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FLUCTUATIONS UNDER A STABLE CATALYST 1

ABSTRACT. We consider the behaviour of a continuous super-Brownian
motion catalysed by a random medium with infinite overall density un-
der the hydrodynamic scaling of mass, time, and space. We show that, in
supercritical dimensions, the scaled process converges to a macroscopic
heat flow, and the appropriately rescaled random fluctuations around
this macroscopic flow are asymptotically bounded, in the sense of log-
Laplace transforms, by generalised stable Ornstein-Uhlenbeck processes.
The most interesting new effect we observe is the occurrence of an index-
jump from a ‘Gaussian’ situation to stable fluctuations of index 1 + +,
where v € (0,1) is an index associated to the medium.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Motivation and background. In order to describe the long-term behaviour
of infinite interacting spatial particle systems with mass preservation on average,
limit theorems under mass-time-space rescaling are an established tool. A typical
feature that can be captured by this means is the clumping behaviour of spatial
branching processes in low dimensions: In some models, for a critical scaling one
can observe convergence to a nontrivial field of isolated mass clumps. The spatial
contraction allows to get hold of large mass clumps in remote locations, and the
index of mass-rescaling serves as a measure of the strength of the clumping effect,
quantifying the degree of intermittency. In some of these results a macroscopic
time dependence can be retained, giving insight in the long-time developments of
the clumps. For a recent result in this direction, see Dawson et al. [DFMO02].

In higher dimensions one does not expect to observe clumping under mass-time-
space rescaling, but convergence to a non-random mass flow, the hydrodynamic
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limit. In this case one can hope to get a deeper understanding from the investi-
gation of fluctuations around this limit. Such fluctuations were studied by Holley
and Stroock [HS78] and Dawson [Daw78|, and their results were later refined and
extended, e.g. by Dittrich [Dit87]. There is also a large body of literature on hy-
drodynamic limits of interacting particle systems, see e.g. [DMP91, KL99, Spo91].
Our main motivation behind this paper is to investigate the possible effects on
fluctuations around the hydrodynamic limit if the original process is influenced by
a random medium, which in our model acts as a catalyst for the local branching
rates.

In Dawson et al. [DFG89), fluctuations under mass-time-space rescaling were de-
rived for a class of spatial infinite branching particle systems in R? (with symmetric
a-stable motion and (1 + §)-branching) in supercritical dimensions in a random
medium with finite overall density. This leads to generalized Ornstein-Uhlenbeck
processes which are the same as for the model in the constant (averaged) medium.
In other words, for the log-Laplace equation the governing effect is homogenization:
After rescaling, the equation approximates an equation with homogeneous branch-
ing rate, the medium is simply averaged out. The nature of the fluctuations for the
case of a medium with infinite overall density remained unresolved over the years.

The purpose of the present paper is to get progress in this direction. Our main
result shows that a medium with an infinite overall density can have a drastic effect
on the fluctuation behaviour of the model under critical rescaling in supercritical
dimensions, and homogenization is no longer the effect governing the macroscopic
behaviour. In fact, despite the infinite overall density of the medium, we still have
a law of large numbers under a certain mass-time-space rescaling. But under this
scaling, the variances (given the medium) blow up, and the related fluctuations do
not obey a central limit theorem. However, fluctuations can be described to some
degree by a stable process.

To be more precise, we start with a branching system with finite variance given
the medium, considered as a branching process with a random law, where this
randomness of the laws comes from the randomness of the medium (quenched ap-
proach). Under a mass-time-space rescaling, the random laws of the fluctuations
are asymptotically bounded from above and below by the laws of constant multi-
ples of a generalized Ornstein-Uhlenbeck process with infinite variance. Here the
ordering of random laws is defined in terms of the random Laplace transforms. The
generalized Ornstein-Uhlenbeck process is the same as the fluctuation limit of a
super-Brownian motion with infinite variance branching in the case of a constant
medium. In fact, the branching mechanism is (1 + )-branching, where v € (0,1)
is the index of the medium. Altogether, the present result is a big step towards an
affirmative answer to the old open problem of understanding fluctuations in the case
of a random medium with infinite overall density. It also leads to random medium
effects which are in line with experiences concerning the clumping behaviour in
subcritical dimensions as in [DFMO02].

1.2. Preliminaries: notation. For A € R, introduce the reference function
(1) oa(z) == el for z € RY

For f:R% — R, set

(2) [fIx = 1If/éallso
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where || - ||« refers to the supremum norm. Denote by Cy the separable Banach
space of all continuous functions f : R? — R such that |f|y is finite and that
f(x)/éa(x) has a finite limit as |z| — oco. Introduce the space

(3) Coxp = Coxp(R?) == | J Ca

A>0

of (at least) exponentially decreasing continuous test functions on R?. An index +
as in Ry or C;;p refers to the corresponding non-negative members.

Let M = M(R?) denote the set of all (non-negative) Radon measures p on R?
and dg a complete metric on M which induces the vague topology. Introduce the
space Miem = Miem(R?) of all measures p in M such that (u, @) := Jdp o <

oo, for all A > 0. We topologize this set Moy of tempered measures by the metric

@) diem(pv) = do(u,v) + > 27" (lp = vliyn A1) for p,v € Micm.

n=1
Here |p — vy is an abbreviation for |(u, ¢x) — (v, ¢r)|. Note that Miem is a
Polish space (that is, (Mtem , dtem) is & complete separable metric space), and that
W — o in Mo if and only if

(5) {tn > ) . (1, 0)  for ¢ € Cexp-

Probability measures will be denoted as P, P, P, whereas E,E, £ and Var, Var, Var
refer to the corresponding expectation and variance symbols.

Let p denote the standard heat kernel in R? given by
(6) . —d/2 _ ﬁ d

pe(xz) = (27t) exp{ " ] for t >0, z € R

Write W = (W, (Ft)t>0, Pa, € R?) for the corresponding (standard) Brownian
motion in R? with natural filtration, and S = {S; : ¢ > 0} for the related semigroup.
Quantities depending on time ¢, as p;, Sy or solutions u(t, ), are formally set to 0
ift <0.

Let ¢ denote the Lebesgue measure on RY. Write B(x,r) for the closed ball
around z € R? with radius » > 0. In this paper, G denotes the Gamma function.

With ¢ = ¢(q) we always denote a positive constant which (in the present case)
might depend on a quantity ¢ and might also change from place to place. Moreover,
an index on ¢ as ¢(x) or cx will indicate that this constant first occurred in formula
line (#) or (for instance) Lemma #, respectively. We apply the same labelling rules
also to parameters like A and k.

1.3. Modelling of catalyst and reactant. Of course, there is some freedom in
choosing the model we want to work with. To avoid unnecessary limit procedures,
we work on R? and with continuous-state branching as the branching system,
namely with continuous super-Brownian motion, which is a spatial version of Feller’s
branching diffusion. The branching rate of an intrinsic ‘particle’ varies in space and
in fact is selected from a random field to be specified. In this context, it is convenient
to speak also of the random field as the catalyst, and of the branching system given
the random medium as the reactant.

First we want to specify the catalyst. In our context, a very natural way is to
start from a stable random measure T' on R? with index v € (0,1) determined by
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its log-Laplace functional

(7) —logEexp (', —p) = /dz ¢7(z) for peCl,.

(The letter P always stands for the law of the catalyst, whereas P is reserved
for the law of the reactant given the catalyst.) See, for instance, [DF92, Lemma
4.8] for background concerning T'. Clearly, T' is a spatially homogeneous random
measure with independent increments and infinite expectation. I' has a simple
scaling property,

(8) T'(kdz) £ kY T(dz) for k>0,

where £ refers to equality in law. However, I" is a purely atomic measure, hence, its
atoms cannot be hit by a Brownian path or a super-Brownian motion in dimensions
d > 2. Thus, I' cannot serve directly as a catalyst for a non-degenerate reaction
model based on Brownian particles in higher dimensions. Therefore we look at the
density function after smearing out I' by the (non-normalized) function ¥;, where
’197« = 1B(0,7‘)7 r > 0, that iS,

9) r'(z) = /I‘(dz) V1(z —2) for x € RY

In the sequel, the unbounded function I'! with infinite overall density will play the
role of the random medium: It will act as a catalyst that determines the spatially
varying branching rate of the reactant. Once again, smoothing is needed, since
otherwise the medium will not be hit by an intrinsic Brownian reactant particle.
In our proofs, the independence and scaling properties of I' will be advantageous,
though one would expect analogous results to hold for quite general random media
with infinite overall density.

Consider now the continuous super-Brownian motion X = X[['!] in R, d > 1,
with random catalyst T''. More precisely, for almost all samples T'', this is a
continuous time-homogeneous Markov process X = X[[''] = (X, Py, g € Miem)
with log-Laplace transition functional

(10) - IOg ]E}Lexp <Xt ’ _<P> = <,ua U(t, ' )> for (Z8S C(:;pa pne Mtemv

where u = ufp,T'l] = {u(t,x) >0,z € Rd} is the unique mild non-negative
solution of the reaction diffusion equation

(11) %u(t,a:) = IAu(t,z) — oT (z)u?(t,x) for t>0, z € R,

with initial condition «(0, -) = ¢. Here ¢ > 0 is an additional parameter (for scal-
ing purposes). For background on super-Brownian motion we recommend [Daw93],
[Eth00], or [Per02], and for a survey on catalytic super-Brownian motion, see e.g.
[DF02] or [Kle00].

From Dawson and Fleischmann [DF83, DF85| the following dichotomy concern-
ing the long-term behaviour of X is basically known (although there the phase
space is Z? and the processes are in discrete time): Starting from the Lebesgue
measure Xg = ¢, the process X dies locally in law as ¢ T oo if d < 2/ (recall that
0 < 7 < 1 is the index of the random medium I'!), whereas in all higher dimensions
one has persistent convergence in law to a non-trivial limit state denoted by X .
From now on, we restrict our attention to (supercritical) dimensions d > 2/+.

We are interested in the large scale behaviour of X.
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1.4. Main results of the paper. Introduce the scaled processes X*, k > 0,
defined by

(12) XK(B) := k™4 X2, (kB) for t >0, B C R? Borel.

