit ℓ → ∞ to get lim sup ℓ→∞ ∫ S ‖(K_0u_{kℓ} )(s) − (K_0u)(s)‖^2_{H0} ds ≤ 4c_1δ, in other words, (K_0u_{kℓ} ) converges to K_0u in L^2(S; H_0). □ 2. Solvability of initial boundary value problems Throughout this section we assume that S = (t_0, t_1) is a bounded open interval and that X = Y holds true. We provide the unique solvability and well-posedness for a broad class of evolution equations, see Gröger [15]:

Lemma 2.1. The map D : dom(D) ⊂ L^2(S; Y ) × H → L^2(S; Y^∗) × H^∗ defined by dom(D) = { (u, (Ku)(t_0)) : u ∈ W_E (S; Y ) } , D(u, w) = ((Eu)^′, J_H w) for (u, w) ∈ dom(D), is maximal monotone.

Proof. 1. Integrating by parts, for all (u, w) ∈ dom(D) we get 2 ⟨D(u, w), (u, w)⟩ = 2 ∫ S ⟨(Eu)^′(s), u(s)⟩_Y ds + 2 ‖w‖^2_H = ‖(Ku)(t_1)‖^2_H + ‖w‖^2_H , that means, the linear operator D is monotone.

2. To prove the maximality of D we consider pairs (u, w) ∈ L^2(S; Y ) × H and (f, g) ∈ L^2(S; Y^∗) × H^∗ satisfying (2.1) ∫ S ⟨f(s) − (Eû)^′(s), u(s) − û(s)⟩_Y ds + ⟨g − J_Hŵ, w − ŵ⟩_H ≥ 0 for all (û, ŵ) ∈ dom(D). Let v ∈ Y , ϑ ∈ C^∞_0 (S). Choosing (û, ŵ) = (ϑv, 0) ∈ dom(D) in (2.1) and integrating by parts we obtain ∫ S ⟨f(s), v⟩_Y ϑ(s) ds + ∫ S ⟨Ev, u(s)⟩_Y ϑ^′(s) ds ≤ ∫ S ⟨f(s), u(s)⟩_Y ds + ⟨g, w⟩_H.

16 Jens A. Griepentrog Since the left hand side is linear with respect to v and the right hand side does not depend on v, this inequality can be true, only, if the left hand side vanishes for all v ∈ Y . Hence, for all v ∈ Y and ϑ ∈ C^∞_0 (S) we get ∫ S ⟨f(s), v⟩_Y ϑ(s) ds + ∫ S ⟨(Eu)(s), v⟩_Y ϑ^′(s) ds = 0, which proves (Eu)^′ = f ∈ L^2(S; Y^∗) and u ∈ W_E (S; Y ).

3. Due to (Eu)^′ = f and (2.1) by partial integration we get (2.2) ‖(Ku)(t_1) − (Kû)(t_1)‖^2_H − ‖(Ku)(t_0) − ŵ‖^2_H + 2 ⟨g − J_Hŵ, w − ŵ⟩_H ≥ 0 for all (û, ŵ) ∈ dom(D). Because K[Y ] is dense in H, we can choose two sequences (v^∘_k) and (v_k) in Y which satisfy

lim_{k→∞} ‖Kv^∘_k − w‖_H = 0, lim_{k→∞} ‖K(v^∘_k + (t_1 − t_0)v_k) − (Ku)(t_1)‖_H = 0. Setting û(s) = v^∘_k + (s − t_0)v_k for s ∈ S and ŵ = Kv^∘_k we obtain (û, ŵ) ∈ dom(D), and from (2.2) it follows that

‖(Ku)(t_1) − K(v^∘_k + (t_1 − t_0)v_k)‖^2_H − ‖(Ku)(t_0) − Kv^∘_k‖^2_H + 2 ⟨g − J_H Kv^∘_k, w − Kv^∘_k⟩_H ≥ 0.

Passing to the limit k → ∞ we get ‖(Ku)(t_0) − w‖^2_H ≤ 0, that means, (Ku)(t_0) = w and (u, w) ∈ dom(D).

4. Let v ∈ Y and τ > 0 be fixed. Setting û(s) = u(s) + τv for s ∈ S and ŵ = w + τKv, we get (û, ŵ) ∈ dom(D). Then, inequality (2.2) yields that ⟨g − J_H (w + τKv), τKv⟩_H ≤ 0.

Dividing by τ > 0 and passing to the limit τ ↓ 0 we find ⟨g − J_H w, Kv⟩_H ≤ 0 for all v ∈ Y .

Since K ∈ L(Y ; H) and K[Y ] is dense in H, we arrive at g = J_H w. In other words, we have shown that the operator D is maximal monotone. □ Theorem 2.2 (Unique solvability). Assume that M : L^2(S; Y ) → L^2(S; Y^∗) is a strongly monotone and Lipschitz continuous operator with the domain dom(M) = L^2(S; Y ). Then, under the general assumptions mentioned above, for any f ∈ L^2(S; Y^∗) and w ∈ H, the initial value problem (2.3) (Eu)^′ + Mu = f, (Ku)(t_0) = w, has a uniquely determined solution u ∈ W_E (S; Y ). Furthermore, the assignment (f, w) → u is Lipschitz continuous from L^2(S; Y^∗) × H into W_E (S; Y ).

Sobolev–Morrey spaces 17 Proof. 1. Due to the assumptions, M : L^2(S; Y ) → L^2(S; Y^∗) is a maximal monotone operator. We define M_0 : L^2(S; Y ) × H → L^2(S; Y^∗) × H^∗ by M_0(u, w) = (Mu, 0) for (u, w) ∈ L^2(S; Y ) × H.

Elementary arguments show that the maximal monotonicity of M carries over to M_0, where dom(M_0) = L^2(S; Y ) × H.

Let D : dom(D) ⊂ L^2(S; Y ) × H → L^2(S; Y^∗) × H^∗ be the maximal monotone operator of Lemma 2.1. Because of dom(D) ⊂ L^2(S; Y )×H we have dom(M_0 +D) = dom(D), and Rockafellar’s sum theorem yields the maximal monotonicity of M_0 + D, see [27]. Moreover, the strong monotonicity of M implies that M_0 + D is strongly monotone, too, since for all (u, w), (û, ŵ) ∈ dom(D) we have

2 ⟨(M_0 + D)(u, w) − (M_0 + D)(û, ŵ), (u, w) − (û, ŵ)⟩

= 2 ⟨Mu − Mû, u − û⟩_L2_{(S;Y )} + ‖(Ku)(t_1) − (Kû)(t_1)‖^2_H + ‖w − ŵ‖^2_H . Applying Browder’s theorem, for any (f, w) ∈ L^2(S; Y^∗) × H the problem (M_0 + D)(u, w) = (f, J_H w) has a solution (u, w) ∈ dom(D), see [1]. By construction, from this it follows that u ∈ W_E (S; Y ) solves the initial value problem (2.3).

2. Let w, ŵ ∈ H and f, f̂ ∈ L^2(S; Y^∗) be given data. Using Step 1 of the proof we find solutions u, û ∈ W_E (S; Y ) of the problems (Eu)^′ + Mu = f, (Ku)(t_0) = w, (Eû)^′ + Mû = f̂, (Kû)(t_0) = ŵ.

Let M, L > 0 be the monotonicity and the Lipschitz constant of M, respectively. Applying Young’s inequality and the strong monotonicity of M we get the estimate 0 = 2 ⟨(Eu)^′ − (Eû)^′ + Mu − Mû − f + f̂, u − û⟩_L2_{(S;Y )}

≥ ‖(Ku)(t_1) − (Kû)(t_1)‖^2_H − ‖w − ŵ‖^2_H + M ‖u − û‖^2_L2_{(S;Y )} −^1_M ‖f − f̂‖^2_{L2(S;Y ∗)}, that means, we have M ‖u − û‖^2_L2_{(S;Y )} ≤ ‖w − ŵ‖^2_H +^1_M ‖f − f̂‖^2_L2_{(S;Y} ∗_).

Note, that in the case f = f̂, w = ŵ this yields u = û. Hence, we have shown the unique solvability of problem (2.3).

18 Jens A. Griepentrog

Moreover, using the Lipschitz continuity of M we obtain

‖(Eu)^′ − (Eû)^′‖^2_L2_{(S;Y} ∗_) ≤ 2 ‖f − f̂‖^2_L2_{(S;Y} ∗_) + 2 ‖Mu − Mû‖^2_L2_{(S;Y} ∗_) ≤ 2 ‖f − f̂‖^2_L2_{(S;Y} ∗_) + 2L^2 ‖u − û‖^2_L2_{(S;Y )}.

From the last estimates it follows, that the assignment (f, w) → u is Lipschitz continuous from L^2(S; Y^∗) × H into W_E(S; Y ). □ Let α ∈ R be given. In the following we show that the result of the preceeding theorem remains true for the class of more general problems (Eu)^′ + Mu − αEu = f, (Ku)(0) = w, if we additionally assume that the operator M : L^2(S; Y ) → L^2(S; Y^∗) has the Volterra property. For the proof we need some preparation: Lemma 2.3. Let e_α : [t_0, t_1] → R be the exponential function given by e_α(s) = exp(α(t_0 − s)) for α ∈ R, s ∈ [t_0, t_1], and M : L^2(S; Y ) → L^2(S; Y^∗) be a strongly monotone, Lipschitz continuous Volterra operator. For α ≥ 0 the map M_α : L^2(S; Y ) → L^2(S; Y^∗) defined as M_αu = e_α M(e_{−α}u) for u ∈ L^2(S; Y ), is a strongly monotone and Lipschitz continuous Volterra operator, too. Proof. 1. Let α ≥ 0. The operator M_α : L^2(S; Y ) → L^2(S; Y^∗) is correctly defined, because for all u ∈ L^2(S; Y ) and f ∈ L^2(S; Y^∗) we have e_αu, e_{−α}u ∈ L^2(S; Y ) and e_αf, e_{−α}f ∈ L^2(S; Y^∗).

2. Let u_α, v_α ∈ L^2(S; Y ) be fixed, and set u = e_{−α}u_α ∈ L^2(S; Y ), v = e_{−α}v_α ∈ L^2(S; Y ). If u_α|(t_0, s) = v_α|(0, s) holds true for all s ∈ S, then we obtain u|(t_0, s) = v|(t_0, s), and the Volterra property of M yields (Mu)|(t_0, s) = (Mv)|(t_0, s), which leads to (M_αu_α)|(t_0, s) = (M_αv_α)|(t_0, s).

If L > 0 is a Lipschitz constant of M, for L_α = Le_{−α}(t_1) we get ‖M_αu_α − M_αv_α‖_L2_{(S;Y} ∗_) ≤ L ‖u − v‖_L2_{(S;Y )} ≤ L_α ‖u_α − v_α‖_L2_{(S;Y )}, that means, L_α > 0 is some Lipschitz constant for M_α.

Sobolev–Morrey spaces 19 3. Note, that for all functions h ∈ L^1(S) Fubini’s theorem yields −2α ∫_{t1}

t_0

e_{2α}(s)

∫_s

t_0

h(τ) dτ ds =

∫_{t1}

t_0

e^′_{2α}(s)

∫_s

t_0

h(τ) dτ ds = ∫_{t1}

t_0

h(s)

∫_{t1} s e^′_{2α}(τ) dτ ds

= e_{2α}(t_1)

∫_{t1}

t_0

h(s) ds −

∫_{t1}

t_0

e_{2α}(s)h(s) ds.

Applying this identity to the function h ∈ L^1(S) defined by h(s) = ⟨(Mu)(s) − (Mv)(s), u(s) − v(s)⟩_Y for s ∈ S, we obtain ∫ S e_{2α}(s)⟨(Mu)(s) − (Mv)(s), u(s) − v(s)⟩_Y ds

= e_{2α}(t_1) ∫ S ⟨(Mu)(s) − (Mv)(s), u(s) − v(s)⟩_Y ds

+ 2α ∫ S e_{2α}(s)

∫_s

t_0

⟨(Mu)(τ) − (Mv)(τ), u(τ) − v(τ)⟩_Y dτ ds.

Due to the monotonicity and the Volterra property of M, the second summand is nonnegative. If M > 0 is a monotonicity constant of M, for M_α = Me_{2α}(t_1) this yields

⟨M_αu_α − M_αv_α, u_α − v_α⟩_L2_{(S;Y )} ≥ M_α ‖u − v‖^2_L2_{(S;Y )} ≥ M_α ‖u_α − v_α‖^2_L2_{(S;Y )}, in other words, M_α > 0 is some monotonicity constant for M_α. □ Theorem 2.4 (Unique solvability). Assume that M : L^2(S; Y ) → L^2(S; Y^∗) is a strongly monotone and Lipschitz continuous operator Volterra operator such that dom(M) = L^2(S; Y ). Under the general assumptions, for every α ∈ R, f ∈ L^2(S; Y^∗), and w ∈ H, the initial value problem (2.4) (Eu)^′ + Mu − αEu = f, (Ku)(t_0) = w, has a uniquely determined solution u ∈ W_E (S; Y ). Furthermore, the assignment (f, w) → u is Lipschitz continuous from L^2(S; Y^∗) × H into W_E (S; Y ). Proof. 1. In the case α ≤ 0 the result follows immediately from Theorem 2.2, because the positive semidefiniteness of E ∈ L(Y ; Y^∗) yields that M − αE : L^2(S; Y ) → L^2(S; Y^∗) is a strongly monotone and Lipschitz continuous Volterra operator.

20 Jens A. Griepentrog

2. Let α ≥ 0, f ∈ L^2(S; Y^∗), and w ∈ H be given. Setting f_α = e_αf ∈ L^2(S; Y^∗) and applying Theorem 2.2 and Lemma 2.3 we get the uniquely determined solution u_α ∈ W_E (S; Y ) of the auxiliary problem (2.5) (Eu_α)^′ + M_αu_α = f_α, (Ku_α)(t_0) = w. Consequently, the function u = e_{−α}u_α ∈ W_E(S; Y ) solves problem (2.4).

Vice versa, if u ∈ W_E(S; Y ) is a solution of problem (2.4), then u_α = e_αu ∈ W_E(S; Y ) solves the auxiliary problem (2.5). Hence, the solution u ∈ W_E (S; Y ) of problem (2.4) is uniquely determined, too.

3. Let w, ŵ ∈ H and f, f̂ ∈ L^2(S; Y^∗) be given data. Due to Step 2 of the proof we find unique solutions u, û ∈ W_E (S; Y ) of the problems (Eu)^′ + Mu − αEu = f, (Ku)(t_0) = w, (Eû)^′ + Mû − αEû = f̂, (Kû)(t_0) = ŵ.

Defining as before f_α = e_αf ∈ L^2(S; Y^∗) and f̂_α = e_αf̂ ∈ L^2(S; Y^∗), the functions u_α = e_αu ∈ W_E (S; Y ) and û_α = e_αû ∈ W_E(S; Y ) solve (Eu_α)^′ + M_αu_α = f_α, (Ku_α)(t_0) = w, (Eû_α)^′ + M_αû_α = f̂_α, (Kû_α)(t_0) = ŵ.

As in the proof of Theorem 2.2 we obtain

M_α ‖u_α − û_α‖^2_L2_{(S;Y )} ≤ ‖w − ŵ‖^2_H +^1_{Mα} ‖f_α − f̂_α‖^2_{L2(S;Y ∗)}, ‖(Eu_α)^′ − (Eû_α)^′‖^2_L2_{(S;Y} ∗_) ≤ 2 ‖f_α − f̂_α‖^2_L2_{(S;Y} ∗_) + 2L^2_α ‖u_α − û_α‖^2_L2_{(S;Y )}, where M_α > 0, L_α > 0 are monotonicity and Lipschitz constants of M_α, respectively. To get the desired estimates for u − û ∈ W_E (S; Y ) in terms of f − f̂ ∈ L^2(S; Y^∗) and w − ŵ ∈ H, we start with ‖u − û‖_L2_{(S;Y )} ≤ e_{−α}(t_1)‖u_α − û_α‖_L2_{(S;Y )}, ‖f_α − f̂_α‖_L2_{(S;Y} ∗_) ≤ ‖f − f̂‖_L2_{(S;Y} ∗_).

Due to (Eu)^′ = e_{−α}(Eu_α)^′ + αe_{−α}Eu_α we see that

‖(Eu)^′ − (Eû)^′‖^2_L2_{(S;Y} ∗_) ≤ 2e_{−2α}(t_1)‖(Eu_α)^′ − (Eû_α)^′‖^2_L2_{(S;Y} ∗_) + 2α^2e_{−2α}(t_1)‖E‖^2_{L(Y ;Y} ∗_)‖u_α − û_α‖^2_L2_{(S;Y )}, Summing up, we arrive at the Lipschitz continuity of the assignment (f, w) → u from L^2(S; Y^∗) × H into W_E (S; Y ). □

Sobolev–Morrey spaces 21

3. Morrey and Campanato spaces

We collect classical results concerning Morrey and Campanato spaces with regard to the parabolic metric. Based on these, later on we introduce new classes of Sobolev–Morrey spaces adequate for the treatment of the regularity problem formulated in the introduction.

Let us introduce some notation. Throughout this section we assume S to be a bounded open interval in R. For t ∈ R and r > 0 we define the set of subintervals

S_r = { S ∩ (t − r^2, t) : t ∈ S } . The symbol | | is used for both the absolute value and the maximum norm in R^n, whereas ‖ ‖ denotes the Euclidean norm in R^n. For x = (x_1, . . . , x_n) ∈ R^n we write x̂ = (x_1, . . . , x_{n−1}) ∈ R^{n−1}. We denote by

Q_r(x) = { ξ ∈ R^n : |ξ − x| < r } , Q^−_r (x) = { ξ ∈ Q_r(x) : ξ_n − x_n < 0 } , the open cube and the open halfcube with center x ∈ R^n and radius r > 0, respectively. In the case x = 0 we shortly write Q_r and Q^−_r . If, additionally, r = 1, then we use the notation Q and Q^−.

