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Abstract

Recently, several authors have studied maps where a function, describing the local diffu-
sion matrix of a diffusion process with a linear drift towards an attraction point, is mapped
into the average of that function with respect to the unique invariant measure of the dif-
fusion process, as a function of the attraction point. Such mappings arise in the analysis
of infinite systems of diffusions indexed by the hierarchical group, with a linear attractive
interaction between the components. In this context, the mappings are called renormaliza-
tion transformations. We consider such maps for catalytic Wright-Fisher diffusions. These
are diffusions on the unit square where the first component (the catalyst) performs an au-
tonomous Wright-Fisher diffusion, while the second component (the reactant) performs a
Wright-Fisher diffusion with a rate depending on the first component through a catalyzing
function. We determine the limit of rescaled iterates of renormalization transformations
acting on the diffusion matrices of such catalytic Wright-Fisher diffusions.
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Part 1

1 Introduction and main result

Several authors [BCGdH95, BCGdH97, dHS98, Sch98, CDGO04]| have studied maps where
a function, describing the local diffusion matrix of a diffusion process, is mapped into the
average of that function with respect to the unique invariant measure of the diffusion process
itself. Such mappings arise in the analysis of infinite systems of diffusion processes indexed by
the hierarchical group, with a linear attractive interaction between the components [DG93a,
DG96, DGV95]. In this context, the mappings are called renormalization transformations. We
follow this terminology. For more on the relation between hierarchically interacting diffusions
and renormalization transformations, see Appendix A.1.
Formally, such renormalization transformations can be defined as follows.

Definition 1.1 (Renormalization class and transformation) Let D C R? be nonempty,
convex, and open. Let W be a collection of continuous functions w from the closure D into the
space M j‘f of symmetric non-negative definite d x d real matrices, such that Aw € W for every
A >0, w € W. We call W a prerenormalization class on D if the following three conditions
are satisfied:

(i) For each constant ¢ > 0, w € W, and x € D, the martingale problem for the operator
AZ" is well-posed, where

d
ATV f(y ZC — i) 33/1 )+ Z w;j (y 3y13yg f() (y € E)’ (1.1)
=1

1,j=1

and the domain of Ay" is the space of real functions on D that can be extended to a
twice continuously differentiable function on R® with compact support.

(ii) For each ¢ > 0, w € W, and x € D, the martingale problem for A" has a unique
stationary solution with invariant law denoted by vy

(iii) For each ¢ >0, w € W,z € D, and 4,5 = 1,...,d, one has /_Vi’w(dy)\wij(yﬂ < 00.
D

If W is a prerenormalization class, then we define for each ¢ > 0 and w € W a matrix-valued
function F.w on D by

Fale)i= [ i @u(y) (e D). (1:2)
D
We say that W is a renormalization class on D if in addition:
(iv) For each ¢ > 0 and w € W, the function F,w is an element of W.

If W is a renormalization class and ¢ > 0, then the map Fi. : W — W defined by (1.2) is called
the renormalization transformation on W with migration constant c. In (1.1), w is called the
diffusion matriz and x the attraction point. &



Remark 1.2 (Associated SDE) It is well-known that D-valued (weak) solutions y =
(y',...,y%) to the stochastic differential equation (SDE)

n
dyj = c(x; —y)dt + V2 oy(y)dB]  (t>0,i=1,...,d), (1.3)
j=1
where B = (B!,...,B") is n-dimensional (standard) Brownian motion (n > 1), solve the

martingale problem for ASY if the d X n matrix-valued function ¢ is continuous and satisfies
>k Oik0jk = w;j. Conversely [EK86, Theorem 5.3.3], every solution to the martingale problem
for AZ" can be represented as a solution to the SDE (1.3), where there is some freedom in
the choice of the root ¢ of the diffusion matrix w. <&

In the present paper, we concern ourselves with the following renormalization class on [0, 1]2.

Definition 1.3 (Renormalization class of catalytic Wright-Fisher diffusions) We set
Weat := {w*P : a > 0, p € H}, where

@ ary (1 —x) 0 > ,
wdP(x) = x = (z1,22) € [0,1]%), 14
) < 0 p(z1)x2(1 — 22) (z = (z1,22) € [0,1]%) (1.4)
and
H := {p: p a real function on [0,1], p > 0, p Lipschitz continuous}. (1.5)

Moreover, we put

Hl,r = {p eEH: 1{p(0)>0} =1, 1{p(1)>0} = T‘} (l,T’ =0, 1), (16)

and set W5 = {w™P :a >0, p € Hirt (I,r=0,1). <&

cat *

By Remark 1.2, solutions y = (y!,y?) to the martingale problem for A can be represented
as solutions to the SDE

(i) dy;=c(z1 —y;)dt +1/20y} (1 — y})dB;, )

(i) dy?=c(zz —yD)dt + /2p(y})y2(1 — y?)dB}.

