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A Wavelet Algorithm for the Solution of the
Double Layer Potentlal Equation over Polyg-
onal Boundaries

ANDREAS RATHSFELD
Institut fir Angewandte Analysis und Stochastik, Mohrenstr. 89, D-1 01 17 Berlin,
GERMANY

Abstract.

In this paper we consider a piecewise linear collocation method for the solution of
the double layer potential equation corresponding to Laplace’s equation over polygo-
nal domains. We give a wavelet algorithm for the computation of the corresponding
stiffness matrix and for the solution of the arising matrix equation with no more than
O(N - [log N]®) arithmetic operations. The error of the resulting approximate solution
is of order O(N~2 - [log N|®). Finally, we give some remarks on the generalization of the
algorithm to the piecewise cubic collocation and present numerical tests.

Key words. potential equation, collocation, wavelet algorithm
AMS(MOS) subject classification. 45L10, 65R20

0 INTRODUCTION

The most popular numerical methods for the approximate solution of boundary value
problems for elliptic partial differential equations are finite difference or finite element
methods. However, there is a well-known alternative, the so-called boundary element
method. Following this scheme, one reduces the boundary value problem for the differ-
ential equation over a given domain to a certain integral equation over the boundary of
the domain. Substituting the solution of this integral equation into an integral repre-
sentation formula yields the solution of the original partial differential equation. The



advantages of this method in comparison to finite element or finite difference schemes
consist in the facts that the approximate solution fulfills the partial differential equation
exactly! and that the discretization of the boundary is often simpler than that of the
domain®. Another advantage should be the reduction of the dimension of the problem.
In fact, if the partial differential equation is to be solved over a d dimensional domain,
then the boundary integral equation is defined over a d — 1 dimensional boundary man-
ifold. Consequently, the linear systems of equations which arise after the discretization
step are much smaller in the case of the boundary element method. Unfortunately, the
boundary element approach leads to linear systems with dense matrices whereas the ma-
trix of the finite element systems are sparse and admit very fast and efficient methods
for the solution of the corresponding matrix equation. In other words, the boundary
element algorithm is only efficient if one is able to solve the arising linear system by a
comparable fast method. One should be able to solve the N x N matrix equation with
no more than O(N - [log(N)]#) arithmetic operation, where px is a certain non-negative
constant.

The first examples of such a fast algorithm are due to Rokhlin, Hackbusch, and
Nowak [48, 32] (cf. also [30, 52]) and are based on certain Taylor or Laurent series
expansions for the entries of the matrix which are far away from the main diagonal. A
second algorithm is built upon the multiscale structure of the discrete operators and
is due to Brandt and Lubrecht [10]. A further method using different levels of Fourier
series expansions for the approximate solution together with simple parametrices for the
boundary integral operator has been developed by Amosov [4] (cf. also [7, 51]). For
boundary integral operators with oscillatory kernels, fast algorithms have been proposed
by Rokhlin and Canning [49, 12]. The present paper is devoted to the wavelet approach
which goes back to Beylkin, Coifman, and Rokhlin [8] (cf. also [2, 1, 33, 20, 21, 19,
22, 41; 24, 23]). The main idea of this method consists in choosing wavelet bases in
the spaces of trial and test functions. Since the wavelet functions have small supports
and are orthogonal to polynomials of small degree, a lot of the entries in the stiffness
matrix corresponding to the wavelet bases are very small and can be neglected. The
resulting matrix is sparse and the matrix equation can be solved quickly by a suitable
iterative method. Let us remark, however, that in general the problem of computing
the matrix corresponding to the wavelet bases has not been solved yet. If analytic
formulas are available, then there is no problem (cf. [41]). However, a naive application
of simple quadrature rules would lead to a slow algorithm with O(N'*¢) operations,
where € is a positive number depending on the approximation order and the momentum
condition of the wavelets. In particular, if the degree of the momentum condition of
the wavelets from the space of test functionals is equal to the order of approximation
of the exact solution by functions from the trial space, then ¢ = 1 and we would arrive
at an O(N?) algorithm. Only for the special case of integral operators with smooth
kernels, efficient algorithms including one-point quadrature rules for scaling functions
with vanishing ”shifted” moments or other special quadratures have been indicated by
Beylkin, Coifman, and Rokhlin [8] (cf. also [24]). These quadratures (cf. Sect.4.3 and
Appendix B of [8]) are not sufficient if the integral operator is a pseudo-differential
operator or an operator of Calderon-Zygmund type and if the desired quadrature error
is of the same size as the error of approximation by trial functions.

1Of course, the boundary conditions hold only approximately.
?In particular, the discretization of the boundary is easier if the domain is unbounded.




Now let us consider the double layer potential equation Az = y over the boundary
T of a bounded and simply connected polygon Q C IR?, where Az := [I + 2W]z with

SWe(P) = 2[1/2 — da(P)|e(P) + [ HP,Qu(@)der, PeT  (01)
HpQ) = 1 =0 (02)

Here dq(P) denotes the normalized interior angle of (0 at the boundary point P and
ng 1s the exterior unit normal of the boundary T' := 90 at Q. Note that this second
kind integral equation is e.g. the boundary integral equation of the Dirichlet problem for
Laplace’s equation in 2 (cf. e.g. [38]). The kernel k(P, Q) vanishes for P and Q located
on the same side of I'. It is a smooth function of P and @ if the distance between P
and @ does not tend to zero. However, k(P, Q) is of order O(|P — Q|™*) if P and Q
tend to a corner point but remain on different sides of I. In other words, the integral
operator 2W with kernel k(P, Q) has a strong singularity at the corner points of I'. The
equation Az = y is a second kind integral equation with non-compact integral operator
2W. Nevertheless, the theorems of e.g. [19, 24] apply to the numerical solution of Az =y
since the kernel k(P, Q) satisfies estimates of Calderon-Zygmund type. Following this
line, we get a wavelet method over uniform partitions of the boundary. The compression
strategy depends on the level of the wavelets and on their location. The convergence is
estimated in L? or in Sobolev spaces. Due to the singular behaviour of the solution z,
however, the speed of convergence is slow.

In the present paper, we shall solve Az = y by a fully discretized collocation method
with smoothest piecewise linear (or cubic) splines as trial functions. These trial func-
tions will be defined using an exponential parametrization of the curve I'. Thus the trial
functions are given over a uniform grid on the parameter domain which corresponds to a
grid with geometric mesh grading near the corner points over I'. The mesh grading near
~corners guarantees an almost optimal asymptotic L*°- error estimate for the collocation
solution. The uniformness of the mesh in the parameter domain allows to introduce
simple bases of wavelet functions. As trial functions, we shall consider biorthogonal
wavelets in the sense of [16], where the scaling function is the linear (or cubic) B-spline
and the dual scaling function is an exponentially decaying function. We choose the dual
scaling function such that our wavelets have two (or four) vanishing moments and that,
beside this momentum condition, the supports of our wavelets are minimal. Remark that
small supports of the wavelet functions result in better constants for the estimates of the
compression and for the estimates of the number of necessary arithmetic operations. In
general, it is an open question which type of wavelets is the most convenient one. For
wavelets with larger supports, the bounds for the norms of the corresponding wavelet
transforms may be smaller. These bounds play a role in the convergence analysis (cf.
Sects.3 and 4). For the space of test functionals, i.e., for the space spanned by the Dirac-§
distributions, we shall introduce the basis of [33, 10]. In other words, the wavelet test
functionals are linear combinations of three (or five) Dirac-§ functionals. This represen-
tation is of great importance for the computation of the stiffness matrix (cf. Sect.1.4).
Using these trial and test wavelets, we consider the standard form of the stiffness ma-
trix. We shall give an easy a priori compression scheme for this matrix, i.e., we shall
give a strategy for the neglect of entries depending only on the wavelet level such that



the additional error caused by this neglect has the same order as the discretization error
of the spline collocation without wavelets. The compressed matrix will contain no more
than O(N[log N]) non-zero entries. Consequently, the matrix equation can be solved in
O(N[log N]) operations by a suitable iteration. We recommend to take GMRES for this
purpose (cf. [50, 35] and Sect.1.4). Finally, we shall give a fast algorithm to compute
the compressed stiffness matrix with no more than O(N{log N]?) operations. It will turn
out that the step size of the quadrature rules applied for the computation of the entries
can be chosen to be larger if the level of the test functional is high. Indeed, for this case,
the entries are small and a larger relative quadrature error leads still to small absolute
errors®.

The plan of the paper is as follows. In Sects.1.1 and 1.2 we shall present a fully dis-
crete collocation scheme with piecewise linear trial functions resulting in a linear system
of N equations. For this collocation, we define a fast wavelet algorithm in Sects.1.3 and
1.4 which requires no more than O( N[log N]?) arithmetic operations and a storage capac-
ity of O(N[log N]) numbers. A similar algorithm for piecewise cubic splines is described
in Sect.1.5. In Sect.2 we present some numerical tests to confirm the effectiveness of
the algorithm. We shall prove in Sect.3 that our discretized and compressed collocation
is stable. Finally, the convergence rate O(N~2[log N1°) for the piecewise linear wavelet
algorithm will be shown in Sect.4.

We remark that our method is not optimal. It has been chosen in such a manner
that it admits a generalization for the case of two-dimensional polyhedral boundaries.
A first step in this direction has been done in [47], where the stability of a tensor spline
collocation has been proved. For an improvement of the one-dimensional method in-

cluding better meshes®*, superconvergence, extrapolation, multi-grid techniques, p- and
h-p-methods we refer to [39, 3, 13, 37, 26, 44, 29, 53, 6, 34, 27, 40, 25, 43].

