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ABSTRACT. Sinai’s walk can be thought of as a random walk on Z with random po-
tential V', with V' weakly converging under diffusive rescaling to a two-sided Brownian
motion. We consider here the generator Ly of Sinai’s walk on [—N, N]NZ with Dirichlet
conditions on —N, N. By means of potential theory, for each h > 0 we show the relation

between the spectral properties of Ly for eigenvalues of order o (exp (—h\/ﬁ)) and the
distribution of the h-extrema of the rescaled potential Vi (z) = V(Nz)/v/N defined on
[—1, 1]. Information about the h-extrema of Vi is derived from a result of Neveu and

Pitman concerning the statistics of h-extrema of Brownian motion. As first application
of our results, we give a proof of a refined version of Sinai’s localization theorem.

1. INTRODUCTION

Random walks in random environments are a major paradigm for the dynamics of systems
in complex environments (see [23] for a recent in depth review). One of the simplest
special cases is the one-dimensional nearest-neighbor random walk with iid transition
probabilities, p;, 1 — p;, in the regime where E In lf ”;)m = 0 and E In? % > 0 . In this
regime Sinai [21] discovered remarkable slowing down of the diffusive time scale. Since
then, the model was investigated very intensely and in great detail both in the probabilist
and the physics literature, see e.g. [13, 12,9, 8, 7, 20, 11, 15, 16]. Rather recently [9], this
model was considered form the point of view of the popular concept of ageing which is a
particular manifestation of the slow down of the dynamics characterized by a particular
behavior of autocorrelation functions. It was shown that ageing results, in this model,
rather directly from Sinai’s localisation theorem that we shall explain below. Another
approach towards the characterisation of slow dynamics would be through the spectral
properties of the generator of the process. In a recent paper we have carried this out in
full detail in the simplest possible model, Bouchaud’s trap model on the complete graph
[5] where we have shown, in particular, that all the standard ageing properties of the
model can be derived easily from spectral data. Recently, the spectrum of the generator
of Sinai’s random walk was analysed in [11, 15] using renormalization group methods.
In the present paper we give a refined and fully rigorous analysis of the bottom part of
the spectrum of Sinai’s random walk and show that this leads to a very easy proof of
a (refined) version of Sinai’s localisation theorem. Another application of the spectral
information will show a limit law that expresses the fact that the Sinai’s random walk
can be seen as a process that on an infinite sequence of (random) time scales appears to
be approaching equilibrium exponentially. Let us note that Comets and Popov [8] have
used control of principal eigenvalues of the generator of Sinai’s walk in suitable intervals
to obtain moderate deviation results.

Let us note that the spectral analysis of the generator can also be considered as that of
a corresponding quantum mechanical Schrodinger operator. This operator has been con-
sidered in the context of two-dimensional electrons in a particular random magnetic field
and as an effective Hamiltonian of polyacetylene (see [2] for a discussion and references).

1.1. Sinai’s walk. Definitions and key facts. Before stating our results, let us fix the
notation. We define an environment as a sequence, w = {w; }zez with w, € [0,1]. For a
given environment, w, Sinai’s walk, (X,,n > 0), is a discrete time random walk on Z with
transition probabilities

Prob(Xpt1 =2+ 1| X, =2) = w, Prob(Xpt1=z—-1|X,=2z)=1—-w,. (1.1)



We use P¥ to denote the law of the random walk (X,,n > 0) starting at z € Z.

We will consider random environments consisting of i.i.d. sequences of random variables,
wg, ¢ € Z, whose law will be denoted by P. We will make the usual ellipticity assumption
that for some k > 0

wg € [k,1 — K| Yz €Z, (1.2)

We set Q = [k,1 — n]Z. To be in the situation of Sinai’s walk, we assume further that

E (ln (1 ‘_"””w)) — 0, (1.3)

where E denotes the expectation w.r.t. to P, and

2 =E [m? <1f“”wz>] > 0. (1.4)

Let us finally define the measure P, = P @ P on Q x ZN as

P,(F xG) = / PY(G)P(dw), VFeF,GeQ,
F

where F, G are respectively the o-algebra of Borel subsets of Q and Z.

In this setting, it is well known (see e.g. [23]) that the random walk is recurrent Py—almost

surely. Moreover, Sinai [21] proved that there exists a function, m( (w), depending only

on the environment, such that
Xn

o?n m™ -0 in Py—probability, (1.5)
og”n

as n — o0o. Moreover, as shown independently in [12] and [13], the distribution of the
random variable o2m(™ (w) under P converges weakly as n — 0o to a suitable functional
L of the Brownian motion With

dProb[L < x

gi (2k+1)27r2| 3
T & | 2k+1 g T

Sinai’s walk can be thought of as a random walk on Z with random potential. Namely,
define the potential V(z), z € Z, as

Yoigln 1;2‘”, ife>1,
V(z) =40, ifz=0, (1.6)
e

Then, the jump probabilities can be expressed as

vV (z) VV(z)

wy,=¢€ 2 /7, l—w,=e"2 JZ, (1.7)
where Z denotes the normalizing constant and VV (z) = V(z) — V(z — 1). The behavior
of the potential V' is well described by Donsker’s invariance principle. Given N € Z,
define the rescaled potential V(¥) € C(R) as

1—s k k41
V@) = V) + —CV(k+1), ift=s—+(l—s
()= V() + ZV(E+) F+-9)

For later applications, note that V) is a Lipschitz function with Lipschitz constant

¢(k)vV/N. Due to the independence of {w,}scz and assumptions (1.3) and (1.4), endowing

,keZ,se0,1]. (1.8)



the space C(R) with the topology of uniform convergence on compact subsets, by the
Donsker’s invariance principle the random path V() converges in distribution to B =

(B:,t € R), the two—sided Brownian motion with By = 0 and variance o?.

The Komlés-Major-Tusnddy strong approximation theorem [14] (see also Proposition 4)
gives an even stronger result: given L > 0 there exist positive constants C}, Cs, C3 such
that for each N € Z there exists a coupling on an enlarged probability space between
(V(N )(z),z € [~L, L]) and the two-sided Brownian motion B with variance o such that

P(N)< sup ‘VUV)(;U)—BQc > (1.9)
EAS
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Notational warning: in what follows, ¢(k) will denote a generic constant depending only
on £ (see (1.2)) and it can change from expression to expression.

1.2. Generators with Dirichlet conditions. Our objective will be to control the spec-
trum of the generator of Sinai’s walk with Dirichlet conditions outside a (large) interval
{-N+1,...,N—1}. We write P = P(w) for the transition matrix of the random walk for
fixed environment. For D C Z, we define the transition matrix with Dirichlet conditions
outside D as P(D) = (Pyy), ,cp- It is convenient to define the ‘generator’, L, of the
discrete-time chain as L. = I — P, as well as the corresponding Dirichlet operators (D).
Note that (D) is the restriction to D of the generator of Sinai’s walk killed when it leaves
D.

Given u € RP, let us define & € R? as & = ulp, then (I(D)u) (z) = (L&) (z) for any
z € D. In particular, X is an eigenvalue of (D), shortly A € o (I(D)), iff Jv € R” such
that

{(L —Av(z) =0, ifzeD, (1.10)

v(z) =0, ifx ¢ D.

Identifying v with v|p, we say that v satisfying (1.10) is an eigenvector of L(D) with
eigenvalue A.

Let us first describe some simple spectral results concerning (D). Note that the measure
u on 7Z defined as

w(z) = e V@ ju(z), Ve € Z,
satisfies
p(z)we = plz + 1)(1 —wepy) = V@ vz ez (1.11)
In particular, it is a reversible measure for (D) for all D C Z, i.e. (D) is a symmetric
operator on I.?(D, 1) having left eigenvector uu with eigenvalue A whenever u is a (right)

eigenvector with eigenvalue A. Moreover, denoting by (-, -) the scalar product on I.2(Z, ),
one easily obtains for all f € L?(Z, ) that the Dirichlet form is given by the expression

(f,Lf) = p(z) z+1)— f(z))*. (1.12)

€T

Periodicity. Note that the Markov chains we are defining are periodic. Define 3, [X.] the
subspace of RP having even [odd] coordinates equal to zero. Trivially, RP? = ¥, @ ¥, and
P(%,) C ¥, P(X:) C . This implies the following a-priori information on the spectra,
whose proof is left to the reader:



Lemma 1. Let D = [a,b] N Z. Then the matriz P(D) has simple eigenvalues —1 < A\; <
A2 < oo < Ap| < 1and \i = —A\p|_i41 for all i : 1 < i < |D[. Moreover, if P = Ay
where ¥ = 1, + e with P, € Ly, Ve € Xe, then PY = —AY’ where ¢’ = 1po — 1pe.

1.3. h—extrema and saddles. The small eigenvalues of the generators will be labelled
by the deep minima of the potential. This will require some further notation. Given a
continuous path v € C([—1,1]), we say that z € [—1,1] is a h-minimum (for v) if there
exist a,b € [—1, 1] with

a<z<b, v(a)>~vy(z)+h, v(b)>~(z)+h, and y(z) = min~. (1.13)

[a,b

We say that z € [—1, 1] is a h—maximum (for 7) if one of the following three complemen-
tary conditions is satisfied:

i) z is a h—minimum for —v,

ii) 3b € (z, 1] such that y(z) —v(b) > h, y(z) = max|_; )y and min_; 5y > y(x) — h,
iii) Ja € [~1, ) such that y(z) — y(a) > h, y(z) = max, ;)7 and ming ;v > y(z) — k.
When considering v € C(R) we say that € R is a h—-minimum (for ) if there exist a,b € R
satisfying (1.13) and we say that z € R is a hA-maximum (for v) if z is a A~minimum for
—.

In what follows we take v € C(I) with I = [-1,1] or I = R. A point z € I is called

a h—extremum if it is a A-minimum or a h-maximum. We write M} (v), M (v) and
En(y) respectively for the sets of A-—minima, A-maxima and h—extrema of .

Given z,z’ € Mf(’y) we say that they are equivalent, z ~ ', if

max |y(z) — (z)] < .
z€[zAz! ,zV']

Note that y(z) = 7(z') whenever z ~ 2’ and that z ~ z if z € My (y),z ~ 2’ and
z € [z Az',z V z']. One can easily prove that each equivalence class is a closed subset of
I and for each compact subset K C I, K intersects a finite number of equivalence classes.
We will denote by Mhi('y) the subset of Mf(’y) obtained by taking for each equivalence
class in M7 (y)/ ~ the smallest element (if it exists). Note that if I = [—1,1] then
‘Mhi('y)‘ < oco. Finally, the piece of v between consecutive h-maxima in M, (y) will be
called h—valley.

One can easily prove the following lemma:

Lemma 2. Given v € C([—1,1]), if M, (v) = {u1,...,uq} with ¢ > 1 and vy < up <
-+ < g then My () = {wi, wo, ..., w1} with

—“1<w <wup <wy <ug < <wg <ug<weyr <1
Moreover, for alli € {1,...,q} and j €{2,...,q}

Y(u;) = min 7, y(w1) = max v, y(w;) = max 7, Y(wg+1) = maxy.
Wi, Wit1 —1u Uj—1,U; ug,1]



Given v € C(I) and disjoint finite sets A, B C I, we define Z(A, B) as the set of saddle
points between A and B:

Z(A,B) =

{zEI :da€e A,be BwithaAb<z<aVbandy(z)= min max 'y(m)}
a€A,beEB aNb<z<aVb

Moreover, we set
2"(A,B) = min (Z(A, B))

(the definition is well posed since Z(A, B) is compact). Note that 2*(4,B) € M, ()
whenever A, B C M, (7).

Finally, given h,d > 0, we define the family of good paths in C([—1,1]), Apgs, as the set
of paths ~ satisfying the following conditions:

(1) M, (v) #90,
(2)

v (2" (@, My () U{=1,1}\{z})) —v(2) 2 h+6, VoM, (v), (1.14)
(3) for a suitable labelling M, (v) = {z1,z2,...,24} :

Y (2" (ks Shk—1)) —v(zk) > Jnax, {7 (z*(zj, Shp-1)) —v(zj)} + 6, Vk:1<k<q-—-1,

(1.15)
where

Spi = {~1,1}, if k=0,
Sh’k:{.'L'l,il,‘g,...,l‘k}U{—l,l}, if1l<k<gq.

Condition (1.15) is a non degeneracy condition. It can be read as follows: (z1,v(z1))
is the most trapped starting point in v for a walker desiring to reach one of the points
(—1,7(—1)) and (1,7(1)). Then (z2,7v(z2)) is the most trapped starting point in 7 for a
walker desiring to reach one of the points (—1,v(—1)), (1,7(1)) and (z1,7v(z1)) , and so
on. We note that if v € A 5 then the above labelling M, (v) = {z1, 2, ..., 24} is unique.
Therefore, when assuming v € Ay, 5, we will always think of z1,...,z, as such a labelling
of M, (7). In particular, ¢ = |M, (7).

