Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Spectral analysis of Sinai’s walk for small eigenvalues

A. Bovier^1, A. Faggionato^2

submitted: September 26, 2005

1 Weierstraß-Institut für Angewandte Analysis und Stochastik Mohrenstr. 39 10117 Berlin Germany and Technische Universität Berlin Institut für Mathematik Str. des 17. Juni 136 10623 Berlin Germany E-Mail: bovier@wias-berlin.de

2 Dipartimento di Matematica “G. Castelnuovo” Università “La Sapienza” P.le Aldo Moro 2 00185 Roma Italy E-Mail: faggiona@mat.uniroma1.it

No. 1056 Berlin 2005

W I A S

2000 Mathematics Subject Classification. 60K37, 82B41, 82B44.

Key words and phrases. disordered systems, random dynamics, trap models, ageing, spectral properties.

Research supported in part by the DFG in the Dutch-German Bilateral Research Group “Mathematics of Random Spatial Models from Physics and Biology”.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract. Sinai’s walk can be thought of as a random walk on Z with random potential V , with V weakly converging under diffusive rescaling to a two-sided Brownian motion. We consider here the generator LN of Sinai’s walk on [−N, N] ∩ Z with Dirichlet conditions on −N, N. By means of potential theory, for each h > 0 we show the relation between the spectral properties of LN for eigenvalues of order o ( exp ( −h √ N )) and the

distribution of the h-extrema of the rescaled potential VN (x) ≡ V (Nx)/ √ N defined on [−1, 1]. Information about the h-extrema of VN is derived from a result of Neveu and Pitman concerning the statistics of h-extrema of Brownian motion. As first application of our results, we give a proof of a refined version of Sinai’s localization theorem.

1. Introduction

Random walks in random environments are a major paradigm for the dynamics of systems in complex environments (see [23] for a recent in depth review). One of the simplest special cases is the one-dimensional nearest-neighbor random walk with iid transition probabilities, p_x, 1 − p_x, in the regime where E ln^{px}_{1−px} = 0 and E ln^{2 px}_{1−px} > 0 . In this regime Sinai [21] discovered remarkable slowing down of the diffusive time scale. Since then, the model was investigated very intensely and in great detail both in the probabilist and the physics literature, see e.g. [13, 12, 9, 8, 7, 20, 11, 15, 16]. Rather recently [9], this model was considered form the point of view of the popular concept of ageing which is a particular manifestation of the slow down of the dynamics characterized by a particular behavior of autocorrelation functions. It was shown that ageing results, in this model, rather directly from Sinai’s localisation theorem that we shall explain below. Another approach towards the characterisation of slow dynamics would be through the spectral properties of the generator of the process. In a recent paper we have carried this out in full detail in the simplest possible model, Bouchaud’s trap model on the complete graph [5] where we have shown, in particular, that all the standard ageing properties of the model can be derived easily from spectral data. Recently, the spectrum of the generator of Sinai’s random walk was analysed in [11, 15] using renormalization group methods. In the present paper we give a refined and fully rigorous analysis of the bottom part of the spectrum of Sinai’s random walk and show that this leads to a very easy proof of a (refined) version of Sinai’s localisation theorem. Another application of the spectral information will show a limit law that expresses the fact that the Sinai’s random walk can be seen as a process that on an infinite sequence of (random) time scales appears to be approaching equilibrium exponentially. Let us note that Comets and Popov [8] have used control of principal eigenvalues of the generator of Sinai’s walk in suitable intervals to obtain moderate deviation results.

Let us note that the spectral analysis of the generator can also be considered as that of a corresponding quantum mechanical Schrödinger operator. This operator has been considered in the context of two-dimensional electrons in a particular random magnetic field and as an effective Hamiltonian of polyacetylene (see [2] for a discussion and references).

1.1. Sinai’s walk. Definitions and key facts. Before stating our results, let us fix the notation. We define an environment as a sequence, ω = {ω_x}_{x∈Z} with ω_x ∈ [0, 1]. For a given environment, ω, Sinai’s walk, (X_n, n ≥ 0), is a discrete time random walk on Z with transition probabilities

Prob( X_{n+1} = x + 1 | X_n = x ) = ω_x Prob( X_{n+1} = x − 1 | X_n = x ) = 1 − ω_x . (1.1)

We use P^ω_x to denote the law of the random walk (X_n, n ≥ 0) starting at x ∈ Z. We will consider random environments consisting of i.i.d. sequences of random variables, ω_x, x ∈ Z, whose law will be denoted by P. We will make the usual ellipticity assumption that for some κ > 0 ω_x ∈ [κ, 1 − κ] ∀x ∈ Z , (1.2) We set Ω ≡ [κ, 1 − κ]^Z. To be in the situation of Sinai’s walk, we assume further that E ( ln ( ω_x 1 − ω_x )) = 0, (1.3)

where E denotes the expectation w.r.t. to P, and

σ^2 ≡ E [ ln^2 ( ω_x 1 − ω_x ) ] > 0. (1.4)

Let us finally define the measure P_x ≡ P ⊗ P^ω_x on Ω × Z^N as

P_x(F × G) = ∫ F P^ω_x (G)P(dω), ∀F ∈ F, G ∈ G , where F, G are respectively the σ–algebra of Borel subsets of Ω and Z^N. In this setting, it is well known (see e.g. [23]) that the random walk is recurrent P_0–almost surely. Moreover, Sinai [21] proved that there exists a function, m^{(n)}(ω), depending only on the environment, such that X_n log^2 n

− m^{(n)} → 0 in P_0–probability, (1.5)

as n → ∞. Moreover, as shown independently in [12] and [13], the distribution of the random variable σ^2m^{(n)}(ω) under P converges weakly as n → ∞ to a suitable functional L of the Brownian motion with d Prob [ L ≤ x ] dx = 2 π ∞∑ k=0 (−1)^k (2k + 1) exp { − (2k + 1)^2π^2 8 |x| } . Sinai’s walk can be thought of as a random walk on Z with random potential. Namely, define the potential V (x), x ∈ Z, as

V (x) = ∑_x i=1 ln^{1−ωi}_{ωi} , if x ≥ 1 , 0, if x = 0 , − ∑_0

i=x+1 ln 1−ω_i ω_i , if x ≤ −1 . (1.6)

Then, the jump probabilities can be expressed as

ω_x = e^{− ∇V (x)2} /Z , 1 − ω_x = e^{∇V (x)2} /Z , (1.7) where Z denotes the normalizing constant and ∇V (x) ≡ V (x) − V (x − 1). The behavior of the potential V is well described by Donsker’s invariance principle. Given N ∈ Z_+, define the rescaled potential V^{(N)} ∈ C(R) as

V^{(N)}(t) ≡ s √ N V (k) + 1 − s √ N V (k + 1), if t = s k N + (1 − s) k + 1 N , k ∈ Z, s ∈ [0, 1]. (1.8) For later applications, note that V^{(N)} is a Lipschitz function with Lipschitz constant c(κ) √ N. Due to the independence of {ω_x}_{x∈Z} and assumptions (1.3) and (1.4), endowing the space C(R) with the topology of uniform convergence on compact subsets, by the Donsker’s invariance principle the random path V^{(N)} converges in distribution to B = (B_t, t ∈ R), the two–sided Brownian motion with B_0 = 0 and variance σ^2.

The Komlós-Major-Tusnády strong approximation theorem [14] (see also Proposition 4) gives an even stronger result: given L > 0 there exist positive constants C_1, C_2, C_3 such that for each N ∈ Z_+ there exists a coupling on an enlarged probability space between ( V^{(N)}(x), x ∈ [−L, L] ) and the two–sided Brownian motion B with variance σ such that

P^{(N)} ( sup x∈[−L,L] | |V^{(N)}(x) − Bx | | > C_1 ln N √ N ) < C_2 N^{C3} . (1.9)

Notational warning: in what follows, c(κ) will denote a generic constant depending only on κ (see (1.2)) and it can change from expression to expression.

1.2. Generators with Dirichlet conditions. Our objective will be to control the spectrum of the generator of Sinai’s walk with Dirichlet conditions outside a (large) interval {−N + 1, . . . , N − 1}. We write P ≡ P(ω) for the transition matrix of the random walk for fixed environment. For D ⊂ Z, we define the transition matrix with Dirichlet conditions outside D as P(D) ≡ (P_{x,y})_{x,y∈D}. It is convenient to define the ‘generator’, L, of the discrete-time chain as L ≡ I− P, as well as the corresponding Dirichlet operators L(D). Note that L(D) is the restriction to D of the generator of Sinai’s walk killed when it leaves D. Given u ∈ R^D , let us define ũ ∈ R^Z as ũ ≡ uI_D, then (L(D)u) (x) = (Lũ) (x) for any x ∈ D. In particular, λ is an eigenvalue of L(D), shortly λ ∈ σ (L(D)), iff ∃v ∈ R^Z such that { (L − λ)v(x) = 0, if x ∈ D, v(x) = 0, if x ∉ D. (1.10)

Identifying v with v_{|D}, we say that v satisfying (1.10) is an eigenvector of L(D) with eigenvalue λ.

Let us first describe some simple spectral results concerning L(D). Note that the measure μ on Z defined as μ(x) ≡ e^{−V (x)}/ω(x), ∀x ∈ Z, satisfies μ(x)ω_x = μ(x + 1)(1 − ω_{x+1}) = e^{−V (x)} , ∀x ∈ Z. (1.11) In particular, it is a reversible measure for L(D) for all D ⊂ Z, i.e. L(D) is a symmetric operator on L^2 (D, μ) having left eigenvector μu with eigenvalue λ whenever u is a (right) eigenvector with eigenvalue λ. Moreover, denoting by (·, ·) the scalar product on L^2 (Z, μ), one easily obtains for all f ∈ L^2(Z, μ) that the Dirichlet form is given by the expression (f, Lf) = ∑ x∈Z μ(x)ω_x (f(x + 1) − f(x))^2 . (1.12)

Periodicity. Note that the Markov chains we are defining are periodic. Define Σ_o [Σ_e] the subspace of R^D having even [odd] coordinates equal to zero. Trivially, R^D = Σ_o ⊕ Σ_e and P(Σ_o) ⊂ Σ_e, P(Σ_e) ⊂ Σ_o. This implies the following a-priori information on the spectra, whose proof is left to the reader:

Lemma 1. Let D ≡ [a, b] ∩ Z. Then the matrix P(D) has simple eigenvalues −1 < λ_1 < λ_2 < · · · < λ_{|D|} < 1 and λ_i = −λ_{|D|−i+1} for all i : 1 ≤ i ≤ |D|. Moreover, if Pψ = λψ where ψ = ψ_o + ψ_e with ψ_o ∈ Σ_o, ψ_e ∈ Σ_e, then Pψ^′ = −λψ^′ where ψ^′ = ψ_o − ψ_e.

1.3. h–extrema and saddles. The small eigenvalues of the generators will be labelled by the deep minima of the potential. This will require some further notation. Given a continuous path γ ∈ C([−1, 1]), we say that x ∈ [−1, 1] is a h–minimum (for γ) if there exist a, b ∈ [−1, 1] with a < x < b, γ(a) ≥ γ(x) + h, γ(b) ≥ γ(x) + h, and γ(x) = min_{[a,b]} γ. (1.13) We say that x ∈ [−1, 1] is a h–maximum (for γ) if one of the following three complementary conditions is satisfied: i) x is a h–minimum for −γ, ii) ∃b ∈ (x, 1] such that γ(x) − γ(b) ≥ h, γ(x) = max_{[−1,b]} γ and min_{[−1,x]} γ > γ(x) − h, iii) ∃a ∈ [−1, x) such that γ(x) − γ(a) ≥ h, γ(x) = max_{[a,1]} γ and min_{[x,1]} γ > γ(x) − h.

When considering γ ∈ C(R) we say that x ∈ R is a h–minimum (for γ) if there exist a, b ∈ R satisfying (1.13) and we say that x ∈ R is a h–maximum (for γ) if x is a h–minimum for −γ. In what follows we take γ ∈ C(I) with I = [−1, 1] or I = R. A point x ∈ I is called a h–extremum if it is a h–minimum or a h–maximum. We write M^−_h (γ), M^+_h (γ) and E_h(γ) respectively for the sets of h–minima, h–maxima and h–extrema of γ.

Given x, x^′ ∈ M^±_h (γ) we say that they are equivalent, x ∼ x^′, if max z∈[x∧x^′,x∨x^′] |γ(z) − γ(x)| < h.

Note that γ(x) = γ(x^′) whenever x ∼ x^′ and that z ∼ x if z ∈ M^±_h (γ), x ∼ x^′ and z ∈ [x ∧ x^′, x ∨ x^′]. One can easily prove that each equivalence class is a closed subset of I and for each compact subset K ⊂ I, K intersects a finite number of equivalence classes. We will denote by M^±_h (γ) the subset of M^±_h (γ) obtained by taking for each equivalence class in M^±_h (γ)/ ∼ the smallest element (if it exists). Note that if I = [−1, 1] then | M^±_h (γ) | < ∞. Finally, the piece of γ between consecutive h–maxima in M^+_h (γ) will be called h–valley.

One can easily prove the following lemma:

Lemma 2. Given γ ∈ C([−1, 1]), if M^−_h (γ) = {u_1, . . . , u_q} with q ≥ 1 and u_1 < u_2 < · · · < u_q then M^+_h (γ) = {w_1, w_2, . . . , w_{q+1}} with

−1 ≤ w_1 < u_1 < w_2 < u_2 < · · · < w_q < u_q < w_{q+1} ≤ 1. Moreover, for all i ∈ {1, . . . , q} and j ∈ {2, . . . , q} γ(u_i) = min_{[wi,wi+1]} γ, γ(w_1) = max_{[−1,u1]} γ, γ(w_j ) = max_{[uj−1,uj ]} γ, γ(w_{q+1}) = max_{[uq ,1]} γ .

Given γ ∈ C(I) and disjoint finite sets A, B ⊂ I, we define Z(A, B) as the set of saddle points between A and B: Z(A, B) ≡ { z ∈ I : ∃a ∈ A, b ∈ B with a ∧ b ≤ z ≤ a ∨ b and γ(z) = min_{a∈A,b∈B} max_{a∧b≤x≤a∨b} γ(x) } . Moreover, we set z^∗(A, B) ≡ min (Z(A, B)) (the definition is well posed since Z(A, B) is compact). Note that z^∗(A, B) ∈ M^+_h (γ) whenever A, B ⊂ M^−_h (γ).

Finally, given h, δ > 0, we define the family of good paths in C([−1, 1]), A_{h,δ}, as the set of paths γ satisfying the following conditions:

(1) M^−_h (γ) ≠ ∅, (2) γ ( z^∗(x, M^−_h (γ) ∪ {−1, 1} \ {x}) ) − γ(x) ≥ h + δ , ∀x ∈ M^−_h (γ) , (1.14) (3) for a suitable labelling M^−_h (γ) = {x_1, x_2, . . . , x_q} : γ (z^∗(x_k, S_{h,k−1})) − γ(x_k) ≥ max_{q≥j>k} {γ (z^∗(x_j , S_{h,k−1})) − γ(x_j )} + δ, ∀k : 1 ≤ k ≤ q − 1 , (1.15) where { S_{h,k} = {−1, 1}, if k = 0, S_{h,k} = {x_1, x_2, . . . , x_k} ∪ {−1, 1}, if 1 ≤ k ≤ q . Condition (1.15) is a non degeneracy condition. It can be read as follows: (x_1, γ(x_1)) is the most trapped starting point in γ for a walker desiring to reach one of the points (−1, γ(−1)) and (1, γ(1)). Then (x_2, γ(x_2)) is the most trapped starting point in γ for a walker desiring to reach one of the points (−1, γ(−1)), (1, γ(1)) and (x_1, γ(x_1)) , and so on. We note that if γ ∈ A_{h,δ} then the above labelling M^−_h (γ) = {x_1, x_2, . . . , x_q} is unique. Therefore, when assuming γ ∈ A_{h,δ}, we will always think of x_1, . . . , x_q as such a labelling of M^−_h (γ). In particular, q = |M^−_h (γ)|.

We conclude with the following result concerning condition (1.15), whose simple proof is left to the reader.

Proposition 1. Given a labelling {x_1, x_2, . . . , x_q} of M^−_h (γ), (1.15) is equivalent to γ (z^∗(x_k, S_{h,k−1}))−γ(x_k) ≥ γ (z^∗(x_{k+1}, S_{h,k}))−γ(x_{k+1})+δ, ∀k : 1 ≤ k ≤ q−1 . (1.16) Moreover, condition (1.15) is implied by | |γ(y) − γ(x)| − |γ(y^′) − γ(x^′)| | ≥ δ, ∀(x, y) ≠ (x^′, y^′) ∈ M^−_h (γ) × M^+_h (γ) . (1.17) Finally, condition (1.15) implies that γ (z^∗(x_k, S_{h,k−1})) − γ(x_k) = max_{x∈[−1,1]\Sh,k−1} γ (z^∗(x, S_{h,k−1})) − γ(x) , ∀k : 1 ≤ k ≤ q − 1 . (1.18)

PSfrag replacements

Figure 1. Path in A_{h,δ}.