This hydrodynamic rescaling leaves the underlying Brownian motions invariant (in
law), and the expectation of the scaled process is the heat flow:

(13) E, X = Syu* for Xo=p € Miem-
In particular, if X is started with the Lebesgue measure ¢, the expectation is
preserved in time. We also define the critical scaling index

yd — 2

14 . = > 0.
(14) g 1+~

Theorem 1 (Refined law of large numbers). Suppose d > 2/v. Start X with
k—dependent initial states Xog = pg € Miem such that Xé“ =1t € Miem for k> 0.
If 2 €0, ), then

(15) k(X[ — Sip) kT:>oo 0 in EP,, —law.

The refined law of large numbers is actually a by-product of the proofs of our
main result, as will be explained immediately after Proposition 14.

In contrast to [DFG89], in the present paper we use Laplace transforms instead
of Fourier transforms although fluctuations we are interested in are signed objects.
This is possible since these fluctuations themselves are deviations from non-negative
X%, and related stable limiting quantities have skewness parameter 3 = —1, for
which Laplace transforms are meaningful.

For z € R? we put

(16)

(@) log* (|z|71) if d =4,
en(z) =
|4 if d>5,

and for p € Mem, and A > 0,

(17) Eny (1) = /mda:) NG /mdy) o (1) en(z — ).
Note that Eny(6,) = oo if d > 3.

Theorem 2 (Asymptotic fluctuations). Suppose d > 2/~. Start X with k-
dependent initial states Xo = pr € Myiem Such that Xé“ = u € Miem for k> 0.
In the case d > 3, suppose additionally that p is a measure of finite energy in
the sense that Eny(p) < oo for all A > 0. If s = s, then there exists constants
¢ > ¢ >0 such that for any ¢1,...,0n € C;;p and 0 =1ty <t; <---<t,, in
P—probability,

n

lim sup E#kexp[z k(X — S, p, _‘Pi>}

k—oo i—1

< exp [@ <u,i/:ldr ST((istjr%)lﬂ)ﬂ

(18)
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and

lim inf Eukexp[g R(XE = Sum, —)]

> exp [g <u,§/;dr ST((JX;S%—T‘”)M)H'

Explicit values of ¢ and ¢ are given in (62) and (144), respectively.

(19)

Remark 3 (Generalized Ornstein-Uhlenbeck process). The right-hand sides
of (18) and (19) are the Laplace transforms of the finite-dimensional distributions
of different multiples of a process Y taking values in the Schwartz space of tempered
distributions. This process Y can be called a generalized Ornstein- Uhlenbeck process
as it solves the generalized Langevin equation,

(20) dY, = LAYidt+dz, for t >0, Yy =0,

where dZ;/dt is a (1 + vy)-stable noise, i.e. Z is the process with independent

increments with values in the Schwartz space such that, for 0 < s <t¢ and ¢ € c;(p,

t
(21) Ee{Zi=Zs¢) — exp[/ dr <Sru,<p1+'y>}.

Y is described in detail in [DFG89, Section 4|, where it appeared as the hydrody-
namic fluctuation limit process corresponding to super-Brownian motion with finite
mean branching rate, but with infinite variance (1 + 7)-branching. Recall that the
Markov process Y has log-Laplace transition functional

(22) - ]'OgE {exp <§ft ; _SD> | YO} = <YO7 StQO> + </1‘7 U(t7 : )> for wE C:)_(pa
where v = v[p] = {v(t,z): t >0, z € R?} solves
9 1
—u(t,z) = LAu(t,z) + (Se)' 7 (z
o Cofte) = HAu(ta) + (S9)' " (@)
with initial condition v(0, -) = 0.
In particular, in our limit procedure the finite variance property of the original

process given the medium is lost and, by a subtle averaging effect, an index jump
of size 1 — v > 0 occurs. 1

Remark 4 (Ordering). The stochastic ordering of the random laws in our
asymptotic bounds in (18) and (19) is well-known in queueing and risk theory,
see [MS02] for background. <&

Remark 5 (Existence of a fluctuation limit). Theorem 2 leaves open, whether
a fluctuation limit exists in P—probability and whether it is a generalised Ornstein-
Uhlenbeck process as described above. &

Remark 6 (Variance considerations). In the case px = ¢, for ¢ € Cexp, the
P-random variance

(24) Vary [K*(X{ — S, 0)] = k7 Varg (X[, ¢)

k%t
gk /O ds /da: I (@) [Spersip (1)) (2)
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equals (by scaling) approximately

t
(25) 2gk2}‘*2d+2+d/7/ ds /I‘(dz) [Ss¢]?(2) as kT oo.
0

Hence, for s satisfying
(26) 0 < s < st = W

implying v € (3,1) and d > 2v/(2y — 1), the random variances (24) converge to
zero as k T oo, yielding the refined law of large numbers (15), whereas for s > sy,
these variances explode. Note that styay < 5, since (y—1)(d—27) < 0. Therefore
a quenched variance consideration as in (24) can only imply statement (15) in the
restricted case (26). Of course, annealed variances are infinite already for fixed k,
which follows from (24). &

1.5. Heuristics, concept of proof, and outline. For this discussion we first
focus on the case n = 1 in Theorem 2. From (10), (11), and scaling,

(27) logE,,, exp [—k”(th — Seu, goﬂ = <u,k”Stg0 — u(t, )>,

where uy solves the (scaled) equation

8 _
(28) rus(te) = JAu(t,e) — K0 T (ke) i (t, @)

with initial condition ug(0, -) = k*ep.

Since v(t, z) := k*Syp (z) is the solution of
9
(29) Ev(t,a:) = $Av(t,z) with initial condition v(0, -) = k¥,
we see that fi(¢, ) :== k*Syp (x) — up(t, z) solves

(30) %fk(t,m) = %Afk(t,x) + k274 o T (k) [k”Sttp(a:) - fk(t,a:ﬂ2

with initial condition fx(0, -) = 0.

Consider now the critical scaling > = s,. By our claims in Theorem 2, f
should be asymptotically bounded in P-law by solutions v of

(31) %v(t,x) = %Av(t,a:) + ¢(Si) T (2)

for different values of ¢. Consequently, in a sense, we have to justify the transition
from equation (30) to the log-Laplace equation (31) corresponding to the limiting
fluctuations, recall (23). Here the z +— I''(kz) entering into equation (30) are ran-
dom homogeneous fields with infinite overall density, and the solutions f; depend
on I''. But the most fascinating fact here seems to be the index jump from 2 to
147, which occurs when passing from (30) to (31). Unfortunately, we are unable to
explain this from an individual ergodic theorem acting on the (ergodic) underlying
random measure I'.

We take another route. For the heuristic exposition, we simplify as follows. First
of all, we restrict our attention to the case ¢(z) = 6 corresponding to total mass
process fluctuations. Clearly, we have the domination

(32) 0 < up(t,z) < k™6.
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Replacing one of the uy(t,x) factors in the non-linear term of (28) by k*Si¢ (z) =
k> 6, and denoting the solution to the new equation with the same initial condition
by wyg, then u; > wy, and we can explicitly calculate wy by the Feynman-Kac
formula,

t
(33) wilt,z) = k*0&, exp[—kQ—d/ ds o T (kW) k* 9].
0

For the upper bound (18), we may work with wy, instead of uy. It suffices to show
that (u, k*Sip — w(t,-)) converges to (u,v) in L?(P), where v is the solution to
(31) with constant ¢ = ¢. We therefore show that the P—expectations converge,
and the P—variances go to 0. In this heuristics we concentrate on the convergence
of E—expectations only, and we simplify by assuming pu = 0, (although formally
excluded in the theorem by (17) if d > 3). We then have to show that

t
(34) Ek* 0 &, (1 - exp{ — gt 9/ ds gI‘l(kWS)D e tehtt,

0 o0
By definition (9) of I'" and (7) of T, the left hand side of (34) can be rewritten as

t
E*0E, <1 — Eexp[ - /F(dz) fp2 e 99/ ds 01 (kW — z)D
0

t
= k*0E, <1 — exp |:_k(2—d+%)’>’+d (QH)V/dz (A ds 1B(z,%) (WS))’Y] ) .

We may additionally introduce the indicator 1{;<¢ where 7 = 77/, [W] denotes
the first hitting time of the ball B(z,1/k) by the path W starting from x, and we
continue with

t
= k*0&, (1 — exp {—k@d*"”*d (06) /dz lir<ty (/0 ds 1B(Z,;1c)(Ws))’Y] >

Now we look at the &,—expectation of the exponent term. As the probability
of hitting the small ball B(z,1/k) is of order k*~¢, and the time spent after-
wards in the ball is of order k~2, the expectation of the exponent term is of order
E(=d+2)7+2 — p=* converging to zero as k | co. Heuristically this justifies the
use of the approximation 1 —e™® =~ x. Note that then the leading factor k* is
cancelled, and we arrive at a constant multiple of 177,

According to this simplified calculation, the index jump has its origin in an
averaging of exponential functionals of T" [as in (7)], generating a transition from
f to 67. Note that the smallness of the exponent is largely due to the presence
of the indicator of {7 < ¢}. This fact is also behind our estimates of variances in
Section 3.3.

We recall that the simplification uj ~ wy which we used in the upper bound
is basically a linearization of the problem, that is we pass from the non-linear
log-Laplace equation (28) to the linear equation

(35)

0
(36) &wk(tax) = %Awk(t,x) — B o (k2) k* 0wy (t, x)

with initial condition wug(0, -) = k*6.
In the case of a catalyst with finite expectation as in [DFG89], this linearization

was a key step for deriving the limiting fluctuations. The difference between wuy
and wy was asymptotically negligible. But in the present model of a catalyst of
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infinite overall density, this is no longer the case. In fact, up(t,z) — wi(t,z) does
not converge to 0 in P—probability. Therefore, our upper bound is not sharp.

For the lower bound, we replace u% in (28) by w,% , and denoting the solution to
the new equation with the same initial condition by my . Then

t
k70 —up(t,x) > k70 —my(t,x) = kz_dgé'w/ds THEW,) wi(t — s, Ws).
0

Inserting for wy, the Feynman-Kac representation (33) we arrive at an explicit ex-
pression. Similarly as above, we then show that <u, k* Sy — my(t, )> converges to
{u,v) in L?(P), where v is the solution to (31) with constant ¢ = c.

The structure of the remaining paper is as follows. After some basic preparations,
in Section 3 we concentrate on the upper bound, whereas the lower bound follows
in Section 4.

