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E
VgT4��I´CFLON,���ÑVO[ TuGHT��+ m�¥[ T����HTUEHG
��CFEe�«G���?*V CF[ G��"$;�

ν ∈ P(E)
� 6OEHCFV��ÑVO>@[@>�� ��?:T �FGSLOEHT�CFN

E�b>��SJ
ν(x) > 0

��CFE#�Ñ[@[
x ∈ E

\ � T��
(Xi)i∈Z

V T �ÑNY>Â\ >Â\ WÓ\ �
ν
GHTp�MLDTUNDI´TM�

(τj)j∈Z

�ÑNw>@NDWOT�6gTUNDWOTUN,�>Â\ >Â\ WÓ\ �
ρ
GKTp�MLDTUNDI´T#�b>��SJ�R��Ñ[@LDT´Gµ>@N

{1, 2, . . . , τmax}
EHT´G�6×\

{1, 2, . . . }
> �

τmax = ∞
\ ¥N �SJ��
� I �FGHTM�

� T»EHTp��LO>@EHT'�SJ��
�#���Ñ>@[�C
� �SJDT�W=> G��SES>@VOL��S> CFN~C
�
τ0
G1WOT´I � �.G1GSL�6gTUE;�¥T -�6 CFNDTUN��S>:�Ñ[@[��Y>@N �SJDT �ÄCF[@[ C �b>@NOPG��SEHCFNOP:GHTUNDGHT)/

∃C, λ, ε > 0 : ∀n : ρ({n, n + 1, . . . }) ≤ C exp(−λn1+ε).
 ½ø]\@ø@$

� T9�Ñ[ GHC �FGHGSLO?:T��SJ��
� �SJDT
τ
GàPQTUNDTUE��
�HT �ÑN �
6 TUES> C.W=> IµEHTUNDT����Ñ[06OEHC�I´T´GHGG�Q>Â\ T]\

gcd{i : ρi > 0} = 1
\

� L��bCFL�� �SJDT
X
�¥GHTp��LDTUNDI´T �FI´I´CFEHW=>@NOP �HC

τ
/ ��L��

T0 := 0
�
Ti := Ti−1 + τi−1

�
T−i = T−i+1 − τ−i��CFE

i > 0
�

Y (i) =
(

XTi
, XTi+1, . . . , XTi+1−1

)

, i ∈ Z
 ½ø]\¾û $

�b>��SJ	R)�Ñ[@LDT´Gè>@N
Ẽ = ∪∞

k=1E
k  m����CFEHWOG
�"$� ¡EHT´G�6×\

Ẽ = ∪τmax
k=1 Ek > � τmax < ∞

$d\bX � �SJDT�>@NDWOT�6gTUN��WOTUNDI´T#6OEHC�6gTUE��S> T´GèC
� �SJDT�>@NOP]EHT´W=> TUN��HG3�
Y = (Y (i))i∈Z

> G?�SJDTUN �ÑN$>Â\ >Â\ WÓ\OGHTp��LDTUNDI´T#�b>��SJ ?+�ÑESP]>@N��Ñ[W=> G��SES>@VOL��S> CFN
q0

(

(x1, . . . , xk)
)

:= P(Y (0) = (x1, . . . , xk)) = ρk

k
∏

i=1

ν(xi).
 ½ø]\ & $
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ADCFE���GHTp��LDTUNDI´T
(Y (i))

�b>��SJ�R)�Ñ[@LDT´G1>@N
ẼZ

� T4�bES>��HT
Li = |Y (i)|

�ÄCFE#�SJDT��¥[ TUNOP)�SJ �»C
���SJDT
i
�5�SJ

� CFEHW  ¡>@N �SJDT�6OEHT´GHTUN��bGHI´TUN��ÑES> Cy� � T;J��´RQT
Li = τi

�MVOL���>�� �b>@[@[oVgT I´CFN�RQTUNO> TUN,�?�HC*J��´RQT#� R��ÑES>:�ÑVO[ T
��CFE ��CFEHW:[ TUNOP)�SJDG �Ñ[ GHC1> �

Y
WOC.T´G�NDC�� �ÑES> GHT?�¡EHCF? ��I´CFNDG��SESLDI��S> CFN+�b>��SJ �

τ
�¥GHTp�MLDTUNDI´T@$d\ ÷ C��HT?�SJ��
�

� T*J��´RQT �  ¡[ T � �8$µGSJO> ���
θ : EZ → EZ

CFNw[ T����HTUE;GHTp��LDTUNDI´T´G#�ÑNDW �  ¡[ T ���8$èGSJO> ���
θ̃ : ẼZ → ẼZ

CFN
� CFEHW$GKTp�MLDTUNDI´T´GÙ\ � T��

RN :=
1

N

N−1
∑

i=0

δθ̃iY

 ½ø]\ 2�$
V T'�SJDT:TU? 6O>@ES> I �Ñ[ W=> G��SES>@VOL��S> CFN!6OEHC.I´T´GHG�C
���SJDT � CFEHWOG �b>��SJ�R)�Ñ[@LDT´G1>@N

P(ẼZ)
� �SJDT 6OEHCFV��ÑVO>@[@>����?:T �FGSLOEHT´GèCFN	GKTp�MLDTUNDI´T´GèC
� � CFEHWOG�\

� JDT"GHT��HG
E

�ÑNDW
Ẽ

�ÑEHT I´CFLON����ÑVO[ TM�|GKC �SJDT�� �ÑEHT�� CF[@> GSJ G�6��FI´T´G �b>��SJ �SJDT"W=> GKIUEHT��HT&?:T��;�ES> I]\ � JDTUN
EZ

�ÑNDW
ẼZ

�ÑEHT �ÑP,�Ñ>@N�?:T��SES> IuG�6��FI´T´G_T]\ PD\×R.>:�
dA⊗Z

(

(z1, z2, . . . ), (z
′
1, z

′
2, . . . )

)

:=
∑∞

n−∞ 2−|n|
(

dA(zn, z′n)∧1
) �ÄCFE

A = E
CFE

A = Ẽ
\ � JO> G�?:T��SES> I�>@NDW=LDI´T´G �SJDT 6OEHC�W=LDI�� �HC�6 CF[ CFP)�

CFN
EZ

EHT´G�6×\
ẼZ

\ � TbTp��LO>�6
P(ẼZ)

�b>��SJ �SJDT��HC�6 CF[ CFP)�_C
� ��T �
�_I´CFN�RQTUESPQTUNDI´T]\ � ES>��HT
Pshift(ẼZ)��CFE��SJDT�GSJO> ����>@NMR)�ÑES>:�ÑN,� 6OEHCFV��ÑVO>@[@>�� �~?:T �FGSLOEHT´G_CFN

ẼZ
� �ÑNDW

Perg(ẼZ)
��CFE �SJDT�GHT�� C
�  

θ̃
�¥GHJO> � �8$TUESPQC�W=> I 6OEHCFV��ÑVO>@[@>���� ?:T �FGSLOEHT´GèCFN

ẼZ
\ ÷ C��HT �SJ��
�

Pshift(ẼZ)
> G���IU[ C]GHT´W GHLOVDGHT��µC
�

P(ẼZ)
\

�� > G � TU[@[��.NDC �bN �SJ��
� �SJDT �5�Ñ?�>@[��*C
�oW=> G��SES>@VOL��S> CFNDG
L (RN )

G��
�S> G��2T´G �µ[:�ÑESPQT�WOTUR.>:�
�S> CFN 6OES>@NDIU>�6O[ TM�
�SJDT�E��
�HT ��LONDI��S> CFN$> GbP]>@RQTUN$V��

H(Q;Q0) = lim
N→∞

1

N
h
(

Q|FN
;Q0|FN

)

,
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�SJDT G�6 T´IU>��2I EHTU[:�
�S>@RQT�TUN,�SEHC�6,� �b>��SJuEHT´G�6 T´I�� �HC
Q0 := L (Y ) = (q0)⊗Z

��GKT´T T]\ PD\�� &��@� � CFEÙ\
	=\¾ü=\@øÙü
�ÑNDW � TU?�?+��	=\¾ü=\@ø�	=\�;TUEHT

FN = σ(Y0, . . . , YN−1)
���ÑNDW

h(µ;µ′)
WOTUNDC��HT´G��SJDTµEHTU[:�
�S>@RQT;TUN��SEHC�6,�C
�

µ
�b>��SJ�EHT´G�6 T´I�� �HC

µ′ \�� LOE �Ñ>@?�> G �HC LONDWOTUEHG����ÑNDW �SJDT��Ñ[@?:C]G���GSLOEHTZ[:�ÑESPQTbWOTUR.>:�
�S> CFN�V TUJ��ÙR�> CFLOEC
� �SJDT �5�Ñ?�>@[�� C
� E��ÑNDWOCF? 6OEHCFV��ÑVO>@[@>����$W=> G��SES>@VOL��S> CFNDG
L (RN |X).

� G
P(EZ)

�ÑNDW
P(ẼZ)

�ÑEHT ��CF[@> GHJY� ��T�I �ÑN �ÑNDW�GSJ��Ñ[@[ �SJO>@N���>@N �SJDT �ÄCF[@[ C �b>@NOPwC
��� �5�Ñ?�>@[���C
�EHTUP]LO[:�ÑEµI´CFNDW=>��S> CFN��Ñ[�W=> G��SES>@VOL��S> CFNDG
P(RN ∈ · |X)

\
� L��ÑN,�S>��S> T´G�>@N�RQCF[@R�>@NOP �SJDT I´CFNDW=>��S> CFN��Ñ[�T -�6gT´I����
�S> CFNYC
�àT -�6 CFNDTUN��S>:�Ñ[ �¡LONDI��S> CFN��Ñ[ G�C
�

RN
�
6�6 T �ÑEN��
�SLOE��Ñ[@[��»>@N4�SJDTµI´CF? 6OL����
�S> CFN|C
�0�SJDTF�MLDTUNDIKJDT´W ��EHT´TèTUNDTUESP)�'��CFE 6gCF[��.?:TUE�?:C�WOTU[ Gà>@N�W=> GHCFEHWOTUEHT´W?:T´W=>:�=\ «N 6��ÑE��S> IULO[:�ÑE3� �SJDT��FG��.? 6��HC��S> I TUR)�Ñ[@L��
�S> CFN�C
� �SJDT#��EHT´T1TUNDTUESP)�$I �ÑN$V T#��CFES?*LO[:�
�HT´W��FG9�I´CFNDW=>��S> CFN��Ñ[�[:�ÑESPQT»WOTUR�>:�
�S> CFN 6OEHCFVO[ TU?w�<�ÑNDWYR)�ÑES>:�
�S> CFN��Ñ[ ��CFES?*LO[:�FG �FG >@N � CFEHCF[@[:�ÑE�� ø ?+�
�QT'�SJDTTUNDTUESP)�,�¥TUN��SEHC�6,� �SE��FWOT �¥C�� T - 6O[@> IU>��Ù\ � JO> G 6gC��HTUN,�S>:�Ñ[��
6�6O[@> I �
�S> CFN�?:C��S>@R)�
�HT´W�CFLOE�CFES>@P]>@N��Ñ[O>@N,�HTUEHT´G��>@N �SJDT)��LDT´G��S> CFN$G��SLDW=> T´W >@N �SJO> GèNDC��HTM�DGHT´T��.T´I��S> CFNYû �ÄCFEb?:CFEHT�WOT����Ñ>@[ GÙ\

�� > G�N��
�SLOE��Ñ[ �HC$>@NMRQTUE��'�SJDT|IUL����S>@NOP	V,�~I´CFNDI �
�HTUN��
�S> CFN</ � T����SJDT|I´CFNDI �
�HTUN��
�S> CFN,C�6 TUE��
�HCFE
κ :

ẼZ → EZ
VgT1WOT��DNDT´W >@N �SJDT1CFV�R�> CFLDG�� � � V,�

κ
(

(. . . , y(−1), y(0), y(1), . . . )
)

=
(

. . . , y
(−1)
`−1

, y
(0)
1 , y

(0)
2 , . . . , y

(0)
`0

, y
(1)
1 , y

(1)
2 , . . .

