. Weierstraß-Institut

für Angewandte Analysis und Stochastik

im Forschungsverbund Berlin e.V.

Preprint ISSN 0946 – 8633

Convergence of Coercive Approximations for Strictly Monotone Quasistatic Models in the Inelastic Deformation Theory

Krzysztof Chełmiński^{1,2}, Piotr Gwiazda^{3,4}

submitted: 12th July 2005

1 Warsaw University of Technology

Faculty of Mathematics and Information Science Pl. Politechniki 1 00-661 Warsaw, Poland e-mail: kchelmin@mini.pw.edu.pl

2 Cardinal Stefan Wyszyński University Faculty of Mathematics and Science ul. Dewajtis 5 01-815 Warsaw, Poland

3 permanent address:

Warsaw University Institute of Applied Mathematics and Mechanics Banacha 2 00-913 Warsaw, Poland e-mail: pgwiazda@hydra.mimuw.edu.pl

4 current address:

École Normale Supérieure Département de Mathématiques at Applications 45, rue d’Ulm F 75230 Paris Cedex 05, France

No. 1046 Berlin 2005

W I A S

2000 Mathematics Subject Classification. 35Q72.

Key words and phrases. inelastic deformation theory, coercive approximation, Young measures, Orlicz spaces.

The work is supported by the KBN grant no. 1 P03A 031 27. This research was done while K. Chelminski was visiting the Weierstrass Institute for Applied Analysis and Stochastics in Berlin. This author would like to thank Prof. Dietmar Hömberg for hospitality.

Edited by Weierstraß-Institut für Angewandte Analysis und Stochastik (WIAS) Mohrenstraße 39 10117 Berlin Germany

Fax: + 49 30 2044975 E-Mail: preprint@wias-berlin.de World Wide Web: http://www.wias-berlin.de/

Abstract

This article studies coercive approximation procedures in the infinitesimal inelastic deformation theory. For quasistatic, strictly monotone, viscoplastic models using the Young measures approach a convergence theorem in general Orlicz spaces is proved.

1 Introduction and formulation of the problem

In this article we study well-posedness of systems, which model viscoplastic deformation behaviour of solids at small strain in quasistatic setting of the problem. Let us start with the formulation of the initial-boundary value problem, which we are going to investigate. Let Ω ⊂ R^3 be a bounded domain with smooth boundary ∂Ω. We have to find the displacement field u : Ω × R_+ → R^3, the Cauchy stress tensor T : Ω × R_+ → S^3 = R^{n×n}_{sym} and the inelastic deformation tensor ε^p : Ω × R_+ → R^N satisfying the following system of equations

div_xT (x, t) = −F (x, t) ,

T (x, t) = D(ε(u(x, t)) − ε^p(x, t)) ,

ε(u(x, t)) = 1 2 (∇_xu(x, t) + ∇^T_x u(x, t)) , (MS)

ε^p_t (x, t) = G ( P T (x, t) ) , where the function F : Ω × R_+ → R^3 describes the external forces acting on the material, D : S^3 → S^3 is the elasticity tensor which is assumed to be constant in time and space, symmetric and positive definite. Moreover, G : S^3 → P S^3 is the inelastic constitutive function and the map P is defined by P T = T −^1_3 tr T · I. We investigate here only models of monotone type (for the definition see [1]). Flow rule (MS4) is of monotone type if the function G is monotone and G(0) = 0. Additionally, we assume that G is strictly monotone

∀ σ_1, σ_2 ∈ S^3 σ_1 ≠ σ_2 ⇒ (G(σ_1) − G(σ_2), σ_1 − σ_2) > 0

and continuous. We call monotone models with a strictly monotone inelastic constitutive function also strictly monotone.

We consider system (MS) with the following boundary condition of mixed type: the Dirichlet boundary condition on Γ_1 ⊂ ∂Ω

u(x, t) = g_D(x, t) for x ∈ Γ_1 and t ≥ 0 (1.1)

and the Neumann boundary condition on Γ_2 ⊂ ∂Ω

T (x, t) · n(x) = g_N (x, t) for x ∈ Γ_2 and t ≥ 0 (1.2) where n(x) is the exterior unit normal vector to the boundary ∂Ω at the point x, Γ_1 and Γ_2 are open in ∂Ω, disjoint, “smooth enough” sets satisfying ∂Ω = Γ_1 ∪ Γ_2 and H_2(Γ_1) > 0, where H_2 denotes the 2-dimensional Hausdorff measure. Moreover, the functions g_D, g_N are given boundary data. Finally, the initial condition for the inelastic strain tensor is in the form

ε^p(x, 0) = ε^{p,0}(x) (1.3)

with a given initial data ε^{p,0} : Ω → P S^3.

System (MS) with the assumptions on the inelastic constitutive function written above belongs to the class of monotone models defined in the monograph [1]. The vector of internal variables z contains the inelastic strain tensor only and the free energy function associated with the system is in the form

ρψ(ε, ε^p) = 1 2 D(ε − ε^p) · (ε − ε^p) ,

where ρ is the mass density which we assume to be constant. We see that the quadratic form ψ is semi-positive definite only and the considered model is not coercive. It was shown in [1] and in [2] that in the inelastic deformation theory coercive models (models with positive defined free energy) are L^2-well-posed. In the noncoercive case in the article [5] an approximation procedure was proposed. The idea of the approximation was very simple. A noncoercive model was approximated by a sequence of coercive models. Therefore this process is called in the literature a coercive approximation. Convergence of this procedure in the dynamical setting of the problem, assuming homogeneous boundary conditions and a polynomial growth condition for the inelastic constitutive function, was studied for system (MS) in [6]. The main mathematical tool used in [6] was the Minty-Browder method. By this monotonicity trick the weak limit of the nonlinear term appearing in the system was characterized. In the quasistatic case, using variational inequalities techniques, system (MS) with homogeneous boundary conditions was investigated in [17]. Assuming that G is strictly monotone, continuous and satisfies a nondegeneration condition (see Section 4 for the definition of this condition) we prove in this article a convergence result of the coercive approximation process for system (MS) without any growth conditions for the function G in Orlicz spaces associated with the inelastic constitutive function. To characterize the weak limit of the nonlinear term in (MS) we use the Young measures approach. The main mathematical tool used in our method is a generalisation of the compactness result published in [11].