1.4. Main results. We can finally state our main results concerning the spectral analysis of the operators L ({−N + 1, . . . , N − 2, N − 1}), N ≥ 1. Note that since the rescaled potential V^{(N)} defined in (1.8) converges weakly to the two-sided Brownian motion B, it is more natural to work on the rescaled lattice Z/N. In particular, we introduce the infinite matrix L^{(N)} with entries L^{(N)}_{x,y} ≡ L_{Nx,Ny} , ∀x, y ∈ Z/N , and, for each D ⊂ Z/N, we denote by L^{(N)}(D) the restriction of L^{(N)} to D × D. Defining I_N ≡ (−1, 1) ∩ (Z/N), ∀N ≥ 1, (1.19) u is an eigenvector of L ({−N + 1, . . . , N − 2, N − 1}) with eigenvalue λ iff u(N·) is an eigenvector of L_N ≡ L^{(N)} (I_N ) (1.20) with eigenvalue λ. Note that the operator L_N is symmetric on L^2 (I_N , μ_N ) where μ_N (x) ≡ μ(Nx), ∀x ∈ Z/N. Given disjoint subsets A, B ⊂ Z/N with |(A ∪ B)^c| < ∞ and λ ∈ C we denote by h^λ_{A,B} the λ–equilibrium potential associated to A, B [if λ = 0 we write simply h_{A,B}] and by cap(A, B) the capacity between A, B (see Section 3). Moreover, we denote by V_N the restriction of V^{(N)} to [−1, 1]:

V_N : [−1, 1] → R, V_N (t) ≡ V^{(N)}(t) ∀t ∈ [−1, 1] . (1.21) In what follows, for fixed N ∈ Z_+, given a path γ ∈ A_{h,δ} we write M^−_{h,k}(γ) ≡ ∅ , if k = 0 , M^−_{h,k}(γ) ≡ {x_1, . . . x_k} , if 1 ≤ k ≤ q , S_{h,k}(γ) ≡ M_{h,k}(γ) ∪ {−1, 1} , if 0 ≤ k ≤ q , S^∗_{h,k}(γ) ≡ S_{h,k}(γ) ∪ (Z/N \ (−1, 1)) , if 0 ≤ k ≤ q . (1.22)

[recall that M^−_h (γ) = {x_1, x_2, . . . , x_q} is the special labelling satisfying condition (1.15)]. We omit γ from the above notation when the path is understood.

Theorem 1. (Small eigenvalues) Given Q, h, δ > 0 if V_N ∈ A_{h,δ}, q ≡ |M^−_h | ≤ Q and N ≥ N(δ, Q), then the following holds: Denoting by λ^∗_N the principal eigenvalue of the operator L^{(N)} ( I_N \ M^−_h ) , σ (L_N ) ∩ [0, λ^∗_N ) = { λ^{(N)}_1 < λ^{(N)}_2 < · · · < λ^{(N)}_q } (1.23) and λ^{(N)}_k ≤ c(κ)N^2e^{−δ} √ N λ^{(N)}_{k+1} , ∀k = 1, . . . , q − 1 , (1.24) λ^{(N)}_q ≤ c(κ)e^{−(δ+h)} √ N , (1.25) λ^∗_N ≥ N^{−2}e^{−h} √ N . (1.26) Moreover,

c(κ)N^{−2} exp {√ N [V_N (z^∗(x_k, S_{h,k−1})) − V_N (x_k)] } ≤ λ^{(N)}_k ≤ c^′(κ) exp {√ N [V_N (z^∗(x_k, S_{h,k−1})) − V_N (x_k)] } , ∀1 ≤ k ≤ q (1.27) and λ^{(N)}_k = cap(x_k, S^∗_{h,k−1}) ‖h_{xk ,S}∗_{h,k−1} ‖^2 ( 1 + O ( e^{− δ10} √ N )) (1.28)

where ‖ · ‖_2 denotes the norm in L^2 (Z/N, μ_N).

Proof. Theorem 1 follows trivially from Lemma 7, Proposition 5 and Proposition 8. □ Theorem 2. (Eigenvectors related to small eigenvalues) Given Q, h, δ > 0 if V_N ∈ A_{h,δ}, q ≡ |M^−_h | ≤ Q and N ≥ N(δ, Q), then the following holds: For each 1 ≤ k ≤ q, the simple eigenvalue λ^{(N)}_k has eigenvector ψ^{(N)}_k :

ψ^{(N)}_k = a^{(k)}_k h^λ_{xk ,S}∗_{k−1} ‖h^λ_{xk ,S}∗_{k−1} ‖_2 + k−1∑ j=1 a^{(k)}_j h^λ_{xj ,S}∗_{k \{xj }} ‖h^λ_{xj ,S∗k \{xj }}‖_2 , λ ≡ λ^{(N)}_k , (1.29)

where a^{(k)}_j , 1 ≤ j ≤ k, are constants satisfying 1 − e^{− δ10} √ N ≤ a^{(k)}_k ≤ 1, | |a(k)_j | | ≤ e_−^δ_{10}^√_N ∀1 ≤ j ≤ k − 1 . (1.30)

In particular, ‖ ‖ ‖ ‖ ψ^{(N)}_k − h_{xk,S}∗_{k−1} ‖h_{xk ,S}∗_{k−1} ‖_2 ‖ ‖ ‖_2 ≤ e^{− δ10} √ N . (1.31)

Proof. Theorems 2 follows trivially from Proposition 8. □

Finally, we observe that the hypothesis of the two theorems are satisfied with probability tending to one, as N tends to infinity.

Theorem 3. For any α > 0, there exist h > 0, δ > 0, and Q < ∞, such that lim inf N↑∞ P ( A_{h,δ} ∩ {| M^−_h (V_N ) | | ≤ Q}) ≥ 1 − α. (1.32)

Proof. This theorem follows form a result of Neveu and Pitman (Proposition 2) about the h–extrema of Brownian motion and on the KMT Approximation Theorem (Proposition 4). The proof will be given in Section 2. □

Remark 1. The above theorems reproduce (and partly refine) results obtained in [15] via a (non rigorous) renormalization group (RG). In Appendix A we show that the labelling of h–minima satisfying condition (1.15) is equivalent to the labelling obtained in [15] via the RG.

Remark 2. Theorems 1 and 2 are very similar in nature to result in [4] and [6] on metastable Markov chains, resp. reversible diffusions in smooth potentials and our proofs will follow the strategy outlined in these papers. The purpose of Theorems 1 and 2 is to provide a precise relation between spectral properties of the generator and geometric properties of the random potential V_N .

The hypothesis of the theorems provide the analogue of the non-degeneracy conditions required e.g. in [6]. The validity of these hypothesis, as asserted by Theorem 3, as well as information on the statistical properties of the eigenvalues is then provided by the Neveu- Pitman results on Brownian motion.

As explained in Section 3, as we are in dimension one, both the equilibrium potential and the capacity admit simple expressions that, together with the results of Section 2, allow to get from Theorems 1, 2 rather precise quantitative estimates on the eigenvalues and eigenfunctions. As application of this, we will give a spectral proof of a refined version of Sinai’s theorem:

Theorem 4. Recall the definition of V^{(N)} given in (1.8). For each n ∈ Z_+ and ω ∈ Ω let m^{(n)}(ω) ∈ M^−_{ln n} ( V^{(N)} ) be the ln n–minimum corresponding to the bottom of the ln n– valley covering the origin and set m^{(n)} ≡ m^{(n)}(ω)/ ln^2 n. Then there exists a positive constant C having the following property.

Fix α > 0 and a positive function ρ on (0, ∞) such that

lim_{x↓0} x^2/ρ(x) = 0. (1.33)

Then, for each n there exists a Borel subset Ω_n ⊂ Ω with P(Ω_n) ≥ 1 − α and

lim_{n↑∞} inf_{ω∈Ωn} P^ω_0 (| | X^n ln^2 n

− m^{(n)}(ω) | | ≤ 2δ_n ) = 1 , δ_n ≡ ρ ( C ln (ln n) ln n ) . (1.34)

From the spectral information we can derive easily another characterisation of the long term dynamics.

Theorem 5. There exists a sequence, λ_k ↓ 0, and intervals , B_k, depending only on the realisation of the disorder (up to possible choices of subsequences), such that, in probability,

lim_{k↑∞} P^ω_0 ( X_{t/λk} ∈ B_k ) = 1 − e^{−t} (1.35)

Theorem 5 throws a somewhat non-ageing like view on Sinai’s model. It says that there is an infinity of diverging (and well separated) time-scales on which the process looks as if it would approach equilibrium exponentially. In fact, a time-time correlation function on such scales would show no ageing, i.e. one sees easily that

lim_{k↑∞} P^ω_0 ( X_{tw /λk} ∼ X_{(tw +t)/λk} ) = e^{−t}

To see ageing effect, one needs to go into a different regime of time scales. In fact, Dembo, Guionnet, and Zeitouni [9] (see also [23]) have shown that

lim_{n↑∞} P_0 (X_n ∼ X_nh ) = h^{−2} ( 5 3 + 2 3 e^{−(h−1)} )

i.e. ageing occurs on an exponential time scale. Note that this result follows easily form Theorem 4 and the right hand side is just the probability that m^n = m^{nh} , as observed in [9].

We divide the remainder of this paper as follows. In Section 2 we recall a theorem of Neveu and Pitman [17] and use it to derive the required statistical properties of the random potentials. In particular, we prove Theorem 3. In Section 3 we recall some elementary background from potential theory for later use. In Section 4 we compute hitting times and conditional hitting times of our process. In Section 5 we compute principle eigenvalues and eigenvectors for our generators with Dirichlet boundary conditions. In Section 6 we prove Theorems 1 and 2. In Section 7 we use the spectral results to prove Theorem 4 and Theorem 5.

2. h–extrema of Brownian motion and random walks

The following result about the statistics of h–extrema for Brownian motion is due to Neveu and Pitman [17]. We state it here for the Brownian motion B = (B_t, t ∈ R) with variance σ^2.

Proposition 2. (Neveu, Pitman) The set of h–extrema E_h(B) for the Brownian motion B = (B_t, t ∈ R) is a stationary renewal process. Setting E_h(B) = { S^{(h)}_n } n∈Z , with

· · · < S^{(h)}_{−1} < S^{(h)}_0 ≤ 0 < S^{(h)}_1 < S^{(h)}_2 < · · · ,

then the trajectories between h–extrema (called h–slopes) ( B_S(h)_{n +t} − B_S(h)_n : 0 ≤ t ≤ S^{(h)}_{n+1} − S^{(h)}_n ) (2.1)

are independent and, for n ≠ 0, identically distributed, up to changes of sign. In particular, the variables |B_S(h)_{n+1} − B_S(h)_n | − h, n ∈ Z are independent and exponentially distributed with mean h, whereas the variables S^{(h)}_{n+1} − S^{(h)}_n , n ≠ 0, are iid, with Laplace transform^1

E_B ( exp { −λ ( S^{(h)}_{n+1} − S^{(h)}_n )}) = 1/ cosh ( h √ 2λ σ ) (2.2)

and mean h^2/σ^2.

1Note that in [17] the r.h.s. of (2.2) is written with √2λ replaced by √2λ. As explained in [7][Section

2], the correct form if given by (2.2).

Note that M^−_h (γ) = M^−_h (γ) for P_B almost all γ and that, since (B_t , t ∈ R)^{law}= (B_{ta}2 /a , t ∈ R) for all a > 0, ( S^{(h)}_n , n ∈ Z )_{law} = ( a^2S^{(h/a)}_n , n ∈ Z ) ∀a > 0. (2.3)

As in [7], in order to describe the law of the trajectory (2.1) for n ≠ 0 it is convenient to introduce the Polish space, G, of continuous paths, γ : [0, ℓ(γ)] → R, defined on some interval [0, ℓ(γ)], equipped with the metric d(γ, γ^′) ≡ | ℓ(γ) − ℓ(γ^′) | + max_{t∈[0,1]} | γ (tℓ(γ)) − γ^′ (tℓ(γ)) | . In the sequel, we will consider random paths as G–valued random variables.

Starting from the Brownian motion B we define (see also figure 2) S_t ≡ max{B_s : 0 ≤ s ≤ t}, τ ≡ min{t > 0 : S_t = B_t + h}, β ≡ S_τ , α ≡ max{t : 0 ≤ t ≤ τ and B_t = β}. Note that P_B a.s. there exists a unique s ∈ [0, τ] such that B_s = β. As proved in [17], the random paths (B_t : 0 ≤ t ≤ α) and (β − B_t : 0 ≤ t ≤ τ − α) are independent.

PSfrag replacements

Figure 2. Definition of β, α, τ.

Moreover, in [17] the following result is proved.

Proposition 3. (Neveu-Pitman) For n ≠ 0, the random path (| |B_S(h)_{n +t} − B_S(h)_n | | : 0 ≤ t ≤ S^{(h)}_{n+1} − S^{(h)}_n )

has on G the same law of the random path γ_B : [0, τ] → R_+ defined as γ_B(t) ≡ { β − B_{α+t}, if t ∈ [0, τ − α] , h + B_{t−(τ −α)}, if t ∈ [τ − α, τ) . The above proposition, Corollary 4.4 in [18][Chapter XII] and the reflection invariance of Brownian motion easily imply the following result concerning the behaviour of the Brownian motion near to an h–extremum.

Corollary 1. Given n ∈ Z, let

T^{(h)}_{n,+} ≡ min { t ∈ ( 0, S^{(h)}_{n+1} − S^{(h)}_n ) : | | |B_S(h)_{n +t} − B_S(h)_n | | | = h } , (2.4)

T^{(h)}_{n,−} ≡ max { t ∈ ( 0, S^{(h)}_n − S^{(h)}_{n−1} ) : | |B S^{(h)}_n − BS^{(h)}_n −t | | = h} . (2.5) Moreover, let Z = BES^3(0), namely Z = (Z_t, ≥ 0) is a Bessel process of dimension 3 starting at the origin, independent of the Brownian motion B. Let T_h be the hitting time

T_h = min{t > 0 : σZ_t = h}.

Then the random paths (| |B_S(h)_{n +t} − B_S(h)_n | | , 0 ≤ t ≤ T (h)_{n,+}) , with n ≠ 0, (| |B_S(h)_n − B_S(h)_{n −t} | | , 0 ≤ t ≤ T (h)_{n,−}) , with n ≠ 1, and (σZ_t , 0 ≤ t ≤ T_h) have the same law on G.

Lemma 3. Let Z = BES^3(0), then P ( inf_{s≥t} Z_s < ε ) < √ 2ε/ √ πt, ∀ε, t > 0. Proof. Let us define J_t ≡ inf_{s≥t} Z_s. By Pitman theorem (see Theorem 3.5 in [18][Chapter VI]), J_t has the same law of S_t. In particular, by the reflection principle for Brownian motion, P (J_t < ε) = P (S_t < ε) = P (|B_t| < ε) = P (|B_1| < ε/ √ t) < √ 2ε/ √ πt. □ Remark 3. Using renewal theory, one can describe the law on G of the random path (| |B_S(h)_{0 +t} − B_S(h)_0 | | : 0 ≤ t ≤ S(h)_1 − S(h)_0 ) .

In [7] it is shown that, conditioning on the length S^{(h)}_{n+1} − S^{(h)}_n , the law of the path (| |B_S(h)_{n +t} − B_S(h)_n | | : 0 ≤ t ≤ S^{(h)}_{n+1} − S^{(h)}n ) does not depend on n, for all n ∈ Z. Moreover,

the random variable S^{(h)}_{n+1} − S^{(h)}_n has respectively probability density (σ/h)^2f ( x(σ/h)^2 ) dx and x(σ/h)^4f ( x(σ/h)^2 ) dx if n ≠ 0 and n = 0, where f(x) = I_{x>0} π 2 ∑ k∈Z (−1)^k ( k + 1 2 ) exp { − π^2 2 ( k + 1 2 )_2 x } . (2.6)

The above result will not be used in what follows, while we will need some information about the distribution of S^{(h)}_1 . This can be obtained from renewal theory as follows. Calling F and G respectively the distribution functions of S^{(h)}_{n+1} − S^{(h)}_n for n ∈ Z \ {0} and S^{(h)}_1 , formula (4.7) in [10][Chapter 3] reads G(t) = ∫_t 0 (1 − F (y))dy / ∫ t 0 ydF (y).

Due to the above identity and integration by parts, one obtains

P_B ( S^{(h)}_1 ≤ t ) = tP ( X^{(h)} > t ) + E ( X^{(h)}; X^{(h)} ≤ t ) E ( X^{(h)} ) (2.7)

where X^{(h)} is a random variable with Laplace transform E ( exp { −λX^{(h)} }) = 1/ cosh ( h √ 2λ/σ ) . (2.8)

We conclude this section with a technical lemma whose proof is given in Appendix B. Given a path γ ∈ C(R), we define γ^∗ ≡ {γ_t}_{|t|≤1} ∈ C([−1, 1]). Note that P_B a.s. M^−_h (γ^∗) ⊂ M^−_h (γ) ∩ [−1, 1] and | |M^−_h (γ) ∩ [−1, 1] | | − | |M^−_h (γ^∗) | | ≤ 2. Lemma 4. Let h, H, β, δ, ε be positive constants with h < H. Recall the definition of A_{h,δ} given in Section 1.3 and define the events B_{h,δ}, C_{h,δ}, D_{h,β,ε} as B_{h,δ} ≡ { γ : ∃n ∈ Z s.t. | |γ (S(h)_{n+1}) − γ (S_{(h)n} ) | | < h + δ and S_{(h)n} , S(h)_{n+1} ∈ [−1, 1]} ,

C_{h,δ} ≡ { γ : ∃(x, y) ≠ (x^′, y^′) ∈ M^−_h (γ) × M^+_h (γ) ∩ [−1, 1]^2, s.t. | |γ(x) − γ(y)| − |γ(x^′) − γ(y^′)| | < δ }

and D_{h,β,ε} ≡ ∃n ∈ Z : S^{(h)}_n ∈ [−1, 1] and inf t∈ [ −T^{(h)}_{n,−},T^{(h)}_{n,+} ] \[−β,β] | |B_S(h)_{n +t} − B_S(h)_n | | < ε .