)

��CFE
y(i) = (y

(i)
1 , . . . , y

(i)
`i

) ∈ Ẽ
\ ÷ C��HT �SJ��
�

κ(y(·))
J��FG �����S>@?:T�CFES>@P]>@N ��/

κ(y(·))0 = y
(0)
1

\�� NDTI �ÑN�>@?+�ÑP]>@NDT4�SJ��
�1VgT´I �ÑLDGHT:C
���SJDT�I´CFNDW=>��S> CFNO>@NOP9� �bJO> IHJ���-OT´G������������! #"ZEHT �Ñ[@> G��
�S> CFN
C
���SJDT
X
�GHTp��LDTUNDI´TM�.�SJDT I´CFNDW=>��S> CFN��Ñ[�[:� �

L (RN |X)
��T´TU[ G�EHT´G��SES> I��S> CFNDG3� �ÑNDW��SJ��
��GHCF?:T WOTUR�>:�
�S> CFNDG3�
�bJO> IKJ

û



�ÑEHTèGS>@? 6O[��:T -�6 CFNDTUN��S>:�Ñ[@[���LONO[@>��QTU[���LONDWOTUE �SJDTµLONDI´CFNDW=>��S> CFN��Ñ[ [:� �)�MVgT´I´CF?:T9�FI��SL��Ñ[@[���>@? 6gC]GHGS>@VO[ TCFNDI´T��'��� 6O> I �Ñ[
X
> G ��-=T´WÓ\ � T��

R :=
{

Q ∈ P(ẼZ) : w − lim
L→∞

1

L

L−1
∑

j=0

δθjκ(Y ) = ν⊗Z Q −
�=\ GÙ\}

,
 ½ø]\ 	 $

�bJDTUEHT
w − lim

WOTUNDC��HT´G �SJDTu[@>@?�>�� �b>��SJ�EHT´G�6 T´I��'�HC �SJDT+��T �
� �HC�6gCF[ CFP)�
CFN
P(EZ)

\
Q ∈ R?:T �ÑNDG#�SJ��
�1LONDWOTUE

Q
� �SJDT�I´CFNDI �
�HTUN��
�S> CFN�C
� ��CFEHWOG�J��FG �Ñ[@?:C]G�� GHLOEHTU[�� �SJDT�G��Ñ?:T4�FG��.? 6��HC��S> IG����
�S> G��S> I´G��FG?� � ��6O> I �Ñ[gEHT �Ñ[@> G��
�S> CFN C
�

(Xi)
\ � VMR.> CFLDGS[��

Q0 ∈ R
\ � JDT9��CF[@[ C@�b>@NOP �SJDT´CFEHTU?�> G �SJDT?+�Ñ>@NwEHT´GSLO[��1C
� �SJO> G;NDC��HTM�g>��;EHCFLOP]JO[��YG����
�HT´G �SJ��
��LONDWOTUE

P(RN ∈ · |X)
�×CFNO[��	GHLDIHJ�WOTUR�>:�
�S> CFNDGI �ÑN V T�EHT �Ñ[@> GKT´W �bJO> IHJ�EHT´G�6 T´I��?�SJDT�EHT´G��SES> I��S> CFN�GHT��

R
\

�������	�
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lim sup
N

1

N
log P

(

RN ∈ F
∣

∣X
)

≤ − inf
Q∈F∩R∩Pshift(ẼZ)

H(Q;Q0)
0: "�  " " � "B 8�A�C�

F ⊂ P(ẼZ),

 ½ø]\ªú)$
lim inf

N

1

N
log P

(

RN ∈ G
∣

∣ X
)

≥ − inf
Q∈G∩R∩Perg(ẼZ)

H(Q;Q0)
02 "�� " "D ��E���

G ⊂ P(ẼZ).

 ½ø]\GF $
H ���8�	IJI)KL�-MN	�POQ "�  >� �=<C "���	���R� �R "� ���)�E�L "���S0+����� ���! "�

Φ : ẼZ → R
4T�U.  "78�

lim
N

1

N
log E

[

exp
(

N

∫

Φ(y)RN (dy)
)

∣

∣

∣
X

]

= sup
Q∈R∩Pshift(ẼZ)

{

∫

Φ(y)Q(dy) − H(Q;Q0)
}  �'B�2'

 ½ø]\ ( $

V ���WKL�8XY�� � JDT�G��Ñ?:T�EHT´GHLO[��HGèJDCF[ W �ÄCFE��SJDTW��6 TUES> C.W=> GHT´W_�1RQTUEHGS> CFN

Rper
N :=

1

N

N−1
∑

i=0

δ
θ̃i

(

Y (0),...,Y (N−1)
)per ,

�bJDTUEHT
(y(0), . . . , y(N−1))per WOTUNDC��HT´G �SJDT 6 TUES> C.W=> I T -��HTUNDGS> CFN�C
� (y(0), . . . , y(N−1)) ∈ ẼN �HC �ÑNTU[ TU?:TUN,�;C
�

ẼZ
\ � JDT 6OEHC.C
�ÄG��ÑEHT��Ñ[@?:C]G��è[@>��HTUE��Ñ[@[�� �SJDT1G��Ñ?:T]\

� JDT´CFEHTU? ø1> G9�'�¡LO[@[ �DZ � �ÄCFE?�SJDT#�5�Ñ?�>@[��
L (RN |X)

�2T -OI´T�6��?�ÄCFE?�SJDT1EHT´G��SES> I��S> CFN��HC[���!5( A�#���
Q>@N �SJDT�[ C � TUE»VgCFLONDWÓ\�\µTU?:C�R�>@NOP �SJO> G ?�>@P]J��*EHTp��LO>@EHT�TU>��SJDTUE � EHT��DNDTU?:TUN���C
���SJDT�I´CFNDW=>��S> CFN��Ñ[

�S>@[��S>@NOP:TU? 6O[ C �QT´W	>@N �.T´I��S> CFNYü �OCFE��ÑN �ÑESP]LO?:TUN����SJ��
���ÑN��
Q ∈ Pshift(ẼZ) ∩ R

I �ÑN V T ��T �
��[��
�
6�6OEHC -=>@?+�
�HT´W�V,�YGSJO> ���;TUESPQC.W=> I

QN
�bJO> IKJ �ÑEHT �Ñ[ GHC|>@N

R
�0�SJDT_[:�
���HTUE1EHTp�MLO>@EHTU?:TUN��1V TU>@NOP �SJDTNDCFN��5�SES>@R�>:�Ñ[�6��ÑE��Ù\�� N �SJDT|C��SJDTUE»J��ÑNDWq� �SJDT�[ C@� TUE�VgCFLONDW �FG_G����
�HT´W�>@N  ½ø]\GF $�GSL/]�I´T´G �ÄCFE��SJDT

�
6�6O[@> I �
�S> CFN	>@N � CFEHCF[@[:�ÑE���ø]\
V ���WKL�8X_^`� � JDT´CFEHTU? ø1WOC�T´GµNDC��èJDCF[ W >@N �SJO> G���CFES? �b>��SJDCFL�� �FGHGSLO? 6��S> CFNDG;CFN �SJDT#���Ñ>@[ GèC
�

ρ
\

¥N �5�FI��3�O>@N ��GH>��SL��
�S> CFN �bJDTUEHT
ρn
WOT´I � �=GµCFNO[�� �Ñ[@PQTUVOE��Ñ> I �Ñ[@[��J� CFNDT�I �ÑN 6OEHCFVgT�T - 6gCFNDTUN,�S>:�Ñ[@[��! ¡>@N

N
���SJDT1N�LO? VgTUE C
� 6O> T´I´T´GµCFNDT#���ÑN,�HG9�HC:IUL��8$ �5�ÑE��ÑJDT �FW$>@N��HC �SJDT

X
�¥GKTp�MLDTUNDI´T >@N$CFEHWOTUE��HC��DNDWEHTUP]> CFNDG��bJDTUEHT

X
[ C�C��=G��
��� 6O> I �Ñ[Â\

&



ADCFE9��I´CFNDIUEHT��HT_T - �Ñ? 6O[ TM�DI´CFNDGS> WOTUE��SJDT ��CF[@[ C@�b>@NOPuGHI´TUN��ÑES> C�/ � T��
(Xi)

VgT1>Â\ >Â\ WÓ\
Ber(1/2)

�
ρn =

C/na � a > 2
�2GHC

mρ :=
∑

n nρn < ∞
\ ��L��

σN := min{k ∈ N : Xk = Xk+1 = Xk+[N(mρ+ε)] = 1}.

� T��
q1(x1, . . . , xm) := ρm1(x1 = · · · = xm = 1)

� �ÑNDW [ T��
O ⊂ P(Ẽ⊗Z)

V T �  �GS?+�Ñ[@[ $NDTU>@P]JMVgCFLOESJDC�C.W C
�
(q1)⊗Z

\�� NDWOTUE
(q1)⊗Z

���Ñ[@[ ��CFEHWOG�I´CFNDGS> G���TUN,�S>@EHTU[���C
�
1
GÙ\ ÷ C��HT �SJ��
�

log σN ∼
N(mρ + ε) log 2

V,� �SJDT � EHW��]G�� \��UN,�.>×[:� �3�ÑNDW
P(RN ∈ O |X) ≥ ρσN

V,�! Äü=\ 	 $�VgTU[ C �)�DGHC
lim inf
N→∞

1

N
log P(RN ∈ O|X) ≥ lim inf

N→∞

1

N
log ρσN

> −∞.

� N �SJDT_C��SJDTUE1J��ÑNDWq�g> �# ½ø]\ªú)$µJDTU[ W �SESLDT*>@N �SJO> G1GHI´TUN��ÑES> Cy�<�SJDT �ÑNDG�� TUE#� CFLO[ WwJ��ÙRQT �HC�V T
−∞

�V T´I �ÑLDGKT
(q1)⊗Z 6∈ R

\
X � � TU?�?+��ü �  ½ø]\ªú)$ �b>@[@[ JDCF[ W �b>��SJ

R
EHT�6O[:�FI´T´WuV��

R
�MVOL��Z>@N|R�> T�� C
��\ TU?+�ÑE��42_>@N �.T´I��S> CFN & �

�SJO> G �Ñ?:CFLON,�HG*T´GHGHTUN,�S>:�Ñ[@[��wCFNO[�� �HC �SJDT»LONDI´CFNDW=>��S> CFN��Ñ[ L�6�6 TUE1VgCFLONDWq� �bJO> IKJ!� T�T -�6 T´I��1NDC��#�HCV T�GSJ��ÑE�6×\ � JDT�>@N��SLO>��S>@RQT��ÑESP]LO?:TUN,� �FW=RQC�I �
�HT´W CFN 6��ÑPQT�øM� �SJ��
���ÑN,�|[@>@?�>��S>@NOP
Q
? LDG��bV T;VOLO>@[��

�«CFN �HC�6 �|C
�9� � ��6O> I �Ñ[
X
�¥GHTp��LDTUNDI´TM��> G_NDC��*R)�Ñ[@> W�>@N�PQTUNDTUE��Ñ[Â\ «N!�5�FI��3� �bJDTUN

ρ
J��FG �Ñ[@PQTUVOE��Ñ> I

���Ñ>@[ G3� �SJDTUEHT��b>@[@[�VgT�� �SE��FWOT �¥C��
CFN��SJDT T -�6 CFNDTUN��S>:�Ñ[ GKI �Ñ[ T1V T�� � T´TUNwJDC ��WOT´T�6�CFNDT�6OEHCFV T´G >@N,�HC
�SJDT ��-OT´W

X
�¥GHTp��LDTUNDI´TM� �bJO> IHJ �Ñ[@[ C �èG �HC �DNDWY?:CFEHT �
��� 6O> I �Ñ[ EHTUP]> CFNDGG�<�ÑNDW �SJDT'6OES> I´T ��CFE �SJDC]GHT[ CFNOP��½LO? 6DGÙ\ «N"R.> T���C
� �SJDT�6 C��HTUN��S>:�Ñ[ �
6�6O[@> I �
�S> CFN �HC �SJDT	I´CF? 6OL����
�S> CFN C
�~��LDTUNDIHJDT´W �¡EHT´TTUNDTUESP]> T´G#�ÄCFE#6 CF[��.?:TUE1?:C.WOTU[ G�>@N�E��ÑNDWOCF? ?:T´W=>:�	I´CFNDGS> WOTUEHT´W�>@N �.T´I��S> CFN�û ��>����
6�6 T �ÑEHG ��RQTUE��>@N,�HTUEHT´G��S>@NOP 6OEHCFVO[ TU? �HC �DNDW ���ML��ÑN��S>����
�S>@RQT�WOT´GHIUES>�6��S> CFN�C
� �SJO> G 6OJDTUNDCF?:TUNDCFN×\ � JO> G"�MLDT´G��S> CFN

�b>@[@[ÓV T 6OLOEHGHLDT´W >@N ��L��SLOEHT#� CFE��g\
� JDTµEHT´G���C
� �SJO> G 6��
6gTUEZ> G CFESP,�ÑNO> GHT´W �FG �ÄCF[@[ C �èG / «N �.T´I��S> CFN$û�� T;>@NDW=> I �
�HT�JDC � � CFEHCF[@[:�ÑE��YøM�.CFEE��
�SJDTUE3�Ó>��HG �ÑN��Ñ[ CFP]LDT�>@N!��GHI´TUN��ÑES> C �bJDTUEHT»>@N�I´CFN,�SE��FG�� �HC � GHGHLO? 6��S> CFN  ½ø]\@ø@$;�

ρ
J��FG �Ñ[@PQTUVOE��Ñ> I

���Ñ>@[ G3�bI´CFLO[ W V T	LDGHT´W �HC�EHT�6OEHT´GHTUN�� �SJDT ��LDTUNDIHJDT´W �¡EHT´T�TUNDTUESP)�"C
� W=>@EHT´I��HT´W 6 CF[��.?:TUE|?:C�WOTU[ G
�b>��SJ
E��ÑNDWOCF? W=> GHCFEHWOTUE R.>:� � R)�ÑES>:�
�S> CFN��Ñ[ �ÄCFES? LO[:�=\ � T�>@[@[@LDG��SE��
�HT4�SJDT�LDGHT:C
� � CFEHCF[@[:�ÑE��&ø:V��T - 6OEHT´GKGS>@NOP �SJDT �MLDTUNDIKJDT´W �¡EHT´TuTUNDTUESP)�
C
�9�$?:C.W=>��2T´W 6 CF[��.?:TUE*?:C.WOTU[Â\ � CF?�>@NOPwV��FI��!�HC �SJDT?+�Ñ>@N 6O[ C��3��� T�P]>@RQT�>@N��.T´I��S> CFN�& �_LDGHT ��LO[×IHJ��ÑE��FI��HTUES> G��
�S> CFNYC
� �SJDT 6OEHC�6gTUE����

Q ∈ R
LONDWOTUE?�SJDT

�FWOW=>��S> CFN��Ñ[�I´CFNDG��SE��Ñ>@N,� �SJ��
�
Q
J��FG �DNO>��HT:?:T �ÑN � CFEHW�[ TUNOP)�SJDGÙ\ � JO> G_IHJ��ÑE��FI��HTUES> G��
�S> CFN �Ñ[@[ C@�èG

