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Abstract

For an operator-valued block-matrix model, which is called in quantum
physics a Feshbach decomposition, a scattering theory is considered. Under
trace class perturbation the channel scattering matrices are calculated. Using
Feshbach’s optical potential it is shown that for a given spectral parameter
the channel scattering matrices can be recovered either from a dissipative or
from a Lax-Phillips scattering theory.

1 Introduction

Let L and Lg be self-adjoint operators in a separable Hilbert space £ and denote by
P(Lgy) the orthogonal projection onto the absolutely continuous subspace £%¢(Lg)
of Ly. One says that the pair {L, Ly} of self-adjoint operators performs a scattering
system if the wave operators W (L, Ly),

Wi(L, L) :=s— tligl e'theitlo pac([, ), (1.1)
exist, cf. [5]. If the wave operators exist, then they are isometries from the absolutely
continuous subspace £%(Lg) into the absolutely continuous subspace £*(L), i.e.
ran (Wx(L, Ly)) C £%(L). The scattering system {L, Lo} is called complete if the
ranges of the wave operators W (L, Ly) coincide with £*(L), cf. [5]. The operator

S(L, Ly) := Wy (L, Lo)*W_(L, Ly)

is called the scattering operator of the scattering system {L, Ly}. One easily verifies
that the scattering operator acts from £%(Lg) into £%(Ly) and commutes with
Ly. If the scattering system {L, Ly} is complete, then S(L, Ly) is an isometry from
£%¢(Lg) onto £%¢(Lg). In physical applications Ly is usually called the unperturbed
or free Hamiltonian while L is called the perturbed or full Hamiltonian. Since
S(L, Ly) commutes with the free Hamiltonian Hy the scattering operator is unitarily
equivalent to a multiplication operator induced by a family {S(\)}ieg of unitary
operators in the spectral representation of Hy. This family is called the scattering
matrix of the complete scattering system and is the most important quantity in the
analysis of scattering processes.

In this paper we investigate the special case that the Hilbert space £ splits into two

subspaces $; and o,

)
£= &,
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and the unperturbed Hamiltonian Lg is of the form

21 2 J1
Ly = (Hl 0) b — B . (1.2)
0 92 92

In physics the subspaces $; and the self-adjoint operators H;, j = 1,2, are often
called scattering channels and channel Hamiltonians, respectively. With respect to
the decomposition (1.2) one introduces the channel wave operators

Wi(L, Hj) = s — lim et Jem M pre(H;)

where J; : §; — £ is the natural embedding operator. Introducing the channel
scattering operators

Sij = W+(L7Hi)*W—(L7Hj) 5 — i 1,5 =12,

one obtains a channel decomposition of the scattering operator
S11 Si2
S(L, Ly) = : 1.3
A (1)

In physics the decomposition (1.2) is often motivated either by the exclusive interest
to scattering data in a certain channel or by the limited measuring process which
allows to measure the scattering data only of a certain channel, say $;. Thus,
let us assume that only the channel scattering operator Si; : $H{¢ — $H{¢ in the
scattering channel $); is known. This rises the following problem: Is it possible to
replace the full Hamiltonian L by an effective one H acting only in $; such that the
scattering operator of the scattering system {H, H;} coincides with S1;? Since Si;
is a contraction, in general, this implies that either the scattering system {H, H;}
cannot be complete or H is not self-adjoint.

The problem has a solution within the scope of dissipative scattering systems de-
veloped in [18, 19, 20] for pairs {H, H;} of dissipative and self-adjoint operators in
some separable Hilbert space. For such pairs the wave operators WP (H, H,) are
defined by

WP (H, Hy) = s— lim e e poe(H,)

t——+4o0

and -
WP(H, Hy) :=s— lim e "“HeHpoc(y),

t——+00

and the notion of completeness is generalized, cf. [18, 19, 20]. The scattering
operator of a dissipative scattering system {H, H,} is defined by

Sp = WZP(H, H))*WP(H, Hy).