1 DESCRIPTION OF THE ALGORITHM

1.1 The collocation method

For our collocation method, we have to introduce the sets of trial functions and colloca-
tion points." To prepare this, we define a parametrization of the polygonal boundary T'.
Clearly, I' is the union of straight line segments. We divide each straight line segment
into two equgl partsand get I' = Uf{:II‘j, where I'; = PiQJ, the point P7 is a corner point
of T', and @’ the midpoint of a side of I". For each I';, we introduce the parametrization

®; : [—00,0] — T'; by ®;(s) := Pi + ¢* PIQ7, i.e., ®, is the composition of the linear
parametrization [0,1] — T'; and the exponential mapping s > e’.

Now let us choose a mesh parameter { > 0, let N stand for the number of collocation
points over each I'; ( = 1,..., K) and define the mesh size by h := (log N/N. Starting
from the "uniform” partition {tx,k =1,...,N} with tx := —(k—1)h, k=1,...,N —
1, ity 1= —oo, we get a graded mesh of collocation points {Pr), 7 = 1,...,K, k =
1,...,N} over I', where P := ®;(t) (cf. Figure 1 and compare the meshes of class

30f course the rigorous estimates have to be shown for the global quadrature and not for each entry
of the stiffness matrix.

“Remark that better meshes means better orders of convergence. However, the compression algo-
rithms may be more complicated.



M in Sect.5.16 of [43]). Note that this mesh is geometrically graded towards the corner
points P? = P; y, i.e.,

Pj - leN Pj,N_s Pj’Z Pj,l QJ = 7,0
T ®;
in IN-1 tN 2 IN-3 ... s tq ts i
Cp— e + t + t t + |
-0 —(N=2)h —(N 3)h —(N-4)h ... —4h -3h —2h -h 0

Figure 1: Grid points on (—o0,0] and T'.

|PGks) — Pligyl = e MPiiky — Pig-nl, k=1,...,N = 2. (1.1)

The grading factor e™", however, tends to one for N — co. The mesh size sup;, | P, k)~
P~ 1)| is of order 0(1 — e7") = O(h) and the subinterval adjacent to the corner P7 =
P; i is of length O(e~*V-2) = O(N~¢).

For the definition of trial functions, we first introduce a piecewise linear spline basis
over the mesh {—(k — 1)k, k=1,...N —1}. Let ¢ stand for the linear B-spline

: 1+t if —1<t<0
w:R— R, o(t):=< 1—-t if 0<t<L1 (1.2)
0 else.

We define oy : [—oo 0] — R by ¢k(s) := p(s/h+k—1), k=1,...,N —1 and set
on(s) 1= 1=XN  wi(s), ie, pn(s) == p(s/h+N—1)if s > —(N—1)h and on(s) :=1
if s < —=(N - l)h Using our parametrization we introduce the final basis functions
oGk T — R, j=1,...,K, k=1,...,N by

else

P (k) (Bm(s)) = { pr(s) i 7=m m=1,...,K. (1.3)

Let us note that the ¢(;r) span the whole space of parameterized linear splines over
the intervals [®;(—(N — 1)h), ;(0)]. Over [®;(—c0), ®;(—(IN — 1)h)] the span contains
only the constant functions. However, the last subinterval is of size O(N~¢) and, if
¢ > 2, then any smooth function can be approximated by a function from the span of
QO(j,k) with order O(h?). In order to simplify the notation, we introduce the index set
I:={(k): j=1,...,K, k=1,...,N} and denote its elements by ¢, «, i.e., for
¢, nEIwesetL—(]L,k), m—(]K,k )

Now the collocation method for the numerical solution of Az = y consists in seekmg
an approximate solution zy = ¥ ,¢; €. with real coefficients ¢, satisfying



Azn(P,) =y(P:), k € I. (1.4)

Note that each end point P7, Q7 of the straight line segment I'; appears twice in the
set of collocation points. We shall distinguish these points formally and, for a func-
tion f piecewise continuous over I' and continuous over each T';, we set f(Pyx)) =
limr;30-7;, f(Q). With respect to the coefficients £, the collocation equations (1.4)
form a linear system of equation. We denote its matrix ((A@,)(Pxc))x.er by An =
(@, )s.er- This matrix is called stiffness matrix of the collocation.

1.2 The discretized collocation

Method (1.4) represents only a semi-discretization since the computation of the entries
ax, of the stiffness matrix Ay requires an integration. In our discretized collocation
method we shall replace this integration by simple quadrature rules. Thus let us intro-
duce quadrature rules and start with rules over [—o0,0]. Taking into account that the
trial functions @i, £ =1,..., N are constant over [—oo, —h(N — 1)], we take the rule

/_Ooo fle)e’ds = /0 f(:c)da:+/_o(N—1)h f(e*)e’ds
~ Qu(£;0,e” ™I + Qof; ~(N — 1)k, 0)

= ; f(o2)@a. (1.5)

e—(N=1)r

Here Q2(f; —(N — 1)h,0) denotes the composite trapezoidal rule corresponding to the
partition {—kh : k£ = 0,...,N — 1} of [—(N — 1)Ah,0] and applied to the function
[—(N — 1)h,0] 3 s — f(e)e’. The symbol Q1(f;0,e~(V-1") stands for the compos-
ite trapezoidal rule corresponding to the partition {—ke=(¥-Dh/i, : k =0,...,4,} of
[0,e~(N-1A) and applied to the function [0,e~(¥~V*] 5 ¢ — f(z). For the discretized
collocation without wavelet algorithm, the number 7, is an a priori fixed positive integer
which is independent of A and N. For the wavelet algorithm, we shall choose i, := lev®
if N =72 + 1. Using the parametrization ®;, we arrive at the quadrature rule

[f@dar = % [ i@ o)l 7|
~ X Qe (1.6

uel
J = {p=0unr): Ju=1..,K,A,=1,...,N},

—

Qu = @j“(dgy), wy = | PieQin @3, -

Before we apply this rule to the computation of the entries ay,, let us introduce a
similar rule with coarser mesh size. Clearly, Q,(f; —(N — 1)A,0) is the trapezoidal rule
over a partition with mesh size h. Therefore, we call (1.6) together with this @,(f; —(N —
1)h,0) the rule (1.6) with mesh size h. Now suppose N = 7.2 4 1, [ < lev, and
take hgy := 2! - h. Then we replace Q,(f;—(N — 1)h,0) by the composite trapezoidal

6



rule applied to the function [—(N — 1)A,0] 3 s — f(e° )e over the partition Part of
[—(N —1)h, 0], where Part is the union of {—khgy, k = 0,. LA(N = 1)} with®

Uneonir { = (- 27) k=0,1,2,3}u (17
Unsouuis { = kb 27): k=27 (N =1) =3, 2 (v 1))

This results in a new quadrature rule (1.6) which we call (1.6) with mesh size A,
Preparing the application of our quadrature rule to the integral in a,,, we perform

a step which is called singularity subtraction or regularization or modified quadrature
method. Using W1 =1/2 (cf. [38]), we write

(A6.)(Pe) = 0P + ¢u(Pu) + [ K(Po QodQ) — 0u(Pu)ldeT. (18)
Here 5, := k if P, is not a corner point. If P, is a corner point with {P.} = T';, N T,
then k; := (j,N). Le., for corner points Py, & is just the index of I different from

such that P, = P, . Applying (1.6) with mesh size A to (1.8) yields

e~ G, = QPe) + 1= Zeleu(Pe) + D B(Pey Qu)wup(Qu), (1.9)
ueJ
Z k(Pna Q#)wl-‘
ueJ

Thus the discretized collocation is nothing else than the method (1.4), where the matrix
(ax,)mer of the system of equations is replaced by Al := (a,,)x.cs- In order to motivate
the singularity subtraction let us mention that the replacement of a,, by a, , corresponds
to the approximation 4

(Azn)(Pe) = mN(Pn)+wN(Pm)+/rk(PmQ)[wN(Q)~ zn(Pg)ldol’  (1.10)

~ mN(Pm) - zN(Pm) + ZJ k(Pm Qu)[mN(Q#) - mN(Pm)]wu

No singularity subtraction results in

(Azn)(Pe) = an(Pe )v+2[';‘-dn(Pm)]wN(Pm +/k(PmQ)mN( Q)del’ (1.11)

~ an(Pe) + 2[— = do(Pe)lzn(Pe) + D b(Pe; Qu)zn(Qu)wp-

ueJ

Since the kernel function & has a certain strong singularity at the corner points, the
quadratures for Jp k(Px, @)zn(Q)doT do not converge uniformly with respect to x. The

5The partition Part is chosen such that the quadrature rule is exact for all trial wavelet func-
tions which remain after the compression step (cf. the set I4(P,) in Sect.1.4). The uniform partition
{—khgu, k =0,...,271. (N — 1)} guarantees the exactness of the quadrature to the integrals of the
wavelets @(;, 1,,k,) With level I, less or equal to lev—I. The node points from (1.7) guarantee the exactness
of the quadrature for the integrals of the boundary wavelets ¢;, 1,,1) and qS(j“,“ Ny

7



expression k(Px, @)[zn(Q) — zn(Py, )] has a milder singularity as k(Px, Q)zn(Q) if zn
is smooth. Consequently, the quadratures of [r k(Ps, @)[zn(Q) — zn(Px, )]doT converge
uniformly. In other words, the discretized collocation method without subtraction tech-
nique is not convergent in L* whereas the discretized collocation method with subtrac-
tion technique converges with the same order as the collocation method.