2 Coercive approximation

In this section we formulate the coercive approximation process for system (MS) and present an existence and uniqueness result for the approximated problem. Let us write system (MS) in the following form

div_xρ ∂ψ ∂ε (ε(x, t), ε^p(x, t)) = −F (x, t) ,

ε(u(x, t)) = 1 2 (∇_xu(x, t) + ∇^T_x u(x, t)) , (2.4) ε^p_t (x, t) = G ( − P ρ ∂ψ ∂ε^p

(ε(x, t), ε^p(x, t)) ) , where ρ ∂ψ ∂ε (ε, ε^p) = D(ε − ε^p) = −ρ ∂ψ ∂ε^p

(ε, ε^p) .

Hence, we see that our system of equations possesses a symmetry property given by the last two equalities. The coercive approximation procedure destroys this property slightly. Let k be a positive natural number. We define the following approximate free energy function

ρψ^k(ε, ε^p) = 1 2 D(ε − ε^p) · (ε − ε^p) + 1 2k Dε · ε .

This positive definite quadratic form is associated with the following approximate system

div_xT^k(x, t) = −F (x, t) ,

T^k(x, t) = D(ε(u^k(x, t)) − ε^{p,k}(x, t) + 1 k ε(u^k(x, t)) ,

ε(u^k(x, t)) = 1 2 (∇_xu^k(x, t) + ∇^T_x u^k(x, t)) , (CA)

ε^{p,k}_t (x, t) = G ( P T̂^k(x, t) ) , where T̂^k = D(ε^k − ε^{k,p}) = T^k −^1_k Dε(u^k). System (CA) will be studied with the boundary conditions

u^k(x, t) = g_D(x, t) for x ∈ Γ_1 and t ≥ 0 (2.1)

T^k(x, t) · n(x) = g_N (x, t) for x ∈ Γ_2 and t ≥ 0 (2.2)

and with the initial condition

ε^{p,k}(x, 0) = ε^{p,0}(x) , (2.3)

where the given data g_D, g_N , F, ε^{p,0} are the same as used in system (MS). Let us assume that ε^{p,0} ∈ L^2(Ω; P S^3), F (x, 0) ∈ L^2(Ω; R^3), g_D(x, 0) ∈ H^12 (Γ_1; R^3) and g_N (x, 0) ∈ H^{− 1}2 (Γ_2; R^3), where H^s denotes the standard Sobolev space constructed over L^2. Moreover, we use the notation W^{k,p} for the Sobolev spaces over L^p. The initial function ε^{p,0} generates initial values for the stress and the displacement. Let us denote by T^{k,0} and by u^{k,0} the unique solution of the linear problem

div_xT^{k,0}(x) = −F (x, 0)

T^{k,0}(x) = D ( ε(u^{k,0}(x)) − ε^{p,0}(x) + 1 k ε(u^{k,0}(x)) ) (2.4)

u^{k,0}(x)_{|Γ1} = g_D(x, 0) , T^{k,0}(x) · n(x)_{|Γ2} = g_N (x, 0) .

We see that the initial values T^{k,0}, u^{k,0} are not constant in the approximation procedure. Nevertheless, using the standard elliptic estimates for the differences u^{k,0} −u^{l,0} we conclude that ‖u^{k,0} − u^{l,0}‖_H1_{(Ω)} ≤ C ( 1 k + 1 l ) . (2.5)

Hence, the sequence {u^{k,0}} is a Cauchy sequence in the space H^1(Ω; R^3) and converges to some function u^0. Moreover, from the definition of T^{k,0} we conclude that T^{k,0} → T^0 in the space L^2(Ω; S^3). Additionally, (u^0, T^0) is the unique solution of the problem

div_xT^0(x) = −F (x, 0)

T^0(x) = D ( ε(u^0(x)) − ε^{p,0}(x) ) (2.6)

u^0(x)_{|Γ1} = g_D(x, 0) , T^0(x) · n(x)_{|Γ2} = g_N (x, 0) .

Next, we present an existence and uniqueness result for system (CA). A proof of this result can be found in [2] or in [8].

Theorem 2.1 (existence for each approximation step) Let us assume that the given data have the following regularity

F ∈ W^{2,∞}((0, T ); L^2(Ω; R^3))

g_D ∈ W^{3,∞}((0, T ); H^{12} (Γ_1; R^3)) , g_N ∈ W^{2,∞}((0, T ); H^{− 12} (Γ_2; R^3)) .

Moreover, assume that ε^{p,0} ∈ L^2(Ω; P S^3) implies that for all k G(P T^{k,0}) ∈ L^2(Ω; P S^3) where the initial stress T^{k,0} is defined as the solution of the system (2.4). If the constitutive function G is monotone, continuous and satisfies G(0) = 0 then for each positive number k the problem (CA) with the boundary conditions (2.1), (2.2) and the initial condition (2.3) possesses a global in time, unique solution

(u^k, T^k, ε^{p,k}) ∈ W^{1,∞}((0, T ); H^1(Ω; R^3) × L^2(Ω; S^3 × P S^3)) for all T > 0 .