We call y! the Wright-Fisher catalyst with resampling rate o and y? the Wright-Fisher reactant
with catalyzing function p.

For any renormalization class WW and any sequence of (strictly) positive migration constants
(ck)k>0, we define iterated renormalization transformations F () .y — W, as follows:

Ftly = F, (F™w) (n>0) with FOw:=w  (we€ Wea). (1.8)
We set sp := 0 and

n—1
1
n = — 1 <n<o0). 1.9

Here is our main result:



Theorem 1.4 (Main result)
(a) The set Weay is a renormalization class on [0, 1]? and F.OV5) ¢ Wé; (¢>0,l,r=0,1).

cat

(b) Fiz (positive) migration constants (cx)r>0 such that

(i) s, — © and (ii) idia N 1++* (1.10)

n—oo Sy M—00

for some v* > 0. If w € Wé;t (I,r =0,1), then uniformly on [0, 1]?,

sn My —s w*, (1.11)

n—~o0

where the limit w* is the unique solution in Wé;t to the equation

(i) (1 +7)Fy )™ =w" if v >0,
2
1.12
() 1Y w@plen’ @) +u'@) =0 (@el01?) i =0 )
1,7=1

(c) The matriz w* is of the form w* = w"P", where p* = pim* € My, depends on l,r, and *.
One has
P00 =0 and piy-=1  forally® >0. (1.13)

For each v* > 0, the function PE’S,W is concave, nondecreasing, and satisfies palm*(O) =0,
palﬁ*(l) = 1. By symmetry, analoguous statements hold for py g ...

Conditions (1.10) (i) and (ii) are satisfied, for example, for ¢;, = (1 +v*)~*. Note that the
functions pg o .« and pj; .« are independent of v* > 0. We believe that on the other hand,
palﬂ* is not constant as a function of v*, but we have not proved this.

The function pal,O is the unique nonnegative solution to the equation

Ja(l —2) Zyp(@) +p(@)(1—p(2)) =0 (x€[0,1]) (1.14)

with boundary conditions p(0) = 0 and p(1) > 0. This function occurred before in the work of
Greven, Klenke, and Wakolbinger [GKWO01, formulas (1.10)—(1.11)]. In Section 4.1 we discuss
the relation between their work and ours.

Outline In Part I of the paper (Sections 1-4) we present our results and our main techniques
for proving them. Part II (Sections 5-9) contains detailed proofs. Since the motivation for
studying renormalization classes comes from the study of linearly interacting diffusions on the
hierarchical group, we explain this connection in Appendix A.

Outline of Part I In the next section, we place our main result in a broader context. We
give a more thorough introduction to the theory of renormalization classes on compact sets
and discuss earlier results on this topic. In Section 3, we discuss special properties of the
renormalization class W, from Definition 1.3. In particular, we show how techniques from
the theory of spatial branching processes can be used to prove Theorem 1.4. In Section 4 we
discuss the relation of our work with that in [GKWO01] and mention some open problems.

Notation If F is a separable, locally compact, metrizable space, then C(E) denotes the space
of continuous real functions on E. If F is compact then we equip C(E) with the supremumnorm



| - |loo- We let B(E) denote the space of all bounded Borel measurable real functions on E.
We write C, (E) and Cjy1)(E) for the spaces of all f € C(E) with f > 0 and 0 < f < 1,
respectively, and define B (FE) and By (F) analogously. We let M(E) denote the space of
all finite measures on F, equipped with the topology of weak convergence. The subspaces of
probability measures is denoted by M1(E). We write N (E) for the space of finite counting
measures, i.e., measures of the form v = > """, 0, with 1,...,2, € E (m > 0). We interpret
v as a collection of particles, situated at positions z1,...,Z,,. For p € M(E) and f € B(FE)
we use the notation (u, f) := [ fdp and |u| := p(E). By definition, Dg[0,00) is the space
of cadlag functions w : [0,00) — E, equipped with the Skorohod topology. We denote the law
of a random variable y by L(y). If y = (y¢)t>0 is a Markov process in F and x € E, then
P? denotes the law of y started in yg = «. If p is a probability law on E then P* denotes
the law of y started with initial law L£(y¢) = p. For time-inhomogeneous processes, we use
the notation P%* or P%" to denote the law of the process started at time ¢ with initial state
y: = x or initial law L(y;) = p, respectively. We let E¥ EF, ... etc. denote expectation with
respect to P*, P¥, ..., respectively.