For subsets G of R^n we write G^∘, G and ∂G for the topological interior, the closure, and the boundary of G, respectively. For r > 0 and subsets G ⊂ R^n we use the corresponding calligraphic letter to denote by G_r the set

G_r = { G ∩ Q_r(x) : x ∈ G } of intersections. To introduce the function spaces we are interested in we need the following definition:

Definition 3.1 (Integral mean value). Let (Ω, A, μ) be a measure space and w : F → R be an integrable function given on the measurable set F ∈ A of finite positive measure. We define the integral mean value of w over F by ∫ F w dμ = 1 μ(F ) ∫ F w dμ.

Remark 3.1 (Minimal property). If w : F → R is square-integrable on the set F ∈ A of finite positive measure with respect to (Ω, A, μ), then we have

min_{c∈R} ∫ F |w − c|^2 dμ = ∫ F | | |w − ∫ F w dμ | | | 2 dμ.

22 Jens A. Griepentrog

The case of open sets. We define Morrey and Campanato spaces for bounded open sets U ⊂ R^n, see Campanato [2], Da Prato [3]:

Definition 3.2 (Morrey spaces). 1. For ω ∈ [0, n + 2] we introduce the Morrey space L^ω_2 (S; L^2(U)) as the set of all u ∈ L^2(S; L^2(U)) such that

[u]^2_Lω_{2 (S;L}2_{(U))} = sup_{(I,V )∈Sr×Ur} r>0 r^{−ω} ∫ I ∫ V |u(s)|^2 dλ^n ds

remains finite. The norm of u ∈ L^ω_2 (S; L^2(U)) is defined by

‖u‖^2_Lω_{2 (S;L}2_{(U))} = ‖u‖^2_L2_{(S;L}2_{(U))} + [u]^2_Lω_{2 (S;L}2_{(U))}.

2. For σ ∈ [0, n + 4] we denote by L^σ_2 (S; L^2(U)) the Campanato space of all u ∈ L^2(S; L^2(U)) such that

[u]^2_Lσ_{2 (S;L}2_{(U))} = sup_{(I,V )∈Sr×Ur} r>0 r^{−σ} ∫ I ∫ V | | | |u(s) − ∫ I ∫ V u(τ) dλ^n dτ | | | | 2 dλ^n ds

has a finite value, and we define the norm of u ∈ L^σ_2 (S; L^2(U)) by

‖u‖^2_Lσ_{2 (S;L}2_{(U))} = ‖u‖^2_L2_{(S;L}2_{(U))} + [u]^2_Lσ_{2 (S;L}2_{(U))}.

For ω ≤ 0 we set L^ω_2 (S; L^2(U)) = L^ω_2 (S; L^2(U)) = L^2(S; L^2(U)).

3. Let H^1_0 (U) ⊂ X ⊂ H^1(U^∘) be some closed subspace equipped with the usual scalar product of H^1(U^∘). For ω ∈ [0, n + 2] we introduce the Sobolev–Morrey space

L^ω_2 (S; X) = { u ∈ L^2(S; X) : u ∈ L^ω_2 (S; L^2(U)), ‖∇u‖ ∈ L^ω_2 (S; L^2(U)) } , and we define the norm of u ∈ L^ω_2 (S; X) by

‖u‖^2_Lω_{2 (S;X)} = ‖u‖^2_Lω_{2 (S;L}2_{(U))} + ‖‖∇u‖‖^2_Lω_{2 (S;L}2_{(U))}.

For ω ≤ 0 we set L^ω_2 (S; X) = L^2(S; X).

Remark 3.2. Note, that the spaces L^ω_2 (S; L^2(U)) and L^σ_2 (S; L^2(U)) are usually denoted by L^{2,ω}(S × U) and L^{2,σ}(S × U), respectively. Apart from these, later on we introduce further Morrey-type function spaces. Hence, we have decided to use a different but integrated naming scheme. Let us collect some well-known properties:

1. The function spaces introduced above are Banach spaces. 2. If we take the suprema over 0 < r ≤ r_0, only, then the corresponding r_0- depending norms are equivalent to the original norms, respectively.

3. For ω ∈ [0, n+2] the set L^∞(S; L^∞(U)) is a space of multipliers for L^ω_2 (S; L^2(U)). Similarly, L^∞(S; C^{0,1}(U)) is a space of multipliers for L^ω_2 (S; H^1(U)).

Sobolev–Morrey spaces 23

Definition 3.3 (Restriction). Let I ⊂ R be an open subinterval of S and V ⊂ R^n be an open subset of U. We define R_V v ∈ L^2(V ) by (R_V v)(x) = v(x) for all v ∈ L^2(U) and x ∈ V . We carry over this definition to R_{I,V} u ∈ L^2(I; L^2(V )) by (R_{I,V} u)(s) = R_V u(s) for all u ∈ L^2(S; L^2(U)) and s ∈ I.

As an obvious consequence of the above definitions and the minimal property of the integral mean value we get the following result:

Lemma 3.1 (Restriction). 1. For ω ∈ [0, n + 2] the assignment u → R_{I,V} u is a bounded linear operator from L^ω_2 (S; L^2(U)) into L^ω_2 (I; L^2(V )) as well as from L^ω_2 (S; H^1(U)) into L^ω_2 (I; H^1(V )).

2. For σ ∈ [0, n + 4] the linear assignment u → R_{I,V} u maps L^σ_2 (S; L^2(U)) continuously into L^σ_2 (I; L^2(V )).

Remark 3.3 (Zero extension). 1. Let V ⊂ R^n be an open subset of U and ω ∈ [0, n + 2]. Then, by Definition 3.2 the zero extension is a bounded linear map from L^ω_2 (S; L^2(V )) into L^ω_2 (S; L^2(U)).

2. Let V ⊂ R^n be an open set with U ∩ V ≠ ∅, take a function χ ∈ C^∞_0 (R^n) with supp(χ) ⊂ V , and fix δ > 0 such that Q_δ(x) ⊂ V for all x ∈ supp(χ). Consequently, if Q_r(x) ∩ supp(χ) ≠ ∅ for some 0 < r ≤^δ_2 and x ∈ U, then Q_r(x) ⊂ V .

Assume, that v ∈ L^2(S; L^2(U ∩ V )) satisfies χv ∈ L^σ_2 (S; L^2(U ∩ V )) for some σ ∈ [0, n + 4]. For the zero extension u ∈ L^2(S; L^2(U)) of χv we get ∫ S ∫ U∩Q_r(x) | | |u(s) − ∫ S ∫ U∩Q_r(x)

u(τ) dλ^n dτ | | | 2 dλ^n ds = ∫ S ∫ U∩V ∩Q_r(x) | | |χv(s) − ∫ S ∫ U∩V ∩Q_r(x)

χv(τ) dλ^n dτ | | | 2 dλ^n ds

provided that 0 < r ≤^δ_2 and x ∈ U. Consequently, using Remark 3.2 we obtain u ∈ L^σ_2 (S; L^2(U)), and we find some c = c(χ, δ, V, U) > 0 such that ‖u‖_Lσ_{2 (S;L}2_{(U))} ≤ c ‖χv‖_Lσ_{2 (S;L}2_{(U∩V ))}.

Remark 3.4. 1. Using Hölder’s inequality we obtain the continuous embedding of the usual Lebesgue space L^q(S; L^p(U)) into L^ω_2 (S; L^2(U)) for p, q ≥ 2 satisfying ω = n(1 − 2/p) + 2(1 − 2/q) ∈ [0, n + 2].

2. By definition, L^∞(S; L^{2,ω}(U)) is continuously embedded into L^{ω+2}_2 (S; L^2(U)) for ω ∈ [0, n], where the Morrey space L^{2,ω}(U) is defined as the set of all u ∈ L^2(U) such that the following expression remains finite:

‖u‖^2_L2,ω_{(U)} = ‖u‖^2_L2_{(U)} + sup_{V ∈Ur} r>0 r^{−ω} ∫ V |u|^2 dλ^n.

24 Jens A. Griepentrog

Definition 3.4 (Lipschitz transformation). 1. A bijective map T between two subsets of R^n such that T and T^{−1} are Lipschitz continuous is called Lipschitz transformation.

2. Let T be a Lipschitz transformation from an open set U ⊂ R^n onto U^∗ ⊂ R^n. We define T_∗u = u ∘ T ∈ L^2(U) for u ∈ L^2(U^∗) and carry over this definition to T_∗u ∈ L^2(S; L^2(U)) by (T_∗u)(s) = T_∗u(s) for u ∈ L^2(S; L^2(U^∗)) and s ∈ S.

Lemma 3.2 (Transformation). 1. For ω ∈ [0, n + 2] the assignment u → T_∗u is a linear isomorphism from L^ω_2 (S; L^2(U^∗)) onto L^ω_2 (S; L^2(U)) as well as between L^ω_2 (S; H^1(U^∗)) and L^ω_2 (S; H^1(U)).

2. For σ ∈ [0, n + 4] the assignment u → T_∗u is a linear isomorphism from L^σ_2 (S; L^2(U^∗)) onto L^σ_2 (S; L^2(U)).

Proof. Let L ≥ 1 be a Lipschitz constant of T and set δ = Lr. For all r > 0, t ∈ S, x ∈ U we consider

S_r = S ∩ (t − r^2, t), S_δ = S ∩ (t − δ^2, t), U_r = U ∩ Q_r(x), U^∗_δ = U^∗ ∩ Q_δ(T (x)).

1. Due to the change of variable formula T_∗ is a bounded linear operator from L^2(S; L^2(U^∗)) into L^2(S; L^2(U)). For all r > 0, t ∈ S, x ∈ U, and u ∈ L^2(S; L^2(U^∗)) the inclusion T [U_r] ⊂ U^∗_δ leads to ∫ S_r ∫ U_r

|T_∗u(s)|^2 dλ^n ds ≤ L^n ∫ S_δ ∫ U^∗_δ

|u(s)|^2 dλ^n ds,

which yields some constant c_1 = c_1(n, L) > 0 such that

‖T_∗u‖^2_Lω_{2 (S;L}2_{(U))} ≤ c_1‖u‖^2_Lω_{2 (S;L}2_{(U} ∗_{))} for all u ∈ L^ω_2 (S; L^2(U^∗)).

2. Applying both the chain rule and the change of variable formula we obtain that T_∗ maps L^2(S; H^1(U^∗)) continuously into L^2(S; H^1(U)): For all r > 0, t ∈ S, x ∈ U, and u ∈ L^2(S; H^1(U^∗)) we have ∫ S_r ∫ U_r

|∇T_∗u(s)|^2 dλ^n ds ≤ ∫ S_r ∫ U_r

‖DT ‖^2‖T_∗∇u(s)‖^2 dλ^n ds

≤ L^{n+2} ∫ S_δ ∫ U^∗_δ

‖∇u(s)‖^2 dλ^n ds.

In view of Step 1 we find some constant c_2 = c_2(n, L) > 0 such that

‖T_∗u‖^2_Lω_{2 (S;H}1_{(U))} ≤ c_2‖u‖^2_Lω_{2 (S;H}1_{(U} ∗_{))} for all u ∈ L^ω_2 (S; H^1(U^∗)).

Sobolev–Morrey spaces 25

3. Using the change of variable formula for all r > 0, t ∈ S, x ∈ U, and u ∈ L^2(S; L^2(U^∗)) we get ∫ S_r ∫ U_r | | |T_∗u(s) − ∫ S_δ ∫ U^∗_δ

u(τ) dλ^n dτ | | |^2dλ^n ds

≤ L^n ∫ S_δ ∫ U^∗_δ | | |u(s) − ∫ S_δ ∫ U^∗_δ

u(τ) dλ^n dτ | | | 2 dλ^n ds.

Applying the minimal property of the integral mean value, we find some constant c_3 = c_3(n, L) > 0 such that

‖T_∗u‖^2_Lσ_{2 (S;L}2_{(U))} ≤ c_3‖u‖^2_Lσ_{2 (S;L}2_{(U} ∗_{))} for all u ∈ L^σ_2 (S; L^2(U^∗)).

Analogously, we prove the statements for the inverse transformation. □ Definition 3.5 (Reflection). Let the map N : R^n → R^n be defined by Nx = (x̂, −x_n) for x = (x̂, x_n) ∈ R^n.

1. We introduce reflection R^+u ∈ L^2(Q) and antireflection R^−u ∈ L^2(Q) of u ∈ L^2(Q^−) by

(R^+u)(x) = { u(x) if x ∈ Q^−, u(Nx) otherwise,

(R^−u)(x) = { u(x) if x ∈ Q^−, −u(Nx) otherwise, and define R^+u, R^−u ∈ L^2(S; L^2(Q)) for u ∈ L^2(S; L^2(Q^−)) by (R^+u)(s) = R^+u(s), (R^−u)(s) = R^−u(s) for s ∈ S.

2. For vector-valued functions g ∈ L^2(Q^−; R^n) we define both the reflection R^+g ∈ L^2(Q; R^n) and the antireflection R^−g ∈ L^2(Q; R^n) by

(R^+g)(x) = { g(x) if x ∈ Q^−, Ng(Nx) otherwise,

(R^−g)(x) = { g(x) if x ∈ Q^−, −Ng(Nx) otherwise.

We carry over the definitions to g ∈ L^2(S; L^2(Q^−; R^n)) by (R^+g)(s) = R^+g(s), (R^−g)(s) = R^−g(s) for s ∈ S.

3. Let S^n be the set of real symmetric (n×n)-matrices. For matrix-valued functions A ∈ L^∞(Q^−; S^n) we define the reflection R^+A ∈ L^∞(Q; S^n) by

(R^+A)(x) = { A(x) if x ∈ Q^−, NA(Nx)N otherwise.

26 Jens A. Griepentrog

Finally, for A ∈ L^∞(S; L^∞(Q^−; S^n)) we set

(R^+A)(s) = R^+A(s) for s ∈ S.

Lemma 3.3 (Reflection). For σ ∈ [0, n + 4] and ω ∈ [0, n + 2] the map R^+ : L^σ_2 (S; L^2(Q^−)) → L^σ_2 (S; L^2(Q)) as well as R^−, R^+ : L^ω_2 (S; L^2(Q^−)) → L^ω_2 (S; L^2(Q)) are bounded linear operators, and we have

‖R^+u‖_Lσ_{2 (S;L}2_{(Q))} ≤ √ 2 ‖u‖_Lσ_{2 (S;L}2_{(Q}−_{))} for all u ∈ L^σ_2 (S; L^2(Q^−)),

‖R^−u‖_Lω_{2 (S;L}2_{(Q))} ≤ √ 2 ‖u‖_Lω_{2 (S;L}2_{(Q}−_{))} for all u ∈ L^ω_2 (S; L^2(Q^−)).

Proof. Let P : Q → Q defined by P x = (x̂, −|x_n|) for x = (x̂, x_n) ∈ Q.

1. Obviously, the map R^+ : L^2(S; L^2(Q^−)) → L^2(S; L^2(Q)) is continuous. By construction for all r > 0, x ∈ Q, I ∈ S_r, and u ∈ L^2(I; L^2(Q^−)) we get ∫ I ∫ Q∩Q_r(x) | | | |R^+u(s) − ∫ I ∫ Q^−∩Q_r(P x)

u(τ) dλ^n dτ | | | | 2 dλ^n ds ≤ 2 ∫ I ∫ Q^−∩Q_r(P x) | | | |u(s) − ∫ I ∫ Q^−∩Q_r(P x)

u(τ) dλ^n dτ | | | | 2 dλ^n ds.

Hence, the minimal property of the integral mean value yields

‖R^+u‖^2_Lσ_{2 (S;L}2_{(Q))} ≤ 2 ‖u‖^2_Lσ_{2 (S;L}2_{(Q}−_{))} for all u ∈ L^σ_2 (S; L^2(Q^−)).

2. The map R^− : L^2(S; L^2(Q^−)) → L^2(S; L^2(Q)) is continuous. Due to the definition for all r > 0, x ∈ Q, I ∈ S_r, and u ∈ L^2(S; L^2(Q^−)) we obtain ∫ I ∫ Q∩Q_r(x)

|R^−u(s)|^2 dλ^n ds ≤ 2 ∫ I ∫ Q^−∩Q_r(P x)

|u(s)|^2 dλ^n ds.

This leads to the estimates

‖R^−u‖^2_Lω_{2 (S;L}2_{(Q))} ≤ 2 ‖u‖^2_Lω_{2 (S;L}2_{(Q}−_{))} for all u ∈ L^ω_2 (S; L^2(Q^−)) ‖R^+u‖^2_Lω_{2 (S;L}2_{(Q))} ≤ 2 ‖u‖^2_Lω_{2 (S;L}2_{(Q}−_{))} for all u ∈ L^ω_2 (S; L^2(Q^−)),

where the second one follows analogously. □

For the following classical results concerning Morrey and Campanato spaces we suppose some regularity property of the boundary ∂U, see again Campanato [2], Da Prato [3]:

Theorem 3.4 (Equivalence). Let U ⊂ R^n be an open set without outward cusps, that means, there exist constants r_0 > 0 and c_0 > 0 such that

λ^n(V ) ≥ c_0r^n for all 0 < r ≤ r_0, V ∈ U_r.

Sobolev–Morrey spaces 27

Then the following holds true:

1. For ω ∈ [0, n + 2) the Morrey space L^ω_2 (S; L^2(U)) is isomorphic to the Campanato space L^ω_2 (S; L^2(U)).

2. For σ ∈ (n + 2, n + 4], α = (σ − n − 2)/2 the Campanato space L^σ_2 (S; L^2(U)) is isomorphic to the space C(S; C^{0,α}(U)) ∩ C^{0,α/2}(S; C(U)) of Hölder continuous functions.

The case of hypersurfaces. Analogously, we define functions spaces on Lipschitz hypersurfaces in R^n. To do so, for x ∈ R^n and r > 0 we introduce the (n − 1)-dimensional equatorial plate

Σ_r(x) = { ξ ∈ R^n : |ξ − x| < r, ξ_n = x_n } of the cube Q_r(x). In the case x = 0 we shortly write Σ_r. If, additionally, r = 1, we use the notation Σ.