In fact from [2] and [8] follows that problem (CA) is L^2-well-posed which means that the solution depends continuously on given data. Next, we have to obtain some estimates for the approximate sequence to conclude a convergence result of this sequence. We will see that the free energy function ψ^k can be controlled in the space L^∞(L^1) by a constant which does not depend on k. Unfortunately, if k → ∞ then the limit free energy ψ is not coercive and we loose a control of strains in L^∞(L^2). This is the main problem appearing in the theory of inelastic deformations.

3 Energy estimates

Next, we are going to obtain a convergence result for the approximation procedure defined in the last section. In the dynamical setting for all monotone and viscoplastic models (noncoercive models for which the inelastic constitutive function do not blow up on finite domains) in the article [7] weak convergence of strains in L^1(Ω × (0, T )) was obtained, provided that the given data satisfy the so called save load condition. We are going to follow this idea for system (MS). In this section we prove the main estimates for the approximate sequence.

Definition 3.1 We say that the given data F, g_D, g_N satisfy the weak save load condition if the unique solution (u^∗, T^∗) of the linear system

div_xT^∗(x, t) = −F (x, t)

T^∗(x, t) = Dε(u^∗(x, t)) (3.1)

u^∗(x)_{|Γ1} = g_D(x, t) , T^∗(x) · n(x)_{|Γ2} = g_N (x, t) .

have the regularity:

for all T > 0 u^∗ ∈ W^{1,∞}((0, T ); H^1(Ω; R^3)), T^∗ ∈ W^{1,∞}((0, T ); L^2(Ω; S^3)) and

G(P T^∗) ∈ L^∞((0, T ); L^2(Ω; P S^3)) .

The first estimate which we are going to prove is the energy estimate for the approximate sequence. Let us define the energy function associated with system (MS) by E(ε, ε^p)(t) = ∫ Ω ρψ(ε(x, t), ε^p(x, t)) dx (3.2)

and the energy associated with system (CA) by

E^k(ε, ε^p)(t) = ∫ Ω ρψ^k(ε(x, t), ε^p(x, t)) dx . (3.3)

Theorem 3.1 (energy estimate) Assume that the given data F, g_D, g_N , ε^{p,0} satisfy the requirements from Theorem 2.1 and additionally F, g_D, g_N have the weak save load property. Then there exists a positive constant C(T ) not depending of k such that

E^k(ε^k − ε^∗, ε^{p,k})(t) (3.4) + ∫_t 0 ∫ Ω ( G(P T̂^k(x, τ)) − G(P T^∗(x, τ), P T̂^k(x, τ) − P T^∗(x, τ) ) dx dτ ≤ C(T ) ,

where ε^k = ε(u^k), ε^∗ = ε(u^∗) and (u^∗, T^∗) is the solution of system (3.1).

Proof Calculating the time derivative of the energy E^k(ε^k − ε^∗, ε^{p,k})(t) we have d dt E^k(ε^k − ε^∗, ε^{p,k})(t) = ∫ Ω D(ε^k − ε^∗ − ε^{p,k}) · (ε^k_t − ε^∗_t − ε^{p,k}_t ) dx + 1 k ∫ Ω D(ε^k − ε^∗) · (ε^k_t − ε^∗_t ) dx = ∫ Ω D(ε^k − ε^∗ − ε^{p,k} + 1 k (ε^k − ε^∗)) · (∇u^k_t − ∇u^∗_t ) dx − ∫ Ω (T̂^k − T^∗) · ε^{p,k}_t dx = − ∫ Ω div (T^k − (1 + 1 k )T^∗)(u^k_t − u^∗_t ) dx − ∫ Ω G(P T̂^k)(P T̂^k − P T^∗) dx + ∫ ∂Ω (T^k − (1 + 1 k )T^∗)n(u^k_t − u^∗_t ) dS(x) . (3.5)

Using the definition of the pair (u^∗, T^∗) we obtain that d dt E^k(ε^k − ε^∗, ε^{p,k})(t) = − ∫ Ω G(P T̂^k)(P T̂^k − P T^∗) dx + 1 k ∫ Ω F (u^k_t − u^∗_t ) dx − 1 k ∫ Γ_2

g_N (u^k_t − u^∗_t ) dS(x) = − ∫ Ω (G(P T̂^k) − G(P T^∗))(P T̂^k − P T^∗) dx − ∫ Ω G(P T^∗)(P T̂^k − P T^∗) dx + 1 k ∫ Ω F (u^k_t − u^∗_t ) dx − 1 k ∫ Γ_2

g_N (u^k_t − u^∗_t ) dS(x) . (3.6)

Next we integrate in time over (0, t) and estimate the last three integrals from the right hand side of (3.6). ∫_t 0 ∫ Ω G(P T^∗)(P T̂^k − P T^∗) dx dτ ≤ 1 2 ∫_t 0 ‖G(P T^∗)‖^2_L2_{(Ω)}dτ + 1 2 ∫_t 0 E^k(ε^k − ε^∗, ε^{p,k})dτ (3.7)

and the first term on the right hand side is bounded by the weak save load condition. 1 k ∫_t 0 ∫ Ω F (u^k_t − u^∗_t ) dx dτ = − 1 k ∫_t 0 ∫ Ω F_t(u^k − u^∗) dx dτ + 1 k ∫ Ω F (u^k − u^∗) dx − 1 k ∫ Ω F (0)(u^{k,0} − u^∗(0)) dx . (3.8)