2 Renormalization classes on compact sets

2.1 Some general facts and heuristics

In this section, we explain that our main result is a special case of a type of theorem that
we believe holds for many more renormalization classes on compact sets in R%. Moreover, we
describe some elementary properties that hold generally for such renormalization classes. The
proofs of Lemmas 2.1-2.8 can be found in Section 5.1 below.

Fix a prerenormalization class W on a set D where D C R? is open, bounded, and convex.
Then W is a subset of the cone C(D, Mj‘f) of continuous Mi—valued functions on D. We
equip C(D, M j‘f) with the topology of uniform convergence. Our first lemma says that the
equilibrium measures v, and the renormalized diffusion matrices F.w(x) are continuous in
their parameters.

Lemma 2.1 (Continuity in parameters)
(a) The map (x,c,w) — vy from D x (0,00) x W into M1(D) is continuous.
(b) The map (z,c,w) — Faw(z) from D x (0,00) x W into M¢ is continuous.

In particular, z — g is a continuous probability kernel on D, and F.w € C(D, Mi) for all
¢ > 0 and w € W. Recall from Definition 1.1 that Aw € W for all w € W and A > 0. The
reason why we have included this assumption is that it is convenient to have the next scaling
lemma around, which is a consequence of time scaling.

Lemma 2.2 (Scaling property of renormalization transformations) One has

(1) Ac,\w c,w

(i) () = A } (A\,c>0, weW, x € D). (2.1)

The following simple lemma will play a crucial role in what follows.
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Figure 1: Effective boundaries for w € Weas.

Lemma 2.3 (Mean and covariance matrix) For all z € D and i,j = 1,...,d, the mean
and covariances of vy'" are given by

D (2.2)
(i) /B Ve (dy) (y: — 2:)(y; — 7) =  Faawgg ().

(i) / Ve (dy) (g — 1) = O,

For any w € C(D, M), we call
OwD :={x € D :w;j(x) =0Vi,j=1,...,d} (2.3)

the effective boundary of D (associated with w). If y is a solution to the martingale problem
for the operator Zijzl wij(y)%;yj (i.e., the operator in (1.1) without the drift), then, by
martingale convergence, y; converges a.s. to a limit y.; it is not hard to see that y., € 9, D
a.s. The next lemma says that the effective boundary is invariant under renormalization.

Lemma 2.4 (Invariance of effective boundary) One has 0p,,D = 0, D for all w € W,
c>0.

For example, for diffusion matrices w from the renormalization class W = W,,¢, there occur
. . . . L1 1401 1,10 0,0
four different effective boundaries, depending on whether w € W, ;, Wi, Wei, or We.

These effective boundaries are depicted in Figure 1. The statement from Theorem 1.4 (a) that
FC(Wé;t) - Wé;t is just the translation of Lemma 2.4 to the special set-up there.

From now on, let YW be a renormalization class, i.e., W satisfies also condition (iv) from
Definition 1.1. Fix a sequence of (positive) migration constants (cx)i>0. By definition, the
iterated probability kernels K (") associated with a diffusion matrix w € W (and the constants

(ck)k>0) are the probability kernels on D defined inductively by

K H)(dz) = /

D

e P () KM (dz)  (n>0) with K2O(dy) == 6,(dy), (24)
with F(™ as in (1.8). Note that
Fhu) = [ KEOWe) (@ eDnz0) (2.5)
D

The next lemma follows by iteration from Lemmas 2.1 and 2.3. It their essence, this lemma
and Lemma 2.6 below go back to [BCGdH95].



Lemma 2.5 (Basic properties of iterated probability kernels) For each w € W, the
K™(™) gre continuous probability kernels on D. Moreover, for allz € D, i,5 =1,...,d, and

)

. . w,(n .
n > 0, the mean and covariance matriz of Ky ™) are given by

(i) /D K0 (dy) (g — 1) = 0,

(2.6)
(i) /ﬁ K20 (dy) (5 — 22) (3 — 25) = 50 F @iy ().