1.3 The wavelet bases

Let us start with the wavelet bases over the half axis [—o0,0] and with the basis in
the space of test functionals. We consider a fixed N of the form N = 7 -2'* + 1 and
the corresponding h := ( log N/N. Over the real axis IR we have a hierarchy of grids
{—kh2=t ke Z}, 1 =0,...,lev and the corresponding partition {—kh, k € Z} =
{—kh2" k € Z} U Uz, 1eo{—(2k + DR2"*7! k € Z}. Analogously, for the grid
points {tx, k =1,..., N}, we get the partition Ui—o s {tk, £ = 1,..., NI}, where

9 = —(k—1h2", k=1,..., N -1, the = —00, NE =38 (1.12)
tho= —(2k—1)R2*7 k=1,...,NF, I=1,...,lev, NF :=7-2"1

For [ = 0, we set 9% := b, k=1,...,N7,ie,9(f) = f(1}). For I >0, we choose i
to be the linear combination

2
9 = n— Zai,ﬁt;d (1.13)
7=1
of three Dirac-§ functionals, where t}, and t, are the two grid points of the coarser
levels Um—o,..i—1{t?, £ =0,..., N1} nearest to t.. In other words,
N —h2lev=(-U(k —1) if k< NF 4 —holev=(-1) if k< NF
BUT 20Nk —2) if k=NE, B2 | a2k —1) if k= NF.

(1.14)

The coefficients aivj are chosen such that the wavelet functional ¥ vanishes at all linear
functions, i.e., we define

ol = 1/2 if k<NlT o = 1/2 if k<N[T
k177 —1/2 if k= NF, k270 3/2 if k= NT,
It is not hard to see that span{d} : k =1,...,NF, 1 =0,...,lev} = span{é:,, k =
1,...,N}. This wavelet basis is a special case of the wavelets in [33].

Now we turn to the wavelet basis for the space of trial functions. Let us start with
the real axis. Analogously to [55, 16] we introduce

(1.15)

49 =53 () et -i+ (1.16)

=0\ J

and obtain that span{y(s — k), k € Z} is the direct sum of span{y(s/2 — k), k € Z}
and span{y(s — (2k — 1)), k € Z}. Hence a wavelet basis over R can be given by



Bs) = o(s/(h2)— k), k€ Z, | (1.17)
Bh(s) = w(s/(A2) = (2k—1)), k€ Z,1=1,...,lev.

Note that all 1% with [ > 0 are orthogonal to linear functions, i.e., they have two vanishing
moments. In the class of all wavelet bases with this orthogonality property our wavelets
have minimal support. '

Similarly to the wavelets over the interval (cf. [5, 15, 17]), the wavelet basis of the
trial space will consists of interior wavelets and boundary wavelets. The interior wavelets
are just those wavelets on the real axis the support of which is contained in (—(N —1)4,0).
The boundary wavelets are certain modifications of those wavelets defined on the axis
which do not vanish at 0 or at —(N — 1)h. We shall choose them in such a way that the
transformation from the basis of scaling functions {¢x, £ =1,..., N} into the new basis
of wavelets is bounded. We do not care about the momentum condition for boundary
wavelets. To introduce the basis we observe that all piecewise linear functions over
[—c0,0] can be extended to an even function of the space span{Ok(s) := ¢(s/h — k) +
¢(s/h + k), k =0,1,...} over R by reflection. Taking the wavelet basis {©3(s) :=
o5/ (A=) = B) + o5/ (k2 + k), k = 0,1,...} U{BL(s) = B4(s) + B (s, b =
1,2,..., 1l =1,...,lev} of this spline space and restricting it to the half axis [—o0, 0],
we arrive at a wavelet basis on [—o00, 0] with bounded wavelet transform. Together with
a corresponding modification over [—oo, —(N — 1)A], we get the following definition (cf.
Figures 2 and 3 for the supports of the functions):

— e p— e
—00 —(N-1)h ~h O
Figure 2: Supports of the functions ¢y over [—o0,0].
¥As) = p(s/(h2*)+k—-1), k=1,...,N§ =1, N& :=38, (1.18)
o o _ [ els/(h2) + NE—1) if s> —h(N - 1)
Pnals) = (1 if s<—h(N=-1),

Yi(s) = P(s/(h27") = 1) +(s/(R2™7) +1),
Yh(s) = P(s/(h2 N+ (2k-1)), k=2,...,N*—1, Nf:=7-2",
Y(s/(R2E ) + (2NA - 1)+ if s> —h(N-1)
{ w(s/(h2"™) + (2N + 1))
1 if s<—=h(N-1),
I=1,...,lev.

Pyals) =



Figure 3: Supports of the functions 1L over [—oo0, 0].

Clearly, the 9} with k = 2,...,N* — 1, [ = 1,...,lev are interior wavelets and %! as
well as 7,[)5\, 4 are boundary wavelets.
3

After the introduction of the wavelet bases over [~co, 0], we get the final wavelet
bases over the curve I using our parametrizations. We define the index sets [4 := {4 =
(G, lnk): 7.=1,..,K, [, =0,...,lev, kb, = 1,..., N} and I := {k = (Jx, L, k) :
Jw=1...,K, l.=0,...,lev, ke = 1,...,NF}5. For . € I*, we define the wavelet
function ¢, by :

v(s) if 5, =m

¢(j‘!ll-rkb)(‘§m(s)) = { OkL e].se. (1'19)
Obviously, span{¢p,, « € I} = span{4,, + € I4}. To define the basis in the space of test
functionals, we take x € I7 and set

Blitekn)(f) =92 (f 0 &;.). (1.20)

For simplicity of notation, let us look at the functionals By as if they were Dirac-é
distributions at a point P, and write f(ﬁ,c) instead of B,(f).

Using the just defined wavelet bases, we arrive at a transformed stiffness matrix
By = (AQSL(PN))KeIT,LeIA. It turns out that the entry A¢,(P,) is small and negligible
if the levels [,, 1. of the wavelets are large and if ¢, is not a boundary wavelet. Thus
we replace By by the compressed matrix B := (b%,)xerr,.c14, Where 0%, := Ad(B,)
if ¢, # 0 over supp P, or if ¢, is a boundary wavelet or if [, < lev — [ and b, := 0
else.” This compressed matrix is a small perturbation of By and contains no more than
O(N[log N]) (cf. Sect.1.4) non-vanishing entries. The matrix equation with matrix BS
can be solved with at most O(N[log N]) arithmetic operations.

1.4 The wavelet algorithm

Our next concern is to give an algorithm for the computation of a discretized version of
the matrix By. To this end let us proceed analogously to Sect.1.2. By definition each

SNote that I4 = I7 for the case of linear splines.
"For a compression with a larger number of neglected entries we refer to Remark 4.4.
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functional P, is the linear combination of at most three Dirac-§ functionals, i.e., there
exist oy, o, az € IR and Pg1, Pg2, Pc3 € T such that f(P ) 1 i f(Px;). Hence,
we get

(Azw)(Be) =Y o {mN(Pn,;) +zn(PF) + /r k(Pei, @)zn(Q) — mN(P::i)]dQF} ,

=1
(1.21)
where P::i := P,; if P.; is not a corner point of I'. If P, ; is a corner point and zx(Py;)
is the limit of zy from the side I';, of I', then P::i stands for the same corner point Py
but zx(Py;) is the limit from the side I'\ T';,. Following the compression strategy of the

matrix By, we replace oy = Y,e1a £, by zf = X ,cra(p,) §4., Where IA(P,Q) is the set
of all + € I* such that ¢,(Pc;) # 0, 2 = 1,2,3 or that ¢, is a boundary wavelet or that
I, < lev — .. Since z$(Pe;) = :cN(P,c,,) we get

(AmN ‘;a:{fEN K1 +$N P:;)'*‘_/ k(Pn,uQ)[ch(Q)—wN( :e)]dQF}'

(1.22)
Let us choose hgy, = min(h - 2%, h - 2¢*~fe%0) with levy := 7[log lev/log 2] and apply (1.6)
with mesh size hg, to (1.22). We obtain

(Aon)(B) ~ ﬁ:ai{wma,ﬁ)ﬂl—zm]w (P + 3 b(Pess Qu)o( Q) }

reJ

= )+ Z o[l = By :lzn(PE) + Z k(p'c) Qu)ei(Qu)wu, (1.23)

ueJ
Zn,i = Z k Pn,:'; Qu)wu

pnelJ

For the approximate value b , of the entry b, of Bf, this leads to

8 B) + Ty aull — Bealgl PR+ if v € T4()
bl = EpeJk(PN7Qu)¢L(Qu)wH (1‘24)

0 ' else .

We arrive at the following algorithm for the computation of the transformed, com-
pressed, and discretized stiffness matrix By := (b, )xeI ic14
For all k € IT do:

o Set b, =0, B;; =0forany.€ I* and i =1,2,3.
e Compute the oy, P,; and P,j,"- with 1 = 1,2, 3 for the test functional B..

e Set hgy = min(h - 2", h-2'*=t*") and compute the nodes @, and the weights w,
of the quadrature rule (1.6) with mesh width hg,.

e For all u € J do:

11



— Compute the values of the kernel function k(P ;, @), 2 = 1,2,3.

— Add B(Pey, Qu)wp t0 sy i = 1,2,3.

— Determine the index set I4(p) of all « € I4(B,) such that ¢,(Q,) # 0.
— For any ¢ € I*(p), add k(Pes, Qu)wud(Qu) to b, |

o Determine the index set J4(k) of all + € I* such that ¢,(P.;:) # 0 or .(PF;) #
0,i=1,2,3.
o For any « € J4(k), add a;¢,(Py;) to ¥/

Ky?

o For any ¢ € J4(k), add os[1 — Sx;]4.(PF;) to b, 1 =1,2,3.

i=1,2,3.

Let us count the number of arithmetic operations of this algorithm. We observe
(cf. Figure 3) that the number of wavelet functions not vanishing at a fixed point of
T is less or equal to 2lev. Hence the index sets I4(y) and J#(x) contain no more
than O(lev) indices. The number of arithmetic operations for the computation of the
k-th row of By is less than O(lev) times the number of quadrature nodes, i.e., less than
O(lev-[lev®+2'v=!x]) = O(lev-2"7!*) if I, < lev—levy and O(lev-[lev3+2'*]) = O(lev®)
else. For the computation of the whole matrix we need a number of operations of order

lev lev—levg -1
O( oo 2e®+ Y 2"‘lev-2’“"") = O(lev® . 2') (1.25)

lx=lev—levg 1.=0

= O(N[log NJ®).

