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Abstract

We construct two bi-Lipschitz, volume preserving maps from Euclidean space onto itself which
map the unit ball onto a cylinder and onto a cube, respectively. Moreover, we characterize
invariant sets of these mappings.

1 Introduction

This paper is dedicated to a special case of the general question whether two manifolds with
measure can be mapped onto each other by a measure preserving map which possesses, addition-
ally, some continuity properties. This problem has a long history, for instance, in cartography,
where surface preserving mappings from the two dimensional sphere onto the plane are required.

A variant of this problem has been treated by Moser [16], who proved that on a closed,
smooth manifold any two smooth volume elements are diffeomorphic. Extensions of this result
to noncompact manifolds are due to Greene and Shiokama [6], while Banyaga [1] proved it for
smooth manifolds with boundary. Gromov [14] investigated these questions for real analytic
manifolds with real analytic volume forms.

Zehnder [17] proved that certain Holder and Lipschitz continuous volume elements can be
mapped onto each other by means of C''-mappings with Hélder and Lipschitz continuous first
derivatives, respectively. For bounded domains with Holder continuous volume forms and bound-
aries of class C*® Dacorogna and Moser [3] proved the existence of auto diffeomorphisms from
the class C1® which provide the equivalence of the volume forms and are the identity map on
the boundary of the manifold. Based upon this result Fonseca and Parry [4] proved that for
any two elements from a class of star shaped domains in Euclidean space, there is a Lipschitz
homeomorphism with constant Jacobian mapping these two domains onto each other. Fonseca
and Parry’s class contains in particular the ball, the cube, and the cylinder.

Our aim is to give a comprehensive proof of Fonseca and Parry’s result for the special case
of a ball and a cylinder by explicitly constructing the Lipschitz homeomorphism with constant
Jacobian between the two domains. This special Lipschitz homeomorphism has additionally a
variety of invariant sets and fixed points, which we characterize. Actually, our investigation has
been spurred by just this additional demand on the mapping. Our construction comes to bear in
applications of the concept of Groger-regular sets in the theory of partial differential equations,
see [12] and [7] for the concept itself, and [8], [10], [11], [13], and [15] for applications. In
particular interpolation theory for function spaces on Groger-regular sets relies on the mapping
presented in this paper, see [9].
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2 Results

We investigate two special cases of Fonseca and Parry’s result [4, Ch. 5, Thm. 5.4], namely
bi-Lipschitz mappings with constant Jacobian of a ball onto a cylinder and of a ball onto a cube.
The special geometric situation allows to reduce the number of spatial variables by making
use of rotational symmetry. Thus, we can formulate the constancy of the Jacobian by means
of differential equations which can be explicitely solved. Finally, one obtains the sought-after
mapping as a rational expression.

Theorem 1. For any integer d > 1 there is a bi-Lipschitzian mapping Age1 from RTL onto
itself with the following properties:

1. Mgy maps the unit ball BT of R4 onto a cylinder with height 2 and radius 1:

Agyq : B! onto, {(z,y) € Rz e BY |yl < 1}.

2. Ngy1 maps the halfspace
{(x17.%'27...,f13d+1) e R . xj > 0}
onto itself for each of the integers ! € {1,2,...,d+ 1}.
3. Ngy1 maps each hyperplane containing the rotation azis
{(z,y) € Rz =0, y € R}
onto itself.
4. Ngi1 is the identity map on the equatorial hyperplane

{(z,y) € Rz e RY, ¢ = 0}.

5. Both poles (0,...,0,1) and (0,...,0,—1) € R are fized points of Agy1.
6. The map Agi1 is homogeneous of order 1:
ANgiq(rey,ree, .. rxgr1) = rhge1 (1, 29, ..., 2ge1)
for all (x1,29,...,2411) € RITL > 0.
7. The Jacobian of Agy1 is constant almost everywhere.

We prove the theorem in Section 3.
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Remark 2. In the two-dimensional case the mapping Ay defined by

(0,0) ifz=y=0,
(W, %\/x2+y2arctan%> if ly| <z, 2z >0,
<_\/m,—%\/marctan%> if ly| < -z, 2 <0,
(%\/mamtang, \/W) if |z| <y, y >0,
(—%Warctam%,—@) if |z| < -y, y <0,

AQ(x7y) déf

with the inverse

(0. 0) ify=¢=0,

At = | (€cosfE esmgt) it < el € 2o

<77 sin%% .1 cos%%) if [£] < [n], n # 0,

meets the requirements of Theorem 1, see also Figure 1.

[

Figure 1: The map Ay from R? onto R2.

Theorem 1 implies another special case of Fonseca and Parry’s result.