Then,

P_B (γ : |E_h(γ) ∩ [−1, 1]| ≥ 4) ≥ 1 − c(α, σ)h^α, ∀α > 0, (2.9) P_B (γ : |E_h(γ) ∩ [−1, 1]| ≥ n) ≤ e ( 1 + h^2 2σ^2 )_{−n} , (2.10) P_B (B_{h,δ}) ≤ c(H, σ) ( 1 − e^{−δ/h} ) h^{−4}, (2.11)

P_B (C_{h,δ}) ≤ c(H, σ)δh^{−11}, (2.12) P_B (D_{h,β,ε}) ≤ c(σ) ( 1 + ε^{1/4} β^{1/8} ) ε^{1/2} β^{1/4} , (2.13)

where c(σ), c(α, σ), c(H, σ) are suitable positive constants depending respectively on σ, α, σ and H, σ. In particular, for each α > 0, there exist positive constants h, δ, Q such that

P_B ( γ : γ^∗ ∈ A_{h,δ} and | |M^−_h (γ^∗) | | ≤ Q) ≥ 1 − α (2.14) where γ^∗ ≡ {γ_t}_{|t|≤1}.

2.1. L^∞–perturbations of Brownian motion. So far, we have collected properties of Brownian motion. We want to use the KMT strong approximation result to deduce analogous results for the rescaled random walks V_N defined in (1.21). Proposition 4. For suitable positive constants C_1, C_2, C_3 depending on σ, given N ∈ Z_+ there exists a coupling on an enlarged probability space between V^{(N)} and the two–sided Brownian motion B with variance σ such that

P^{(N)} ( sup x∈[−1,1] |V_N (x) − B_x| > C_1 ln N √ N ) < C_2 N^{C3} . (2.15)

Proof. This follows easily from the the Komlós-Major-Tusnády strong approximation theorem [14] and some elementary regularity estimates controlling the variation of Brownian motion between lattice points of Z/N. □

The following lemma describes the effect of a L^∞-perturbation on the location of h– extrema.

Lemma 5. Let h, ε > 0 and let γ, γ^′ ∈ C([−1, 1]) such that

M^−_{h+ε}(γ) = M^−_{h−ε}(γ) , M^+_{h+ε}(γ) = M^+_{h−ε}(γ) , ‖γ − γ^′‖_∞ ≤ ε 4 . Let M^−_h (γ) = {u_1, u_2, . . . , u_q}, M^+_h (γ) = {w_1, w_2, . . . , w_q, w_{q+1}} where −1 ≤ w_1 < u_1 < w_2 < · · · < u_q < w_{q+1} ≤ 1, and set

u^′_i ≡ min { z : γ^′(z) = min_{[wi,wi+1]} γ^′ } , ∀i = 1, . . . , q w^′_i ≡ min { z : γ^′(z) = max_{[ui−1,ui]} γ^′ } , ∀i = 1, . . . , q + 1 where u_0 ≡ −1, u_{q+1} ≡ 1. Then M^−_h (γ^′) = { u^′_1, u^′_2, . . . , u^′_q } , M^+_h (γ^′) = { w^′_1, w^′_2, . . . , w^′_{q+1} } . Moreover, u^′_i ∈ {x ∈ [w_i, w_{i+1}] : γ(x) ≤ γ(u_i) + ε/2} , | γ^′(u^′_i) − γ(u_i) | ≤ ε 4 , ∀i = 1, . . . , q , (2.16) w^′_i ∈ {x ∈ [u_{i−1}, u_i] : γ(x) ≥ γ(w_i) − ε/2} , | |γ^′(w^′_i) − γ(w_i) | | ≤ ε 4 , ∀i = 1, . . . , q + 1 . (2.17)

Proof. We leave the simple case q = 0 to the reader and assume here that q ≥ 1. Due to Lemma 2, γ^′(w_{i+1}) − γ^′(u^′_i) ≥ γ^′(w_{i+1}) − γ^′(u_i) ≥ h + ε/2 ∀i = 1, . . . , q and similarly γ^′(w_i) − γ^′(u^′_i) ≥ h + ε/2. This, together with the definition of u^′_i, implies that u^′_i ∈ M^−_h (γ^′). Let us suppose that |M^−_h (γ^′)| > |M^−_h (γ)|. Then for some i ∈ {1, . . . , q} we can find a value u ∈ [w_i, w_{i+1}]\{u^′_i} such that u ∈ M^−_h (γ^′). Let us suppose for example that u < u^′_i. Then ∃y : u < y < u^′_i such that γ^′(y) − γ^′(u) > h and γ^′(y) − γ^′(u^′_i) > h. But this would imply that γ(y) − γ(u) > h − ε/2 and γ(y) − γ(u^′_i) > h − ε/2 and therefore that M^−_{h−ε}(γ) ∩ [w_i, w_{i+1}] has at least two elements in contradiction with the hypothesis that M^−_{h−ε}(γ) = M^−_h (γ). This completes the proof that M^−_h (γ^′) = { u^′_1, u^′_2, . . . , u^′_q } . The proof that M^+_h (γ^′) = { w^′_1, w^′_2, . . . , w^′_{q+1} } is similar. In order to prove the first assertion of (2.16) we need to show that γ(u^′_i) ≤ γ(u_i) + ε/2. To this aim it is enough to observe that

γ(u^′_i) ≤ γ^′(u^′_i) + ε/4 ≤ γ^′(u_i) + ε/4 ≤ γ(u_i) + ε/2,

where the second inequality comes from the definition of u^′_i. Note that similarly one gets γ^′(u^′_i) ≥ γ(u_i)−ε/4, thus completing the proof of (2.16). The proof of (2.17) is similar. □

Theorem 6. Let h, δ > 0 and let P^{(N)}, C_1, C_2, C_3 be as in Proposition 4. Set ε = ε(N) ≡ 4 C_1 ln N √ N . and fix a function β : Z_+ → (0, ∞) such that lim_{N↑∞} ε(N)/ √ β(N) = 0.

Let B^∗ ≡ (B_t, t ∈ [−1, 1]). On the enlarged probability space with probability measure P^{(N)}, let G_{h,δ} be the event that the following conditions are fulfilled:

i) sup x∈[−1,1] |V_N (x) − B_x| ≤ ε 4 = C_1 ln N √ N ii) | M^−_h (V_N ) | = | M^−_h (B^∗) | , | M^+_h (V_N ) | = | M^+_h (B^∗) | iii) |V_N (u^′_i) − B^∗(u_i)| ≤ ε/4 and |u^′_i − u_i| ≤ β(N), ∀1 ≤ i ≤ q, |V_N (w^′_i) − B^∗(w_i)| ≤ ε/4 and |w^′_i − w_i| ≤ β(N), ∀2 ≤ i ≤ q, |V_N (w^′_i) − B^∗(w_i)| ≤ ε/4 for i = 1, q + 1, w^′_1 ∈ [−1, u_1), w^′_{q+1} ∈ (u_q, 1],

where { M^−_h (V_N ) = { u^′_1 < u^′_2 < · · · < u^′_q } M^+_h (V_N ) = { w^′_1 < w^′_2 < · · · < w^′_q < w^′_{q+1} } M^−_h (B^∗) = {u_1 < u_2 < · · · < u_q} M^+_h (B^∗) = {w_1 < w_2 < · · · < w_q < w_{q+1}} .

Then lim_{N↑∞} P^{(N)} (G_{h,δ}) = 1 . (2.18)

In particular, Theorem 3 holds.

Proof. Due to Lemma 5, i) together with the condition

M^−_{h−ε} (B^∗) = M^−_{h+ε} (B^∗) , M^+_{h−ε} (B^∗) = M^+_{h+ε} (B^∗) (2.19)

implies ii). Note that for all h^′ > 0 M^−_h′ (B^∗) = M^−_h′ (B) ∩ [−1, 1] P_B –a.s., while the smallest and the largest elements of M^+_{h′} (B^∗) could be no h^′–maxima of B. Due to (2.11) with h, δ replaced respectively by h−ε, 2ε, and considering the behavior of B^∗ at w_1, w_{q+1}, one gets that lim_{N↑∞} P_B ((2.19) is fulfilled ) = 1. Let us suppose that the realization of B does not belong to the event D_{h,β,ε} defined in Lemma 4 and that it satisfies (2.19). Then, x ∈ [w_i, w_{i+1}] and B^∗(x) ≤ B^∗(u_i) + ε ⇒ x ∈ [w_i, w_{i+1}] ∩ [u_i − β, u_i + β] ∀1 ≤ i ≤ q x ∈ [u_{i−1}, u_i] and B^∗(x) ≥ B^∗(w_i) − ε ⇒ x ∈ [u_{i−1}, u_i] ∩ [w_i − β, w_i + β] ∀2 ≤ i ≤ q.

The above observations together with Lemmata 4 and 5 imply (2.18). We finally note that (1.32) follows easily from (2.14) and (2.18). □

3. Potential theory

In this section we recall some elementary facts of potential theory in our setting that we will need later. To this aim we define P^ω_{N,x}, E^ω_{N,x} respectively as the probability measure and the expectation associated to the rescaled Sinai’s random walk (X_n/N, n ≥ 0) starting in x ∈ Z/N and with environment ω.

3.1. Equilibrium potential and capacity. Given disjoint subsets A, B ⊂ Z/N with |(A ∪ B)^c| < ∞ and given λ ∈ C , the λ–equilibrium potential h^λ_{A,B} is defined as the function on Z/N satisfying the following system (L^{(N)} − λ)h^λ_{A,B} (x) = 0, if x ∉ A ∪ B , h^λ_{A,B}(x) = 1, if x ∈ A , h^λ_{A,B}(x) = 0, if x ∈ B . (3.1)

The definition is well posed whenever the above system has a unique solution, that is whenever λ is not an eigenvalue of the matrix L^{(N)} ((A ∪ B)^c). In fact, it is simple to check that this last condition implies the uniqueness of the solution, while the existence is discussed below. h^0_{A,B} has the probabilistic interpretation

h^0_{A,B} (x) = P^ω_{N,x} (τ_A < τ_B ) ∀x ∉ A ∪ B , (3.2) where τ_A denotes the first hitting time of the set A, τ_A ≡ min{n ≥ 1 : X_n ∈ A} . If λ ∉ σ ( L^{(N)} ((A ∪ B)^c) ) , then denoting by g the restriction of h^0_{A,B} (x) to (A ∪ B)^c h^λ_{A,B} (x) = h^0_{A,B}(x) + λ ( L^{(N)} ((A ∪ B)^c) − λ )_{−1} g, ∀x ∉ A ∪ B. Due to the above identity, h^λ_{A,B}(x) is a holomorphic on C \ σ ( L^{(N)} ((A ∪ B)^c) ) . Moreover, the following probabilistic interpretation holds: h^λ_{A,B} (x) = E^ω_{N,x} ( e^{− ln(1−λ)τA} I_{τA<τB} ) , ∀x ∉ A ∪ B , (3.3) if λ < min {σ (L((A ∪ B)^c))} . (3.4) To simplify the notation we set h_{A,B} ≡ h^0_{A,B} .

Given A, B as above, we define the capacity, cap(A, B), between A and B as cap(A, B) ≡ ∑ x∈A μ_N (x)(L^{(N)}h_{A,B})(x) = − ∑ x∈B μ_N (x)(L^{(N)}h_{A,B})(x) (3.5)

We note that cap(A, B) = cap(B, A) since h_{A,B} = 1 − h_{B,A}. Note that (3.1) and (3.2) imply P^ω_{N,x} (τ_A < τ_B ) = ( (I− L^{(N)})h_{A,B} ) (x) ∀x ∈ Z . which implies that L^{(N)}h_{A,B}(x) = { P^ω_{N,x}(τ_B < τ_A), if x ∈ A, −P^ω_{N,x}(τ_A < τ_B), if x ∈ B, which gives a probabilistic interpretation of the capacity as cap(A, B) ≡ ∑ x∈A μ_N (x)P^ω_{N,x}(τ_B < τ_A). In particular, if a ∉ B

cap(a, B) = μ_N (a) ( L^{(N)}h_{a,B} ) (a) = μ_N (a)P^ω_{N,a}(τ_B < τ_a). (3.6)

Another useful representation of the capacity is the well-known identity

cap(A, B) = ∑ x∈Z/N μ_N (x)h_{A,B} (x) ( L^{(N)}h_{A,B} ) (x) , (3.7)

A simple renewal argument (see e.g. [3]) gives a remarkably useful estimate of the equilibrium potential in terms of capacities, h_{A,B} (x) ≤ cap(x, A) cap(x, B) , ∀x ∉ A ∪ B . (3.8) We consider now some particular cases of subsets A, B that will be useful later. Let sup A =: a < b ≡ inf B. Then, h_{A,B}(x) = 1, if x ≤ a, 0, if x ≥ b, h_{a,b}(x), if a ≤ x ≤ b, (3.9)

where (with μ_N and V^{(N)} defined in Section 1), h_{a,b}(x) ≡ ∑_{b−}^1_{Ny=x 1} μ_N (y)ω_y ∑b−^1_{Ny=a 1} μ_N (y)ω_y = ∑b−^1_{Ny=x} e^{√NV (N)(y)} ∑b−^1_{Ny=a} e^{√NV (N)(y)} , a ≤ x ≤ b . (3.10) For later applications, we define h_{b,a}(x) ≡ 1 − h_{a,b}(x) = ∑_{x−}^1_{Ny=a} e^{√NV (N)(y)} ∑b−^1_{Ny=a} e^{√NV (N)(y)} , a ≤ x ≤ b . Due to the above identities,

cap(A, B) = μ_N (a) ( L^{(N)}h_{A,B} ) (a) = μ_N (a)ω_a (1 − h_{a,b}(a + 1/N)) ,

thus implying cap(A, B) = cap(a, b) where cap(a, b) ≡ 1 ∑_{b−}^1_{Ny=a} e^{√NV (N)(y)} . (3.11)

Let us now suppose that A = {a} and B ∩ (−∞, a) ≠ ∅, B ∩ (a, ∞) ≠ ∅. By setting b_1 ≡ max{B ∩ (−∞, a)}, b_2 ≡ min{B ∩ (a, ∞)} one can check that h_{a,B} (x) = 0, if x ≤ b_1or x ≥ b_2 h_{b1,a}(x), if b_1 ≤ x ≤ a, h_{a,b2} (x), if a ≤ x ≤ b_2, thus implying that cap(a, B) = cap(a, b_1) + cap(a, b_2) . (3.12) Notational warning: Given a ∈ Z/N and a finite subset B ⊂ Z/N such that a ∉ B, B ∩ (−∞, a) ≠ ∅ and B ∩ (a, ∞) ≠ ∅, then we set cap(a, B) ≡ cap (a, B ∪ (−∞, min B) ∪ (max B, ∞)) . We point out some simple estimates that will be useful in what follows. It is convenient to introduce the following notation: given positive sequences a_N (ᾱ), b_N (ᾱ), N ∈ N (depending on some parameters ᾱ, including the environment ω), we write

a_N (ᾱ) ∼ [c_1(N), c_2(N), b_N (ᾱ)] if c_1(N)b_N (ᾱ) ≤ a_N (ᾱ) ≤ c_2(N)b_N (ᾱ), ∀N ∈ Z_+, ∀ᾱ.

Then, if a < x < b belong to Z/N, h_{a,b}(x) ∼ [ c(κ) (b − a)N , c^′(κ)(b − a)N, exp {√ N [ V^{(N)}(z^∗(x, b)) − V^{(N)}(z^∗(a, b)) ]}] , (3.13) h_{b,a}(x) ∼ [ c(κ) (b − a)N , c^′(κ)(b − a)N, exp {√ N [ V^{(N)}(z^∗(a, x)) − V^{(N)}(z^∗(a, b)) ]}] , (3.14) cap(a, b) ∼ [ c(κ) (b − a)N , c^′(κ), exp { − √ NV^{(N)} (z^∗(a, b)) }] . (3.15)

We explain (3.13) ((3.14) and (3.15) can be justified in a similar way). Due to (3.10) one easily gets h_{a,b}(x) ∼ [ 1 (b − a)N , (b − a)N, exp { √ N max

[x,b−^1_N ]

V^{(N)} − √ N max

[a,b−^1_N ]

V^{(N)} }] . Due to condition (1.2), V^{(N)} is a Lipschitz function with Lipschitz constant c(κ) √ N. Therefore the above equation implies (3.13).

3.2. Dirichlet Green’s function. Given a finite subset D in Z/N we define the Dirichlet Green’s function G_D as the |D| × |D|–matrix G_D ≡ ( L^{(N)}(D) )_{−1}

(recall that 0 ∉ σ ( L^{(N)}(D) ) ). In particular, the Dirichlet problem { L^{(N)}f(z) = g(z), if z ∈ D, f(z) = 0, if z ∉ D, has a unique solution, given by f(z) = ∑ y∈D G_D(z, y)g(y) ∀z ∈ D. (3.16) It will be crucial in what follows to have an expression of G_D in terms of equilibrium potentials and capacities. To this aim we observe that, given x ∈ D, h_{x,D}c satisfies the Dirichlet problem L^{(N)}h_{x,D}c (y) = 0, if y ∈ D \ {x}, L^{(N)}h_{x,D}c (y) =^{cap(x,Dc)}_{μN (x)} , if y = x, h_{x,D}c (y) = 0 if y ∈ D^c (3.17)

(the second identity follows from (3.6) ). Therefore, by (3.16), h_{x,D}c (z) = G_D(z, x) cap(x, D^c)

μ_N (x) , ∀x, z ∈ D. Since by reversibility μ_N (z)G_D(z, x) = μ_N (x)G_D(x, z), the above identity is equivalent to G_D(x, z) = h_{x,D}c (z)μ_N (z) cap(x, D^c) , ∀x, z ∈ D. (3.18)

4. Hitting times

By standard arguments ([10], Chapter 3), (1.2) implies that E^ω_{N,x}(τ_A) < ∞ if A ⊂ Z/N and |A^c| < ∞. Due to this observation and since τ_aI_{τa<τb} ≤ τ_{{a,b}} we get, for a < x < b in Z/N, E^ω_{N,x} ( τ_{{a,b}} ) < ∞, E^ω_{N,x} (τ_aI_{τa<τb} ) < ∞. One can express the above expectations in terms of capacities and equilibrium potentials. In fact, the functions w_1, w_2 defined on Z/N as

w_1(x) ≡ { E^ω_{N,x} ( τ_{{a,b}} ) , if a < x < b, 0, if x ∉ (a, b), , w_2(x) ≡ { E^ω_{N,x}(τ_aI_{τa<τb} ), if a < x < b, 0, if x ∉ (a, b), satisfy the Dirichlet problems { L^{(N)}w_1(x) = 1, if a < x < b, w_1(x) = 0, if x ∉ (a, b) , { L^{(N)}w_2(x) = h_{a,b}(x), if a < x < b, w_2(x) = 0, if x ∉ (a, b). (4.1)

Therefore, due to (3.16) and (3.18), E^ω_{N,x} ( τ_{{a,b}} ) = ∑ y∈(a,b)∩Z/N μ_N (y)h_{x,{a,b}}(y) cap(x, {a, b}) (4.2)

E^ω_{N,x}(τ_aI_{τa<τb} ) = ∑ y∈(a,b)∩Z/N μ_N (y)h_{x,{a,b}}(y)h_{a,b}(y) cap(x, {a, b}) (4.3) for all a < x < b in Z/N, where h_{x,{a,b}}(y) ≡ h_{x,Z/N\(a,b)}(y). Note that h_{x,{a,b}}(y) = h_{x,a}(y)I_{y≤x} + h_{x,b}(y)I_{y>x}.