2. PREPARATION: SOME BASIC ESTIMATES
In this section we provide some simple but useful tools for the main body of the

proof. For basic facts on Brownian motion, see, for instance, [RY91] or [KS91].

2.1. Simple estimates for the Brownian semigroup. We frequently use the
argument (based on the triangle inequality) that, for » > 0 and s > 0, there exists
c(37) = ¢(37)(n, s) such that for all x,

(37) / dy do(0) ez — ) < 6y(a) /dy eV p(x — ) = egam dule).

For a while, let ¢ > 0 and ¢ € Cf . Recall that (s,z) — Ss¢ (z) is uniformly

exp *
continuous, hence for any € > 0 one may choose § > 0 such that, for r, s € [0,¢] and
x,y € R?,

(38) |Srp (2) = Ssp (y)| < e if Jr—s[ <94, |z —y| <4
For convenience we expose the following simple fact.

Lemma 7 (Brownian semigroup estimate). There is a A7 = A7 (t,) >0 and
a constant c; = c7(t,p) such that, for every x € R?,

(39) d(z) == sup sup Sep(y) < 7o (a).
0<s<t yeB(z,1)

Note that in all dimensions, for each A > 0,

(40) sup /dz oa(2) |z —z|>7¢ < oo

zER

In fact, on the unit ball B(z,1), use that [, _ dz[z[*~? < oo, and outside this

lz|<1
ball, exploit |z — z[>~¢ < 1.
We continue with the following observation.

Lemma 8. Let d > 5. Then, for some constant cg and all z,y € R?,

(41) /dz lz =22z —y|>? = )z —y[*? = g en(z —y).
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Proof. Clearly, using the definition of the Green function as an integral of the
transition densities,

(42) /dz |z — x> |z —y|*¢ = c/dz/ ds ps(z—x)/ dt pi(z —y).
0 0

Interchanging integrations, using Chapman-Kolmogorov, substituting, and inter-
changing again gives

(43) = c/ dt tpi(z —y) = c|x—y|4*d/ dt tpe(e)
0 0

with ¢ any point on the unit sphere. The latter integral is finite since d > 4,
finishing the proof. O

In dimension four, the situation is slightly more involved.

Lemma 9. Let d =4 and A > 0. Then, for some constant cg = cg(A) and all
z,y € RY,

(44) /dz ()2 — 22|z — gy < eo [1+log (Jz — 7).

Proof. If |z —y| > 2, then the left hand side of (44) is bounded in z,y. In fact,
for z in a unit sphere around a singularity, say x, we use |z —y| > 1 and (40).
Outside both unit spheres, the integrand is bounded by ¢, .

Now suppose |z —y| < 2. We may also assume that x # y. As in the proof of
Lemma 8, the left hand side of (44) leads to the integral

(45) /dS/ dt/dZ¢A )ps(z — ) pe(z — y).

First we additionally restrict the integrals to s, < |v — y|~!. In this case, we
drop ¢x(z), use Chapman-Kolmogorov, substitute, and interchange the order of
integration to get the bound

2|z—y| ! 2|o—y| 73
(46) / dt tpe(z—y) < / dt tpi(t) < c [1+1log (jz -y )]
0 0

To see the last step, split the integral at ¢ = 1. To finish the proof, by symmetry
in x,y, it suffices to consider

(47) [Tas [ faz on@nc - omt - ).
0 le—y[~
Now, by a substitution,
(48) / dt pi(z —y) < Iz—yI‘z/ dt ct™2 = cle—y| < 2c
|z—y|~t le—y|=tz—y|=2

Plugging (48) into (47) and using the Green’s function again gives the bound

(49) ¢ sup /dz oa(z) ]z — x|72,

TzER?

which is finite by (40). O
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2.2. Brownian hitting and occupation time estimates. Further key tools
are the asymptotics of the hitting times of small balls. Recall that 7 = 77, [W]
denotes the first hitting time of the closed ball B(z,1/k) by the Brownian motion
W started in z. The following results are taken from [LG86], see formula (0a) and
Lemma 2.1 there.

Lemma 10 (Hitting time asymptotics and bounds). Suppose d > 3. Then
the following results hold.
(a) There is a constant c(spy, which depends only on the dimension d, such
that
(50) Pu(r < 00) < eioyk® |z —a)* ¢ for z,2 € R%

(b) There are constants c(s1) and A1y > 0, depending on d and t > 0, such
that for z,z € R?,

(51) E2P(r<t) < e[z — x>+ 1] exp[—A@1)lz — z[?].
(¢) The following convergence holds uniformly whenever |x — z| is bounded
from zero,
t
(52) %le K2 PL(r <t) = cso) / ds ps(z —x) for z # x,
00 0

. (d=2)m?/2 ; ;
where ¢(52) = “Grim (and G is the Gamma function).

(d) Finally, writing T = le/k[W] for i = 1,2, there are constants c(s3) and
As3) > 0, depending on d and t, such that for =,z € R4,

Po(m1 < 72 < k?t)
(53) < okt (|e— @)K 1) exp| = Ay (21— @) /]|
X (}(zz — )k 1) exp[ — As3)| (22 — zl)/kﬂ.
The following lemmas are all consequences of Lemma 10.

Lemma 11. Let d > 3. Fiz ¢ €CL, n>0, and t > 0. Then there are constants

exp
c11 and A1y such that for x,z € R,

t n
Ewap(Wt)l{TSt}(kg/ ds O, (kW — kz))
0
(54) < clle_d@\?(z) [|z — x|2_d + l] exp[—)\11|z — x|2}

Proof. Initially, let ¢ be any non-negative function. Using the strong Markov prop-
erty at time 7,

Exp(Wh) Lirany (kQ /0 s 91 (kW — kz))"
(55) = & o(Wi) 1<y 5w{(k2/0tds 91 (KW, — kz))" ‘ FT}

= r‘p(Wt) l{‘rgt}g(Ta W‘r);
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where
t—r n
(56) o) = &,(k2 / ds 0y (KW, — k2))
0

for 0 <r <t and y € 9B(z,1/k). But,

(57)  glry) < Sy(/ooods 91 (kW2 — kz))" - 5ky(/0 ds 9, (W, — kz)) .

Note that the right hand side is independent of k,z,y (in the considered range
of y), and finite since in d > 3 all such moments are finite. Consequently, there
is a constant ¢ such that g(r,y) < c. If now ¢ € CL_, by the strong Markov
property at time T,

(58) EapWy) 1ipany = Exlirany Ew, o(Wir) < Pol(r < 1) das(2),

using (39) in the second step. By (51),

(59) Pt <t) < c(5l)k2_d[|z — x|2_d + 1} exp[—)\(51)|z — a:|2]

The result follows by combining (58) and (59). O

Lemma 12. Let d > 3. Fixn >0, p € CL,
c12 such that

t
(a) & (kQ/ ds 91 (kW — kz))" < ek z — a2,
0
for all z,z € R and k > 1.
t
n
(b) / dz Exo(Wi)lir<y (k2 / ds 91 (KW, — kz)) < ek iy, (2),
0
for all x € R and k > 1.

Proof. The proof of (a) follows from (55) for ¢ = 1 and (50), the proof of (b) by
integrating (54) and applying (37). O

exp

exps and t > 0. Then there is a constant

3. UPPER BOUND: PROOF OF (18)

3.1. Anderson model with stable random potential. As motivated in Sec-
tion 1.5, we look at the mild solution to the linear equation

(60) gwk(t, x) = %Awk(t, z) — k24 oD (k) K Sy (z) wy (t, x)

with initial condition wg(0, <) = k*¢

This is an Anderson model with the time-dependent scaled stable random potential
—k2=1 oY (k) k* S (x). We study its fluctuation behaviour around the heat flow:

Proposition 13 (Limiting fluctuations of wy ). Under the assumptions of The-

orem 2, if 3 = 3., then for any ¢ € Cexp and t > 0, in P—probability,

E<,u, /0th Sr((St—rSO)1+7)>7

where the constant ¢ =¢(y, o) is given by

62 ¢ = g DT T2 ([ ds v
( ) c: o d/2 S 1 )

where 1 is any point on the unit sphere of Rd.

(61) (1, k*Spp — wie(t, ) —

kToo
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To see how the case n = 1 of (18) follows from Proposition 13, we fix a sample T.
For ¢ € Ct_, we use the abbreviation

exp
(63) or(x) = @(x/k) for k>0, xR
Formulas (10) and (12) give
log B, exp [k"(<Xt’“7 =) = (Sen, —s0>)}
(64) = logE,, eXPBXk% k7o) + K (Sep, ‘P>}

= - <M/€7 vk(k2t)> + k*(Seps 0) = (n, K”*Sip) — <M]I: J ke vk(k2t7 k- )>7
with vy, the mild solution to (11) with initial condition vy (0) = k* %y, . Setting
(65) up(t,z) = kbop(k*, kx) for t >0, x e RY,

ug solves

66)  un(t,z) = K*Syp(x) — kQ_dg/O ds S, (T (k)2 (t — 5, ) (x).

Recall that this can be rewritten in Feynman-Kac form as
k* S (x) — ug(t, x)

(@7 = E*Ep(W)) <1 ~ exp| - deg/tds T (W) ug(t — s, WS)D.
0

Using ug(t — s, W) < k*S;_sp (Ws) in (67), and the Feynman-Kac representation
t
68)  wi(t,z) = k*Enp(Wr) exp[ ey / ds TY (kW) k*Ss—s (Ws)},
0
we arrive at

(69) 0 < k*Sip () —ur(t,z) < k*Sip(z) —wi(t, x).

Hence, the case n =1 of (18) follows from Proposition 13.
Proposition 13 is proved in two steps: In Section 3.2 we show that the expecta-
tions converge, and in Section 3.3 that the variances vanish asymptotically.

3.2. Convergence of expectations.

Proposition 14 (Convergence of expectations). Let » = 3. There exists a
A14 > 0 such that for every € > 0 there is a k14 = k14(g) > 0 with

10 [E(=Sie @) —wn(t.) = © [ 4 8,510 @)] < 2o (@)

for x € RY, k> kyy, where T is as in (62).