Corollary 3. There is a map from R?, d > 1, onto itself which is bi-Lipschitzian, has an almost
everywhere constant Jacobian, and maps the unit ball onto the unit cube.

Proof. In the one-dimensional case one can choose the identity map. In the two-dimensional case
the mapping Ay from Remark 2 is the right one. Now one deduces the statement by induction
over the space dimension d, thereby making use of Theorem 1. U

Corollary 4. There is a bi-Lipschitzian, volume preserving map from R%, d > 1, onto itself
which maps the unit ball onto a cube.
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Actually, Corollary 4 and Corollary 3 are equivalent. This follows from the fact that a ho-
mothecy has a constant Jacobian.

Remark 5. Due to Brouwer’s invariance of domain theorem [2] the boundaries of the ball and
of the cylinder as well as the boundaries of the ball and of the cube are mapped onto each other
by the mappings from Theorem 1 and the corollaries, respectively.

3 Proof of the theorem

In the following we prove Theorem 1; we write the coordinates in R as (1, ..., 2q,y), for short
(z,y), € R, y € R, and abbreviate the Euclidean norm ||| ga by |z|q4.

For d = 1 the mapping As from Remark 2 satisfies the assertions of Theorem 1. Now, we
regard the problem in R4 with d > 2 and make the following ansatz for Ag,q:

(xay) — (xlg(x,y),...,xdg(x,y),h(x,y)) (1)
for all x = (x1,...,24) € R? and y € R. Moreover, we demand
(xlg(x’ y)’ cee ,xdg(:c, y)’ h(x, y)) = (mlg(xa _y)’ ce ’xdg(x’ _y)’ _h(x’ _y)) . (2)

As a consequence of this ansatz, hyperplanes which contain zero and whose normal vectors are
orthogonal to the vector (0,0,...,0,1) are mapped into themselves. If, additionally, h(z,y) > 0
for all y > 0, the halfspace

Riﬂ E f(z,y) eRM gy > 0}

is mapped into itself, and the hyperplane defined by y = 0 is mapped into itself. Thus, it suffices
to define Ag11 on the upper halfspace Riﬂ. In order to do so, we partition Rfl:

CY = {(z,y) € RH™ 1y > y|z)4}, (3)
CH = {(2,y) e RT 0 <y < 7lzly}, (4)

and define Agy1, thereby observing (1), (2), by the bi-Lipschitzian mappings
A CY — Y, AZ O — O, (5)
such that the restrictions of these mappings coincide on the common boundary

{(1’,:[/) eRdJrl :y:’ﬂx’d}a (6)

of C’,Yv and C77. Here, 7 > 0 is a constant, which we specify in Step 3 of the proof.

1. First, we construct a mapping on C.7, see (3). We set h¥(z,y) = /|72 + y2. Now, we are
looking for a function g"(z,y) = v(|z|4/y) such that the Jacobian satisfies

A(g" (z,y) x,h" (x,y))

=1 foralzeR? y>o0. 7
9(e.1) 7
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This determinant can be evaluated as follows

2
v gERY Y
122 ..,/ 1’% /
viela T yRRY
e
T1 2
Vel +y? V0z2+y2

T1g o1 _xl\x\dv/
ylzla y?
2T g ’U/ _ T2 ‘x‘d,u/
ylzlq y?
v+ z2 o T \l“\dv/
ylzla y?
xd Y
ViIzl3+y? V022

Adding suitable multiples of the first row to the others we get the determinant

2
Ty / x1x2 ,,/
v+ —L-v v
TyrLY Yl
— 22y v
z1
1
f1..12 2
\x!d—i—y
xd
—=dy 0
z1
1 x2

T12g o0 _$1|326|dv/
ylzla Yy
0
M
v 0
Zq Y

which can be simplified by adding multiples of the last column to the others

v 0
_%U v
1
/112 2
‘x’d"‘y 2, 0
1
y? y?
x1<1+w> .%'2(14‘@)

0

v

y2
wd<1 + w)

zi|zlg, r
v
y2

0

Y

Finally, adding suitable multiples of all columns to the first one we end up with

0

) 0
0 )
1
VAEFRRT
d 0 0
B4+ ) w1+ 1)
1 2 2

Developing the last determinant with respect to the first column, condition (7) leads to the

u

v

1+ i)

2
\x\d

r1|$|d /
—5—U
2

0

Y
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following ordinary differential equation for v:

1 2
) () e ()5 .
[ y y 1 y y
Yy

|z

G
S| M| =

d

d:

which transforms under the substitution v w, SE = ¢, equivalently into
w' + d w = d
G+ ¢V/E+1