Let us count the number of non-zero entries in Bj;. The number in one row is just the
cardinality of IA(p,;). There exist no more than O(lev) indices ¢ such that ¢,(Px;) # 0
or ¢,(Pf;) #0, 4 =1,2,3 or that ¢, is a boundary wavelet. The number of indices . with
I, < lev — I is O(2'**~!x). Hence the x-th row of Bj contains at most O(2"~!x + [ev)
entries different from 0. Consequently, the number of non-zero entries of the whole
matrix By is less than

0] (lezv 2l [21"’”"1‘ + lev]) = O(lev - 2'**) = O(N][log N]). (1.26)

l=0

In other words the storage of the matrix B); requires a storage capacity of O(N[log N])
numbers. The computation of By requires O(N[log N|®) operations and the multiplica-
tion of By by a vector O(N([log NJ). ‘

Now the algorithm for the computation of the approximate solution zy of equation
Az = y via discretized collocation and wavelet transform looks as follows. We determine
the right-hand side yn := (y(Px))xer of the collocation system (1.4) and solve Ayzy = yn
by an iterative method (e.g. by GMRES). The main part of this process is the matrix
multiplication of the iteration vectors zx by Ax. This multiplication will be realized in
three steps. All the three steps require no more than O(N[log N|®) operations. Thus, if
we choose the initial vector for our iteration to be the solution of a collocation over a
coarser grid, then we need only a finite number of iteration steps to solve the collocation
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system up to the discretization error. The whole algorithm for the computation of zx
requires no more than O(N(log N]®) operations and a storage capacity of O(N[log N])
numbers. ,

Now let us describe the three steps of the multiplication of Ay by zx. The vector zy
is given by its coefficients ¢, corresponding to the B-spline representation zy = ¥,¢; €, ..
In the first step we apply the wavelet transform, i.e., we compute the coefficients 7, of the
representation zy = 3,c;a7,¢,. This step can be realized with the aid of a pyramid type
scheme and is well known to require no more than O(N) operations (cf. e.g. [18, 14]).
In the second step we multiply (7.).c;4 by By to obtain a good approximation of Ayzy
expressed in the form (An2zn(Px))xerr. It remains to apply the inverse wavelet transform
which computes, for the function f = Awzy, the vector (f(Pe))rer from (f(Pe))err.
This third step can also be realized with the aid of a fast pyramid type scheme.

1.5 Piecewise cubic collocation

The algorithm with piecewise cubic spline functions in the trial space looks quite similar
to the piecewise linear collocation. Analogously to the notation from Sects.1.1-1.4, we
introduce the collocation points by

N = 7.2 41, h:=(log N/N, (1.27)
t1 = 0, t2:=—h/2, ty:i=—(k—2)h, k=3,...,N -1, ty := ~0,
P = P(j“k‘) = @jL(tk‘); L E I.

By ¢ we now denote the cubic B-spline such that suppyp = [-2, 2], that ¢ is continuously
differentiable, that the integral of ¢ is one, and that the restriction ¢|git1, * =
—2,—1,0,1 is a cubic polynomial. We set ¢i(s) := p(s/h+k—-2), k=1,...,N—-1
and @n(s) := 1 — a7 wr(s). Thus the basis functions in our cubic trial space over T’
are given by

0 @m(8)) = Do) (Bm(s)) = { prls) Hi=m ep )

else

Using this notation, the cubic collocation method is the method (1.4). For the dis-
cretization of the cubic spline collocation we use the quadrature (1.5),(1.6), where now
Q1(f;0,e~¥-Dhy and Q,(f; —(N — 1)h,0) denote the composite Simpson rule over the -
same partitions® as in Sect.1.2. The quadrature rule (1.6) with mesh size hy, = h-2'is the
rule, where @,( f; —(N —1)h,0) is Simpson’s rule applied to [—(N —1)A,0] 3 s — f(e*)e’
over the partition Part of [—(N — 1)h,0] with

Part := { —khgy: k=0,...,27(N - ‘1)} U (1.29)
U { — k(h2™): k=0,...,2[c00+c01lev]+3\}U
m=0,...,l-1
U {—k(hz”‘): k=2m(N—1)=7,...,2"™(N - 1)}.

81.e., we take the points of the partitions in Sect.1.2 and the midpoints of each subinterval as quadra-
ture nodes. ,
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Here cop and co; denote suitable non-negative constants. Using the quadrature rules
with minimal mesh size h, we get the corresponding discretized collocation by (1.9).

In order to define our wavelet algorithm let us introduce the wavelet test and trial
functions. We introduce the partition {tx, £ =1,..., N} = Uj=g,.teo{th, = 1,..., NI}
by

8] = 0, 85:= —h/2, = —(k—2)A2", k=3,...,N§ =2, 3z, :=tn-y,
t?vg‘ = —00,

{

tk =

—(2k = 1)A2 k=1,... ,NF, I=1,...,lev. (1.30)

The numbers N are chosen such that tQr_, > t}r_, = ty_1 2> —(NF — 3)h2'¥ and
0 0
the > tyoy > —(2NF + 1)R2"*~! [ = 1,...,lev is satisfied. For I = 0, we set ¥} :=
i

5t2, k=1,...,NZ, and, for I > 0,

4
P 1= by — }:ai,j@ij, (1.31)
j=1 ’

where tfk ., 7 =1,...,4 are the four grid points of the coarser levels Upm=o,. -1 {tF": k=
1,...,NL} nearest to t,. In other words,

(k—3) if —R2e=(=D(k+1) <ty < —h2ev=(1g
— e ev—(l-1)
I _pole—(-1) ) (K—4) if —h2 k< ty_s |
Fea h2 (k=1) if k=1 (1.32)
(k—2) else ,
tic,z = ti:,l - hQIev—(l—l), tgc,S = ti:,l _ 2h21eu—(1—-1)’ ti:,4 = ti:,l _ 3h2leu—(l—l),

The coefficients afc,j are chosen such that 9, vanishes at all cubic polynomials, i.e., we

define

((—5/16 if — R0V <ty

: 1/16  if — R2lev=U-)(k 4 1) < ty_y < —h2Mev-U-1k
5/16 if k=1

[ —1/16 else |,

(21/16 i — A2e-U-Dk < gy

—-5/16 if — h21"-""(l‘1)(k + 1) < tn_1 S __hzlev—(l—l)k
15/16 if k=1

L 9/16  else ,

(35/16 if — R2E-0-Dk <ty |
15/16 if — R2lev=(-1)(k 4 1) < ty_y < —h2lev-U-1k
-5/16 if k=1

[ 9/16  else ,

(1.33)
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l .
ak,4 .—

—35/16 if — Rlev-U-Df <ty

5/16  if — h2e=(=D(k 1) < ty_y < —h2lev-(-1g
1/16  if k=1

—-1/16 else .

Let us turn to the trial functions. Analogously to (1.16) and (1.18) we introduce

and set

Y
b3

YR(s) =

Pal(s)

$i(s)
bi(s)
Wi(s)

¢5v;‘-1(5)

Bhals)

lev(s)
lev(s)
(s

lev(s)

P _1(s)

lev
lev (s)

= Y(s/h+(2k—1)), k=4,...,Nf,

(1.34)

5) = %g(—l)j ( j‘ ) o(s—7)

o(s/(h2")),
o(s/(h2**) + 1) + so(s/(h2’”) -1),
o(s/(h2*) +k—1), k=3,...,N& -
z,f’ wa #(s/(h2) + k — 1) if s> —(N —1)A
if s<—(N-1)k
(s/(h2‘e”“) +3) + p(s/(h27) + 1),
d)(s/(hzlev—l) 4 5) + ’Qb(S/(h2lev_l) 1)
W(s/(R2= )+ 2k + 1)), k=3,..., N -2, NA:=7.2"1,

(1.35)

(P(s/(R2™) + (2N = 1))+ i s> —(N-1)h
p(s/(h2'7) + (2N{ +5))+
so(s/(h2"™") — 2N)
[ 1/8 if s<—(N—-1)h
( P(s/ (R + (2NA + 1))+ if s>—(N-1h
p(s/(h2°") + (2N + 3))+
go(s/(h2!) — 2N)
| 7/8 if s<—(N-=1)h
[=1,...,lev—-1
o(s/h—1),

P(s/h+3) +¢P(s/h +1),
P(s/h+38) +¥(s/h—1),
—2, NA .=7.2%141
(P(s/h+(ONA =+ i s> —(N 1)k
Y(s/h+ (2N, +3))+
Lo(s/h — 2NA, —2)
[ 1/8 if s<—(N-1h
(P(s/h+ (2N 1)+ if s> —(N—-1)h
P(s/h+ (2N,e,, + 1))+
sp(s/h —2Ng, —2)

e

| 7/8 if s<—(N=1)h.

Now we define ¢, and B, by ( 1.19) and (1.20), respectively. Analogously to the beginning

of Sect.1.4 we get f(B.) =

2, & f(Px;) with appropriate o; and P ;. For afixed & € I,
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the set I4(P,) of indices for which the entry (Ad.)(B.) of By is not neglected in the
compression step is now introduced as follows. An index ¢ = (4, k., 1) € I* belongs to
IA(PN) ifl, <lev—lcorif ¢(Pg;)# 0 withi=1,...,5or if ¢, is a boundary wavelet
or if k, < cog + coylev. Using this new set IA(P&), the wavelet algorithm with cubic trial
functions is the same as that presented in Sect.1.4. It leads to a compressed stiffness
matrix with a number of non-zero entries less than a constant times N times a power of
log N. The number of necessary arithmetic operations in the algorithm is also less than
a constant times N times a power of log N.