Theorem 1 immediately follows from this proposition. Indeed, turning back to
the situation s < 3¢, note from (64) (which holds for general s) that

(71) log IEukexp[k"(Xt”C — Sy, —g0>] = <u, kS — ug(t, )> > 0.
It suffices to show that the right hand side converges to zero in L!(P). Using (69),
(72) Eu, k*Sip —ui(t, ) < k% E{u, k*Spp — wilt, -)),
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where wy, from (68) is defined using the critical index s¢. . By Proposition 14, which
does not require the finiteness of the energy, the expectation on the right remains
bounded, implying the statement.

The rest of this section is devoted to the proof of this proposition. Recall that
» equals s, which is defined in (14). The proof is prepared by six lemmas. In all
these lemmas, 7 = le/k[W] denotes the first hitting time of the ball B(y,1/k) by

the Brownian motion W, and m, the law of le/k[W] if W is started in x.

Lemma 15. There exists a constant ci5 > 0 such that

oo

~ ~ v
K2 fdy ot o) (K [ ds 00— 9) 60, ()
M/k?

(73) < 015M7(17d/2)¢w\7(9€) for M >1, k>0, zeR%

Proof. Note that, for any « € 9B(0,1), by Brownian scaling,

£ K2 / ds 01,0 (W) = & [ ds o, (W)
M/k? M
(14) = / ds P (W, < 1) < / dy / ds paly) < ey M2
M lyl<1 M

We now use ¢ < ¢, Jensen’s inequality, (74), (51), and (37), to get

o0

kdiz /dy gI]'TSt SWT(;D(VNVt—T) (k2 /

s D1/ (Ws — ) 2, (0) )|
M/k2

(75) S de_z /dy ¢’y)\7 (y) 590179 gL/k (kz /

M/k2
¢ MY(1=4/2) /dy Gyr (@) [l — 92~ + 1] exp[— |z — [2/16]

15 ]\4'v(1—d/2)¢,7A7 (z).

~ Y
ds ﬁl/k(Ws))

IN

IN

This is the required statement. O

Lemma 16. For every 6 > 0, there exists a constant c16 = ¢16(0) > 0 such that

2

(76) f:m@(wt)[ /dy ( /0 tds 01 (kW — 1) St_sg)(ws))”] < k0%, (2),

for all zeRY and k> 1.
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Proof. Using Brownian scaling in the second, substitution and (39) in the last step,
we estimate,

2

o) fay ( [[as 0w ) si-o 01))
< ||g0||oo//dy1dy2 Ex H /ds D1 (kW — y:) Si—sp (W, ))7

:
Ny s T1( [ s 010 ke S (W)
i=1 /0

k=t H(p||oo//dy1dy2 o ﬁ (/Ok%ds 01 (Ws — i) d(yi/k + x))7~
i=1

To study the double integral, denote by 71, 72 the first hitting times of the balls
B(y1,1) respectively B(ys,1) by the Brownian path W. Pick p > 1 such that
2d+2(2—d)/p <4+, and ¢ such that 1/p+ 1/g = 1. By Holder’s inequality,

N

(77)

IN

2 K2t X
&)H ( ; ds 01 (Ws — i) (;NS(yz/k+a:)) < [Po(m < K2t T < kgt)}l/p
(78) x {50 ﬁ (/Ooods D1 (We — i) b(yi [k + x))w]l/q

i=1

For the second factor on the right hand side we get, using Cauchy-Schwarz, and
the maximum principle to pass from y; to 0,

L‘Oﬁ ( Ooods (W — ) dlys /K + m))vq]uq
) ﬁ<50(/ooods 91 (Vs — ) 8w/ + x>)2”")” B

(79)

IN

s+ 2y st 2) (8 [Tas )"

Recall from Lemma 12(a) that the total occupation times of Brownian motion in
the unit ball in d > 3 have moments of all orders. Hence, the latter expectation is
finite.

By (53) using substitution in the y-variables,

/ dyrdys &7 (y1 /K +2) & (ya/k + 2) [Po(m < k2, 7 < k21)]'""
- o - 1
< 025/5) |2d+2(2-d)/p /dy1 & (1 +$)(|y1|2 d 4 1) /p exp[—|y1|2/(16p)}

X /dyz " (y2 + o) (> + 1)1/,, exp|—|y2|?/(16p)]

(80) < cokt O pon, (2),
using (37) in the last step. Plugging (80) into (77) completes the proof. O
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Lemma 17. For all € > 0 there exists 6 = 6(g) > 0 and ki = ki7(e) > 0, such
that

Y

t—T1
kdiz /dy gx1t75§7§t “:WT(I{:2 / ds ﬁl/k(Ws - y) Stfrfssp (Ws))
0
(81) < epyn, (@)  for k>kyp and x € RY.

Proof. For any §, M > 0 we have,

t—r N N ~
kH/dy 5m1t_5995m(k2 ds ¥y (Wi — 1) St_T_scp(Ws))
0

M/K? _ ~
(200 < K [y o0 () Eliscren (B [ ds 0T — )

0

& ~ ¥
(s2b) K iy 6on ) Bt ([ ds o))

M /K2

We look at (82b) and choose M such that this term is small. Indeed, the inner
expectation in (82b) can be made arbitrarily small (simultaneously for all k and y)
by choice of M. Hence we can use (51) to see that this term can be bounded by
€pya, (), for all sufficiently large k, by choice of M (and independently of ¢).

We look at (82a) and choose § > 0 such that

t

(3) M [ ds [y o )iy =2) < <o)
t—

The term (82a) can be bounded from above by

(84) M2 / dy bno (y) malt — 6, 1).

By (52) there exists A C R? and k7 > 0 such that, for all z —y € A and k > k7,

t t

(85) kd727rw[t—5,t] — 0(52)/ 5dsps(y—x) < 5/ dsps(y — x)
t— 0

and

(86) / dz []2~% + 1] exp[Arlz] — [2P/16] < e.

We can thus bound (84), for all k > kj7 and x € R? by

t

Ay 62, (0) /t ds p(y — @)

MR / 0y Do () ot — 6, < comMT / 5

T+

¢
e fay o) [Cdsptu—o) <207 [ dy o) K010
0 x+A°
By (83) the first term is bounded by €¢.,(x), as is the second term. For the last
term we use the upper bound (51) for k2~%x,[0,¢] and then (86) to see the upper
bound of ¢, (). O
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Lemma 18. For every M > 1 and € > 0, there exists a kig = kig(M,e) > 0 such
that

Y

. M/k? . .
kd=2p7 /dy Exlr<i Ew, (Wi r) (kQ/ dsﬂl/k(Ws —Y)St—r—sp (Ws))
0

M/k? _ ~
- (k2/0 ds 9 /k(Ws — y)SterD(y)) ‘ < epyn (@) for k> ks, w€R.
Proof. Recall that |[a” —b7| < |a —b|7. We use (38) to choose kig > 1/M such that
®7)  [Sep(x) = Ssp(y)| <V if |r—s| < M/Kg, |o—yl < 1/kis.
Hence, for all k > kig and = € R?,

~

- M/K? - -
k=297 /dy Exlr<iEw, p(Wer) (k2/ ds V) (Ws —y)St—7—s (WS))
0

Y

) M/ k? B
— (k A ds ﬁl/k(Ws —Y)Si—r¢ (y))

_ M/k? B
< K20 /dy 5I1TgtSWT¢(Wt_T>(k2 / ds 1 /k(Ws = y)
0
~ ~ Y
X |Sir a0 (W) = 51 (7))

_ M/K? _ ~
< ekd2p7 /dy gm].‘rgth.,.(P(Wt—T)(kQ/ ds 9 /1, (Wi —y)) .
0

To complete the proof use Cauchy-Schwarz, (39), (51), and (37), to get

Y

) e )
K iy e o) (2 [ ds 0y, - 1)
0

< pi? /dy Elret (Ew. PP (Wi )2

< [ew. (12 /0 Y s o )"

B0 < ekt [ay o€t e [ ds o)

880) < e [dy on (o) [lo — oP 0+ 1) expl o — g/ 10]

(88c) < ¢(88¢) Pyaq ().

This gives the required statement. O

Lemma 19. Let M > 1 and ci9 = c19(M) = &, {(fOMds 191(W5))7} for v €
0B(0,1). For every e > 0 there exists a kig = kig(e, M) > 0 such that, for all
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k> kig and x € RY,

kdi2QV /dy Exlrzt (St*TSD (y))'y

% @(Wt,T,M/kz) —c195t-7¢ (y)

/&2

M/K? ~ o
Ew, (k2/ ds ﬁl/k(Ws - y)) EWM
0

< 8%/\7 (x)a

Proof. In a first step we note that, by Brownian scaling,

) M/K? . ~ ~
aw. (8 [ dsouplWe—w) &, oW erigi)
0

M/ k2

M/k? . y ~
= & (kQ / ds 91 k(W2 — y + Wr)) Ew, 4110y PWemr—niy12)-
0
The main contribution to this expectation is coming from those W with Wy < Vk.
Indeed, the remaining part of the integral can be estimated by a constant multiple
of M'Y’PO{WM > \/E}, and we can estimate (with c(gg) depending on M)
k=2 / dy & (Lrst (Serp () ) M Po(Was > V)

(89)

IN

c(zoye "M /dy b W) ||z —yIP ¢+ 1] exp[Ar|z — y| — |z — y|*/16]

ePya: (2),

for sufficiently large values of k, recalling (51) and (37).
In the next step we use (38) to choose k large enough such that

(90) |Srp (w+2) = Ssp ()| <& if [r—s| < M/K?, |2] < 1/VE, |w—y| <1/k.
Using this,

IN

M/K? ~ 5
k2 / dy Elrsi (St (1) Ew. Ly, < (K / ds 01, — 1))
0

x ‘5WT+%WM<P(W15777M/;€2) — 5y<p(Wt_T)
M/k? ~ -
< ekd2 / dy dyr(y) Ealr<e 5W7(k2 / ds ¥ /5 (Ws —y))
0
d—2 > =\
S 6/dy Gyar (WET"Po (T < 1) 50(/ dsﬁl(WS)) ,
0

and the last line is < e ¢5,(z) by (51) and (37).
Now it remains to observe that, by Brownian scaling,

M/K? ~ ~ ~
k=2 /dy Exlr<t (St,ﬂp (y))V EWT(kg/ ds ¥y (Ws — y)) Eyo(Wi_r)
0

1+ M T 7
= ki-2 /dy Exlr<t (Siro () Exw, (/ ds 91 (Ws — y)) '
0

Fory ¢ B(x,1/k) the inner expectation is constant and equals c¢;9. The contribution
coming from y € B(x,1/k) is very easily seen to be bounded by a constant multiple
of k™2¢,, (). This completes the proof. O
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The following lemma is at the heart of our proof of Proposition 14. Recall that
7 denotes the law of 7 =7}, [W] for W starting in a.