It turns out that Sp is a contraction acting on the absolutely continuous subspace
$H1¢ of H; which commutes with Hy. In [17, 18] it was shown that for any self-adjoint
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operator H; in $; and any contraction Sp acting on the absolutely continuous
subspace ${¢ and commuting with H; there is a maximal dissipative operator H
on $; such that {H, H,;} performs a complete scattering system with scattering
operator given by Sp. In particular, this holds for the self-adjoint operator H; and
the channel scattering operator Si;. That means, there is a maximal dissipative
operator H on $; such that the channel scattering operator Si; is the scattering
operator of the complete dissipative scattering system {H, H;}. Hence, roughly
speaking, the scattering operator S7; can be always viewed as the scattering operator
of a suitable chosen dissipative scattering system on $);. The disadvantage of this
fact is that H is not known explicitly.

Another approach to this problem was suggested by Feshbach in [10, 11], see also
[6, 9]. He proposes a concrete dissipative perturbation V; of the channel Hamiltonian
Hi, called “optical potential”, such that the scattering operator S; of the dissipative
scattering system { H1+V7, H,} approximates Sy, with a certain accuracy. To explain
this approach in more detail let us assume that the full Hamiltonian L is obtained
from Lo by an additive perturbation, L = Ly + V', where V is given by

| |
V::<£* g): o — @ . (1.4)
2 2
Introducing the “optical potential”
Vi(\) := —G(Hy — X\ —i0)7'G*, ) €R, (1.5)

it was shown in [8, Theorem 4.4.4] that under strong assumptions indeed the scat-
tering operator Si[A] of the (in general dissipative) scattering system {H;(\), H;},

Hy(\) = H +Vi()), MeR, (1.6)

coincides with the scattering operator S;; with an error of second order in the
coupling constant.

We show that Feshbach’s proposal can be made precise in another sense. Note first
that the decomposition (1.2) leads not only to the decomposition (1.3) of the scat-
tering operator S but also to a decomposition of the scattering matrix {S(u)},cr,

([ Su(p) Sia(p)
Sl) = (521(M) 522(#)) ’

where {S;;(1t)},er are called the channel scattering matrices. Denoting the scat-
tering matrix of the dissipative scattering system {H;(X), H1} by {S1[A](1)}.er we
prove that

S1(A) = Si[AJ(A) (1.7)

holds for a.e. A € R. This shows, that Feshbach’s proposal gives in fact a good
approximation of the channel scattering matrix {S1;(¢)},er in a neighborhood of
the chosen spectral parameter A of the optical potential V;(\).
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Moreover, Feshbach’s proposal implies a second problem. Similarly to the optical
potential V;(\) in the first channel $); one can introduce an optical potential V5(\)
in the second channel,

Vo(A) i= —=G*(H, — A —i0)"'G, MNER, (1.8)
and define a perturbed operator Hy(A),
Hy(\) :== Hy + Va(X), XeR, (1.9)

in 9,. We show below that the characteristic function O2[A](£), & € C_, of the
dissipative operator Hy(\) and the scattering matrix {S11(A)}aer are related by

S11(A) = O2[A](A)” (1.10)

for a.e. A € R. By [1]-[4] the last relation also yields that the scattering matrix
{S11(A) }rer can be regarded as the scattering matrix Spp[A](u) of a Lax-Phillips
scattering system at the point .

Below we restrict ourself to a complete scattering system {L, Lo}, L = Ly + V', where
the perturbation V is a self-adjoint trace class operator. The assumption that V'
is a trace class operator is made for simplicity. Indeed, it would be sufficient to
assume that the resolvent difference (L — 2)™ — (Ly — 2) P is nuclear for a certain
p € N or, more generally, that the conditions of the so-called “stationary” scattering
theory are satisfied, cf. [5, Section 14]. However, we emphasize that in contrast to
[8] the smallness of the perturbation V' is not assumed. Following the lines of [5] we
show in Section 2 how the scattering matrix of the scattering system {L, Ly} can be
calculated. Under the additional assumptions (1.2) and (1.4) we find in Section 3
the channel scattering matrices {S;;(A)}aer. In Section 4 we prove relation (1.7).
Section 5 is devoted to the proof of (1.10). Moreover, the Lax-Phillips scattering
theory for which {©2[A](1t)*},ecr is the scattering matrix is indicated.