We conclude with the following result concerning condition (1.15), whose simple proof is
left to the reader.

Proposition 1. Given a labelling {x1,x2,..., x4} of M, (), (1.15) is equivalent to
v (2" (@k, Shye-1)) —v(@k) 2 7 (2" (Th41, Snk)) =V (Tht1)+6,  VE:1<k <g—1. (1.16)
Moreover, condition (1.15) is implied by
|v(y) =@ = (@) =@ | =6, V(zy) # (&,y) € My (v) x My (). (1.17)
Finally, condition (1.15) implies that

v (2" (Tky Shp—1)) —v(zk) = max v (2*(z, Shk-1)) —v(x), Vek:1<k<gqg-—1.
z€[~1,1\Sp, k-1
(1.18)



FIGURE 1. Path in Ay s.

1.4. Main results. We can finally state our main results concerning the spectral analysis
of the operators L({—N +1,...,N—2,N —1}), N > 1. Note that since the rescaled
potential V() defined in (1.8) converges weakly to the two-sided Brownian motion B,
it is more natural to work on the rescaled lattice Z/N. In particular, we introduce the
infinite matrix £(V) with entries

LY =Lyyny,  Vz,y€Z/N,

$7y -
and, for each D C Z/N, we denote by £(N)(D) the restriction of L) to D x D. Defining
In =(-1,1)N(Z/N), VN > 1, (1.19)

u is an eigenvector of L({—N +1,...,N —2, N —1}) with eigenvalue A iff u(N-) is an
eigenvector of

Ly =LY (Iy) (1.20)
with eigenvalue A. Note that the operator £y is symmetric on I.? (I, uxn) where
pn(z) = p(Nz), Vz € Z/N.
Given disjoint subsets A, B C Z/N with |[(AU B)‘| < oo and A € C we denote by hQ’B
the A-equilibrium potential associated to A, B [if A = 0 we write simply ha g] and by

cap(A, B) the capacity between A, B (see Section 3). Moreover, we denote by Vi the
restriction of VI¥) to [—1,1]:

Vn:[-1L,1] =R V@) =vW™M@)  viel-1,1]. (1.21)
In what follows, for fixed N € Z_, given a path v € Aj 5 we write

M (v) =0, ifk=0,
Mh_’k('y)z{xl,...:ck}, ifl<k<gq, (1.22)
Shr(y) = Mpk(y) U{-1,1}, if0<k<gq,

Sik() =Shp()U(Z/N\ (-1,1)), if0<k<gq.

[recall that M, (y) = {x1,2,...,24} is the special labelling satisfying condition (1.15)].
We omit v from the above notation when the path is understood.



Theorem 1. (Small eigenvalues)
Given Q,h,d >0 if Viy € Aps, ¢ = |M, | < Q and N > N(8,Q), then the following holds:

Denoting by Xy the principal eigenvalue of the operator LW (IN \ M, )

o (Ly) N[0, \y) = {,\§ bM< ,\gN)} (1.23)
and
AN < e(r)N2e VAN k=1, g1, (1.24)
AN < (r)emBHIVN (1.25)
Ay > N2 hVN (1.26)
Moreover,
{ (2" (zx, Shk-1)) — VN(xk)]} < )‘I(cN)
< (k) exp {W[VN (2" (2, Sur1)) — Vi(@n)l ), VI<k<q (127)
and
A,(gN) _ cap(:ck,S;:’k,Ql) (1 L0 (e 10\/N)) (1.28)

1hay,sp 2
where || - ||z denotes the norm in L? (Z/N, uy).
Proof. Theorem 1 follows trivially from Lemma 7, Proposition 5 and Proposition 8. [

Theorem 2. (Eigenvectors related to small eigenvalues)
Given Q,h,d > 0if Vy € Aps, q=|M, | < Q and N > N(6,Q), then the following holds:

For each 1 < k < g, the simple eigenvalue )\(N) has eigenvector ¢,(CN)
Moy A2 e
o =P e S By g
LN = L

(%)

where a; ', 1<j< k, are constants satisfying

1—e 1YV <o <1, ‘a]- ‘Se_l%‘/ﬁ VI<j<k-—1. (1.30)

In particular,

h *
@b,(cN) Tr,SE_q < e 10VN (1.31)
Thows: 2|,
Proof. Theorems 2 follows trivially from Proposition 8. O

Finally, we observe that the hypothesis of the two theorems are satisfied with probability
tending to one, as N tends to infinity.

Theorem 3. For any a > 0, there exist h > 0,6 > 0, and Q < oo, such that
li]r\%ian (Ans N {|M, (V)| <Q}) >1—a. (1.32)



Proof. This theorem follows form a result of Neveu and Pitman (Proposition 2) about the
h—extrema of Brownian motion and on the KMT Approximation Theorem (Proposition
4). The proof will be given in Section 2. g

Remark 1. The above theorems reproduce (and partly refine) results obtained in [15] via
a (non rigorous) renormalization group (RG). In Appendiz A we show that the labelling
of h—-minima satisfying condition (1.15) is equivalent to the labelling obtained in [15] via
the RG.

Remark 2. Theorems 1 and 2 are very similar in nature to result in [4] and [6] on
metastable Markov chains, resp. reversible diffusions in smooth potentials and our proofs
will follow the strategy outlined in these papers. The purpose of Theorems 1 and 2 is
to provide a precise relation between spectral properties of the generator and geometric
properties of the random potential Vy.

The hypothesis of the theorems provide the analogue of the non-degeneracy conditions
required e.g. in [6]. The validity of these hypothesis, as asserted by Theorem 3, as well as
information on the statistical properties of the eigenvalues is then provided by the Neveu-
Pitman results on Brownian motion.

As explained in Section 3, as we are in dimension one, both the equilibrium potential and
the capacity admit simple expressions that, together with the results of Section 2, allow
to get from Theorems 1, 2 rather precise quantitative estimates on the eigenvalues and
eigenfunctions. As application of this, we will give a spectral proof of a refined version of
Sinai’s theorem:

Theorem 4. Recall the definition of VN) given in (1.8). For each n € Z4 and w € Q
let m(™) (w) e M, (V(N)) be the Inn-minimum corresponding to the bottom of the Inn-
valley covering the origin and set m(™ = m(")(w)/lnzn. Then there exists a positive
constant C having the following property.

Fiz o > 0 and a positive function p on (0,00) such that

lif[(]le/p(x) =0. (1.33)
Then, for each n there exists a Borel subset Q,, C Q with P(Q,) > 1 —«a and
o X Cln(Inn)
1 f PY (|5 —m® <26, =1 n = — 7). 1.34
anroIéwlenﬂn 0 ( InZn m (w)‘ <2 ) ’ g p( Inn ) ( 3 )

From the spectral information we can derive easily another characterisation of the long
term dynamics.

Theorem 5. There erists a sequence, A\ | 0, and intervals , By, depending only on the
realisation of the disorder (up to possible choices of subsequences), such that, in probability,

’gm Py (Xyn, €By) =1—¢€! (1.35)

Theorem 5 throws a somewhat non-ageing like view on Sinai’s model. It says that there
is an infinity of diverging (and well separated) time-scales on which the process looks as
if it would approach equilibrium exponentially. In fact, a time-time correlation function
on such scales would show no ageing, i.e. one sees easily that

Bim P (Xo/a ~ X sty/n) =€



To see ageing effect, one needs to go into a different regime of time scales. In fact, Dembo,
Guionnet, and Zeitouni [9] (see also [23]) have shown that

5 2
IimPy (X, ~X,n)=h2[=+= —(h—-1)
anoo o ( ) (3 36

i.e. ageing occurs on an exponential time scale. Note that this result follows easily form
Theorem 4 and the right hand side is just the probability that m”™ = m”h, as observed in
[9]-

We divide the remainder of this paper as follows. In Section 2 we recall a theorem of Neveu
and Pitman [17] and use it to derive the required statistical properties of the random
potentials. In particular, we prove Theorem 3. In Section 3 we recall some elementary
background from potential theory for later use. In Section 4 we compute hitting times and
conditional hitting times of our process. In Section 5 we compute principle eigenvalues
and eigenvectors for our generators with Dirichlet boundary conditions. In Section 6 we
prove Theorems 1 and 2. In Section 7 we use the spectral results to prove Theorem 4 and
Theorem 5.

2. h—EXTREMA OF BROWNIAN MOTION AND RANDOM WALKS

The following result about the statistics of h—extrema for Brownian motion is due to Neveu

and Pitman [17]. We state it here for the Brownian motion B = (B, t € R) with variance
2

o°.

Proposition 2. (Neveu, Pitman)
The set of h—extrema E,(B) for the Brownian motion B = (B, t € R) is a stationary

renewal process. Setting En(B) = {S,gh)} , with
nez
h h h h
e S g <0< s <5 <l
then the trajectories between h—extrema (called h—slopes)
h
(B&@H —Byw : 0<t <8, - S,@) (2.1)

are independent and, for n # 0, identically distributed, up to changes of sign. In particular,
the variables

|BS(}21_BST(Lh)|_h’ nezl

are independent and exponentially distributed with mean h, whereas the variables 57(1}21 —

S,(lh), n # 0, are iid, with Laplace transform '

£ (o {2 (2 - 519)}) = 1/comn (222 22)
and mean h%/o?.

INote that in [17] the r.h.s. of (2.2) is written with v/2X replaced by v/2A. As explained in [7][Section
2], the correct form if given by (2.2).



Note that M} () = M, () for P g almost all y and that, since (B;, ¢t € R) fa (Big2/a,t € R)
for all a > 0,

(S’,(lh) , M E Z) taw (aQS,gh/a) ,nE Z) Va > 0. (2.3)

As in [7], in order to describe the law of the trajectory (2.1) for n # 0 it is convenient
to introduce the Polish space, G, of continuous paths, v : [0,4(y)] — R, defined on some
interval [0, £(7y)], equipped with the metric

d(v,7') = [e(y) — ()| + mmax |y (#(y)) =" (E£())]| -

In the sequel, we will consider random paths as G—valued random variables.
Starting from the Brownian motion B we define (see also figure 2)

St =max{B; : 0 <s <t}

r=min{t >0 : S; = B; + h},

8=,

a=max{t : 0<t <7 and B; = f}.

Note that Pp a.s. there exists a unique s € [0, 7] such that By = 3. As proved in [17],
the random paths (B; : 0 <t < a) and (8— B; : 0 <t <7 — a) are independent.

B s

FIGURE 2. Definition of 3, «, T.

Moreover, in [17] the following result is proved.

Proposition 3. (Neveu-Pitman)
For n # 0, the random path

(‘Bsr(bh)+t — BST(Lh)

has on G the same law of the random path g : [0,7] — R, defined as

_ ) B— Batt, ift€[0,7—qa,
vB(t) = .
h+ By (r—a), ift€[r—a,T).

n

c0o<t<Ss™, —s(h))

The above proposition, Corollary 4.4 in [18][Chapter XII] and the reflection invariance
of Brownian motion easily imply the following result concerning the behaviour of the
Brownian motion near to an h—extremum.

10



Corollary 1. Given n € Z, let

Tr(:-l)— = min {t € (0, 51(1}21 — ST(Lh)) : ‘BST(Lh)—l—t — BST(Lh) = h}, (2.4)
Tr(lfll = maXx {t - (0, S,(Lh) — S:Lh_)l) : ‘Bs(h) — BS(h)ft‘ = h} . (25)

Moreover, let Z = BES3(0), namely Z = (Z;,> 0) is a Bessel process of dimension 3
starting at the origin, independent of the Brownian motion B. Let Ty be the hitting time

Ty =min{t >0 : 0Z; = h}.
Then the random paths

(‘BST(Lh)—I-t — BSr(Lh)

(‘BST(L’L) _BS,(,h)ft
(0Z;,0 <t <Ty)

,ogth,(Lfﬁ), with n # 0,

o0<t<T®

n,—

), with n # 1, and

have the same law on G.

Lemma 3. Let Z = BES3(0), then

P <ir;£ Zy < 5) <V2e/Vrt, Ve, t>O0.

Proof. Let us define J; = infs>; Z;. By Pitman theorem (see Theorem 3.5 in [18][Chapter
VI]), J; has the same law of S;. In particular, by the reflection principle for Brownian
motion,

P(J; <€) = P(S; <€) = P(|By| < €) = P(|By| < e//t) < v/2¢//xt.