Let us remark that, for our choice of wavelets in the trial space, the compression
TH = X,era(p,) &P of a smooth cubic spline oy = ¥,cr4 ¢, is not smooth in the
neighbourhood of the points Q7 = P 0y if coy = cop = 0. In fact, the introduction of 7plev
instead of a basis function ((s/(h2'") — 1) on level zero ensures the boundedness of the
wavelet transform but leads to non-smoothness in the neighbourhoods of the midpoints
Q7 = P;0) of the sides of I'. In order to compensate this effect we have introduced the
constants cog, coy.

2 NUMERICAL TESTS

For a numerical example, we take the equilateral triangle § = AABC with corner
points A := (—1/2,0), B := (1/2,0), and C := (0,+/3/2). We consider the harmonic
function U(P) := U(sp,tp) := log \/(Sp —0.1)2 + (tp — e —0.2)? and get

1
U(P) =5 [ H(P,Q)a(Q)deT, P, (2.1)
where z is the solution of Az =y := 2U|r. In accordance with Sect.l.1 we divide the
boundary I into K = 6 equal parts and determine an approximate solution® zx of z by
the algorithm of Sect.1.5. We compute, for P, = (0.1,0.2), the approximation

UN(Pl) = “;' Z k(Pl) Qp)mN(Q#)wp (2'2)
HeJ .

of U(P,) = 1. By DEy we denote the error |[Uy(P1)—U(P;)| and by SEx+ the supremum
norm error®® ||zy — zn1||pe ~ ||z —Znt||Lo, Where N := 7-2%? 41 and N’ := 7-20¢v=1 4.1,
Furthermore, we determine the approximate value vy := [log SEx — log SEn:]/[log hn —
log k'] with hy := (log N/N and hpn+ := (log N'/N’' for the order 7 of the error
SEn ~ h};. In Table 1 (cf. also Figure 4) we present the corresponding numerical results.
These results show that, for a good approximate solution Uy of the Dirichlet problem
away from the boundary I' := 00, a small mesh parameter ( is sufficient. We observe
a convergence rate DEy ~ h} if ( = 1. The error DEy is larger for { > 1. However,
we conjecture that the results for larger ¢ can be improved if a better quadrature rule is
applied in (2.2). Since we are interested in an approximation of U over the whole of Q
and since this error can be estimated by the supremum norm, we are mainly interested
in SEy and not in DEy. We compute DEy only to demonstrate the closeness of zy to

9Note that, if N is the number of collocation points over each part Tr;, 7=1,...,6, then the number
of equations in the collocation system (1.4) is Nu := 6N. '

10An approximate value of this supremum is computed by a maximum over a large number of points
of T. .
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IClle'Ul NUISEN i’YNIDEN !

1] 0 491 0.089 0.000027
1 90 | 0.058 0.99 | 0.0000050
21 174 0.036 0.96 | 0.00000098
31 3421 0.023 0.83 | 0.00000015
4| 678 0.015 0.80 | 0.000000017
5| 1350 | 0.0094 0.78 | 0.0000000015
6| 2694 | 0.0065 0.62 | 0.00000000016
71 5283 | 0.0042 0.76 | 0.0000000000069
8 | 10758 | 0.0027 0.75 | 0.00000000000063
21 0 49 1 0.035 0.000075
1 90 | 0.014 2.02 | 0.000010
2| 174 0.0058 1.85 | 0.0000048
3| 342 0.0024 1.66 | 0.00000097
4] 678 0.00099 1.59 | 0.0000014
5| 1350 | 0.00041 1.55 | 0.00000060
6| 2694 | 0.00018 1.40 | 0.00000046
71 5283 | 0.000080 | 1.36 | 0.00000060
8| 10758 | 0.000033 | 1.48 | 0.000000021
9 | 21510 | 0.000015 | 1.22 | 0.000000028
10 | 43014 ; 0.000000034
31 0 49 10.013 0.00023
1 90 | 0.0035 3.08 | 0.000074
2| 174 0.00088 2.77 | 0.0000060
3| 342 0.00023 2.47 | 0.0000013
4| 678 0.000063 | 2.35 | 0.00000063
5| 1350 | 0.000017 | 2.32 | 0.00000012
6| 2694 | 0.0000048 | 2.15 | 0.000000071
7| 5283 | 0.0000014 | 2.08 | 0.000000011
8 | 10758 | 0.00000058 | 1.48 | 0.0000000027
9 | 21510 | 0.00000018 | 1.87 | 0.00000000071
10 | 43014 0.000000000049
) 49 1 0.005 0.000055
1 90 | 0.00082 4.09 | 0.000010
2| 174 0.00013 3.71 | 0.0000010
3| 342 0.000022 | 3.20 | 0.00000056
4| 678 | 0.0000040 | 3.26 | 0.0000026
5| 1350 | 0.00000077 | 2.88 | 0.000000035
6| 2694 | 0.00000052 | 0.69 | 0.00000020

Table 1: Approximation properties of the algorithm.

z. For the supremum error, we remark that the function z has an asymptotic behaviour
of z(s,0) — z(=1/2,0) ~ (s + 1/2)*/5 if s — —1/2 (cf. Sect.4 and [38]). Hence, we
expect yn ~ min(4,(3/5) (cf. Corollary 4.2 and Remark 4.3). Table 1 seems to confirm
this asymptotic rate. ,

Now let us consider the compression properties. The compression rate CR is the
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Figure 4: Orders of convergence

‘ lev | Nu ] CR I ™w l T [
0 49 1 1.00 0.26 0.16
1 90 | 0.93 1.05 0.63
2 174 | 0.62 3.18 2.20
3 342 | 0.43 9.71 8.88
4 678 | 0.25 23.87 34.06
51 1350 | 0.16 56.06 | 136.15
6| 2694 | 0.086 141.06 | 548.58
71 5382 | 0.048 320.47 | 2191.87
8 | 10758 | 0.027 775.11
9 (21510 | 0.015 | 1721.56

10 | 43014 | 0.0079 | 3775.10

Table 2: Compression rates and computing time for {( = 2, p = 0.375, and
cop =0 = coy

quotient of the number of non-zero entries of Bjy per number of all entries Nu®. The
compression algorithm of Sects.1.4 and 1.5 has been established to obtain a compression
error of order O(h*[log h=']#), where u denotes a certain non-negative constant. Since
the approximation error without compression is of order O(A™»(*¢3/5)[log h~1]#), a better
compression is possible. Thus we introduce a parameter p with 1 > p > 0 and define
T4(P,) to be the set of all © € I4 such that [, < p- lev — I, or that ¢,(P.;) # 0 with
1 =1,...,5 or that ¢, is a boundary wavelet or that k, < cop + co;lev. Analogously to
the estimates of Sect.4, we get a compression error of O(h*[log h~']#). Consequently,
we can choose p = 0.375 for ( = 2 and p = 0.6 for { = 3. Moreover, in our numerical
examples we choose levg = 0. This leads to smaller powers of log N in the estimates.
Though the stability proof fails for levg = 0, we have not observed any instability. In the
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|lev[ NuICR I ’IW| T|

0 491 1.00 0.26 0.18
1 90 | 0.93 1.11 0.57
2 174 | 0.79 4.25 2.15
3 342 | 0.48 12.43 8.29
4 678 | 0.34 34.86 32.73
5| 1350 | 0.21 93.57 | 130.59
6| 2694 |0.13 265.35 | 524.06
7| 53821 0.073 655.73 | 2111.37
8 | 10758 | 0.044 | 1585.44
9121510 | 0.025 | 3809.31

10 | 43014 | 0.015 | 10544.19

Table 3: Compression rates and computing time for ( = 3, p = 0.6, and
cog =2, cop = 0.5

Tables 2 and 3 (cf. also Figures 5 and 6) we present the compression rates, the time TW
in CPU seconds for the computation of the compressed matrix Bjy;, and the time T for
the computation of the corresponding matrix A} (cf. Sect.1.2). Note that the most time
consuming part of the computation is that for the computation of the stiffness matrix.
It turns out that the computation time T grows by factor four if the dimension Nu of the
linear system is doubled. The time TW grows by a factor between 2.5 and 3. For { = 2,
the wavelet algorithm is faster if the number of levels lev is greater or equal to four.
Since our computer has a main memory of 512 MB, we had to restrict our computations
without wavelets to at most seven levels. The compression algorithm allows us to go up
to ten levels. For ( = 1 and the small errors DEy presented in Table 1, the compression
parameters of the wavelet algorithm should be chosen as in Table 3 and the resulting
computing time is similar. Finally, let us mention that we have tested also a boundary
curve, where one straight line segment of the triangle is replaced by a sine shaped arc.
The obtained results have turned out to be quite similar.
All the computations have been performed on a DEC 3000 AXP 500 workstation.

3 STABILITY OF THE METHOD

Let us consider the operator equation Az = y in the space C(T') of all bounded and
piecewise continuous functions over I' which are continuous on each straight line segment
T';. Clearly, there is a constant'? C such that, for any sequence {¢,},er of real numbers,

%II Zfl-(pl'“L‘” S sup Ifl.l S C” ZfL(PL”L‘”- (31)
el

el L el

Hence, we have to consider the approximate operators Ay and Al in the space L({*(7))
of bounded linear operators over the space {®(I) of bounded sequences {¢.},e;. From
the boundedness of A € L{C(I')) it is not hard to see that Ay is uniformly bounded

1Here and in the following we denote by C a non-negative constant which varies from instance to
instance.
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Figure 6: Time for the computation of the matrix in CPU-seconds, ¢ = 2

with respect to N. Now the sequence {Ax} and the corresponding collocation method
(1.4) is called stable if Ay € L£(I°(I)) is invertible for N large enough and if (Ax)~"
is uniformly bounded with respect to N. It is well known that the derivation of the
stability is the main part in the proof of optimal convergence rates for the collocation.