�HC|?+�
�QT+��I´CFNONDT´I��S> CFN~VgT���� T´TUN
Q

�ÑNDW!�ÑN �¥LONDWOTUES[���>@NOP\�»>Â\ >Â\ WÓ\ �
ν
GHTp��LDTUNDI´T]\ ¥N �.T´I��S> CFN!29�<� TV��FGS> I �Ñ[@[��+6OEHC�RQT �SJDT;L�6�6 TUEZVgCFLONDWuR.>:�_I´CF? 6��ÑES> GHCFN �b>��SJ �SJDT;LONDI´CFNDW=>��S> CFN��Ñ[ �QZ �$�=>@N �.T´I��S> CFN	ü

� T 6OEHCÙRQT �SJDTu[ C � TUE»VgCFLONDW
V�� ���«I´CFNDW=>��S> CFN��Ñ[?�S>@[��S>@NOP\� �ÑESP]LO?:TUN,�Ù\ � JDT 6O> T´I´T´G �ÑEHT|I´CF[@[ T´I��HT´W
�HCFPQT��SJDTUEè>@N �.T´I��S> CFN 	'�HC�I´CF? 6O[ T��HT �SJDT 6OEHC.C
��GèC
� � JO?$\×ø �ÑNDW � CFEÙ\�ø]\

� 	 � ��R	��,��� 	����"!�� ��#�
�� � � ��� ��� �������� #��F��� !~	�R	����F���

ADCFE ?:C.WOTU[ G_C
�µW=>@EHT´I��HT´W 6gCF[���?:TUEHG*>@N�W=> GKCFEHWOTUEHT´W�?:T´W=>:� � �SJDT �MLDTUNDIKJDT´W!��EHT´T�TUNDTUESP)�
>@NMRQCF[@RQT´G
�ML��ÑN��S>��S> T´Gè[@>��QT

Fk(X) :=
∑

0≤j1<···<jk

k
∏

i=1

ρji−ji−1 exp
(

k
∑

`=1

f
(

(Xj`−1+1, . . . , Xj`
)
)

)  Äû=\@ø@$
��CFE�GSLO>����ÑVO[ T ��LONDI��S> CFNDG

f : Ẽ → R
� �bJDTUEHT

X
> G�GHCF?:T|>Â\ >Â\ WÓ\�GHTp��LDTUNDI´T]\�X �
>@N,�SEHC.W=LDIU>@NOP �ÑN

�ÑL�-.>@[@>:�ÑE��:GKTp�MLDTUNDI´T
(τi)

�FGà>@N �.T´I��S> CFNwø9�ÑNDWuWOT��DNO>@NOP
(Y (i))

�FG�>@N  ½ø]\¾û $;���SJO> G I �ÑN�VgTµT -�6OEHT´GHGHT´W
2



�FG
E

[

exp
(

k

∫

f(y(·)) rk(dy(·))
)
∣

∣

∣
X

]

,
 Äû=\¾û $

�bJDTUEHT
rk := π0Rk

> G �SJDT*>@?+�ÑPQT�C
�
Rk
�<�FG1WOT��DNDT´Ww>@N  ½ø]\ 2�$;�ÓLONDWOTUE#�SJDT'6OEHC �½T´I��S> CFN

π0
�HC �SJDT

�DEHG��*I´C.CFEHW=>@N��
�HTM��>Â\ T]\ �SJDTuTU? 6O>@ES> I �Ñ[bW=> G��SES>@VOL��S> CFN,C
����CFEHWOGÙ\�����SJDT �5�Ñ?�>@[��
L (Rk|X)

�Ñ[@?:C]G��GSLOEHTU[���G8�
�S> G��2T´G��u[:�ÑESPQT:WOTUR.>:�
�S> CFN 6OES>@NDIU>�6O[ T4�b>��SJ �|PQC.C�Wq�gNDCFN��ÂE��ÑNDWOCF? E��
�HT'�¡LONDI��S> CFN
J
�×CFNDTI �ÑN$I´CF? 6OL��HT

lim
k→∞

1

k
log Fk(X) = sup

Q∈Pshift(ẼZ)

{

∫

f(y)(π0Q)(dy) − J(Q)
}  Äû=\ & $

R�>:�µ^ �ÑE��FW=J��ÑN � G � TU?�?+�  ¡LONDWOTUE�GSLO>����ÑVO[ T��FGKGSLO? 6��S> CFNDG�CFN
f
$d\ ÷ C��HT �SJ��
� �ÄCFE GSLDIKJ4�
6�6O[@> I �
�S> CFNDG3�>@NDWOT´T´W � [ TURQTU[×û�[:�ÑESPQT;WOTUR.>:�
�S> CFN 6OES>@NDIU>�6O[ T ��CFLO[ W GSL/]�I´TM� �bJO> IHJ CFNDT CFV����Ñ>@NDG�V�� ��I´CFN��SE��FI��S> CFN

6OES>@NDIU>�6O[ T]\�� N �SJDTuC��SJDTUE_J��ÑNDW�>��_GHT´TU?:G �SJ��
�_EHT´G��SES> I��S> CFNDG_[@>��QT  ½ø]\ 	 $ I �ÑN�CFNO[��~VgT�T -�6OEHT´GHGHT´W
�SJOEHCFLOP]J$[ TURQTU[ &»CFV �ST´I��HGÙ\
� G �ÑN�T -��Ñ? 6O[ TM��[ T���LDG�I´CFNDGS> WOTUE �SJDT� ¡?:C�W=>��2T´W�$"��LDTUNDIHJDT´W!�¡EHT´T�TUNDTUESP)� �ÄCFE#�SJDT�E��ÑNDWOCF? JDT��;�TUEHC�6 CF[��.?:TUEè?:C.WOTU[  �GHT´T �@ø�� �ÑNDW EHT �ÄTUEHTUNDI´T´G��SJDTUEHT@$;�2WOT��DNDT´W��FG

lim 1
N log Z∗

N,X

���bJDTUEHT

Z∗
N,X = E

[

exp
(

λ

N
∑

n=1

(Xn + h)sign(Sn)
)

;SN = 0
]

,

�bJDTUEHT
λ, h ≥ 0

�
(Sn)

> G���G���?�?:T��SES> I;GS>@? 6O[ T E��ÑNDWOCF? ���Ñ[���CFN
Z
G����ÑE��S>@NOP �
�

S0 = 0
�
(Xn)

�ÑEHT>Â\ >Â\ WÓ\=E��ÑNDWOCF? R)�ÑES>:�ÑVO[ T´G3�=>@NDWOT�6 TUNDWOTUN�� C
�
S
�����
��>@NOP �SJDT�R)�Ñ[@LDT´G

±1
�b>��SJ 6OEHCFV��ÑVO>@[@>����

1/2
T �FIKJY�

�ÑNDW
E
EHT �ÄTUEHG �HC	T - 6gT´I����
�S> CFN!�b>��SJ
EHT´G�6 T´I�� �HC

(Sn)
\ ¥N �SJO> G*I´CFN,�HT -��3��> �

Sn = 0
���

sign(Sn)
�> G�WOT��DNDT´W �FG

sign(Sn−1)
\ � T�>@? 6O[@> IU>��S[�� �FGHGSLO?:T �SJ��
�

N
> G TURQTUNY�;C��SJDTUE��b> GHT

Z∗
N,X = 0

\
� JO> GZ> G?� ?:C.WOTU[0�ÄCFE�� 6gCF[���?:TUE?�b>��SJ �*E��ÑNDWOCF? I´CF? 6 C]GH>��S> CFN$C
��J,�=W=EHC�6OJO>@[@> I �ÑNDW�J,�=W=EHC�6OJDCFVO> I?:CFNDCF?:TUEHG:NDT �ÑE �ÑN&CF>@[ �5� �
�HTUE|>@N,�HTUE;�5�FI´T]\ � JDT �¥[ T����HTUE
�

Xi
?:C.WOTU[ G �SJDT �
]:NO>����&C
��?:CFNDCF?:TUE

i
�HC@� �ÑEHWOG�W=>��ÓTUEHTUN,� 6��ÑE��HG*C
���SJDT|GHCF[@RQTUN��Ù\ � JDT4�¡EHT´T|TUNDTUESP)�~>��HGHTU[ �èLDGHT´G��SJDTuG8�Ñ?:TuT -�6OEHT´GHGS> CFN

�b>��SJDCFL�� �SJDTYEHT´G��SES> I��S> CFN CFN
{SN = 0}

���SJO> GuW=>��ÓTUEHTUNDI´TY> G�>@ESEHTU[ TUR)�ÑN,� >@N �SJDT	[@>@?�>��! �GHT´T �@ø �@�
� TU?�?+�:û $d\
÷ C��HT �SJ��
�<�ÄCFE �SJDTàI´CF? 6OL����
�S> CFN»C
� �SJDT ��EHT´TàTUNDTUESP)�J�
�SJDTàWOT����Ñ>@[ G C
� �SJDT ��6OES> CFES>M?:T �FGSLOEHT�CFN�6��
�SJDG
(Sn)

�ÑEHTZNDC���>@? 6 CFE����ÑN��Ù\ �µ[@[��SJ��
��?+�
���HTUEHG�> G �SJDT �5�FI�� �SJ��
��T -=IULOEHGS> CFNDG �¡EHCF?
0
�ÑEHTZ>@NDWOT�6 TUNDWOTUN��

�ÑNDW$G��.?�?:T��SES> IM���SJDT�CFNO[���W �
�SLO? �SJ��
�è> GµEHTp�MLO>@EHT´W �HC�I´CF? 6OL��HT
Z∗

N,X

> G?�SJDT1W=> G��SES>@VOL��S> CFN
(ρn)C
���SJDT�T -=IULOEHGS> CFN�[ TUNOP)�SJDG /uX ��WOT´I´CF? 6 C]GS>@NOP �SJDT 6��
�SJ

S0, S1, . . . , SN
>@N��HCwT -=IULOEHGS> CFNDG � � � �

�¡EHCF?
0
�ÑNDW �FGKGS>@P]NO>@NOP:>@NDWOT�6gTUNDWOTUN,�µE��ÑNDWOCF? GS>@P]NDG?�HC �SJDT�T -OIULOEHGS> CFNDG3� � T�I �ÑN EHT��bES>��HT

Z∗
N,X =

∑

k

∑

j1<···<jk=N

k
∏

i=1

ρji−ji−1 ×
k

∏

`=1

cosh
(

λ

j
∑̀

i=j`−1+1

(Xi + h)
)

,
 Äû=\ 2�$

�bJDTUEHT
ρn = P0(S1, . . . , Sn−1 6= 0, Sn = 0)

�ÑEHT��SJDTèEHT��SLOESN 6OEHCFV��ÑVO>@[@>��S> T´G ��CFE �SJDTèE��ÑNDWOCF? � �Ñ[��g\
� JMLDG���CFE

z ≥ 0
�SJDT  ¡E��ÑNDWOCF? $�PQTUNDTUE��
�S>@NOP4��LONDI��S> CFN	C
�

Z∗
N,X

> GbP]>@RQTUN$V��
θ(z) =

∑

N

zNZ∗
N,X

=
∑

N

∑

k

∑

j1<···<jk=N

k
∏

i=1

ρji−ji−1 ×
k

∏

`=1







zji−ji−1 cosh
(

λ

j
∑̀

i=j`−1+1

(Xi + h)
)







=

∞
∑

k=1

Fk(X; z),

ü



�bJDTUEHT
Fk(X; z)

> G?�SJDT)��L��ÑN,�S>���� WOT��DNDT´W	>@N  Äû=\@ø@$ �b>��SJ

f
(

(x1, . . . , x`)
)

= ` log z + log cosh
(

λ
∑̀

i=1

(xi + h)
)

.
 Äû=\¾ü $

� JMLDGµ> � ��T�I �ÑN  �
�è[ T �FG��b>@N 6OES>@NDIU>�6O[ T@$èI´CF? 6OL��HT#�SJDT��Ñ[@?:C]G�� GSLOEHT �FG��.? 6��HC��S> I1P]EHC �?�SJ�E��
�HT
ϕ(z) := lim

k→∞

1

k
log Fk(X; z)

R�>:�  Äû=\ & $;� � T�CFV����Ñ>@N �SJ��
���SJDT1E��FW=>@LDGµC
��I´CFNMRQTUESPQTUNDI´T*C
�
θ(z)

> GZP]>@RQTUN	V,�
rθ := sup{z ≥ 0 : ϕ(z) < 0},

�ÑNDWYJDTUNDI´T �SJDT ��LDTUNDIHJDT´W ��EHT´T»TUNDTUESP)�
fque(λ, h) = lim N−1 log Z∗

N,X

I �ÑNwVgT_EHT�6OEHT´GHTUN,�HT´W!�FG
fque(λ, h) = − log rθ

\ ÷ C��HT��SJ��
� �SJDT ���Ñ>@[ G;C
�
ρn
� �SJDT*EHT��SLOESN�6OEHCFV��ÑVO>@[@>�� �YC
� �

1
�¥W=>@?:TUNDGS> CFN��Ñ[E��ÑNDWOCF? ���Ñ[���� WOT´I � �~CFNO[��!�Ñ[@PQTUVOE��Ñ> I �Ñ[@[��~>@N!�SJO> G*GHI´TUN��ÑES> CO\ ¥N!6��ÑE��S> IULO[:�ÑE3�

ρ
WOC�T´G1NDC��_G��
�S> G;���

� GKGSLO? 6��S> CFN  ½ø]\@ø@$;�OGKC��SJ��
���SJDT �
6�6O[@> I �
�S> CFN$C
� � CFEHCF[@[:�ÑE���ø �HC �SJDT;I´CF? 6OL����
�S> CFN$C
�
ϕ(z)