Lemma 6. Given a < b in Z/N ∩ [−1, 1], max x∈(a,b)∩^Z_N E^ω_{N,x} ( τ_{{a,b}} ) ∼ [ c(κ) N , c^′(κ)N^2, exp { √ N max y∈(a,b)∩^Z_N [V_N (z^∗(y, {a, b})) − V_N (y)] }] , (4.4) max x∈(a,b)∩^Z_N E^ω_{N,x}(τ_a | τ_a < τ_b) ∼ [ c(κ) N^2

, c^′(κ)N^3, exp { √ N max y∈(a,b)∩^Z_N [V_N (z^∗(y, {a, b})) − V_N (y)] }] . (4.5)

Proof. Since h_{x,{a,b}}(x) = 1 and, for y ∈ (a, b) ∩ Z/N, h_{x,{a,b}}(y) = P^ω_{N,y} ( τ_x < τ_{{a,b}} ) = { h_{x,a}(y), if a < y < x h_{x,b}(y), if x < y < b , by means of the results of the previous section, we obtain μ_N (y)h_{x,{a,b}}(y) cap(x, {a, b}) ∼ [ c(κ) N , c^′(κ)N^2, exp {√ NW_{x,y} }] , μ_N (y)h_{x,{a,b}}(y)h_{a,b}(y) cap(x, {a, b})h_{a,b} (x) ∼ [ c(κ) N^2

, c^′(κ)N^3, exp {√ NW̃_{x,y} }] , where W_{x,y} ≡ V_N (z^∗(x, {a, b})) + V_N (z^∗(a, y)) − V_N (z^∗(a, x)) − V_N (y), if a < y ≤ x , V_N (z^∗(x, {a, b})) − V_N (x), if y = x , V_N (z^∗(x, {a, b})) + V_N (z^∗(y, b)) − V_N (z^∗(x, b)) − V_N (y), if x < y < b , W̃_{x,y} ≡ W_{x,y} + V_N (z^∗(y, b)) − V_N (z^∗(x, b)) . We claim that W_{x,y} ∧ W̃_{x,y} ≤ V_N (z^∗(y, {a, b})) − V_N (y). (4.6) This can be easily checked by straightforward computations as follows. By setting { M_1 ≡ max_{[a,y]} V_N , M_2 ≡ max_{[y,x]} V_N , M_3 ≡ max_{[x,b]} V_N , if a < y ≤ x, M_1 ≡ max_{[y,b]} V_N , M_2 ≡ max_{[x,y]} V_N , M_3 ≡ max_{[a,x]} V_N , if x < y < b ,

(4.7)

we can write W_{x,y} + V_N (y) = (M_1 ∨ M_2) ∧ M_3 + M_1 − M_1 ∨ M_2, V_N (z^∗(y, {a, b})) = M_1 ∧ (M_2 ∨ M_3).

(4.8)

Moreover, the following inequalities hold { W̃_{x,y} ≤ W_{x,y}, if x ≤ y, W̃_{x,y} = W_{x,y} + M_2 ∨ M_3 − M_3, if x > y .

At this point, (4.6) can be checked by considering the six possible orderings of M_1, M_2, M_3: Having proved (4.6), (4.4) and (4.5) can be easily derived from (4.2), (4.3) together with the identity h_{a,b}(x) = P^ω_{N,x}(τ_a < τ_b) and the observation that W_{y,y} = W̃_{y,y} = V_N (z^∗(y, {a, b})) − V_N (y). □

We conclude this section by recalling a generalization of (4.3). Given two disjoint subsets A, B ⊂ Z/N with |(A ∪ B)^c| < ∞, the function w on Z/N defined as w(x) ≡ { E^ω_{N,x} (τ_AI_{τA<τB} ) , if x ∉ (A ∪ B) 0, if x ∈ A ∪ B, is a finite function satisfying the Dirichlet problem { L^{(N)}w(x) = h_{A,B}(x), if x ∉ A ∪ B, w(x) = 0, if x ∈ A ∪ B. In particular, due to (3.16) and (3.18), we get E^ω_{N,x} (τ_AI_{τA<τB} ) = ∑ y∉A∪B G_{(A∪B)}c (x, y)h_{A,B} (y) = ∑ y∉A∪B μ_N (y)h_{x,A∪B} h_{A,B} (y) cap(x, A ∪ B) . (4.9)

5. Principal eigenvalues and eigenvectors

In this section, we fix h, δ > 0 and V_N ∈ A_{h,δ} and we usually omit the index h and the reference to the path V_N from the standard notation. In particular, we write M^− ≡ M^−_h (V_N ) = {x_1, x_2, . . . , x_q} where x_1, x_2, . . . , x_q is the labelling satisfying condition (1.15). Moreover, we set, for 0 ≤ k ≤ q, M^−_k ≡ {x_1, . . . x_k} S_k ≡ M^−_k ∪ {−1, 1} S^∗_k ≡ M^−_k ∪ (Z/N \ (−1, 1)) . Our target here is to study the principal eigenvalue λ̄^{(N)}_k and the related eigenvector of the generator on Z/N with Dirichlet conditions on S^∗_k (see figure 3). To this aim we set

L^{(N)}_k ≡ L^{(N)} ((S^∗_k)^c) , λ̄^{(N)}_k ≡ min { σ ( L^{(N)}_k )} . (5.1)

As clarified in the next section, the spectral analysis of the above operators will give information about the spectral properties of L_N for small eigenvalues of order o ( exp { −h √ N }) . Note that L^{(N)}_0 = L_N and that, due to Corollary 3 in Appendix C, λ̄^{(N)}_0 < λ̄^{(N)}_1 < · · · < λ̄^{(N)}_q .

PSfrag replacements

Figure 3. L^{(N)}_2 has Dirichlet conditions on the marked regions.

To get an upper bound on λ̄^{(N)}_k , we recall its variational characterization:

λ̄^{(N)}_k = inf f∈R^{Z/N} f≡0 on S^∗_k ,f≢0 ( f, L^{(N)}f ) ‖f‖^2 (5.2)

where (·, ·) and ‖ · ‖_2 denote respectively the scalar product and the norm in L^2(Z/N, μ_N).

A lower bound can be obtained using a Donsker–Varadhan like argument as explained in [4][Lemma 4.2]: λ̄^{(N)}_k ≥ 1 sup_{x∉S}∗_k E^ω_{N,x} ( τ_S∗_k ) . (5.3)

Lemma 7. If V_N ∈ A_{h,δ} then

λ̄^{(N)}_k ∼ [ c(κ)N^{−2}, c^′(κ), e^− √ N{ V_N (z^∗(x_{k+1},S_k))−V_N (x_{k+1}) } ] , ∀k : 0 ≤ k ≤ q − 1 , (5.4)

λ̄^{(N)}_q ≥ c(κ)N^{−2}e^{−h√N} . (5.5)

In particular, λ̄^{(N)}_k ≤ c(κ)N^2e^{−δ√N} λ̄^{(N)}_{k+1}, ∀k : 0 ≤ k ≤ q − 1 . (5.6)

Proof. We first derive an upper bound for λ̄^{(N)}_k , for 0 ≤ k ≤ q − 1. Let

a ≡ z^∗([−1, x_{k+1}) ∩ S_k, x_{k+1}), b ≡ z^∗((x_{k+1}, 1] ∩ S_k, x_{k+1}),

where the saddle points are w.r.t. V_N , and set f ≡ I_{(a,b)∩Z/N}. Then

‖f‖^2 ≥ μ_N (x_{k+1}) ≥ c(κ) e^− √ NV_N (x_{k+1}),

while by (1.12) ( f, L^{(N)}f ) = e^− √ NV_N (a) + e− √ N V_N (b−^1_N ) ≤ e− √ NV_N (a) + c(κ) e− √ NV_N (b). Since f ≡ 0 on S^∗_k, by (5.2) we get λ̄^{(N)}_k ≤ c(κ)e^{−√N{ V}N^{(z∗(x}k+1^{,S}k^{))−V}N^{(x}k+1^{) }}. To bound λ̄^{(N)}_k from below, we derive from (5.3) and (4.4) that

λ̄^{(N)}_k ≥ c(κ)N^{−2} exp { − √ N max_{x∉S∗k} [V_N (z^∗(x, S_k)) − V_N (x)] } . (5.7)

Due to Lemma 2, the maximum in the above expression is achieved for some x ∈ M^− \S_k = {x_{k+1}, . . . , x_q}. Then, due to (1.15), the maximum has to be achieved at x = x_{k+1}, thus concluding the proof of (5.4). To prove (5.5) we observe that (5.7) remains true for k = q. This, together with the definition of h–extrema, implies (5.5). Finally, (5.6) with 0 ≤ k ≤ q − 2 follows from (1.15), (1.16) and (5.4), while for k = q − 1 it follows from (5.4), (5.5) and (1.14). □

Proposition 5. Given V_N ∈ A_{h,δ} and k ∈ {1, 2, . . . , q}, λ̄^{(N)}_{k−1} is a simple eigenvalue of L^{(N)}_{k−1} with eigenfunction h^λ_{xk,S}∗_{k−1} , where λ ≡ λ̄^{(N)}_{k−1}, and

cap(x_k, S^∗_{k−1}) ‖h_{xk ,S}∗_{k−1} ‖^2 ( 1 − c(κ)N^2e^{−δ} √ N ) ≤ λ̄^{(N)}_{k−1} ≤ cap(x_k, S^∗_{k−1}) ‖h_{xk ,S}∗_{k−1} ‖^2 ( 1 + c(κ)N^2e^{−δ} √ N ) . (5.8)

Proof. Note that L^{(N)}_k is obtained from L^{(N)}_{k−1} by adding Dirichlet conditions on x_k, since S^∗_k = S^∗_{k−1} ∪ {x_k}. In particular, λ < λ̄^{(N)}_k is an eigenvalue of L^{(N)}_{k−1} with eigenfunction f ∈ R^{Z/N} iff ∃ϕ ∈ R such that ( L^{(N)} − λ ) f(y) = 0, if y ∉ S^∗_k, f(y) = ϕ, if y = x_k, f(y) = 0, if y ∈ S^∗_{k−1}, (5.9)

and ( L^{(N)} − λ ) f(x_k) = 0 . (5.10)

Note that (5.9) is equivalent to the identity f = ϕh^λ_{xk ,S}∗_{k−1} . Since f is an eigenfunction,

ϕ ≠ 0 and therefore ϕ can be taken equal to 1. Since λ̄^{(N)}_{k−1} < λ̄^{(N)}_k due to Corollary 3, this implies the first statement of the proposition. Let us write h^λ ≡ h^λ_{xk ,S}∗_{k−1} , h ≡ h_{xk,S}∗_{k−1} , δh^λ ≡ h^λ − h (5.11) and show that h^λ can be approximated by h for λ < λ̄^{(N)}_k . In fact, the function δh^λ satisfies the system { δh^λ(y) = 0, if y ∈ S^∗_k, ( L^{(N)} − λ ) δh^λ(y) = λh(y), if y ∉ S^∗_k, (5.12)

thus implying δh^λ = λ ( L^{(N)}_k − λ )_{−1} h and therefore

‖δh^λ‖_2 = ‖ ‖δh^λ ‖ ‖_{L2} ((S^∗_k )^c,μN ) ≤ λ λ̄^{(N)}_k − λ ‖h‖_{L2} (_{(S}∗_{k )c,μN} ) ≤ λ λ̄^{(N)}_k − λ

‖h‖_2 . (5.13)

Due to (5.10), (5.12) and the identity ( L^{(N)}h ) (x) = Aδ_{x,xk} , ∀x ∉ (S^∗_{k−1})^c, where A ≡ cap(x_k, S^∗_{k−1}) μ_N (x_k)

(which follows from (3.6)) we obtain ( L^{(N)} − λ ) δh^λ = λh − Aδ_{x,xk} , on (S^∗_{k−1})^c. (5.14) By taking the scalar product in L^2 (μ_N ) with h, which is zero on S^∗_{k−1}, we get ( h, L^{(N)}δh^λ ) − λ ( h, δh^λ ) = λ(h, h) − A(h, δ_{x,xk} ). (5.15) Due to reversibility the first addendum is zero. Moreover, since A(h, δ_{x,xk} ) = cap ( x_k, S^∗_{k−1} ) , (5.13) and (5.15) imply | | | | λ − cap ( x_k, S^∗_{k−1} ) ‖h‖^2 | | | | ≤ λ^2 λ̄^{(N)}_k − λ

. (5.16)

The assertion follows now by considering the case λ ≡ λ̄^{(N)}_{k−1} and using (5.6). □

We conclude the section with a description of the principal eigenfunction of L^{(N)}_{k−1}.

Proposition 6. If V_N ∈ A_{h,δ} and k ∈ {1, 2, . . . , q}, then the function h^λ_{xk ,S}∗_{k−1} , λ = λ̄^{(N)}_{k−1}, satisfies h_{xk ,S}∗_{k−1} (y) ≤ h^λ_{xk ,S}∗_{k−1} (y) ≤ h_{xk,S}∗_{k−1} ( 1 + c(κ)N^5e^{−δ} √ N ) . (5.17)

Proof. For simplicity of notation, let λ ≡ λ̄^{(N)}_{k−1} and let h^λ, h, δh^λ be defined as in (5.11).

Since λ̄^{(N)}_{k−1} < λ̄^{(N)}_k and the latter is the principal eigenvalue of L^{(N)}_k , h^λ admits the probabilistic interpretation (3.3). Comparing it with (3.2) one gets the inequality on the left in (5.17).

To prove the inequality on the right, we observe that δh^λ satisfies (5.12), and therefore { L^{(N)}δh^λ(y) = λh^λ(y), if y ∉ S^∗_k , δh^λ(y) = 0, if y ∈ S^∗_k .

Due to the above Dirichlet problem and (3.16), we obtain h^λ(y) h(y) = 1 + λ h(y) ∑ z∉S^∗_k G_{(S}∗_{k )}c (y, z) h^λ(z) h(z) h(z), ∀y ∉ S^∗_k. The above identity implies h^λ(y) h(y) ≤ 1 + λM h(y) ∑ z∉S^∗_k G_{(S}∗_{k )}c (y, z)h(z),

where M ≡ max_{z∉S}∗_k^{hλ(z)}_{h(z)} . From the above inequality, (3.2) and (4.9) we derive M ≤ 1 + λM max_{y∉S∗k} E^ω_{N,y} ( τ_{xk} | τ_{xk} < τ_S∗_{k−1} ) . (5.18)

Due to Lemma 6, max_{y∉S∗k} E^ω_{N,y} ( τ_{xk} | τ_{xk} < τ_S∗_{k−1} ) ≤ c(κ)N^3 exp {√ N max_{y∉S∗k} [V_N (z^∗(y, S_k) − V_N (y)] } . (5.19)

If 1 ≤ k < q, then Lemma 2 and (1.15) imply that the above maximum is achieved for y = x_{k+1}. (5.4) then implies E^ω_{N,y} ( τ_{xk} | τ_{xk} < τ_S∗_{k−1} ) ≤ c(κ)N^3 λ̄^{(N)}_k , if 1 ≤ k < q. Therefore, due to (5.6) and (5.18), we get M ≤ 1 + c(κ)MN^5e^{−δ√N} which implies (5.17). If k = q, then the r.h.s. of (5.19) can be bounded by e^{h√N} . Due to (5.4) and condition (1.14), one get that M ≤ 1 + c(κ)MN^3e^{−δ√N} which implies (5.17). □

6. The set σ (L_N ) ∩ ( 0, λ̄^{(N)}_k )

As in Section 5, we fix h, δ > 0, V_N ∈ A_{h,δ} and we usually omit the index h and the reference to the path V_N from the standard notation.