Using regularity of F, u^{k,0} and u^∗ we see that the last integral in (3.8) is bounded. Moreover, on Γ_1 we have u^k − u^∗ = 0 hence, by the Korn inequality ‖u^k − u^∗‖_H1_{(Ω)} ≤ C(Ω)‖ε^k − ε^∗‖_L2_{(Ω)}. This allows us to write that 1 k ∫_t 0 ∫ Ω F (u^k_t − u^∗_t ) dx dτ ≤ 1 2 ∫_t 0 ‖F_t‖^2_L2 dτ +C ∫_t 0 E^k(ε^k − ε^∗, ε^{p,k})dτ + C(α)‖F ‖^2_L2 + αE^k(ε^k − ε^∗, ε^{p,k}) + C , (3.9)

where α > 0 is any positive number, C(α) do not depend on k and C is a global positive constant. Similarly we estimate the last integral − 1 k ∫_t 0 ∫ Γ_2

g_N (u^k_t − u^∗_t ) dS(x) dτ = 1 k ∫_t 0 ∫ Γ_2

g_{N,t}(u^k − u^∗) dS(x) dτ − 1 k ∫ Γ_2

g_N (u^k − u^∗) dS(x) + 1 k ∫ Γ_2

g_N (0)(u^{k,0} − u^∗(0)) dS(x) . (3.10)

Using the continuity of the trace operator and again the Korn inequality we arrive at the inequality − 1 k ∫_t 0 ∫ Γ_2

g_N (u^k_t − u^∗_t ) dS(x) dτ ≤ 1 2 ∫_t 0 ‖g_{N,t}‖_L2_{(Γ2)} dτ +C ∫_t 0 E^k(ε^k − ε^∗, ε^{p,k})dτ + C(β)‖g_N ‖_L2_{(Γ2)} + βE^k(ε^k − ε^∗, ε^{p,k}) + C , (3.11) where β > 0 is any positive number, C(β) do not depend on k and C is a global positive constant. Finally, we choose α and β so small that α + β < 1, insert (3.7), (3.9) and (3.11) into the time integral of (3.6) and use the Gronwall Lemma.

Next step is an estimate for the time derivatives of the approximate sequence. This is the main estimate in the existence theory. In the dynamical setting of the problem this was done for general monotone models in the article [7]. In the quasistatic case for coercive and self-controlling models (for the definition of the class containing selfcontrolling models we refer to [5]). System (MS) does not have the self-controlling structure and therefore we are going to follow the idea from [7].

Theorem 3.2 (energy estimate for time derivatives) Assume that the given data F, g_D, g_N , ε^{p,0} satisfy all assumptions from Theorem 2.1. Additionally suppose that the boundary data g_N and the external force F posses the regularity

∀ T > 0 g_{N,tt}, g_{N,t} ∈ L^∞(Ω × (0, T )) , F_t, F_{tt} ∈ L^∞((0, T ); L^3(Ω; S^3)) ,

and the sequence G(P T^{k,0}) is bounded in L^2(Ω; P S^3). Then the energy function E^k for the time derivatives can be estimated as follows: for all t ∈ (0, T )

E^k(ε^k_t , ε^{p,k}_t )(t) ≤ D(T )(1 + sup_{t∈(0,T )} ‖ε^{k,p}_t ‖_L1_{(Ω)}) , (3.12)

where the positive constant D(T ) does not depend on k.

Proof Let us denote by (ε^k_h, ε^{p,k}_h ) the shifted functions (ε^k(x, t + h), ε^{p,k}(x, t + h)) for h ∈ (0, T ). Calculating the time derivative of the function E^k(ε^k_h − ε^k, ε^{p,k}_h − ε^{p,k})(t) in the same manner as in the proof of Theorem 3.1 we arrive at the equality d dt E^k(ε^k_h − ε^k, ε^{p,k}_h − ε^{p,k})(t) = − ∫ Ω div (T^k_h − T^k)(v^k_h − v^k) dx + ∫ ∂Ω (T^k_h − T^k)n(v^k_h − v^k) dS(x) + − ∫ Ω (G(P T̂^k_h ) − G(T̂^k)(P T̂^k_h − P T̂^k) dx ≤ ∫ Ω (F^k_h − F^k)(v^k_h − v^k) dx + ∫ ∂Ω (T^k_h − T^k)n(v^k_h − v^k) dS(x) (3.13)

(the last inequality follows by monotonicity of the function G). Here v^k = u^k_t and T^k_h , v^k_h, F_h are shifted functions T^k, v^k, F respectively. Using the boundary conditions we have d dt E^k(ε^k_h − ε^k, ε^{p,k}_h − ε^{p,k})(t) ≤ ∫ Ω (F^k_h − F^k)(v^k_h − v^k) dx + ∫ Γ_1

(T^k_h − T^k)n(g^t_{D,h} − g^t_D) dS(x) + ∫ Γ_2

(g_{N,h} − g_N )(v^k_h − v^k) dS(x) , (3.14)

where g^t_D = ∂_tg_D and g^t_{D,h}, g_{N,h} are shifted functions g^t_D, g_N . Next we integrate (3.14) with respect to t, shift all difference operators onto given data, divide by h^2 and pass to the limit h → 0^+. Then we obtain the inequality

E^k(ε^k_t , ε^{p,k}_t )(t) ≤ E^k(ε^k_t , ε^{p,k}_t )(0) +

∫_t 0 ‖F_{tt}‖_L3_{(Ω)}‖v^k‖_L 3_{2 (Ω)}dτ

+C(T ) ( sup t∈(0,T )

‖g^t_{D,tt}‖_H 1_{2 (Γ1)} + sup_{t∈(0,T )} ‖g^t_{D,t}‖_H 1_{2 (Γ1)} ) sup t∈(0,T )

‖T^k · n‖_{H−} 1_{2 (∂Ω)}

+C(T ) ( sup t∈(0,T )

‖g_{N,tt}‖_L∞_{(Γ2)} + sup_{t∈(0,T )} ‖g_{N,t}‖_L∞_{(Γ2)} ) sup t∈(0,T )

‖v^k‖_L1_{(∂Ω)}

+ sup_{t∈(0,T )} ‖F_t‖_L3_{(Ω)}‖v^k‖_L 3_{2 (Ω)} (3.15)

where the positive constant C(T ) do not depend on k. Using the continuous embedding LD(Ω) ⊂ L^32 (Ω), where LD(Ω) consists of integrable functions u for which the weak derivative ε(u) is also integrable, we have