2 Scattering matrix

In this section we briefly recall the notion of the scattering matrix {S(\)}er of a
scattering system {L, Lo}, where it is assumed that the unperturbed operator Ly is
self-adjoint in the separable Hilbert space £ and the perturbed operator L differs
from Ly by a self-adjoint trace class operator V € By (£),

Let Ey(-) be the spectral measure of Ly and denote by B(R) the set of all Borel
subsets of the real axis R. Without loss of generality we assume throughout the
paper that the condition

£ = clospan{ Eo(A)ran (|V|) : A € B(R)} (2.2)
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is satisfied, where |V| := (V*V)/2. By Theorem X.4.4 of [13] the scattering system
{L, Ly} is complete, that is, the ranges of the wave operators W (L, Lg) in (1.1)
coincide with the absolutely continuous subspace £%(L) of L. The operator V
admits the representation

V= V[ROWVIYE [V = (VY)Y C = sen(V), (2.3)

where |V|'/2 belongs to the Hilbert-Schmidt class By(£) and sgn(-) is the signum
function. By Proposition 3.14 of [5] the limits

V(L= A +i0) " [V]Y? = lim |V[V2(L — A+ ie) V|2 (2.4)
e—+0

exist in By(£) for a.e. A € R. The same holds for the limits
[VIY2(Lo — A £i0) ' |V['/2,
Moreover by Proposition 3.13 of [5] the derivative

1/2 1/2
_ VIPR@V

My(N) : 0 >

(2.5)

exists in By (L) for a.e. A € R. We set
Q, := clo{ran (My()))} C £.

By {Q(\) }rer we denote the family of orthogonal projections from £ onto ,. One
verifies that {Q ()} er is measurable. Let us consider the standard Hilbert space
L*(R,dA\, £). On L*(R,d\, £) we introduce the projection Q

(QNHA) =QNf(N), AeR, felL*R,d\ L),
and set Q = ran (Q). Further, in L?(R, d\, £) we define the multiplication operator
Mg by

(Mef)(N) = Af(N), AER,
dom (Mg) = {fe€ L*R,d\ L): Af(A) € LA(R,d), £)}.

Obviously, the multiplication operator Mg and the projection ) commute. We set
MQ = Mg [dom (Mg) NnQ.

From Section 4.5 of [5] one gets that the absolutely continuous part L of the
perturbed operator L and the operator Mg are unitarily equivalent. In the following
we denote the subspace Q by L?(R,d\, Q,) which can be regarded as the direct
integral of the family of subspaces {Q)} cg With respect to the Lebesgue measure
dX on R, cf. [5].

Since the scattering operator S = W, (L, Ly)*W_(L, Ly) acts on L and commutes
with Lg¢ there is a measurable family {S(\)}\er of operators

S()\) :Q)\ - Q)\

>



such that S is unitarily equivalent to the multiplication operator

(Ma(S)f)(A) = SAF(N),
dom (Mga(S)) = L*(R,d\Q)).

The family {S(\)} ser is called the scattering matriz of the scattering system {L, Lo }.
Since the scattering system {L, Lo} is complete the operator S(\) is unitary on Q,
for a.e. A € R.

The following representation theorem of the scattering matrix is a consequence of
Corollary 18.9 of [5], see also [5, Section 18.2.2].

Theorem 2.1 Let L, Ly and V be self-adjoint operators in £ as in (2.1). Then
{L, Lo} is a complete scattering system and the corresponding scattering matriz ma-
triz {S(A) }aer admits the representation

S(\) = I, — 2mi My/*(\) {(J _CWV|ML - A— io)—l‘V’1/2C} M)

for a.e. A € R.

3 Channel scattering matrices

Let us now assume that the Hilbert space £ is the orthogonal sum of two subspaces
H1 and 9o, £ = H1 D Ho, that Ly is a diagonal block operator matrix of the form

1 1

H 0

Loz(o1 H2>: & — o, (3.1)
2 2

cf. (1.2), where H; and Hs are self-adjoint operators in $); and £, and that V €
B1(£) is a self-adjoint trace class operator of the form

1 1
V:(Cg* g) & — &, (3.2)
2 2

see (1.4). The operator G : £ — 9 describes the interaction between the chan-
nels. Since V is a trace class operator we have

G € Bi(H2,91).