Given 1 ≤ k ≤ q, λ < λ̄^{(N)}_k is an eigenvalue of L_N = L^{(N)}_0 with eigenvector f^λ ∈ R^{Z/N} if and only if, for suitable constants ϕ^λ(y) with y ∈ M^−_k , (L^{(N)} − λ)f^λ(y) = 0, if y ∉ S^∗_k , f^λ(y) = ϕ^λ(y), if y ∈ M^−_k , f^λ(y) = 0, if y ∈ S^∗_k \ M^−_k ,

(6.1)

(note that S^∗_k \ M^−_k = Z/N \ (−1, 1)) and (L^{(N)} − λ)f^λ(y) = 0 ∀y ∈ M^−_k . (6.2) System (6.1) is equivalent to the identity f^λ(y) = ∑ x∈M^−_k ϕ^λ_xh^λ_{x,S}∗_{k \{x}}(y) ∀y ∈ Z/N. (6.3) It is convenient to introduce a shorten notation by defining h^λ_x ≡ h^λ_{x,S}∗_{k \{x}} , h_x ≡ h_{x,S}∗_{k \{x}} (note that h^λ_x depends on k). Assuming (6.3), condition (6.2) is equivalent to ∑ x∈M^−_k ϕ^λ_x ( (L^{(N)} − λ)h^λ_x ) (y) = 0 ∀y ∈ M^−_k . (6.4)

Let us denote by E_k(λ) the k × k–matrix

(E_k(λ))_{x,z} = ( (L^{(N)} − λ)h^λ_z ) (x) , ∀x, z ∈ M^−_k , (6.5) and by Ê_k(λ) the k × k–matrix ( Ê_k(λ) ) x,z = 1 μ_N (x) (E_k(λ))_{x,z} ‖h_x‖_2‖h_z‖_2 . (6.6)

Note that both E_k(λ) and Ê_k(λ) are well defined and holomorphic on C \ σ ( L^{(N)}_k ) . Then the above observations imply:

Lemma 8. λ < λ̄^{(N)}_k is an eigenvalue of L^{(N)}_0 iff det (E_k(λ)) = 0. In this case, f^λ : Z/N → R is an eigenvector of L^{(N)}_0 with eigenvalue λ iff f^λ = ∑ x∈M^−_k ϕ λ xh^λ_x for some eigenvector ϕ^λ : M^−_k → R of E_k(λ) with eigenvalue 0. Moreover, det (E_k(λ)) = 0 iff det ( Ê_k(λ) ) = 0, and E_k(λ)ϕ = 0 iff Ê_k(λ)ϕ̂ = 0 where ϕ̂_x = ϕ_x‖h_x‖_2 for all x ∈ M^−_k .

The interest in the matrix Ê_k(λ) comes from the following result: Note that we can write, for any x, z ∈ M^−_k ,

(E_k(λ))_{x,z} = μ_N (x) ( (h_x, L_N h_z) − λ(h_x, h_z ) − λ(h_x, δh^λ_z ) ) (6.7)

where δh^λ_z (y) ≡ h^λ_z (y) − h_z(y), respectively ( Ê_k(λ) ) x,y = K^{(k)}_{x,z} − λI_{x,z} − λA^{(k)}_{x,z} − λB^{(k)}_{x,z} , ∀x, z ∈ M^−_k (6.8) where K^{(k)}_{x,x} ≡ (h_x, L^{(N)}h_z) ‖h_x‖_2‖h_z ‖_2 , A^{(k)}_{x,z} ≡ (h_x, h_z) ‖h_x‖_2‖h_z ‖_2 (1 − δ_{x,z}) , B^{(k)}_{x,z} ≡ (h_x, δh^λ_z ) ‖h_x‖_2‖h_z‖_2 . The above k × k–matrix K^{(k)} is called the normalized capacity matrix K^{(k)}. Due to (3.7) K^{(k)} is a symmetric matrix with diagonal elements given by

K^{(k)}_{x,x} = ‖h_x‖^{−2}_2 cap (x, S^∗_k \ {x}) . (6.9)

Note that due to (5.8), if V_N ∈ A_{h,δ} then | | | K^{(k)}_{xk,xk} λ̄^{(N)}_{k−1} − 1 | | | ≤ cN^2e^{−δ} √ N . (6.10)

Moreover, ordering the entries of K^{(k)} along the increasing order of x_1, x_2, . . . , x_q, the matrix K^{(k)} is Jacobian. Namely, let {x_1, x_2, . . . , x_q} = {u_1, u_2, . . . , u_q} with u_1 < u_2 < · · · < u_q and set A_{i,j} ≡ K^{(k)}_{ui,uj} . Then A = (A_{i,j} )_{1≤i,j≤d} is symmetric and A_{i,j} = 0 if |i − j| > 1. This follows easily from the following observation: setting u_0 ≡ −1, u_{q+1} ≡ 1 then the support of h_{ui} , L^{(N)}h_{ui} is respectively given by (u_{i−1}, u_{i+1}), [u_{i−1}, u_{i+1}] for all i = 1, . . . , q. The following proposition will allow us to think of Ê_k(λ), with λ ∈ C \ σ ( L^{(N)}_k ) small, as obtained by a small perturbation from the matrix ( K^{(k)}_{xk,xk} δ_{xk,x}δ_{xk,z} − λδ_{x,z} ) x,z , with x, z ∈ M^−_k . Proposition 7. If V_N ∈ A_{h,δ} and 1 ≤ k ≤ q, then K^{(k)}_{xj ,xj} ≤ CN^2e^{−δ} √ N K^{(k)}_{xk,xk} , ∀1 ≤ j < k, (6.11) K^{(k)}_{xi,xj} ≤ CN^2e^{− δ2} √ N K^{(k)}_{xk,xk} ∀1 ≤ i, j ≤ k, (i, j) ≠ (k, k) , (6.12) A^{(k)}_{xi,xj} ≤ CN^2e^{− δ4} √ N , ∀1 ≤ i, j ≤ k, i ≠ j , (6.13) | | |B^{(k)}_{xi,xj} | | | ≤ |λ| dist ( λ, σ ( L^{(N)}_k )) ∀λ ∈ C \ σ ( L^{(N)}_k ) , ∀1 ≤ i, j ≤ k . (6.14)

Proof. Proposition 7 is analogous to the corresponding statements in [6] and we refer for the details to that paper.

The main ingredient of the proof are the non-degeneracy conditions. In fact, Eq. (6.11) follows from (6.10) and (5.6). Eq. (6.12) follows from (6.11) using the Schwarz inequality,

|(h_{xi} , L^{(N)}h_{xj} )| ≤ (h_{xi} , L^{(N)}h_{xi} )^12 (h_{xj} , L^{(N)}h_{xj} )^12 , i.e. |K^{(k)}_{xi,xj} | ≤ √ K^{(k)}_{xi,xi} K^{(k)}_{xj ,xj} . Eq. (6.13) is just a statement that the functions h_x and h_y are almost orthogonal. This is completely analogous to Lemma 4.5. of [6].

To prove Eq. (6.14), note that δh^λ_{xj} = h^λ_{xj} − h_{xj} satisfies the Dirichlet problem {( L^{(N)} − λ ) δh^λ_{xj} (y) = λh_{xj} (y), if y ∉ S^∗_k , δh^λ(y) = 0, if y ∈ S^∗_k .

Thus, δh^λ_{xj} = λ ( L^{(N)}_k − λ )_{−1} h_{xj} , implying ‖δh^λ_{xj} ‖_2 ≤ |λ| dist ( λ, σ ( L^{(N)}_k )) ‖h_{xj} ‖_2 . (6.14) now follows from Schwarz inequality. □

We can now prove the main result of this section:

Proposition 8. If V_N ∈ A_{h,δ}, q ≡ |M^−_h | ≤ Q, N ≥ N(δ, Q) then the following holds: σ ( L^{(N)}_0 ) ∩ [ 0, λ̄^{(N)}_q ) = { λ̄^{(N)}_0 = λ^{(N)}_1 < λ^{(N)}_2 < · · · < λ^{(N)}_q } (6.15)

and | | | λ^{(N)}_k λ̄^{(N)}_{k−1} − 1 | | | ≤ e^{− δ10} √ N ∀k = 1, 2, . . . , q. (6.16) Moreover, λ^{(N)}_k is a simple eigenvalue with normalized eigenfunction ψ^{(N)}_k :

ψ^{(N)}_k = a^{(k)}_k h^λ_{xk,S}∗_{k−1} ‖h^λ_{xk ,S}∗_{k−1} ‖_2 + k−1∑ j=1 a^{(k)}_j h^λ_{xj ,S}∗_{k \{xj }} ‖h^λ_{xj ,S}∗_{k \xj} ‖_2 , λ ≡ λ^{(N)}_k , (6.17)

where a^{(k)}_j , 1 ≤ j ≤ k, are constants satisfying 1 − e^{− δ10} √ N ≤ a^{(k)}_k ≤ 1, | |a^{(k)}_j | | ≤ e^{− δ10} √ N ∀1 ≤ j ≤ k − 1 . (6.18)

In particular, ‖ ‖ ‖ ‖ ψ^{(N)}_k − h_{xk,S}∗_{k−1} ‖h_{xk ,S}∗_{k−1} ‖_2 ‖ ‖ ‖ ‖_2 ≤ e^{− δ10} √ N . (6.19)

Proof. To prove that the set σ ( L^{(N)}_0 ) ∩ [ 0, λ̄^{(N)}_q ) has cardinality at least q, we apply Lagrange’s Theorem [22] stating the following: let φ be a holomorphic function defined on a open set D ⊂ C containing a point a. If there exists a contour γ around a and inside D such that |φ(z)| < |z − a| for any z in the support of γ, then the equation

a − z + φ(z) = 0 (6.20)

has a unique solution in the interior of γ.

Fix 1 ≤ k ≤ q and recall the definition of λ̄^{(N)}_k given in (5.1). Since L^{(N)}_0 has only positive eigenvalues and due to Lemma 8, λ < λ̄^{(N)}_k is an eigenvalue of L^{(N)}_0 if and only if det ( Ê_k(λ) ) = 0 (6.21)

Let us define D_k ≡ { λ ∈ C : |ℑ(λ)| < ℜ(λ) , e^{− δ8} √ N λ̄^{(N)}_{k−1} < ℜ(λ) ≤ e^{− δ}_4^{√N} λ̄^{(N)}_k } . Note that, due to (5.6), D_k is non empty if N ≥ N(δ). Moreover, for N ≥ N(δ), |λ| dist ( λ, σ ( L^{(N)}_k )) ≤ √ 2 ℜ(λ) λ̄^{(N)}_k − ℜ(λ) ≤ 2e^{− δ4} √ N , ∀λ ∈ D_k .

Due to (6.8), (6.10), Proposition 7 and the above estimate, for all λ ∈ D_k we can write

Ê_k(λ) = V^{(k)}(λ) + W^{(k)}(λ) (6.22)

where, for all x, y ∈ M^−_k and for N ≥ N(δ), V^{(k)}_{x,y} = K^{(k)}_{xk,xk} δ_{x,xk} δ_{y,xk} − λδ_{x,y} , (6.23) K^{(k)}_{xk,xk} ≤ λ̄^{(N)}_{k−1} ( 1 + e^{− δ2} √ N ) , (6.24) |W^{(k)}_{x,y} (λ)| ≤ cN^2e^{− δ4} √ N (|λ| + λ̄^{(N)}_{k−1}) ≤ 2cN^2e^{− δ8} √ N |λ|. (6.25) Note that the last inequality in (6.25) follows from the definition of D_k.

In what follows we suppose N ≥ N(δ) such that 2cN^2e^{− δ}8 √ N < e^{− δ}9 √ N , thus implying that | |W^{(k)}x,y (λ) | | < e^{− δ9} √ N |λ|. Let us write det ( Ê_k(λ) ) = ∑ τ (−1)^{sgn(τ )} ( Ê_k(λ) ) x_1,τ (x_1) ( Ê_k(λ) ) x_2,τ (x_2) · · · ( Ê_k(λ) ) x_k,τ (x_k) (6.26)

where τ varies among the permutations of M^−_k and sgn(τ) denotes its sign. Let us consider the addendum in the r.h.s. associated to τ equal to the identity, i.e. ( K^{(k)}_{xk,xk} − λ + W^{(k)}_{xk,xk} (λ) )^{k−1}∏ j=1 ( −λ + W^{(k)}_{xj ,xj} (λ) ) .

It can be written as K^{(k)}_{xk,xk} (−λ)^{k−1} + (−λ)^k + ϕ̃(λ) where ϕ̃(λ) is a holomorphic function on D_k with |ϕ̃(λ)| ≤ c(k) ( |λ| + λ̄^{(N)}_{k−1} ) |λ|^{k−1}e^{− δ}9 √ N . Note that if the permutation τ is different from the identity and if λ ∈ D_k, then | | | ( Ê_k(λ) ) x_j ,τ (x_j ) | | | ≤ |λ| ( 1 + e^{− δ9} √ N ) , ∀1 ≤ j < k , | | | ( Ê_k(λ) ) x_{j0} ,τ (x_{j0} ) | | | ≤ |λ|e^− δ 9 √ N , for some 1 ≤ j_0 ≤ k , | | ( Ê_k(λ) ) x_k,τ (x_k) | | ≤ ( |λ| + λ̄^{(N)}_{k−1} ) ( 1 + e^{− δ9} √ N )

(in the last estimate we have use (6.24)). The above observations imply that, for λ ∈ D_k, det ( Ê_k(λ) ) /(−λ)^{k−1} = K^{(k)}_{xk,xk} − λ + ϕ(λ) (6.27) where ϕ(λ) is an holomorphic function with |ϕ(λ)| ≤ c^′(k)e^{− δ9} √ N (|λ| + λ̄^{(N)}_{k−1}). (6.28)

Let γ be the circle in C around K^{(k)}_{xk,xk} of radius r = 6c^′(k)e^{− δ}9 √ N λ̄^{(N)}_{k−1}. Due to this choice, (6.10) and (5.6), if N ≥ N(Q, δ) and λ ∈ supp(γ), then λ ∈ D_k and the r.h.s. of (6.28) is strictly bounded from above by r = | |K(k)_{xk,xk} − λ | |. Therefore, by Lagrange’s Theorem,

there is one and only one eigenvalue λ^{(N)}_k of L^{(N)}_0 inside γ (thus implying that λ^{(N)}_k ∈ D_k).

Since all the sets D_k are disjoint, | |σ (LN)_0 ) ∩ [0, λ̄(N)_k ) | | ≥ q, while due to Proposition 11, the l.h.s. is not larger than q. That completes the proof of (6.15).

Let a = (a_x)_{x∈M} −_k be a (right) eigenvector of Ê_k ( λ^{(N)}_k ) with eigenvalue 0. We can suppose

that a is normalized, i.e. ∑_k j=1 |a_{xj} |^2 = 1, and a_{xk} ≥ 0. For 1 ≤ i < k, the identity ( Ê_k ( λ^{(N)}_k ) a ) x_i = 0 reads

a_{xi} = ∑ 1≤j≤k j≠i W^{(k)}_{xi,xj} (λ^{(N)}_k ) λ^{(N)}_k a_{xj} .

The above expression and the normalization assumption imply |a_{xi} | ≤ √ ke^{− δ9} √ N . (6.29)

Since a^2_{xk} = 1 − ∑_{k−1} i=1 |a_{xi} |^2, we get

1 ≥ a_{xk} ≥ 1 − k^{32} e^{− δ9} √ N . (6.30)

Estimates (6.29), (6.30) together with Lemma 8 imply (6.17) and (6.18).

To prove (6.16), let a be defined as above. Then the identity ( Ê_k ( λ^{(N)}_k ) a ) x_k = 0 reads ( 1 − K^{(k)}_{xk ,xk} λ^{(N)}_k ) = k−1∑ j=1 W^{(k)}_{xk,xj} ( λ^{(N)}_k ) a_{xj} λ^{(N)}_k a_{xk} By Schwarz inequality, due to (6.29) and (6.30), | | |1 − K^{(k)}_{xk,xk} λ^{(N)}_k | | | ≤ cqe^{− δ10} √ N The above estimate together with (6.10) implies (6.16).

The last estimate (6.19) follows by straightforward computations from (6.17), (6.29), (6.30) and (5.17). □

7. Subdiffusive behavior (Proof of Theorem 4 and Theorem 5)

We begin with the proof of Theorem 4.

Given a path γ ∈ C(R), denote by (m_1(γ), m(γ), m_2(γ)) the consecutive 1–extrema (disregarding equivalent points) of the 1–valley of γ covering the origin (if existing), namely

m_1(γ) ≡ max { x : x < 0 and x ∈ M^−_1 (γ) } , m_2(γ) ≡ min { x : x ≥ 0 and x ∈ M^+_1 (γ) } , {m(γ)} ≡ (m_1(γ), m_2(γ)) ∩ M^−_1 (γ).

In particular, the ln n-extrema of the ln n–valley of V^{(1)} covering the origin can be written as a^{(n)}(ω) ≡ max { x : x < 0 and x ∈ M^−_{ln n} ( V^{(1)} )} = m_1 ( V^{(ln2 n)}(ω) ) ln^2 n ,

b^{(n)}(ω) ≡ min { x : x ≥ 0 and x ∈ M^+_{ln n} ( V^{(1)} )} = m_2 ( V^{(ln2 n)}(ω) ) ln^2 n , m^{(n)}(ω) ≡ m ( V^{(ln2 n)}(ω) ) ln^2 n = m^{(n)}(ω) ln^2 n ,

(note that the above quantities are defined P a.s. since lim sup_{x→±∞} V (x) = ∞ and lim inf_{x→±∞} V (x) = −∞ P a.s.).

Given 0 < β, δ, δ^′ < 1, we denote by B_{β,δ,δ}′ the set of paths γ ∈ C(R) such that the following properties hold (for m_1 = m_1(γ), m_2 = m_2(γ), m = m(γ)): − m_1, m_2 ≤ 1/δ^′ , (7.1) M^−_1 (γ) ∩ [−1/δ^′, m) ≠ ∅ , M^−_1 (γ) ∩ (m, 1/δ^′) ≠ ∅, (7.2) M^−_{1−δ}(γ) ∩ [−1/δ^′, 1/δ^′] = M^−_{1+δ}(γ) ∩ [−1/δ^′, 1/δ^′] , (7.3) γ(m_1) ∧ γ(m_2) ≥ max_{[0∧m,0∨m]} V + δ , (7.4) γ(m) ≥ −1/δ, (7.5) γ(m_1) ∧ γ(m_2) ≥ max_{|x−m|≤β} γ + δ . (7.6)

Due to the properties of Brownian motion and by means of of the results of Section 2, one can show that there exist β, δ, δ^′, n_0 such that the set Ω̄_n ≡ { ω ∈ Ω : V^{(ln2 n)}(ω) ∈ B_{β,δ,δ}′ } has probability P(Ω̄_n) ≥ 1 − α/2 if n ≥ n_0.