‖v^k‖_L 3_{2 (Ω)} ≤ C(Ω) ( ‖ε^k_t ‖_L1_{(Ω)} + ∫ Γ_1

|g_{D,t}| dS(x) ) . (3.16)

By the trace theorem in the space LD(Ω) we can estimate the boundary norm of v^k

‖v^k‖_L1_{(∂Ω)} ≤ C(Ω) ( ‖ε^k_t ‖_L1_{(Ω)} + ∫ Γ_1

|g_{D,t}| dS(x) ) . (3.17)

Finally, by the trace theorem in the space L^2(div ) we obtain that

‖T^k · n‖_{H−} 1_{2 (∂Ω)} ≤ C(Ω) ( ‖T^k‖_L2_{(Ω)} + ‖F ‖_L2_{(Ω)} ) . (3.18)

Inserting (3.16), (3.17) and (3.18) into (3.15), observing that the sequence E^k(ε^k_t , ε^{p,k}_t )(0) is bounded and using the following inequality ‖ε^k_t ‖_L1_{(Ω)} ≤ C(‖ε^{p,k}_t ‖_L1_{(Ω)} +‖T^k_t ‖_L2_{(Ω)}) we complete the proof.

To close the energy estimate for the time derivatives we have to prove the boundedness of the strains in the space L^∞((0, T ); L^1(Ω; S^3)). To do this we use an idea from the article [9]. First we define a stronger save load condition.

Definition 3.2 We say that the given data F, g_D, g_N satisfy the save load condition if the unique solution (u^∗, T^∗) of the linear system (3.1) have the regularity required in Definition 3.1 and additionally there exists δ > 0 such that for σ ∈ P S^3

sup_{|σ|≤δ} |G(P T^∗ + σ)| ∈ L^∞((0, T ); L^2(Ω; R_+)) .

Theorem 3.3 Let us assume that all requirements from Theorem 3.2 hold and the given data satisfy the save load condition. Then the sequences {ε^{p,k}_t } , {ε^k_t } are bounded in the space L^∞((0, T ); L^1(Ω; S^3)).

Proof Let us fix δ > 0 from the save load condition and fix σ ∈ P S^3 with |σ| ≤ δ. By the monotonicity of the inelastic constitutive function we have

(G(P T̂^k) − G(P T^∗ + σ), P T̂^k − P T^∗ − σ) ≥ 0 . (3.19)

We rewrite (3.20) in the form

ε^{p,k}_t · σ ≤ (G(P T̂^k), P T̂^k − P T^∗) − (G(P T^∗ + σ), P T̂^k − P T^∗ − σ) . (3.20)

Next we take the supremum with respect to |σ| ≤ δ and integrate over Ω. Hence, we conclude that ∫ Ω |ε^{p,k}_t | dx ≤ 1 δ ∫ Ω (G(P T̂^k), P T̂^k − P T^∗) dx + 1 δ ∫ Ω sup_{|σ|≤δ} |G(P T^∗ + σ)|(|P T̂^k| + |P T^∗| + δ) dx (3.21)

According to the save load condition and to the energy estimate from Theorem 3.1 we see that the last integral in the right hand side of (3.22) is bounded in time. Hence, to end the proof we have to estimate the previous integral. By equality (3.6) we have ∫ Ω G(P T̂^k)(P T̂^k − P T^∗) dx = − d dt E^k(ε^k − ε^∗, ε^{p,k})(t) + 1 k ∫ Ω F (u^k_t − u^∗_t ) dx − 1 k ∫ Γ_2

g_N (u^k_t − u^∗_t ) dS(x) . (3.22)

Next, we observe that | | d dt E^k(ε^k − ε^∗, ε^{p,k})(t) | | ≤ αE_k(ε_{kt} , εp,k_t )(t) + C(α)E_k(ε_k − ε_∗, ε_{p,k})(t) + C(T ) , (3.23)

where α > 0 is arbitrary and the positive constants C(α), C(T ) do not depend on k. Moreover, on the set Γ_1 we have u^k_t − u^∗_t = 0 which allows us to use the Korn inequality in the form ‖u^k_t − u^∗_t ‖_H1_{(Ω)} ≤ C(Ω)‖ε^k_t − ε^∗_t ‖_L2_{(Ω)}. These observations imply that ∫ Ω G(P T̂^k)(P T̂^k − P T^∗) dx

≤ βE^k(ε^k_t , ε^{p,k}_t )(t) + C(β)E^k(ε^k − ε^∗, ε^{p,k})(t) + C(T ) , (3.24)

where β > 0 is arbitrary and the positive constants C(β), C(T ) do not depend on k. Choosing β so small that 2βD(T ) < 1, where D(T ) is the constant from Theorem 3.2 we obtain ∫ Ω |ε^{p,k}_t | dx ≤ 1 2 sup t∈(0,T ) ∫ Ω |ε^{p,k}_t | dx + C(T )

where C(T ) is independent of k. This inequality completes the proof immediately.

Remark The boundedness of the energy E^k(ε^k_t , ε^{p,k}_t )(t) implies that the functions ∫ Ω (G(P T̂^k) − G(P T^∗))(P T̂^k − P T^∗) dx and ∫ Ω G(P T̂^k)(P T̂^k − P T^∗) dx

are also bounded on finite time intervals.

In [7] in dynamical setting of the problem was proved that if the function P T^∗ is bounded then the sequences of strains are relatively weakly precompact in the space L^1(Ω × (0, T ); S^3). Note that the boundedness of P T^∗ automatically implies the condition from Definition 3.2. In this article we obtain a similar result in the next section.