Remark 3. Using renewal theory, one can describe the law on G of the random path

(T
h) (h)

In [7] it is shown that, conditioning on the length Sr(z-i-l — Sp’, the law of the path
(‘Bs(h)+t - Bs(h) :0<t <L 51(1}21 — S,gh)) does not depend on n, for alln € Z. Moreover,
the random variable S’gﬁl — S has respectively probability density (o/h)?f (z(c/h)?) dx
and z(o/h)* f (z(o/h)?) dz if n # 0 and n = 0, where

f(z) = ng S (- (k + %) exp {—%2 (k + %)2 x} . (2.6)

keZ

:ogtgsfﬁ—%“)

The above result will not be used in what follows, while we will need some information
about the distribution of S%h). This can be obtained from renewal theory as follows.
Calling F' and G respectively the distribution functions of 51(1’21 — 5" fornez \ {0} and
S’%h), formula (4.7) in [10][Chapter 3] reads

6w = [ 0~ rwyiy/ [ vire)
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Due to the above identity and integration by parts, one obtains

tP (XM > ¢) + B (Xx®); x*) <)

(h) _
Py (S1 < t) - 7 (X0 (2.7)
where X is a random variable with Laplace transform
E (exp {—)\X(h)}) =1/ cosh (h\/ﬁ/a) . (2.8)

We conclude this section with a technical lemma whose proof is given in Appendix B.
Given a path v € C(R), we define v* = {w};<; € C([-1,1]). Note that Pp as.

M, (v*) € M, (v) N[=1,1] and |M; (v) N [=1,1]| — |My (v*)| < 2.

Lemma 4. Let h, H, 3,0,¢ be positive constants with h < H. Recall the definition of Ap, s
given in Section 1.3 and define the events By 5,Ch s, Dhge as

Brs={y:Inezst ‘7 (s0) - (s,@)‘ <h+6and SP, 50, e [-1,1]}

Crs = {7+ 3(@,y) # (@,y) € My () x My () N [-1, 1%, st

(@) = v(w)| = ) = 1) < 6}

and
Dhpe={IneZ: SWe[-1,1] and inf ‘B w . —B.m| <e
te[-T™ T \-pg | T

Then,

Ps(y: () N[=L1]| >4) >1—cla,0)h®,  Ya >0, (2.9)
B2\ "
Poly: ) L 2m) <e(1455) (2.10)
P (Bus) < c(H,0) (1 . e—ﬁ/h) b4, (2.11)
Py (Chs) < c(H,o)6n™ M, (2.12)
c1/4\ g1/2

Pp(Dhpe) <clo) | 1+ g1 | g (2.13)

where c(o), c(a,0), ¢(H,o) are suitable positive constants depending respectively on o,
a,0 and H,o. In particular, for each o > 0, there exist positive constants h,d,Q such
that

Pp(y: v € Apsand (M, (v9)|<Q)>1-a (2.14)

where v* = {'Vt}\t|§1'
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2.1. L°°—perturbations of Brownian motion. So far, we have collected properties
of Brownian motion. We want to use the KMT strong approximation result to deduce
analogous results for the rescaled random walks Vy defined in (1.21).

Proposition 4. For suitable positive constants C1,Cs, C3 depending on o, given N € Z
there ezists a coupling on an enlarged probability space between VN) and the two-sided
Brownian motion B with variance o such that

p) ( sup |Viy(z) — Bg| > % lnN> ¢, (2.15)

z€[~1,1] \/N NG5~

Proof. This follows easily from the the Komlés-Major-Tusnddy strong approximation the-
orem [14] and some elementary regularity estimates controlling the variation of Brownian
motion between lattice points of Z/N. O

The following lemma describes the effect of a L°°-perturbation on the location of h—
extrema.

Lemma 5. Let h,e > 0 and let v,y € C([—1,1]) such that

_ _ 5
My (M) =M (v, M )=M_.0), Iv=7le<7.
Let M, (v) = {u1,u2,...,uq}, M,:r('y) = {wi,wy,...,wq, wgt1} where
-1 <uq <U1<’LU2<"'<Uq<’wq+1§1,
and set
u;Emin{z:'y'(z): min 'y'}, Vi=1,...,q
[wiywiy1]
w;Emin{z:'y'(z):[maX}'y'}, Vi=1,...,q+1
Uj—1,U4
where ug = —1,uq11 = 1. Then
My () = {ut,ug, g}, MY (Y) = {wi,wh, o wgia
Moreover,
€ .
u; € {z € [wi, wi1] : v(z) < v(uw) +e/2} "Y'(Ug) _'Y(Ui)‘ < 1’ Vi=1,...,q,

(2.16)

Vi=1,...,q+1.
(2.17)

w; € {z € [ui—1,u] = Y(2) > y(wi) —€/2}, |7 (w) — y(wi)] <

Proof. We leave the simple case ¢ = 0 to the reader and assume here that ¢ > 1. Due to
Lemma 2,

Y (wit1) =¥ (ui) > v (wir1) =7 (wi) > h+e/2 Vi=1,...,q
and similarly v'(w;) — v/ (u}) > h + €/2. This, together with the definition of u}, implies
that u; € M, (v'). Let us suppose that |M, (v')| > |M, (y)|. Then for some i € {1,...,q}
we can find a value u € [w;, wiy1]\{u;} such that u € M, (7). Let us suppose for example
that v < u,. Then Jy : u < y < u} such that 7'(y) — +'(v) > h and v'(y) — +'(u}) > h.
But this would imply that y(y) —y(u) > h—¢/2 and y(y) —y(u}) > h —e/2 and therefore
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that M, __(v) N [w;, w;41] has at least two elements in contradiction with the hypothesis
that M, _(v) = M, (v). This completes the proof that M, (v') = {u},u},... ,u;}. The
proof that M,‘l"(fy’) = {w’l, Why ... ,w;_H} is similar. In order to prove the first assertion of
(2.16) we need to show that y(u}) < v(u;)+€/2. To this aim it is enough to observe that

v(up) < 7' (ug) +e/4 < o' (wi) +e/4 < v(w) +e/2,
where the second inequality comes from the definition of u}. Note that similarly one gets
v (u;) > y(u;) —e/4, thus completing the proof of (2.16). The proof of (2.17) is similar. [
Theorem 6. Let h,§ > 0 and let PWN), Cy, Cy, Cs be as in Proposition 4. Set
Cl InN
VN
and fix a function B : Z, — (0,00) such that limyec (N)/1/B(N) = 0.

Let B* = (By,t € [-1,1]). On the enlarged probability space with probability measure P(N),
let G5 be the event that the following conditions are fulfilled:

e=¢(N)=4

i)
9 Cl InN
sup |Vn(z) — Bz < - =
zE[—1,1]| (@) | 4 VN
i)
M, (V)| = (M, (B[, My (Viv)| = [M,] (BY)]

i)
[V (u;) — B*(ui)| < /4 and |uj — ui| < B(N), V1<i<qg,
[V (w;) — B*(wi)| < /4 and |w; — w;| < B(N), V2 <i<qg,
[V (w;) — B*(wi)| <e/4 fori=1,q+1, wy € [-1,u1), wy,q € (ug,1],

where
My (B*) ={w <up < - <ug} M (B*)={wy <wp < <wy <wgi1} .
Then

i (V) —
]%71%10 PV (Grs) =1. (2.18)

In particular, Theorem 3 holds.

Proof. Due to Lemma 5, i) together with the condition

My (BY) = My
implies ii). Note that for all ' > 0 M,, (B*) = M,, (B) N [-1,1] Pp-a.s., while the
smallest and the largest elements of M./, (B*) could be no h'-maxima of B. Due to (2.11)
with h, d replaced respectively by h—e¢, 2¢, and considering the behavior of B* at w1, wg41,

(B*), M, _(B*) = M,"

i+ (BY) (2.19)
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one gets that limyy P ((2.19) is fulfilled ) = 1. Let us suppose that the realization of B
does not belong to the event Dy, 5. defined in Lemma 4 and that it satisfies (2.19). Then,

T € [wi,w;11] and B*(z) < B*(u;) + € = = € [wi, wi11] N [u; — B, u; + F] Vi<i<g
T € [uj_1,u;] and B*(z) > B*(w;) —e = z € [ui—1,u;] N [w; — B, w; + G] V2 <i<gq.

The above observations together with Lemmata 4 and 5 imply (2.18). We finally note that
(1.32) follows easily from (2.14) and (2.18). O

3. POTENTIAL THEORY

In this section we recall some elementary facts of potential theory in our setting that we
will need later. To this aim we define Py ., EX , respectively as the probability measure
and the expectation associated to the rescaled Sinai’s random walk (X,,/N, n > 0) starting
in z € Z/N and with environment w.

3.1. Equilibrium potential and capacity. Given disjoint subsets A, B C Z/N with
(AU B)¢| < oo and given A € C, the A—equilibrium potential hiB is defined as the
function on Z/N satisfying the following system

(L) = XN)h) p(x) =0, fzg AUB,

h) ple) =1, ifzeA, (3.1)

h) p(z) =0, ifzeB.
The definition is well posed whenever the above system has a unique solution, that is
whenever X is not an eigenvalue of the matrix L) (AU B)¢). In fact, it is simple to
check that this last condition implies the uniqueness of the solution, while the existence
is discussed below. h%’ p has the probabilistic interpretation

by p(z) =P, (T4 < 7B) Ve g AUB, (3.2)
where 74 denotes the first hitting time of the set A,
T4 =min{n >1: X, € A}.

IfAgo ( ) (AU B)® ), then denoting by g the restriction of h%’B(x) to (AU B)°

hﬁ7B(x):h?q’B(:c)Jr)\(E(N)((AUB)C)—)\) 9, Veg AUB.

Due to the above identity, hﬁyB(x) is a holomorphic on C\ ¢ (E(N) ((AU B)®)). Moreover,
the following probabilistic interpretation holds:

Phs(e) = B, (e "0V, ry) . V2 g AUB, (3.3)
if

A < min{o (IL((A U B)))}. (3.4)
To simplify the notation we set hy p = h%’B.
Given A, B as above, we define the capacity, cap(A B), between A and B as

cap(4, B) Z un (@) (LN b4 p) Z un (z) (LN by p) () (3.5)
€A zEB
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We note that cap(A4, B) = cap(B, A) since ha g = 1 — hp a. Note that (3.1) and (3.2)
imply

P (ra <78) = (1= £LM)hap) () Voez.
which implies that

P% (B < Ta), ifzx € A,
L g pa) = TRl <)
—PX (4 <7B), ifz€EB,

which gives a probabilistic interpretation of the capacity as cap(4, B) = > 4 un(2)PR (78 <
74). In particular, if a ¢ B

cap(a, B) = ux(a) (£Mhap) (a) = ux(a)PFa(75 < 70). (3.6)
Another useful representation of the capacity is the well-known identity
cap(4,B) = 3 wn(@)hap(@) (LVhas) (@), (3.7)
z€Z /N

A simple renewal argument (see e.g. [3]) gives a remarkably useful estimate of the equi-
librium potential in terms of capacities,

cap(z, A)

hap(z) < Ve AUB. (3.8)

cap(z, B)’

We consider now some particular cases of subsets A, B that will be useful later. Let
sup A =:a < b =inf B. Then,
1, ifx <a,
hA’B(:E) = 0, if 2 Z b, (3.9)
hap(z), ifa<z<b,

where (with gy and V(") defined in Section 1),

1
by (Y)wy

1
by (Y)wy

VNV (y)

[
RN

S o o

hap(z) = , a<z<b. (3.10)

Il
Q|| Bzl

e\/ﬁV(N)(y)

For later applications, we define

1
TN VNVN)(y)
hpo(z) =1 — hep(z) = Zy_al ¢ , a<z<b.
5§ /v

Due to the above identities,
cap(4, B) = p(a) (£LVhap) (0) = pv(@)wa (1 = hap(a+1/N)),
thus implying cap(A4, B) = cap(a, b) where
1
X VEVEN(y) |

=a

cap(a,b) = (3.11)

Let us now suppose that A = {a} and BN (—o00,a) # 0, BN (a,00) # 0. By setting
b1 = max{B N (—o0,a)}, by = min{B N (a,00)}
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one can check that
0, if z < bjor x > by
ha,B(%) = § hyy o(z), ifby <z <a,
hap, (), ifa <z < by,
thus implying that
cap(a, B) = cap(a, b1) + cap(a, ba) . (3.12)
Notational warning: Given a € Z/N and a finite subset B C Z/N such that a ¢ B,
BN (—o00,a) # 0 and BN (a,00) # 0, then we set

cap(a, B) = cap (a, B U (—00, min B) U (max B, 0)) .