The general solution of this equation is

(€2 + 1)4/2 ¢ i1
CHdT </0 mda—i—c)

2 d/2 arctan ¢

1

:d%</ sindlada—i-c),
0

where ¢ is an arbitrary real constant. As one has to avoid a singularity in { = 0, one chooses

¢ = 0. Thus, one obtains for g":

2 arctan(|z|q/y) 1/d
y—2+1 d/ sin? ! ada if x #£0,
9" (z,y) =< | I2lg 0 (8)
1 if z =0.
Please note that
1/d
2 arctan(|z|q/y)
lim y—2 +1 d/ sin?® ! o da =1.
z—0 |x|d 0

It should be noted that both 1V and gV are rational transformations.
2. Next, we construct corresponding functions on C,YN, see (4). Because spheres have to pass

into cylinder surfaces we define g™ (z,y) = /1 + y2/|z|2. Now we are looking for a function
R (z,y) = u(|z|4,y) such that the Jacobian satisfies

‘ (g™ (z,y) =, h™ (x,y))

O(z,y)
It turns out that this condition on the Jacobian together with the requirement that u should

‘:1 for all z € R, z # 0, y > 0. 9)

vanish on the set {(m, y) € Ry = 0} determines u uniquely. Using the substitution |z|q; = 6
the Jacobian can be evaluated as follows

g — l“?yz . :vlzvzyj o _:rwdyi Ty
gm‘x‘d gm‘x‘d gmmd gmmd
_1'11'2yi g~ 9633124 _ma:dyj T2y
g™ |m|d g™ |m|d gw‘x‘d gw‘x‘d
_mwdyi _ma:dyj g~ 963?/24 T4y
g™ |m|d gw‘x‘d g™ |m|d gw‘x‘d

z1 Ou z3 Ou T4 Ou du

|x|q 08 |x|q 08 x|q 00 oy
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Adding suitable multiples of the first row to the others we get the determinant

2,2 2 2
g|>< _ 17y . _:vlzvzy4 _:vlzvdy4 1Y .
g™ |$|d gm‘x‘d gm‘x‘d gmmd
__ 22 X >
=9 g 0 e 0
bl
__Zd 4 >
=19 0 e g 0
zy Ou Ty Ou Ty Ou ou
|z|q 00 lz|q 00 |z|q 00 dy

g~ 0 0
_my b
=9 g 0
_wg b
=Y 0 g
o (Ou , Yy Ou @2 (Ou 4 Yy Ou &g (Ou 4 Yy Ou
EPr (ae + o ay) EPr (ae T on ay> EF <ae + Loy

)

0

du
Oy

Finally, adding suitable multiples of all columns to the first one we end up with

g~ 0 0

0 g 0

0 0 g
Zla (Ou \ v Ou) z2 (Ou . y Ou g (Qu . Yy du
o (60 T Rl ay) EF (ae T \x\day> EF <ae T Tela 9y

Developing the last determinant with respect to the first column, one easily obtains from (9)

the condition

2\ (d—2)/2
<1+y_2> <@_L@>:1_
Ed oy |zla 00

This yields the partial differential equation
adfl

(92 + y2) (d—2)/2

ou(,y)
20

du(b,y)

0
+ oy

with the boundary condition

u(6,0) =0 for 0 <6 < 4o0.

)

1y -
g™ ‘:B‘d

0

0

du
Jy
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By the method of characteristics, see for instance [5], one finds the solution

arctan(y/0)
0,y) — V02 + y2/ cos™ ! ada,
0

and ends up with

- . arctan(y/|zla)
h (:c,y):,/|x|d+y2/ cos” " ada.
0

Again it should be noted that both A~ and ¢™ are rational transformations.

3. Up to now we have constructed two volume preserving mappings

v V 1V\ . mpd+l onto oq4q
(r19”,...,2za9",h") :RYT — RY™,
> DI 7Dy . mpd+1 onto md41
(r197, .., zqg ™, PY) R —= RYT,

which are homogeneous of order 1. These mappings do not depend on 7, see (5). We are now

going to modify both mappings such that they coincide on the common boundary of the sets

C.) and C2? for some v > 0, see (6). To that end we introduce the functions

arctan(1/)) 1/d
TiA— d/ sin? ! a da
0

arctan \
g:)\b—>/ (:osd_lozd()c7
0

on (0,400) and

on [0,400) and define mappings (5) by

v v
A(z,y) = (m g (x’y),---,xdw,hv(:ﬂ,yo for (x,y) € CY,

7(7)

e hm ﬂj,
A¥(z,y) = (901 FU2,y), - 20 g (2, y), W(2,y)

o(v)

for all v > 0. The Jacobians of these mappings are

'a?£2>‘:<7<1v>>d and ‘a?f;‘:g(lfy)’

for all (z,y) € R4 with z #0, y > 0. If

arctan(1/~) arctan y
d/ sin®!ada = / cos® 1o da,
0 0

y)> for (z,y) € C,'YX',

(13)