> G NDC��
�ÀLDG��S>��2T´W  �ÑNDW � CFLO[ Wq�2>@N$R.> T�� C
�S\µTU?+�ÑE�� û ���Ñ[@?:C]G��µI´TUE����Ñ>@NO[�� �.> TU[ W �ÑN$>@NDI´CFESEHT´I�� EHT´GSLO[��8$d\ � TEHTU>��HTUE��
�HTµCFLOEàG����
�HTU?:TUN,� �¡EHCF? �SJDTµTUNDW�C
� \µTU?+�ÑE��:û �SJ��
��>@NuR�> T��"C
�0�SJDT9�ÑVgCÙRQTµI´CFNDGS> WOTUE��
�S> CFNDG3�>��?� CFLO[ W	V T�RQTUE��|>@N,�HTUEHT´G��S>@NOP �HC:T -��HTUNDW � JDT´CFEHTU? ø �HC �SJDT1PQTUNDTUE��Ñ[�I �FGHT]\
¥N�CFEHWOTUE9�HC�>@[@[@LDG��SE��
�HT �SJDT'�
6�6O[@> I �
�S> CFNwC
� �SJDT_I´CFNDW=>��S> CFN��Ñ[�[:�ÑESPQT_WOTUR.>:�
�S> CFN 6OES>@NDIU>�6O[ T_G����
�HT´W	>@N
�.T´I��S> CFN
øM�O[ T��bLDGèI´CFNDGH> WOTUE9�»?:C.W=>��2T´W ?:C�WOTU[E���bJDTUEHT
�SJDT 6��ÑE��S>��S> CFN �¡LONDI��S> CFN

Z∗
N,X

> GèP]>@RQTUN$V,�  Äû=\ 2�$ �b>��SJ
ρ
G8�
�S> G;� �.>@NOP4�;GHGSLO? 6��S> CFN  ½ø]\@ø@$d\  Äû=\ 	 $

� JO> G�> G4�Y?:C.WOTU[?��CFE+�wGH>��SL��
�S> CFN �bJDTUEHT �SJDT 6gCF[���?:TUE�J��FG+�wG��SEHCFNOP �
���SE��FI��S> CFN �HC ���ÑEHWOG4�SJDT>@N,�HTUE;�5�FI´TM���FGZLONDWOTUE��SJDT �'6OES> CFES>Ó?:T �FGSLOEHT T -=IULOEHGS> CFNDGèJ��´RQT�GSJDCFE��?���Ñ>@[ G�\ �.C �SJDTUEHT1I �ÑN$NDTURQTUEbV T
�$WOT �56O>@NONO>@NOP �SE��ÑNDGS>��S> CFN  �FG > G �SJDT�I �FGHT4��CFE �SJDT�CFES>@P]>@N��Ñ[�?:C�WOTU[E��GHT´T �@ø � $;��VOL��_G��S>@[@[ ��CFE ��-=T´WEHT �Ñ[@> G��
�S> CFN»C
�

(Xi)
�
�SJDT 6 CF[��.?:TUE I �ÑN'�SE��#�HCµC�6��S>@?�> GKT >��HG I´CFN �DP]LOE��
�S> CFN»V,��P]EHCFL�6O>@NOP1T -OIULOEHGS> CFNDG

�FI´I´CFEHW=>@NOP#�HC G��SEHT��HIHJDT´G�C
�
Xi
G �b>��SJ �SJDT�G8�Ñ?:T�GH>@P]NY� �ÑNDW �SJDTUEHT �b>@[@[=VgT �ÑN�TUNDTUESP)���¥TUN,�SEHC�6,� �SE��FWOT �C���\ «N �SJO> GbGS>��SL��
�S> CFNY���SJDT#�
6�6O[@> I �
�S> CFN	C
� � CFEHCF[@[:�ÑE��wø > G �½LDG��S>��2T´Wq� �ÑNDW � T1I �ÑN GSLO?�?+�ÑES> GHT �SJDTW=> GHIULDGHGS> CFN �ÑVgCÙRQT�>@N �SJDT ��CF[@[ C@�b>@NOP

� �8���S��������� �
	 ��POD "� �)./� �  A�#� � �C� �  A����" #��'��+* 4T� .
 "78�

ϕ(z) = sup
Q∈R∩Pshift(ẼZ)

{

∫

f(y)(π0Q)(dy) − H(Q;Q0)
}  �'3�A'  Äû=\ªú)$

4 ./���R���)���).L�9�	 �  ���! "�W ;0�� � � ���! "� %
,
E = {±1}

,
ν(±1) = 1/2

,
q0

(

(x1, . . . , x`)
)

= 2−`ρ`
02 "�

(x1, . . . , x`) ∈ {±1}` , Q0 = (q0)⊗Z
,
f

� � �����1�?�C� � �Y#��'���*  "�	�
R

�)� #;%('���*>'��D./���:�L�:����./�C�
0+�R�R� ���?�:�J5#� � � 5 � 78�:�W< �

fque(λ, h) = − log
(

sup{z ≥ 0 : ϕ(z) < 0}
)

.

÷ C��HT��SJ��
�  Äû=\ªú)$ 6OEHC�RQT´G �SJ��
�
ϕ(z)

> G�G��SES> I��S[��:>@NDIUEHT �FGH>@NOP_>@N
z
\ � RQTUN �SJDCFLOP]J

f
> GàNDC���VgCFLONDWOT´Wq�

� T1J��ÙRQT �ÄCFE��ÑN,�
γ > 1

sup
N

1

N
log EQ0

[

exp
(

γN

∫

f(y) (π0RN )(dy)
)

]

< ∞

	



V,�4�;GHGSLO? 6��S> CFN  ½ø]\@ø@$ �ÑNDW+�SJDT�� �FI�� �SJ��
�
f(y) ≤ C × |y|

\ � JMLDG �SJDT �
6�6O[@> I �
�S> CFN C
��^ �ÑE��FW=J��ÑN � G
� TU?�?+�»> G �½LDG��S>��2T´Wq�DI ��T]\ PD\ � CFNDW=>��S> CFN 2D\ &=\ &�>@N � &��¥\
��EHC�6gC]GS>��S> CFN
ø �Ñ[@[ C �èG;I´CF? 6��ÑES> GHCFN �b>��SJ �SJDT�GHC�I �Ñ[@[ T´W �ÑNONDT �Ñ[ T´W �¡EHT´T1TUNDTUESP)�J�DWOT��DNDT´W �FG

fann(λ, h) := lim
1

N
log E

[

Z∗
N,X

]

,

�bJDTUEHT
E
EHT �ÄTUEHG �HC�T -�6 T´I����
�S> CFN �b>��SJ�EHT´G�6gT´I�� �HC#�SJDTµW=> G��SES>@VOL��S> CFNuC
�

(Xi)
\ Z T��DNO>@NOP

F ann
k (z) :=

E[Fk(X; z)]
�
ϕann(z) := lim k−1 log F ann

k (z)
� T*CFV����Ñ>@N

fann(λ, h) = − log
(

sup{z ≥ 0 : ϕann(z) < 0}
)

>@N�I´CF? 6O[ T��HT �ÑN��Ñ[ CFP)� �b>��SJ �SJDT�EHT �FGKCFNO>@NOP9�ÑV C�RQT]\ �;GÓLONDWOTUE<�SJDT �ÑNONDT �Ñ[ T´W�?:T �FGSLOEHT �SJDT��¥?+�ÑE��QT´W_�T -=IULOEHGH> CFNDG
(Y (i)))

�ÑEHT >Â\ >Â\ WÓ\k�
F ann

k (z) = (F ann
1 (z))k I �ÑN�V T�I´CF? 6OL��HT´W T -�6O[@> IU>��S[��J�OJDC ��TURQTUE?��CFE

�SJDT 6OLOE�6 C]GKT�C
��I´CF? 6��ÑES> GKCFN �b>��SJ �SJDT)��LDTUNDIHJDT´W�I �FGHTM�=>��è> Gb>@NDG��SESLDI��S>@RQT �HC�EHT�6OEHT´GHTUN,�

ϕann(z) = log F ann
1 (z) = sup

Q∈Pshift(ẼZ)

{

∫

f(y)(π0Q)(dy) − H(Q;Q0)
}

= sup
q∈P(Ẽ)

{

∫

f(y)q(dy) − h(q; q0)
}

= log F ann
1 (z) − inf

q∈P(Ẽ)
h(q; q∗,ann),

 Äû=\GF $

�bJDTUEHT
q∗,ann

(

(x1 . . . , x`)
)

= 1
F ann

1 (z)ρ`
∏`

i=1 ν(xi) × exp f
(

(x1, . . . , x`)
) > G� �SJDT1?+�ÑESP]>@N��Ñ[�C
� $

�SJDT:LONDI´CFNDG��SE��Ñ>@NDT´W�?+�.-=>@?�> GHTUE3� �bJO> IHJ WOT�6 TUNDWOG*>@? 6O[@> IU>��S[��
CFN
z
\ � ��L��Ñ[@>����
V T�� � T´TUN �SJDT4����C

sup
�5�HTUES?:G �ÑVgCÙRQT*G��HTU?:G��¡EHCF? �SJDT#�5�FI����SJ��
� �Ñ?:CFNOP �Ñ[@[

Q
�b>��SJ�P]>@RQTUN�?+�ÑESP]>@N��Ñ[

π0Q = q
���SJDTG�6gT´IU>��2I*EHTU[:�
�S>@RQT�TUN��SEHC�6,�

H(Q;Q0)
> G�?�>@NO>@?�> GHT´WwV����SJDT'6OEHC.W=LDI��1?:T �FGSLOEHT

Q = q⊗Z
\ AOEHCF?

�SJO> G �HCFPQT��SJDTUE4�b>��SJc��EHC�6×\µø � T$GHT´T �SJ��
��>@N �SJDT�?:C.WOTU[µWOT��DNDT´W,>@N  Äû=\ 	 $;� �SJDT �U��LDTUNDIHJDT´W �HC
�ÑNONDT �Ñ[ T´W VgCFLONDW_��> G9�Ñ[�� � �=GµG��SES> I��3�O>Â\ T]\

fque(λ, h) < f ann(λ, h) ∀λ > 0, h ≥ 0
 Äû=\ ( $

GHC �SJDTUEHT1> GbNDC ��T �
� W=> GHCFEHWOTUEèEHTUP]>@?:T]\
¥N CFEHWOTUE��HC»RQTUES> ���  Äû=\ ( $�GSL/]�I´T´G?�HC�IHJDT´I�� �SJ��
�

ϕ(z) < ϕann(z)
��CFE��Ñ[@[

z ≥ 0
\�A > -

z ≥ 0
�=NDC��HT

�SJ��
�
Q∗,ann := (q∗,ann)⊗Z 6∈ R

\ � ��LO> I�� ��� �!�HC�IHJDT´I�� �SJO> G > G �FG#�ÄCF[@[ C �èG / «N
I �FGHT
h > 0

�
� T�GHT´T|T �FGS>@[��!�SJ��
� ∑

y y1q
∗,ann(y) > 0

�àGHC
limL→∞ L−1

∑L−1
j=0 κ(Y (·))j > 0

�Ñ[@?:C]G��»GHLOEHTU[��LONDWOTUE
Q∗,ann � �ÑNDW~JDTUNDI´T Q∗,ann 6∈ R

\ � N �SJDTuC��SJDTUE*J��ÑNDWq��> �
h = 0

� TuI �ÑN�CFVDGHTUESRQT+�SJ��
�
∑

|y|=` yiyjq
∗,ann(y) > 0

�ÄCFE �ÑN,�
` ≥ 2

�
1 ≤ i, j ≤ `

��>Â\ T]\�[ T����HTUEHG'�ÑEHT 6 C]GH>��S>@RQTU[��wI´CFESEHTU[:�
�HT´W
LONDWOTUE

q∗,ann ��GHC limL→∞ L−1
∑L−1

j=0 κ(Y (·))jκ(Y (·))j+1 > 0
�Ñ[@?:C]G��ZGSLOEHTU[��:LONDWOTUE

Q∗,ann � �ÑNDWJDTUNDI´T��ÑP,�Ñ>@N
Q∗,ann 6∈ R

\
� G

R ∩ AM
> G»I´CF? 6��FI���V�� � TU?�?+�!& �ÑNDW,WOC.T´G*NDC���I´CFN����Ñ>@N

Q∗,ann � � T I �ÑN �DNDW �ÄCFE �ÑN��
M > 0

�
δ > 0

GHLDIHJ �SJ��
�
Bδ(Q

∗,ann) ∩ AM ⊂ Rc ���ÑNDW GHC
ϕ(z) ≤ sup

Q∈Pshift(ẼZ)∩
(

(Bδ(Q∗,ann))c∪A c
M

)

{

∫

f(y)(π0Q)(dy) − H(Q;Q0)
}

< ϕann(z)

��CFE��»GHLO>����ÑVO[ T�IHJDCF> I´T*C
�
M

�ÑNDW
δ
>@N R�> T�� C
�� Äû=\GF $d\

ú



� � #�
�����#T	���������R	������ � � 	 
�� ��� �y	�����#T	������ ���$	

� JDTUN � T»IUL�� �SJDT»GHTp��LDTUNDI´T
X
>@N��HC 6O> T´I´T´G �ÑNDW �SJDTUNw[ C.C����
�9�SJDT»TU? 6O>@ES> I �Ñ[ 6OEHC.I´T´GHG�C
� �SJDT´GHT

6O> T´I´T´G3� � T~�¥[ C.C]GHT'�SJDT*CFES>@P]>@N �K\ «N 6��ÑE��S> IULO[:�ÑE3� �SJDT*I´CFNDI �
�HTUN��
�S> CFN
κ(Y )