Definition 3.6 (Lipschitz hypersurface). A subset M of R^n is called Lipschitz hypersurface in R^n if for each point x ∈ M there exist an open neighborhood U of x and a Lipschitz transformation T from U onto Q such that T [U ∩ M] = Σ and T (x) = 0.

Let M be a compact Lipschitz hypersurface in R^n. By λ_M we denote the (n−1)- dimensional Lebesgue measure on the σ-algebra L_M of Lebesgue measurable subsets of M, see Evans, Gariepy [5], Simon [29]. In Griepentrog [9] we have carried over both the definition and classical properties of Morrey and Campanato spaces to the case of relatively open subsets F of M, see also Geisler [7]:

Definition 3.7 (Morrey spaces). 1. For ω ∈ [0, n + 1] we introduce the Morrey space L^ω_2 (S; L^2(F )) as the set of all u ∈ L^2(S; L^2(F )) such that

[u]^2_Lω_{2 (S;L}2_{(F ))} = sup_{(I,Γ)∈Sr×Fr} r>0 r^{−ω} ∫ I ∫ Γ |u(s)|^2 dλ_M ds

remains finite, and we define the norm of u ∈ L^ω_2 (S; L^2(F )) by

‖u‖^2_Lω_{2 (S;L}2_{(F ))} = ‖u‖^2_L2_{(S;L}2_{(F ))} + [u]^2_Lω_{2 (S;L}2_{(F ))}.

2. For σ ∈ [0, n + 3] we denote by L^σ_2 (S; L^2(F )) the Campanato space of all u ∈ L^2(S; L^2(F )) such that

[u]^2_Lσ_{2 (S;L}2_{(F ))} = sup_{(I,Γ)∈Sr×Fr} r>0 r^{−σ} ∫ I ∫ Γ | | | |u(s) − ∫ I ∫ Γ u(τ) dλ_M | | | | 2 dλ_M ds

28 Jens A. Griepentrog

has a finite value; we define the norm of u ∈ L^σ_2 (S; L^2(F )) by

‖u‖^2_Lσ_{2 (S;L}2_{(F ))} = ‖u‖^2_L2_{(S;L}2_{(F ))} + [u]^2_Lσ_{2 (S;L}2_{(F ))}.

For ω ≤ 0 we set L^ω_2 (S; L^2(F )) = L^ω_2 (S; L^2(F )) = L^2(S; L^2(F )).

Remark 3.5. We collect some facts concerning the above function spaces:

1. The spaces introduced in Definition 3.7 are Banach spaces. 2. If we take the suprema over 0 < r ≤ r_0, only, then the associated r_0-depending norms are equivalent to the original norms, respectively.

3. For ω ∈ [0, n+1] the set L^∞(S; L^∞(F )) is a space of multipliers for L^ω_2 (S; L^2(F )).

Remark 3.6 (Zero extension). 1. Let Γ ⊂ M be a relatively open subset of F and ω ∈ [0, n + 1]. By Definition 3.7 the zero extension is a bounded linear map from L^ω_2 (S; L^2(Γ)) into L^ω_2 (S; L^2(F )).

2. Let V ⊂ R^n be an open set with F ∩ V ≠ ∅, consider χ ∈ C^∞_0 (R^n) with supp(χ) ⊂ V , and choose δ > 0 such that Q_δ(x) ⊂ V for all x ∈ supp(χ). If Q_r(x) ∩ supp(χ) ≠ ∅ for some 0 < r ≤^δ_2 and x ∈ F , then Q_r(x) ⊂ V .

Suppose, that v ∈ L^2(S; L^2(F ∩ V )) satisfies χv ∈ L^σ_2 (S; L^2(F ∩ V )) for some σ ∈ [0, n + 3]. For the zero extension u ∈ L^2(S; L^2(F )) of χv we obtain ∫ S ∫ F ∩Q_r(x) | | |u(s) − ∫ S ∫ F ∩Q_r(x)

u(τ) dλ_M dτ | | | 2 dλ_M ds = ∫ S ∫ F ∩V ∩Q_r(x) | | |χv(s) − ∫ S ∫ F ∩V ∩Q_r(x)

χv(τ) dλ_M dτ | | | 2 dλ_M ds

whenever 0 < r ≤^δ_2 and x ∈ F . Thus, Remark 3.5 yields u ∈ L^σ_2 (S; L^2(F )), and we find some c = c(χ, δ, V, F ) > 0 such that

‖u‖_Lσ_{2 (S;L}2_{(F ))} ≤ c ‖χv‖_Lσ_{2 (S;L}2_{(F ∩V ))}.

Remark 3.7. 1. Applying Hölder’s inequality we get the continuous embedding of the usual Lebesgue space L^q(S; L^p(F )) into L^ω_2 (S; L^2(F )) for p, q ≥ 2 satisfying ω = (n − 1)(1 − 2/p) + 2(1 − 2/q) ∈ [0, n + 1].

2. For ω ∈ [0, n − 1] the space L^∞(S; L^{2,ω}(F )) is continuously embedded into L^{ω+2}_2 (S; L^2(F )), where the Morrey space L^{2,ω}(F ) contains all functions u ∈ L^2(F ) such that the following expression remains finite:

‖u‖^2_L2,ω_{(F )} = ‖u‖^2_L2_{(F )} + sup_{Γ∈Fr} r>0 r^{−ω} ∫ Γ |u|^2 dλ_M .

Sobolev–Morrey spaces 29

Definition 3.8 (Lipschitz transformation). Let M and M^∗ be two compact Lipschitz hypersurfaces in R^n, and T be a Lipschitz transformation from the relatively open subset F of M onto a subset F^∗ of M^∗. We define T_∗u = u ∘ T ∈ L^2(F ) for u ∈ L^2(F^∗) and carry over this definition to T_∗u ∈ L^2(S; L^2(F )) by (T_∗u)(s) = T_∗u(s) for u ∈ L^2(S; L^2(F^∗)) and s ∈ S.

Lemma 3.5 (Transformation). 1. For ω ∈ [0, n + 1] the assignment u → T_∗u is a linear isomorphism from L^ω_2 (S; L^2(F^∗)) onto L^ω_2 (S; L^2(F )).

2. For σ ∈ [0, n + 3] the assignment u → T_∗u is a linear isomorphism from L^σ_2 (S; L^2(F^∗)) onto L^σ_2 (S; L^2(F )).

Proof. Let L ≥ 1 be a Lipschitz constant of T and set δ = Lr. For r > 0, t ∈ S, x ∈ F we define S_r = S ∩ (t − r^2, t), S_δ = S ∩ (t − δ^2, t), F_r = F ∩ Q_r(x), F^∗_δ = F^∗ ∩ Q_δ(T (x)).

1. In view of the change of variable formula T_∗ is a bounded linear map from L^2(S; L^2(F^∗)) into L^2(S; L^2(F )). For all r > 0, t ∈ S, and x ∈ F the relation T [F_r] ⊂ F^∗_δ yields ∫ S_r ∫ F_r

|T_∗u(s)|^2 dλ_M ds ≤ c_1 ∫ S_δ ∫ F^∗_δ

|u(s)|^2 dλ_M ∗ ds

for all u ∈ L^2(S; L^2(F^∗)) and some constant c_1 = c_1(n, L, M, M^∗) > 0. Hence, T_∗ maps L^ω_2 (S; L^2(F^∗)) continuously into L^ω_2 (S; L^2(F )).

2. Similarly, for all r > 0, t ∈ S, x ∈ F , and u ∈ L^2(S; L^2(F^∗)) we get ∫ S_r ∫ F_r | | |T^∗u(s) − ∫ S_δ ∫ F^∗_δ

u(τ) dλ_M ∗ dτ | | | 2 dλ_M ds

≤ c_2 ∫ S_δ ∫ F^∗_δ | | | |u(s) − ∫ S_δ ∫ F^∗_δ

u(τ) dλ_M ∗ dτ | | | | 2 dλ_M ∗ ds,

where c_2 = c_2(n, L, M, M^∗) > 0 is a suitable constant. Applying the minimal property of the integral mean value, we obtain the continuity of the map T_∗ from L^σ_2 (S; L^2(F^∗)) into L^σ_2 (S; L^2(F )). Analogously, we prove the statements for the inverse transformation. □

In order to get properties of Morrey and Campanato spaces analogous to Theorem 3.4 we suppose the relatively open subset F of M to have no outward cusps, that means, we find constants r_0 > 0 and c_0 > 0 such that

λ_M (Γ) ≥ c_0r^{n−1} for all 0 < r ≤ r_0, Γ ∈ F_r.

30 Jens A. Griepentrog

Theorem 3.6 (Equivalence). For relatively open subsets F of M without outward cusps the following holds true:

1. For ω ∈ [0, n + 1) the Morrey space L^ω_2 (S; L^2(F )) is isomorphic to the Campanato space L^ω_2 (S; L^2(F )).

2. For σ ∈ (n + 1, n + 3], α = (σ − n − 1)/2 the Campanato space L^σ_2 (S; L^2(F )) is isomorphic to the space C(S; C^{0,α}(F )) ∩ C^{0,α/2}(S; C(F )) of Hölder continuous functions.

Sets with Lipschitz boundary. Instead of using graphs of Lipschitz continuous functions, we prefer a more general definition of sets with Lipschitz boundary, see Giusti [8], Grisvard [14], Gröger [16],Wloka [32]:

Definition 3.9 (Set with Lipschitz boundary). A bounded subset Ω of R^n is called set with Lipschitz boundary if for each x ∈ ∂Ω there exist an open neighborhood U of x and a Lipschitz transformation T from U onto Q such that T [U ∩ Ω] = Q^− and T (x) = 0.

Remark 3.8. Every set with Lipschitz boundary is an open subset of R^n without outward cusps. Moreover, let Ω ⊂ R^n be a bounded open set and let Υ = R^n \ Ω be its exterior. Then Ω is a set with Lipschitz boundary if and only if ∂Ω is a compact Lipschitz hypersurface in R^n with ∂Ω = ∂Υ.

Remark 3.9. Following Giusti [8] every set Ω ⊂ R^n with Lipschitz boundary is an extension domain, that means, there exists a linear extension operator which maps H^1(Ω) continuously into H^1(R^n). Because C^∞_0 (R^n) is a dense subset of H^1(R^n), the set of restrictions { u|Ω : u ∈ C^∞_0 (R^n) } is dense in H^1(Ω), too. Together with the properties of the Lebesgue measure λ_{∂Ω} this ensures the complete continuity of the trace operator K_{∂Ω} from H^1(Ω) in L^2(∂Ω). Due to Mazya [24] we find some constant c_Ω > 0 such that the following multiplicative inequality holds true (3.1) ‖K_{∂Ω}v‖^2_L2_{(∂Ω)} ≤ c_Ω‖v‖_H1_{(Ω)}‖v‖_L2_{(Ω)} for all v ∈ H^1(Ω). Definition 3.10 (Trace map). Let Ω ⊂ R^n be a set with Lipschitz boundary and F be relatively open in ∂Ω. For the trace map we introduce the notation K_F ∈ L(H^1(Ω); L^2(F )), and we define the bounded linear map K_{S,F} : L^2(S; H^1(Ω)) → L^2(S; L^2(F )) by (K_{S,F} u)(s) = K_F u(s) for u ∈ L^2(S; H^1(Ω)) and s ∈ S. Remark 3.10. If T is some Lipschitz transformation from an open neighborhood of Ω into R^n, then Ω^∗ = T [Ω] is a set with Lipschitz boundary. Let F be relatively open in ∂Ω and set F^∗ = T [F ]. Following Griepentrog, Rehberg [9, 13], for T^F = T |F we have

T^F_∗ K_F ∗ v = K_F T_∗v for all v ∈ H^1(Ω^∗).

Sobolev–Morrey spaces 31

Lemma 3.7 (Transformation). For all u ∈ L^2(S; H^1(Ω^∗)) the identity T^F_∗ K_{S,F} ∗ u = K_{S,F} T_∗v holds true.

4. Regular sets and associated function spaces

For our investigations on global regularity we use the terminology of regular sets G ⊂ R^n introduced by Gröger. Being the natural generalization of sets with Lipschitz boundary it allows the proper functional analytic description of elliptic and parabolic problems with mixed boundary conditions in nonsmooth domains, see Gröger, Rehberg [16, 17, 18], and Griepentrog, Recke [9, 10, 12].

Topological concept. Regular sets G ⊂ R^n are to be understood as the union of some set with Lipschitz boundary and some relatively open Neumann part of this boundary. Note, that the Dirichlet part of the Lipschitz boundary is defined as the relative exterior of the Neumann part. This concept enables us to reduce the global regularity theory for general regular sets to the case of three elementary halfcubes representing the standard boundary conditions under consideration, see Figure 1.

For x ∈ R^n and r > 0 we introduce the halfcubes

Q^−_r (x) = { ξ ∈ R^n : |ξ − x| < r, ξ_n − x_n < 0 } , Q^+_r (x) = { ξ ∈ R^n : |ξ − x| < r, ξ_n − x_n ≤ 0 } , Q^±_r (x) = { ξ ∈ Q^+_r (x) : ξ_1 − x_1 > 0 or ξ_n − x_n < 0 } . In the case x = 0 we shortly write Q^−_r , Q^+_r , Q^±_r , respectively. If, additionally, r = 1, then we use the notation Q^−, Q^+, Q^±.

Definition 4.1 (Regular set). A bounded set G ⊂ R^n is called regular if for each x ∈ ∂G we find some open neighborhood U of x in R^n and a Lipschitz transformation T from U onto Q such that T [U ∩ G] ∈ { Q^−, Q^+, Q^± } and T (x) = 0.

We collect some frequently used properties of regular sets, see Griepentrog, Recke [9, 10, 12]:

Lemma 4.1 (Topological properties). 1. Every set with Lipschitz boundary is a regular set. Vice versa, the interior of a regular set is a set with Lipschitz boundary. The closure of a regular set is regular, too.

2. For regular sets G ⊂ R^n both the Neumann boundary part ∂_+G = G ∩ ∂G and the Dirichlet boundary part ∂_−G = ∂G \ ∂_+G are relatively open subsets of ∂G without outward cusps.

32 Jens A. Griepentrog

Figure 1. Regular set G ⊂ R^n with Neumann boundary part ∂_+G = G ∩ ∂G (bold line): Transformation of different boundary regions near the points x^−, x^±, x^+ ∈ ∂G to corresponding halfcubes Q^−, Q^±, Q^+ representing the cases of Dirichlet, Zaremba (or mixed), and Neumann boundary conditions.

3. If G ⊂ R^n is a regular set and T is a Lipschitz transformation from an open neighborhood of G into R^n, then T [G] is regular, too.

Lemma 4.2 (Atlas). For every regular set G ⊂ R^n we find an atlas of charts (T_1, U_1), . . . , (T_m, U_m) with the following properties:

1. U_1, . . . , U_m are open neighborhoods of points x_1, . . . , x_m ∈ G in R^n. 2. T_1, . . . , T_m are Lipschitz transformations from U_1, . . . , U_m into R^n. 3. Introducing the index sets

J_0 = { i ∈ {1, . . . , m} : x_i ∈ G^∘ } , J_1 = { i ∈ {1, . . . , m} : x_i ∈ ∂G } , we have the inclusions

(4.1) ∂G ⊂ ⋃ i∈J_1

U_i, ⋃ i∈J_0

U_i ⊂ G^∘, G ⊂ m⋃ i=1 U_i.

4. For all i ∈ {1, . . . , m} the above transformations satisfy

(4.2) T_i(x_i) = 0, T_i[U_i] = Q, T_i[U_i ∩ G] ∈ { Q, Q^−, Q^+, Q^± } . 5. The subfamily { (T_i, U_i) : i ∈ J_1 } is an atlas of ∂G.

Sobolev–Morrey spaces 33

Function spaces and invariance principles. We define function spaces associated with relatively open subsets U ⊂ R^n of regular sets G ⊂ R^n. Let V ⊂ R^n be relatively open in U, and I ⊂ R be an open subinterval of S. Definition 4.2 (Sobolev space). By H^1_0 (U) we denote the closure of C^∞_0 (U) = { u|U^∘ : u ∈ C^∞_0 (R^n), supp(u) ∩ (U \ U) = ∅ } in the space H^1(U^∘). We write H^{−1}(U) for the dual space of H^1_0 (U).

In the following we collect extension, transformation, and reflection principles for Sobolev spaces:

Definition 4.3 (Zero extension). For the zero extension map we introduce the notation Z_U : H^1_0 (V ) → H^1_0 (U), and we define the operator Z_{S,U} : L^2(I; H^1_0 (V )) → L^2(S; H^1_0 (U)) by

(Z_{S,U} u)(s) = { Z_U u(s) if s ∈ I, 0 otherwise, for u ∈ L^2(I; H^1_0 (V )).

Because the zero extension map Z_U is a linear isometry from H^1_0 (V ) into H^1_0 (U), see Griepentrog, Rehberg [9, 13], we get Lemma 4.3 (Zero extension). Z_{S,U} is a linear isometry from L^2(I; H^1_0 (V )) into L^2(S; H^1_0 (U)).

Let T be a Lipschitz transformation from an open neighborhood of G into R^n, and set U^∗ = T [U], V^∗ = T [V ]. Then T_∗ is a linear isomorphism from H^1_0 (U^∗) onto H^1_0 (U), where T_∗Z_U ∗ u = Z_U T_∗u for all u ∈ H^1_0 (V^∗), see Griepentrog, Rehberg [9, 13]. Hence, Lemma 3.2 leads to Lemma 4.4 (Transformation). For ω ∈ [0, n + 2] the operator T_∗ is a linear isomorphism between L^ω_2 (S; H^1_0 (U^∗)) and L^ω_2 (S; H^1_0 (U)). We have T_∗Z_{S,U} ∗ u = Z_{S,U} T_∗u for all u ∈ L^2(I; H^1_0 (V^∗)).