Fix β, δ, δ^′ as above and set N ≡ ln^2 n. Let P^{(N)} and C_1, C_2, C_3 be as in Proposition 4 with the interval [−1, 1] replaced by [−1/δ^′, 1/δ^′]. Let us write V̄^{(N)} and B̄ for the restriction respectively of V^{(N)} and B on [−1/δ^′, 1/δ^′]. Set ε_n ≡ C_1 ln N √ N , δ_n ≡ ρ(ε_n), where ρ is defined as in Theorem 4. Moreover, fix C_4 > 4 such that 1 + 2C_1 − C_1C_4 < 0 . (7.7)

On the enlarged probability space with measure P^{(N)} consider the event C^{(N)}_{δ,δ′} that V̄^{(N)} and B̄ satisfy the following conditions:

‖V̄^{(N)} − B̄‖_∞ ≤ ε_n , (7.8) M^−_1 (B̄) = M^−_{1−C4εn} (B̄), M^+_1 (B̄) = M^+_{1−C4εn} (B̄) , (7.9) inf δ_n≤s≤T^{(1)}_{n,+} | |B_S(h)_{n +s} − B_S(h)_n | | ≥ C4εn, if n ∈ Z and S^{(h)}_n ∈ [−1/δ, 1/δ] , (7.10) inf δ_n≤s≤T^{(1)}_{n,−} | |B S^{(h)}_n − BS^{(h)}_n −s | | ≥ C_4ε_n, if n ∈ Z and S_{(h)n} ∈ [−1/δ, 1/δ] . (7.11)

Recall that { S^{(h)}_n } n∈Z is the set of h–extrema of B, while the random times T^{(h)}_{n,±} have been defined in Corollary 1.

By means of the results of Section 2 one can check that

lim_{N↑∞} P^{(N)} ( C^{(N)}_{δ,δ′} ) = 1 .

We point out that in order to estimate the probability of the events (7.10) and (7.11) one has to use Lemma 3 (see also the proof of (2.13) in order to treat the case n = 0) together with the property that lim_{n↑∞} ε_n/ √ δ_n = 0.

Let Ω_n be the event in the enlarged probability space given by C^{(N)}_{δ,δ′} ∩ {¯ V^{(N)} ∈ B_{β,δ} } . Then P^{(N)} (Ω_n) ≥ 1 − α if n is large enough. In what follows, we will assume that the event Ω_n is realized. Let us set

A_n ≡ (a^{(n)}, b^{(n)}) ∩ Z, D_n ≡ ( (m^{(n)} − 2δ_n) ln^2 n, (m^{(n)} + 2δ_n) ln^2 ) ∩ A_n. (7.12)

Recall that L(A_n ) is defined as L(A_n ) = (L_{x,y} )_{x,y∈An} . We write P(A_n) for the restriction of the jump probability matrix to A_n × A_n, namely P(A_n) = I− L(A_n ). Then

P^ω_0 (| | | X_n ln^2 n

− m^{(n)} | | | ≤ 2δ^n ) = P^ω_0 (X_n ∈ D_n) ≥ P^ω_0 (X_n ∈ D_n , X_k ∈ A_n ∀0 ≤ k ≤ n) = ∑ y∈D_n (P(A_n)^n)_{0,y} = 1 μ(0)

(1_0, P(A_n)^n1_{Dn} )

(7.13) where in general 1_Y denotes the characteristic function of the set Y and (·, ·) denotes the scalar product in L^2 (A_n, μ) (the related norm will be denoted by ‖ · ‖). By the same arguments of Section 5.6, due to (7.1) and (7.3), we obtain that the principal eigenvalue λ^{(n)}_1 of L(A_n ) is a simple eigenvalue satisfying

c^′(ln n)^{−2}n^{−1−δ} ≤ λ^{(n)}_1 ≤ cn^{−1−δ}. (7.14) Moreover, defining the function h^λ on A_n as h^λ(y) ≡ h^λ_{m(n),Acn} (y), ∀y ∈ A_n , and setting h ≡ h^0, a principal eigenvector of L(A_n ) is given by h^{λ(n)1} and (see Proposition 6) h(x) ≤ h^{λ(n)1} (x) ≤ h(x)(1 + p(ln n)n^{−δ}) , ∀x ∈ A_n , where, here and in what follows, p denotes a generic polynomial having positive coefficients. In particular, the eigenvector ψ^{(n)}_1 obtained by normalizing h^{λ(n)1} , i.e. ψ^{(n)}_1 ≡ h^{λ(n)1} /‖h^{λ(n)1} ‖ satisfies | | |ψ^{(n)}1 (x) − h(x) ‖h‖ | | | ≤ h(x) ‖h‖ p(ln n)n^{−δ} ∀x ∈ A_n , ‖ ‖ ‖ψ^{(n)}1 − h ‖h‖ ‖ ‖ ‖ ≤ p(ln n)n^{−δ}. (7.15)

We denote by λ^{(n)}_2 < λ^{(n)}_3 < · · · < λ^{(n)}_{|An|} the remaining (simple) eigenvalues of L(A_n ) and by ψ^{(n)}_2 , ψ^{(n)}_3 , . . . , ψ^{(n)}_{|An|} the related normalized eigenvector. Due to (7.1), (7.3) and Theorem 1, λ^{(n)}_2 can be bounded from below as

λ^{(n)}_2 ≥ c(ln n)^{−4}n^{−1+δ}. (7.16)

Since P(A_n) has simple eigenvalues given by

1 − λ^{(n)}_1 > 1 − λ^{(n)}_2 > · · · > 1 − λ^{(n)}_{|An|},

with related eigenvectors ψ^{(n)}_1 , ψ^{(n)}_2 , . . . , ψ^{(n)}_{|An|}, we can write 1 μ(0)

(1_0, P(A_n)^n1_{Dn} ) = |A_n|∑

j=1 ( 1 − λ^{(n)}_j )_n ( ψ^{(n)}_j , 1_{Dn} ) ψ^{(n)}_j (0) . (7.17)

Let Π be the orthogonal projection of L^2(A_n, μ) along the subspace generated by ψ^{(n)}_k with 2 ≤ k ≤ |A_n| − 1. Since by Lemma 3 sup 1<j<|A_n| |1 − λ^{(n)}_j | = 1 − λ^{(n)}_2 ,

we obtain the bound | | | | |A_n|−1∑

j=2 ( 1 − λ^{(n)}_j )_n ( ψ^{(n)}_j , 1_{Dn} ) ψ^{(n)}_j (0) | | | | = | | 1 μ(0)

(1_0, P(A_n)^nΠ1_{Dn} ) | |

≤ c(κ) ( 1 − λ^{(n)}_2 )_n ‖1_{Dn} ‖. We claim that

lim_{n↑∞} inf_{Ωn} ( 1 − λ^{(n)}_1 )_n ( ψ^{(n)}_1 , 1_{Dn} ) ψ^{(n)}_1 (0) = 1 , (7.18)

lim_{n↑∞} sup_{Ωn} | | (1 − λ^{(n)}_{|An|})^n ( ψ^{(n)}_{|An|}, 1_{Dn} ) ψ^{(n)}_{|An|}(0) | | = 0 , (7.19)

lim_{n↑∞} sup_{Ωn} ( 1 − λ^{(n)}_2 )_n ‖1_{Dn} ‖ = 0 . (7.20)

Note that the above estimates together with (7.13) and (7.17) imply Theorem 4.

Let us prove (7.18). Due to (7.14),

lim_{n↑∞} sup_{ω∈Ωn} | | ( 1 − λ^{(n)}_1 )_n − 1 | | = 0, while due to (7.15) | | | ( ψ^{(n)}_1 , 1_{Dn} ) ψ^{(n)}_1 (0) − ( h ‖h‖ , 1_{Dn} ) h(0) ‖h‖ | | | ≤ p(ln n)n^{−δ} ‖1^{Dn} ‖ ‖h‖ h(0). Applying Lemma 9 completes the proof.In order to complete the proof of (7.18).

To prove (7.20) we observe that, due to (7.1) and (7.5),

‖1_{Dn} ‖ ≤ c ln^2 n · exp { −V ( m^{(n)} )} ≤ c^′ ln^2 n · n^{1δ} . (7.21)

The above estimate together with (7.16) implies (7.20).

Finally, note that due to (7.18) and (7.20), it is clear that

lim sup n↑∞ sup_{Ωn} (1 − λ^{(n)}_{|An|})^n ( ψ^{(n)}_{|An|}, 1_{Dn} ) ψ^{(n)}_{|An|}(0) = 0

But, on the other hand, since 1 − λ_{|An|} < 0, and all quantities vary slowly with n, (1 − λ^{(n)}_{|An|})^n ( ψ^{(n)}_{|An|}, 1_{Dn} ) ∼ −(1 − λ^{(n+1)}_{|An+1|})^{n+1} ( ψ^{(n+1)} |A_{n+1}|, 1D^{n+1} ) implying that

lim sup n↑∞ sup_{Ωn} (1 − λ^{(n)}_{|An|})^n ( ψ^{(n)}_{|An|}, 1_{Dn} ) = − lim inf_{n↑∞} inf_{Ωn} (1 − λ^{(n)}_{|An|})^n ( ψ^{(n)}_{|An|}, 1_{Dn} )

which yields (7.19).

Lemma 9.

lim_{n↑∞} sup_{Ωn} |h(0) − 1| = 0, (7.22)

lim_{n↑∞} sup_{Ωn} | | | (h, 1_{Dn} ) ‖h‖^2 − 1 | | | = 0, (7.23)

lim_{n↑∞} sup_{Ωn} | |‖1^{Dn} ‖ ‖h‖ − 1 | | = 0. (7.24)

Proof. Let us suppose that the event Ω_n is verified. In order to prove (7.22), suppose for example that a^{(n)} ≤ 0 < m^{(n)}, thus implying that 1 − h(0) = h_a(n)_{,m}(n) (0). Therefore, due to (3.10) and assumptions (7.1) and (7.4)

1 − h(0) ≤ c ln^2 n · exp { max [0,m^{(n)}−1]

V − max

[a^{(n)},m^{(n)}−1] V } ≤ c ln^2 n · n^{−δ} thus implying (7.22).

We prove now (7.23). The proof of (7.24) is similar and we will omit it. Let us first bound 1 − h(x) for x ∈ D_n. Suppose for example that x < m^{(n)}, thus implying 1 − h(x) = h_a(n)_{,m}(n) (x). Due to (3.10), (7.1) and (7.6),

1 − h(x) ≤ c ln^2 n · exp { max [x,m^{(n)}−1] V − max

[a^{(n)},m^{(n)}−1] V } ≤ c ln^2 n · n^{−δ}. (7.25)

In particular, | | | | ∑ x∈D_n μ(x)h^2(x) − ∑ x∈D_n μ(x)h(x) | | | | ≤ c ln^2 n · n^{−δ} ∑ x∈D_n μ(x)h(x). (7.26)

Let us write (h, 1_{Dn} ) ‖h‖^2 = W_1(n) W_2(n) · W_2(n) W_3(n) where

W_1(n) ≡ ∑ x∈D_n μ(x) μ(m^{(n)}) h(x) , W_2(n) ≡ ∑ x∈D_n μ(x) μ(m^{(n)}) h(x)^2 , W_3(n) ≡ ∑ x∈A_n μ(x) μ(m^{(n)}) h(x)^2.

Then, due to (7.26), lim_{n↑∞} sup_{Ωn} |W_1(n)/W_2(n) − 1| = 0. Since W_3(n) ≥ 1, in order to prove that lim_{n↑∞} sup_{Ωn} |W_2(n)/W_3(n) − 1| = 0 it is enough to show

lim_{n↑∞} sup_{Ωn} ∑ x∈A_n\D_n e^−(^{V (x)−V} (^{m(n)})) = 0. (7.27)

To this aim it is more convenient to work on the rescaled lattice Z/N, where N = ln^2 n, and with the functions V̄^{(N)} and B̄ defined on [−1/δ^′, 1/δ^′] (note that due to (7.1), A_n/N ⊂ [−1/δ^′, 1/δ^′]). Let us set here m ≡ m ( V^{(N)} ) , m_1 ≡ m_1 ( V^{(N)} ) and m_2 ≡ m_2 ( V^{(N)} ) . Then, due to (7.8), ∑ x∈A_n\D_n e^−(^{V (x)−V} (^{m(n)})) = ∑ x∈^{An}_N \^{Dn}_N e^− √ N(^¯V (x)−^¯V (m))

≤ ∑ x∈^{An}_N \^{Dn}_N e^{C1 ln N} e^− √ N(^¯B(x)−^¯V (m)).

(7.28)

Note that Lemma 5 remains valid if [−1, 1] is substituted with a generic interval. Due to Lemma 5 applied with ε = 4ε_n (see in particular (2.16)) and due to the definition of Ω_n, there exists a 1–minimum m^∗ of B̄ such that |B̄(m^∗) − V̄ (m)| ≤ ε_n |m − m^∗| ≤ δ_n. Moreover, denoting m^∗_1, m^∗_2 the first 1–maximum of B̄ respectively on the left and on the right of m^∗ due to (7.2) (assuring that m^∗_1, m^∗_2 are 1–maxima of B) and due to Lemma 5 (see in particular (2.17)) and the definition of Ω_n,

|m_1 − m^∗_1| ≤ δ_n , |m_2 − m^∗_2| ≤ δ_n .

In particular, r.h.s. of (7.28) ≤ ∑ x∈W_1∪W_2 e^{2C1 ln N} e^− √ N(^¯B(x)−^¯B(m^∗)) (7.29)

where

Δ_1 ≡ (m^∗_1 − δ_n, m^∗ − δ_n] ∩ Z/N , Δ_2 ≡ [m^∗ + δ_n, m^∗_2 + δ_n) ∩ Z/N .

Let us estimate the contribution in (7.29) of the addenda x ∈ Δ_1 (the case x ∈ Δ_2 can be treated similarly). Note that due to (7.2) there exists n ∈ Z such that m^∗_1 = S^{(1)}_{n−1}, m^∗_2 = S^{(1)}_{n+1} (in particular, m^∗ = S^{(1)}_n ).

Due to (7.11) if x ∈ (m^∗_1 − δ_n, m^∗_1], then B̄(x) − B̄(m^∗) ≥ 1 − C_4ε_n ≥ 1/2 with n large enough. Due to (7.9) if x ∈ (m^∗_1, T^{(1)}_{n,−}] then B̄(x) − B̄(m^∗) > C_4ε_n. Due to (7.10) if x ∈ (T^{(1)}_{n,−}, m^∗ − δ_n), then B̄(x) − B̄(m^∗) > C_4ε_n. Since, |Δ_1| ≤ cN ∑ x∈Δ_1 e^{2C1 ln N} e^− √ N(^¯B(x)−^¯B(m^∗)) ≤ c N 1+2C1 ( e^− √ N 2 + N^{−C1C4} ) , which goes to 0 as n ↑ ∞ due to (7.7). □

Let us conclude this section with some remarks, and the proof of Theorem 5. We will throughout the remainder of this discussion assume without further mentioning that the random environment is such that the hypothesis of our main statements are verified for all Dirichlet operators we will consider. The reader can check that this holds with high probability.

First, we note that the choice of the set A_n in the lower bound (7.13), although probabilistically justified by the fact that the process will not have left A_n by time n and will not have remained in a much smaller set, either, with high probability, seems awkward from a spectral point of view. In fact, we should obtain the same localisation result if we choose instead of A_n a much larger set. To see this in some detail, let us consider any interval A ⊃ A_n. Obviously, we have that

P^ω_0 (X_n ∈ D) ≥ |A|∑ j=1 ( 1 − λ^{(A)}_j )_n ( ψ^{(A)}_j , 1_D ) ψ^{(A)}_j (0) , ∀D ⊂ A, (7.30)

where λ^{(A)}_j , ψ^{(A)}_j are the eigenvalues and eigenfunctions of L(A), with λ^{(A)}_j increasingly ordered.

Let us understand what we can say about the spectrum of L(A). Let us write λ^{(n)}_1 for the principal eigenvalue of L(A_n ). We know that λ^{(A)}_1 ≤ λ^{(n)}_1 . Let k be the number of eigenvalues of L(A) which are smaller or equal than λ^{(n)}_1 . If k = 1, then the analysis above remains essentially unchanged. In what follows we suppose k ≥ 2.

From our analysis of eigenvalues, this means that the potential V^{(1)} (recall the definition (1.8)) restricted to A has k ln n-minima (we always assume n large). Let us denote these minima by x_1, . . . , x_k, labelled as in Section 5 to correspond to increasing eigenvalues of L(A). Clearly, one of these minima is m^{(n)}, defined as in Theorem 4, say x_l = m^{(n)}. Let us denote by B_i small neighborhoods of the minima x_i.

Using the same arguments as before, we see that we get, up to terms tending to zero with n, P^ω_0 (X_n ∈ B_i) ≥ k∑ j=1 ( ψ^{(A)}_j , 1_{Bi} ) ψ^{(A)}_j (0). (7.31)

Now we know that the left-hand side of the equation equals one, if i = l, and zero, otherwise. On the other hand we also know, from our estimate on the eigenfunctions, that ( ψ^{(A)}_j , 1_{Bj} ) ψ^{(A)}_j (0) ∼ μ(B_j ) ‖h_{xj ,S}∗_{j−1} ‖^2 h_{xj ,S}∗_{j−1} (0) ∼ h_{xj ,S}∗_{j−1} (0), (7.32)

where S^∗_{j−1} = {x_1, x_2, . . . , x_{j−1}}∪(Z \ (−1, 1)). Note that the right hand side is essentially one, if “0 is in the valley of x_j ”, where we call the valley of x_j the interval between the two highest maxima to the right and to the left of x_j one needs to cross to reach S^∗_{j−1} from x_j.