THEOREM 3.1 The piecewise linear collocation method (1.4) is stable. Moreover, the
discretized collocation (cf. (1.9)) is stable if only the quadrature parameter i, (cf. the
definition of Q1(f;0,e" V=14 in Sect.1.2) is large enough.
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PROOF: There exist several methods for proving Theorem 3.1 (cf. e.g. [11, 39, 13, 3, 45,
26, 37, 46, 43]). Therefore, we shall give only some ideas and references without going
into details. In any case, we sketch a proof which can be applied also for piecewise cubic
trial functions.

It is a well-known fact that localization techniques apply to the stability theory of nu-
merical methods for operators of local type (cf. [36, 54, 42, 43]). This allows us to
restrict our consideration to the simpler case of a curve I' equal to the boundary of a
plane sector. It is not hard to show that in this special case the matrix Ay takes the
form

(o )= (08 o) (7% 5o ) (403 %) oo

Consequently, it remains to prove the stability of I + K. Following [47], it is not hard
to see that Ky is a Toeplitz operator the symbol of which is. differentiable and satisfies
||symboly|| < ¢ < 1. Hence, {An} is stable.

Moreover, following part a) of the proof to Theorem 4.2 in [47] one easily gets stability
for the discretized method. |

REMARK 3.2 Theorem 8.1 holds also for the piecewise cubic collocation.

Our next concern is to prove stability also for the approximate operator correspond-
ing to the wavelet algorithm of Sect.1.4. This operator is the one used in the multiplica-
tion step of the iteration process, i.e., AY = TrL By Tr#, where Bl is the transformed,
compressed, and discretized stiffness matrix (cf. Sect.1.4), Tr¥ is the wavelet trans-
form in the space of test functionals, and Tr4 stands for the wavelet transform in the
trial space. In other words, Tra maps the vector {£}.cs of coefficients of the function
zn = Y,.¢e1 €., into the vector of coeflicients of the same function z, with respect to the
wavelet basis {¢.},c74. For any continuous function f over T', the transform Trf; maps
the vector {f(Px)}xerr into {f(Px)}xer. Clearly, in view of (3. 1) we have to consider Ay
in the space £(I°(I)). Let us start our investigations showing the boundedness of the
wavelet transforms.

Obviously, the transform Tr'}:, is bounded if the transform TF over the interval
[—o0, 0] mapping {ﬂfc(f)}k___lle:r, 1=0,...tev 10 {f(te) }e=1,...N has this property. Before we
consider T# let us introduce the corresponding mapping over the whole axis JR. We set
= —(k— )2, k€ Z and £} := —(2k—1)R2"*~!, ke Z, 1=1,...,lev. Further
we introduce the wavelet functionals 99(f) := f£(t2) and 94(f) == f(&) — 2[f(&,) +
FE ) withl=1,...,lev, k€ Z and { ; := —h2fev =0k — 1), £, o= —h2lev- (-,
By TT we denote the transform T7 : {&i(f)}l=0,...,lev, kez — {f(—(k — 1)h)}rez. This
mapplng has just the pyramid form, i.e., setting 7' := {niteez, €& := {&k}rez with
nh = 94(f) and £ := f(—(k — 1)p2'! ), we get TT : {€%7%,...,7'} — £ and the
two-scale relation (refinement equation)

) 3.3
Ek 77,+1 + [§,+1 i+12 lf ]C =2s + 2. ( )

Thus £ can be calculated following the scheme

z_{ ] f k=2s+1
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EO Sy 51 —_ 62 N —_ 51'

/ / / (3.4)

,,71 7]2 ,ql

LEMMA 3.3 The wavelet transform TT : [1®]'®" — [ is bounded by 2(lev + 1).

Proor: Ident1fy1ng ¢ and n' with their symbols E(t) 1= TrezbittTl, ni(t) =
Skez Mkt® ™, Equ. (3.3) implies

1
§t) =t (") + g (#), 9(8) =1+t +¢7]. (3.5)
Hence,
lev—1
€)= 3 a@f T () + g ()EET), (3.6)
=0
%0(t) = 1, at):=g-1(t)g(t)- (3.7)
Since gi(t)t* = sz"'l ALt7, we observe that, for a fixed coefficient &, to & there
contribute at most two coeﬁimen’cs of each nle”", I=1,...,lev and two of £°. Thus
lev
6] < 2sup P¥ad sup €01 +2 3 sup X7 sup 17k . (3.8)
=1 J

It remains to check the boundedness of sup,|X:|. Since the X, j € Z are the
Fourier coefficients of the function g, we get [\ < I3 |gi(e*™*)|ds. Consequently,
we only have to show that f; |gi(e™)|ds = f; gi(e®®™)ds = 1. We prove this by
induction. Clearly, [y go(e®™*)ds = 1. Let us suppose [, gz_l(eiz"’)ds = 1. The
symmetry gi_1(e?™) = gi_1(e**(*~*)) implies that g;_;(e*™) = 20 ¢jcos(2mjs) and
g1-1(€%™*) = 32 ¢; cos(2n235s). Thus g_;(e****) is orthogonal to cos(27s) and we con-
clude

/ ai(€2™)ds /: G (6772 g(¥™*)ds (3.9)

1 . 1 .
= / 91_1(8’2”2’)(13—{-/ 91-1(€¥™**) cos(2ms)ds
0 0

2 , 1 ,
- / G (e7™)dt /2 = / G (e2™)dt = 1.
0 0
In other words, sup,, [A§| < 1 and the proof is finished. |

Now let [*°(n) stand for the space IR™ supplied with the supremum norm and con-
sider TH : 1®(NT) @ I®(N]) @ ... ® [®(NL,) — I®(N).
LEMMA 3.4 The wavelet transform TF is bounded by C - lev, where the constant C is
independent of lev and N.

ProoF: Together with T7 the restriction T8 of T7 to I®(Nf) & l°°(NT) ®...0
1°(NE,) — 1°°(N) is bounded by C - lev®. The difference between Tg and TF is that

the restricted verswn 1
52NT 77NT +5 9 2NT (3.10)
of relation (3.3) is replaced by (cf. (1.13))
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L 77NT +3 2NT lfONT y H1=1 ‘
€2NT - T]NT + €2NT - 5 2Nli:1_ - { T]NT + 3 3 ;1\111' _ 1 ;NZT if 1 2 9. (3.11)
If the entries (TN),c @j) of TE are defined by gy = (TN)k (0’1)5 +

Ci<iclen 2 (T, (5)7; and the entries of TZ similarly, then (T3), (1) is equal to the
entry (TE k) 7 < NE, I>0o0rifj < NT 1, I = 0. Indeed, the new relation (3.11)
affects only the entries (TN)k,(l,NlT) and (TN)k,(O,NOT—l)' There are two ways to pass from

77NT to &Y via (3.3) and (3.11), respectively. If tyr <t < t;vT , then one can go from
77NT to {jyz using relation (3.11) and from that to £l by (3. 3) or one goes from 77NT
to €2NT using (3.11) and from that to ¢ by (3.3). Let a and b denote the factor by
which 7t NT is multiplied during the application of (3.11) on the way from anlT to {5 yr and
62;,}_1, respectively. Then we get (T;{;)k,(l’NF) = o(TE )k, (rva) + b(Tg)k’(,_lerT_l). Next
we shall prove that a and b are bounded. If this is done, then the previous proof implies
(T# )k, < Csup,, I(T& )k,rs)] < C. Arguing analogously to the previous proof, we

also observe that, for each k and [, there are at most two values j with (T )k,a,5) # 0.
Thus

lev NzT
ITRN = sup 3 D 1(TH ksl < Clev . (3.12)

k=g j=1
Let us estimate a and 5. If we proceed from ﬁvﬁ to E;N? using (3.11), we can choose
between a step over two levels with factor —1/2 and a step over one level with factor
3/2. Summing up all products of these possible factors during the way from level [ to r,
we get a. We observe that @ = a; depends only on the difference j = r — [ and that

3 1 :
—Qj_1— —Gj2, ] =2,3,..., a=1, ay = =. (3.13)

2 2 2
Hence, the values a = a; = 2 — 277 are bounded by 2, and b = a;_; is bounded, too. §

(oY)

a; =

Now let us consider the wavelet transform Tr-.

LEMMA 3.5 The wavelet transform Tri is bounded by a constant independent of lev
and N.