We point out some simple estimates that will be useful in what follows. It is conve-
nient to introduce the following notation: given positive sequences ay(@),by(@), N € N
(depending on some parameters @&, including the environment w), we write

an(a) ~ [e1(N), c2(N), by (@)]
if
ci(N)by (@) <an(a) < co(N)by(@), VN € Z,, Va.
Then, if a < & < b belong to Z/N,

hap(z) ~ [% ¢ (k)(b — a)N, exp {\/N [V(N>(z*(x, b)) — VI (¥ (a, b))] }(]3,13)
hpo(z) ~ [%, c(k)(b — a)N,exp {\/]V [V(N)(z*(a,:c)) — VI (2*(a, b))] }(]3,14)
cap(a,b) ~ [%, c(k),exp {—\/NV(N) (z*(a, b))}] . (3.15)

We explain (3.13) ((3.14) and (3.15) can be justified in a similar way). Due to (3.10) one
easily gets

hap(z) ~ [m,(b—a)N,exp{\/ﬁ max V™) — /N max V(N)}

[zab_%] [‘I!b_%}

Due to condition (1.2), V(¥) is a Lipschitz function with Lipschitz constant c(x)v/N.
Therefore the above equation implies (3.13).

3.2. Dirichlet Green’s function. Given a finite subset D in Z /N we define the Dirichlet
Green’s function Gp as the |D| x |D|-matrix

-1
Gp = (E(N)(D))
(recall that 0 ¢ o (C(N)(D))). In particular, the Dirichlet problem

LM f(z)=g(z), ifzeD,
f(z) =0, ifz¢D,
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has a unique solution, given by
f(z)=>_ Gp(zy)g(y) VzeD. (3.16)
yeD

It will be crucial in what follows to have an expression of Gp in terms of equilibrium
potentials and capacities. To this aim we observe that, given z € D, h, p- satisfies the
Dirichlet problem

LMy pe(y) =0, ify € D\ {z},
LM™hy pe(y) = ) ify =g, (3.17)
he,pe(y) =0 ify e D¢
(the second identity follows from (3.6) ). Therefore, by (3.16),
cap(z, D°)

hs,pe(2) = Gp(z,x) , Va,z € D.

pn(z)
Since by reversibility un(2)Gp(z,z) = un(z)Gp(z, z), the above identity is equivalent to

he,pe(2)pn (2)

Gp(z,2) = cap(z, D°) )

Vx,z € D. (3.18)

4. HITTING TIMES

By standard arguments ([10], Chapter 3), (1.2) implies that E% ,(14) < o0 if A C Z/N
and |A¢| < oo. Due to this observation and since 7,1, <., < T{a,b} WE get, fora<xz <bin
Z|N,

E‘X],z (T{a,b}) < 00, ELIUV,:E (Ta]ITa<Tb) < 00.
One can express the above expectations in terms of capacities and equilibrium potentials.
In fact, the functions wq, wy defined on Z/N as

EX L (Trapy), ifa<zx<b, EX 2(Talrcr), ifa<z<b,
wi(z) = Nz ( { ’b}) ] ) 2(z) = N, (Talra<n) .
0, if o ¢ (a,b), 0, if o ¢ (a,b),
satisfy the Dirichlet problems
LMy () =1, ifa<z<b, LM wy(z) = hap(z), ifa<z<b, (4.1)
wi(z) =0, if ¢ & (a,b) wo(x) =0, if ¢ & (a,b). '
Therefore, due to (3.16) and (3.18),
un (Y)ha fap) ()
B (M) = D 1% (4.2)
2 ap(e{a,b))
w U (Y)hg (a0} (Y)Pap(y)
N,z(TaHTa<Tb) = Z o} (43)

ye(ab)NZ/N cap(z, {a, b})

for all a < & < b in Z/N, where hy 1440 (4) = hoz/N\(ap)(y)- Note that hgy (o5 (y) =
h:c,a (y)Hygz + hz‘,b(y)ﬂy>iﬂ'
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Lemma 6. Given a <b in Z/NN[-1,1],

max Ef, (7(ap}) ~ [@,C'(K)NQ,GXP{\/N max  [Vy(2"(y, {a,b})) —VN(y)]H ,

z€(ab)N 5 N ye(a,b)N%
(4.4)
max EX (7a|7a <) ~ LK;),c'(/ﬁ)Ns,exp VN max [Va(z*(y,{a,b})) — Va(y)]
z€(a,b)NZ N yE(a,b)nZ
(4.5)

Proof. Since hy (43}(z) = 1 and, for y € (a,b) NZ/N,

hzo(y), ifa<y<ce
h =Py, (e <T = D
z,{a,b} (y) Ny ( T {a,b}) {hz,b(y); ifz < y < b,
by means of the results of the previous section, we obtain

W)hafory4) _ Telr)
e [ N ’c(”)Nz’eXp{‘WWz’y}]’

N Wb ai Whas) _[els) ~
e et~ [ e (VA

+ VN (2*(a,y)) — VN (2*(a,2)) = VNn(y), ifa<y<uz,
+ Vn (2*(y,b)) — Vi (2*(z,b)) — Vn(y), ifz<y<b,

We claim that
Way AWay < Vi (2*(y, {a,8})) — Vi (y)- (4.6)
This can be easily checked by straightforward computations as follows. By setting

My = maXg ) VN, M= maxi,, ]VN, M3 = mMaxig p] Vn, ifa<y<ue, (4 7)
M, = max[, p ]VN, M> = max(y . Vn, Ms = mMax[q, 7] Vv, ifz<y<b, .
we can write
Wzy—l-VN():(M1VM2)/\M3+M1—M1\/M2, (48)

Vn(z*(y,{a,b})) = M1 A (M2 vV Ms).
Moreover, the following inequalities hold
{Wz,y < Wy, if z <y,
Wey=Wgy+ MoV Mz — Mz, ifzx>y.
At this point, (4.6) can be checked by considering the six possible orderings of My, Ma, Ms:

Having proved (4.6), (4.4) and (4.5) can be easily derived from (4.2), (4.3) together
with the identity hqp(z) = P (7o < 7) and the observation that W,, = W,, =

Vn(2*(y,{a,b})) — Vi (y). m
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We conclude this section by recalling a generalization of (4.3). Given two disjoint subsets
A,B C Z/N with |(AU B)¢| < 0o, the function w on Z/N defined as

'LU(.'L') — E‘]‘)V,x (TA]ITA<TB) , lf xr e (A @] B)
0, ifrec AUB,

is a finite function satisfying the Dirichlet problem

{E(N)w(x) = hap(z), ifzd AUB,

w(z) =0, ifre AUB.
In particular, due to (3.16) and (3.18), we get
BN (Y)he,auBha,B(Y)
E%,z (Talri<ry) = Z G (AUB)© o(z,y) hAB Z can(z ZUB) . (4.9)
yZAUB y@AUB p(

5. PRINCIPAL EIGENVALUES AND EIGENVECTORS

In this section, we fix h,d > 0 and Vy € Aps and we usually omit the index h and
the reference to the path Vi from the standard notation. In particular, we write M~ =
M, (Vn) = {x1,22,...,24} where x1, 22, ..., 2, is the labelling satisfying condition (1.15).
Moreover, we set, for 0 < k < g,

M, ={z1,...z¢}

Sr = Mk_ U {—1, 1}

Sy =M, U(Z/N\ (-1,1)).
Our target here is to study the principal eigenvalue S\SCN) and the related eigenvector of
the generator on Z/N with Dirichlet conditions on S} (see figure 3). To this aim we set

e =™ (s, AW =min{o (£{M)}. (5.1)

k
As clarified in the next section, the spectral analysis of the above operators will give infor-

mation about the spectral properties of £y for small eigenvalues of order o (exp {—h\/ﬁ }) .

Note that £{") = £y and that, due to Corollary 3 in Appendix C, A{™) < A < ... <

AN
N N \/ 1

q
FIGURE 3. EgN)

has Dirichlet conditions on the marked regions.
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To get an upper bound on Xk , we recall its variational characterization:

_ ()
AW Z gy DEYD)

FERZ/N 17113
f=0on S;,f#0

where (-,-) and |- ||2 denote respectively the scalar product and the norm in L2(Z/N, uy)-

(5.2)

A lower bound can be obtained using a Donsker—Varadhan like argument as explained in
[4][Lemma 4.2]:

< 1
AN > . (5.3)
SUPggs: E‘j\’,’m (TSI:)
Lemma 7. If Viy € Ap 5 then
X;CN) ~ [c(n)NQ, d (k), e VNI VN(Z*(“”’““’S’“))*VN(““)}] , VE:0<k<qg—1, (54)
(v —-2,—hVN
AN > (k)N 2e . (5.5)
In particular,
WY < e(m)N2e VNN vEi0<k<g-1. (5.6)
Proof. We first derive an upper bound for XSCN), for0<k<qg-—1. Let
a=z"([-1,zg41) N Sk, Tht1), b=2"((wgs1,1] N Sk, Tk11),
where the saddle points are w.r.t. Vi, and set f =1, 4)nz/n- Then
1£13 > pv(@iin) = () VNV,
while by (1.12)
(f, E(N)f) — ¢~VNVi(a) 4 o VNVN(b-y) < e VNVn(a) 4 c(k) e~ VNN (),
Since f =0 on S}, by (5.2) we get
chN) < c(li)e_\/ﬁ{ VN(Z*($k+1,Sk))_VN(zk+1)}.
To bound X,gN) from below, we derive from (5.3) and (4.4) that
MM > (k)N "2 exp {—\/N max [Viv (" (2, %)) ~ VN(:E)]} . (5.7)
TEOY,

Due to Lemma 2, the maximum in the above expression is achieved for some z € M ™\ Sy, =
{Zk+1,...,24}. Then, due to (1.15), the maximum has to be achieved at z = x4, thus
concluding the proof of (5.4). To prove (5.5) we observe that (5.7) remains true for
k = q. This, together with the definition of h—extrema, implies (5.5). Finally, (5.6) with
0 <k < q—2 follows from (1.15), (1.16) and (5.4), while for k¥ = g — 1 it follows from
(5.4), (5.5) and (1.14). O

Proposition 5. Given Vy € A5 and k € {1,2,...,q}, 5‘21\—,)1 1s a simple eigenvalue of

E,(ﬁ)l with eigenfunction h;‘k i where A = X](ﬁ)l, and

M( c(k)N2e —Jx/_) < ;\gg ) < M (1 +C(K)N23*5‘/N). (5.8)

1y ,sz_, 12 1= L
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Proof. Note that LSCN) is obtained from E,(ﬁ)l by adding Dirichlet conditions on zy, since

Sy = S;_ U{zx}. In particular, A < X,&N) is an eigenvalue of E,(g)l with eigenfunction

f € RZ/N iff 3¢ € R such that

(™M —2) fly) =0, ify¢ Sk,
fly) = ¢, if y = zy, (5.9)
fly) =0, ifye Sy,
and
(£ =) f(zr) = 0. (5.10)

Note that (5.9) is equivalent to the identity f = nghzk Sr . Since f is an eigenfunction,

¢ # 0 and therefore ¢ can be taken equal to 1. Since )\,(c_)l < X;CN) due to Corollary 3, this
implies the first statement of the proposition. Let us write

P =hy s, h=has Shr =h* —h (5.11)

k—1’

and show that h* can be approximated by h for A < S\I(CN). In fact, the function §h*
satisfies the system

Ry) =0 if S5
(E )\) 0 (y) = Ah(y), ify¢&S;,
imolving 5A (M) )
thus implying A" = A (L',k — )\) h and therefore
6h | = [|a> < bl sy ) < s Il (5:13)
ra((speue) — A0\ (SR ) = SNy
Due to (5.10), (5.12) and the identity
, S},
(L',(N)h) (@) = Abyn,, Vo &(Si_,)5,  where A= cap(t, Si_1)
pN(zk)
(which follows from (3.6)) we obtain
(L(N) . ,\) Sh* = Ah — Abyg,,  on (Sp_y)°. (5.14)
By taking the scalar product in .2 (uy) with h, which is zero on S;_,, we get
(h, L(N)éh’\) —A (h, 6h’\) = A(h, h) — A(h, 000, )- (5.15)

Due to reversibility the first addendum is zero. Moreover, since A(h, 654, ) = cap (xk, SZ-1):
(5.13) and (5.15) imply

cap (zg, S;_ A2
1512 PYRUED)
The assertion follows now by considering the case A = )\( )1 and using (5.6). O

()

We conclude the section with a description of the principal eigenfunction of £} 3
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Proposition 6. If Vy € Ay s and k € {1,2,...,q}, then the function ha)s‘k,S,’;_ , A= 5\2]\_,)1,

1
satisfies

hmkysgil(y) < hlx\msiq(y) < hxk,S;71 (1 + c(n)NF’e*&/ﬁ) . (5.17)
Proof. For simplicity of notation, let A = 5‘1(;2 and let h*, h,6h* be defined as in (5.11).
Since Xg)l < X,E:N) and the latter is the principal eigenvalue of L',ch), h* admits the proba-

bilistic interpretation (3.3). Comparing it with (3.2) one gets the inequality on the left in
(5.17).