4 Convergence in Orlicz spaces

We start this section with some definitions and results concerning vector-valued Orlicz spaces generated by N -functions which are not necessary spherical symmetric. For more information and proofs we refer to [17].

Definition 4.1 Let M : R^n → R be a strictly convex and differentiable function. (a) If M satisfies the condition lim_{λ→∞} λ^{−1}M(λp) = ∞ for all p ∈ R^n \ {0} and additionally for all p ∈ R^n M(p) = M(−p) then we say that M is an N -function. (b) The Legendre transformation of M is called the dual conjugate to M and is denoted by M^∗.

(c) If M is an N -function we denote by L_M (Ω; R^n) the set of all functions p : Ω → R^n from L^1(Ω; R^n) such that ∫ Ω M(p(x)) dx < ∞ .

(d) The Orlicz space L_M (Ω; R^n) consists of all functions p ∈ L^1(Ω; R^n) such that

‖p‖_{LM} = sup {| | | ∫ Ω (p(x), q(x)) dx | | | : q ∈ LM ∗ (Ω; R^n) and ∫ Ω M^∗(q(x)) dx ≤ 1 }

is finite.

(e) We say that M satisfies the Δ_2-condition if there exist positive constant c, λ such that M(2p) ≤ cM(p) for all |p| > λ.

Theorem 4.1 Let M be an N -function.

(a) The space L_M (Ω; R^n) with the norm ‖p‖_{LM} is a Banach space. (b) If p ∈ L_M (Ω; R^n) then p ∈ L_M (Ω; R^n) and

‖p‖_{LM} ≤ 1 + ∫ Ω M(p(x)) dx .

(c) If p ∈ L_M (Ω; R^n) and ‖p‖_{LM} ≤ 1 then p ∈ L_M (Ω; R^n) and ∫ Ω M(p(x)) dx ≤ ‖p‖_{LM} .

(d) If p ∈ L_M (Ω; R^n) and q ∈ L_M ∗ (Ω; R^n) then the function (p, q) is integrable and the following version of the Hölder inequality holds ∫ Ω |(p(x), q(x))| dx ≤ ‖p‖_{LM} ‖q‖_{LM∗} .

(e) If M satisfies the Δ_2-condition then L_M (Ω; R^n) = L_M (Ω; R^n) and the space L^∞(Ω; R^n) is dense in L_M (Ω; R^n).

(f) If M satisfies the Δ_2-condition then the dual space to the Orlicz space L_M (Ω; R^n) is the Orlicz space L_M ∗ (Ω; R^n).

In this section we want to prove that the weak limit of the coercive approximation obtained in the last section satisfies system (MS). To do this we assume that the inelastic constitutive function G satisfies the following nondegeneration condition.

Definition 4.2 We say that the function G satisfies the nondegeneration condition if there exists an N -function M and positive constant c such that

∀p ∈ S^3 M(p) + M^∗(G(p)) ≤ c (G(p), p)

and the dual conjugate M^∗ satisfies the Δ_2-condition.

Note that if G is equal to the derivative of some N -function then G satisfies immediately the nondegeneration condition, provided that the dual conjugate satisfies the Δ_2-condition. This is a consequence of the equality M(p) + M^∗(DM(p)) = (DM(p), p) which is satisfied by all N -functions. This condition implies that G cannot behave extremely weird. Compare this condition with similar conditions from [6] and from [17].

Theorem 4.2 Suppose that the inelastic constitutive function G satisfies the nondegeneration condition and all assumptions from Theorem 3.3 hold. Additionally, assume that the function P T^∗ defined by the save load condition possesses the regularity ∀ T > 0 P T^∗ ∈ L^∞(Ω × (0, T ); P S^3) .

Then the sequences of strains and of time derivatives of strains converges weakly in the space L^1(Ω × (0, T ); S^3)) and the weak limit of ε^{p,k}_t belongs to the space L^∞((0, T ); L_M ∗ (Ω; S^3)), where M is the N -function from the nondegeneration condition.

Proof We want to obtain an estimate for the sequence of the time derivatives of inelastic strains in a space in which bounded sets are weakly precompact in L^1(Ω×(0, T ); S^3)). Let us start with the following observation: ∫ Ω G(P T̂^k)P T̂^k dx ≤ | | ∫ Ω G(P T̂^k)(P T̂^k − P T^∗) dx | | + ∫ Ω G(P T̂^k)P T^∗ dx . (4.1)

By the nondegeneration condition, the remark at the end of Section 3 and the additional regularity of P T^∗ we obtain ∫ Ω M(P T̂^k) dx + ∫ Ω M^∗(G(P T̂^k)) dx ≤ c ∫ Ω G(P T̂^k)P T̂^k dx ≤ C(T ) + c‖G(P T̂^k)‖_L1_{(Ω)}‖P T^∗‖_L∞_{(Ω)} . (4.2)

Consequently, the sequence {ε^{p,k}_t } is bounded in L^∞((0, T ); L_M ∗ (Ω; P S^3)) and the sequence {P T^k} is bounded in L^∞((0, T ); L_M (Ω; P S^3)). This yields that the sequence {ε^{p,k}_t } is bounded in L_M ∗ (Ω × (0, T ); P S^3)) and in this space bounded sets are relatively weakly precompact in L^1(Ω × (0, T ); S^3)). Hence, there a subsequence (which will be denoted by {ε^{p,k}_t } again) such that ε^{p,k}_t ⇀ ε^p_t in L^1(Ω × (0, T ); S^3)) where ε^p is the weak limit of the sequence {ε^{p,k}}. Moreover, without loss of generality we can assume that P T^{k ∗}⇀ P T in L^∞((0, T ); L_M (Ω; P S^3)) where T is the weak limit of the sequence {T^k} in the space L^∞((0, T ); L^2(Ω; S^3)). Using the convexity of the function M^∗ we conclude that ε^p ∈ L^∞((0, T ); L_M ∗ (Ω; S^3)). Finally, by the equality (1 +^1_k )ε^k_t = D^{−1}T^k_t + ε^{p,k}_t we obtain a convergence result for the sequence {ε^k_t }.