PROOF: Recall the definition of the wavelets in Sect.1.3 (cf.(1.18)). Analogously, to
the wavelets in the test space, it suffices to consider the Wavelet transform mapping

{11 to {nk bz, tev, k=1, LNA, Where Yy Eeor = Ti% Zk_1 ni¥t. These wavelets are
an adaption of the wavelets over the real axis to the interval [—co,0]. However, to any
function zy = XN, éxpr over [—o0, 0] there corresponds a unique extension Zy over the
real axis obtained by the reflections ‘

)

zn(s —2(N—=1)h) if (N-1)hA<s<2(N-1)h
.} an(—s) f 0<s<(N-1)r
V=N a(s) if —(N-1)h<s<0

(2N =1Dh—s) if —2N=-1)h<s<—(N-1)h

(3.14)

ZN
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The coefficients of zy with respect to the bases {px} and {%i} coincide with those of
Zy with respect to the corresponding bases over the real axis (cf. (1.17)). Therefore,
it 1s enough to prove the boundedness of the wavelet transform over the real axis. The
corresponding wavelets over the axis are biorthogonal wavelets in the sense of [16]. The
dual wavelets, however, have exponential decay instead of finite support. More precisely,
setting h(z) = 22712 +1)%/4 and h(z) = v2[4z" (2 + 1)?]/[z72(z + 1)* + 27%(2 — 1)4]
and following the definitions of [16], we get biorthogonal wavelet bases. Indeed, it is not
hard to prove that the assumptions of [16], Prop.4.9 are satisfied with L = 2 and k=1.
Moreover, one can show that the dual scaling function & decays exponentially and is
continuous. The wavelet function in this setting is

=vV2 Y (1) *hont1®(22 + 1), (3.15)

neZ

where A(2) = Tnez hnz™ and @ is our hat function ¢ from (1.2). However, A(z) =
9(2)v2z7Y(z + 1)%/4 with g(z) = 8/[27% + 6 + 2°] such that g(z) # 0 for |z| = 1 and
9(—2z) = 9(2) = T ez ganz?™. Therefore, the span of translates of the wavelet ¢ is equal
to the span of translates of the wavelet 1 from (1.16). We get the same multiresolution
analysis for ¢ and for 1. The wavelet coefficients of the wavelet basis defined with ¢
can be obtained from those defined with 1 by a simple discrete convolution on each level
and vice versa. Since 1) is a linear combination of the translates of /¢, we conclude that
there also exists a dual wavelet 1? for our 9. This ¥¢ is continuous, decays exponentially

and defines a dual basis 9f(s) = y¥(s/(h2"7!) — (2k — 1))/(R2"*7!), k € Z, | =

1,...,lev with (zﬁ[‘i’kl,q(;,lc) = 81,6k p,- For zy = Y miepl and its extension zy = Enivﬁfc
(cf. (3.14)), we conclude :

el = 1wy 9l < likllz vl o,
supialy] < C |lzwl|ze (3.16)
Using this, 2y = S nif = 3 &k, and (3.1), we arrive at the boundedness of the
wavelet transform Tr4. |

THEOREM. 3.6 The approzimate operator A% of the wavelet algorithm from Sect.1.4 is
stable. More precisely, A is a small perturbation of Ay and there holds:

i) |Ay — TrEBSTri|| < C - A2 - lev?,
@) [|AY — TrL B Tri|| < C/lev.

PRrRooOF: Clearly, the stability of Ay and ||Ay — A¥|| — 0 for N — oo imply the
stability of AY. Thus the stability of Ay follows from Theorem 3.1 and the assertions i)
and ii). Let us prove i).

We have to estimate the kernel function k(P, Q) for P € supp P, and Q € supp ¢,, where
¢. is not a boundary wavelet. Suppose without loss of generality,

ng =1, ®*(t)=R+ev, &(t)=R+ew. (3.17)
If j« = j. and ¥ = W, then ng - (P — Q) = 0 and k(P, Q) vanishes. For ¥ # 0, we get
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s= -

n-(e*w—€ev) , . A-v—en-v

e’|u| =

k(@7 (1), 87(s))| DB (s)| =

- = - 3.18
|esd — etv|? |0 — et—s7]2 (1. (3.18)
This kernel function is smooth. Moreover, it is easy to see that any derivative of this
function with respect to ¢ or s can be estlma.ted by a constant. Using the representation

f(P ) =32, o f(Py.;) and the notation P, ; = & (tx:), we conclude

(49.)(E Zat [ (00, @5 ()| D2 () () (3.19)

Let Tay, stand for the Taylor series expansion up to linear terms of k(@j"(t), ®7:(s))
| D&% (s)| with respect to t at the point ¢ = t.;. Furthermore, let Tay, stand for the
Taylor series expansion up to linear terms of k(®%=(t), ®7(s))|D®%(s)|—Tay, with respect
to s at the midpoint s = s, of the support of ¢,. Then we set Tay = Tay; + Tay, and get

B(27 (1), %(5))| D" (5)| — Toy| < Cl = tuals =i’ (3.20)

In view of the momentum conditions of our wavelets, we know that B vanishes at the
linear function Tay; if I, > 0 and that 1/)}& is orthogonal to Tay, if [, > 0 and if z,b,lc‘b is not
a boundary wavelet. Thus let us suppose [, > 0, I, > 0 and that ¢, is not a boundary
wavelet. From (3.20) we conclude

(A0(E) = Soos [ {0 85D (o)~ Ta il (s,

(AB)(B| < C(diam suppdl; J(diam supps ) [ 18.(Q)1drQ (3.21)
S C(hzlev l,‘) (h2lev—h /]¢ ’dFQ

Since v € I4\ I4(B,) implies I, + I, > lev, we arrive at

> l(As)(B) < CR*2**sup 3 |4.(Q (3.22)

LETA\IA(B,) Q€T cra
< ChR logh™Plev < Chilev®.

Thus HBN B\l cise(rayie(rry) < Chlev®. By Lemmas 3.4 and 3.3 as well as by Ay =
Tr% BnTré, we get assertion 1).

Let us turn to the discretization error on the left-hand side of ii). We have to estimate
the entries Cy, of C = B — By, where

Cuw 1= Yoo [ h(Pesy Q[4(Q) — 4(Pri)ldeT - (3:23)
~ 3T H(Pass Q@) — Pl = 3 T} +T8(Pe),
i=1 peJ i=1
7ot = [ P QA(QMT = 3 (P Q@
uGJ
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Tet 1= [ B(Pis QT = X K(Pus, Qulu
r
ueJ
The quadrature error Te? is the sum of the quadrature error taken over the subintervals
adjacent to the corners and of that taken over the rest. Since the kernel (cf.(3.18)) is
smooth over the rest, we get the usual O(hgu) estimate for the trapezoidal rule. For the
error over the subintervals adjacent to the corner points, we obtain the estimate (cf. the

definition of Qy(f;0, e (N-1)k))

[ 180k(Pui, @)ldeT - (). (3.24)
subinterval 2

*

Here Jq is the derivative in the tangential direction tg (|tg| = 1) of ' and m is the
length of the subinterval. Without loss of generality, we may suppose that the P,; and
the subinterval are placed on two different sides of ' adjacent to the corner point R.
Hence,

1n(P-Q)| _ ln-(P-R)| =n-(P-R) 3
6Q{2vr~_lP—QP } = 8, {Zw_—_—]P a } o giie (@ P32
|00k(Prsi, @) < 2%)’—'. (3.26)

Since Py ; is a collocation point, we get |Pe; — Q| > C~'-m and (3.24) can be estimated
by C [|k(Pui,@)|doT /3. < C/i. Collecting terms, we arrive at

Te?| < C {hgu + Zl} . (3.27)

*

The estimation of the quadrature error Te} over the subintervals adjacent to the cor-
ner points is analogous to that of Te? since the trial functions are constant over these
subintervals. Thus let us suppose that supp ¢, does not contain a corner and apply the
substitutions (3.17). We get

Tel = [ h(Puiy 85 (5)) D85 (5) s ()ds — 37 K(Priy 8% (54))| D& (53) 1k (53)5,

(3.28)
where wy := e™**@y (cf. Sect.1.2). Now observe that our quadrature rule is exact at
functions from the trial space. Hence, if we choose an s’ € supp 1/),1;, we arrive at

Tt = [ [R(Paiy 85(5))[ DB (5)] — B(Pes, @(")| DB Bl (s)ds ~ (3.29)
5 [b(Pas, @ (52)) D2 (3)] = b(Pa ()| D (5] i (32)in.

A

Taking into account the properties of the kernel k(®7=(¢), ®%:(s))| D&% (s)|, it is not hard
to derive

[Te}| < O(diam supp ) - [ 16(@)ldaT (3.30)

Taking into account that diam supp ¢" ~ h2'v=l and that h2'¥ ~ lev, we get the bound
C-lev™®[¢.,(Q)|doT for |Te}| if I, > 4[log lev/log2]. On the other hand the usual first
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order estimate for the quadrature together with the smoothness of the kernel implies

|Tei] < Chau supq|004.(Q)] / dgT, < Chgu(h2'*™4)™ / doT. (3.31)
supp ¢, supp ¢,

Together with hg < A2V and levy = T[loglev/log2] we conclude |Tel|

C - lev™ [, doT if I, < 4[loglev/log?2]. Hence, for any [,, we get the bound
C . le'U_-3 supp &, dQF
From Equs. (3.23), (3.27), and the last estimation we conclude

IC| < C’{ }lezh m!+0{ + lev™ }Z/ doT,(3.32)

=1 = Jeurp s,

S Gl < 0{h2 }zewro{z +lev™ }lev,

eI4(By)

< C {hzu + zi + le’u's} lev.

In view of hg, < h2'ev=lev § = ev® and levy = T[log lev/ log 2], we conclude

Z |Cc.| < C {lev22"218"° + lev‘s} lev < C/lev?. (3.33)
LEIA(Is,,)
Hence, || By, — By|| < C/lev? and Lemmas 3.4 and 3.3 lead to assertion ii). B

REMARK 3.7 We conjecture that Theorem 8.6 holds also for the piecewise cubic wavelet
algorithm of Sect.1.5. Of course, the second order convergence is to be replaced by fourth
order convergence and the ezponents of the logarithm change. The proof should be anal-
ogous to that presented above. The only open problem is to prove analogues of Lemmas
3.4 and 3.5. We have not tried to show the boundedness of the transforms corresponding
to the boundary modification of the wavelets.

4 ASYMPTOTIC RATES OF CONVERGENCE

Let = denote the solution of Az = (I + 2W)z = y and suppose the right-hand side
y is continuous on I' and infinitely differentiable on each closed side of I'. Then the
function z is infinitely differentiable at any point of I' which is not a corner point. If R
is a corner, then the asymptotics of z(P) for P — R takes the form z(P) — z(R) ~
|P — R|*R, where kg := 7/ max(a, 27 — &) and « is the interior angle of the polygon T
at R (cf. [38, 28]). In particular, z belongs to the Hélder class over T' with exponent
sr := min{kg, R corner of I'} and the functions (—c0,0] 3 s — z(®(s)), 7 =1,..., K
are smooth.