Let us now look at the probability to be in B_l. Up to terms tending to zero with n, we can write this as

P^ω_0 (X_n ∈ B_l) ≥ ( ψ^{(A)}_l , 1_{Bl} ) ψ^{(A)}_l (0) (7.33) + ∑ j:μ(x_j )>μ(x_l) ( ψ^{(A)}_j , 1_{Bl} ) ψ^{(A)}_j (0) + ∑ j:μ(x_j )<μ(x_l) ( ψ^{(A)}_j , 1_{Bl} ) ψ^{(A)}_j (0).

We already know that the first term equals one, as does the left-hand side. Now for the first sum we get an easy asymptotic bound using again our estimates for the eigenfunctions, namely (up to terms tending to zero with n) ∑ j:μ(x_j )>μ(x_l) ( ψ^{(A)}_j , 1_{Bl} ) ψ^{(A)}_j (0) ≤ ∑ j:μ(x_j )>μ(x_l) μ(B_l) μ(B_j )

(7.34)

which will tend to zero with n (in the good subspace of environments). To deal with the second sum, we need to be more careful. First, note that x_l is the minimum of the ln n–valley that contains 0; thus it is not possible that the any of the valleys of the x_j with V (x_j ) > V (x_l) contains the origin. Using these facts, and the precise representation of the eigenfunction (6.17), pointwise estimates on the h^λ (see Lemma 3.4 of [4])), and the usual estimates on the equilibrium potential, one may show that indeed all terms in this sum also tend to zero with n. We leave the details for the interested reader.

A more interesting observation ensues when regarding a neighborhood B_i with μ(x_i) > μ(x_l) and such that 0 is contained in the valley of x_i. Then we know that, up to terms tending to zero with n,

o(1) = P^ω_0 (X_n ∈ B_i) ≥ ( ψ^{(A)}_i , 1_{Bi} ) ψ^{(A)}_i (0) (7.35) + ∑ j:μ(x_j )>μ(x_i) ( ψ^{(A)}_j , 1_{Bi} ) ψ^{(A)}_j (0) + ∑ j:μ(x_j )<μ(x_i) ( ψ^{(A)}_j , 1_{Bi} ) ψ^{(A)}_j (0).

Now the first term is close to one, while the first sum, by the same estimates as before, tends to zero. Thus we can conclude that ∑ j:μ(x_j )<μ(x_i) ( ψ^{(A)}_j , 1_{Bi} ) ψ^{(A)}_j (0) ∼ −1. (7.36)

We see that the small negative parts of the eigenfunctions play a crucial role here and can not be neglected! Deriving (7.36) directly from our estimates on the eigenfunctions is not possible.

Proof of Theorem 5. Let us now exploit these observations to prove Theorem 5. To do this, we construct a sequence of boxes A_{nk} as follows (recall the definition (7.12) of A_n and D_n): start with A_{n0} , n_0 large. Then increase n to n_1 such that for the first time, m^{(n1)} ≠ m^{(n0)}, and so on. Let λ^{(nk)}_1 and λ^{(nk )}_2 be the smallest and second-smallest eigenvalue of L(A_{nk} ) with related eigenfunctions ψ^{(nk )}_1 , ψ^{(nk )}_2 . Specialising the observation (7.36) to the case when only two eigenvalues are relevant, one sees readily that ( ψ^{(nk )}_2 , 1_{Dnk} ) ψ^{(nk )}_2 (0) ∼ −1. (7.37)

Now we want to focus on special times that are of the order of the inverse of the eigenvalues λ^{(nk)}_2 . In fact, using (7.37), one sees that

P^ω_0 ( X_{t/λ}(n_k )_2 ∈ D_{nk} ) ∼ [( ψ^{(nk )}_1 , 1_{Dnk} ) ψ^{(nk)}_1 (0) + e^{−t} ( ψ^{(nk)}_2 , 1_{Dnk} ) ψ^{(nk )}_2 (0) ] ∼1 − e^{−t} (7.38)

provided that the environment in A_{nk} is such that the non-degeneracy conditions hold, e.g. the rescaled potential V_{|Ank |} ∈ A_{h,δ} for some positive h, δ such that M^−_h ( V_{|Ank |} ) has cardinality at least 2. But since this is true with probability tending to one, there is at least a subsequence n^∗_k for which this holds. This implies the assertion of Theorem 5.

Note that this observation suggests the following trap model caricature of Sinai’s random walk: Take the sequence of values λ^{(n∗k)}_2 ≡ Λ_k; this sequence is fully determined by the random potential. Now consider the continuous time Markov chain on the positive integers that jumps from site k to site k + 1 with rate Λ_k.

Appendix A. RG–Algorithm labelling the h–minima

To compare our spectral results with [15], we show in this Appendix that the renormalization group algorithm of [11][Section II] leads to the labelling M^−_h (γ) = {x_1, x_2, . . . , x_q} fulfilling (1.15), whenever γ ∈ C([−1, 1]) satisfies | |M^−_h (γ) | | = q ≥ 1 and (1.17). Let us first describe the RG–algorithm in terms of h–extrema. To this aim we label the points of M^−_h (γ) ∪ M^+_h (γ) as z^{(1)}_1 < z^{(1)}_2 < · · · < z^{(1)}_{2q+1}.

As discussed in Lemma 2, z^{(1)}_j is a h–maximum if j is odd, otherwise it is a h–minimum. We introduce a coarse–grained potential V^{(1)} on [−1, 1] by setting

V^{(1)}(x) = { −∞, if x ∈ {−1, 1} \ {z^{(1)}_1 , z^{(1)}_{2q+1}}, V (x), if x = z^{(1)}_i , 1 ≤ i ≤ 2q + 1,

and by extending V^{(1)} to all [−1, 1] by linear interpolation (see figure 4). Note that V^{(1)} ≡ −∞ on [−1, 1] \ [z^{(1)}_1 , z^{(1)}_{2q+1}].

PSfrag replacements

Figure 4. Potential V^{(1)}, q = 2.

We now define inductively by decimation of the less deep valley new potentials V^{(2)}, V^{(3)}, . . . , V^{(q)} on [−1, 1] satisfying the following property: For each 2 ≤ i ≤ q there exist −1 ≤ a_i < b_i ≤ 1 such that V^{(i)} ≡ −∞ on [−1, 1] \ [a_i, b_i] and V^{(i)} is piecewise–linear on [a_i, b_i], with a_i, b_i local maxima and having q − i + 1 local minima in [a_i, b_i]. To this aim, suppose V^{(i)} to be defined for some 1 ≤ i ≤ q − 1, fulfilling the above properties, and write

a_i = z^{(i)}_1 < z^{(i)}_2 < · · · < z^{(i)}_{2(q−i+1)+1} = b_i

for its h–extrema on [a_i, b_i]. Let us consider the bond [z^{(i)}_k , z^{(i)}_{k+1}], k = k(i), with the smallest variation of V^{(i)}: | |V_{(i)} (z(i)_k ) − V_{(i)} (z(i)_{k+1}) | | = min { | |V_{(i)} (z_{(i)s} ) − V_{(i)} (z(i)_{s+1}) | | : 1 ≤ s ≤ 2(q − i + 1)} . (A.1) Note that the index k is uniquely defined due to (1.17).

Let us define D_i ≡ { z^{(i)}_1 , z^{(i)}_2 , . . . , z^{(i)}_{2(q−i+1)+1} } and D_{i+1} ≡ D_i \ { z^{(i)}_k , z^{(i)}_{k+1} } . Then V^{(i+1)} is defined by setting

V^{(i+1)}(x) = { −∞, if x ∈ {−1, 1} \ D_{i+1}, V (x), if x ∈ D_{i+1} and by extending V^{(i+1)} to all [−1, 1] by linear interpolation. In figure 5 we consider the case 1 < k < 2(q − i + 1) + 1.

Figure 5. Decimation of the less deep valley.

Finally, we denote by T_j the r.h.s. of (A.1) and by y_i the local minimum of V^{(i)} in { z^{(i)}_k , z^{(i)}_{k+1} } . Since for a given curve γ they depend on h, we will sometimes write y_i(h), T_i(h) in order to underline this dependence. We can now state the relation between the above RG–construction and the labelling satisfying (1.15 ):

Proposition 9. Let h > 0 and γ ∈ C([−1, 1]) satisfying | M^−_h (γ) | = q ≥ 1 and (1.17).

Moreover, let {x_1, x_2, . . . , x_q} be the labelling of M^−_h (γ) satisfying (1.15) and let y_1, y_2, . . . , y_q, T_1, T_2, . . . , T_q defined as in the above RG–construction. Then x_k = y_{q−k+1} , γ (z^∗(x_k, S_{h,k−1})) − γ(x_k) = T_{q−k+1}, ∀1 ≤ k ≤ q, where S_{h,k−1}(γ) = {x_1, x_2, . . . , x_{k−1}} ∪ {−1, 1}. Proof. We prove the proposition by induction on q. It is simple to check that the assertion holds for all h > 0 if q = 1. Assume that it is valid for all h > 0 if q = q̄ − 1, for some q̄ ≥ 2. We fix γ ∈ C([−1, 1]) and h > 0 such that M^−_h (γ) = q̄. Let y_1(h), . . . , y_{q̄}(h), T_1(h), . . . , T_{q̄}(h) be defined by the RG-procedure described above. We observe that M^−_{h′} (γ) = M^−_h (γ) \ {y_1} where h^′ ≡ T_1(h) + δ and y_k(h^′) = y_{k+1}(h) for all 1 ≤ k ≤ q̄ − 1. Setting X_j ≡ y_{q̄−j} (h^′) = y_{q̄−j+1}(h) , S_h′_{,k} = {X_1, X_2, . . . , X_k} ∪ {−1, 1} ∀1 ≤ j ≤ q̄ − 1, by the inductive hypothesis we obtain that γ ( z^∗(X_k, S_h′_{,k−1}) ) − γ(X_k) ≥ max_{q̄−1≥j>k} { γ ( z^∗(X_j , S_h′_{,k−1}) ) − γ(X_j ) } + δ, ∀1 ≤ k ≤ q̄ − 2 (A.2) and γ ( z^∗(X_k, S_h′_{,k−1}) ) − γ(X_k) = T_{q̄−k}(h^′), ∀1 ≤ k ≤ q̄ − 1. (A.3) Let us now define x_1 ≡ X_1, . . . , x_{q̄−1} ≡ X_{q̄−1}, x_{q̄} ≡ y_1. We claim that {x_1, . . . , x_{q̄}} satisfies (1.15). In fact, by observing that S_{h,k} = S_h′_{,k} for 1 ≤ k ≤ q̄ − 1, due to (A.2) we only need to prove γ (z^∗(x_k, S_{h,k−1})) − γ(x_k) ≥ γ (z^∗(y_1, S_{h,k−1})) − γ(y_1) + δ 1 ≤ k ≤ q̄ − 1. The above inequalities follow easily from (1.17) and (1.18).

To conclude the proof we need to show that γ (z^∗(x_k, S_{h,k−1})) − γ(x_k) = T_{q̄−k+1}(h) , ∀1 ≤ k ≤ q̄.

Since T_{q̄−k+1}(h) = T_{q̄−k}(h^′) for all 1 ≤ k < q̄ and due to (A.3) one only needs to check the trivial identity γ (z^∗(y_1, {x_1, . . . , x_{q̄−1}}) − γ(y_1) = T_1(h). □ Appendix B. Proof of Lemma 4

Recall the definition of the random variable X^{(h)} given in (2.8).

• Let us first prove (2.9). Due to Proposition 2 and (2.7), we obtain

P_B (|E_h(γ)| ≥ 4) ≥ P_B (| E_1(γ) ∩ [−h^{−2}, h^{−2}] | | ≥ 4) ≥ P_B ( S^{(1)}_1 ≤ 1/h^2 ) P ( X^{(1)} ≤ 1/(3h^2)

)_3

. (B.1)

By (2.7), Schwarz inequality and since E ( X^{(1)} ) = 1/σ^2, E (( X^{(1)}

)_2)

= 1/2σ^2, we obtain that for all t ≥ 0

P_B ( S^{(1)}_1 ≤ t ) ≥ 1 − E ( X^{(1)}; X^{(1)} > t ) /E ( X^{(1)} ) ≥ 1 − E (( X^{(1)}

)_2)1/2 P ( X^{(1)} > t )_{1/2} /E ( X^{(1)} ) = 1 − σ √ 2 P ( X^{(1)} > t )_{1/2} . (B.2)

Since X^{(1)} has density σ^2f(σ^2x)dx with f(x) as in (2.6), for each α > 0 there exists c(σ, α) > 0 such that P ( X^{(1)} ≥ t ) ≤ c(σ, α)t^{−α} for all t > 0. This allows to bound from

below P_B ( S^{(1)}_1 ≤ 1/h^2 ) (due to (B.2)) and P_B ( X^{(1)} ≤ 1/(3h^2) ) . These lower bounds together with (B.1) imply (2.9).

• In order to prove (2.10) we observe that Proposition 2 implies P_B (γ : |E_h(γ) ∩ [−1, 1]| ≥ n) ≤ P ( Z^{(h)}_n ≤ 2 ) (B.3)

where Z^{(h)}_n ≡ X^{(h)}_1 + X^{(h)}_2 + · · · + X^{(h)}_n

and X^{(h)}_1 , X^{(h)}_2 , . . . X^{(h)}_n are i.i.d. random variables having Laplace transform given by the r.h.s. of (2.8). In particular, for all t > 0 P ( Z^{(h)}_n ≤ t ) ≤ eE ( exp { −Z^{(h)}_n /t }) = e/ cosh^n (√ 2h √ tσ ) ≤ e ( 1 + h^2 tσ^2 )_{−n} , (B.4)

where in the last inequality we have used the bound cosh x ≥ 1 + x^2/2. By taking t = 2 we get (2.10).

• To prove (2.11) we define the increasing sequence S̃^{(h)}_1 < S̃^{(h)}_2 < . . . as the sequence of h–extrema of γ not larger than −1 (note that such a sequence is well defined P_B –almost surely). Then, the l.h.s. of (2.11) can be bounded by ∞∑ n=2 P_B ( |E_h(γ) ∩ [−1, 1]| = n, ∃j : 1 ≤ j ≤ n − 1, s.t. | |γ ( S̃^{(h)}_j ) − γ ( S̃^{(h)}_{j+1} )| | < h + δ ) . (B.5)

By Proposition 2, for all n ∈ Z, | |γ (S(h)_n ) − γ (S(h)_{n+1}) | | − h is an exponential variable with

mean h and therefore

P_B (| |γ ( S^{(h)}_n ) − γ ( S^{(h)}_{n+1} )| | < h + δ ) ≤ 1 − e^{−δ/h}. Therefore, due to the bound (B.5) and (2.10),

l.h.s of (2.11) ≤ ( 1 − e^{−δ/h} )^∞∑ n=2 e ( 1 + h^2 2σ^2 )_{−n} n . Since for all a > 1 ∑_∞ n=1 na^{−n} = a(a − 1)^{−2} we get (2.11).

• To prove (2.12), given γ ∈ C(R) and a_1 < a_2 < · · · < a_n we say that condition C ((a_1, a_2, . . . , a_n), γ, δ) is fulfilled if | ||γ(a_i) − γ(a_j )| − |γ(a_{i′} ) − γ(a_{j′} )| | | ≥ δ for all (i, j) ≠ (i^′, j^′) with i, i^′ odd, j, j^′ even and i < j, i^′ < j^′. Due to Proposition 2 and since (B_{th}2 /h, t ∈ R)^{law}= (B_t, t ∈ R),

l.h.s. of (2.12) ≤ ∞∑ n=1 P_B ( |E_h(γ) ∩ [−1, 1]| = n , C (( S̃^{(h)}_1 , S̃^{(h)}_2 , . . . , S̃^{(h)}_n ) , γ, δ ) )

≤ ∞∑ n=1 P_B (|E_h(γ) ∩ [−1, 1]| = n) (n)∑ a,b,a^′,b^′ P (| |Σ(a, b)| − |Σ(a^′, b^′)| | | ≤ δ/h) ,

where the summation ∑_{(n)} a,b,a^′,b^′ is over all odd integers a, b, a ′, b^′ with 1 ≤ a ≤ b ≤ n, 1 ≤ a^′ ≤ b^′ ≤ n and, given a ≤ b odd with 1 ≤ a ≤ b ≤ n,

Σ(a, b) ≡ (Y_a − Y_{a+1}) + (Y_{a+2} − Y_{a+3}) + · · · + (Y_{b−2} − Y_{b−1}) + Y_b + 1 (B.6)

where Y_z, z ∈ Z, are independent exponential variables with mean 1. We claim that there exists a constant c_0 > 0, independent of all other parameters, such that P (| |Σ(a, b)| − |Σ(a^′, b^′)| | | ≤ δ/h) ≤ c_0δ /h (B.7) for all a, b, a^′, b^′ as above. This, together with (B.3) and (B.4), implies

l.h.s. of (2.12) ≤ e c_0δ h ∞∑ n=1 n^4 ( 1 + h^2 2σ^2 )_{−n} . Since ∑_∞ n=1 n^4a^{−n} ≤ c a^4/(a − 1)^5 for all a > 1, the above bound implies (2.12).