To prove the inequality on the right, we observe that dh* satisfies (5.12), and therefore

LIM§RA (y) = A\ M y), ify & St
§h (y) = 0, if y € S;.

Due to the above Dirichlet problem and (3.16), we obtain

Py) A NGNS :
) - T RG) ; Gsprw2) iy e Vw2 Si.

The above identity implies

h (y)
h(y)

where M = max,gs: % From the above inequality, (3.2) and (4.9) we derive

AM
W) s

M<1+ AM?&%’EE%& (Tzk | 7o, < Tslzil) . (5.18)
Due to Lemma 6,

max B% | (Tzk | 7oy < Tsr ) < ¢(k)N? exp {\/ﬁ max [V (=" (3, 5) - VN(y)]} . (5.19)
k

ygS; kot

If 1 <k < g, then Lemma 2 and (1.15) imply that the above maximum is achieved for
Yy = Zgy1- (5.4) then implies

c(k)N3 .
EXy (Tq:k | Tap, < Ts;;_l) < (5\(%), ifl1<k<aq.
k

Therefore, due to (5.6) and (5.18), we get M < 1+ c(m)MN%“WN which implies (5.17).
If & = g, then the r.h.s. of (5.19) can be bounded by eV Due to (5.4) and condition
(1.14), one get that M < 1+ ¢(k)MN3e=*VN which implies (5.17). O

6. THE SET o (Ly) N (O,XiN))

As in Section 5, we fix h,6 > 0, Vy € Aps and we usually omit the index h and the
reference to the path Vi from the standard notation.
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(N) (v

Given 1 <k <gq, A\ < S\k is an eigenvalue of Ly = L; ) with eigenvector f* € RZ/N if

and only if, for suitable constants ¢*(y) with y € M, ,

(LN =N fAy) =0, ifyd sy,
y) = ), if y € My,
Py =0, ify € S\ M,
(note that S; \ M, =Z/N\ (-1,1)) and
(LM =N y) =0  Vye M, .
System (6.1) is equivalent to the identity
A — Az A
zeM,;
It is convenient to introduce a shorten notation by defining
Az _
hx = hz,S,:\{z} ) hz. = hx,S;\{z}
(note that A} depends on k). Assuming (6.3), condition (6.2) is equivalent to
> o ((E™ ) W) =0 vye ;.
zeM,

Let us denote by () the k x k—matrix

(E (N, = ((EM = NB2) (2), Va2 € M,
and by &(A) the k x k-matrix

R I T (10
(é’k(k))w N (@) [[hell2llhzl2

Note that both £ ()) and £ (A) are well defined and holomorphic on C \ & (E(N) .

Then the above observations imply:

(6.1)

Lemma 8. A < XSCN) is an eigenvalue of E(()N) iff det (Ex(\)) = 0. In this case, f : Z/N —
R is an eigenvector of L',E]N) with eigenvalue X iff f* = ZmeM’; 2R} for some eigenvector

¢* : M, — R of Ex(N) with eigenvalue 0. Moreover, det (£x(\)) = 0 iff det (ék()\)) =0,

and Ex(N)d = 0 iff Ex(A\)d = 0 where ¢y = ¢ulhgll2 for all z € M, .

The interest in the matrix £;(\) comes from the following result:

Note that we can write, for any =,z € M,
(EkO)a. = 1 (@) ((hay £3R2) = Alha, b) = Alha, 02))
where 6h) (y) = h)(y) — h,(y), respectively

r4

(é’“(’\))z = B NI, —24®) —AB®) . Va,ze M,
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() = (hay LM hy) oAk =
’ | hell2|lhz]2 ’

(ha, hz)

[hall2llPz |2

(1 _(sl‘,z) ’ B:cz .
o [hall2 )Rzl

The above k x k-matrix K£(*) is called the normalized capacity matrix K*). Due to
(3.7) K*) is a symmetric matrix with diagonal elements given by

KE) = ||hally*cap (z, S \ {z}) . (6.9)
Note that due to (5.8), if Viy € Aj 5 then

~G Y < cN2e VN, (6.10)
Ak-1
Moreover, ordering the entries of K®) along the increasing order of z1,zs,...,z,, the
matrix K*) is Jacobian. Namely, let {z1,22,...,2¢} = {u1,ua,...,uq} with ug < up <

- < uqg and set A;; = ngf)u] Then A = (Aij);<; j<q 18 symmetric and A;; = 0 if
i — j| > 1. This follows easily from the following observation: setting ug = —1, ug4; = 1
then the support of h,,, L(N)hui is respectively given by (u;_1,uit+1), [4i—1,ui+1] for all
1=1,...,q.

The following proposition will allow us to think of £ ()), with A € C\ o (,Cch)) small, as

obtained by a small perturbation from the matrix

(KW, 000 = Moz)  witha,z € My .
Proposition 7. If Vy € Aps and 1 < k < g, then
KM, < CON2eVNK® V1<j<k, (6.11)
K®, < CON% sYNEW, V1<i,j<k, (i,§) # (k k), (6.12)
AP, < CN%e YN, V1<i,j<k i#j, (6.13)
‘ ®), Al VAeC\o (ﬁ,(jv)) , V1<i,j<k. (6.14)

= dist (,\, o (ﬁ,ﬁN)))

Proof. Proposition 7 is analogous to the corresponding statements in [6] and we refer for
the details to that paper.

The main ingredient of the proof are the non-degeneracy conditions. In fact, Eq. (6.11)
follows from (6.10) and (5.6). Eq. (6.12) follows from (6.11) using the Schwarz inequality,

Ry LN g ))| < (B LR )E (R LWN)3, e, K| < 3/ K K.

Eq. (6.13) is just a statement that the functions h, and h, are almost orthogonal. This
is completely analogous to Lemma 4.5. of [6].

To prove Eq. (6.14), note that 5hi‘j = h;‘j — hy; satisfies the Dirichlet problem

(™) = X) 63, (y) = Aha; (y), ify & S,
S (y) =0, ify € S;.
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-1
Thus, 6h2, = A (E,(CN) . ,\) ha,, implying
Al

dist (,\, o (ﬁ,(j\’ )))

(6.14) now follows from Schwarz inequality. O

||5hi‘], l2 < a2 -

We can now prove the main result of this section:

Proposition 8. If Viy € Ans, ¢ =M, | < Q, N > N(4,Q) then the following holds:

o (£67) 1 [0,300) = {3 = A < A < <AL (6.15)
and
A s
Tk _ql<e VN VE=1,2,...,q. (6.16)
(V)
k—1
Moreover, )\ECN) is a simple eigenvalue with normalized eigenfunction ¢,(CN):
P = h, Si\{=;}
@bz(gN) _ a](gk) /\kv ko1 a;k) ai\] AT )= )\SCN) , (6.17)
A=A
where ag-k), 1 < j <k, are constants salisfying
1—e 10V <P <1, ‘ay“)‘ <e VN vi<j<k-1. (6.18)
In particular,
h:l: ,S7
P — | < e"1VN . (6.19)
1z, 57, ll2 ][,

Proof. To prove that the set o (E(()N)) N [O,X(SN)) has cardinality at least ¢, we apply

Lagrange’s Theorem [22] stating the following: let ¢ be a holomorphic function defined
on a open set D C C containing a point a. If there exists a contour v around @ and inside
D such that |¢(z)| < |z — a| for any z in the support of 7, then the equation

a—z+p(z)=0 (6.20)
has a unique solution in the interior of 7.

Fix 1 < k < q and recall the definition of X,&N) given in (5.1). Since E(()N) has only positive

eigenvalues and due to Lemma 8, A < XSCN) is an eigenvalue of E(()N) if and only if

det (ék(x)) —0 (6.21)
Let us define
Dp={reC: |30 <R, VAN <m() < PVRMY
).

Note that, due to (5.6), Dy is non empty if N > N (¢
A

dist ()\, o (cgN)))

Moreover, for N > N(6),

XM _R(x)
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Due to (6.8), (6.10), Proposition 7 and the above estimate, for all A € Dy, we can write
Ex(A) = VE ) + wE () (6.22)
where, for all z,y € M, and for N > N(§),

VZ(,I;J) - Kﬂgi),zk(s%zk‘sy,wk — Aoy, (6.23)
KW, < XM (14673 (6.24)
W] < eN2%e YN (A + ALY) < 2eNZe VN, (6.25)

Note that the last inequality in (6.25) follows from the definition of Dy.

In what follows we suppose N > N(§) such that 2eN2e sVN < efg‘/ﬁ, thus implying
that ‘Wéﬁ)(,\)‘ <e VN

Let us write

det (&) = 210 (&) (&)

where 7 varies among the permutations of M, and sgn(7) denotes its sign. Let us consider
the addendum in the r.h.s. associated to 7 equal to the identity, i.e.

. (ék(x)) (6.26)

$27T($2) $k,T($k)

(K8, =2+ WP, ™) k]:[l (-2 +w®, ).

It can be written as Ka(gi),%k(—)\)k*1 + (=) 4 ¢()\) where ¢()) is a holomorphic function
on Dy, with [¢(N)] < c(k) (|,\| + X}jf)l) AELemSVN

Note that if the permutation 7 is different from the identity and if A € Dy, then

(&) < (1+e V), VI<j <k,
zj,7(z;)
(ék()‘)) < |)\|67%\/ﬁ, for some 1 < jy <k,
50,7 (%50 )
5 (V) -3VN
<
(in the last estimate we have use (6.24)). The above observations imply that, for A € Dy,
det (ék(x)) SN = KEL A+ g(N) (6.27)
where ¢()) is an holomorphic function with
6] < ¢ (k)e SV (Al + X)), (6.28)

Let 7 be the circle in C around Kéi)@k of radius r = 6c’(k)efg‘/ﬁj\§j\_r)1. Due to this choice,
(6.10) and (5.6), if N > N(Q,d) and A € supp(y), then A € D and the r.h.s. of (6.28)
is strictly bounded from above by r = ‘Ka(ck) )\‘. Therefore, by Lagrange’s Theorem,

ks Tk
there is one and only one eigenvalue A,gN) of L',E]N) inside vy (thus implying that A,gN) € Dy).
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Since all the sets Dy are disjoint,
‘0’ (ﬁév)) N [O,XIEN))‘ > q,

while due to Proposition 11, the Lh.s. is not larger than q. That completes the proof of
(6.15).

Let a = (aﬂ”)zeM,; be a (right) eigenvector of &, ()\,(CN)) with eigenvalue 0. We can suppose

that a is normalized, i.e. Z?Zl |am].|2 =1, and a;, > 0. For 1 < i < k, the identity
((‘fk ()\,(CN)) g) = 0 reads
z;

k N
o W)
i (N) A
1<j<k Ak
J#1
The above expression and the normalization assumption imply
lag,| < Ve sVV. (6.29)
Since a2 =1— S5 ag, |7, we get
1>a, >1—kie sVN, (6.30)
Estimates (6.29), (6.30) together with Lemma 8 imply (6.17) and (6.18).

To prove (6.16), let a be defined as above. Then the identity (E’:k ()\,(cN)) Q) = 0 reads
Tp

(@
) (),
N &

k j=1 E Gy

By Schwarz inequality, due to (6.29) and (6.30),

(k) s
1- % < cqe_TO‘/ﬁ
Ak

The above estimate together with (6.10) implies (6.16).

The last estimate (6.19) follows by straightforward computations from (6.17), (6.29), (6.30)
and (5.17). O

7. SUBDIFFUSIVE BEHAVIOR (PROOF OF THEOREM 4 AND THEOREM 5)

We begin with the proof of Theorem 4.

Given a path v € C(R), denote by (m1(7y), m(y), m2()) the consecutive 1-extrema (dis-
regarding equivalent points) of the 1-valley of v covering the origin (if existing), namely

mi(y) =max{z : z<0and z € M; (7)},
ma(y) =min{z : 2 >0and z € M;" ()},
{m(M)} = (ma(v),ma(v)) N My (7).
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In particular, the In n-extrema of the Inn—valley of V(1) covering the origin can be written
as

o™ (w) = max {:c cx<0and z € M (V(I))} =m (V(ln2 n) (w)) In?n,
b™(w) = min {:c :z>0and z € M, (V(l))} = my (V(ln2 n) (w)) In’n,

m™(w) =m (V(ln2 ") (w)) In’n = m™(w)In’n,

(note that the above quantities are defined P a.s. since limsup, ,,. V(z) = oo and
liminf, 1o V(z) = —0c0 P a.s.).