Following Giusti [8], Griepentrog, Rehberg [9, 13] the reflection R^+ is a bounded linear operator from H^1_0 (Q^+) into H^1_0 (Q) as well as from H^1(Q^−) into H^1(Q). The antireflection R^− maps H^1_0 (Q^−) continuously into H^1_0 (Q). Due to Definition 3.5 we have ∇R^+u = R^+∇u for all u ∈ H^1(Q^−), ∇R^−u = R^−∇u for all u ∈ H^1_0 (Q^−).

In view of Lemma 3.3 this yields

34 Jens A. Griepentrog Lemma 4.5 (Reflection). For ω ∈ [0, n + 2] the map R^+ is a bounded linear operator from L^ω_2 (S; H^1_0 (Q^+)) into L^ω_2 (S; H^1_0 (Q)) as well as from L^ω_2 (S; H^1(Q^−)) into L^ω_2 (S; H^1(Q)). In addition to that, R^− is a bounded linear operator from L^ω_2 (S; H^1_0 (Q^−)) into L^ω_2 (S; H^1_0 (Q)), and we have

‖R^+u‖_Lω_{2 (S;H}1_{(Q))} ≤ √ 2 ‖u‖_Lω_{2 (S;H}1_{(Q}−_{))} for all u ∈ L^ω_2 (S; H^1(Q^−)), ‖R^−u‖_Lω_{2 (S;H}1_{(Q))} ≤ √ 2 ‖u‖_Lω_{2 (S;H}1_{(Q}−_{))} for all u ∈ L^ω_2 (S; H^1_0 (Q^−)).

Definition 4.4 (Even and odd part). Let the maps N : R^n → R^n and P : R^n → R^n defined by Nx = (x̂, −x_n), P x = (x̂, −|x_n|) for x = (x̂, x_n) ∈ R^n, and consider the symmetric union Q^2_r (x) = Q_r(x) ∪ Q_r(Nx) for x ∈ R^n, r > 0.

Then, for x ∈ Q, r > 0, and u ∈ L^2(Q^2_r (x) ∩ Q) we define the even part O^+_r (x)u ∈ L^2(Q_r(P x) ∩ Q^−) and the odd part O^−_r (x)u ∈ L^2(Q_r(P x) ∩ Q^−) of 2u by (O^+_r (x)u)(ξ) = u(ξ) + u(Nξ) for ξ ∈ Q_r(P x) ∩ Q^−, (O^−_r (x)u)(ξ) = u(ξ) − u(Nξ) for ξ ∈ Q_r(P x) ∩ Q^−.

In the case x = 0, r = 1 we simply write O^+ and O^−.

We carrying over the definition to u ∈ L^2(I; L^2(Q^2_r (x) ∩ Q)) by setting (O^+_r (x)u)(s) = O^+_r (x)u(s) for s ∈ I, (O^−_r (x)u)(s) = O^−_r (x)u(s) for s ∈ I, and we use the notation O^+ and O^− in the case x = 0, r = 1.

Following Griepentrog, Rehberg [9, 13], for all x ∈ Q and r > 0 both the maps O^+_r (x) : H^1_0 (Q^2_r (x) ∩ Q) → H^1_0 (Q_r(P x) ∩ Q^+) and O^−_r (x) : H^1_0 (Q^2_r (x) ∩ Q) → H^1_0 (Q_r(P x) ∩ Q^−) are bounded linear operators, and O^+Z_Qu = Z_Q+ O^+_r (x)u for all u ∈ H^1_0 (Q^2_r (x) ∩ Q), O^−Z_Qu = Z_Q− O^−_r (x)u for all u ∈ H^1_0 (Q^2_r(x) ∩ Q).

Consequently, this yields Lemma 4.6 (Even and odd part). Let x ∈ Q and r > 0 be given. Then both the operators O^+_r (x) : L^2(I; H^1_0 (Q^2_r (x) ∩ Q)) → L^2(I; H^1_0 (Q_r(P x) ∩ Q^+)) and O^−_r (x) :

Sobolev–Morrey spaces 35 L^2(I; H^1_0 (Q^2_r (x) ∩ Q)) → L^2(I; H^1_0 (Q_r(P x) ∩ Q^−)) are bounded linear operators, and we have

O^+Z_{S,Q}u = Z_{S,Q}+ O^+_r (x)u for all u ∈ L^2(I; H^1_0 (Q^2_r (x) ∩ Q)), O^−Z_{S,Q}u = Z_{S,Q}− O^−_r (x)u for all u ∈ L^2(I; H^1_0 (Q^2_r (x) ∩ Q)).

5. Sobolev–Morrey spaces of functionals Again, we assume that U ⊂ R^n is a relatively open subset of the regular set G ⊂ R^n. Moreover, let V ⊂ R^n be relatively open in U, I ⊂ R be an open subinterval of S, and ω ∈ [0, n + 2].

Function spaces and invariance principles. In the same spirit as the wellestablished Morrey spaces of functions, we construct a new scale of Sobolev– Morrey spaces of functionals as subspaces of L^2(S; H^{−1}(U)). We generalize an idea of Rakotoson [25, 26] to the purpose of evolution equations, see Griepentrog [9]: Definition 5.1 (Localization). 1. We define the localization f → L_V f from H^{−1}(U) into H^{−1}(V ) as the adjoint operator to the zero extension map Z_U : H^1_0 (V ) → H^1_0 (U), that means, ⟨L_V f, w⟩_H1_{0 (V )} = ⟨f, Z_U w⟩_H1_{0 (U)} for w ∈ H^1_0 (V ).

2. To localize a functional f ∈ L^2(S; H^{−1}(U)) we define the assignment f → L_{I,V} f from L^2(S; H^{−1}(U)) into L^2(I; H^{−1}(V )) as the adjoint operator to the zero extension map Z_{S,U} : L^2(I; H^1_0 (V )) → L^2(S; H^1_0 (U)):

⟨L_{I,V} f, w⟩_L2_{(I;H}1_{0 (V ))} = ⟨f, Z_{S,U} w⟩_L2_{(S;H}1_{0 (U))} for w ∈ L^2(I; H^1_0 (V )). Remark 5.1. Using the properties of Z_{S,U} , see Lemma 4.3, we get ‖L_{I,V} f‖_L2_{(I;H}−1_{(V ))} ≤ ‖f‖_L2_{(S;H}−1_{(U))} for all f ∈ L^2(S; H^{−1}(U)).

Definition 5.2 (Sobolev–Morrey space). We define the Sobolev–Morrey space L^ω_2 (S; H^{−1}(U)) as the set of all elements f ∈ L^2(S; H^{−1}(U)) for which [f]^2_Lω_{2 (S;H}−1_{(U))} = sup_{(I,V )∈Sr ×Ur} r>0 r^{−ω} ∫ I ‖L_V f(s)‖^2_H−1_{(V )} ds

has a finite value. We define the norm of f ∈ L^ω_2 (S; H^{−1}(U)) by ‖f‖^2_Lω_{2 (S;H}−1_{(U))} = ‖f‖^2_L2_{(S;H}−1_{(U))} + [f]^2_Lω_{2 (S;H}−1_{(U))}.

For ω ≤ 0 we set L^ω_2 (S; H^{−1}(U)) = L^2(S; H^{−1}(U)).

36 Jens A. Griepentrog Remark 5.2. For fixed r_0 > 0 we get an equivalent norm on L^ω_2 (S; H^{−1}(U)), if we take the supremum over 0 < r ≤ r_0, only.

Lemma 5.1. The spaces L^ω_2 (S; H^{−1}(U)) are Banach spaces.

Proof. To prove of the completeness of L^ω_2 (S; H^{−1}(U)) let (f_ℓ) be a Cauchy sequence in L^ω_2 (S; H^{−1}(U)). Due to the continuous embedding of L^ω_2 (S; H^{−1}(U)) in L^2(S; H^{−1}(U)) the sequence (f_ℓ) converges in L^2(S; H^{−1}(U)) to some limit f ∈ L^2(S; H^{−1}(U)). We fix δ > 0 and choose ℓ_0(δ) ∈ N such that ‖f_{ℓ+k} − f_ℓ‖_Lω_{2 (S;H}−1_{(U))} ≤ δ for all ℓ, k ∈ N with ℓ ≥ ℓ_0(δ).

For all r > 0, I ∈ S_r, and V ∈ U_r we get

r^{−ω} ‖L_{I,V} (f − f_ℓ)‖^2_L2_{(I;H}−1_{(U))} ≤ 2r^{−ω} ‖L_{I,V} (f − f_{ℓ+k})‖^2_L2_{(I;H}−1_{(V ))} + 2δ^2. Passing to the limit k → ∞ and taking the supremum over all r > 0, I ∈ S_r, and V ∈ U_r, we arrive at ‖f − f_ℓ‖^2_Lω_{2 (S;H}−1_{(U))} ≤ 2δ^2 for all ℓ ∈ N with ℓ ≥ ℓ_0(δ), in other words, (f_ℓ) converges to f in L^ω_2 (S; H^{−1}(U)). □ We show that the above Sobolev–Morrey spaces are invariant with respect to localization, Lipschitz transformations, and reflection.

Definition 5.3 (Multiplication). The product χf ∈ L^2(S; H^{−1}(U)) of the function χ ∈ C^∞_0 (R^n) and the functional f ∈ L^2(S; H^{−1}(U)) is defined by

⟨χf, w⟩_L2_{(S;H}1_{0 (U))} = ⟨f, χw⟩_L2_{(S;H}1_{0 (U))} for w ∈ L^2(S; H^1_0 (U)). Remark 5.3. Obviously, we find some constant c = c(χ) > 0 such that ‖χf‖_L2_{(S;H}−1_{(U))} ≤ c ‖f‖_L2_{(S;H}−1_{(U))} for all f ∈ L^2(S; H^{−1}(U)).

Lemma 5.2 (Multiplication). For all χ ∈ C^∞_0 (R^n) the assignment f → χf is a bounded linear map from L^ω_2 (S; H^{−1}(U)) into itself.

Proof. Let f ∈ L^ω_2 (S; H^{−1}(U)) be given. For all r > 0, I ∈ S_r, V ∈ U_r, and w ∈ L^2(I; H^1_0 (V )) we obtain ⟨L_{I,V} (χf), w⟩_L2_{(I;H}1_{0 (V ))} = ⟨χf, Z_{S,U} w⟩_L2_{(S;H}1_{0 (U))} = ⟨f, Z_{S,U} (χw)⟩_L2_{(S;H}1_{0 (U))} = ⟨L_{I,V} f, χw⟩_L2_{(I;H}1_{0 (V ))}, and [χf]_Lω_{2 (S;H}−1_{(U))} ≤ c [f]_Lω_{2 (S;H}−1_{(U))}, which finishes the proof. □

Sobolev–Morrey spaces 37

Lemma 5.3 (Localization). The restriction f → L_{I,V} f defines a bounded linear operator from L^ω_2 (S; H^{−1}(U)) into L^ω_2 (I; H^{−1}(V )).

Proof. Let f ∈ L^ω_2 (S; H^{−1}(U)), and t ∈ I, x ∈ V , r > 0 be given. Setting I_r = I ∩ (t − r^2, t), S_r = S ∩ (t − r^2, t), U_r = U ∩ Q_r(x), V_r = V ∩ Q_r(x), for all w ∈ L^2(I_r; H^1_0 (V_r)) we get ⟨L_{Ir,Vr} f, w⟩_L2_{(Ir ;H}1_{0 (Vr ))} = ⟨f, Z_{S,U} w⟩_L2_{(S;H}1_{0 (U))} = ⟨L_{Sr ,Ur} f, Z_{Sr ,Ur} w⟩_L2_{(Sr ;H}1_{0 (Ur ))}.

We obtain [L_{I,V} f]_Lω_{2 (I;H}−1_{(V ))} ≤ [f]_Lω_{2 (S;H}−1_{(U))}, which proves the assertion. □ Definition 5.4 (Lipschitz transformation). Let T be a Lipschitz transformation from an open neighborhood of G into R^n and set U^∗ = T [U]. We define the assignment f → T^∗f from L^2(S; H^{−1}(U)) into L^2(S; H^{−1}(U^∗)) as the adjoint operator of T_∗ : L^2(S; H^1_0 (U^∗)) → L^2(S; H^1_0 (U)), that means,

⟨T^∗f, w⟩_L2_{(S;H}1_{0 (U} ∗_{))} = ⟨f, T_∗w⟩_L2_{(S;H}1_{0 (U))} for w ∈ L^2(S; H^1_0 (U^∗)). Remark 5.4. By the transformation invariance of Sobolev spaces, see Lemma 4.4, we find some constant c = c(T ) > 0 such that

‖T^∗f‖_L2_{(S;H}−1_{(U} ∗_{))} ≤ c ‖f‖_L2_{(S;H}−1_{(U))} for all f ∈ L^2(S; H^{−1}(U)). Lemma 5.4 (Transformation). The assignment f → T^∗f is a bounded linear map from L^ω_2 (S; H^{−1}(U)) into L^ω_2 (S; H^{−1}(U^∗)).

Proof. Let L ≥ 1 be a Lipschitz constant of T and set δ = Lr. For r > 0, t ∈ S, and y ∈ U^∗ we introduce the sets S_r = S ∩ (t − r^2, t), S_δ = S ∩ (t − δ^2, t), U^∗_r = U^∗ ∩ Q_r(y), U_δ = U ∩ Q_δ(T^{−1}(y)).

Let f ∈ L^ω_2 (S; H^{−1}(U)). In view of the the inclusion T^{−1}[U^∗_r ] ⊂ U_δ and the properties of the extension operators with respect to Lipschitz transformations, see Lemma 4.4, for all w ∈ L^2(S_r; H^1_0 (U^∗_r )) we get

⟨L_{Sr ,U} ∗_r T^∗f, w⟩_L2_{(Sr ;H}1_{0 (U} ∗_{r ))} = ⟨T^∗f, Z_{S,U} ∗ w⟩_L2_{(S;H}1_{0 (U} ∗_{))} = ⟨f, T_∗Z_{S,U} ∗ w⟩_L2_{(S;H}1_{0 (U))} = ⟨f, Z_{S,U} Z_{Sδ ,Uδ} T_∗w⟩_L2_{(S;H}1_{0 (U))} = ⟨L_{Sδ ,Uδ} f, Z_{Sδ ,Uδ} T_∗w⟩_L2_{(Sδ ;H}1_{0 (Uδ ))},

38 Jens A. Griepentrog and [T^∗f]_Lω_{2 (S;H}−1_{(U} ∗_{))} ≤ c [f]_Lω_{2 (S;H}−1_{(U))} for all f ∈ L^ω_2 (S; H^{−1}(U)) and some constant c = c(T ) > 0, which proves the result. □ Definition 5.5 (Reflection). The reflection f → R^+f from L^2(S; H^{−1}(Q^+)) to L^2(S; H^{−1}(Q)) is defined as the adjoint operator of the map O^+ : L^2(S; H^1_0 (Q)) → L^2(S; H^1_0 (Q^+)), that means,

⟨R^+f, w⟩_L2_{(S;H}1_{0 (Q))} = ⟨f, O^+w⟩_L2_{(S;H}1_{0 (Q}+_{))} for w ∈ L^2(S; H^1_0 (Q)). The antireflection f → R^−f from L^2(S; H^{−1}(Q^−)) to L^2(S; H^{−1}(Q)) is defined as the adjoint operator of O^− : L^2(S; H^1_0 (Q)) → L^2(S; H^1_0 (Q^−)),

⟨R^−f, w⟩_L2_{(S;H}1_{0 (Q))} = ⟨f, O^−w⟩_L2_{(S;H}1_{0 (Q}−_{))} for w ∈ L^2(S; H^1_0 (Q)). Remark 5.5. By the properties of O^+ and O^−, see Lemma 4.6, we get ‖R^+f‖_L2_{(S;H}−1_{(Q))} ≤ √ 2 ‖f‖_L2_{(S;H}−1_{(Q}+_{))} for all f ∈ L^2(S; H^{−1}(Q^+)), ‖R^−f‖_L2_{(S;H}−1_{(Q))} ≤ √ 2 ‖f‖_L2_{(S;H}−1_{(Q}−_{))} for all f ∈ L^2(S; H^{−1}(Q^−)).

Lemma 5.5 (Reflection). The assignment f → R^+f is a continuous map from L^ω_2 (S; H^{−1}(Q^+)) into L^ω_2 (S; H^{−1}(Q)). Analogously, the assignment f → R^−f maps L^ω_2 (S; H^{−1}(Q^−)) continuously into L^ω_2 (S; H^{−1}(Q)). Proof. We consider r > 0, I ∈ S_r, x ∈ Q and introduce the sets

C = Q ∩ Q_r(x), C_2 = C ∪ N[C] = Q^2_r(x) ∩ Q, C^+ = Q^+ ∩ Q_r(P x). Let f ∈ L^ω_2 (S; H^{−1}(Q^+)). Due to the properties of O^+_r (x), see Lemma 4.6, and the zero extension operators, for all w ∈ L^2(I; H^1_0 (C)) we get ⟨L_{I,C} R^+f, w⟩_L2_{(I;H}1_{0 (C))} = ⟨R^+f, Z_{S,Q}w⟩_L2_{(S;H}1_{0 (Q))} = ⟨f, O^+Z_{S,Q}Z_{I,C2} w⟩_L2_{(S;H}1_{0 (Q}+_{))} = ⟨f, Z_{S,Q}+ O^+_r (x)Z_{I,C2} w⟩_L2_{(S;H}1_{0 (Q}+_{))} = ⟨L_{I,C}+ f, O^+_r (x)Z_{I,C2} w⟩_L2_{(I;H}1_{0 (C}+_{))}, and, therefore, the estimates

[R^+f]_Lω_{2 (S;H}−1_{(Q))} ≤ √ 2 [f]_Lω_{2 (S;H}−1_{(Q}+_{))} for all f ∈ L^ω_2 (S; H^{−1}(Q^+)), [R^−f]_Lω_{2 (S;H}−1_{(Q))} ≤ √ 2 [f]_Lω_{2 (S;H}−1_{(Q}−_{))} for all f ∈ L^ω_2 (S; H^{−1}(Q^−)), where the second one follows analogously to the first one. □

Sobolev–Morrey spaces 39

Examples of functionals. We consider examples of elements from L^ω_2 (S; H^{−1}(G)), which cover a broad class of applications, see also Remark 3.4 and 3.7.