LONDWOTUE �u[@>@?�>��S>@NOP
Q ∈

Pshift(ẼZ)
NDT´T´W�NDC��*V T�GSJO> � �1>@N�R��ÑES>:�ÑN��Ù\ ADCFE*T - �Ñ? 6O[ TM��> ����T �ÑESE��ÑNOPQT+�SJDT

τ
G�>@N
GHLDIHJ � � � �

�SJ��
���SJDT�IUL��;�56gCF>@N,�HG9�HTUNDW �HC:C.I´IULOEèVgT ��CFEHT �»I´TUE����Ñ>@N 6��
���HTUESNY� �SJDTUN$LONDWOTUE
RN

� �SJDT1[:� ��C
� �SJDTI´CFNDI �
�HTUN��
�HT´W$GHTp��LDTUNDI´T �b>@[@[ÓJ��´RQT��  6gC]GHGS>@VO[�� �
��� 6O> I �Ñ[×LONDWOTUE
ν⊗Z

$ >@NDIU[@>@N��
�S> CFN �HC_V TUP]>@N �b>��SJ
�SJO> G?6��
���HTUESN×\
� � � � �HCYEHTU>@NDG����
�HT�GSJO> ���;�Â>@NMR)�ÑES>:�ÑNDI´T! �ÑNDW�>@N GKCF?:T+��� � �¥PQT��*V��FI�� �SJDTuLONDWOTUES[���>@NOP�>Â\ >Â\ WÓ\�GHT �
�MLDTUNDI´T;�"$9�bJO> IKJ � CFE��=G#�bJDTUN

EQ L0 < ∞
> G �HC�GS>��ÙT �ÂVO>:�FG

Q
�FI´I´CFEHW=>@NOP �HC

L0
�ÑNDW �SJDTUN �¥E��ÑN��WOCF?�> GHT»CFL��#�SJDT�CFES>@P]>@N ��� �SJO> G1> G9�5�Ñ?�>@[@>:�ÑE �¡EHCF? �SJDT'�SJDT´CFE��wC
��G����
�S> CFN��ÑE���EHTUNDT�� �Ñ[ 6OEHC.I´T´GHGHT´GÙ\

� GH>@NOP �SJO> Gb> WOT � � T CFV����Ñ>@N$>@N �SJO> GèGHT´I��S> CFN �»IHJ��ÑE��FI��HTUES> G��
�S> CFNwC
� �SJDT GHT��
R
WOT��DNDT´W >@N  ½ø]\ 	 $d\

ADCFE
Q ∈ Pshift(ẼZ)

�b>��SJ
EQ L0 < ∞

[ T��
Q̂ ∈ P(ẼZ)

VgT1WOT��DNDT´W V,�
Q̂(Y (i) = y(i), i = −k, . . . , k) =

1

EQ L0
EQ

[

L01(Y (i) = y(i), i = −k, . . . , k)
]  &=\@ø@$

 ��CFE��ÑN,�
k ∈ N

�
y(i) ∈ Ẽ

$d\ � T��
(Ŷ (i))i∈Z

J��´RQT;[:� �
Q̂
��P]>@RQTUN

Ŷ
�
V
LONO> �ÄCFES?�CFN

{0, 1, . . . , L0 −
1}
��6OL��

Z := θV κ(Ŷ (·)).
� T WOTUNDC��HT'�SJDT W=> G��SES>@VOL��S> CFNwC
�

Z
CFV����Ñ>@NDT´W�>@N �SJO> G���� �$V��

ΨQ
�HC�G��SEHT´GHG9�SJ��
�;>�� WOT�6gTUNDWOG;CFN

Q
\

� T1IHJDT´I�� �SJ��
�
ΨQ ∈ Pshift(EZ)

/�A > -
m ∈ N

�
z0, . . . , zm ∈ E

\ � T�J��ÙRQT

P(Z0 = z0, . . . , Zm = zm|Ŷ (·)) =
1

L̂0

L̂0−1
∑

i=0

1(κ(Ŷ (·))i = z0, . . . , κ(Ŷ (·))i+m = zm),

JDTUNDI´T
PΨQ

(Z0 = z0, . . . , Zm = zm)

=
1

EQ L0
EQ

[

L0
1

L0

L0−1
∑

i=0

1(κ(Y (·))i = z0, . . . , κ(Y (·))i+m = zm)
]

=
1

EQ L0
EQ

[

L0−1
∑

i=0

1(κ(Y (·))i = z0, . . . , κ(Y (·))i+m = zm)
]

.

� G
Q
> GèGSJO> ���b>@NMR)�ÑES>:�ÑN,�3�

EQ

[

L0−1
∑

i=0

1(κ(Y (·))i = z0, . . . , κ(Y (·))i+m = zm)
]

= EQ

[

L0+···+Lk−1
∑

i=L0+···+Lk−1

1(κ(Y (·))i = z0, . . . , κ(Y (·))i+m = zm)
]

��CFE��ÑN��
k ∈ Z+

�OJDTUNDI´T
PΨQ

(Z0 = z0, . . . , Zm = zm)

=
1

MEQ L0
EQ

[

L0+···+LM−1
∑

i=0

1(κ(Y (·))i = z0, . . . , κ(Y (·))i+m = zm)
]

F



��CFE��Ñ[@[
M ∈ N

\ ��>@?�>@[:�ÑES[��J����T1J��´RQT
PΨQ

(Z1 = z0, . . . , Zm+1 = zm)

=
1

MEQ L0
EQ

[

L0+···+LM−1
∑

i=0

1(κ(Y (·))i+1 = z0, . . . , κ(Y (·))i+m+1 = zm)
]

,

I´CFNDGHTp��LDTUN,�S[��
∣

∣PΨQ
(Z0 = z0, . . . , Zm = zm) − PΨQ

(Z1 = z0, . . . , Zm+1 = zm)
∣

∣ ≤
2

MEQ L0
.

� �
�.>@NOP
M → ∞

� T�GKT´T �SJ��
�
ΨQ

> GèGHJO> � �b>@N�R��ÑES>:�ÑN��Ù\
� ��� �WK ������+�+��� � �).
 �

Q ∈ Pshift(ẼZ)
�  ��� ��� �+�

EQ L0 < ∞
' �D./���$4T� .
 "7"�

Q ∈ R
� 0

 "�	�= "� " � � 0
ΨQ = ν⊗Z

'��+���). � � �! 8�2��,
LQ(κ(Y )) � ν⊗Z

'

� �C A ;0A' � T��
ΨQ = ν⊗Z

\ � JDTUN�LONDWOTUE
Q̂
� �SJDT�GHTp��LDTUNDI´T

κ(Y )
�Ñ[@?:C]G��»GSLOEHTU[���J��FG �SJDT�� ES>@P]J,� �

�FG��.? 6��HC��S> I 6��
���HTUESN ��EHTp�MLDTUNDIU> T´G  ¡>Â\ T]\
limN−1

∑N−1
i=0 fz(θ

iκ(Y )) = ν(z)
��CFE �ÑN��

z ∈ Ẽ
�

�bJDTUEHT
fz(x) = 1(x1 = z1, . . . x` = z`)

$d\ �;G
Q � Q̂

 ¡>@N � �FI��3� �SJDT|WOTUNDGS>�����> G
(EQL0)/L0

�
�bJO> IHJ$> G

> 0
�OV CFLONDWOT´W�$;� �SJDT�G��Ñ?:T�JDCF[ WOG��SESLDT#��CFE

Q
�=>Â\ T]\

Q ∈ R
\

÷ C@� �FGKGSLO?:T��SJ��
�
Q ∈ R

\ � G
Q̂ � Q

�,�SJDT;GHTp��LDTUNDI´T
Zi
�
i ∈ Z

LONDWOTUE
ΨQ

�Ñ[ GHC J��FG �SJDT�� ES>@P]J,� �

�FG��.? 6��HC��S> I#6��
���HTUESN ��EHTp�MLDTUNDIU> T´G3�D>Â\ T]\

lim
N

1

N

N−1
∑

i=0

1(Zi = z0, . . . , Zi+m = zm) =

m
∏

j=0

ν(zm)
�Ñ[@?:C]G��µGSLOEHTU[��  &=\¾û $

��CFE �ÑN,�
m ∈ N

�
z0, . . . , zm ∈ E

\? �µGSL/]�I´T´G9�HC:RQTUES> ��� �SJ��
� �ÑN��$GSJO> � � >@NMR)�ÑES>:�ÑN,��GHTp��LDTUNDI´T
(Zi)G��
�S> G;����>@NOP  &=\¾û $�> G�>@N �5�FI�� �ÑN~>Â\ >Â\ WÓ\ �

ν
GKTp�MLDTUNDI´T]\ � JDT�[@>@?�>�� CFN!�SJDT�[ T � �;�ÂJ��ÑNDW
GS> WOT:C
�� &=\¾û $;> GTp�ML��Ñ[ �HC

P
(

Z0 = z0, . . . , Zm = zm

∣

∣I
)

,
�bJDTUEHT

I
> G?�SJDT�GHJO> � �;�Â>@N�R��ÑES>:�ÑN��

σ
���2TU[ WÓ\ � J�LDG

P(Z0 = z0, . . . , Zm = zm) = E

[

P
(

Z0 = z0, . . . , Zm = zm

∣

∣I
)

]

=
m
∏

j=0

ν(zm),

GHC �SJ��
�è>@NDWOT´T´W
L (Z) = ν⊗Z

\
÷ C@� �FGHGSLO?:T4�SJ��
�

ΨQ = ν⊗Z
�ÑNDW~[ T��

A ⊂ EZ
VgT+�! ¡?:T �FGHLOE��ÑVO[ T@$

ν⊗Z
�ÂNMLO[@[�GHT��Ù\ � JDTUN � TJ��´RQT

0 = ν⊗Z(A) = ΨQ(A) =
1

EQ L0
EQ

[

L0−1
∑

i=0

1A(θiκ(Y ))
]

,

GHC»>@N 6��ÑE��S> IULO[:�ÑE
Q(κ(Y ) ∈ A) = 0

\ � JO> G�6OEHC�RQT´G��SJ��
�
LQ(κ(Y )) � ν⊗Z

\
V ���WKL�8X�� �?��

Q ∈ R
�ÑNDW

EQ L0 < ∞
�.V,�4�SJDT#�ÑVgCÙRQT9�SJDTUEHT > G?� E��ÑNDWOCF?

V
GSLDIHJ �SJ��
�ZLONDWOTUE

Q̂
�
θV κ(Y )

> G*W=> G��SES>@VOL��HT´W�[@>��QT �ÑN�>Â\ >Â\ WÓ\ �
ν
GHTp��LDTUNDI´T]\ � TuI �ÑN �¥>@NMRQTUE��
� �SJO> G EHTU[:�
�S> CFN</ � JDTUEHT> G  �CFN"GHCF?:T 6OEHCFV��ÑVO>@[@>�� �&G�6��FI´T@$ �YE��ÑNDWOCF? 6��Ñ>@E� 

∆
�
Z
$ �b>��SJ,R)�Ñ[@LDT´G�>@N

Z × EZ
GSLDIHJ �SJ��
�

L (Z) = ν⊗Z
�ÑNDW

L (θ∆Z) = LQ̂(κ(Y ))
\�A2CFEèT -��Ñ? 6O[ TM�OCFNDT1I �ÑN ���
�QT

(Y, V )
LONDWOTUE

Q̂
� �SJDTUN

WOT��DNDT
Z := θV κ(Y )

�
∆ := −V

\
(



÷ C��HT4�SJ��
� �SJDT�?+�
6�6O>@NOPQG
Q 7→ Q̂

�
Q 7→ ΨQ

�ÑEHT:NDC�� I´CFN,�S>@N�LDCFLDG �b>��SJ�EHT´G�6gT´I�� �HC �SJDT ��T �
�
�HC�6 CF[ CFP)�:CFN

Pshift(ẼZ)
 ¡VgT´I �ÑLDGHT

ẼZ 3 (y(i))i 7→ |y(0)|
> G NDC��àVgCFLONDWOT´Wq��GHC�� T �
�:I´CFN�RQTUESPQTUNDI´TNDT´T´W$NDC��è>@? 6O[��$I´CFN�RQTUESPQTUNDI´T*C
� �SJDT �DEHG��è?:CF?:TUN,��C
� 6O> T´I´T�[ TUNOP)�SJDG8$d\ � N��SJDT C��SJDTUEµJ��ÑNDWq��� TJ��´RQT

� ��� �WKN^`�������+��� � �).
 �
QN ∈ Pshift(ẼZ)

�� "�E78���!5���4T�  �� " ���  
Q∞

 "�	� �).
 �  (���#� ���! "�� " " �
EQN

[

L0

]

→ EQ∞

[

L0

]  8�
N → ∞

' �D.L���

Q̂N → Q̂∞
4T�  �� " �= >�

P(ẼZ)
 "�?�

ΨQN
→ ΨQ∞

4T�  �� " �� "�
P(EZ).

� �C A ;0A' ÷ C��HT �SJ��
�$V,� �SJDT!�FGHGSLO? 6��S> CFNDGG�9�SJDT �5�Ñ?�>@[��
{LQN

(L0), N ∈ N}
> G�LONO> �ÄCFES?�[�� >@N��

�HTUP]E��ÑVO[ T]\ ;TUNDI´T �Ñ[ GKC �ÄCFE �ÑN,�
k ∈ N

�
y(i) ∈ Ẽ

���SJDT �5�Ñ?�>@[��
{LQN

(L01(Y (i) = y(i), i =
−k, . . . , k)), N ∈ N}

> GbLONO> �ÄCFES?�[���>@N,�HTUP]E��ÑVO[ T]\ � JO> Gµ>@? 6O[@> T´G
Q̂N (Y (i) = y(i), i = −k, . . . , k) → Q̂∞(Y (i) = y(i), i = −k, . . . , k).