The perturbed or full Hamiltonian L has the form

1 1
H G\
p H2>. & — & . (3.3)

L:Lo—f‘V:(
2 2



The following lemma is known as the Feshbach decomposition in physics, cf. [10, 11].
We use the notation

Hi(z) = Hi +Vi(z) and Hy(z) = Hy+ Va(z), ze€ C\R, (3.4)
where

Vi(z) = —G(Hy — 2)7'G*  and  Vi(2) = —G*(H, — 2)"'G, (3.5)
see (1.6), (1.9), (1.5) and (1.8).

Lemma 3.1 Let L, Hi(z) and Hy(z), z € C\R, be given by (3.3) and (3.4), respec-
tively. Then we have z € res(H;(2)), i = 1,2, for all z € C\R and

(L_Z)_1:< (Hi(z) =2)! —(Hl—z)_lG(Hz(z)—Z)_l) 5
~(Ha(2) = 2) G (Hy = 2) (Ha(z) = 2)7! -

Proof. From
Im ((Hi(z) = 2)h1, hi) = ImZ||hy||* + Im Z|| (Ha — 2) 7' G* Iy,

z € C\R, h; € 9;, we conclude that (H;(z) — z)~! exists for 2 € C\R. Analogously
one verifies that (Ha(z)—z) ™! exists for all z € C\R. A straightforward computation
shows

(L—2)"'=
((H1 —2)7 4+ (Hy — 2)7 G(Ha(2) — 2)71G*(Hy — 2)7Y  —(Hy — 2)71G(Ha(2) — z)_1>
—(Ha(2) = 2)7'G*(Hy — 2)7! (Ha(z) —2)~!
for z € C\R. From the identity

-1 1

(I-G*(Hy—2)'G(Hy—2)"") G*=G*(I - (H—2)'G(Hy — 2)'G*)~

we obtain
(Hy — 2)"' + (H) — 2) 'G(Hy(2) — 2)71G*(Hy — 2) 71
= (H, — z)*l{f 4 G(Hy — 2) " (I = G*(Hy — 2) ' G(Hy — 2) ")) G (H, — z)*l}
=(Hy—2) {1+ G(Hy—2)"'\G*(Hi(z) — 2) '} = (Hi(2) —2) !
for all z € C\R, which proves (3.6). O

In the next lemma we calculate the limit [V[Y/2(L — X —i0)7! V|2, X € R, cf. (2.4).
Here and in the following it is convenient to use the functions

Ni(z) = |G*|1/2(Hl _ Z)_1|G*|1/27
No(z) = |G|M2(H, — 2)7Y G|, z € C\R, (3.7)
and (2) G |1/2( (2) ) IIG ’1/2
Fl z = * Hl z)—z - E3 7
Fa(z) = |GY2(Hy(z) — 2)"YG|V2, z € C\R. (3.8)



Lemma 3.2 Let V € By(£) be given by (3.2) with G € B1($2,$1). Then the limits

N;(A) := lim N;(A+1ie) and F;(A):= lim F;j(A+ie), i=1,2, (3.9)

e—+0 e—+0

exist in Ba(9;) for a.e. X € R and the representation

(3.10)

|V|1/2(L S io)fllvll/Z — ( F1(>‘) _NI(A)UFQ()‘))

—E(NUN;(A) F5(X)

holds for a.e. A € R.

Proof. By |G|"? € By($);) and |G*|'/? € By($),) the existence of the limits N;()\) in
(3.9) for a.e. A € R follows from Proposition 3.13 of [5]. Using the representations
Fi(z) = |G*'2PI(L = 2)7" [, |G*]Y? and Fy(2) = |G| Py(L — 2)7" 1y, |G|'/2,
z € C\R, which follow from (3.6), and taking into account [5, Proposition 3.13] we
again obtain the existence of F;(\), i = 1,2, for a.e. A € R. It is easy to see that

|G*|1/2 0 )

0 g (3.11)

|V’1/2 _ (V*V)1/4 — (

holds. Let U be a partial isometry from $), into $; such that G = U|G|. Making
use of the factorizations

G = |G*Y?U|GIY? and G* = |G|V2U* |G V2, (3.12)

the block matrix representation of (L — z)~! in Lemma 3.1 and relation (3.11) one

verifies (3.10). O

We note that if U is a partial isometry such that G = U|G| holds and C' is defined

by
0 U
C — (U* 0) ) (3'13)

then the operator V in (3.2) can be written in the form |V [/2C|V|1/2, cf. (2.3). Let
E;(+) and Es(-) be the spectral measures of Hy and Hj, respectively. The operator
function My(-) from (2.5) here admits the representation