From the last theorem we deduce that the approximate sequence (u^k, T^k, ε^{p,k}) converges weakly to a limit (u, T, ε^p). These functions satisfy the system of equations div_xT (x, t) = −F (x, t) in L^∞((0, T ); L^2(Ω; R^3)) , ε(u(x, t)) = 1 2 (∇u(x, t) + ∇^T u(x, t)) in L^∞((0, T ); L^1(Ω; S^3)) , ε^p_t (x, t) = w − lim_{k→∞} ε^{p,k}_t (x, t) = χ(x, t) in L^∞((0, T ); L_M ∗ (Ω; S^3)) , the boundary condition (1.1) and (1.2) and the initial condition (1.3). Hence, it remains to prove that χ(x, t) = G(P T (x, t)) for a.e. (x, t) ∈ Ω × (0, T ) . (4.3) In [7] equality (4.3) was proved using the gradient structure of the inelastic constitutive function. In [5], provided that G possesses a polynomial growth only, the function χ was characterized by the Minty-Browder method. Here we are going to use the following general theorem using the Young measures approach. Theorem 4.3 Let Ω ⊂ R^n be a measurable set of finite measure and let a function A : R^n −→ R^n satisfy the following conditions:

(i) A(ξ) is continuous.

(ii) For all ξ_1, ξ_2 ∈ R^n, ξ_1 ≠ ξ_2 [A(ξ_1) − A(ξ_2)] · [ξ_1 − ξ_2] > 0.

(iii) There exist positive constants c_1, c_2 and an N -function such that for all ξ it holds A(ξ) · ξ ≥ c_1{M(ξ) + M^∗(A(ξ))} and |A(ξ)| ≤ c_2M^∗(A(ξ)), where M^∗ is the dual conjugate function to M.

Let z^n : Ω → R^n be a sequence of measurable functions such that (iv) {A(z^n) · z^n} is uniformly bounded in L^1(Ω), (v) z^{n ∗}⇀ z in L_M (Ω) and A(z^n) ⇀ Ā in L^1(Ω), (vi) lim sup n→∞ ∫ Ω A(z^n) · z^n dx ≤ ∫ Ω Ā · z dx.

Then z^n → z in measure.

We postpone a proof of this theorem (it will be done in the last section) and prove that by this general tool equality (4.3) follows. We set G = A and z^n = P T̂^n and see that we have only to show that (vi) holds to satisfy the all requirements of this theorem. Moreover, we immediately have that if the sequence {P T̂^k} converges in measure then there exists a subsequence (again denoted with the same symbol) that P T̂^k(x, t) → P T (x, t) for a.e. (x, t) ∈ Ω × (0, T ). Hence, the continuity of G implies (4.3). In the next theorem we prove condition (vi).

Theorem 4.4

lim sup k→∞ ∫_t 0 ∫ Ω G(P T̂^k)P T̂^k dx dτ ≤

∫_t 0 ∫ Ω χ · P T dx dτ . (4.4)

Proof From Theorem 3.1 we have

E^k(ε^k − ε^∗, ε^{p,k})(t) = E^k(ε^k − ε^∗, ε^{p,k})(0) −

∫_t 0 ∫ Ω G(P T̂^k)(P T̂^k − P T^∗) dx + 1 k ∫_t 0 ∫ Ω F (u^k_t − u^∗_t ) dx −

∫_t 0 1 k ∫ Γ_2

g_N (u^k_t − u^∗_t ) dS(x) . (4.5)

From Theorem 3.2 we conclude that two last integrals on the right hand side of (4.5) converge to zero if k tends to infinity. Moreover, in the same manner as in the proof of Theorem 3.1 we obtain

E(ε − ε^∗, ε^p)(t) = E(ε − ε^∗, ε^p)(0) −

∫_t 0 ∫ Ω χ · P T dx dτ . (4.6)

A comparison of the initial energies yields

E^k(ε^k − ε^∗, ε^{p,k})(0) = E(ε − ε^∗, ε^p)(0) + 1 2k ∫ Ω Dε^0 · ε^0 dx .

Consequently we arrive at the inequality

E(ε^k − ε^∗, ε^{p,k})(t) +

∫_t 0 ∫ Ω G(P T̂^k)P T̂^k dx dτ + R_k(t)

≤ E(ε − ε^∗, ε^p)(t) +

∫_t 0 ∫ Ω χ · P T dx dτ ,

where R_k(t) converges to zero uniformly on bounded time intervals. Finally, the convexity of the energy function completes the proof.

5 Young measures tools

For the convenience of the reader we collect below all the necessary tools concerning Young measures used in the proof of Theorem 4.3. For more details and the proofs, we refer to [16, Corollaries 3.2-3.4], and [3, Theorem 2.9], see also [13, 15].

Lemma 5.1 Suppose that the sequence of maps z^j : Ω → R^d generates the Young measure ν. Let F : Ω × R^d → R be a Carathéodory function (i.e. measurable in the first argument and continuous in the second). Let also assume that the negative part F^−(x, z^j (x)) is weakly relatively compact in L^1(Ω). Then

lim inf j→∞ ∫ Ω F (x, z^j (x))dx ≥ ∫ Ω ∫ R^d

F (x, λ)dν_x(λ)dx.

If, in addition, the sequence of functions x → |F |(x, z^j (x)) is weakly relatively compact in L^1(Ω) then

F (·, z^j (·)) ⇀ ∫ R^d

F (x, λ)dν_x(λ) in L^1(Ω)

Remark The second part of the above theorem can be easily extended to vector valued functions F .