Theorem 5.6. Let F be a relatively open subset of the boundary ∂G. Then the map (g, g_0, g_F ) → f defined by

⟨f, w⟩_L2_{(S;H}1_{0 (G))} = ∫ S ∫ G ( g(s) · ∇w(s) + g_0(s)w(s) ) dλ^n ds + ∫ S ∫ F g_F (s) K_F w(s) dλ_{∂G} ds

for w ∈ L^2(S; H^1_0 (G)), is a bounded linear operator from L^ω_2 (S; L^2(G^∘; R^n)) × L^{ω−2}_2 (S; L^2(G^∘)) × L^{ω−1}_2 (S; L^2(F )) into L^ω_2 (S; H^{−1}(G)), and its norm depends on n, F , and G, only.

Proof. 1. Let { (T_1, U_1), . . . , (T_m, U_m) } be an atlas of G which satisfies (4.1) and (4.2), see Lemma 4.2. Furthermore, let L ≥ 1 be a common Lipschitz constant for all the transformations. In view of the Lebesgue property of the covering we choose some δ > 0 such that for all x ∈ G the open cube Q_δ(x) is contained in one of the neighborhoods U_1, . . . , U_m. We decompose {1, . . . , m} into the sets J_0 = { i ∈ {1, . . . , m} : U_i ⊂ G^∘ } , J_1 = { i ∈ {1, . . . , m} : U_i ∩ ∂G ≠ ∅ } . We consider three different types of functionals:

2. Let f ∈ L^2(S; H^{−1}(G)) be defined by

⟨f, w⟩_L2_{(S;H}1_{0 (G))} = ∫ S ∫ G g(s) · ∇w(s) dλ^n ds for w ∈ L^2(S; H^1_0 (G)).

Then, for all r > 0, I ∈ S_r, V ∈ G_r, and w ∈ L^2(I; H^1_0 (V )) we have | |⟨L_{I,V} f, w⟩_{L2(I;H10 (V ))} | |^2 ≤ ∫ I ∫ V ‖g(s)‖^2 dλ^n ds ∫ I ∫ V ‖∇w(s)‖^2 dλ^n ds.

Hence, we get

(5.1) ‖L_{I,V} f‖^2_L2_{(I;H}−1_{(V ))} ≤ ∫ I ∫ V ‖g(s)‖^2 dλ^n ds.

3. Next we consider the functional f ∈ L^2(S; H^{−1}(G)) defined as

⟨f, w⟩_L2_{(S;H}1_{0 (G))} = ∫ S ∫ G g_0(s)w(s) dλ^n ds for w ∈ L^2(S; H^1_0 (G)).

For all r > 0, I ∈ S_r, V ∈ G_r, and w ∈ L^2(I; H^1_0 (V )) we obtain | |⟨L_{I,V} f, w⟩_{L2(I;H10 (V ))} | |^2 ≤ ∫ I ∫ V |g_0(s)|^2 dλ^n ds ∫ I ∫ V |w(s)|^2 dλ^n ds.

40 Jens A. Griepentrog

3.1. Assume that Q_δ(x) ⊂ U_i holds true for some index i ∈ J_0. Note, that for all 0 < r ≤ δ we have Q_r(x) ⊂ G. For all I ∈ S_r and w ∈ L^2(I; H^1_0 (Q_r(x))) the Sobolev–Friedrichs inequality yields ∫ I ∫ Q_r(x)

|w(s)|^2 dλ^n ds ≤ 4r^2 ∫ I ∫ Q_r(x)

‖∇w(s)‖^2 dλ^n ds.

3.2. Otherwise we have Q_δ(x) ⊂ U_i for some index i ∈ J_1. Setting y = T_i(x) ∈ Q^+, U = T^{−1}_i [Q_{Lr}(y)], V = G ∩ Q_r(x), for all 0 < r ≤ δ/L^2 we get the inclusions Q_r(x) ⊂ U ⊂ Q_δ(x), T_i[V ] ⊂ Q^+ ∩ Q_{Lr}(y), V ⊂ G ∩ U.

For all 0 < r ≤ δ/L^2, I ∈ S_r, and w ∈ L^2(I; H^1_0 (V )) we set w_i = [T^{−1}_i ]_∗Z_{I,G∩U} w ∈ L^2(I; H^1_0 (Q_{Lr}(y) ∩ Q^+)).

Applying the Sobolev–Friedrichs inequality we get the estimate ∫ I ∫ V |w(s)|^2 dλ^n ds ≤ c_1 ∫ I ∫ Q_{Lr} (y)∩Q^−

|w_i(s)|^2 dλ^n ds

≤ 4c_1(Lr)^2 ∫ I ∫ Q_{Lr}(y)∩Q^−

‖∇w_i(s)‖^2 dλ^n ds

≤ c_2r^2 ∫ I ∫ V ‖∇w(s)‖^2 dλ^n ds, where the constants c_1, c_2 > 0 depend on n and L, only.

3.3. We have found a constant c_3 = c_3(n, L) > 0, such that for all 0 < r ≤ δ/L^2, I ∈ S_r, V ∈ G_r, and w ∈ L^2(I; H^1_0 (V )) we have | |⟨L_{I,V} f, w⟩_{L2(I;H10 (V ))} | |^2 ≤ c_3r^2 ∫ I ∫ V |g_0(s)|^2 dλ^n ds ∫ I ∫ V ‖∇w(s)‖^2 dλ^n ds, and, hence, (5.2) ‖L_{I,V} f‖^2_L2_{(I;H}−1_{(V ))} ≤ c_3r^2 ∫ I ∫ V |g_0(s)|^2 dλ^n ds.

4. We extend g_F ∈ L^{ω−1}_2 (S; L^2(F )) by zero to a function which belongs to the space L^{ω−1}_2 (S; L^2(∂G)). Hence, it suffices to consider the case F = ∂G, only. Since the trace map K_F from H^1_0 (G) into L^2(F ) is continuous, we define a functional f ∈ L^2(S; H^{−1}(G)) by

⟨f, w⟩_L2_{(S;H}1_{0 (G))} = ∫ S ∫ F g_F (s) K_F w(s) dλ_F ds for w ∈ L^2(S; H^1_0 (G)).

Sobolev–Morrey spaces 41 Let r > 0, x ∈ G, I ∈ S_r, and set V = G ∩ Q_r(x), Γ = F ∩ Q_r(x).

For all w ∈ L^2(I; H^1_0 (V )) we obtain | |⟨L_{I,V} f, w⟩_{L2(I;H10 (V ))} | |^2 ≤ ∫ I ∫ Γ |g_F (s)|^2 dλ_F ds ∫ I ∫ Γ |K_F w(s)|^2 dλ_F ds.

To estimate the second integral of the right hand side it is sufficient to consider 0 < r ≤ δ/L^2 and x ∈ G which satisfy Γ = F ∩ Q_r(x) ≠ ∅. In that case we find an index i ∈ J_1 with Q_δ(x) ⊂ U_i. Moreover, setting again y = T_i(x) ∈ Q^+, U = T^{−1}_i [Q_{Lr}(y)], we get the inclusions Q_r(x) ⊂ U ⊂ Q_δ(x), T_i[V ] ⊂ Q^+ ∩ Q_{Lr}(y), V ⊂ G ∩ U.

For all 0 < r ≤ δ/L^2 and x ∈ G with Γ = F ∩ Q_r(x) ≠ ∅, every I ∈ S_r and w ∈ L^2(I; H^1_0 (V )) we set w_i = [T^{−1}_i ]_∗Z_{I,G∩U} w ∈ L^2(I; H^1_0 (Q_{Lr}(y) ∩ Q^+)).

Using the Sobolev–Friedrichs trace inequality we obtain the estimate ∫ I ∫ Γ |K_Γw(s)|^2 dλ_F ds ≤ c_4 ∫ I ∫ Σ∩Q_{Lr} (y)

|K_{Σ∩QLr(y)}w_i(s)|^2 dλ_Σ ds

≤ 2c_4Lr ∫ I ∫ Q^−∩Q_{Lr}(y)

‖∇w_i(s)‖^2 dλ^n ds

≤ c_5r ∫ I ∫ V ‖∇w(s)‖^2 dλ^n ds, where the constants c_4, c_5 > 0 depend on n and L, only. Thus for all 0 < r ≤ δ/L^2, x ∈ G, I ∈ S_r, and w ∈ L^2(I; H^1_0 (V )) we have proved | |⟨L_{I,V} f, w⟩_{L2(I;H10 (V ))} | |^2 ≤ c_5r ∫ I ∫ Γ |g_F (s)|^2 dλ_F ds ∫ I ∫ V ‖∇w(s)‖^2 dλ^n ds, where V = G ∩ Q_r(x) and Γ = F ∩ Q_r(x), which yields (5.3) ‖L_{I,V} f‖^2_L2_{(I;H}−1_{(V ))} ≤ c_5r ∫ I ∫ Γ |g_F (s)|^2 dλ_F ds.

5. Combining (5.1), (5.2), and (5.3) we end up with the desired result. □

42 Jens A. Griepentrog

6. Sobolev–Morrey spaces for evolution equations

Suppose that U ⊂ R^n is a relatively open subset of the regular set G ⊂ R^n. Furthermore, let V ⊂ R^n be relatively open in U, I ⊂ R be an open subinterval of S = (t_0, t_1), and ω ∈ [0, n + 2].

For our following considerations let ε ∈ (0, 1] be constant. We define the duality map J_H : H → H^∗ on the Hilbert space H = L^2(U^∘) as usual by ⟨J_H v, w⟩_H = (v|w)_H for v, w ∈ H, but note, that we equip H with the weighted scalar product

(v|w)_H = ∫ U avw dλ^n for v, w ∈ H,

where a ∈ L^∞(U^∘) is a nonsmooth capacity coefficient, which is supposed to be ε-definite with respect to U^∘, that means, we assume that

ε ≤ essinf_{y∈U ∘} a(y), esssup_{y∈U ∘} a(y) ≤ 1 ε holds true. Corresponding to Section 1 we set Y = H^1_0 (U), and we consider some closed subspace H^1_0 (U) ⊂ X ⊂ H^1(U^∘) of H^1(U^∘) equipped with the usual scalar product. We choose for K the completely continuous embedding of X into H. Then, the set K[Y ] is dense in H. The map E = (K|Y )^∗J_H K : X → Y^∗, associated with the coefficient a being ε-definite with respect to U^∘, is a bounded linear operator. Its restriction E|Y onto Y is symmetric and positively semidefinite:

⟨Ev, w⟩_Y = ⟨J_H Kv, Kw⟩_H = (v|w)_H for all v, w ∈ Y .

We define the bounded linear operator E : L^2(S; X) → L^2(S; Y^∗) associated with S and E via (Eu)(s) = Eu(s) for u ∈ L^2(S; X) and s ∈ S.

Based on Definition 1.1, 3.2, and 5.2, we construct our class of Sobolev–Morrey spaces suitable for the regularity theory of second order parabolic boundary value problems with nonsmooth data, see Griepentrog [9, 11]:

Definition 6.1 (Sobolev–Morrey space). We define the Sobolev–Morrey space W^ω_E (S; X) as the set of all elements u ∈ L^ω_2 (S; X) for which the weak time derivative (Eu)^′ of Eu ∈ L^2(S; Y^∗) exists and belongs to L^ω_2 (S; Y^∗):

W^ω_E (S; X) = { u ∈ L^ω_2 (S; X) : (Eu)^′ ∈ L^ω_2 (S; Y^∗) } . We introduce the norm of an element u ∈ W^ω_E (S; X) by

‖u‖^2_W ω_{E (S;X)} = ‖u‖^2_Lω_{2 (S;X)} + ‖(Eu)^′‖^2_Lω_{2 (S;Y} ∗_).

For ω ≤ 0 we set W^ω_E (S; X) = W_E (S; X).

Lemma 6.1. The function space W^ω_E (S; X) is a Banach space.

Sobolev–Morrey spaces 43

Proof. 1. Note, that the functional is correctly defined for u ∈ W^ω_E (S; X), and that it has the properties of a norm.

2. To prove the completeness of W^ω_E (S; X), let (u_k) be a Cauchy sequence in W^ω_E (S; X). Then (u_k) and ((Eu_k)^′) are Cauchy sequences in the Banach spaces L^ω_2 (S; X) and L^ω_2 (S; Y^∗), respectively. Hence, for k → ∞ both sequences converge in L^ω_2 (S; X) and L^ω_2 (S; Y^∗) to some functions u ∈ L^ω_2 (S; X) and f ∈ L^ω_2 (S; Y^∗), respectively. The continuity of the operator E : L^2(S; X) → L^2(S; Y^∗) and the embeddings from L^ω_2 (S; X) into L^2(S; X) and from L^ω_2 (S; Y^∗) into L^2(S; Y^∗) yields the convergence of (Eu_k) to Eu in L^2(S; Y^∗) and of ((Eu_k)^′) to f in L^2(S; Y^∗). Passing to the limit k → ∞ in ∫ S ⟨(Eu_k)^′(s), w⟩_Y ϑ(s) ds = − ∫ S ⟨(Eu_k)(s), w⟩_Y ϑ^′(s) ds,

for all ϑ ∈ C^∞_0 (S) and w ∈ Y we get ∫ S ⟨f(s), w⟩_Y ϑ(s) ds = − ∫ S ⟨(Eu)(s), w⟩_Y ϑ^′(s) ds

which proves (Eu)^′ = f ∈ L^ω_2 (S; Y^∗) and u ∈ W^ω_E (S; X). □

Invariance principles. We consider the behaviour of functions from the above Sobolev–Morrey spaces with respect to localization, Lipschitz transformations, and reflections.

Lemma 6.2 (Multiplication). Let X = H^1(U^∘) and Y = H^1_0 (U). Then, for every χ ∈ C^∞_0 (R^n) the assignment u → χu is a bounded linear map from W^ω_E (S; X) into itself as well as from W^ω_{E|Y} (S; Y ) into itself.

Proof. Because of Remark 3.2 and Lemma 5.2 for all u ∈ W^ω_E (S; X) we have

χu ∈ L^ω_2 (S; X), χ(Eu)^′ ∈ L^ω_2 (S; Y^∗),

and we find some constant c = c(χ) > 0 such that

‖χu‖_Lω_{2 (S;X)} ≤ c ‖u‖_Lω_{2 (S;X)}, ‖χ(Eu)^′‖_Lω_{2 (S;Y} ∗_) ≤ c ‖(Eu)^′‖_Lω_{2 (S;Y} ∗_).

Because of the identities E(χu) = χEu and (χEu)^′ = χ(Eu)^′ this yields χu ∈ W^ω_E (S; X) with a corresponding norm estimates. The multiplier property in the space W^ω_{E|Y} (S; Y ) follows analogously. □

Lemma 6.3 (Localization). Let E ∈ L(H^1(U^∘); H^{−1}(U)) be associated with the coefficient a and consider the map E_V ∈ L(H^1(V^∘); H^{−1}(V )) associated with the

44 Jens A. Griepentrog

restricted coefficient a_V = R_V a. Then the assignment u → R_{I,V} u defines a bounded linear map from W^ω_E (S; H^1(U^∘)) into W^ω_{EV} (I; H^1(V^∘)).

Proof. Due to Lemma 3.1 and 5.3 we observe that for all u ∈ W^ω_E (S; H^1(U^∘)) R_{I,V} u ∈ L^ω_2 (I; H^1(V^∘)), L_{I,V} (Eu)^′ ∈ L^ω_2 (I; H^{−1}(V )), and we find some constant c > 0 such that ‖R_{I,V} u‖_Lω_{2 (I;H}1_{(V} ∘_{))} ≤ c ‖u‖_Lω_{2 (S;H}1_{(U} ∘_{))}, ‖L_{I,V} (Eu)^′‖_Lω_{2 (I;H}−1_{(V ))} ≤ c ‖(Eu)^′‖_Lω_{2 (S;H}−1_{(U))}.

Let E_V : L^2(I; H^1(V^∘)) → L^2(I; H^{−1}(V )) be associated with I and E_V . Since E_V R_{I,V} u = L_{I,V} Eu and (L_{I,V} Eu)^′ = L_{I,V} (Eu)^′ holds true this yields R_{I,V} u ∈ W^ω_{EV} (I; H^1(V^∘)). The result follows from the above estimates. □ Lemma 6.4 (Transformation). Suppose that T is a Lipschitz transformation from an open neighborhood of G into R^n with a Lipschitz constant L ≥ 1. Moreover, we set U_∗ = T [U], and consider X = H^1(U^∘), Y = H^1_0 (U), X_∗ = H^1(U^∘_∗ ), Y_∗ = H^1_0 (U_∗).

Let ε_∗ = ε/L^n and E_∗ ∈ L(X_∗; Y^∗_∗ ) be associated with the transformed coefficient a_∗ = |JT^{−1}| · T^{−1}_∗ a, which is ε_∗-definite with respect to U^∘_∗ . Then the assignment u → T^{−1}_∗ u defines a bounded linear map from W^ω_E (S; X) into W^ω_{E∗} (S; X_∗) as well as from W^ω_{E|Y} (S; Y ) into W^ω_{E∗|Y∗} (S; Y_∗).

Proof. Using Lemma 3.2 and 5.4 for all u ∈ W^ω_E (S; X) we get T^{−1}_∗ u ∈ L^ω_2 (S; X_∗), T^∗(Eu)^′ ∈ L^ω_2 (S; Y^∗_∗ ), and we find some constant c = c(T ) > 0 such that ‖T^{−1}_∗ u‖_Lω_{2 (S;X∗)} ≤ c ‖u‖_Lω_{2 (S;X)}, ‖T^∗(Eu)^′‖_Lω_{2 (S;Y} ∗_{∗ )} ≤ c ‖(Eu)^′‖_Lω_{2 (S;Y} ∗_).