Given 0 < f,4,0' < 1, we denote by Bgss the set of paths v € C(R) such that the
following properties hold (for m; = mi(7v), me = ma(v), m = m(%)):

—my,mg < 1/8, (7.1)
My (y)N[=1/8"\m) #0, My (y)Nn(m,1/d") #0, (7.2)
M~ 5(v) N[=1/8",1/8] = My 5(v) N [-1/8',1/d], (7.3)
v(ma) Ay(me) 2 omax V494, (7.4)
v(m) = —1/4, (7.5)
v(m1) Ay(m2) > max y+94. (7.6)

lz—m|<p
Due to the properties of Brownian motion and by means of of the results of Section 2, one
can show that there exist 3, 8, ', ng such that the set Q,, = {w €Q: v’n) (w) € 3575’5:}

has probability P(Q,) > 1 — a/2 if n > ny.

Fix 8, 6,4 as above and set N = In?n. Let P(") and C, Cs , U3 be as in Proposition 4 with
the interval [—1, 1] replaced by [—1/d",1/8"]. Let us write V(%) and B for the restriction
respectively of V() and B on [~1/4’,1/4']. Set

Cl InN

En = , 6n = €n),
Nici p(en)
where p is defined as in Theorem 4. Moreover, fix Cy > 4 such that
14+2C1 —C1Cy <O0. (77)

On the enlarged probability space with measure P(Y) consider the event C(g];],) that V(V)
and B satisfy the following conditions:

HV(N) - B“oo <en, (78)
My (B) =M . (B), M (B)=M . (B)), (7.9)
inf  |B.w, —B.w|>Cuen, ifneZandSM e[-1/61/6), (7.10)
5nSSST,(LIJ)r Sn +s Sn
inf ‘BS@) — By ‘ > Cyen, ifneZand SM e[-1/6,1/4]. (7.11)
Sn<s<T") n noE

Recall that {S,gh)} is the set of h—extrema of B, while the random times T(hj)c have

neE’ n,
been defined in Corollary 1.
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By means of the results of Section 2 one can check that

lim P (c{3)) = 1.

N*too 8,0
We point out that in order to estimate the probability of the events (7.10) and (7.11) one
has to use Lemma 3 (see also the proof of (2.13) in order to treat the case n = 0) together
with the property that limp o €r/v/0n = 0.
Let €2, be the event in the enlarged probability space given by C(gll\sr,) N {V(N ) e Bg’(;}. Then
P (Q,) > 1—a if n is large enough. In what follows, we will assume that the event £,
is realized.

Let us set
A= (@80 02, Dy = (0™ - 26,) 02, (m) +26,)In) N A, (7.12)

Recall that (A, ) is defined as I.(An) = (Lo,y), ,c 4, - We write P(Ay,) for the restriction
of the jump probability matrix to A,, x A,, namely P(A4,,) =1 —1L(4,). Then

X
RN el CRRN (1)
0 (‘lnzn

< 25n> =P¥(X, € D) > P¥(X,, € Dy, X), € Ap V0 < k < n)

n 1 n
= Y (P(4)")g, = —7o5 (10, P(40)"1p,)
w(0)
yEDn
(7.13)
where in general 1y denotes the characteristic function of the set Y and (+,-) denotes the
scalar product in I.? (A, 1) (the related norm will be denoted by || - ||).
By the same arguments of Section 5.6, due to (7.1) and (7.3), we obtain that the principal
eigenvalue )\gn) of L(Ay) is a simple eigenvalue satisfying

d(Ilnn)2n"170 < )\gn) <en 170, (7.14)
Moreover, defining the function h* on A4, as

h/\(y) = hﬁn(n)’A% (y); Vy € Ana

and setting h = h®, a principal eigenvector of I.(4,,) is given by P and (see Proposition
6)
h(z) < BN (2) < h()(1 +p(lan)n=0), Vo€ A,,

where, here and in what follows, p denotes a generic polynomial having positive coefficients.
In particular, the eigenvector @bgn) obtained by normalizing h)‘gn), ie. gbin) = " / Hh)‘gn) I
satisfies

n h(z) h(z)
¥ (@) - T < T

VT A | = T
We denote by )\g") < )\gn) < - < )‘I(Z)n\
and by @bé"),@b:g"), ... ,gbfZi‘ the related normalized eigenvector. Due to (7.1), (7.3) and

™ — ﬁH <p(lnn)n~®. (7.15)

(Inn)n=° vV € A, , ‘

the remaining (simple) eigenvalues of L(A4,)

Theorem 1, )\g") can be bounded from below as

)\g") > ¢(lnn) " 4n 10, (7.16)
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Since P(A,,) has simple eigenvalues given by

1AM > 1A > o> 1\

|An]?
with related eigenvectors 1/)%"),1#%”), - ,¢|(Zi|, we can write
! — ()™ (™ (n)
Loy B0 P10,) = 37 (1-27)" (47, 10, ) ¥ (0). (7.17)
j=1

Let II be the orthogonal projection of L?(A,,u) along the subspace generated by gb,(cn)
with 2 < k < |A4,| — 1. Since by Lemma 3

sup |1 — )\S-n)| =1- )\gn),

1<j<|An|
we obtain the bound
' M\ () (n) 1
jZZ (]—_>‘j ) (TPJ- ,1Dn) P (0)| = ‘m(lo,P(An) Hlp,)
< (k) (1=28")" o, I
We claim that
tim inf (1-2(")" (4, 10,) 9{”(0) = 1, (7.18)
lim sup | (1 - A )" (zple‘, 1Dn) ¢|(Zl‘(0)‘ —0, (7.19)
ntoo
- EINO% _
Jim sup (1 A ) Iip, || =0. (7.20)

Note that the above estimates together with (7.13) and (7.17) imply Theorem 4.
Let us prove (7.18). Due to (7.14),

lim sup ‘(1 — )\gn))n — 1‘ =0,

ntoo weN,
while due to (7.15)

(n) (m) h h(0) s ]11p, |l
(64710, 70~ (o 10.) G| < inmm-* el

Applying Lemma 9 completes the proof.In order to complete the proof of (7.18).
To prove (7.20) we observe that, due to (7.1) and (7.5),

|1p, || < cln®n -exp {—V (m("))} <cIn’n-ns. (7.21)

The above estimate together with (7.16) implies (7.20).
Finally, note that due to (7.18) and (7.20), it is clear that

lim sup sup(1 — )\‘(Zb)n (¢|(Zl‘, 1Dn) ¢|(ZZL\(0) =0

ntoo  Qp
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But, on the other hand, since 1 — A 4, <0, and all quantities vary slowly with n,

(1 —A|A )" («/)\A o 1o, ) ~—(1 —)\|An+l|) (¢|An+1‘, Dnﬂ)
implying that

limsupsup(l— ‘A |) ("/)\A » n):—liminfisrllnf(l— | An ‘) ("/)‘A E n)

ntoo Qn ntoo

which yields (7.19).

Lemma 9.
lim sup |A(0) — 1| =0, (7.22)
ntoo
(h7 1D ) ‘
lim su - — 1| =0, 7.23
P TR (72
I1p,]l ‘
lim sup = 0. (7.24)
ntoo g, | Al

Proof. Let us suppose that the event 0, is verified. In order to prove (7.22), suppose for
example that a(™® < 0 < m(™), thus implying that 1 — (0) = R4(n) () (0). Therefore, due
to (3.10) and assumptions (7.1) and (7.4)

l—h(O)Scann-exp{ max V — max V}Scln2n-n_‘s
0,m(" 1] [a(™) m(m) —1]

thus implying (7.22).

We prove now (7.23). The proof of (7.24) is similar and we will omit it. Let us first bound
1 — h(z) for © € D,. Suppose for example that z < m(®, thus implying 1 — h(z) =
Ra(m) e (). Due to (3.10), (7.1) and (7.6),

1 —h(z) <cln’n-exp { max V —  max V} <cln?n-n°. (7.25)
[z,m(™) 1] [a(”) ;m () —1]
In particular,
> u@hi(z) = > pah(z)| <cln’®n-n? > p(z)h(z). (7.26)
€Dy €Dy €Dy,

Let us write

(h,1p,)) Wi(n) Ws(n)

IRIZ~ Wa(n) Wi(n)

where

p(z)

(n

 Wa(n) = p(z) W), Wan) = 3 p(z) h(z)?.

zED, /l‘ m(” TEA, ,LL (n

zED, ,LL

Then, due to (7.26), lim,oo supg, |W1(n)/Wa(n) — 1] = 0. Since W3(n) > 1, in order to
prove that limpqo supg, |Wa(n)/Ws(n) — 1| = 0 it is enough to show

lim sup Z e~ (V@) =v(m™)) _ (7.27)
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To this aim it is more convenient to work on the rescaled lattice Z /N, where N = In%n, and
with the functions V(™) and B defined on [—1/48",1/6] (note that due to (7.1), A,/N C
[—1/8',1/8"]). Let us set here m = m (VI™), m; = my (V™) and mo = my (VIV).
Then, due to (7.8),

T OV - Y V(T -vm)

z€An\Dn z€

S
]

\V

_ _ 7.28
< Z oC1 lnNe—\/ﬁ(B(z)—V(m)). ( )
Note that Lemma 5 remains valid if [—1, 1] is substituted with a generic interval. Due to
Lemma 5 applied with ¢ = 4¢,, (see in particular (2.16)) and due to the definition of ©,,
there exists a 1-minimum m* of B such that

|B(m*) —V(m)| < e, |m —m*| < 6.
Moreover, denoting mj}, mj the first 1-maximum of B respectively on the left and on the

right of m* due to (7.2) (assuring that mj, m3 are 1-maxima of B) and due to Lemma 5
(see in particular (2.17)) and the definition of Q,,

|m1 —mi| < dp, |ma — m3| < 4y, .
In particular,
rhs. of (128) < ) 21N ~VN(B)-B(m") (7.29)
ceW1UWs

where

Ay = (m] —6,,m* —6,)NZ/N, Ay =[m* +6,,m5+6,) NZ/N.
Let us estimate the contribution in (7.29) of the addenda z € A; (the case z € Ay can
be treated similarly). Note that due to (7.2) there exists n € Z such that m} = ST(LI_)I,
my = 57(121 (in particular, m* = S,(LI)).
Due to (7.11) if z € (m} — 8,,m}], then B(z) — B(m*) > 1 — Cye,, > 1/2 with n large
enough. Due to (7.9) if z € (m’l‘,T,(l’ll] then B(z) — B(m*) > Cye,. Due to (7.10) if
T e (T(I) m* — 6y,), then B(z) — B(m*) > Cye,. Since, |A1] < cN

Z ¢2C1In N ,—VN(B(z)—B(m")) < e N2 (e—@ +N—clc4),
FASVANY
which goes to 0 as n 1 oo due to (7.7). O

Let us conclude this section with some remarks, and the proof of Theorem 5. We will
throughout the remainder of this discussion assume without further mentioning that the
random environment is such that the hypothesis of our main statements are verified for
all Dirichlet operators we will consider. The reader can check that this holds with high
probability.

First, we note that the choice of the set A,, in the lower bound (7.13), although probabilis-
tically justified by the fact that the process will not have left A, by time n and will not
have remained in a much smaller set, either, with high probability, seems awkward from a
spectral point of view. In fact, we should obtain the same localisation result if we choose
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instead of A, a much larger set. To see this in some detail, let us consider any interval
A D A,. Obviously, we have that

|4]
w AH\" A A
P¢ (X, eD) >y (1 Al )) (¢§ ),1D) M), VDcC4, (7.30)
=1
where A§A), wj(-A) are the eigenvalues and eigenfunctions of I.(A), with )\g-A) increasingly

ordered.

(n)

Let us understand what we can say about the spectrum of L(A). Let us write Aj

the principal eigenvalue of I.(A4,,). We know that )\gA) < )‘gn). Let k be the number of
(n)

eigenvalues of IL(A) which are smaller or equal than A\;"’. If k = 1, then the analysis above
remains essentially unchanged. In what follows we suppose k& > 2.

for

From our analysis of eigenvalues, this means that the potential V(1) (recall the definition
(1.8)) restricted to A has k Inn-minima (we always assume n large). Let us denote these
minima by z1,..., 2, labelled as in Section 5 to correspond to increasing eigenvalues of
L(A). Clearly, one of these minima is m(®), defined as in Theorem 4, say z; = m(™). Let
us denote by B; small neighborhoods of the minima z;.