Mo(A) = (Mlow Mf( A)> (3.14)

for a.e A € R, where the derivatives

B |G*|1/2E1(d)\)|G*|1/2
B d\

|G|V Ey(dN)|G)M?
- d\

Mi(N) and My(\) (3.15)
exist in By($1) and Bi(92) for a.e. A € R, respectively. Setting
Q; = clo{ran (M;(\)}, j=1,2,

8



and

Qy = Q12 D Qo (3.16)

for a.e. A € R we obtain the decomposition
L*(R,d)\, Q) = L*(R,d\, Q1)) © L*(R, d)\, Q2,),
cf. Section 2. From (2.2) the conditions

91 = clospan{F;(A)ran (|G*|) : A € B(R)},

9 = clospan{Fy(A)ran (|G]) : A € B(R)} (3.17)

follow. Moreover, the converse is also true, that is, condition (3.17) implies (2.2).
Hence, without loss of generality we assume that condition (3.17) is satisfied. There-
fore the reduced multiplication operators Mg,

MQ]- = Mf)j r dom (MYJJ') N L2(R7 d)\vﬂj)\)a

where

(M, Y(N) == Af(A), AER,
dom (Mg,) = {fe€ LR, d\$,): A\f(A) € L2(R,d\, H,)}.

are unitary equivalent to the absolutely continuous parts H}“ of the operators Hj,
j=1,2.

With respect to the decomposition (3.16) the scattering matrix {S(\)}ieg admits
the decomposition

Sll(A) 512()\>> | Ql)\ Ql,)\

o= (521()\) Sa2(A) QG; —> er/\ (3.18)

for a.e. A € R. The entries {S;;(A\)}rer, 4,7 = 1,2, are called channel scattering
matrices. We note that the multiplication operators induced by the channel scatter-
ing matrices are unitary equivalent to the channel scattering operators S;; = BSF;,
i,7 = 1,2, where P; is the orthogonal projection in £ onto the subspace §; and S is
the scattering operator of the complete scattering system {L, Lo}.

In the next proposition we give a more explicit description of the channel scattering
matrices S;;(A). The proof is an immediate consequence of Theorem 2.1, Lemma 3.2
and relations (3.14), (3.15) and (3.13).

Proposition 3.3 Let Ly, V and L be given in accordance with (3.1), (3.2) and
(3.3), respectively. Then the scattering matriz {S(X)}rer of the complete scattering
system {L, Lo} admits the representation (3.18) with entries S;j(\) given by

Su(A) = Iq,, +2miM(N)V2U F(A\)U*My(M)Y2,

S1a(A) = =2miMy(\)Y2{U + UF,(A\)U* Ny (AU} Mo ()2, (3.19)
Sor(N) = =2miMy(N)V2{U* + U*Ny(NUFy (AN U*} My (N2, '
Soo(A) = Ia,, + 2miMa(N\)2U*Fy (AU Ma(N)V/2.

for a.e. A € R.



4 Dissipative channel scattering

In this section we consider the (dissipative) scattering system {H;()), H;} for a.e.
A € R, where
Hi(A) = Hi + Vi(A), (4.1)

is defined for a.e. A € R, and H; is the self-adjoint operator in $; from (3.1).
The limit V;(A) = lim._ o V1(X + i€) (see Lemma 4.1) is called the optical potential
of the channel $;. In Theorem 4.4 below we establish a connection between the
scattering matrices corresponding to the scattering systems {H;(\), H;} and the
channel scattering matrix Si;(A) from (3.18) and (3.19).

Lemma 4.1 Let Vi(z) = —G(Hy — 2)7'G*, z € C\R, be defined by (3.5) with
G € Bi($2,91). Then the limit Vi(\) = limc_ 4o Vi(\ + i€) exists in B1($1) and
Vi(A) is dissipative for a.e. X € R.