Let E_∗ : L^2(S; X_∗) → L^2(S; Y^∗_∗ ) be associated with S and E_∗. Due to E_∗T^{−1}_∗ u = T^∗Eu and (T^∗Eu)^′ = T^∗(Eu)^′ this leads to the desired result T^{−1}_∗ u ∈ W^ω_{E∗} (S; X_∗) together with the norm estimates. The proof of the continuity of the map u → T^{−1}_∗ u from W^ω_{E|Y} (S; Y ) into W^ω_{E∗|Y∗} (S; Y_∗) is exactly the same. □ Lemma 6.5 (Reflection). Let both the maps E^+ ∈ L(H^1_0 (Q^+); H^{−1}(Q^+)) and E^− ∈ L(H^1_0 (Q^−); H^{−1}(Q^−)) be associated with the coefficient a^− which is assumed to be εdefinite with respect to Q^−, and consider the operator E ∈ L(H^1_0 (Q); H^{−1}(Q)) associated with the reflected coefficient a = R^+a^− being ε-definite with respect to Q. Then

Sobolev–Morrey spaces 45

the assignment u → R^+u maps W^ω_{E+} (S; H^1_0 (Q^+)) continuously into W^ω_E (S; H^1_0 (Q)) and the assignment u → R^−u is a bounded linear operator from W^ω_E− (S; H^1_0 (Q^−)) into W^ω_E (S; H^1_0 (Q)).

Proof. Let the maps E^+, E^−, E be associated with S, E^+, E^−, E, respectively. Applying Lemma 4.5 and 5.5, for all u ∈ W^ω_E+ (S; H^1_0 (Q^+)) we obtain

R^+u ∈ L^ω_2 (S; H^1_0 (Q)), R^+(E^+u)^′ ∈ L^ω_2 (S; H^{−1}(Q))

together with the estimates

‖R^+u‖_Lω_{2 (S;H}1_{0 (Q))} ≤ √ 2 ‖u‖_Lω_{2 (S;H}1_{0 (Q}+_{))},

‖R^+(E^+u)^′‖_Lω_{2 (S;H}−1_{(Q))} ≤ √ 2 ‖(Eu)^′‖_Lω_{2 (S;H}−1_{(Q}+_{))}.

Using the identities ER^+u = R^+E^+u and (R^+E^+u)^′ = R^+(E^+u)^′ this yields R^+u ∈ W^ω_E (S; H^1_0 (Q)) which leads to the desired result. Analogously, we get ER^−u = R^−E^−u and (R^−E^−u)^′ = R^−(E^−u)^′ for all u ∈ W^ω_{E−} (S; H^1_0 (Q^−)) and, hence, R^−u ∈ W^ω_E (S; H^1_0 (Q)) together with the corresponding norm estimates. □

Embedding theorems. We prove the (complete) continuity of the embedding of Sobolev–Morrey spaces in Campanato spaces. Here, the key estimate is some variant of the Poincaré inequality, see Theorem A.3.

Lemma 6.6. Let 0 < δ < 1 and E ∈ L(H^1(Q); H^{−1}(Q)) be associated with the coefficient a which is assumed to be ε-definite with respect to Q. Then we find a constant c = c(ε, ω, n, δ) > 0 such that for all u ∈ W^ω_E (S; H^1(Q))

[u]^2_Lω+2_{2 (S;L2(Qδ ))} ≤ c ( ‖‖∇u‖‖^2_Lω_{2 (S;L}2_{(Q))} + ‖(Eu)^′‖^2_Lω_{2 (S;H}−1_{(Q))} ) . Proof. Let 0 < r < 1 − δ, I ∈ S_r, and x ∈ Q_δ. Applying the minimal property of integral mean values and Theorem A.3 we find a constant c_1 = c_1(ε, n) > 0 such that ∫ I ∫ Q_r(x)∩Q_δ | | |u(s) − ∫ I ∫ Q_r (x)∩Q_δ

u(τ) dλ^n dτ | | | 2 dλ^n ds ≤ ∫ I ∫ Q_r(x) | | | |u(s) − ∫ I ∫ Q_r (x)

u(τ) dλ^n dτ | | | | 2 dλ^n ds

≤ c_1r^2 ∫ I (∫ Q_r(x)

‖∇u(s)‖^2 dλ^n + ‖L_{Qr(x)}(Eu)^′(s)‖^2_H−1_{(Qr(x))} ) ds.

46 Jens A. Griepentrog

Hence, there exists a constant c_2 = c_2(ε, ω, n, δ) > 0 such that for all functions u ∈ W^ω_E (S; H^1(Q)) the estimate

[u]^2_Lω+2_{2 (S;L2(Qδ ))} ≤ c_2 ( ‖‖∇u‖‖^2_Lω_{2 (S;L}2_{(Q))} + ‖(Eu)^′‖^2_Lω_{2 (S;H}−1_{(Q))} ) holds true. □

Lemma 6.7. Let 0 < δ < 1 and E ∈ L(H^1(Q^−); H^{−1}(Q^−)) be associated with the coefficient a which is assumed to be ε-definite with respect to Q^−. Then we find a constant c = c(ε, ω, n, δ) > 0 such that for all u ∈ W^ω_E (S; H^1(Q^−))

[u]^2_Lω+2_{2 (S;L2(Q}−_{δ ))} ≤ c ( ‖‖∇u‖‖^2_Lω_{2 (S;L}2_{(Q}−_{))} + ‖(Eu)^′‖^2_Lω_{2 (S;H}−1_{(Q}−_{))} ) . Proof. Let 0 < r < min{δ, 1 − δ}. Furthermore, we consider I ∈ S_r and x ∈ Q^−_δ . Note, that Q_r(x) ∩ Q^−_δ is included in the cube Q_r(y) ⊂ Q^− if we set y = (ŷ, y_n), ŷ = x̂ and y_n = min{x_n, −r}. Using the minimal property of integral mean values and Theorem A.3, we obtain ∫ I ∫ Q_r(x)∩Q^−_δ | | | |u(s) − ∫ I ∫ Q_r (x)∩Q^−_δ

u(τ) dλ^n dτ | | | | 2 dλ^n ds ≤ ∫ I ∫ Q_r(y) | | | |u(s) − ∫ I ∫ Q_r (y)

u(τ) dλ^n dτ | | | | 2 dλ^n ds

≤ c_1r^2 ∫ I (∫ Q_r(y)

‖∇u(s)‖^2 dλ^n + ‖L_{Qr(y)}(Eu)^′(s)‖^2_H−1_{(Qr (y))} ) ds, where c_1 = c_1(ε, n) > 0 is some constant. Therefore, we find a further constant c_2 = c_2(ε, ω, n, δ) > 0 such that for all u ∈ W^ω_E (S; H^1(Q^−))

[u]^2_Lω+2_{2 (S;L2(Q}−_{δ ))} ≤ c_2 ( ‖‖∇u‖‖^2_Lω_{2 (S;L}2_{(Q}−_{))} + ‖(Eu)^′‖^2_Lω_{2 (S;H}−1_{(Q}−_{))} ) holds true. □

Theorem 6.8 (Continuous embedding). If E ∈ L(H^1(G^∘); H^{−1}(G)) is associated with a coefficient a being ε-definite with respect to G^∘, then the space W^ω_E (S; H^1(G^∘)) is continuously embedded in L^{ω+2}_2 (S; L^2(G^∘)).

Proof. 1. Let Ω = G^∘ and { (T_1, U_1), . . . , (T_m, U_m) } be an atlas of G, see Lemma 4.2.

Furthermore, let L ≥ 1 be a common Lipschitz constant for all the transformations, and {χ_1, . . . , χ_m} ⊂ C^∞_0 (R^n) be a smooth partition of unity subordinate to the above covering. In view of the Lebesgue property of the covering we choose radii 0 < δ^′ < δ < 1 such that the sets

V^′_i = T^{−1}_i [Q_δ′ ], V_i = T^{−1}_i [Q_δ],

Sobolev–Morrey spaces 47

satisfy the condition supp(χ_i) ⊂ V^′_i ⊂ V_i for all i ∈ {1, . . . , m}.

Hence, {V^′_1 , . . . , V^′_m} and {V_1, . . . , V_m} are still open coverings of G. We consider the decomposition of the set {1, . . . , m} into the index sets

J_0 = { i ∈ {1, . . . , m} : U_i ⊂ Ω } , J_1 = { i ∈ {1, . . . , m} : U_i ∩ ∂Ω ≠ ∅ } . 2. Let u ∈ W^ω_E (S; H^1(Ω)). For every i ∈ {1, . . . , m} we define the map E^i ∈ L(H^1(V_i ∩ Ω); H^{−1}(V_i ∩ Ω)) associated with the restricted coefficient a^i = R_{Vi∩Ω}a being ε-definite with respect to V_i ∩ Ω. Since V_i ∩ Ω is an open subset of G for every i ∈ {1, . . . , m}, the localization principle, see Lemma 6.2 and 6.3, leads to u_i = R_{S,Vi∩Ω}(χ_iu) ∈ W^ω_Ei (S; H^1(V_i ∩ Ω)) and the estimate ‖u_i‖_W ω_{Ei (S;H}1_{(Vi∩Ω))} ≤ c_1‖u‖_W ω_{E (S;H}1_{(Ω))}, where c_1 > 0 is some constant depending on ω and G, only.

We introduce inverse transformations and transformed coefficients by T^i = T^{−1}_i : Q → U_i = U_i ∩ Ω, a^i_∗ = |JT^i| · T^i_∗a^i for i ∈ J_0, T^i = T^{−1}_i |Q^− : Q^− → U_i ∩ Ω, a^i_∗ = |JT^i| · T^i_∗a^i for i ∈ J_1.

Due to the properties of the Jacobi determinant JT^i, the coefficient a^i_∗ is ε_∗-definite with respect to Q_δ for i ∈ J_0 and to Q^−_δ for i ∈ J_1, where ε_∗ = ε/L^n. We consider the operators E^i_∗ ∈ L(H^1(Q_δ); H^{−1}(Q_δ)) associated with a^i_∗ for i ∈ J_0 and E^i_∗ ∈ L(H^1(Q^−_δ ); H^{−1}(Q^−_δ )) associated with a^i_∗ for i ∈ J_1. From the transformation invariance, see Lemma 6.4, it follows that T^i_∗u_i ∈ W^ω_Ei_∗ (S; H^1(Q_δ)) for all i ∈ J_0, T^i_∗u_i ∈ W^ω_Ei_∗ (S; H^1(Q^−_δ )) for all i ∈ J_1.

Moreover, we find some constant c_2 = c_2(n, ε, ω, δ, L, G) > 0 such that ‖T^i_∗u_i‖_W ω_{Ei∗ (S;H}1_{(Qδ ))} ≤ c_2 ‖u‖_W ω_{E (S;H}1_{(Ω))} for all i ∈ J_0, ‖T^i_∗u_i‖_W ω_{Ei∗ (S;H}1_{(Q}−_{δ ))} ≤ c_2 ‖u‖_W ω_{E (S;H}1_{(Ω))} for all i ∈ J_1.

Setting v_i = R_{S,V} ′_{i ∩Ω}(χ_iu) and applying Lemma 6.6 and 6.7, we get T^i_∗v_i ∈ L^{ω+2}_2 (S; L^2(Q_δ′ )) for all i ∈ J_0, T^i_∗v_i ∈ L^{ω+2}_2 (S; L^2(Q^−_δ′ )) for all i ∈ J_1.

48 Jens A. Griepentrog

Additionally, we find some constant c_3 > 0 depending on the quantities n, ε, ω, δ^′, δ, L, and G such that ‖T^i_∗v_i‖_Lω+2_{2 (S;L}2_{(Qδ′ ))} ≤ c_3 ‖u‖_W ω_{E (S;H}1_{(Ω))} for all i ∈ J_0,

‖T^i_∗v_i‖_Lω+2_{2 (S;L}2_{(Q}−_{δ′ ))} ≤ c_3 ‖u‖_W ω_{E (S;H}1_{(Ω))} for all i ∈ J_1.

Using Lemma 3.2, the transformation invariance of Campanato spaces leads to v_i ∈ L^{ω+2}_2 (S; L^2(V^′_i ∩ Ω)) together with the estimates

‖v_i‖_Lω+2_{2 (S;L}2_{(V} ′_{i ∩Ω))} ≤ c_4 ‖u‖_W ω_{E (S;H}1_{(Ω))} for all i ∈ {1, . . . , m},

where c_4 = c_4(n, ε, ω, δ, δ^′, L, G) > 0 is some constant. Since χ_i ∈ C^∞_0 (R^n) satisfies supp(χ_i) ⊂ V^′_i for every i ∈ {1, . . . , m}, we extend v_i by zero to see that χ_iu ∈ L^{ω+2}_2 (S; L^2(Ω)) and

‖χ_iu‖_Lω+2_{2 (S;L}2_{(Ω))} ≤ c_5 ‖u‖_W ω_{E (S;H}1_{(Ω))} for all i ∈ { 1, . . . , m } , where the constant c_5 > 0 depends n, ε, ω, δ, δ^′, L, and G, see Remark 3.3. Summing up, for all u ∈ W^ω_E (S; H^1(Ω)) we obtain the estimate

‖u‖_Lω+2_{2 (S;L}2_{(Ω))} ≤ m∑ i=1 ‖χ_iu‖_Lω+2_{2 (S;L}2_{(Ω))} ≤ c_5m ‖u‖_W ω_{E (S;H}1_{(Ω))},

which finishes the proof. □

Theorem 6.9 (Completely continuous embedding). Let σ ∈ [0, ω + 2) be given, and let E ∈ L(H^1(G^∘); H^{−1}(G)) be associated with the coefficient a being ε-definite with respect to G^∘. Then the embedding of W^ω_E (S; H^1(G^∘)) in L^{σ+2}_2 (S; L^2(G^∘)) is completely continuous.

Proof. Let (u_k) be a bounded sequence in W^ω_E (S; H^1(G^∘)) and δ > 0. Due to Theorem 1.10 the embedding of W_E (S; H^1(G^∘)) in L^2(S; L^2(G^∘)) is completely continuous. Together with the continuity of the embedding of W^ω_E (S; H^1(G^∘)) in W_E(S; H^1(G^∘)) we find an increasing subsequence (k_ℓ) ⊂ N and some ℓ_0 = ℓ_0(δ) > 0 such that ‖u_{ki} − u_{kℓ} ‖^2_L2_{(S;L}2_{(G}∘_{))} ≤ δ for all i, ℓ ≥ ℓ_0.

We introduce the notation θ = σ/(ω + 2) and use the minimal property of the integral mean value to get

[u_{ki} − u_{kℓ} ]^2_Lσ_{2 (S;L}2_{(G}∘_{))} ≤ ‖u_{ki} − u_{kℓ} ‖^{2−2θ}_{L2(S;L2(G∘))} [u_{ki} − u_{kℓ} ]^{2θ}_Lω+2_{2 (S;L2(G∘))}

≤ δ^{1−θ} [u_{ki} − u_{kℓ} ]^{2θ}_Lω+2_{2 (S;L2(G∘))}.

In view of the boundedness of (u_k) in W^ω_E (S; H^1(G^∘)) and the arbitrary choice of δ > 0 at the beginning of the proof, the continuity of the embedding operator from

Sobolev–Morrey spaces 49

W^ω_E (S; H^1(G^∘)) in L^{ω+2}_2 (S; L^2(G^∘)), see Theorem 6.8, yields the convergence of the sequence (u_{kℓ} ) in L^σ_2 (S; L^2(G^∘)). □

Trace theorems. Finally, we show the (complete) continuity of the trace map from Sobolev–Morrey spaces in Campanato spaces. Again, these results are based on some variant of the Poincaré inequality, see Theorem A.4.

Lemma 6.10. Let 0 < δ < 1 and E ∈ L(H^1(Q^−); H^{−1}(Q^−)) be associated with the coefficient a which is supposed to be ε-definite with respect to Q^−. We find some constant c = c(ε, ω, n, δ) > 0 such that for all u ∈ W^ω_E (S; H^1(Q^−)) we have

[K_{S,Σδ} u]^2_Lω+1_{2 (S;L2(Σδ ))} ≤ c ( ‖‖∇u‖‖^2_Lω_{2 (S;L}2_{(Q}−_{))} + ‖(Eu)^′‖^2_Lω_{2 (S;H}−1_{(Q}−_{))} ) . Proof. Let 0 < r < 1−δ, I ∈ S_r, and x ∈ Σ_δ. Using the minimal property of integral mean values and Theorem A.4 we find a constant c_1 = c_1(ε, n) > 0 such that ∫ I ∫ Q_r(x)∩Σ_δ | | |K^Σu(s) − ∫ I ∫ Q_r(x)∩Σ_δ

K_Σu(τ) dλ_Σ dτ | | | 2 dλ_Σ ds ≤ ∫ I ∫ Σ_r (x) | | | |K^Σu(s) − ∫ I ∫ Σ_r (x)

K_Σu(τ) dλ_Σ dτ | | | | 2 dλ_Σ ds

≤ c_1r ∫ I (∫ Q^−_r (x)

‖∇u(s)‖^2 dλ^n ds + ‖L_Q−_{r (x)}(Eu)^′(s)‖^2_{H−1(Q}−_{r (x))} ) ds. Hence, there exists a constant c_2 = c_2(ε, ω, n, δ) > 0 such that for all functions u ∈ W^ω_E (S; H^1(Q^−)) the estimate

[K_{S,Σδ} u]^2_Lω+1_{2 (S;L2(Σδ ))} ≤ c_2 ( ‖‖∇u‖‖^2_Lω_{2 (S;L}2_{(Q}−_{))} + ‖(Eu)^′‖^2_Lω_{2 (S;H}−1_{(Q}−_{))} )

holds true. □

Theorem 6.11 (Continuous trace map). Let E ∈ L(H^1(G^∘); H^{−1}(G)) be associated with the coefficient a being ε-definite with respect to G^∘. Then the trace map K_{S,∂G} is a bounded linear operator from W^ω_E (S; H^1(G^∘)) in L^{ω+1}_2 (S; L^2(∂G)).