THEOREM 4.1 Let = denote the ezact solution of the double layer potential equation
Az = y and suppose zy 1is the approzimate solution obtained by the algorithm of Sect.1.4,
ie., oy = X,eréup, 15 obtained by solving AY{&, }er = {y(Pe)}ner iteratively. Note that

TN = Y ,e174 M@, with the solution {n.}.,cra from the equation By{n.}.cra = {y(Pe)}rerr-
If the right-hand side y is continuous on I' and infinitely differentiable on each closed
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side of ', then there holds
|z — zn||ze < C max (lev N'C"F,lev4h2) , (4.1)

where C is independent of N and h.

COROLLARY 4.2 The estimate (4.1) ezpressed in terms of the step size h or in terms
of the degree of freedom N takes the form

C hmin(“l"z)[log Rl

lz —zn|Le < { ¢ N- i) log N], (4.2)

where py = —(rp + 1, g2 =1 for (kr < 2 and py =4, py =6 for (kr > 2.
PROOF: Let Ly denote the interpolation projection Ly f := X .c; f(P.)p.. Then we can
identify the function zy of the trial space im Ly with the sequence {zn(P,)}.er € (1)
of its coefficients. Using ||Ly|| = 1 and the stability of AY = TryByTry € L(im Ly)
(cf. Theorem 3.6), we get
t—zy = z— Lyz+ (AY) A% Lyz — (A%) ' Lyy,
le —enll < e~ Lye| + |(A%) | AvLyvz — Ly Az
< Cllz — Lyz| + C||AyLyz — LyALyz|. (4.3)
The operator LyA|imL, is nothing else than the collocation operator Ay of Sect.l.l.
Hence, we obtain

lz —2nll < Cllz ~ Lyall + C I Try By Try — Anllllz]l +
ITrRI(BY — Byl TryLyz]. (4.4)
Using the smoothness of z and the special choice of the grids (cf. Sect.1.1), it is not hard

to obtaln
lz — Lyz|z= < C max (h%, N7¢T). (4.5)

The term || Tr% BS; Tri — An|| has been estimated in Theorem 3.6,i) and ||Tr% || in Lemma
3.4. Hence, it remains to consider

|[B% — By TriyLye| = sup | ByTrfyLya(Pe) ~ BiTrivLua(P)l.  (456)
kel

Obviously, we have

3
|ByTris Lyz(Pe) — By TrisLyz(Bo)| = . euTe, ' (4

=1

Te; 1= / E(Pei, @)zn(Q) — ox(Pei)ldoT — 3 k(Pes, Q) en(Qu) — T (Pei)wy,

where z}; is the compression zLeIA(P,‘)m‘ﬁL of Lyz =¥ cramd..

Let us first estimate the quadrature error (4.7) over a subinterval I', adjacent to the
corner points. Without loss of generality we may suppose that P, is not a corner point
and that ﬁ’n and T, belong to two different sides of I' having the corner point R in
common. For @ € T,, the value z3}(Q) is equal to Lyz(Q) and to the value of z at the
corner point R. Moreover, ¢3(Px;) = Lnz(Py;) = ¢(Pysi). Consequently, we get
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23(Q) — o3 (Pud = la(R) - 2(Pos)] < R — Pusl™.  (48)

I fp k(Pei; Q)[zn(Q) — an(Prilldel| < C |PM ~ Q|7 dgT |R — Poj|™ (4.9)
< CR—PM-"F* dqT
< C| il /F Q
< C|R= Pei|"™ !N ¢ < N~

The quadratures over I', can be estimated similarly.

Now let us turn to the quadrature error over the union of all subintervals which are not
adjacent to corner points. We write

3
> aTe; = Te' +Te”, (4.10)

- /[ﬁ;aik<pn,i,Q)]mN )T z[za, (P.ss Q)] 2@l

1=1 ueJ Li=1
Te” = / [Z a,:BN ,“ ,“,Q ] dQP Zf [Za,mN Kyt (PM,',Q,_‘)} m
peJ Li=1

Without loss of generality we suppose that P, is not a corner point and that the domain
of integration and P, belong to two different sides of I' adjacent to a corner point R. Let
the domain of integration be part of I';. Using the substitutions (3.17), the quadrature
error of Te' can be estimated by

ds. (4.11)

08 { |30 bl e 8161 DR(5)] | sl

12

Since the second derivative of this piecewise linear function is zero'?, we get

01 { |3 ouk(Puss DB )] i 376} =

g ( ’ > 52! [ga,k(a,,@J(s))wqw(sn] 8 [e3(®9(s))] (4.12)

Now we take into account the smoothness of the kernel function (cf. the proof of Theorem
3.6) and apply the estimate (cf. Sect.1.3)

3

S anf(B)| = [f(@ () - 5 (@) + A@(E )]
< C l SUPI laf [fo ‘I’j"] (t)l |t2':,1 _tt,zlza
Lt SESE
< C  sup ‘Bf [f o @j“] (t)’ [diam supp 9y |2 (4.13)

tEsuppd,

12Note that the points of discontinuity of the first derivative of the piecewise linear functions are node
points of the trapezoidal rule.
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to get

ds <

{[za, (s BOIDE(S)]| 2325}

=1

Cldiam suppdy)* {sup |[z} o @7](s)| + sup Bz o ()} (414)

Similarly we can estimate Te” by

6" {Z awz,(a,ok(m,i,@%s))w@f‘(s)t]

W [ > ds = | (4.15)
B2, - / 52 {ga;m(Pn,i)k(PK,i,@j(s))|D@j(s)l] ds <

C-h2, {Sup [z 0 @7](s)| + sup |8,[z 0 &7](s)| + sup |H?[z o @j](s)[} - [diam suppﬂi;]z
<C- hgu[diam suppﬁﬁc’;]z-

Now it remains to estimate sup |z} o ®7](s)| and sup |8,[z} o ®7](s)]. Since the estimate
of sup |z}, 0 ®7| is similar to that of sup |8, [z} 0 ®?](s)|, we shall concentrate on the latter.
From

{aniﬁ(é‘/(h?”' } an/(hfe’” Y/(s/(h2=) — k) (4.16)

and from the boundedness of suppy = suppy’ (cf. (1.16)), it is easy to see that

n./(h2'=4)| (4.17)
n./(h2"7H)].

In order to estimate 7,/(h2"*~!*), we introduce the extension zy of [-(N —1)A,0] 3 s —

Lyz(®(s)) b

sup [B.[a3y 0 B)(s)| < C-lev superae,y

< C-lev super

Lya(®i(s — 2N —1R))  if (N—1)h<s<2N - 1)k
in(s) = 4 LNa:(@’:(-—s)) f 0<s<(N-1)h

NPT Lya(@9(s)) if —(N-1)h<s<0
Lyz(®(—2(N —1)h—s)) if —2N-1)h<s<—(N—1)h

L -

(4.18)

Note that, since the wavelets over [—oo, 0] are defined with the help of reflection, the
wavelet coefficient of Lyz corresponding to {1} is the same as that of Zy corresponding
to the wavelet basis defined by (1.17) over the real axis. The wavelet coefficients of Zy

can be computed via the biorthogonal wavelet functions 1§, (cf. the proof of Lemma
3.5) such that

lev

Zy = Z Z(T/)zk,ZN k- | (4.19)

I=0keZ
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Now fix | with 0 < | < lev. Surely, zN has a bounded derivative. Consequently, there
exists a piecewise linear function 2} in span{dP, 0 < m < [, k € Z} such that
128 — 2} ||z < C(h2'=H1). Since ¢f is orthogonal to 3%, we get

('le‘fkﬁ EN) = ("‘pllflc: zZN — EJIV)7
el < il llzy = 24 )= < CR2 (4.20)
If { = 0, then |ng| = (¥§, 2v) < C < C(h2").
Collecting the estimates (4.10)-(4.20), we conclude that the quadrature error

|ByTri Lyz(B,) — B Tri Lyz(P,)| taken over all the subintervals of I' which are not
adjacent to a corner can be estimated by

Ch? [diam supp’z?i';]z ev < C(R2%)P(R2)2 . ey

< C-lev (R*2")? < C - levh?. (4.21)

From this estimate, Lemma 3.4, Theorem 3.6, and the inequalities (4. 4) (4.6), and (4.9)
we obtain

Iz — 2wl < C {max(h?, N=0) + hlev* + lev[ N~ + lev*h?]} (4.22)
which proves (4.1). B

REMARK 4.3 If the conjecture of Remark 3.7 is true, then a result analogous to Theorem
4.1 can be proved for the piecewise cubic collocation together with the wavelet algorithm
of Sect.1.5. Clearly, the ezponent two in (4.1) is to be replaced by four since this ezponent
corresponds to the polynomial degree of the trial functions and to the convergence order
of the quadrature rule.

REMARK 4.4 Let us note that a better compression than that of Sect.1.{ is possible.
Indeed, define IA( ) to be the set of all v € I* such that ¢,(P.;) # 0, 1 = 1,2,3 or
that @, 1s a boundary wavelet or that |, < [lev—1,]/2. In this case the bound of Theorem
3.6,i) takes the form C - h - lev®. However, arguing analogously to (4.20), one can prove
that |n,| < C - (h2'**7%)? for Lyz = Y,cramd.. Using this, it is not hard to get (cf.

(3.21))

[Tr% B3 Try — AwlLyz| < |ITgll-sup 30 [(Ad)(Pe)ml  (4.23)
’ kelT (EIA\TA(B,)

< C-h%ler®.

Hence, we arrive at a convergence estimate of ||z — zn|| < C’ hilev® for this kind of
compression tf (kp > 2.
Acknowledgements. I am grateful to R. Schneider for helpful discussions. In

particular, he has given me the hint to treat the wavelets from (1.16) and (1.34) as in
[16].
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