Proof. Using the factorizations (3.12) of G and G* we find
Vi(z) = —|G*|V2PU Ny (2)U*|GF|V2, 2 € C\R, (4.2)

where Ny(z) is given by (3.7). According to Lemma 3.2 the limit lim,, o No(\ + i€)
exists in By($;) and since |G*|/2 € By($,) we conclude that the limit

Vi(A) = lim Vi(A +ie) = EETO—|G*|1/2UN2(A + ie)U*|G* |2

exists in B1($1) for a.e. A € R. It is not difficult to see that Im V;(z) < 0 for z € C*
and therefore also the limit V;()\) is dissipative for a.e. A € R. O

It follows from Lemma 4.1 that for a.e. A € R the operator Hy(\) = Hy + Vi()) is

maximal dissipative and therefore {H1(\), H} is a dissipative scattering system in

the sense of [19, 20]. By Theorem 4.3 of [20] the corresponding wave operators
WP (Hy(N), Hy) = s — lim 1) =t poe(py)

t——+o0

and
W—D(Hl()\)a Hl) =S — thm eiitHl(A)eitﬁHPac(Hl)

——+00

exist and are complete which yields that { H;()\), H; } performs a complete dissipative
scattering system for a.e. A € R. The associated scattering operators are defined by

SplA] = WP (H(N), Hy) WP (Hy(X), Hy)

and act on the absolutely continuous subspaces ${¢(H;). Since Sp[A] commutes with
H, the scattering operator is unitary equivalent to a multiplication operator in the
spectral representation L*(R,d\,Q;,) of H; induced by a family of contractions
{Sp[Al(1t) }uer- The family {Sp[A](p)},er is called the scattering matriz of the
complete dissipative scattering system {H;(\), H;}.

10



Using the fact that every maximal dissipative operator admits a self-adjoint dilation,
i.e., there exists a self-adjoint operator in a (in general) larger Hilbert space such
that its compressed resolvent coincides with the resolvents of the maximal dissipa-
tive operator for all z € C*, cf. [7, Section 7], see also [12], one concludes from
Proposition 3.14 of [5] that the limit

$1[Al(n) = lim F1[A](p + ie)
exist in B($;) for a.e. u € R, where
FiN(2) = |GV (Hi(N) = 2) G2, 2 € €y,

is defined for a.e. A € R. The next proposition is a direct consequence of Theorem
2.2 of [16], see also [15].

Proposition 4.2 Let G € B1($2,$1) and Hi(\) be given by (4.1). Then for a.e.
A € R the scattering matriz {Sp[\|(1)}uer of the complete dissipative scattering
system {Hy(\), Hi} admits the representation

SpIN() = Iy, + 2 (1) U { N (M) + Na (UG N (1)U No (V) U™ M (1) 2
for a.e. (u,\) € R? with respect to the Lebesgue measure in R

In the next lemma we show that the limit §;[A\]()),

F1AN) = Jim F1[AJ(A + de) = lir£0|G*|1/2(H1(>\) — X —ie) HGHY?, (4.3)
exist in By($);) for a.e. A € R.

Lemma 4.3 Let Ly, V and L be given by (3.1), (3.2) and (3.3), respectively, with
G € Bi(92,91). Further, let F1(\) be as in Lemma 3.2 and let Hi(\) be defined
by (4.1). Then the limit §1[A\](X) in (4.3) exists in Ba($1) for a.e. X € R and the
relation

$1[A(A) = Fi(A) (4.4)
holds for a.e. A € R.
Proof. We have

Fy(2) = §1[N(2) = G2 ((Hi(2) = 2) 71 = (Hi(N) = 2)7)IGY?

4.5
= ‘G*‘I/Z(HI(Z) — z)_1<‘/'1<)\) _ ‘/1(2))(]_]1()\) . Z>_1|G*|1/2, ( )

From (4.2) we obtain

Vi(A) = Vi(z) = |G*|Y2U (Na(z) — No(N))U*| G|/

11



and inserting this expression into (4.5) and using the definitions of Fj(2) in (3.8)
and §1[A\](z) yields

Fi(2) = $1[A(2) = Fi(2)U (Na(2) — No(A)UB1[A](2)-

Hence
Fi(2) = {15, + F1(2)U(Na(2) = N2(A)U"} 31[A](2)
and for z = X + ie, € > 0 sufficiently small, the operator

{Ls, + F1(2)U(No(2) — No(N))U™}
is invertible. Therefore we conclude
{Ig, + Fy(A 4 ie)U(No(X + i€) — No(A\)U*}Y " Fy(\ + de) = F1[A] (A + de).