Lemma 20 (A hitting time statement). For every € > 0 there exists a kag =
kao(e) > 0 such that

t t

kd72 /dy/ Ww(ds) (St,SQ,O (y))lJFV - 0(52) / ds SS(StfsSD)lJrv(x)
0 0

(91) < ey, (x) for x € R, k> koo.

Proof. Fix ¢ > 0. Recall that (s,y) — Ss¢(y) is uniformly continuous and
bounded, and that there exists R > 0 (dependent on ¢) such that (S5 (y))lJW <

epx,(y) for all 0 < s < ¢, |y| > R. We can therefore choose 0 =ty < --- < ¢, =t
such that, for all t; <r,s <t;41 and y € RY,
1+ 1+
(92) | (Semse @) = (St @) | < cor .
Using (52) we may find koo such that, for all & > ko,

tj+1
(93) }kd* [t; tJJrl]—/ dsps(%y)} < ekt ]
¢

J

forall 0<j<n-—1andall z—y €A, where A C R? is a set with
(94) / dz [|2[*~% + 1] exp[Mr|z] — |2[?/16] < e.
Now we show that for all z € R%, and k > koo,
¢ 1+
v fay / o (ds) (Sep ()
(95) < e / ds (Su(Si-s)*7) (@) + £ 6, (2).

Indeed, using (92) and (93), we can estimate

12 [y [ matas) (5o )
n—1
k2 /dy > [(SHM )"+ €¢A7(y)] Taltys tj]

<
=0
(96a) < /dyz (Se—t;0 W) + edrs (y )} /t_mdsps(x,y)
(96Db) + E/dyz [(St—tjw(y))lﬂ +EPa, (y)} k42w, [t ]

(96¢) + / dyz [ (Se—t,0 (y +5¢>\7( )} k2t )
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We give estimates for the two final summands, the error terms. The term (96b)
can be estimated, using (51), by

n—1
e [n 3" [(Siotyio )+ o, Kt tya] < 22 [y o, (R P8
j=0

< 2e ¢ /dy Ox: W) [lz =y~ + 1] exp[ — o — yI*/16]
(97) < econ)Pa (@)
The error term (96¢) can be estimated as follows,
n—1 -
/ A dy Z |:(St7tj§0 (y)) ! + E(b)w (y):| kd72ﬂ-w [tj7tj+1]
T+A° =0

< e / dy n, )l — yl* ! 1] expl [z~ of?/16]
T+AC

(98) < c(98) Das (x)/ .\ dy [|x — y|27d + 1] exp[)\7|x —yl— |z — y|2/16},
x4+ A

and the integral is smaller than ¢ by (94). For the first summand, the main
term (96a), we argue that

(99) /dyZ[ St ;¢ +E<Z5>\7( )} /ttjﬂdsps(x,y)

J

< /dy / ds [(So—vp (1) + 22 b3, ()] (2, )

IN

/ 05 S, ((Syvp (2)177) + 2 /dy b2 () / ds pa(x, ).

0

The last summand is again bounded by a constant multiple of ¢y, (x). Hence we
have verified (95) and by the analogous argument one can see that, for all k > kog
and x € R?,

k™ 2/dy/ wz(ds)(St s (y) 1+’Y Z C(52) / dS Ss(Si— s‘P) )(x) — £ P, ().
This completes the proof. O
Proof of Proposition 14. Recall from (68) that
E(k”Stgo (z) — wg(t, m))
t
(100) = k¥ Esw@(wt)<1 - exp[ - kHﬂg/ ds TY(EW,) Sy_s (WS)D.
0
We use (7) to evaluate the expectation with respect to the medium.
t
(101) ke, 13) (1 - exp ~ 145 [[as T v 5o (1))
0
= k%gI(p(Wt)

x (1 - eXp[ — ke gy /dy(/otds V1 (kWs —y) St—s¢p (Ws)ﬂ)
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We now compare (101) to

t ¥
(109 KWk g7 [ay( [ dson(eW. — ) S (W)
0
Clearly,
(103) x—122 < 1—e® < z for z>0.

By the second inequality, the term (102) is always an upper bound for (101). On
the other hand, by the first inequality and Lemma 16, the difference is bounded
from above by a constant multiple of

P4 2(24sc—d) ! Uk
K Eap(Wo)k 7[/@(/ ds D1 (KW, — ) St (W) |
0

< CIGk%+2(2+%7d)y+474v+6 ¢7>\7 (x)

(104)

Note that the exponent is negative iff dy > 2 + §[1 + ~], hence choosing § > 0
sufficiently small justifies the approximation of (101) by (102).
Recall that T = Tiy/k[W] denotes the first hitting time of the ball B(y,1/k) by

our Brownian motion W started in z. Now note that (102) equals

N t—T1 ~ ~ v
(105) kdi?@V /dy Exlr<t Ew, p(Wi—7) (k2 ds 191/1~c(VVS —Y) St—r—sp (WS)) )
0
where the strong Markov property was used and the value for s was plugged in.
By Lemma 15 we may choose (and henceforth fix) a value M > 1 such that con-
tributions to the innermost integral coming from s > M/k?, can be bounded by
epy. (x), and additionally that

(106) 5;(/000 dsq?l(VVs))v—&(/OM dsq?l(vifs))7 < e

Moreover, by Lemma 17, if k£ > k17, the contribution to (105) coming from ¢ — ¢ <
7 < t can be made smaller than e¢,,(z) by choice of 6 > 0, which we also assume
fixed from now on.

We let

(107) k(107) = M/(S

and note that t — 7 > M/k?® whenever t — 0 > 7 and k > k(jo7). Now let kyy :=
k‘17 \Y klg \ klg \ kzo V k(107). It remains to show that

d—2 = 2 MK = =\
k=20 /dy 511T§t5WT<p(Wt_T)(k / ds 0, (W, —y)St_T_sgo(Ws))
0

t
— E/ dr S (Si_, ) ()| < EPya,(z)  for k> ki, z € RY.
0

This will be done in three steps by the triangle inequality. The steps are prepared
in Lemmas 18 to 20.
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In the first step note that by Lemma 18 we have, for all k > k4 and = € R,

Y

- M/ . .
K20 fay e o) |(8 [ dsoup(IW = S (7))
0

M/K? _ oy
o) = (2 [ dsnnT - psie )| < oo
0
We may therefore continue, using the Markov property,

5 M/k? } ,
k‘d7297 /dy é}l,-gt 5WT<P(Wt—7-)(k2/ ds ﬁl/k(Ws - y)St_7-<,O (y))
0

M/K?

~ Y
(109) = kdi?éﬂ /dy g$17'§t (Stfr(p (y))V gWT (k2 / ds ﬁl/k(Ws - y))
0

X Ep oW r_na/i2)

M/k2

As a second step, by Lemma 19 we have, for all k£ > k14 and 2 € RY,

kd72Q’Y /dy Exlrct (Stf‘r(p (y))V

M/K? _ N ~
x |Ew, (k2 / ds 91 )p(Ws — Z/)) Eyy e PWimrni/i2) — 195174 (Z/)'
0

<e ¢'y>\7 (x)

By (106) we have, using c(106) := &, ([, ds (W),
kd*géﬂ/dy Exlr<t (Si—r (y)) ‘0195}4@ (y) — c(106)St—r @ (y)‘ < Edya, ().
In the third step we recall that, by Lemma 20, for all k > ks, and z € R?,

< ehyxn (@),

t t
gvc(loﬁ)kdﬂ/dy/Ww(dr)(stfrsﬂ (?J))HAY - 0(52)97/ Sr(St—rp) 7 (2)
0 0

and this completes the proof of Proposition 14.

3.3. Convergence of variances. In this section we establish that the variances
with respect to the medium for the solutions of the linearized integral equation

vanish asymptotically.

Proposition 21 (Convergence of variances). For every p € Miem satisfying

the assumption in Theorem 2, for ¢ € CL_ and t > 0,

exp

¢
klim Var k* [ u(dzx) E.o(Wr) exp[— k2_d+”9/ ds TH(EW,) S (Ws)} = 0.
— 00 0
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The remainder of this section is devoted to the proof of this proposition. Recall-
ing the definition (9) of I'!, the variance expression in Proposition 21 equals

(110) 8% [utds) [uldy) €08, oW o (W2)
X <Eexp[—/f‘(dz) Ko N /ds 01 (kW —2) Sy s@(WZ)]

i=1,2
t
11 EeXP[—/F(dZ) kg’d“‘g/ ds 91 (KW, — z) Stsw(Wi)D7
i=1,2 0

where (W1, W?) is distributed according to P.@P, . Exploiting the Laplace func-
tional (7) of T, (110) can be rewritten as

(111) 1 [u(do) [n(dy) &2, 0 W)p(WP)
<exp[ /dzk” v g7 (Z kQ/ ds 01 (kW! — 2) S, M(Wl)) ]

i=1,2

- exp[ /dz K97y k2/ ds 91 (kW! — 2) S, scp(Wl)> D
1=1,2

Note that by the elementary inequality

(112) (a+b)7 < a”4+b" for a,b>0,

the argument in the first exponential expression is not smaller than the argument
in the second one. Therefore we may apply the elementary inequality

(113) e %—e? < b—a for 0<a<hb,

and a z substitution to get for the non-negative total expression in (111) the upper
bound (we may drop from now on the factor ¢7)

(114) f2ret (= d)"**d/dz/ dx/ (dy) E:2Ey o (W) (W)
. -\
| X (v [ s o= )5 sp )
i=1,2 0

(Z k/dsm/k s —2) S sso(Wl))}

i=1,2

It remains to show that (114) converges to zero as k | oo. The proof rests solely
on the fact that the square bracket expression vanishes if one of the motions does
not hit the ball B(z,1/k). For simplification, write now 7[W?] for the first hitting
time le/k[Wi] of B(z,1/k) by the Brownian motion W*. Hence, we get the bound

(115) kP d“d/dZ/ dw/ (dy) Ea®Ey Lirpw)zey Liriw21 <y

SUGELGDY (12 [ ds 00 =250 WD)’