��>@?�>@[:�ÑES[��J�=V T´I �ÑLDGKT
0 ≤

∑L0−1
i=0 1(κ(Y (·))i = z0, . . . , κ(Y (·))i+m = zm) ≤ L0

 ��CFE��ÑN��
m ∈ N

�
zi ∈ E

$;����T�I´CFNDIU[@LDWOT �SJ��
�
ΨQN

(Z0 = z0, . . . , Zm = zm) → ΨQ∞
(Z0 = z0, . . . , Zm = zm).

� ��� �WK �Q���D� �

AM :=
{

Q ∈ Pshift(ẼZ) : H(Q;Q0) ≤ M
}

, M ≥ 0

<R� �).L� " ��78��"`�A� �)�U C0 �)./�U�� � � 0������ ���J >�
Q 7→ H(Q;Q0)

' OD "�  "� �
M
,��)./���2� �

R ∩AM
� � � "B 8�A�C�

# �)� �)./��4T�  �� �  ��/ #"B R5#�6 "�
P(ẼZ)

*>' �+���! 8�2�
τmax < ∞

,
R

� � � "B 8�2�R��'

� �C A ;0A' � T��
(QN ) ⊂ R ∩ AM

� �FGHGSLO?:T
QN →N→∞ Q∞

��T �
��[��Q\ �;G
h(LQN

(L0); ρ) ≤
H(QN ;Q0) ≤ M

�ÄCFE �Ñ[@[
N
� �bJDTUEHT

h(LQN
(L0); ρ)

> G4�SJDT	EHTU[:�
�S>@RQT�TUN��SEHC�6,�"C
� �SJDT	[ TUNOP)�SJC
� �SJDT �DEHG���� CFEHW LONDWOTUE
QN

�b>��SJ EHT´G�6 T´I����HC
ρ
��� T CFV����Ñ>@N

QN ({L0 ≥ n}) ≤
log 2 + h(LQN

(L0); ρ)

log(1 + 1/ρ({n, n + 1, . . . }))
≤

C ′M

n1+ε
.

 &=\ & $
V,�  ½ø]\@ø@$ �ÑNDW �SJDT_TUN,�SEHC�6,�Y>@NDTp��L��Ñ[@>����  �GHT´T*T]\ PD\ �¾ü��@����EHC�6×\ F=\¾ûu>@N �96�6gTUNDW=> -�ø@$d\ � JO> G;LONO> ��CFES?V CFLONDW�CFN �SJDT+���Ñ>@[ G»C
���SJDT � CFEHW�[ TUNOP)�SJDG_LONDWOTUE

QN
>@? 6O[@> T´G

EQN
L0 → EQ∞

L0
� �ÑNDW �SJMLDG

Q∞ ∈ R
V,� � TU?�?+��û �ÑNDW � TU?�?+� ø]\

Q∞ ∈ AM
VgT´I �ÑLDGHT �SJDT1[ TURQTU[�GHT��HG��ÑEHT1I´CF? 6��FI��Ù\

¥N��SJDT*GH>��SL��
�S> CFN
τmax < ∞

� T_J��´RQT
EQN

L0 → EQ∞
L0

�ÑL��HCF?+�
�S> I �Ñ[@[��J� �ÑNDW��SJDT EHT´G��;C
� �SJDT
�ÑESP]LO?:TUN,� EHTU?+�Ñ>@NDGèLONDIHJ��ÑNOPQT´WÓ\
V ���WKL�8X��Q��«N$I �FGHT

τmax = ∞
���SJDT�GKT��

R
> GbNDC��µIU[ C]GKT´W�>@N �SJDT � T �
� �HC�6gCF[ CFP)�Q\ «N � �FI��3�

R ⊃
{

Q ∈ Pshift(ẼZ) : EQ

[

L0

]

< ∞
}

.

� �C A ;0A'µA > - �ÑN �ÑESVO>��SE��ÑE��
Q
>@N

Pshift(ẼZ)
G8�
�S> G;� �.>@NOP

EQ L0 < ∞
\ � T��

q̃ ∈ P(Ẽ)
VgT�P]>@RQTUN$V,�

q̃
(

(x1, . . . , xn)
)

=
C

n−3/2

n
∏

i=1

ν(xi),

øÙù



>Â\ T]\ �SJDT([ TUNOP)�SJ C
� �SJDT ��CFEHW J��FG JDT �´R � ���Ñ>@[ G3� P]>@RQTUN �SJDT([ TUNOP)�SJ > G
n
��>���[ C�C��=G [@>��QT

n
>@NDWOT�6 TUNDWOTUN���W=E�� �èG ��EHCF?

ν
\ Z T��DNDT

QN
�FG ��CF[@[ C@�èG / LONDWOTUE

Q̃N
� �SJDT VO[ C�I��.G

(Y (kN), Y (kN+1), . . . , Y ((k+1)N−1))
�

k ∈ Z
� �ÑEHT >Â\ >Â\ Wq�

LQ̃N
((Y (0), . . . , Y (N−1))) = q̃ ⊗

Q|σ(Y (1),...,Y (N−1))

\
QN

> G WOT��DNDT´W �FG
Q̃N

�b>��SJ E��ÑNDWOCF?�> GHT´W CFES>@P]>@NY� �ÄCFES?+�Ñ[@[��
QN =

N−1
∑N−1

i=0 Q̃N ◦ θ̃i \ � JDTUN ��TwJ��´RQT
QN ∈ Pshift(ẼZ)

 ¡>@N �5�FI��$TURQTUN
QN ∈ Perg(ẼZ)

$;�
QN → Q

� T �
�.[��Q\�A >@N��Ñ[@[��J��T �FIKJ
QN ∈ R

VgT´I �ÑLDGHT �SJDT ��CFEHW�[ TUNOP)�SJ~LONDWOTUE
q̃
J��FG1NDC�?:T �ÑN</>@?+�ÑP]>@NDT 6gCF>@N,�S>@NOP �
� 6gC]GS>��S> CFN

U
>@N

κ(Y )
LONDWOTUE

QN
�@�bJDTUEHT

U ∼ Unif({1, . . . , L})
\ �;G

L → ∞
�

�SJDT?6OEHCFV��ÑVO>@[@>���� �HTUNDWOG �HC�CFNDT?�SJ��
�àCFNDT9�FI��SL��Ñ[@[��_[ C.C��=G�>@NDGS> WOT��W�
q̃
�5� CFEHW_�èC
� �SJDTµI´CFNDI �
�HTUN��
�S> CFNY�

�bJDTUEHT#�SJDT 6��
���HTUESN ��EHTp��LDTUNDIU> T´G��ÑEHT#�bJ��
���SJDT�� CFLOP]J,���HC�V T�>@N �
ν⊗Z

�¥GKTp�MLDTUNDI´T]\

� ���������
	������������ ���� 	 
�� ��� �9	����,#Y	��,��� ���$	�� ! � � ����� ��!����

A >@EHG�� ��T;CFVDGKTUESRQT��SJ��
���ÑN|LONDI´CFNDW=>��S> CFN��Ñ[ÓL�6�6 TUE�V CFLONDWu> G��ÑL��HCF?+�
�S> I �Ñ[@[�� �Ñ[ GHC'�ÑNuL�6�6gTUE�V CFLONDW
��CFE?�SJDT1I´CFNDW=>��S> CFN��Ñ[�W=> G��SES>@VOL��S> CFNDG /
� ��� �WK �D�POQ "�  >� � � "B 8�2�R�

F ⊂ P(ẼZ)
4T��.  "78�

lim sup
N→∞

1

N
log P(RN ∈ F |X) ≤ − inf

Q∈F∩Pshift(ẼZ)
H(Q;Q0)

 �'B�2'  2D\@ø@$
� �C A ;0A' � ES>��HT

I(F ) := infQ∈F∩Pshift(ẼZ) H(Q;Q0)
\ ADCFE

ε > 0
��T�J��´RQT V,� �SJDT LONDI´CFNDW=>��S> CFN��Ñ[

�QZ �

P
(

P(RN ∈ F |X) ≥ exp(−N(I(F ) − 2ε)
)

≤ eN(I(F )−2ε)
E

[

P(RN ∈ F |X)
]

= eN(I(F )−2ε)
P(RN ∈ F )

≤ eN(I(F )−2ε)e−N(I(F )−ε) = e−εN

��CFE
N
[:�ÑESPQT�TUNDCFLOP]JY���ÑNDW JDTUNDI´T

lim sup
N→∞

1

N
log P(RN ∈ F |X) ≤ −I(F ) − 2ε

�=\ GÙ\
V,� �SJDT�XZCFEHTU[ � � �ÑN,�HTU[@[@> � TU?�?+�=\ � �
�QT

ε → 0
�HC�I´CFNDIU[@LDWOT]\

� ��� �WK�� �POQ "�  >� � � "B 8�2�R�
F ⊂ P(ẼZ)

 "�	�
M ≥ 0

4T� .
 "78�� �'B�2'

lim sup
N→∞

1

N
log P(RN ∈ F |X) ≤

(

− inf
Q∈F∩Pshift(ẼZ)∩AM∩R

H(Q;Q0)

)

∨
(

− M
)

.
 2D\¾û $

� �C A ;0A'µA >@EHG��bNDC��HT �SJ��
� TURQTUN �SJDCFLOP]J
RN

> GbNDC��µT - �FI��S[�� GSJO> ���;�Â>@NMR)�ÑES>:�ÑN,�µVgT´I �ÑLDGHT�C
��VgCFLONDW �ÑE��
�HTUES?:G3�o>��µ> G NDT �ÑES[��	GHC�/ ��CFE �ÑN,� ��T �
�$NDTU>@P]JMVgCFLOESJDC.C�W

O
C
�

Pshift(ẼZ)
���SJDTUEHT*> G

n0
GSLDIKJ��SJ��
�

RN ∈ O
�ÄCFE

N ≥ n0
\!�;G

Pshift(ẼZ)
> G»IU[ C]GHT´W >@N �SJDT � T �
� �HC�6 CF[ CFP)�J� � T�I �ÑN,EHT´G��SES> I�� �HC

F ∩ Pshift(ẼZ)
>@N �SJDT�ES>@P]J,�;�ÂJ��ÑNDWYGS> WOT1C
�? 2D\¾û $d\

A > -
δ > 0

\ � G
Q 7→ H(Q;Q0)

> G �;PQC�C.W»E��
�HT���LONDI��S> CFNY� �SJDTb[ TURQTU[oGHT��HG
AM

�ÑEHTµI´CF? 6��FI��Ù\ � JMLDG
�SJDTUEHT�T -.> G��

n0 ∈ N
�ÑNDW

Q1, . . . , Qn0 ∈ AM
GSLDIKJ �SJ��
�

AM ⊂ ∪n0
i=1Bδ(Qi)

� �bJDTUEHT
Bδ(Q)WOTUNDC��HT´G��SJDT1C�6gTUN$V��Ñ[@[�C
��E��FW=>@LDG

δ
�ÑEHCFLONDW

Q ∈ P(ẼZ)
\ � T��

J1 := {1 ≤ i ≤ n0 : Bδ(Qi) ∩ F 6= ∅},

J2 := {j ∈ J1 : Bδ(Qj) ∩ R 6= ∅}.

ø]ø



÷ C��HT �SJ��
�
P(RN ∈ F |X) ≤ P

(

RN ∈ ∪i∈J1Bδ(Qi)
∣

∣

∣
X

)

+ P

(

RN ∈
(

∪n
i=1 Bδ(Qi)

)c
∣

∣

∣
X

)

≤ P

(

RN ∈ ∪i∈J2Bδ(Qi)
∣

∣

∣
X

)

+
∑

j∈J1\J2

P

(

RN ∈ Bδ(Qj)
∣

∣

∣
X

)

+ P

(

RN ∈
(

∪n
i=1 Bδ(Qi)

)c
∣

∣

∣
X

)

≤ P

(

RN ∈
(

F ∩ AM ∩ R
)

2δ

∣

∣

∣
X

)

+
∑

j∈J1\J2

P

(

RN ∈ Bδ(Qj)
∣

∣

∣
X

)

+ P

(

RN ∈
(

∪n
i=1 Bδ(Qi)

)c
∣

∣

∣
X

)

,

�bJDTUEHT
(B)ε := {Q : d(Q,B) < ε}

\
� T:J��ÙRQT

P(RN ∈ R |X) = 1
V��
TUESPQC.W=> IU>����
C
�

(Xi)
��JDTUNDI´T

P(RN ∈ Bδ(Qj) |X) = 0
�ÄCFE

j ∈ J2 \ J1
\�AOLOE��SJDTUES?:CFEHTM� (

∪n
i=1 Bδ(Qi)

)c > GµIU[ C]GHT´W �ÑNDW I´CFN,���Ñ>@NDT´W�>@N
A c

M

�OGKC
inf

Q∈
(

∪n
i=1Bδ(Qi)

)c
H(Q;Q0) ≥ M,

�ÑNDW�JDTUNDI´T
lim sup
N→∞

1

N
log P

(

RN ∈
(

∪n
i=1 Bδ(Qi)

)c
∣

∣

∣
X

)

≤ −M
�=\ GÙ\

V,� � TU?�?+� 2D\ � P,�Ñ>@N$V�� � TU?�?+�429��� T�J��´RQT��=\ GÙ\
lim sup
N→∞

1

N
log P

(

RN ∈
(

F∩AM∩R
)

2δ

∣

∣

∣
X

)