Proof. 1. Let Ω = G^∘ and { (T_1, U_1), . . . , (T_m, U_m) } be an atlas of Γ = ∂G, see Lemma 4.2. Moreover, let L ≥ 1 be a common Lipschitz constant for all the transformations, and {χ_1, . . . , χ_m} ⊂ C^∞_0 (R^n) be a smooth partition of unity subordinate to the above covering. Because of the Lebesgue property of the covering we find radii 0 < δ^′ < δ < 1 such that

V^′_i = T^{−1}_i [Q_δ′ ], V_i = T^{−1}_i [Q_δ],

50 Jens A. Griepentrog

satisfy the relations supp(χ_i) ⊂ V^′_i ⊂ V_i for all i ∈ {1, . . . , m}.

Therefore, {V^′_1 , . . . , V^′_m} and {V_1, . . . , V_m} are open coverings of Γ, too.

2. Let u ∈ W^ω_E (S; H^1(Ω)). For every i ∈ {1, . . . , m} we introduce the operator E^i ∈ L(H^1(V_i∩Ω); H^{−1}(V_i∩Ω)) associated with the restricted coefficient a^i = R_{Vi∩Ω}a which is ε-definite with respect to V_i ∩ Ω. Because V_i ∩ Ω is an open subset of G for every i ∈ {1, . . . , m}, the localization principle, see Lemma 6.2 and 6.3, yields u_i = R_{S,Ω∩Vi} (χ_iu) ∈ W^ω_Ei (S; H^1(V_i ∩ Ω)) and the estimate ‖u_i‖_W ω_{Ei (S;H}1_{(Vi∩Ω))} ≤ c_1 ‖u‖_W ω_{E (S;H}1_{(Ω))}, where c_1 > 0 is some constant depending on ω and G, only.

We consider inverse transformations and transformed coefficients given by T^i = T^{−1}_i |Q^− : Q^− → U_i ∩ Ω, a^i_∗ = |JT^i| · T^i_∗a^i for i ∈ {1, . . . , m}.

In view of the properties of the Jacobi determinant JT^i, the coefficient a^i_∗ is ε_∗-definite with respect to Q^−_δ , where ε_∗ = ε/L^n. We define the operator E^i_∗ ∈ L(H^1(Q^−_δ ); H^{−1}(Q^−_δ )) associated with a^i_∗ for i ∈ {1, . . . , m}. The transformation invariance yields T^i_∗u_i ∈ W^ω_Ei_∗ (S; H^1(Q^−_δ )) for i ∈ {1, . . . , m}, see Lemma 6.4, and we find some constant c_2 = c_2(ε, n, ω, δ, L, G) > 0 with ‖T^i_∗u_i‖_W ω_{Ei∗ (S;H}1_{(Q}−_{δ ))} ≤ c_2 ‖u‖_W ω_{E (S;H}1_{(Ω))} for all i ∈ {1, . . . , m}.

Setting v_i = K_{S,V} ′_{i ∩Γ}u_i and using Lemma 3.7 and 6.10, we obtain

T^i_∗v_i = K_{S,Σδ′} T^i_∗u_i ∈ L^{ω+1}_2 (S; L^2(Σ_δ′ )) for all i ∈ {1, . . . , m}, and we find some c_3 > 0 depending on ε, n, ω, δ, δ^′, L, and G such that ‖T^i_∗v_i‖_Lω+1_{2 (S;L}2_{(Σδ′ ))} ≤ c_3 ‖u‖_W ω_{E (S;H}1_{(Ω))} for all i ∈ {1, . . . , m}.

Due to Lemma 3.5, the transformation invariance of Campanato spaces yields v_i ∈ L^{ω+1}_2 (S; L^2(V^′_i ∩ Γ)) and the norm estimate

‖v_i‖_Lω+1_{2 (S;L}2_{(V} ′_{i ∩Γ))} ≤ c_4 ‖u‖_W ω_{E (S;H}1_{(Ω))} for every i ∈ {1, . . . , m}, where c_4 = c_4(ε, n, ω, δ, δ^′, L, G) > 0 is a constant. Because χ_i ∈ C^∞_0 (R^n) satisfies supp(χ_i) ⊂ V^′_i for every i ∈ {1, . . . , m}, we extend v_i by zero to see that K_{S,Γ}(χ_iu) ∈ L^{ω+1}_2 (S; L^2(Γ)) and

‖K_{S,Γ}(χ_iu)‖_Lω+1_{2 (S;L}2_{(Γ))} ≤ c_5 ‖u‖_W ω_{E (S;H}1_{(Ω))} for all i ∈ {1, . . . , m},

Sobolev–Morrey spaces 51

where c_5 > 0 depends on ε, n, ω, δ, δ^′, L, and G, only, see Remark 3.6. Finally, for all u ∈ W^ω_E (S; H^1(Ω)) we end up with the estimate

‖K_{S,Γ}u‖_Lω+1_{2 (S;L}2_{(Γ))} ≤ m∑ i=1 ‖K_{S,Γ}(χ_iu)‖_Lω+1_{2 (S;L}2_{(Γ))}

≤ c_5m ‖u‖_W ω_{E (S;H}1_{(Ω))},

and, therefore, K_{S,Γ}u ∈ L^{ω+1}_2 (S; L^2(Γ)). □

Theorem 6.12 (Completely continuous trace map). Let σ ∈ [0, ω + 1) be a given parameter and E ∈ L(H^1(G^∘); H^{−1}(G)) be associated with the coefficient a being ε-definite with respect to G^∘. Then the trace operator K_{S,∂G} maps W^ω_E (S; H^1(G^∘)) completely continuous into L^{σ+1}_2 (S; L^2(∂G)).

Proof. 1. Let Γ = ∂G. Due to the multiplicative inequality (3.1) we find some constant c > 0 such that for all v ∈ H^1(G^∘) and δ > 0 Young’s inequality yields

‖K_Γv‖^2_L2_{(Γ)} ≤ c ‖v‖_H1_{(G}∘_)‖v‖_L2_{(G}∘_) ≤ δ ‖v‖^2_H1_{(G}∘_) + c^2 4δ ‖v‖^2_L2_{(G}∘_).

In view of the complete continuity of both the embedding of H^1(G^∘) in L^2(G^∘) and the trace map K_Γ : H^1(G^∘) → L^2(Γ) we apply Corollary 1.11 to get the complete continuity of the trace operator K_{S,Γ} from W_E(S; H^1(G^∘)) in L^2(S; L^2(Γ)).

2. Let (u_k) be a bounded sequence in W^ω_E (S; H^1(G^∘)) and δ > 0 a fixed constant. Because of the boundedness of the embedding operator from W^ω_E (S; H^1(G^∘)) in W_E (S; H^1(G^∘)) and the complete continuity of the trace operator K_{S,Γ} from W_E(S; H^1(G^∘)) in L^2(S; L^2(Γ)), we find an increasing subsequence (k_ℓ) ⊂ N and some ℓ_0 = ℓ_0(δ) > 0 such that

‖K_{S,Γ}u_{ki} − K_{S,Γ}u_{kℓ} ‖^2_L2_{(S;L}2_{(Γ))} ≤ δ for all i, ℓ ≥ ℓ_0.

We introduce the notation θ = σ/(ω + 1), and use the minimal property of the integral mean value to get

[K_{S,Γ}u_{ki} − K_{S,Γ}u_{kℓ} ]^2_Lσ_{2 (S;L}2_{(Γ))}

≤ ‖K_{S,Γ}u_{ki} − K_{S,Γ}u_{kℓ} ‖^{2−2θ}_{L2(S;L2(Γ))}[K_{S,Γ}u_{ki} − K_{S,Γ}u_{kℓ} ]^{2θ}_Lω+1_{2 (S;L2(Γ))}

≤ δ^{1−θ}[K_{S,Γ}u_{ki} − K_{S,Γ}u_{kℓ} ]^{2θ}_Lω+1_{2 (S;L2(Γ))}.

Due to the boundedness of (u_k) in W^ω_E (S; H^1(G^∘)) and the arbitrary choice of δ > 0 at the beginning, the continuity of the trace map K_{S,Γ} from W^ω_E (S; H^1(G^∘)) into L^{ω+1}_2 (S; L^2(Γ)), see Theorem 6.11, yields the convergence of the sequence (K_{S,Γ}u_{kℓ} ) in L^σ_2 (S; L^2(Γ)). □

52 Jens A. Griepentrog

Appendix A. Some variants of Poincaré inequalities

Here, we collect some variants of Poincaré inequalities. As a starting point we cite the following generalized version, see Ziemer [34]:

Theorem A.1 (Poincaré inequality). Let X ⊂ H be two Banach spaces equipped with the norms ‖ ‖_X and ‖ ‖_H , respectively, where

‖w‖^2_X = ‖w‖^2_H + |w|^2_X for all w ∈ X

holds true for a seminorm | |_X on X. We assume that the embedding of (X, ‖ ‖_X ) in (H, ‖ ‖_H ) is completely continuous. Moreover, we consider the subspace X_0 = { w ∈ X : |w|_X = 0 } of X. Then, we find some constant c > 0 such that for every projector L ∈ L(X; X_0) from X onto X_0 we have

‖w − Lw‖_H ≤ c ‖L‖_{L(X;X0)}|w|_X for all w ∈ X.

We apply this theorem to get some weighted variant of the Poincaré inequality for cubes Q_r(x) with x ∈ R^n and r > 0.

Lemma A.2 (Poincaré inequality). For all α, ε ∈ (0, 1] we find some constant c = c(α, ε, n) > 0 such that for all r > 0, x ∈ R^n, and w ∈ H^1(Q_r(x)) we have

(A.1) ∫ Q_r(x) | | |w − ∫ Q_r(x)

w dλ^n_a | | | 2 dλ^n ≤ cr^2 ∫ Q_r(x)

‖∇w‖^2 dλ^n,

whenever the weight function a ∈ L^∞(Q_r(x)) satisfies

0 ≤ a(y) ≤ 1 ε , a(ỹ) ≥ ε for λ^n-almost all y ∈ Q_r(x) and ỹ ∈ F ,

where F ⊂ Q_r(x) is some Lebesgue measurable set with λ^n(F ) ≥ αr^n, and the weighted Lebesgue measure λ^n_a is defined as

λ^n_a (Ω) = ∫ Ω a dλ^n for Lebesgue measurable subsets Ω ⊂ Q_r(x).

Proof. Let T : Q → Q_r(x) be the homothecy defined by T (y) = x + ry for y ∈ Q. We consider the projector L ∈ L(H^1(Q); R) given by

Lv = ∫ Q v T_∗a dλ^n ∫ Q T_∗a dλ^n for v ∈ H^1(Q).

Note that there exists some constant c_1 > 0 which depends on n, α, and ε, only, such that ‖L‖_{L(H}1_{(Q);R)} ≤ c_1 holds true, whenever the assumptions on a ∈ L^∞(Q_r(x)) are

Sobolev–Morrey spaces 53

satisfied. Using the complete continuity of the embedding of H^1(Q) into L^2(Q) and Theorem A.1, for all w ∈ H^1(Q_r(x)) we obtain ∫ Q |T_∗w − LT_∗w|^2 dλ^n ≤ c_2 ∫ Q ‖∇T_∗w‖^2 dλ^n,

where c_2 = c_2(α, ε, n) > 0 is some constant. Together with the identity

LT_∗w = ∫ Q T_∗(aw) dλ^n ∫ Q T_∗a dλ^n = ∫ Q_r(x) aw dλ n ∫ Q_r(x) a dλ n = ∫ Q_r(x)

w dλ^n_a ,

for all w ∈ H^1(Q_r(x)) we get the desired estimate ∫ Q_r(x) | | |w − ∫ Q_r(x)

w dλ^n_a | | |^2dλ^n ≤ c_3r^2 ∫ Q_r(x)

‖∇w‖^2 dλ^n,

where c_3 = c_3(α, ε, n) > 0 is some constant. □

Finally, we present versions of the Poincaré inequality which are of main importance for both the regularity theory of solutions to parabolic initial boundary value problems and the theory of Sobolev–Morrey spaces suitable for the treatment of these problems, see Griepentrog [9, 11]. The proof generalizes ideas of Struwe [30].

Theorem A.3 (Poincaré inequality). There exists some constant c > 0 depending on n and ε, only, such that for all 0 < r ≤ 1, x ∈ R^n, and u ∈ W_E (I; H^1(Q_r(x))) the inequality ∫ I ∫ Q_r(x) | | |u(s) − ∫ I ∫ Q_r(x)

u(τ) dλ^n dτ | | |^2dλ^n ds

≤ cr^2 ( ∫ I ∫ Q_r(x)

‖∇u(s)‖^2 dλ^n ds + ∫ I ‖(Eu)^′(s)‖^2_H−1_{(Qr(x))} ds ) , holds true, whenever I = (θ, t) ⊂ R is an interval with 0 < t − θ ≤ r^2. Here, the operator E ∈ L(H^1(Q_r(x)); H^{−1}(Q_r(x))) is associated with the coefficient a being ε-definite with respect to Q_r(x).

Proof. 1. Let s_1, s_2 ∈ I with s_1 < s_2 be given. We choose some cut-off function ζ ∈ C^∞_0 (Q_r(x)) which satisfies

0 ≤ ζ(y) ≤ 1, ‖∇ζ(y)‖ ≤ 4/r for y ∈ Q_r(x), ζ(y) = 1 for y ∈ Q_{r/2}(x).

54 Jens A. Griepentrog In addition to that, for k ∈ N we consider cut-off functions ϑ_k ∈ H^1_0 (R) with supp(ϑ_k) = [s_1, s_2] ⊂ I defined by

ϑ_k(s) =

0 if s ≤ s_1,

4k(s−s_1) s_2−s_1 if s1 ≤ s ≤ s1k,

1 if s_{1k} ≤ s ≤ s_{2k},

4k(s_2−s) s_2−s_1 if s2k ≤ s ≤ s2,

0 if s_2 ≤ s, where we have used the notation s_{1k} = s_1 + s_2 − s_1 4k , s_{2k} = s_2 − s_2 − s_1 4k for k ∈ N.

2. For a shorter notation we use the abbreviations X = H^1(Q_r(x)) and Y = H^1_0 (Q_r(x)). We introduce the weighted Lebesgue measure μ by

μ(Ω) = ∫ Ω ζ^2a dλ^n for Lebesgue-measurable sets Ω ⊂ Q_r(x).

To prove the desired result, we start with the case u ∈ C^∞_0 (R; X) and estimate the following difference of weighted mean values ū(s_1, s_2) = ∫ Q_r(x)

u(s_2) dμ − ∫ Q_r(x)

u(s_1) dμ.

To do so, for k ∈ N we introduce functions w_k = ū(s_1, s_2) ζϑ_k ∈ H^1_0 (R; Y ).

In view of supp(ϑ_k) ⊂ I and ζu ∈ C^∞_0 (R; Y ), for every k ∈ N we integrate by parts to see that (A.2) ∫ I ⟨(E(ζu))^′(s), w_k(s)⟩_Y ds + ∫ I ⟨(Ew_k)^′(s), ζu(s)⟩_Y ds = 0.

Using the properties of the cut-off functions and applying Young’s inequality to the first integral, we find some constant c_1 = c_1(ε, n) > 0 such that for all k ∈ N ∫ I ⟨(E(ζu))^′(s), w_k(s)⟩_Y ds =

∫_{s2}

s_1

⟨(Eu)^′(s), ū(s_1, s_2) ζ^2ϑ_k(s)⟩_Y ds ≤ c_1

∫_{s2}

s_1

‖(Eu)^′(s)‖^2_Y ∗ ds + εr^n 2 |ū(s_1, s_2)|^2.

Sobolev–Morrey spaces 55

For all k ∈ N the second integral in (A.2) equals to ∫ I ⟨(Ew_k)^′(s), ζu(s)⟩_Y ds = ∫ I ∫ Q_r(x)

aw^′_k(s) ζu(s) dλ^n ds = ∫ I ∫ Q_r(x)

ū(s_1, s_2) ϑ^′_k(s)u(s) dμ ds.

Due to the properties of the cut-off functions this yields

lim_{k→∞} ∫ I ⟨(Ew_k)^′(s), ζu(s)⟩_Y ds = ∫ Q_r(x)

ū(s_1, s_2) ( u(s_1) − u(s_2) ) dμ = − ∫ Q_r(x)

|ū(s_1, s_2)|^2 ζ^2a dλ^n ≤ −εr^n|ū(s_1, s_2)|^2.

Hence, passing to the limit k → ∞ in (A.2) we obtain

(A.3) |ū(s_1, s_2)|^2 ≤

2c_1

εr^n

∫_{s2}

s_1

‖(Eu)^′(s)‖^2_Y ∗ ds

for all s_1, s_2 ∈ I with s_1 ≤ s_2.

3. Next, we use the minimal property of integral mean values to get

(A.4) ∫ I ∫ Q_r (x) | | |u(s) − ∫ I ∫ Q_r(x)

u(τ) dλ^n dτ | | | 2 dλ^n ds ≤ 2 ∫ I ∫ Q_r(x) | | | |u(s) − ∫ Q_r(x)

u(s) dμ | | | | 2 dλ^n ds + 2 ∫ I ∫ Q_r(x) | | | | ∫ Q_r (x)

u(s) dμ − ∫ I ∫ Q_r(x)

u(τ) dμ dτ | | | | 2 dλ^n ds.

To estimate the first integral on the right hand side of (A.4) we apply a weighted

version of the Poincaré inequality, see Lemma A.2: We make use of the fact, that

there is some constant c_2 = c_2(ε, n) > 0 such that for all s ∈ I we have

(A.5) ∫ Q_r(x) | | |u(s) − ∫ Q_r(x)

u(s) dμ | | | 2 dλ^n ≤ c_2r^2 ∫ Q_r (x)

‖∇u(s)‖^2 dλ^n.

56 Jens A. Griepentrog

For the second integral on the right hand side of (A.4) we use Hölder’s inequality and Fubini’s Theorem to obtain

(A.6) ∫ I ∫ Q_r (x) | | | ∫ Q_r(x)

u(s_1) dμ − ∫ I ∫ Q_r(x)

u(s_2) dμ ds_2 | | | 2 dλ^n ds_1 ≤ ∫ I ∫ I ∫ Q_r(x)

|ū(s_1, s_2)|^2 dλ^n ds_2 ds_1 = 2 ∫ I ∫_t

s_1 ∫ Q_r (x)

|ū(s_1, s_2)|^2 dλ^n ds_2 ds_1.