24 FLEISCHMANN, MORTERS, AND WACHTEL

where we dropped the subtracted term. Interchanging expectation and summation,
and using independence, we obtain

(a16) K0 i futa) futay) 3 o o)

i=1,2
t . N\ -

X (’fz/ ds 01 (Wy — 2) St—s¢p (WS)) E i< e(WY),
0

where j = 3 — i. Then we may bound (116) by

(117) et /dz 5(2) /mdx) /mdy) S &l wigen o)

i=1,2
t ‘ ~ :

X (k2/ ds 01/, (W5 — Z)) El i<y e(W7).
0

By Lemma 11, there are constants c(11s)y and c(119) such that, for all z,y € R,

(118) Elirwilzey P (WY) < cusk® o, (2) [l =y + 1],
and

t . Y .
(119) Exlirwil<ey (/fQ/ ds 1 /k(Wg — Z)) (W)

0

< c119) Par () [1 + |z — x|27d} k2

Assume for the moment that d > 5. Then, by (40) and Lemma 8, for each A > 0
there is a constant c(120) = ¢(120)(A), such that

(120) /dz oa(z) [14 |z — x|2’d} [1+]z— y|2’d] < caz0) [1+]z - y|4’d]

If d = 3, the left hand side of (120) is even bounded in z,y. In fact by (40)
and Cauchy-Schwarz, it suffices to consider the singularity f‘z‘qdz |22~ < 0.
Finally, if d = 4, by (40) and Lemma 9, estimate (120) holds if |z — y[*~% is
replaced by log™ (|z —y|~!) . If we extend definition (16) by setting en(z) :=1 in
the case d = 3, then we can combine the last three steps to obtain that for each
A > 0 there is a constant c(121) = ¢(121)(A), so that for all d > 3,

(121) /dz oa(z) [14 |z — m|2_d] [1+]z— y|2_d} < can) [1+en(z —y)].
Based on (118), (119) and (121), from (117) we get the upper bound
(122)  cpuag P HOm D o2 / pldz) dx, (x) / p(dy) o (y) [1 + en(z — )]

By our condition on p, the latter integral is finite. Moreover, 25 + (3¢ — d)y + d +
4 —2d < 2 — d + ». But the last expression is negative, finishing the proof. O

3.4. Upper bound for finite-dimensional distributions. We use an induction
argument to extend the result from the convergence of one-dimensional distributions
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to all finite dimensional distributions. Recall that we have to show that, for any
P1,.--,pn and 0 =ty <t < --- < t,, in P-probability,

1imsup]EMexp{Zk”<thi — St —<Pz'>}

k—oo —
(123) - . .
< exp[5<,u,z t dr ST((ZStj_T(pj)Hv)».
=1 Jti =i

The case n = 1 was shown in the previous paragraphs, so we may assume that it
holds for n — 1 and show that it also holds for n. By conditioning on {X*(¢): t <
tn—1} and applying the transition functional we get

E,,. exp[zn: k”(X,ﬁ. — St s _<Pi>}

=1
n—1
(124) = Eukexp[z k%<ng€L - Stiua _(Pi>
i=1

+ k%<5tn,1//67 Stnftn,1sp’n> - <an717uk(tn - tn71)> )

where uy, is the solution of (66) with ¢ replaced by ¢,, . Separating the non-random
terms yields

= €exXp |:<Stn_1,u7 k%Stn—tn_lSOn — Uk (tn - tn—1)>:|
n—2
(125)  x Eukexp[z K*(XE — Sep, —pi)

i=1

+ k%<thn71 - Stn_1,u7 —¥Pn—-1 — k_%uk(tn - tn—1)>:| .
By Theorem 2 for n = 1 with starting measure Sy, _,u, in P-probability,

lim sup exp [<Stn_1u, k*St, —t,_1on — uk(tn — tn_1)>}
k

foe tn—tn—1
exp [E <5’tn,lu, / dr Sr(Stntnlr(Pn)l+’Y>:|
0

tn
= exp[é <,u,/ dr Sr(Stn_r<P7L)1+'Y>].
tn—1

The remaining expectation can be written as

IN

(126)

n—2
Ey, exp [ D kH(XE — Sep, —pi)
1=1
(127) + k(XL = St i —Pn1 = Sta—t, 1 Pn)

+ k%<an—1 = Sty 1My Sty—t, 1 on — Kk Tug(tn — tn1)>:| .
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To dominate this term observe that, by the induction assumption, in P—probability,
n—2

lim sup Eukexp{z k”<Xfi — St —pi)
kToo i=1

+ k%<ng€n,1 - St’n—lu’ —Pn—1 — Stn—tn_1<ﬁn>:|

n—2 i n—1
(128) < exP{E@aZ/t dr ST((ZStrr%)m)
i=1 Jj=t

ti—1

+ /tnldT Sr((Stn_l—r<Pn—1 + Stn_l—rstn_t"‘ltpn)l-i_’y) >:|

th—2
We show below that in P—probability the following convergence in law holds:
(129)  exp [k” <thn_1 — Sy 1St o — kT ug(ty — tn_1)>] ]? 1.

Observe that limsup,, ., {m < @ in probability for some a, and ¢, = 1 in law
implies lim sup, o, §mGm < @ in probability. Hence (128) and (129) together imply
that (127) is asymptotically bounded from above by

exp {E <u71§[ti dr Sr((g&j—r@j)lww)
i=17ti-1 J=i

+ /tnldT Sr((Stn_l—r‘Pn—l + Stn_r(p") H—’Y) >] .

tn—2

(130)

Putting together (126) and (130) yields the claimed statement subject to the proof
of (129).
To prove (129) it suffices to show that, for any a > 1,

(131)  E,.exp {ak” <an71 = Sty ity =Sty —tn 1 Pn + kT up(tn — tn_l)ﬂ

converges in P—probability to 1. Using the Feynman-Kac representation (67), the
expectation in (131) equals

exp</147 ak%gw (Stnftn,l SDn(th,l) - ki% Uk (tn - tnfla th,l ))
(132)

x (1 - exp[— kQ‘d/O e DYWL Uk (1 — 7, WT)D>,

where Uy, is the solution of (66) with ¢ replaced by a(St,—¢,_,¢n — k™ ug(tn —
tn,l)). It therefore suffices to show that

<,LL, ak”gm (Stn—tn_1§0n(th_1) - k_%uk(tn - tn—la th_l))
(133)

th—1
x (1 - exp{ - kz‘d/ dr TX(kW,) U (tn1 — 7, WT)D>
0
converges in L'(P) to zero. As this term is non-negative and as
(134)
Uk(tnfl - T) < ak%Stnfr (Stnftn,l Pn — ki%uk(tn - tnfl)) < ak%StnerDn )
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it finally suffices to show that

E <Ma ak*Ey (Stnftnq on(We, ) — k7 ug(tn — tn-1, thq))
(135)

X (1 - exp[ k¥ /Otn_ldr Fl(kW,,)Stn_Tgan(WT)]»

converges to zero. The first factor in the expectation can be expressed using the
Feynman-Kac representation (67) of wy, which gives

o Jutao) e, (e, (0Fer, )
tnftnfl - -
(136) X (1 - exp{ - kH/ dr TY (W, Yup(tn — tar — 7, WT)D
0

x (1 _ exp[— ak?—d+ /Otn_ldr rl(kWT)Stn_wn(Wr)D)

which again is dominated by

a / pu(dx) EE, (k%swtm on(We, 4, 1)
tnftnfl - -
(137) X (1 - exp{ - ak%d*“/ dr Pl(kWT)Stn,tnfl,rgpn(Wr)})
0

X (1 — exp{ — qk?~d+= /Otn_ldr Fl(kWT)Stn_rgon(Wr)D)

We can now multiply the factors out and obtain

@ [ulde) BN~ Ew,,, onWi, 1, )
tn—tn—1 N B
(138a)  x [(1 — exp| - ak? / dr T (W)t 11 -rpn(Wr)] )
0
tn—1
(138b) + (1 . exp[ ki / dr Fl(kWT)Stn_Mn(WT)D
0
tnftnfl - -
(138¢) - (1 . exp[ kit / dr TY (kW) St o —rion (W)
0

tn—1
_ g /0 dr rl(kwasmson(Wr)})]-
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We can now determine the limit in each of the three summands (138a) to (138c)
separately. For the first one we obtain from Proposition 14, as k T oo,

a / pu(dz) EEk Ew,  on(Wi,—t,_,)

tnftnfl - -
X (1 - exp{ - akQ_dJ”‘/ dr Fl(kWT)Stn_tn_l_rcpn(WT)})
0
(139) 1
]? a/u(dm) SzE/ dr Sr(astn—tn_1—r¢n) +’Y(th—1)
© 0

— = 2+7< " 1+
= Ca 1, dr S’T(Stn,rgpn) >
t

n—1

Similarly, the second one, (138b), converges by Proposition 14, as k 1 oo,

o /mdx) EE K Ew, on(We s, )

th—1
x (1 - exp[— akQ_dJr"/ dr TH(kW,)S;, (Stn—tn_1<P7L)(Wr)D
(140) 0

th—1
l? a/u(dx)é/ dr ST(Stn_l_r(aStn_tn_lgpn))1+'Y(3:)}
oo 0

tn—1 1
= ECL2+’Y<,U7/ dr Sr(Stn—TQOn) +’Y>-
0

Finally, the last expression (138c) equals, using Proposition 14 to take the limit as
kT oo,

~a [ ulde) E€.K00 (W2,
(141) x (1 . exp[ ki / i I‘l(kWT)Stn_rgan(Wr)D
0

tn
]? — Ea2+7<u,/ dr S, (Stnfr(pn)1+’y>.
o 0

Comparing the right hand sides of (139) to (141) shows that they cancel completely,
which proves (135) and completes the argument.

4. LOWER BOUND: PROOF OF (19)

4.1. A heat equation with random inhomogeneity. As motivated in Sec-
tion 1.5, we look at the mild solution my to the linear equation

0

—my(t,x) = SAmg(t,z) — k>4 oD (kx) wi(t
with initial condition my(0, - ) = k*¢.