From this representation we get the existence of §;[\|(A) in B2($;) and the equality
(4.4) for a.e. A € R. O

The next theorem is the main result of this section. We show how the channel
scattering matrix S11(\) of the scattering system {L,Lg} is connected with the
scattering matrices Sp[A](u) of the dissipative scattering systems {H(\), Hy }.

Theorem 4.4 Let {L, Lo} be the scattering system from Section 3, where Ly, V' and
L are given by (3.1), (3.2) and (3.3), respectively, and G € B1(92,91). Further,
let {Si;(N\)}, 4,5 = 1,2, be the corresponding scattering matriz from (3.18) and let
Sp\(i) be the scattering matrices of the dissipative scattering systems {Hy(\), Hy}.
Then the scattering matriz Sp[\|(X) exists for a.e X € R and satisfies the relation

SDP‘](A) = SnO‘)
for a.e. A € R.

Proof. From Proposition 4.2 and Lemma 4.3 we obtain that Sp[A](\) exists for a.e
A € R and has the form

SpN(n) = In,, + 2m‘M1(u)1/2U{N2()\) + NQ(/\)U*Fl()\)UNg()\)}U*Ml(,u)l/ 2 (4.6)
A similar calculation as in the proof of Lemma 3.1 shows
Fy(z) = No(2) + No(2)U*Fi(2)UNy(z), =z € C,.
If z tends to A € R, then we get
Fo(\) = Na(\) + No(MNU*FL (AU N2 (M) (4.7)
for a.e. A € R. Inserting (4.7) into (4.6) we obtain
SpN(N) = I, , + 21 My (A 2U Fy(\)U* My (A)H?
and by Proposition 3.3 this coincides with Si;(A) for a.e. A € R. O
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5 Lax-Phillips channel scattering

Similarly to Lemma 4.1 one verifies that Vo(\) = lim._, o V(A +ie€) exists in B1(92)
for a.e. A € R. The limit V5(\), which is called the optical potential of the chan-
nel 9, is dissipative for a.e. A € R. The optical potential defines the maximal
dissipative operator

Hy(\) := Hy + Va())

for a.e. A € R. The operator Hy(\) decomposes for a.e. A € R into a self-adjoint part
and a completely non-self-adjoint part. Let O2[A](€), £ € C_, be the characteristic
function, cf. [12], of the completely non-self-adjoint part of Hy(\). We are going
to verify S11(A) = O3[A](A)* for a.e. A € R which shows that for a.e. A € R
the scattering matrix Sp;(A) can be regarded as the result of a certain Lax-Phillips
scattering theory, cf. [1, 2, 3, 4, 14].

There is an orthogonal decomposition
57) o f)cns 6957)5@[]‘
2 = 92 2,0

for a.e. A € R such that $5% and ﬁgff\f reduce Hy()\) into a completely non-self-
adjoint operator H5™()\) and a self-adjoint operator H3*/()),

Hy(A) = H5™(A) @ Hy" ().
Taking into account Proposition 3.14 of [5] we get that
Sm (Va(N)) = —|G|V2U* M, (N U|G|?
for a.e. A € R. Let us introduce the operator

a(N) == /2n M (\) U|G|2. (5.1)

Notice that
clo{ran (a(N))} = Qi

for a.e. A € R. With the completely non-self-adjoint part H“*(\) one associates
the characteristic function ©3[A](+) : Q1 — Qi) defined by

O3[A|(&) 1= Ia, , — ia(N)(H2(N)" = &) a(N)",

¢ € C_. The characteristic function is a contraction-valued holomorphic function in
C_. From [12, Section V.2] we get that the boundary values

O\ (1) = s — lim Oa[A](p — ie)

e—+0

exist for a.e. pu € R.

13



Theorem 5.1 Let Ly, V and L be given by (3.1), (3.2) and (3.3). If the condition
G € Bi($92,91) is satisfied, then the limit ©5[\](N),

O2[A](A) :=s — lim O[AJ(A — i€)

e——+0

exists for a.e. X € R and the relation
S1(A) = O2[A](A)*

holds for a.e. A € R.