≤ − inf
{

H(Q;Q0) : Q ∈
(

F ∩ AM ∩ R ∩ Pshift(ẼZ)
)

2δ

}

,

GHC
lim sup
N→∞

1

N
log P

(

RN ∈ F
∣

∣

∣
X

)

≤

(

− inf

Q∈
(

F∩AM∩R∩Pshift(ẼZ)
)

2δ

H(Q;Q0)

)

∨
(

− M
)

� �
�.>@NOP
δ → 0

�ÑNDW$CFVDGHTUESR.>@NOP �SJ��
�
AM ∩ R

> GµIU[ C]GHT´W V,� � TU?�?+�+&'��> TU[ WOG��SJDT1IU[:�Ñ>@?$\

� � � % ����� �F!����

ADCFE?��E��ÑNDWOCF? R)�ÑES>:�ÑVO[ T
W

�ÑNDW ��6OEHCFV��ÑVO>@[@>����|?:T �FGSLOEHT
Q
� � T �b>@[@[ >@N �SJDT9�ÄCF[@[ C �b>@NOP»V T9�bES>��S>@NOP

Q(W )
�ÄCFE �SJDT_E��ÑNDWOCF? R��ÑES>:�ÑVO[ T

φ(W )
�0�bJDTUEHT

φ(w) = Q(W = w)
\

Q(W1, . . . ,WN )
�×T��HI_> GWOT��DNDT´W �ÑN��Ñ[ CFPQCFLDGS[��Q\

� ��� �WK�� � ��������� � �).
 �
(Zi)i∈N

4 � �). 7� #" �E�+� � �
EZ

.  8�P�#� ���J���!<�� ���! "�
P ′  >�	� P ′ � P = ν⊗Z

'
�D./��� 4T��.  "78�

lim
N→∞

−
1

N
log P ′(Z1, . . . , ZN ) = −

∑

x

ν(x) log ν(x) P ′ �  �'3�A'

# � ' �-' �).L��� �L� � � � � ��� �J�C ����6 ;0
P ′ � �:�  " ���).  �T ;0 P

*('

øÙû



� �C A ;0A' � T��
dP ′ = ΦdP

���bJDTUEHT
Φ = φ(Z1, Z2, . . . )

�
Fn := σ(Z1, . . . , Zn)

\ � JDTUN
P ′(z1, . . . , zN ) = EP [φ(Z)1(Z1 = z1, . . . , Zn = zn)]

= ν(z1) · · · ν(zN ) ×

∫

ν⊗N(dz′)φ(z1, . . . , zn, z′1, z
′
2, . . . ),

GHC
P ′(Z1, . . . , Zn) = ν(Z1) · · · ν(ZN )EP [Φ|Fn].÷ C@�

EP [Φ|Fn] → Φ P
�9 �ÑNDW JDTUNDI´T��Ñ[ GKC

P ′ � �=\ GÙ\>$;���SJ�LDG
1

N
log P ′(Z1, . . . , Zn) =

1

N

N
∑

i=1

log ν(Zi) + O(1/N) →
∑

x

ν(x) log ν(x).

ADCFE �ÑN
ẼZ

�ÂR��Ñ[@LDT´W	E��ÑNDWOCF?BR)�ÑES>:�ÑVO[ T
(Y (i))i∈Z

�
m ≤ n

�O[ T��µLDG��bES>��HT
Zm,n := κ(Y (·))|m...n

��CFE
�SJDT�EHT´G��SES> I��S> CFN�C
�

κ(Y (·))
�HC

{m,m + 1, . . . , n}
\

� ��� �WK��	����������� �
Q ∈ R ∩ Pshift(ẼZ)

� �U��. � 0 � � ���!5( A� ���  "�	� �  ��� ��� �+�
mQ := EQ L0 < ∞

'
�D./��� 0: >�  "� �

ε > 0
�)./���R� � �

δ(ε)
�+� ��. �).
 �

H(Q;Q0) − δ(ε) ≤ lim inf
N→∞

1

N
log

(

Q(L0, . . . , LN−1|Z0,N(mQ+ε))
∏N−1

i=0 ρLi

)

≤ lim sup
N→∞

1

N
log

(

Q(L0, . . . , LN−1|Z0,N(mQ+ε))
∏N−1

i=0 ρLi

)

≤ H(Q;Q0) + δ(ε),

.� #"B�8�
Q �

 " �  8� � �+���R��" �8,  >�	�
δ(ε) → 0

 8�
ε → 0

'

÷ C��HT��SJ��
���SJDT��HTUES? �
6�6gT �ÑES>@NOPu>@N
lim inf

�ÑNDW
lim sup

> G �
6�6OEHC -=>@?+�
�HTU[�� �SJDT*G�6 T´IU>��2I EHTU[:�
�S>@RQTTUN,�SEHC�6��$C
� �SJDT ��CFEHW$[ TUNOP)�SJDGèP]>@RQTUN �SJDT1I´CFNDI �
�HTUN��
�S> CFN×\
� �C A ;0A' ÷ C��HT �SJ��
�

Q(L0, . . . , LN−1|Z0,N(mQ+ε)) =
Q(L0, . . . , LN−1, Z0,N(mQ+ε))

Q(Z0,N(mQ+ε))
.

X � � TU?�?+�$ø �ÑNDW � TU?�?+� 	 ����T1J��´RQT
lim

N→∞
−

1

N
log Q(Z0,N(mQ+ε)) = −(mQ + ε)

∑

x∈E

ν(x) log ν(x) Q
� �=\ GÙ\  Äü=\@ø@$

AOLOE��SJDTUES?:CFEHTM�
lim

N→∞

1

N
log

N−1
∏

i=0

ρLi
= EQ log ρL0 Q

� �=\ GÙ\  Äü=\¾û $
V,��TUESPQC�W=> IU>�� �$C
�

Q
\�A�> -

ε′
GSLDIKJ �SJ��
�

(1 + ε′)mQ > mQ + ε
�OWOTUNDC��HT

BN :=
{

L0 + · · · + LN−1 ≤ N(mQ + ε) ≤ L0 + · · · + LN(1+ε′)

}

.

ø &



� VDGHTUESRQT#�SJ��
�µCFN
BN

�

Q(Y0, Y1, . . . , YN(1+ε′)) ≤ Q(L0, . . . , LN−1, Z0,N(mQ+ε)) ≤ Q(Y0, Y1, . . . , YN−1).

� G
Q(∪M ∩N≥M BN ) = 1

V,� TUESPQC�W=> IU>�� �J� ��T�CFV����Ñ>@N
lim sup
N→∞

1

N
log Q(L0, . . . , LN−1, Z0,N(mQ+ε)) ≤ −H(Q),

lim inf
N→∞

1

N
log Q(L0, . . . , LN−1, Z0,N(mQ+ε)) ≥ −(1 + ε′)H(Q),

�bJDTUEHT
H(Q) = lim−

1

N
log Q(Y0, Y1, . . . , YN−1)> G �SJDT�G�6 T´IU>��2I TUN��SEHC�6,�,C
�

Q
\ � JO> G �HCFPQT��SJDTUE4�b>��SJ  Äü=\@ø@$ �ÑNDW  Äü=\¾û $_GSJDC@�èG �SJ��
�

lim inf
�ÑNDW

lim sup
�
6�6 T �ÑES>@NOP�>@N �SJDT�G����
�HTU?:TUN��µC
� �SJDT�[ TU?�?+�4�ÑEHT1P]>@RQTUN$V��

−mQ

∑

x∈E

ν(x) log ν(x) − EQ log ρL0 − H(Q)
 Äü=\ & $

6O[@LDG �HTUES?:G��SJ��
���ÑEHT
O(ε)

\ ���EHTU?+�Ñ>@NDG?�HC_RQTUES> ���4�SJ��
����CFE
Q
G��
�S> G;���.>@NOP �SJDT#�FGHGSLO? 6��S> CFNDGbC
� �SJDT[ TU?�?+� �

H(Q;Q0)
> GbP]>@RQTUN	V,�! Äü=\ & $ / � T��

FN := σ(Y0, . . . , YN−1)
\àX � �SJDT �ÄCFES?BC
�

Q0 �

1

N
h(Q|FN

;Q0|FN
)

=
1

N

∑

y(0),...,y(N−1)

Q(y(0), . . . , y(N−1)) log
Q(y(0), . . . , y(N−1))

Q0(y(0), . . . , y(N−1))

=
1

N

∑

y(0),...,y(N−1)

Q(y(0), . . . , y(N−1)) log Q(y(0), . . . , y(N−1))

−
1

N

∑

y(0),...,y(N−1)

Q(y(0), . . . , y(N−1))

N−1
∑

i=0

log ρ|y(i)|

−
1

N

∑

y(0),...,y(N−1)

Q(y(0), . . . , y(N−1))

|y(0)|+···+|y(i)|−1
∑

j=0

log ν(κ(y(0), . . . , y(N−1))j)

→ −H(Q) − EQ log ρL0 − mQ

∑

x

ν(x) log ν(x)

V,��TUESPQC�W=> IU>�� �$C
�
Q

�ÑNDW � TU?�?+� 	=\
� ��� �WK�� � ��� �

Q ∈ R ∩ Pshift(ẼZ)
<R� �+. � 0�� � ���J5� A�#���  "�	� �  ��� �)0��

mQ := EQ L0 < ∞
, " � �

O ⊂ P(ẼZ)
<R�  "�  ��L�:� �`���35"./<C "����./ A A�  ;0

Q
' �D./��� 4T��.  "78�

lim inf
N→∞

1

N
log P(RN ∈ O|X) ≥ −H(Q;Q0)

 �'3�A'  Äü=\ 2�$
� �C A ;0A' � T��

Q̂
VgT�WOT��DNDT´W �¡EHCF?

Q
R.>:�  &=\@ø@$ �FG >@N3�.T´I��S> CFN &=\ X � \µTU?+�ÑE�� & � �SJDTUEHT�> G �?:T �FGSLOE��ÑVO[ T ��LONDI��S> CFN

f : EZ × [0, 1] → Z
GSLDIKJ �SJ��
�1> �

U ∼
LONO> �ÄCFES?  

[0, 1]
$�>@NDWOT�6gTUNDWOTUN,� C
�

X
���ÑNDW

∆̃ := f(X,U)
���SJDTUN

L (θ∆̃(X)) = LQ̂(κ(Y ))
 ¡>@N � �FI��3����T I �ÑN��FGKGSLO?:T

∆̃ ≤ 0
$d\ � T��

ø�2



LDG �¡LOE��SJDTUE'�FGHGSLO?:T'�SJ��
� � T»J��ÙRQT:GHT��1L�6 �SJO>@NOPQG�CFN � �SCF>@N,��6OEHCFV��ÑVO>@[@>�����G�6��FI´T�>@N~GSLDIKJ � � � �
�SJ��
�

Y (·) ∼ Q̂
�ÑNDW

κ(Y (·)) = θ∆̃(X).
 Äü=\¾ü $

� T�?+� � �FGHGSLO?:T �SJ��
�
O
> GbP]>@RQTUN$V��

O =
{

Q : |

∫

gi(y)Q(dy)| < εi, i = 1, . . . ,K
}

��CFE V CFLONDWOT´W!�¡LONDI��S> CFNDG
gi : ẼZ → R

WOT�6 TUNDW=>@NOPYCFN �DNO>��HTU[���?+�ÑN,�~I´C.CFEHW=>@N��
�HT´G �ÑNDW
εi > 0

\X �_GSJO> ���;�Â>@NMR)�ÑES>:�ÑNDI´TM� � TèI �ÑN �ÑNDW:GSJ��Ñ[@[ �FGKGSLO?:T?�SJ��
�
g1, . . . , gK

WOT�6 TUNDW�CFNO[��
y(0), . . . , y(M) ��CFEGHCF?:T

M ∈ N
� �ÑNDW � T�I �ÑN�Tp�MLO>@R)�Ñ[ TUN,�S[�� �SEHT �
�

gi
�FG�� ��LONDI��S> CFN	CFN

ẼM+1 \
ADCFE

x ∈ EZ
�
M

�FG9�ÑV C�RQTM�
N ∈ N

�
0 ≤ j0 < j1 < · · · < jN+M

�bES>��HT

R̃N,M
j0,j1,...,jN+M

(x) :=
1

N

N−1
∑

i=0

δ(
x|ji,...,ji+1−1,x|ji+1,...,ji+2−1, ... ,x|ji+M−1,...,ji+M−1

)

��CFE��SJDT TU[ TU?:TUN,��C
�
P(ẼM+1)

CFNDT CFV����Ñ>@NDG V,�$IUL����S>@NOP
x
�
�9�SJDT�P]>@RQTUN�IUL��;�56gCF>@N,�HG

ji
�ÑNDW �SJDTUNVOLO>@[ W=>@NOP �SJDT�TU? 6O>@ES> I �Ñ[à?:T �FGHLOEHT:C
��CFEHWOTUE

N
C
�

M
�5�SL�6O[ T´G CFL�� C
� �SJDT�EHT´GSLO[��Ù\ � JO> G��Ñ[@[ C@�èG �HCEHT��bES>��HT

P(RN ∈ O |X) =
∑

0≤j0<j1<···<jN+M

N+M
∏

i=0

ρji−ji−11O(M)

(

R̃N,M
j0,j1,...,jN+M

(X)
)

=: FN,O(X),
 Äü=\ 	 $

�bJDTUEHT
O(M) =

{

Q ∈ P(ẼM+1) : |

∫

gi(y)Q(dy)| < εi, i = 1, . . . ,K
}

> G��SJDT#6OEHC �ST´I��S> CFNwC
�
O

�HC
P(ẼM+1)