This is a heat equation with the time-dependent scaled random inhomogeneity

—k?>=4 oY (kx) wi(t,x). We study its asymptotic fluctuation behaviour around the
heat flow:
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Proposition 22 (Limiting fluctuations of my ). Under the assumptions of
Theorem 2, if s = s, then for any ¢ € C,j;(p and t >0, in P—probability,

t
(143)  liminf (u, K Sup —malt, ) > £<ua/ dr S, ((Si-r)' 7)),
° 0

where the constant ¢ = ¢(y, 0) is given by

(144) ¢ == ~¢" ngo ®50[/Ood7“ D2(Wy) + /Oodr 192(Wr2):|’y_1'
dG(d/2) 0 0

To see how the case n = 1 of (19) follows from Proposition 22, we fix a sample T.
Recall that

(145)  log Byexp k™ ((XF, —) = (Sut, —0)) | = (s kSup = welt, ),
where wu; solves
t
(146) K Sip(a) — uplt,z) = kQ_dQ/ ds So(T} (k- )l (t — 5, -)) (@).
0
As ui > w?, we obtain from (142),
(147) E*Sip (x) —ug(t,z) > k™Sip (x) — my(t, z).

Hence, the case n = 1 of (19) follows from Proposition 22.

Proposition 22 is proved in two steps: In Section 4.2 we show that the right hand
side of (143) is an asymptotic lower bound of the expectations of the left hand side,
and in Section 4.3 that the variances vanish asymptotically.

4.2. Convergence of expectations. Fix againt >0 and ¢ € C;;p.

Proposition 23 (Convergence of expectations). For ¢ as in (144),

t
(148)  HminfE (u k" Sep —mi(t, ) > e{p / ar S,((Si-rp)™*7)).
o 0

The remainder of this section is devoted to the proof of this proposition. Set
(149) Mi(z) = E(k*Sp(x) —mi(t,z)) for x € R,

and for y € R4, 0< s <t,
t—s

(150) Ii(y, W) = / dr V1 (kW —y) St—s—rp (W) > 0.
0

Lemma 24 (Dropping the exponential). For each § > 0 and for cig from
Lemma 16,

t
My(z) — k2 /dz € / ds 0, (KW, — 2) Ew, (W) Ew, o(W2,)
0
(151) X (Is(z,Wl) —l—Is(z,WQ))’Y_l' < c1g 2027 KOF Dyrs (),

for all zeRY and k> 1.
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Proof. By (142) and the Feynman-Kac representation (68),
(152)  E(k*Sup(2) — mu(t,)) = K~ gEE, /Otds DL RW,) wl(t — 5, W)
= k¥ gEE, /Otds T (kW) Ew, o (WL ,) Ew, (W7 )
X exp [ — K* /Ot_sdr T (EW)) Si—s—rip (W}

t—s
=t [ T W) i (WE)} ,
0

where W' and W? are independent Brownian motions starting from W, . By the
definition (9) of I'' this equals

t
(153 K A€, [ ds (W - 2) EwpWE) Ewip(WE )
0

wcesp = [olan g (L) + 1,0 9) |

Recall that for measurable ¢, > 0,
(15)  E@) e =y [d ple)wr o) exp| [y v (w)

(cf. [DF92, Section 4]) and k2~ 4+2xEC=d+2)(v=1) — k292 for ;0 = .. Applying
this to (153) yields

K2y 0 /dz Ex /Otds D1(kWs = 2) Ew,o(WiL,) Ew, (W)
% (L(z, Wh + L(z,w?)) exp[— /dy kG107 (I (y, W) +Is(y,W2))q-
By the inequality 1 —e™* < a we have

‘Ml(x) - kz””“/@”/dz & /Otds D1 (kW — 2) Ew, o(WiL,) Ew, (Wi,

x (I(z, W) + I(z, W)™

t

< K2R Rmdt)y 4 oY /dz Es / ds 01 (W, — 2) Ew.o(WE ) Ew.o(W2 )
0

% (Is(2, W) + I, (2, W) ! /dy o (I(y, W) + 1, (y, W?))".

Applying (112) to the last integrand and using the symmetry in Wt W2, we see
that the right hand side in the former display does not exceed

t
22122 dt )y o p27 /dz /dy Es / ds 91 (W, — 2) Ew.o(WE ) Ew.o(W2 )
0

x (Io(z, W) + L(z, W) " L (y, W)



FLUCTUATIONS UNDER A STABLE CATALYST 31

We now drop Is(z, W?) and evaluate the expectation with respect to W?2, obtain-
ing the upper bound

t

(155) k212 Rty o p27 /dz /dy &, / ds 91 (kW — 2) Si_s0 (W)
0

X gWs @(th—s) IS(Zv WI)V71[S (y7 Wl)ﬂ’.

Applying the Markov property at time s and time-homogeneity, this equals

t
kP22 md) o2 /dz /dy Ex / ds 91 (kW, — 2) Si_sp (Wy)
0

« @(Wt)( / i 91 (KW, — 2) Si_rp (Wr))H( / i 91 (W, — ) Si_rp (Wr))w.

S

The last factor can be bounded by ( Io(y, W))'. Then we integrate with respect to
s and obtain

t
k212 (2= d+3)7 y27 /dz /dy &C@(Wt)( / dr 01 (kW, — 2) SH@(WT))
0

Y

2
X (Io(y, W) = 2k —2KE=097 g€ (W) | /dy Io(y, w)| .

Using now Lemma 16, we arrive at
t
Mi(o) — K72y g7 [de &, [ ds 00V = 2) Euw o (W) Ew, p(WE)
0

x (I(z, W) + I(z, W)™

< c16 2@27 kQ'y—Qk(Q—d+%)'y k4—4’y+6 ¢7>\7 ({E) = c16 2g2'y ké—u ¢’Y>\7 ({E)7
finishing the proof. O

It remains to find the limit of
t

(156)  B2yg [z €, [ ds (W ) Ew e W) Ew (W)
0

x (L(z, Wh) + L(z, W) ",

Substituting z ~» kz gives

t
K2y o /dz &c/ ds 01/ (Ws — 2) Ew, o (W) Ew. o (W)
0

t—s v—1
([ ar [0 = 2 S V) + 0002 = ) St W) )
0

Fix 2,2z € R* and 0 < s <t for a while and consider

gi(s,m,2) = K2y €0, (W — 2) Ew, (WL ,) Ew,o(WE.,)
t—s y—1
X ( dr [191/k(Wr1 —2)St—srp W) + 01 (W) — 2) St_s_rga(Wf)D -
0

Lemma 25.
nﬁmf ge(s,2,2) > eps(a —2) (Si—sp ().
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The lemma immediately implies Proposition 23. Indeed, applying Fatou’s lemma
we get

t ¢
1i£%inf/u(dx) /dz/ ds gr(s,x,2z) > /u(dx) /dz/ ds li?%infgk(s,m,z)

t
¢ / ds (j1, Su(Si-sp)' 7).
0
Proof of Lemma 25. Shifting the Brownian motions,
gk(s,z,2) = k2”*2+d781191/k(W5 —2)Ep(WE  + Wy — 2) E.o(WE , + W, — 2)

Y

t—s
x (/ dr Oy (W + W, —22) Sy o pip (W) + W, — 2)
0

~y—1

t—s
+/ dr 01 ) (W2 + W, — 22) Sy o_pip (W2 + W, — z))
0

By the uniform continuity of ¢,

(157) lim  sup  [p(W/,+W,—2z)— oW _,)| =0,
kToo 1w, —z|<1/k

and by (38),

(158) lim sup }St,S,T@(Wf_S +Ws—2)— St,s,rcp(Wti_s)} = 0,
koo \w,—z|<1/k

we get

gi(s,z,2) = K72 (y 4 0(1)) & 01 (Ws — 2) Ep(W/L,) Ecp(WE,)
t—s

x ( dr 01 ) (WE + W, — 22) Sy _pip (W)
0

~y—1

t—s
+ / dr ﬁl/k(Wrz +Ws —22)Si—s—rp (Wrz))
0

By the triangle inequality, 9/, (W, + W — 2z) < 05, (W! — z). Hence,
gr(s,m,2) > K272 (y 4 0(1)) Ex 1 n(We — 2) Ep(WiE ) Ep(WE))

t—s
X (/ dr 192/k(WT1 —2)Si_srip (W}
0

t—s vl
—|—/ dr ﬁg/k(Wrg - Z) Stfsfr(p (Wr2)> '
0

Calculating the expectation with respect to W gives

/2 L
(159) EcVip(Ws —2) = Citd2) k™ ps(x — 2) (1+0(1)).
Using (158) once more we obtain

/2

gr(s,2,2) > K272 (v +0(1)) mps(m—Z)Szw(th_s)c‘?zw(Wf_s)

v—1

t—s
X (/ dr [Oo/ (W) = 2) + 2/ (W} = 2)] Stfsfr@(z))
0
Define events
(160) Ay(z) = {|W} — 2| > 1/k¥r > 1/k}.
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Evidently,

y—1

oW ) EpWE)( [ dr [V} = 2) + 0002 )] S1-r ()
0

Z gz(p(thfs) ngO(WtQ,S)

17k 1 2 -1
X (/ dr [ﬁg/k(Wr —Z) +'l92/k(Wr —Z)] St,S,TQO (Z)) 1A11c(2)1Ai(2)
0
1 2 1k 1 2 7=l
> Ep (W) EapWE ([ dr [0a/ W) = 2) 4 02 (WE = )] Sececripl2)
0

v—1

1/k
—28.0(WE,) Ep(WE) / dr Do (WE = 2) Sisrp () (1= Lar(s)):

We calculate the expressions in the last two lines separately. For the first line we
get, by the Markov property at time 1/k,

1/k y—1
EpWE ) EapW2 ([ dr 020 = 2) + 02 (WF = 2)] Sicamrip (2)
0

~y—1

1/k
~e0&( [ dr Do)+ 0au (W) Simamrio ()

X Sy_s1/kp (2 + W) Si—s1ynp (2 + Wi).
By (38), this equals asymptotically

1/k Y
(Si—ep () 50®50( /0 dr [ﬁz/k(w,})wz/k(wf)]) '

k y—1
= (S0 (2) TR o 0 & /O dr (W) + (W] )

where in the last step Brownian scaling was used. Therefore the first line is asymp-
totically equivalent to

o0

(161) (Sisp(2)) k%%so@so( /O dr [02(W}) +02(W2)] )H.