Let us prove (B.7). Since E (exp{itX}) = 1/(1 − it) if X is an exponential variable with mean 1, we obtain that the characteristic function ϕ_{a,b}(t) ≡ E (exp{itΣ(a, b)}) satisfies |ϕ_{a,b}(t)| ≤ (1 + t^2)^{− b−a2} |1 − it|^{−1}. In particular, by the inverse formula of Fourier transform if a < b or due the explicit expression if a = b, we get that 0 ≤ f_{a,b}(x) ≤ c^′ ∀x ∈ R, where f_{a,b} is the density function of Σ(a, b) and the constant c^′ is independent of all parameters. Let us first suppose that a ≤ b < a^′ ≤ b^′ and bound P (| |Σ(a, b)| − |Σ(a^′, b^′)| | | ≤ δ/h) ≤ P (|Σ(a, b) − Σ(a^′, b^′)| ≤ δ/h) + P ( |Σ(a, b) + Σ(a^′, b^′)| ≤ δ/h ) . (B.8)

Since Σ(a, b), Σ(a^′b^′) are independent, P ( |Σ(a, b) − Σ(a^′, b^′)| ≤ δ/h ) = ∫ R dx^′f_a′_{,b}′ (x^′) ∫ R dxf_{a,b}(x)I_{|x−x}′_{|≤δ/h} ≤ 2 c^′δ/h. Similarly one can bound the last member in (B.8) by 2c^′δ/h. It is easy to adapt the above argument when the sets [a, b] ∩ Z, [a^′, b^′] ∩ Z have non empty intersection in order to get a similar bound for the l.h.s. of (B.8), completing the proof of (B.7).

• Let us prove (2.13) by using Lemma 3. Note that this lemma gives the statistics of the h–slopes that are not crossing a given point, and therefore cannot be applied directly to the h–slope crossing −1 or 1. In order to avoid this problem we look to the behavior of the h–slopes in a larger interval [−L − 1, L + 1] requiring that the first h–extremum in such an interval is smaller than −1 and the last one is larger than 1 (in this way, all the h–slopes covering part of the interval [−1, 1] cannot cross the boundary {−L − 1, L + 1}). For any α > 0, the probability that the previous condition is not satisfied can be bounded from above by

2P_B ( S^{(h)}_1 > L ) = 2P_B ( S^{(1)}_1 > Lh^{−2} ) ≤ c(α, σ)L^{−α}h^{2α} due to (B.2) and the subsequent discussion there.

Let us define E_{h,β,ε} as the event that ∃n ∈ Z with S^{(h)}_n , S^{(h)}_{n+1} ∈ [−L − 1, L + 1] and inf t∈ ( β,T^{(h)}_{n,+} ] | |B S^{(h)}_n +t − BS^{(h)}_n | | ∧ inf t∈ ( β,T^{(h)}_{n+1,−} ] | |B_{S(h)n+1−t} − B_{S(h)n+1} | | < ε. Then, due to Lemma 3, P_B (D_{h,β,ε}) ≤ P_B (E_{h,β,ε}) + c(α, σ)L^{−α}h^{2α} ≤ c n ∞∑ n=2 P_B (γ : |E_h(γ) ∩ [−L − 1, L + 1]| = n) ε/ √ β + c(α, σ)L^{−α}h^{2α}. (B.9)

By (2.3) and (2.10)

P_B (γ : |E_h(γ) ∩ [−L − 1, L + 1]| = n) =

P_B ( γ : | |E_{h/√L+1}(γ) ∩ [−1, 1] | | = n) ≤ c ( 1 + h^2 2σ^2(L + 1) )_{−n}

Since for all a > 1, ∑_∞ n=1 na^{−n} = a/(a − 1)^2, (2.13) follows from the above estimates by taking α ≡ 2, h^2/L = ε^{1/4}/β^{1/8}.

• To prove (2.14) we observe that 1 ≤ |M^−_h (γ^∗)| ≤ Q if 4 ≤ |E_h(γ) ∩ [−1, 1]| ≤ n. Due to (2.9) and (2.10), by choosing h small enough, the last event is verified with probability at least 1 − α/5. Let us assume that M^−_h (γ^∗) ≠ ∅. In order to verify conditions (1.14) and (1.15) we have to take in consideration that the smallest and the largest elements of M^+_h (γ^∗) could not be h–maxima of γ. By choosing h^′ small enough, we have that M^+_h (γ^∗) ⊂ M^+_{h′} (γ) with probability at least 1 − α/5. In this case, condition (1.15) is implied by the event ( C_h′_{,δ} )_c . Due to (2.12), P_B (C_h′_{,δ}) < α/5 if δ is small enough.

Similarly, due to (2.11) we can assume that the event B_{h,δ} has probability less than α/5 if δ is small enough. At this point, in order to verify condition (1.14) it remains to observe that if δ is small enough then with probability at least 1−α/5 one has γ(w_1)−γ(u_1) > h+δ and γ(w_{q+1}) − γ(u_q) > h + δ where w_1, w_{q+1}, u_1, u_q are as in Lemma 2 with γ replaced by γ^∗.

Appendix C. Sturm oscillation theory

As discussed in [19], the qualitative theory of second order Sturm–Liouville equations d dt ( p(t) du dt (t) ) + q(t)u(t) = 0, p ∈ C^1, q ∈ C^0, p > 0 can be generalized to difference equations, i.e. equations of the form Hu = 0 with H a Jacobian matrix, namely H = (H_{i,j})_{i,j∈I} is a symmetric matrix indexed on a (possibly infinite) interval I ⊂ Z such that H_{i,j} = 0 whenever |i − j| > 1. In what follows we derive from [19] some results mainly related to Sturm oscillation theory for the Dirichlet operator L(D), D ≡ {a, a+1, . . . , b} ⊂ Z. To this aim we introduce the following notation: given u ∈ R^D , the continuous function û is defined on [a, b] by setting û(x) ≡ u(x) for all x ∈ [a, b] ∩ Z and by extending û on [a, b] by linear interpolation.

Let us first observe that, due to a simple iterative procedure, the system ((L(D) − λ) u) (x) = 0, ∀x ∈ D \ {b}, uniquely determines u ∈ R^D when given the value u(a) (in particular, the eigenvalues of L(D) are all simple) and each eigenvector cannot have two consecutive zeros and cannot vanish on a or b. A deeper insight of the qualitative behavior of the eigenvectors is given by the following result:

Proposition 10. (Sturm oscillation theorem) Let λ_1 < λ_2 < · · · < λ_r be the eigenvalues of L(D), where D ≡ {a, a+1, . . . , b}, r = b−a+1. For each 1 ≤ i ≤ r, let f^{(i)} be an eigenvector of L(D) with eigenvalue λ_i. Then the function f̂ (i) has i − 1 zeros in [a, b].

Proof. Without loss of generality we assume that a = 1 < b = r. Let us consider the matrix H = (H_{i,j})_{i,j∈D} defined as H_{i,j} ≡ (μ(i)/μ(j))^{1/2} L_{i,j} . Due to (1.11), H is a Jacobian matrix. Moreover, since H = A^{−1}L(D)A where A_{i,j} ≡ δ_{i,j} μ(j)^{−1/2}, f ∈ R^D is an eigenvector of H with eigenvalue λ iff Af is an eigenvector of L(D) with eigenvalue λ.

Given λ ∈ R, let {u_j (λ)}_{j∈D} be the unique solution of the system {∑ j∈D H_{i,j}u_j(λ) = λu_i(λ), ∀1 ≤ i ≤ r − 1, u_1(λ) = 1.

By solving the above equations iteratively, one easily check that u_j (λ) is a polynomial of degree j−1 with leading term (a_1a_2 · · · a_{j−1})^{−1}λ^{j−1} for all 1 ≤ j ≤ r, where a_i ≡ H_{i,i+1} < 0 for all 1 ≤ i ≤ r − 1. Let us introduce the monomic polynomials P_i(λ) ≡ 1, if i = 0, (a_1a_2 · · · a_i) u_{i+1}(λ), if 1 ≤ i < r, det (λI− H) , if i = r, and define the function ỹ_λ(x) on [0, r] by linear interpolation of the values ỹ_λ(i) ≡ (−1)^iP_i(λ), i ∈ [0, r] ∩ Z. Then, as stated after Proposition 2.4 in [19], the number of eigenvalues of H below λ equals the number of zeros of ỹ_λ on [0, r).

If λ = λ_k for some 1 ≤ k ≤ r, then {u_j (λ)}_{j∈D} is the unique eigenvector of H with eigenvalue λ such that u_1(λ) = 1. Moreover, (−1)^isgn (P_i(λ)) = sgn (u_{i+1}(λ)) for all 0 ≤ i ≤ r −1 since a_1, . . . , a_{r−1} are negative, while P_r(λ) = 0 since λ is an eigenvalue of H. In conclusion, the number of zeros of ỹ_λ on [0, r) equals the number of zeros of the function û on [1, r] defined by linear interpolation from the values û(i) ≡ u_i(λ), i ∈ [1, r] ∩ Z, which trivially equals the number of zero of f̂^{(k)} on [1, r]. □

The above proposition and the observation that any eigenvector of L(D) cannot have two consecutive zeros easily imply the following result.

Corollary 2. Let λ_1 < λ_2 < · · · < λ_r be the eigenvalues of L(D), where D ≡ {a, a + 1, . . . , b}, r = b−a+1. Given 1 ≤ i ≤ r, let f^{(i)} be an eigenvector of L(D) with eigenvalue λ_i. Then f^{(1)} is of constant sign on D while for each index i with 2 ≤ i ≤ r there exist integer numbers a ≤ y_1 < y_2 < · · · < y_{i−1} < b such that f^{(i)} is alternately nonnegative or negative on the i intervals [a, y_1] ∩ Z, [y_1 + 1, y_2] ∩ Z, [y_2 + 1, y_3] ∩ Z, . . . , [y_{i−1} + 1, b] ∩ Z.

A simple application of the above corollary is the following:

Corollary 3. Let A, B be finite subsets of Z with A ⊂ B and A ≠ B and let λ_A, λ_B be respectively the principal eigenvalue of L(A) and L(B). Then λ_B < λ_A.

Proof. Let f_A ∈ R^A be a principal eigenvector of L(A) and let f̃_A ∈ R^B be defined as f̃_A ≡ I_Af_A. Since L(B)f̃_A (x) = λ_Af_A(x) for all x ∈ A, we get

(f̃_A, L(B)f̃_A )_L2_{(B,μ)} = λ_A(f̃_A, f̃_A)_L2_{(B,μ)} and consequently λ_B ≤ λ_A. Note that if λ_B = λ_A then the above identity would imply that f̃_A is proportional to f_B, in contradiction with Corollary 2. □

We can finally apply the Sturm oscillation theorem in order to show a spectral interlacing property for couples of Dirichlet operators.

Proposition 11. Given points a < z_1 < z_2 < · · · < z_k < b in Z, we define D ≡ [a, b] ∩ Z and D_k ≡ D \ {z_1, . . . , z_k}. If γ denotes the principle eigenvalue of L(D_k ), then | σ (L(D)) ∩ [0, γ) | ≤ k Proof. Let λ_1 < λ_2 < · · · < λ_r be the eigenvalues of L(D), where r = b − a + 1 > k, and let f be an eigenvector of L(D) with eigenvalue λ_{k+1}. By the above corollary, there exist integers a ≤ y_1 < y_2 < · · · < y_k < b such that f is alternately nonnegative or negative on the intervals [a, y_1] ∩ Z, [y_1 + 1, y_2] ∩ Z, [y_2 + 1, y_3] ∩ Z, . . . , [y_k + 1, b] ∩ Z. Since these intervals are k + 1, at least one of them has empty intersection with {z_1, z_2, . . . , z_k}. Let us write such an interval as [v, w] ∩ Z, with v, w ∈ Z, and let j ∈ {0, 1, . . . k} be such that z_j < v ≤ w < z_{j+1}, where z_0 ≡ a − 1, z_{k+1} = b + 1. Finally, let us consider the Dirichlet operator L(I), I ≡ (z_j , z_{j+1}) ∩ Z, and denote by β its principal eigenvalue and by g a related eigenvector. Since L(D_k )g̃ = βg̃ where g̃ ∈ R^{Dk} is defined as g̃ ≡ gI_I, it must be γ ≤ β. In particular, the assertion follows if we prove that β < λ_{k+1}. Due to the variational characterization of β, in order to prove that β ≤ λ_{k+1} it is enough to show that (h, L(I)h)_L2_{(I,μ)} ≤ λ_{k+1} ∑ v≤x≤w μ(x)f^2(x) = λ_{k+1}(h, h)_L2_{(I,μ)} (C.1)

where h ∈ R^I is defined as h ≡ fI_{[v,w]}. In fact, it is simple to check that h is not the zero function, since in this case it should be v = w, f(v) = 0 and f(v − 1) , f(v + 1) should be both negative or both positive. All this is in contradiction with the identity L(D)f(v) = λ_{k+1}f(v). In order to prove (C.1) we note that the identity there follows from the definition of h. To prove the inequality we observe that L(I)h(x) = λ_{k+1}h(x) if v < x < w while L(I)h(v) = ω_v (f(v) − f(v + 1)) = Lf(v) − (1 − ω_v) (f(v) − f(v − 1))

where we set f ≡ 0 outside D. Suppose for example that f(v) ≥ 0, then f(v − 1) < 0 because of the initial discussion. In particular, f(v) (f(v) − f(v − 1)) ≥ 0 and therefore h(v)L(I)h(v) ≤ f(v)Lf(v) = λ_{k+1}f^2(v). The same conclusion holds if f(v) < 0 and if we replace v with w, thus proving (C.1). Finally, we note that if β = λ_{k+1} then due to (C.1) and the variational characterization of β it should be (h, L(I)h)_L2_{(I,μ)} = β(h, h)_L2_{(I,μ)}. It is simple to check that the above identity would imply that g = c h on I for some non zero constant c. Since by Corollary 2 g cannot vanish this would imply that z_j +1 = v and z_{j+1} − 1 = w. Moreover, the identities L(I)g(v) = βg(v), L(D)f(v) = λ_{k+1}f(v) = βf(v) and g = cf on I would imply that f(v) = f(v − 1) in contradiction with the property that f(v) and f(v − 1) cannot have the same sign. This shows that β < λ_{k+1}, thus concluding the proof. □

Acknowledgments: We wish to thank J.-P. Bouchaud, C. Monthus and Z. Shi for very useful discussions. One of us (A.F.) thanks the Weierstrass Institute for Applied Analysis and Stochastics in Berlin for the kind hospitality while part of this work was being done.

References

[1] G. Ben Arous, A. Dembo, and A. Guionnet, Aging of spherical spin glasses, Probab. Theory Related Fields 120, 1–67 (2001).

[2] J.-Ph. Bouchaud, A. Comtet, A. Georges, and P. Le Doussal, Classical diffusion of a particle in a one-dimensional random force field, Ann. Physics 201 285–341 (1990).

[3] A. Bovier, M. Eckhoff, V. Gayrard, M. Klein, Metastability in stochastic dynamics of disordered mean–field model, Probab. Theory Rel. Fields 119, 99–161 (2001).

[4] A. Bovier, M. Eckhoff, V. Gayrard, M. Klein, Metastability and low lying spectra in reversible Markov chains, Commun. Math. Phys. 228, 219–255 (2002).

[5] A. Bovier and A. Faggionato, Spectral characterisation of ageing. The REM-like trap model, Ann.

Appl. Probab. 15, 1997–2037 (2005).

[6] A. Bovier, V. Gayrard, M. Klein, Metastability in reversible diffusion processes II. Precise asymptotics for small eigenvalues, JEMS 7, 69–99 (2005).

[7] D. Cheliotis, Diffusion in random environment and the renewal theorem, preprint mat.PR/0310306 (2003).

[8] F. Comets and S. Popov, Limit law for transition probabilities and moderate deviations for Sinai’s random walk in random environment, Probab. Theory Relat. Fields 126 (4), 571–609 (2003).

[9] A. Dembo, A. Guionnet, and O. Zeitouni, Ageing properties of Sinai’s random walk in a random environment, preprint mat.PR/0105215 (2001).

[10] R. Durrett. Probability: theory and examples. Second edition. Duxbury Press, Belmont, 1996. [11] D.S. Fisher, P. Le Doussal, C. Monthus, Random walkers in 1-D random environments: exact renormalization group analysis, Phys. Rev. E (3) 59, 4795–4840 (1999).

[12] A.O. Golosov, On limiting distributions for a random walk in a critical one–dimensional random environment, Comm. Math. Phys. 92, 199–200 (1986).

[13] H. Kesten, The limit distribution of Sinai’s random walk in random environment. Physica A 138, 299–309 (1986).

[14] J. Komlós, P. Major, G. Tusnády, An approximation of partial sums of independent RV’-s and the sample DF. I Z. Wahrscheinlichkeitstheorie verw. Gebiete 31, 111–131 (1975) [15] C. Monthus and P. Le Doussal, Localization of thermal packets and metastable states in Sinai model.

cond–mat/0202295.

[16] C. Monthus and P. Le Doussal, Energy dynamics in the Sinai model. Physica A 334, 78–108 (2004). [17] J. Neveu, J. Pitman, Renewal property of the extrema and tree property of the excursion of a one– dimensional Brownian motion. In Séminaire de Probabilités XXIII, 239–246. Lectures Notes in Math. 1372. Springer, 1989.

[18] D. Revuz, M. Yor, Continuous martingales and Brownian motion, Grundlehren der mathematischen Wissenschaften Vol. 293. Third edition, Springer, Berlin, 1999.

[19] B. Simon, Sturm oscillation and comparison theorems. Sturm-Liouville theory, 29–43, Birkhäuser, Basel, 2005 [20] Z. Shi, Sinai’s model with stochastic calculus, Panoramas et Synthéses, 12, 53–74 (2001). [21] Y.G. Sinai, The limiting behavior of a one–dimensional random walk in a random medium. Th.

Probab. Appl. 27, 256–268 (1982).

[22] E.T. Whittaker and G.N. Watson, A course of modern analysis. Cambridge University Press. Cambridge (1962).

[23] 0. Zeitouni, Random walks in random environment, Lectures on probability theory and statistics, 189–312, Lecture Notes in Math.1837, Springer, Berlin, 2004