Proof. We set
O3[N](§) = O\ (©)" = I, , +ia(\)(Ha(A) — &) (V)"
€ € C4. Using (5.1) we get
O3[N(€) = I, , + 2min/Mi(N) UR[N(§)U/Mi(N)
for a.e. A € R, where
FN(©) = G2 (H(\) - ©7YGIY?, e
Similar to the proof of Lemma 4.3 one verifies that the limit F2[A](\)

e—+0

exist in By(9s) for a.e. A € R and satisfies the relation §2[A\|(A) = F»(A). Hence the
limit ©3[A](A) = s — lim._ 1 O3 [A](A — i€)* exists for a.e. A € R and the relation

O3[AI(A) = L, , + 2min/ My(X) U2 A[(MU/ M (A)

holds for a.e A € R. From (3.19) we obtain that Si;(A) = ©3[A](A) for a.e. A € R.
Since the limit ©5[\]()) exists for a.e. A € R one concludes that

O,[N(N) = s — lim Op[A](\ — ie)

e—40

exists for a.e. A € R and Os[A](A\)* = ©F[A](A) is valid. This completes the proof
Theorem 5.1. U

The last theorem admits an interpretation of the scattering matrix Si;(\) as the
result of a Lax-Phillips scattering. Indeed, let us introduce the minimal self-adjoint
dilation K5(\) of the maximal dissipative operator Ha(\). We set

Korx=D_ D H DDy,

where

Qi,)\ = LQ(Ri, dx, Ql,)).
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Further, we define

f- —iLf
Ks(\) | f | = | Re(Ha(N)f = 3a(N)*[f1(0) + f-(0)]
s —idf
for elements of the domain
fe f € dom (Hy(N))
dom (K5())) := f c fr € WH(Ry,dz, Q1))

I+ f+(0) = f-(0) = —ia(N) f

The operator Ky(A) is self-adjoint and is a minimal self-adjoint dilation of the max-
imal dissipative operator Ha(A), that is,

(Hy(N) = 2)7" = P2 (Ko(A) = 2) 7 1 9,

for z € C; and
Ro\ = clospan{ Er, ) (A)$2 : A € BR)},

where E,(x)(+) is the spectral measure of K(\). It turns out that ®, , are incoming
and outgoing subspaces with respect to Ky(\), i.e.,

efith(/\)gﬁ/\ CDyn t20,

and
eiitKZ(/\)Q,’)\ - @,7)\, t <O0.

However, we remark that the completeness condition
Ry = clospan{e_”KQ()‘)@i,A te R} (5.2)

is in general not satisfied. Condition (5.2) holds if and only if the maximal dissipative
operator Hs(A) is completely non-selfadjoint and Hs is singular, that means, the
absolutely continuous part H{¢ of Hs is trivial.

On the subspace D,
D=2 ,8D,,=L*R,dz,Q;,) C R,
let us define the operator Ky(\),
. d
(Ko(N)g)(z) = —i——g(x), dom (Ko(A)) := WH(R, dw, Q1,5).
The self-adjoint operator Ky(\) generates the shift group, i.e,

(e_itKO(A)g)(x) =gz —1t), geD,.

Using the Fourier transform F : L*(R, dz, Qi) — L*(R, du, Q1.),

(Ff)(p \/_/dx e "M f(z),
15



the operator Ky(\) transforms into the multiplication operator on the Hilbert space
L*(R,dp, Q1 ,). Furthermore, one has

o itK2(N) [ Dy = e itKo(A) [ Dy, t>0,

and
o itHK2 () 1D, = e itKo(A) D, t<O0.

The last properties yield the existence of the Lax-Phillips wave operators

WEP[N] := 5 — lim e™f20) J, (\)e o0,

t—+oo

cf. [5, 14] where Ji(\) : DL — Ko is the natural embedding operator. The
Lax-Phillips scattering operator Sy p(A) is defined by

SppA] == WEPDTWEP[,

cf. [5, 14]. With respect to the spectral representation L?(R,du,Q; ) the Lax-
Phillips scattering matrix {Sp[A](1)}uer coincides with {O3[A](1)*}er, see [1, 2,
3, 4]. Hence the scattering matrix {S11(A\)}rer can be regarded as the result of a
Lax-Phillips scattering for a.e. A € R.
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