Using the same arguments as before, we see that we get, up to terms tending to zero with

n,

P (X, € B;) ( ) ¥ (0). (7.31)

IIM?r'

Now we know that the left-hand side of the equation equals one, if ¢ = [, and zero,
otherwise. On the other hand we also know, from our estimate on the eigenfunctions, that

(4) (4) #(Bj)

(wj ’1Bj) % (0) ~ mhx,,sJ ,(0) ~ hg; s: (0), (7.32)
]7

where S7_; = {z1,22,...,2;-1}U(Z\ (—1,1)). Note that the right hand side is essentially

one, if “0 is in the valley of z;”, where we call the valley of z; the interval between the

two highest maxima to the right and to the left of z; one needs to cross to reach S7_,

from z;.

Let us now look at the probability to be in B;. Up to terms tending to zero with n, we
can write this as

Py (Xn € B) > (4", 15,) ¢{”(0) (7.33)
+ Y (@am) o+ Y (vm) v o
Jep(zi)>p() Jrp(zi) <p(zi)

We already know that the first term equals one, as does the left-hand side. Now for the first
sum we get an easy asymptotic bound using again our estimates for the eigenfunctions,
namely (up to terms tending to zero with n)

> (wj(-A),lgl) W< YL (B’_) (7.34)

Jip(zi)>p(2r) J(zs)>plzr)

which will tend to zero with n (in the good subspace of environments). To deal with
the second sum, we need to be more careful. First, note that z; is the minimum of the
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In n—valley that contains 0; thus it is not possible that the any of the valleys of the z; with
V(zj) > V(x;) contains the origin. Using these facts, and the precise representation of
the eigenfunction (6.17), pointwise estimates on the h* (see Lemma 3.4 of [4])), and the
usual estimates on the equilibrium potential, one may show that indeed all terms in this
sum also tend to zero with n. We leave the details for the interested reader.

A more interesting observation ensues when regarding a neighborhood B; with u(z;) >
p(z;) and such that 0 is contained in the valley of z;. Then we know that, up to terms
tending to zero with n,

o(1) = P§ (Xn € By) > (41, 15,) iV (0) (7.35)
+ Y () ePo+ Y (6 1s) v 0).
J:m(ws)>p(:) Jiu(zs)<p(z;)

Now the first term is close to one, while the first sum, by the same estimates as before,
tends to zero. Thus we can conclude that

A A
> (@bj( ),lBi) Y (0) ~ —1. (7.36)
3:p(mi) <p(w:)
We see that the small negative parts of the eigenfunctions play a crucial role here and can

not be neglected! Deriving (7.36) directly from our estimates on the eigenfunctions is not
possible.

Proof of Theorem 5. Let us now exploit these observations to prove Theorem 5. To do this,
we construct a sequence of boxes Ay, as follows (recall the definition (7.12) of A,, and Dy,):
start with A,,,, ng large. Then increase n to n; such that for the first time, m(m) £ m(no),

and so on. Let )\gn’“) and )\gn’“) be the smallest and second-smallest eigenvalue of L(Ay, )

with related eigenfunctions @bgn’“), @bé"’“). Specialising the observation (7.36) to the case
when only two eigenvalues are relevant, one sees readily that

(98,10, ) 5™ (0) ~ —1. (7.37)

Now we want to focus on special times that are of the order of the inverse of the eigenvalues
)\gn’“). In fact, using (7.37), one sees that

pY (Xt ) € an) ~ [(ﬂ”’“’, 1an) ") (0) + et (@bé”’“), 1an) @bé"")(O)}
~l—et (7.38)

provided that the environment in A,, is such that the non-degeneracy conditions hold,
e.g. the rescaled potential V\Ankl € Aps for some positive h,d such that M, (VIAnk\) has

cardinality at least 2. But since this is true with probability tending to one, there is at
least a subsequence nj, for which this holds. This implies the assertion of Theorem 5.

Note that this observation suggests the following trap model caricature of Sinai’s random
walk: Take the sequence of values )\gn’“) = Ag; this sequence is fully determined by the
random potential. Now consider the continuous time Markov chain on the positive integers

that jumps from site k to site k + 1 with rate Ag.
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APPENDIX A. RG-ALGORITHM LABELLING THE A—MINIMA

To compare our spectral results with [15], we show in this Appendix that the renormal-
ization group algorithm of [11][Section II] leads to the labelling M, (v) = {z1,z2,..., 24}
fulfilling (1.15), whenever v € C([—1, 1]) satisfies ‘Mh_('y)‘ = ¢ > 1 and (1.17). Let us
first describe the RG-algorithm in terms of h-extrema. To this aim we label the points of
My (v) UM, (v) as

z£1) < zél) <0 < zg)ﬂ.

(1)

As discussed in Lemma 2, z;7 is a h-maximum if j is odd, otherwise it is a h-minimum.

We introduce a coarse-grained potential V() on [—1,1] by setting

V(l)(x) — —00, ifz e {_1’ 1} \ {Z%l), zé?—l—l}:
V(z), ifz=2", 1<i<2g+1,

and by extending V() to all [~1,1] by linear interpolation (see figure 4). Note that
) @
VO = —o0 on [1, 11\ [o{", 24}, 1

FIGURE 4. Potential VU, g = 2.

We now define inductively by decimation of the less deep valley new potentials V2, V()

, V@ on [—1,1] satisfying the following property: For each 2 < i < ¢ there exist
—1<a; <b; <1 such that V® = —c0 on [—1,1] \ [as, b;] and V() ig piecewise-linear on
[a;, b;], with a;, b; local maxima and having ¢ — i + 1 local minima in [a;, b;]. To this aim,
suppose V() to be defined for some 1 < i < g—1, fulfilling the above properties, and write

a; = zy) < zéi) << 2 b;

2(q—i+1)+1 —

for its h—extrema on [a;,b;]. Let us consider the bond [z,(j),zgl], k = k(i), with the
smallest variation of V(:

‘V(i) (Z’(C)) _ ) (ZI(CL)‘ _ min{‘v(i) (Zgi)) VIO (Z<+)1)‘ P 1<s<2q—i+ 1)} .

A1)
Note that the index k is uniquely defined due to (1.17).
Let us define D; = {27,287, ..., 20 ).\ and Dy = Di\ {20, 2, }. Then vi+D)

is defined by setting

V(H'l)(.r) _ ), if z € {—1,1} \ Dj41,
V(z), ifz€ Dy
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and by extending V(*1) to all [—1, 1] by linear interpolation. In figure 5 we consider the
case 1 <k<2(q—i+1)+1.

FIGURE 5. Decimation of the less deep valley.

Finally, we denote by 7T} the r.h.s. of (A.1) and by y; the local minimum of V(® in
{z,(:), z,(cﬁ)rl}. Since for a given curve 7 they depend on h, we will sometimes write y;(h),
T;(h) in order to underline this dependence. We can now state the relation between the
above RG—construction and the labelling satisfying (1.15 ):
Proposition 9. Let h > 0 and v € C([-1,1]) satisfying | M, (v)| = ¢ > 1 and (1.17).
Moreover, let {x1,x2,...,24} be the labelling of M, (v) satisfying (1.15) and let y1,y2, - .., Yq,
T1,T>,...,T, defined as in the above RG-construction. Then

Tk = Yq—k+1, 7 (Z*(il,'k, Sh,kfl)) - ')’(-'L'k) = quk+1a V1 < k < q,

where Sp—1(7v) = {z1,z2,...,zx_1} U{-1,1}.

Proof. We prove the proposition by induction on g. It is simple to check that the as-
sertion holds for all h > 0 if ¢ = 1. Assume that it is valid for all A > 0 if ¢ =
g — 1, for some § > 2. We fix vy € C([-1,1]) and A > 0 such that M, (y) = ¢. Let
yi1(h),...,y4(h), Ti(h),...,Tz(h) be defined by the RG-procedure described above. We
observe that M,,(v) = M, (v) \ {y1} where ' = T1(h) + § and yx(h') = yr41(h) for all
1<k <q—1. Setting

Xi=ygj(h) =ygjr1(h), Swp={X1,Xo,..., Xs}U{-1,1} VI<j<g-1,

by the inductive hypothesis we obtain that

v (2* (X, Swp—1)) —v(Xg) = max {7 (2"(Xj, Swp-1)) —v(X;)} +,
q—1>5>k

Vi<k<qg—2 (A.2)

and

Y (Z*(Xk;Sh’,k—l)) — ’Y(Xk) = Tq_k(h,), V1 S k S (j— 1. (Ag)
Let us now define 21 = X1,...,25-1 = X4-1, %4 = y1. We claim that {z1,...,z;} satisfies
(1.15). In fact, by observing that S = Sp g for 1 < k < g — 1, due to (A.2) we only
need to prove

v (2" (@k, Shp-1)) — v(@wk) =7 (2% (y1, Shp-1)) = (1) +6  1<k<qg-—1

The above inequalities follow easily from (1.17) and (1.18).

To conclude the proof we need to show that

v (2*(®k, Sh—1)) — V(zk) = Tg-x11(R), VI<Ek<4q.
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Since Ty _g+1(h) = Tz_x(h’) for all 1 < k < g and due to (A.3) one only needs to check
the trivial identity

Y (Z*(yl’ {:131, s ,97(771}) - 7(3/1) = Tl(h)'

APPENDIX B. PROOF OF LEMMA 4

Recall the definition of the random variable X(*) given in (2.8).
e Let us first prove (2.9). Due to Proposition 2 and (2.7), we obtain

Pp(|E&(V) > 4) =P (|&1(0) N[-h 2 7% > 4) >
Py (s{V < 1/m?) P (X0 < 1/(3h2))3. (B.1)
By (2.7), Schwarz inequality and since E (X(l)) =1/0% E ((X(l))2) = 1/202, we obtain
that for all ¢ >0
Pp (SP) < t) >1-F (X(l);X(l) - t) /B (X(l)) .
1/2

1-E ((X(1>)2> P (X(l) > t)1/2 /E (X(1>) —1- %P (X(l) > t)1/2 . (B2)

Since X() has density o2f(c%z)dz with f(z) as in (2.6), for each a > 0 there exists
¢(o,a) > 0 such that P (X(l) >t) < c¢(o,a)t > for all ¢ > 0. This allows to bound from

below Pp (SP) < 1/h2) (due to (B.2)) and Pp (X®) < 1/(3h2)). These lower bounds
together with (B.1) imply (2.9).

e In order to prove (2.10) we observe that Proposition 2 implies

Py (y ¢ [E(1)N[-1,1]| > n) < P (2() <2) (B.3)
where
ZW = x® L xM . x®
and th),Xéh), . X,(Lh) are i.i.d. random variables having Laplace transform given by the

r.h.s. of (2.8). In particular, for all ¢ > 0

. [ V2h 2\ "
where in the last inequality we have used the bound coshz > 1 + 22/2. By taking ¢t = 2
we get (2.10).

e To prove (2.11) we define the increasing sequence §£h) < géh) < ... as the sequence of
h—extrema of v not larger than —1 (note that such a sequence is well defined P p—almost
surely). Then, the Lh.s. of (2.11) can be bounded by

gpg (Ié’h(v)m[—u]l =n, 3j:1<j<n—1, st ‘7 (g](h)) _7(g§1)1)‘ <h+5).

(B.5)
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By Proposition 2, for all n € Z,

vy (S’,(lh)) — (57(1}21) ‘ — h is an exponential variable with
mean h and therefore

Pg ("y (S,gh)) — (51(1}21)‘ <h+ 5) <1—¢ %"
Therefore, due to the bound (B.5) and (2.10),

Lh.s of (2.11) < (1 - e*5/h) ie (1 + %) o

n=2

Since for all a > 1 3°°  na™ = a(a — 1)72 we get (2.11).

e To prove (2.12), given v € C(R) and a; < ay < --- < a, we say that condition
C((a1,a2,...,an),7,0) is fulfilled if

|Iv(ai) = v(aj)| = Iv(ai) —~(az)|] > 6
for all (4,7) # (¢, 7') with 4,7’ odd, 7,7’ even and ¢ < j, ¢’ < j'. Due to Proposition 2 and
since (Byz/h,t € R) 2 (By,t € R),

Lh.s. of (2.12) <

hE

Py (1En(n) N [=1,1] =n, ¢ ((8,50,...,507) 7, )

(n)
Pp (& N[=L 1 =n) > P(|[Z(ab)~ @, b)l] <d/h),
1 a,b,a’ b’

1

3
I

NE

<

3
I

where the summation Zl(lnb) o 15 over all odd integers a,b,a’,b' with 1 < a < b < n,
1<a <V <nand, given a <bodd with1 <a <b<n,

Y(a,b) = (Yo —Yay1) + (Yarz —Yays) + -+ (Y2 = Yo1) + Vo + 1 (B.6)
where Y,, z € 7, are independent exponential variables with mean 1.