(14)

(16)

then the values of the Jacobians (15) are equal. There is exactly one v > 0 which satisfies (16),

and in the sequel 7 shall be this solution of (16). From the monotonicity properties of 7 and g
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one deduces that, in accordance with (5), AY maps the set C./ onto C}" and that A% maps C*
onto CT7. Please note that

arctan(1/)) (1-d)/d 1 1
'(\) = — <d/0 sind ™1 ozdoz) sin?~1 (arctan X) e (17)
_ 1
T () EL(1  A2) D2
and 1 1
o' (\) = cos?(arctan \) = . (18)

1422 (14 A\2)(d+1)/2

The inverse mappings to AX and A%’ are given by

(&ﬁ,...,gdﬁ’m <T(w>|£|d>>

e )
) .

(AY) " (n) = (19)

in the interior of C}¥, and

<§17---7§d7 Elao! < |

\/1 (e <\5\d>

in the interior of C{* plus continuous extension to C}" and C{7, respectively. From the mono-

(A7 (& m) =

tonicity properties of 7 and o follows that (AY/ )~! maps C}” onto Cq/v and (AT)_1 maps CT? onto
(Gl
With respect to the solution « of (16) we now define the sought-after mapping
A (z,y) if (z,y) € O,
) i SAYS(x,y) Tf S(x,y) € CY,
A%z, y) if (z,y) € O,
SAYS(z,y) if S(z,y) € CFF,

Agpi(z,y

where S : R —— R is the reflection at the equatorial plane, given by S(z,y) £ (x, —y) for
(z,y) € RHL
4. Finally, we prove the Lipschitz properties of Az;1. First we make sure, that

v 0,1/ vV 0,1
A7 eC (Cv) and A‘f eC (C’VN),
see Step 5. Then we can estimate
[Aat1(2,y) = Nar1 (2, §)]ar1 < max {[|AT]|cor oy, 105 0o e (2, y) = (2, 9)lat

for all (z,y), (%,7) € R4l Please note that the segment connecting (z,y) and (Z,9) can be

split up into finitely many parts in such a way, that each part belongs to one of the sets C’,YV,
S[Cﬂfv], cy, S[OX.
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Analogously one can prove the Lipschitz continuity of the inverse mapping A;jl, see also
Step 6.

5. In the sequel we show that the transforming functions AY/ and A?f are Lipschitzian.

First, we regard AY on C.J, see (13): The function A" is Lipschitzian due to the triangle
inequality. Next we prove that the partial derivatives of

2 arctan(|z|q/y) 1/d
(z,y) — 29" (2,y) = a2 +1 d/o sin®! ada (21)
d
are bounded. We substitute A = ﬁ. The cornerstone of the argument is the boundedness of

the function
A— 7(A)V 1+ A2 (22)
on (0, +00) from below and from above by strictly positive constants. Indeed, using the relation

a/2 <sina < a, we get

1/d

14+ )2 1 arctan(1/\) 1
— arctan— < /14 )\2 d/ sin® ! ada < 4/14 A2arctan —
0

2 AT A

for all A € (0, +00). Hence, it remains to show that the following terms in the partial derivatives
of (21) are bounded:

d oA xiy [ AT(N) ,
dA( (A)\/H—)\?) 5. = ’m]‘d <m+T(A) \/1+>\2>

Lz (NPT VIEN A
1422 (rO) VIF )T VT+ 22

2|4

|z[q

and

d oA AT\
ala 5 (rOVIFR) 22 5y = T T VIER

B AT(A) B 1
CVIEX () VIF )TV

In the calculations we have used (17). Owing to the boundedness of 7 and the function (22),
the expressions on the right-hand side are uniformly bounded for all A € (0, +00).

Next, we regard A% on C7, see (14): The function h™, see (10), has bounded partial deriva-
tives. Indeed, the second factor in (10) is bounded as well as the partial derivatives of the first
factor. Hence, it remains to show that the following terms in the partial derivatives of A™ are

bounded: 9 1
/ 2 2 ! 2 _

; 1
Vil+ 9 0) o =~ d0) VTE R =~
7 x

o 2 (7

and
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Here we have used (18). For y < 7|z|; these terms are bounded. Finally, we prove that the
partial derivatives of the function

Ty
(z,y) — 2 ¢ (2, y) = T2l \VIzl3+ 2, (23)

are bounded. Because the first factor in (23) is bounded as well as the partial derivatives of the
second factor, it suffices to note that

2
L i 2 2 . .
VQHZI_E_Q_EE__ (xd x3>yﬂi;1§f if k=1,
aTY oxj|x|lg - . |
25 \Jlal + 2 ik AL

These terms are uniformly bounded on the set {(z,y) € R : y < y|z|q}.