In view of (A.3) we find some constant c_3 = c_3(ε, n) > 0 such that ∫ I ∫_t

s_1 ∫ Q_r (x)

|ū(s_1, s_2)|^2 dλ^n ds_2 ds_1 ≤ c_3 ∫ I ∫_t

s_1

∫_{s2}

s_1

‖(Eu)^′(s)‖^2_Y ∗ ds ds_2 ds_1

≤ c_3r^2 ∫ I ‖(Eu)^′(s)‖^2_Y ∗ ds.

(A.7)

Applying (A.4), (A.5), (A.6), and (A.7), for all u ∈ C^∞_0 (R; X) we end up with ∫ I ∫ Q_r(x) | | |u(s) − ∫ I ∫ Q_r(x)

u(τ) dλ^n dτ | | | 2 dλ^n ds

≤ 2c_2r^2 ∫ I ∫ Q_r(x)

‖∇u(s)‖^2 dλ^n ds + 4c_3r^2 ∫ I ‖(Eu)^′(s)‖^2_Y ∗ ds

Due to the density of the set { u|I : u ∈ C^∞_0 (R; X) } in W_E (I; X), see Theorem 1.6, this estimate holds true for all u ∈ W_E(I; X), too. □

Remark A.1. A simple rescaling argument shows, that the result of Theorem A.3 remains true if we replace the cube Q_r(x) by the halfcube Q^−_r (x).

Theorem A.4 (Poincaré inequality). There exists some constant c > 0 depending on n and ε, only, such that for all 0 < r ≤ 1, x ∈ R^n, and u ∈ W_E(I; H^1(Q^−_r (x))) the inequality ∫ I ∫ Σ_r(x) | | |K^Σr^{(x)}u(s) − ∫ I ∫ Σ_r(x)

K_{Σr(x)}u(τ) dλ_{Σr(x)} dτ | | | 2 dλ_{Σr (x)} ds

≤ cr ( ∫ I ∫ Q^−_r (x)

‖∇u(s)‖^2 dλ^n ds + ∫ I ‖(Eu)^′(s)‖^2_{H−1(Q}−_{r (x))} ds ) , holds true, whenever I = (θ, t) ⊂ R is an interval with 0 < t − θ ≤ r^2. Here, the map E ∈ L(H^1(Q^−_r (x)); H^{−1}(Q^−_r (x))) is associated with the coefficient a which is supposed to be ε-definite with respect to Q^−_r (x).

Sobolev–Morrey spaces 57

Proof. Let T : Q^− → Q^−_r (x) be defined by T (y) = x + ry for y ∈ Q^−. Using the continuity of the trace operator K_Σ : H^1(Q^−) → L^2(Σ) we find some constant c = c(n) > 0 such that for all v ∈ H^1(Q_r(x)) we have ∫ Σ |K_ΣT_∗v|^2 dλ_Σ ≤ c ∫ Q^− ( |T_∗v|^2 + ‖∇T_∗v‖^2 ) dλ^n.

Hence, for all v ∈ H^1(Q_r(x)) we get ∫ Σ_r(x)

|K_{Σr(x)}v|^2 dλ_{Σr(x)} ≤ cr ∫ Q^−_r (x) ( |v|^2 r^2

+ ‖∇v‖^2 ) dλ^n.

As a consequence, for all u ∈ W_E(I; H^1(Q^−_r (x))) we obtain ∫ I ∫ Σ_r(x) | | |K^Σr^{(x)}u(s) − ∫ I ∫ Q^−_r (x)

u(τ) dλ^n dτ | | | 2 dλ_{Σr(x)} ds

≤ cr ∫ I ∫ Q^−_r (x) ( 1 r^2 | | |u(s) − ∫ I ∫ Q^−_r (x)

u(τ) dλ^n dτ | | |^2 + ‖∇u(s)‖^2 ) dλ^n ds.

In view of the minimal property of integral mean values and Remark A.1, this yields the desired result. □

Appendix B. Some special chain rule

As a further technical instrument we provide the following combination of integration by parts and chain rule:

Lemma B.1 (Chain rule). Let S = (t_0, t_1) ⊂ R and Ω ⊂ R^n be some bounded open set, ζ ∈ C^∞_0 (Ω), ϑ ∈ C^∞(R), and let ι ∈ C^2(R) satisfy ι^{′′} ∈ BC(R). Then for all v ∈ W_E (S; H^1(Ω)) ∩ C(S; L^2(Ω)) we have

(B.1) ∫ S ⟨(Ev)^′(s), ζ^2ι^′(v(s))⟩_H1_{0 (Ω)} ϑ(s) ds + ∫ S ∫ Ω ι(v(s)) ϑ^′(s) ζ^2a dλ^n ds = ∫ Ω ι(v(t_1)) ζ^2ϑ(t_1) a dλ^n − ∫ Ω ι(v(t_0)) ζ^2ϑ(t_0) a dλ^n.

Here, the operator E ∈ L(H^1(Ω); H^{−1}(Ω)) is associated with the coefficient a being ε-definite with respect to Ω.

Proof. In our proof we set Y = H^1_0 (Ω), X = H^1(Ω), and H = L^2(Ω).

58 Jens A. Griepentrog

1. Because of ι ∈ C^2(R), ι^{′′} ∈ BC(R) there exists some constant c_1 = c_1(ι) > 0 such that for all z ∈ R we have |ι^{′′}(z)| ≤ c_1 and, consequently,

|ι(z)| ≤ |ι(0)| + |ι^′(0)||z| +^1_2 c_1|z|^2 ≤ |ι(0)| +^1_2 |ι^′(0)|^2 +^1_2 (c_1 + 1)|z|^2, |ι^′(z)| ≤ |ι^′(0)| + |ι^′(z) − ι^′(0)| ≤ |ι^′(0)| + c_1|z|.

This ensures that for every v ∈ W_E(S; X) ∩ C(S; H) all terms in (B.1) are correctly defined.

Due to Theorem 1.6 we find a sequence (v_k) ⊂ C^∞_0 (R; X) such that (v_k|S) converges to v in W_E (S; X) for k → ∞. Using the chain rule and integrating by parts for all k ∈ N we get

(B.2) ∫ S ⟨(Ev_k)^′(s), ζ^2ι^′(v_k(s))⟩_Y ϑ(s) ds + ∫ S ∫ Ω ι(v_k(s)) ϑ^′(s) ζ^2a dλ^n ds = ∫ S ∫ Ω (ι ∘ v_k)^′(s) ϑ(s) ζ^2a dλ^n ds + ∫ S ∫ Ω ι(v_k(s)) ϑ^′(s) ζ^2a dλ^n ds = ∫ Ω ι(v_k(t_1)) ζ^2ϑ(t_1) a dλ^n − ∫ Ω ι(v_k(t_0)) ζ^2ϑ(t_0) a dλ^n.

Our plan is to prove formula (B.1) by passing to the limit in (B.2):

2. We start with the first integral term on the left hand side of (B.2). Due to the convergence of (v_k|S) to v in W_E (S; X) it suffices to show that a subsequence of (ζ^2ι^′ ∘ v_k|S) converges weakly to ζ^2ι^′ ∘ v|S in L^2(S; Y ).

Note, that for all z, ẑ ∈ R we have |ι^′(z) − ι^′(ẑ)| ≤ c_1|z − ẑ|. Because for every k ∈ N the identity

∇(ζ^2ι^′ ∘ v_k) = 2(ζι^′ ∘ v_k)∇ζ + (ζ^2ι^{′′} ∘ v_k)∇v_k

holds true, it remains to consider the sequence (ι^{′′} ∘v_k) ⊂ L^∞(R; L^∞(Ω)). We choose some increasing sequence (k_ℓ) ⊂ N which satisfies ∫ S ∫ Ω |v_{kℓ} (s) − v(s)|^2 dλ^n ds ≤ 2^{−ℓ} for all ℓ ∈ N.

Using the monotone convergence theorem this leads to ∫ S ∫ Ω ∞∑ ℓ=1 |v_{kℓ} (s) − v(s)|^2 dλ^n ds = ∞∑ ℓ=1 ∫ S ∫ Ω |v_{kℓ} (s) − v(s)|^2 dλ^n ds ≤ 1,

that means, the sequence (v_{kℓ} (s)) converges to v(s) λ^n-almost everywhere on Ω for almost all s ∈ S. Due to ι^{′′} ∈ BC(R) the functions ι^{′′}(v_{kℓ} (s)) converge to ι^{′′}(v(s))

Sobolev–Morrey spaces 59

λ^n-almost everywhere on Ω for almost all s ∈ S. Using the dominated convergence theorem for all h ∈ L^1(S; L^1(Ω)) we obtain

lim_{ℓ→∞} ∫ S ∫ Ω ι^{′′}(v_{kℓ} (s)) h(s) dλ^n ds = ∫ S ∫ Ω ι^{′′}(v(s)) h(s) dλ^n ds.

Consequently, the convergence of (v_k|S) to v in W_E(S; X) yields

lim_{ℓ→∞} ∫ S ∫ Ω ζ^2 ( ι^{′′}(v_{kℓ} (s))∇v_{kℓ} (s) − ι^{′′}(v(s))∇v(s) ) · ∇w(s) dλ^n ds = 0

for all w ∈ L^2(S; Y ), that means, the weak convergence of (ζ^2ι^′ ∘ v_{kℓ} |S) to ζ^2ι^′ ∘ v|S in L^2(S; Y ). Since (v_k|S) converges to v in W_E (S; X), it follows

lim_{ℓ→∞} ∫ S ⟨(Ev_{kℓ} )^′(s), ζ^2ι^′(v_{kℓ} (s))⟩_Y ϑ(s) ds = ∫ S ⟨(Ev)^′(s), ζ^2ι^′(v(s))⟩_Y ϑ(s) ds.

3. Similar to Step 1 for all δ > 0 and z, ẑ ∈ R we get |ι(z) − ι(ẑ)| ≤ |ι^′(ẑ)||z − ẑ| + c_1|z − ẑ|^2 ≤ δ ( |ι^′(0)|^2 + c^2_1|ẑ|^2 ) + ( c_1 +^1_{2δ} ) |z − ẑ|^2.

(B.3) Consequently, for all δ > 0 and k ∈ N we obtain ∫ S ∫ Ω |ι(v_k(s)) − ι(v(s))| ϑ^′(s) ζ^2a dλ^n ds ≤ δ ∫ S ∫ Ω ( |ι^′(0)|^2 + c^2_1|v(s)|^2 ) ϑ^′(s) ζ^2a dλ^n ds + ( c_1 + 1 2δ ) ∫ S ∫ Ω |v_k(s) − v(s)|^2 ϑ^′(s) ζ^2a dλ^n ds.

Passing to the limit k → ∞, the convergence of (v_k|S) to v in W_E(S; X) and the arbitrary choice of δ > 0 leads to

lim_{k→∞} ∫ S ∫ Ω ι(v_k(s)) ϑ^′(s) ζ^2a dλ^n ds = ∫ S ∫ Ω ι(v(s)) ϑ^′(s) ζ^2a dλ^n ds.

4. Again using (B.3), for all δ > 0, s ∈ S, and k ∈ N we get ∫ Ω |ι(v_k(s)) − ι(v(s))| ζ^2ϑ(s) a dλ^n ≤ δ ∫ Ω ( |ι^′(0)|^2 + c^2_1|v(s)|^2 ) ζ^2ϑ(s) a dλ^n + ( c_1 + 1 2δ ) ϑ(s) ∫ Ω |ζv_k(s) − ζv(s)|^2 a dλ^n.

Since the map C ∈ L(X; Y ), defined by Cw = ζw for w ∈ X, satisfies (1.1), the sequence (ζv_k|S) converges to ζv in W_{E|Y} (S; Y ) for k → ∞, see Lemma 1.2. The

60 Jens A. Griepentrog

continuity of the embedding from W_{E|Y} (S; Y ) into C(S; H), see Theorem 1.7, and the arbitrary choice of δ > 0 yields

lim_{k→∞} ∫ Ω ι(v_k(s)) ζ^2ϑ(s) a dλ^n = ∫ Ω ι(v(s)) ζ^2ϑ(s) a dλ^n for all s ∈ S.

5. Finally, passing to the limit k_ℓ → ∞ in (B.2) and using the results of Step 2, 3, and 4, we end up with the desired formula (B.1). □

References

[1] Browder, F. E.: Nonlinear maximal monotone operators in Banach space. Math. Ann. 175, 89–113 (1968).

[2] Campanato, S.: Equazioni paraboliche del secondo ordine e spazi L^{(2,θ)}(Ω, δ). Ann. Mat.

Pura Appl. (4) 73, 55–102 (1966).

[3] Da Prato, G.: Spazi L^{p,θ}(Ω, δ) e loro proprieta. Ann. Mat. Pura Appl. (4) 69, 383–392 (1965).

[4] Dautray, R., Lions, J. L.: Mathematical Analysis and Numerical Methods for Science and Technology, volume I–VI. Berlin, Heidelberg: Springer-Verlag, 1988-1993.

[5] Evans, L. C., Gariepy, R. F.: Measure Theory and Fine Properties of Functions. Boca Raton, New York, London, Tokyo: CRC Press, 1992.

[6] Gajewski, H., Gröger, K., Zacharias, K.: Nichtlineare Operatorgleichungen und Operatordifferentialgleichungen. Berlin: Akademie-Verlag, 1974.

[7] Geisler, M.: Morrey–Campanato spaces on manifolds. Comment. Math. Univ. Carol. 29, 309–318 (1988).

[8] Giusti, E.: Metodi diretti nel calcolo delle variazioni. Bologna: Unione Matematica Italiana, 1994.

[9] Griepentrog, J. A.: Zur Regularität linearer elliptischer und parabolischer Randwertprobleme mit nichtglatten Daten. Doctoral thesis, Humboldt-Universität zu Berlin. Berlin: Logos-Verlag, 2000.

[10] Griepentrog, J. A.: Linear elliptic boundary value problems with nonsmooth data: Campanato spaces of functionals. Math. Nachr. 243, 19–42 (2002).

[11] Griepentrog, J. A.: Maximal regularity for nonsmooth parabolic problems in Sobolev– Morrey spaces. WIAS Preprint 1084, Weierstraß-Institut für Angewandte Analysis und Stochastik, Berlin (2005). Submitted to Adv. Differential Equations.

[12] Griepentrog, J. A., Recke, L.: Linear elliptic boundary value problems with nonsmooth data: Normal solvability on Sobolev–Campanato spaces. Math. Nachr. 225, 39–74 (2001).

[13] Griepentrog, J. A., Rehberg, J.: K. Gröger’s regular sets revisited and associated function spaces. In preparation.

[14] Grisvard, P.: Elliptic Problems in Nonsmooth Domains. London: Pitman, 1985. [15] Gröger, K.: Vorlesungen über Evolutionsgleichungen. Humboldt-Universität zu Berlin, 1987.

Private communication.

[16] Gröger, K.: A W^{1,p}-estimate for solutions to mixed boundary value problems for second order elliptic differential equations. Math. Ann. 283, 679–687 (1989).

Sobolev–Morrey spaces 61

[17] Gröger, K.: W^{1,p}-estimates of solutions to evolution equations corresponding to nonsmooth second order elliptic differential operators. Nonlinear Anal. 18, 569–577 (1992).

[18] Gröger, K., Rehberg, J.: Local existence and uniqueness of solutions to nonsmooth parabolic systems. In preparation.

[19] Ladyzhenskaya, O. A., Solonnikov, V. A., Uraltseva, N. N.: Linear and Quasilinear Equations of Parabolic Type. Rhode Island: AMS Transl. Math., 1968.

[20] Lieberman, G. M.: Second Order Parabolic Differential Equations. Singapore, New Jersey, London, Hong Kong: World Scientific, 1996.

[21] Lions, J. L.: Équations différentielles opérationnelles et problèmes aux limites. Berlin, Göttingen, Heidelberg: Springer-Verlag, 1961.

[22] Lions, J. L.: Quelques méthodes de résolution des problèmes aux limites non linéaires. Paris:

Dunod, 1969.

[23] Lions, J. L., Magenes, E.: Non-Homogeneous Boundary Value Problems and Applications, volume I–III. Berlin, Heidelberg, New York: Springer-Verlag, 1972.

[24] Mazya, V. G.: Sobolev Spaces. Berlin, Heidelberg: Springer-Verlag, 1985. [25] Rakotoson, J. M.: Equivalence between the growth of ∫ B(x,r) |∇u|

p dy and T in the equation P [u] = T . J. Differential Equations 86, 102–122 (1990).

[26] Rakotoson, J. M.: Quasilinear equations and spaces of Campanato–Morrey type. Comm.

Partial Differential Equations 16, 1155–1182 (1991).

[27] Rockafellar, R. T.: On the maximality of sums of nonlinear monotone operators. Trans.

Am. Math. Soc. 149, 75–88 (1970).

[28] Simon, J.: Compact sets in the space L^p(0, T ; B). Ann. Mat. Pura Appl. (4) 146, 65–96 (1987).

[29] Simon, L.: Lectures on Geometric Measure Theory, Proceedings of the Centre for Mathematics and its Applications, volume 3. Canberra: Australian National University, 1983.

[30] Struwe, M.: On the Hölder continuity of bounded weak solutions of quasilinear parabolic systems. Manuscripta Math. 35, 125–145 (1981).

[31] Temam, R.: Navier–Stokes Equations. Amsterdam, New York, Oxford: North Holland, 1979. [32] Wloka, J.: Partielle Differentialgleichungen. Stuttgart: Teubner, 1982. [33] Yin, H.: L^{2,μ}(Q)-estimates for parabolic equations and applications. J. Partial Differential Equations 10, 31–44 (1997).

[34] Ziemer, W. P.: Weakly Differentiable Functions. Berlin, Heidelberg, New York: Springer- Verlag, 1989.