Lemma 5.2 Suppose that a sequence z^j of measurable functions from Ω to R^d generates the Young measure ν : Ω → M(R^d). Then

z^j → z in measure if and only if ν_x = δ_{z(x)} a.e..

6 Proof of Theorem 4.3

We apply Lemma 5.1 to the function A(z^n) · z^n. The coercivity condition from assumption (iii) of the theorem assures that the negative part of this function is equal to zero; thus it is certainly weakly relatively compact in L^1(Ω). This allows to conclude that

lim inf n→∞ ∫ Ω A(z^n) · z^n dx ≥ ∫ Ω ∫ R^n

A(ξ) · ξ dν_x(s, ξ)dx , (6.7)

where μ_x is the Young measure generated by the sequence {z^n}. Since the sequence {A(z^n)} is uniformly bounded in L_M ∗ (Ω), it is weakly relatively compact in L^1(Ω), which implies Ā = ∫ R^n A(ξ)dνx(ξ). Thus, from assumption (vi), the following in-

equality holds ∫ Ω ∫ R^n

A(ξ) dν_x(ξ) · ∫ R^n

ξdν_x(ξ) dx ≥ ∫ Ω ∫ R^n

A(ξ) · ξ dν_x(ξ) dx. (6.8)

From the monotonicity of A we have that ∫ Ω ∫ R^n

h(x, ξ)dν_x(ξ)dx ≥ 0, (6.9)

where h is defined by

h(x, ξ) := [ A(ξ) − A( ∫ R^n ξdνx(ξ)) ] · [ ξ − ∫ R^n ξdνx(ξ) ] . Simple calculations imply that ∫ Ω ∫ R^n

h(x, ξ)dν_x(ξ)dx = ∫ Ω ∫ R^n

A(ξ) · ξdν_x(ξ)dx − ∫ Ω ∫ R^n

A(ξ)dν_x(ξ) · ∫ R^n

ξdν_x(ξ)dx,

which, together with (6.8), assures that ∫ Ω ∫ R^n

h(x, ξ)dν_x(ξ)dx ≤ 0. (6.10)

Then, (6.9) and (6.10) imply that ∫ R^n h(x, ξ)dνx(ξ) = 0 for a.e. x ∈ Ω. Moreover,

since ν_x ≥ 0, we have

supp{ν_x}^{a.e}= {∫ R^n

ξdν_x(ξ) } . Note that the single point in the right-hand side set is located a.e. in the point z(x), where z is the weak limit of the sequence {z^n}. Finally we can conclude that ν_x = δ_{z(x)} a.e.. A direct application of Lemma 5.2 yields that z^n → z in measure.

Acknowledgements: This work also was written during the stay of Piotr Gwiazda at Département de Mathématiques et Applications, École Normale Supérieure Paris, supported by EC (RTN) MRTN-CT-2004-503661. He would like to express gratitude to Benoît Perthame for hospitality.

References

[1] Alber H.-D., Materials with memory, Lecture Notes in Math. 1682, Springer, Berlin Heidelberg New York, 1998.

[2] Alber H.-D., Chełmiński K., Quasistatic problems in viscoplasticity theory I:

Models with linear hardening, in I. Gohberg et al. Operator theoretical methods and applications to mathematical physics. The Erhard Meister memorial volume. 105–129, Birkhäuser, Basel, 2004.

[3] Alibert, J.J., Bouchitté, G., Non-uniform integrability and generalized Young measures, J. Convex Analysis 4, 129–147, 1997.

[4] Boccardo L., Murat F., Puel J.P., Existence of bounded solutions for non linear elliptic unilateral problems, Ann. Mat. Pura Appl., IV Ser. 152, 183–196, 1988.

[5] Chełmiński K., Coercive limits for a subclass of monotone constitutive equations in the theory of inelastic material behaviour of metals, Roczniki PTM: App. Math. 40, 41–81, 1997.

[6] Chełmiński K., On monotone plastic constitutive equations with polynomial growth condition, Math. Methods Appl. Sci. 22, 547–562, 1999.

[7] Chełmiński K., Coercive approximation of viscoplasticity and plasticity, Asymptotic Analysis 26, 115–135, 2001.

[8] Chełmiński K., Coercive and self-controlling quasistatic models of the gradient type with convex composite inelastic constitutive equations, CEJM 1, 670–689, 2003.

[9] Chełmiński K., Naniewicz Z., Coercive limits for constitutive equations of monotone-gradient type, Nonlinear Analysis TM&A 48, 1197–1214, 2002.

[10] Gwiazda P., On measure-valued solutions to a 2-dimensional gravity driven avalanche flow model, Math. Methods Appl. Sci., to appear.

[11] Gwiazda P., Świerczewska A., Large Eddy simulation turbulence model with Young Measures, Appl. Math. Lett. 18, 923–929, 2005.

[12] Gwiazda P., Zatorska-Goldstein A., Existence via compactness for maximal monotone elliptic operators, C. R. Math. Acad. Sci. Paris 340, 489–492, 2005.

[13] Hungerbühler N., A refinement of Ball’s theorem on Young measures, New York J. Math. 3, 48–53, 1997.

[14] Lions J.L., Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod, Paris, 1969.

[15] Málek J., Nečas J., Rokyta M., R užička, M., Weak and Measure-valued Solutions to Evolutionary PDEs, Chapman & Hall, 1996.

[16] Müller S., Variational models for microstructure and phase transitions, in Calculus of Variations and Geometric Evolution Problems, edited by S. Hildebrandt, M. Struwe, Lecture Notes in Math. 1713, Springer, Berlin Heidelberg, 1999.

[17] Pompe W., Existence theorems in the viscoplasticity theory, thesis, Fachbereich Mathematik TU Darmstadt, 2003.