6. In the sequel we show that the transforming functions (AY) 'and (A%')~! are Lipschitzian.

First, we regard (AY )=t on CY, see (19), and define s = %n'ﬂd. In order to make sure that

the partial derivatives of the function

&mn) — -
\/1 + (r (7))

are bounded, it suffices to consider the terms

d T (s) 9s _ (1) G

Va2 0 €l (1+ (r1(s))2)*?

and

d i) 9s r(ia (Y(s)

77& 1+ (7_71(5))2 8_77 o n (1 4 (T_l(s))2)3/2 .

These terms are bounded for 1 > |£|4, since the function

s 1
T+ (@2 1+ ()2 7 1(9)

S —

(24)
is bounded on (0, 7(7)]. Indeed, using (17), the right-hand side equals to

| | =
TR ey~ VI TOR)

which is bounded due to the boundedness of the function (22). Now, we investigate the partial

d—1

derivatives of the function

n

L HE _ () _
o \/1 + (! <T(w>\s\d))2 WGP

I
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Please note that the fraction in front of £ is bounded by the positive bounds of the function (22).
Hence, it remains to treat the terms

7(7) 0s 1 N s Hs) (7 (s)

ds \/ﬁ 877 - 14+ 7——1(5)2 (1 4 (T_l(s))2)3/2

1€la —

and

PR R £ ) B . Tmsj( ! L T EE ) )
1+

i TR T CIEP (14 (1(s)2) ™

Both expressions are bounded for n > |{|4, thanks to the boundedness of the functions (22)
and (24).

Finally, we regard (AT)_1 on CT, see (20), and define t = el)n First, we investigate the
partial derivatives of the function

() — S
e (o ()
The critical terms are
€] 1 o ™) o (e ) (1)
o dW FTOF o )
and
|€|d L o —9(7)@—'77 (B
dt \/ﬁ afj |f|§ (1+(Q71(t))2)3/2.

For n < |¢]4 the boundedness of the right-hand side expressions is a consequence of the bound-
edness of the function

(e  _ 1 1
L4+ (071(t)? 1+ (07(1)? o' (07 (t))

on the interval [0, o(vy)]. Using (18), this follows from

t —

(25)

1 1
L+ (e71(1)? o (e t(1))

and the fact that o~!(¢) € [0,7]. Next, we investigate the partial derivatives of the function

ot (2)

1€la

Ve (e ()"

@’l(t) ot o(7)&m (o1t

AT to)2 06 B ((1+ (o102

= (1+ (e ')

(&n) —

The critical terms are

\ﬂd
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and

Q‘l(t) ot o) (@) (1)
df VIZETOR M (@ )
For n < |¢]4 the boundedness of the rlght—hand side expressions follows from the boundedness
of the function (25).

[€la

Remark 6. In the three-dimensional case the solution of (16) and the corresponding values of
7 and p, see (11), (12), are

"= T(v)zﬁ, o) =3-

The mappings gV and h™ are determined by

2|(z, y)ls
v ’ >
z,Yy) =4/ ————— and h (z,y)=y.
T = Tyl + I o)
Thus, we get
((0,0,0) ifz=0,y=0,
(mrlptle, el ) it 2|y < Jols
Ag(l’,y) =
Y)ls 31(z,y)l3 f
G‘|@yww7 mﬂﬁM?wyW> if 3y 2 Jaly,
Y |3 3|($,y ‘3 3 \/5
@1KWSW’ ¢gﬁM7(xWQ if =5y = Jzls,

see also Figure 2.

N
As
_
AG?
o 3
~

Figure 2: The map A3z from R? onto R3.

The inverse of Az is given by

((0,0,0) ife=0,1=0,
2 2 .
sten = (1=t @13 3n) bl < el

2 2
(63— BF o/3- B n-52) itp 2 el
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Remark 7. In a way our investigation also is a contribution to the general knowledge about
the unit cube, see Zong [18].

Problem 8. Are there other geometrical objects than the cylinder and the ball, such that a
mapping of this object onto the unit cube exist and has the properties specified in our Theorem?
Is there a complete geometrical characterization of these objects?
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