Turning now to the second line,

1/k —1

:
28,0 (W} ) gzga(wt’{s)( dr Dayu (W2 = 2) Sy s rip (z)) (1-1a1()
0

1/k 1

= 2w () (1 0oV) W )( [ ar Wl =) (1 = L)

where the expectation with respect to W? was evaluated, and (38) was used. Re-
calling that ¢ is bounded and applying Cauchy-Schwarz we obtain an upper bound

1/2

(162) crues) (PQ(A;:E(O)C))UQ [50(/01/de ﬁg/k(er))Q'y—Q]

s 1/2 k L2712 1/2
= o K2 [Po(@r > ks (W[ <1)] [5’0(/ dr 9x(W})) ]
0

Since the expectation is bounded and the probability goes to zero, (162) is o(k?~27).
Together with (161) this proves the lemma. d
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4.3. Convergence of variances.

Proposition 26 (Convergence of variances). For every p € Miem satisfying
the assumption in Theorem 2, for ¢ € CL and t > 0,

exp

(163) kllnolo Var /u(dx) [k”Sttp(a:) — mk(t,x)} = 0.

The remainder of this section is devoted to the proof of this proposition. We
may set 0 = 1. Recall that

t
K Sip(x) — my(t,x) = k2744 596/ s /F(dz) 9 (kW — 2)
0

X S, © Ew W) pW2 Jexp [ — K44 [D(ds) (1 W) + Lz W) |
Define
(164) My (z, %) = E (k*Spp(z) — mi(t,z)) (k*Sip(2) — my(t, 2)).
Similarly to (154), for measurable 1, p2,% > 0,

E (L. o1) (Do) T = 9(1=1) [d a(2)ale) w7 2(2) exp| = [y 07 (0)
77 [ a7 ) [ pala) 7 o) exp| - [y @),

Applying this formula, we get
(165) MQ(J?,JE) = le(l‘,i’) +M22($,£),

where
t t
Moy (z,2) = v(1—7) fAm2dtdn p2-dtx)(v=2) £ 555/ ds/ ds /dz
0 0
D1 (kW — 2) 91(kWs — 2) Ew, ® Ew, o (Wi )W) Er. ® Eir oW ) (W2 5)
- - y—2
x (Is(z, WYY o+ Iy(z, W) + L(2, W) + I5(2, W2))
x exp[— oy (2=t /dy (Is(y,Wl) + I(y, W2) + Is(y, W) + I5(y, VVQ))W}
and
t t
Mao(2, &) = A2 k4724447 ([Qodt)=2) ¢ o £, / ds / ds / dz / dz
0 0
01 (kW — 2) 01 (kW5 — 2) Ew, @ Ew, o (WL )W) Er. ® Eir. oW ) o (W)
~ - —1
% (12 W) + L2, W2) + T2, W) + T2, 1))
~ - —1
% (L2 W) + L2, W) + L2, W) + 15, 10))
e =00 [y (L W)+ L W)+ T W) + 16077

The following Lemmas 27 and 28 together directly imply Proposition 26.

Lemma 27.

i [iuda) /mdfc) Mo (2, 7) = 0



FLUCTUATIONS UNDER A STABLE CATALYST 35

Lemma 28.

fimsup Jutan) [utdo) M. ) - M @111 @) < o,

Proof of Lemma 27. By definition of the critical index s = s,
(166) 4—2d+ 43+ (y—2)(2—d+ ) = »x—2+27.

Dropping the exponential in Moy (x, %) and I;(z, W?) + I(z, W?) gives

t t

Moy (z,%) < B2 91 -4) & ® 5;0/ ds/ ds /dz 01 (kW — 2) 91 (kW5 — 2)
0 0

Ew.® Ew, o (WL )W) €@ Eir (W) (W5 )(Ls (2, W) + s (2, why

By independence of all Brownian paths, it follows that the expression in the second
line in the previous formula is bounded by

~ - ~ Y2
St-sp(We) Si-sp(Wa)Ew, p (W )&, o (W) (L (2, W) + T2, W)

By the Markov property,

Moy (z,8) < K291 — ) & ® Exp(We)p(Wr)

t t
X /dz/ ds/ ds 01 (kW — 2) 01(EWs — 2) S s0(Wy) Sy_s0(W5)
0 0
t t _ ~ y—2
« ( / dr 91 (KW, — 2) S (W) + / dr 91 (KW, — 2) st_w(wr)) .

Carrying out the integration over s and § gives

K2 6, @ Exp(We)p(Wy)
/dz (Io(Z, W)’Y + IO(Zv W)'Y - (IO(Za W) + IO(Zv W))’))

Changing the integration variable k ~~ kz, we obtain
Jutde) futdo) Mar3) < w20 [tz [utdo) [utas) € @ Exo(We(ib)
t - t ~ o\
< | (12 / ds D1 yu(Ws —2) Sy sp (W) + (K2 / ds 91 (Wi — 2) Su_sip (W)
0 0

_ <k2 /0 'ds (916 = 2) Stsip (W) + 91 (W, = 2) Sts@(WJDV]'

The right hand side of this inequality coincides with (114), since 23+ (xx—d)y+d =
» — 2+ d, hence converges to zero. O
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Proof of Lemma 28. Dropping some non-negative summands, we get

t t
Moo (z,7) < k47*4725$®5i/ds/d§/dz/dz
0 0

O (kW — 2) 91(kWs — 2) Ew, @ Ew, oW )W) En. ® Eypr. oW ) p(WE5)
x (Is(z, W) + L (2, W) (Is(2, W) + L(2, W) ™!
xexp| — K40 fay (L W) + Ll W2) 4 Ll W)+ 10, 7)) |

On the other hand,

t
Mz) = K248, / ds / dz 91 (KW, — 2) Ew, oW ) Ew,o(WE,)
0
X (Is(z, Wh + I(z, WQ))'Y_1 exp [ —/dy f(2=dts)y (Is(y, Wh + IL(y, WQ))'Y} .

Taking the difference, applying inequality (113) and using symmetry, we get
t t
Moy (2, %) — My (x)M1(Z) < kY4426, ® 550/ ds/ ds /dz /dz
0 0
(KW, — 2) 91 (kW5 — 2) Ew, @ Ew, (W )W) Eir. @ Egir. o (Wi ) (WE 5)
x (Is(z,wl)+15(z,w2))7*1( LG WY + I3, 15/2))”‘1

2 d+%)74/dy 7

Dropping further non-negative summands and using again the Markov property,
we get the bound

AR 2 e 9 &5 /ds/ds/dz/dz

91 (kW — 2) 01(kWs — 2) Se—sp(Ws) Si—so(Ws) o(We) o(We)

x (/ dr 0 (KW, = 2) Siyp(W)) (/ dr 9, (kW, — 2) S,s_rsa(VNVr))%1

X /dy (/Otdr 91 (KW, — y) St,rgo(Wr))’y.

Carrying out the s and § integration, we obtain
AR AT £ @ Exp(Wy) o(Wh) / dz / dz
t v t _ _ ~
X (/ dr 91 (kW, — 2) St,rgo(Wr)) (/ dr 01 (KW, — 2) St,T@(WT))
0 0

x /dy (/0th 91 (KW, — y) St_rga(WT)Y.
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We collect identical terms, use the boundedness of ¢, and obtain, up to a constant
factor, the bound

t 2
(167) k4’)’*4k(27d+%)’y Ez(P(Wt) |:/dz (/ dT ﬁl(kWr - Z)St—r(ﬂ(wr))w}
0
t
x Ex (W) /dz (/ dr 9, (kW, — z))v.
0
By Lemma 12(b) with n =+,
~ t ~ Y
&z (W) /dz (/ dr 01 (KW, — z))
0
~ t ~ vy
— i /dz & @(Wt)(kz/ dr 01 (kW, — kz)) < e k2 gy (),
0
and by Lemma 16,

Exp(Wi) [ Je=( [ 0, z)stmwn)q < ek gy (o),

Noting that 4y —44(2—d+ s)y+6—6v = —3 and choosing § < », we obtain, up
to a constant factor, the upper bound k°~*¢y, (2) ¢a,(Z). The proof is completed
by integration. O

4.4. Lower bound for finite-dimensional distributions. The proof is analo-
gous to the upper bound in Section 3.4. Again we use induction to show that, for
any ¢1,...,¢9, and 0 =19 < t; < --- < t,, in P-probability,

i B S5 )]

— [g <u2§/j_ dr Sr((gstj_rwj)lﬂ»].

For the case n = 1 this was shown in the previous paragraphs, so we may assume
that it holds for n — 1 and show that it also holds for n. By conditioning on
{X*(t): t <t,_1} and applying the transition functional we get

(168)

E,.. exp[z k”<Xfi — Sty —<pi>}
i=1
(169) = €exp |:<Stn_1,ua k%Stn—tn_1<Pn - uk(tn - tn—1)>:|
n—2

X Eukexp[z k*(XE = St —0i)
i=1

+ k”<thn71 — St by —on—1 — k™ " ug(ty, — tn1)>],
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where uy, is the solution of (66) with ¢ replaced by ¢, . By Theorem 2 for n = 1,
in P—probability,

h}cr% inf exp [<Stn71/h k*St, —t,_1om — uk(tn — tn,l)ﬂ

tn
> exp[g<u,/ dr Sr(Stnr@n)1+'Y>].

tn—1

(170)

The remaining expectation can be written as
n—2

Ey, exp [ D KHAXE = St —pi)
=1
(171) + K(XE = St i —Pn1 — Sty—t,_1Pn)

+ k”<X§H S S e om — kgt — tn_l)ﬂ .

To estimate this term from below observe that, by the induction assumption, in
P—probability,

n—2
h}g%glfIEﬂkexp{; k”<X,§ — Sttty —pi)

+ k%<an71 — Stn—l/”’? —¥Pn—1 — Stnftn,l(,on>:|

n—2 i n—1
a7 2 ewfe(n Y [ ars ((see)™)
i=1 "t Jj=ti

tifl

+ /tn_ldT Sr((Stn_l—r<Pn—1 + Stn_l—rstn_t"‘ltpn)l-i_’y) >:|

tn—2

In (129) it was shown that in P—probability,

(173) exp [k” <thn71 — St 1St —t_ P — kT ug(ty — tn1)>] 1? 1.

As liminf,,10 &y > a in probability, for some a > 0, and (,, = 1 in law, implies
lim inf,, 100 £&mGm > a in probability, this completes the proof. O
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