\ ÷ C��HT �SJ��
�9�SJDT1E��ÑNDWOCF? R��ÑES>:�ÑVO[ T
lim inf 1

N log FN,O(X)> G��FW �
6��HT´W �HC �SJDT ���Ñ>@[ �
σ
� �Ñ[@PQTUVOE��uC
�

X
� �ÑNDW �SJMLDG �Ñ[@?:C]G��µGSLOEHTU[���I´CFNDG����ÑN��Ù\ � JO> Gb>@? 6O[@> T´G

lim inf
N→∞

1

N
log FN,O(X) = lim inf

N→∞

1

N
log FN,O(θ−1X)

�=\ G�\  Äü=\ªú)$
 �FG �SJDTUEHTµ> G �

c ∈ R
�ÑNDW�GKT��

B ⊂ EZ
C
�0�¡LO[@[

ν⊗Z �Â?:T �FGHLOEHTµCFN �bJO> IHJ lim inf 1
N log FN,O(X) =

c
� �ÑNDW

ν⊗Z = ν⊗Z ◦ θ
$d\

��6�6O[��.>@NOP  Äü=\ªú)$
|∆̃|

�S>@?:T´GG�=>@N$R�> T��6C
�� Äü=\¾ü $;����T�CFV����Ñ>@N
lim inf

1

N
log P(RN ∈ O |X) = lim inf

1

N
log FN,O(X)

= lim inf
1

N
log FN,O(θ∆̃X) = lim inf

1

N
log FN,O

(

κ(Y )
)

≥ lim inf
1

N
log

∑

0≤j0<j1<···<jN+M≤(mQ+ε)(N+M)

N+M
∏

i=0

ρji−ji−11O(M)

(

R̃N,M
j0,j1,...,jN+M

(κ(Y ))
)

≥ lim inf
1

N
log EQ̂

[

1Õ(RN )1(L0 + · · · + LN+M ≤ (mQ + ε)(N + M))

× exp
(

− log Q̂(L0, . . . , LN+L−1|κ(Y )|0...(mQ+ε)(N+M))

+

N+M
∑

i=0

log ρLi

)

∣

∣

∣

∣

κ(Y )|0...(mQ+ε)(N+M)

]

.

øÙü



AOLOE��SJDTUES?:CFEHT)/
lim

N→∞

1

N
log

Q̂(L0, . . . , LN−1|κ(Y )|0...(mQ+ε)(N+M))

Q(L0, . . . , LN−1|κ(Y )|0...(mQ+ε)(N+M))
= 0

 Äü=\GF $
�Ñ[@?:C]G�� GSLOEHTU[���LONDWOTUE

Q
 �ÑNDW
JDTUNDI´T �Ñ[ GHC LONDWOTUE

Q̂
$d\ � C�GHT´T �SJO> G*CFVDGHTUESRQT4�SJ��
� �SJDT���LDC��S> TUN,�>@NDGS> WOT �SJDT

log
> GµTp�ML��Ñ[ �HC

Q̂(L0, . . . , LN−1, κ(Y )|0...(mQ+ε)(N+M))

Q(L0, . . . , LN−1, κ(Y )|0...(mQ+ε)(N+M))
×

Q(κ(Y )|0...(mQ+ε)(N+M))

Q̂(κ(Y )|0...(mQ+ε)(N+M))
.

� JDT �DEHG�� �5�FI��HCFE��ÑV C�RQT�> G
L0/EQ L0

�ÄCFE��Ñ[@[
N
� �SJDT�GHT´I´CFNDW|> G?� ��-=T´W|G��SES> I��S[��+6gC]GS>��S>@RQT;E��ÑNDWOCF?R��ÑES>:�ÑVO[ T��

LQ(κ(Y ))
�ÑNDW

LQ̂(κ(Y ))
�ÑEHTY?*L��SL��Ñ[@[�� �ÑVDGHCF[@L��HTU[�� I´CFN,�S>@NMLDCFLDG�� GKC!���
�.>@NOP[ CFP,�ÑES>��SJO?:G9�ÑNDW$W=>@R.> W=>@NOP:V��

N
��> TU[ WOG

0
�FG

N → ∞
\>$

X � � TU?�?+�uú_�
lim sup
N→∞

1

N
log

Q(L0, . . . , LN−1|κ(Y )|0...(mQ+ε)(N+M))
∏N+M−1

i=0 ρLi

≤ H(Q;Q0) + δ(ε)
 Äü=\ ( $

Q
� �Ñ[@?:C]G���GSLOEHTU[��  �ÑNDW�JDTUNDI´T �Ñ[ GHC

Q̂
� �Ñ[@?:C]G���GSLOEHTU[���$d\
AOLOE��SJDTUES?:CFEHTM�

RN → Q
 
Q
���ÑNDW

Q̂
�

�Ñ[@?:C]G��èGSLOEHTU[�� $d\ � CF? VO>@NO>@NOP9� � T I �ÑN V CFLONDW
FN,Õ(κ(Y )) ≥ exp

(

− N(H(Q;Q0) + 2ε + δ(ε))
)

Q̂(AN,ε|κ(Y )),
�bJDTUEHT

AN,ε =
{

∣

∣

1
N log

Q̂(L0,...,LN−1|κ(Y )|0...(mQ+ε)(N+M))

Q(L0,...,LN−1|κ(Y )|0...(mQ+ε)(N+M))

∣

∣ ≤ ε, L0 + · · · + LN+M ≤ (mQ + ε)(N + M),

log
Q(L0,...,LN−1|κ(Y )|0...(mQ+ε)(N+M))

QN+M−1
i=0 ρLi

≤ H(Q;Q0) + ε + δ(ε), RN ∈ O

}

.

� G
Q̂(AN,ε|κ(Y ))→N→∞ 1

 ¡V T´I �ÑLDGHT �Ñ[@?:C]G��:GSLOEHT�[@>@?�>��HG�EHTU?+�Ñ>@N&LONDIKJ��ÑNOPQT´W,LONDWOTUE4��� 6O> I �Ñ[I´CFNDW=>��S> CFNO>@NOP�$;� ��T�CFV����Ñ>@N
lim inf 1

N log P(RN ∈ O |X) ≥ −H(Q;Q0) − 2ε − δ(ε)
\

� � ����� � � ��� 
�� ����� � � ���� �������������� � �

� �C A ;09 ;0��D.�� ' %(' � �
�.>@NOP
M → ∞

>@N � TU?�?+��ü���> TU[ WOG  ½ø]\ªú)$'��CFE4�ÑN,� ��-OT´W
F ⊂ P(Ẽ⊗Z)IU[ C]GHT´WÓ\ �;GS>@NOP �SJDT �5�FI��4�SJ��
�4�SJDT � T �
� �HC�6gCF[ CFP)�,CFN

P(Ẽ⊗Z)
> G:I´CFLON����ÑVO[��,PQTUNDTUE��
�HT´W&>���> GG����ÑNDW �ÑEHW'�HC�G��SEHTUNOP)�SJDTUN �SJDT�V CFLONDW'�HC;JDCF[ W �b>��SJ 6OEHCFV��ÑVO>@[@>�����CFNDTZGS>@? LO[����ÑNDT´CFLDGS[�� �ÄCFE �Ñ[@[OIU[ C]GHT´W

F
�OGHT´T1T]\ PD\ �¾û��@��6OEHC.C
��C
����EHC�6×\���d\¾û �  Äû $d\

ADCFE���-=T´W�C�6 TUN
G ⊂ P(Ẽ⊗Z)

�� ½ø]\GF $#��CF[@[ C@�èG �¡EHCF? � TU?�?+� F�/»NDC��HT+�SJ��
�'� T|I �ÑN�EHT´G��SES> I�� �HC
Q ∈ G ∩ R ∩ Perg(ẼZ)

�b>��SJ
H(Q;Q0) < ∞

���ÄCFE C��SJDTUE��b> GKT �SJDT�[ C@� TUE;V CFLONDW	> G��SES>@R.>:�Ñ[Â\ZADCFEGSLDIHJ
Q
� ��T J��ÙRQT

EQ L0 < ∞
V��  &=\ & $;�=GHC'�SJ��
� � TU?�?+� F �
6�6O[@> T´GÙ\ � P,�Ñ>@NY��� T�I �ÑN$G��SEHTUNOP)�SJDTUN

�SJDT1G����
�HTU?:TUN,�9�HC+�Ñ[@[×C�6gTUN	GHT��HGèGS>@?*LO[����ÑNDT´CFLDGS[�� �FGb>@N �¾û��¥\
� �C A ;09 ;0��  >�2' %('' ½ø]\ ( $�> G*T´GHGKTUN,�S>:�Ñ[@[��~^ �ÑE��FW=J��ÑN � G � TU?�?+� �
6�6O[@> T´W �HC �SJDT|GHI´TUN��ÑES> C �
�*J��ÑNDWÓ\
� JDTèCFNO[�� ���b> G�� > G �SJ��
��>@N+�SJDTè[ C ��TUEàVgCFLONDW� ½ø]\GF $;�,� TèJ��ÙRQT��SJDTµEHT´G��SES> I��S> CFN+�SJ��
�

Q ∈ Perg(ẼZ)
\÷ C��HT �SJ��
���SJDT1E��
�HT �¡LONDI��S> CFN

Q 7→

{

H(Q;Q0)
> �

Q ∈ R

∞
C��SJDTUE��b> GHT

ø�	



J��FGèI´CF? 6��FI��è[ TURQTU[�GKT��HGbV,� � TU?�?+�4&=\ � JMLDG��SJDT�L�6�6 TUEbJ��Ñ[ ��C
�? ½ø]\ ( $;�2N��Ñ?:TU[��
lim sup

N

1

N
log E

[

exp
(

N

∫

Φ(y(·))RN (dy(·))
)

∣

∣

∣
X

]

≤ sup
Q∈R∩Pshift(ẼZ)

{

. . .
}

> GèG����ÑNDW �ÑEHWq�OLDGKT1T]\ PD\ � TU?�?+� 2D\ &=\ 	»>@N � &��×>@N	I´CFN �ÀLONDI��S> CFN��b>��SJ  ½ø]\ªú)$d\
� GH>@NOP  ½ø]\GF $�>@N �SJDT�G����ÑNDW �ÑEHW 6OEHC.C
��C
� �SJDT1[ C@� TUE J��Ñ[ �? �T]\ PD\ � TU?�?+� 2D\ &=\ 2:>@N � &�� $ ��T�CFV����Ñ>@N

lim inf
N

1

N
log E

[

· · ·
∣

∣

∣
X

]

≥ sup
Q∈R∩Perg(ẼZ)

{

∫

Φ(y(·))Q(dy(·)) − H(Q;Q0)
}  �	=\@ø@$

�HC|V TUP]>@N �b>��SJ×\ � JDT»?+�
6�6O>@NOP
Q 7→

∫

Φ dQ
> G�[@>@NDT �ÑE3�

Q 7→ H(Q;Q0)
> G �
]:NDT  �GHT´T»T]\ PD\ � 2 �@�

 Äü=\ 2D\¾û)& $�$;�oGKC�LDGS>@NOP+�SJDT*WOT´I´CF? 6 C]GH>��S> CFNYC
�
Q ∈ Pshift(ẼZ)

>@N,�HCuTUESPQC�W=> I*I´CF? 6 CFNDTUN��HG  �T]\ PD\ � 2 �@�
� JO?$\2ü=\¾û=\@ø�	 $ ��T�GHT´T �SJ��
���SJDT1ES>@P]J��;�ÂJ��ÑNDW	GS> WOT C
�? �	=\@ø@$�> Gè>@N � �FI��èTp��L��Ñ[<�HC

sup
Q∈R∩Pshift(ẼZ)

{

∫

Φ(y(·))Q(dy(·)) − H(Q;Q0)
}

,

I´CF? 6O[ T��S>@NOP+�SJDT 6OEHC.C
��C
�� ½ø]\ ( $d\

���������
	���
����
��
���

� JDT �ÑL��SJDCFE�� CFLO[ W$[@>��QT#�HC �SJ��ÑN�� � NDW=EHT �FG * EHTURQTUN �ÑNDW AOE��ÑN�� WOTUN  CF[@[:�ÑNDWOTUE?�ÄCFEbRQTUE���G��S>@? L��[:�
�S>@NOP�W=> GHIULDGHGH> CFNDGèCFN �SJO> GµGSLOV �ST´I��Ù\

	 � � ����� ��#�� �

�@ø�� � E��b>@NwXZCF[��SJ��ÑLDGHTUNY�gAOE��ÑN��$WOTUN ;CF[@[:�ÑNDWOTUE3� � C.I �Ñ[@>��@�
�S> CFN �SE��ÑNDGH>��S> CFN �ÄCFE �46 CF[��.?:TUEµNDT �ÑE
�ÑN >@N,�HTUE;�5�FI´T]\?�P���?' � �; �<  �<A' ^ �! ½ø ()(Qú)$;�DNDCO\ & ��ø &)&
2 �oø & 	 	=\

�¾û��*AOE��ÑNDIU> G � CF?:T��HG3� � �ÑESPQT�WOTUR�>:�
�S> CFN�T´G��S>@?+�
�HT´G ��CFE���I´CFNDW=>��S> CFN��Ñ[06OEHCFV��ÑVO>@[@>����|W=> G��SES>@VOL��S> CFN×\
�96�6O[@> I �
�S> CFNDG#�HC|E��ÑNDWOCF? >@N,�HTUE��FI��S> CFN * >@VOVDG�?:T �FGHLOEHT´GÙ\ � �; �<  �<A'��D.L�C "����� ��"  � �C�6O�� ��"B�8�
�
�  ½ø (>F)( $;�ONDCO\�& ��2MùQú �,2,&]û=\
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