We claim that there exists a constant ¢y > 0, independent of all other parameters, such
that

P (|15(a, )] — 8, B)I| < 5/h) < cod /b (B.7)
for all a,b,a’,b' as above. This, together with (B.3) and (B.4), implies

ecod = 4 R2\ "
Lh.s. of (2.12) < TZn (1+ﬁ .

n=1
Since >°°° ; n*a™™ < ca*/(a — 1)° for all @ > 1, the above bound implies (2.12).

Let us prove (B.7). Since E (exp{itX}) = 1/(1 —it) if X is an exponential variable with
mean 1, we obtain that the characteristic function ¢, (t) = F (exp{it¥(a,b)}) satisfies

b*(l . —
[Gap(t)] < (L+¢7) 2 [1—idt| *.

In particular, by the inverse formula of Fourier transform if a < b or due the explicit
expression if a = b, we get that 0 < f,,(z) < ¢’ Vo € R, where f,; is the density function
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of X(a,b) and the constant ¢’ is independent of all parameters. Let us first suppose that
a <b<a <V and bound

P ([I%(a,b)l - [5(a',B)I| < 6/h) < P (15(a,8) — S(a,¥)] < 6/h)
+ P (|%(a,b) + X(a',b')| < 6/h) . (B.8)
Since ¥(a,b), ¥(a'b’) are independent,

P (|%(a,b) — X(a', )| < 8/h) = /Rd:c'fa/,b/(:c')/Rdmfa,b(:c)ﬂm_zfglg/h <2c6/h.

Similarly one can bound the last member in (B.8) by 2¢'d/h. It is easy to adapt the above
argument when the sets [a,b] N Z, [a’,b'] N Z have non empty intersection in order to get
a similar bound for the Lh.s. of (B.8), completing the proof of (B.7).

e Let us prove (2.13) by using Lemma 3. Note that this lemma gives the statistics of the
h—slopes that are not crossing a given point, and therefore cannot be applied directly to
the h-slope crossing —1 or 1. In order to avoid this problem we look to the behavior of
the h—slopes in a larger interval [—L — 1, L + 1] requiring that the first h—extremum in
such an interval is smaller than —1 and the last one is larger than 1 (in this way, all the
h—slopes covering part of the interval [—1, 1] cannot cross the boundary {—L — 1, L + 1}).
For any a > 0, the probability that the previous condition is not satisfied can be bounded
from above by

2Pp (S’ih) > L) =2Pp (Sil) > Lh_2) < ¢(a, 0) L™ *h*>
due to (B.2) and the subsequent discussion there.

Let us define &, g as the event that In € Z with s S(Z)l €[-L—-1,L+1]and

’Tn

infh ‘BST(L’L)H BST(Lh) A inf’; ‘B (), — BS(h) < Ee.
tc (ﬁ:Tr(L,l] tc (57T7(H-)1,—] n+1 n+1

Then, due to Lemma 3,
Pp (Dhpe) <Pp (Enpe) + clo, o) L <
> Cwio (B.9)
anPB (v : [En(y) N [-L =1, L+ 1]| = n)e/\/B + c(a, o)L~ h%.
n=2

By (2.3) and (2.10)
Pp(y:|&()N[-L—-1,L+1][=n)=

P (1 e o] =n) < (14 i)

Since for all @ > 1, >.°°  na™" = a/(a — 1)?, (2.13) follows from the above estimates by
taking o = 2, h?/L = £'/*/B/8.

e To prove (2.14) we observe that 1 < |M, (v*)| < Q if 4 < |Ex(y) N[—1,1]] < n. Due
to (2.9) and (2.10), by choosing h small enough, the last event is verified with probability
at least 1 — /5. Let us assume that M, (v*) # 0. In order to verify conditions (1.14)
and (1.15) we have to take in consideration that the smallest and the largest elements
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of M,'l" (v*) could not be h-maxima of 7. By choosing h’ small enough, we have that
M, (y*) C M, (y) with probability at least 1 — a/5. In this case, condition (1.15) is
implied by the event (Ci ). Due to (2.12), Pp(Chs) < /5 if § is small enough.
Similarly, due to (2.11) we can assume that the event By, 5 has probability less than /5 if
d is small enough. At this point, in order to verify condition (1.14) it remains to observe
that if ¢ is small enough then with probability at least 1—a/5 one has y(w1) —7y(u1) > h+d
and y(wg+1) — Y(uq) > h+ 9 where wi, wgy1,u1,uq are as in Lemma 2 with +y replaced by
v

APPENDIX C. STURM OSCILLATION THEORY

As discussed in [19], the qualitative theory of second order Sturm-Liouville equations

d d
— (P02 @) +a@ut) =0,  peClgec®p>0
dt dt

can be generalized to difference equations, i.e. equations of the form Hu = 0 with H a

Jacobian matrix, namely H = (Hiaj)ije ; is a symmetric matrix indexed on a (possibly

infinite) interval I C Z such that H;; = 0 whenever |i — j| > 1. In what follows we
derive from [19] some results mainly related to Sturm oscillation theory for the Dirichlet
operator (D), D = {a,a+1,...,b} C Z. To this aim we introduce the following notation:
given u € RP | the continuous function % is defined on [a, b] by setting @(z) = u(z) for all
z € [a,b] N Z and by extending @ on [a, b] by linear interpolation.

Let us first observe that, due to a simple iterative procedure, the system
(I(D) = A)u)(z) =0,  VzeD\{b},

uniquely determines v € RP when given the value u(a) (in particular, the eigenvalues of
(D) are all simple) and each eigenvector cannot have two consecutive zeros and cannot
vanish on a or b. A deeper insight of the qualitative behavior of the eigenvectors is given
by the following result:

Proposition 10. (Sturm oscillation theorem)

Let A1 < Ag < -+ < A, be the eigenvalues of (D), where D = {a,a+1,...,b}, r = b—a+1.
For each1 <14 <, let f©) be an eigenvector of (D) with eigenvalue A;. Then the function
@ hasi—1 zeros in [a,b].

Proof. Without loss of generality we assume that a = 1 < b = r. Let us consider the
matrix H = (Hi;), ;cp defined as H;; = (u(i)/u(j))l/ZH_.i,j. Due to (1.11), H is a

Jacobian matrix. Moreover, since H = A'(D)A where A;; = &; ju(j) V%, f € RP is
an eigenvector of H with eigenvalue X iff Af is an eigenvector of (D) with eigenvalue A.

Given A € R, let {u;(A)}jep be the unique solution of the system

ZjeD H; ju;i(A) = Aui(XN), Vi<i<r-—1,

By solving the above equations iteratively, one easily check that u;(A) is a polynomial of
degree j—1 with leading term (ajag - - - a]-_l)*l)\]*1 foralll <j <r,wherea; = H; ;11 <0
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for all 1 <¢ <r —1. Let us introduce the monomic polynomials

1, if i =0,
P,(X) = (¢ (a1az - ai)uip1(A), if1<i<r,
det (AT — H), ifi=r,

and define the function gx(z) on [0,7] by linear interpolation of the values gx(i) =
(—=1)*P;(A), @ € [0,7] N Z. Then, as stated after Proposition 2.4 in [19], the number of
eigenvalues of H below A equals the number of zeros of gy on [0, 7).

If X\ = X\ for some 1 < k < r, then {uj(A)}jep is the unique eigenvector of H with
eigenvalue A such that u;(\) = 1. Moreover, (—1)’sgn(P;(\)) = sgn (u;11())) for all
0 <3 <r—1since ay,...,a,_1 are negative, while P,.(\) = 0 since A is an eigenvalue of H.
In conclusion, the number of zeros of g on [0, r) equals the number of zeros of the function
@ on [1,7] defined by linear interpolation from the values @(i) = u;(\), ¢ € [1,7]NZ, which
trivially equals the number of zero of f(*) on [1,7]. O

The above proposition and the observation that any eigenvector of (D) cannot have two
consecutive zeros easily imply the following result.

Corollary 2. Let Ay < Ay < --- < A, be the eigenvalues of 1(D), where D = {a,a +
1,...,b}, r=b—a+1. Given1 <i<r,let f) be an eigenvector of (D) with eigenvalue
Xi. Then fU) is of constant sign on D while for each index i with 2 < i < r there exist
integer numbers

a<y1<y2<---<yi-1<b
such that {9 is alternately nonnegative or negative on the i intervals l[a,y1] N Z, [y1 +
1,y2] N7, [yg + 1,y3] ﬂZ,...,[y,-_1 + 1,b] NZ.

A simple application of the above corollary is the following:

Corollary 3. Let A, B be finite subsets of Z with A C B and A # B and let Aa,Ap be
respectively the principal eigenvalue of IL(A) and I(B). Then Ap < A4.

Proof. Let fa € RA be a principal eigenvector of L(A) and let fa € RB be defined as
fa=1afa. Since L(B)fa(z) = Aafa(z) for all z € A, we get

(fa, L(B) fa)r2(B,u) = Aa(fa, fa)r2(s,p)

and cgnsequently AB < Aa. Note that if Ap = A4 then the above identity would imply
that fa is proportional to fp, in contradiction with Corollary 2. O

We can finally apply the Sturm oscillation theorem in order to show a spectral interlacing
property for couples of Dirichlet operators.

Proposition 11. Given points a < z1 < 22 < -+- < 2z, < b in Z, we define D = [a,b|NZ
and Dy, = D\ {z1,...,2}. If v denotes the principle eigenvalue of 1(Dy), then
o (D)) N[0,7)| <k

Proof. Let A\; < A2 < -+ < A, be the eigenvalues of (D), where r =b—a + 1 > k, and
let f be an eigenvector of (D) with eigenvalue A\;.1. By the above corollary, there exist
integers a < Y1 < y2 < --- < yi < b such that f is alternately nonnegative or negative
on the intervals [a,y1] N Z, [y1 + 1,y2] NZ, [y2 + 1,y3] N Z, ..., [yx + 1,b] N Z. Since these
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intervals are k + 1, at least one of them has empty intersection with {z1, 2z2,...,2x}. Let
us write such an interval as [v,w]| NZ, with v,w € Z, and let j € {0,1,...k} be such
that z; < v < w < zj41, where 290 = a — 1, 2341 = b+ 1. Finally, let us consider the
Dirichlet operator I(I), I = (z;,2j+1) N Z, and denote by S its principal eigenvalue and
by g a related eigenvector. Since L(Dy)§ = 3§ where § € RP* is defined as § = glj, it
must be v < 8. In particular, the assertion follows if we prove that 8 < Agy1. Due to
the variational characterization of 3, in order to prove that 8 < Agy; it is enough to show
that

(haL(I)h)Lz(I,u) < Akt1 Z u(x)fz(x) = Ae+1(h, h)Lz(I,y) (C.1)

v<z<w

where h € R! is defined as h = fIpw]- In fact, it is simple to check that h is not the
zero function, since in this case it should be v = w, f(v) = 0 and f(v — 1) , f(v + 1)
should be both negative or both positive. All this is in contradiction with the identity
L(D)f(v) = Agy1f(v). In order to prove (C.1) we note that the identity there follows
from the definition of h. To prove the inequality we observe that I(I)h(z) = Agy1h(z) if
v < x < w while

L(DA(v) = wy (f(v) = f(v+1)) = Lf(v) = (1 = wy) (f(v) = flv—1))

where we set f = 0 outside D. Suppose for example that f(v) > 0, then f(v—1) <0
because of the initial discussion. In particular, f(v) (f(v) — f(v — 1)) > 0 and therefore

h()L(Dh(v) < F(0)LF () = Xes1F(0).

The same conclusion holds if f(v) < 0 and if we replace v with w, thus proving (C.1).
Finally, we note that if 3 = A\;,; then due to (C.1) and the variational characterization
of 3 it should be
(ha L(I)h)L2 (Iu) — ﬁ(ha h)LZ(I,p)'

It is simple to check that the above identity would imply that g = ch on I for some non
zero constant c. Since by Corollary 2 g cannot vanish this would imply that z; +1 = v and
zj+1 —1 = w. Moreover, the identities L(I)g(v) = Bg(v), L(D)f(v) = Xgy1f(v) = Bf(v)
and g = c¢f on I would imply that f(v) = f(v—1) in contradiction with the property that
f(v) and f(v —1) cannot have the same sign. This shows that 8 < Agy1, thus concluding
the proof. O
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