We equip the space C(D, M1(D)) of continuous probability kernels on D with the topology
of uniform convergence (since M;i(D) is compact, there is a unique uniform structure on
M (D) generating the topology). For ‘nice’ renormalization classes, it seems reasonable to
conjecture that the kernels K-(™) converge as n — oo to some limit K** in C(D, M(D)). If
this happens, then formula (2.6) (ii) tells us that the rescaled renormalized diffusion matrices
$nF™w converge uniformly on D to the covariance matrix of K®*. This gives a heuristic
explanation why we need to rescale the iterates F("w with the scaling constants s,, from (1.9)
to get a nontrivial limit in (1.11).

We now explain the relevance of the conditions (1.10) (i) and (ii) in the present more
general context. If the iterated kernels converge to a limit K™ *, then condition (1.10) (i)
guarantees that this limit is concentrated on the effective boundary:

Lemma 2.6 (Concentration on the effective boundary) If s,, — oo, then for any
n—oo

f €C(D) such that f =0 on O,D:
lim sup ‘ / K2™(dy) f(y)] = 0. (2.7)

In fact, the condition s,, — oo guarantees that the corresponding system of hierarchically
interacting diffusions with migration constants (cg)r>o clusters in the local mean field limit,
see [DG93a, Theorem 3] or Appendix A.1 below.

To explain also the relevance of condition (1.10) (ii), we observe that using Lemma 2.2, we
can convert the rescaled iterates s, F(™ into (usual, not rescaled) iterates of another transfor-
mation. For this purpose, it will be convenient to modify the definition of our scaling constants
sy, a little bit. Fix some ¢ > 0 and put

Sp =0+ sp (n>0). (2.8)
Define rescaled renormalization transformations Fv W — W by
Fow:=(1+7vF,w (y>0, weW). (2.9)

Using (2.1) (ii), one easily deduces that

S FMWw =T, o---0F,(fw) (weW, n>1), (2.10)

where ]
= > 0). 2.11
M=o (n=0) (2.11)



We can reformulate the conditions (1.10) (i) and (ii) in terms of the constants (v, )n>0. Indeed,
it is not hard to check! that equivalent formulations of condition (1.10) (i) are:

n—oo n—oo

(i) sn — 00, (i) S — oo, (i) ) yn =00 (2.12)

Since S,,41/S, = 1 + 7, we see moreover that, for any v* € [0, oo], equivalent formulations of
condition (1.10) (ii) are:

@) 2L o1 ) L Lt () o — (2.13)
Sp M Sp N0 n—00
If 0 < v* < o0, then, in the light of (2.10), we expect S F™Mw to converge to a fixed point
of the transformation fw*. If v* = 0, the situation is more complex. In this case, we expect
the orbit 5, F™Mw — §n+1F("+1)w — -, for large n, to approximate a continuous flow, the
generator of which is

d
lim 7~ (Ew - w) (1) =1 Y wij(@) 55 w(z) +w(z) (v D). (2.14)
ij=1

y—0

N[

To see that the right-hand side of this equation equals the left-hand side if w is twice contin-
uously differentiable, one needs a Taylor expansion of w together with the moment formulas
(2.2) for v/ Under condition condition (2.12) (iii), we expect this continuous flow to reach
equilibrium.

In the light if these considerations, we are led to at the following general conjecture.

Conjecture 2.7 (Limits of rescaled renormalized diffusion matrices) Assume that
Sp — 00 and Spy1/Sn — 1+ " for some v* € [0,00]. Then, for any w € W,

sn ™My —s w*, (2.15)
n—oo
where w* satisfies
(i) Fw'=w* if 0 <" < oo,
d
: * 2 * * D) . *
(i) % Z wl-j(x)%amjw (x) + w*(x)=0 (x € D) if v*=0, (2.16)
ij=1 -
(iii) lim Fw* =w* if v = o0.
~y—00

We call (2.16) (ii), which is in some sense the v* — 0 limit of the fixed point equation
(2.16) (i), the asymptotic fived point equation. A version of formula (2.16) (ii) occured in
[Swa99, formula (1.3.5)] (a minus sign is missing there).

In particular, one may hope that for a given effective boundary, the equations in (2.16)
have a unique solution. Our main result (Theorem 1.4) confirms this conjecture for the
renormalization class W, and for v* < co. In the next section, we discuss numerical evidence

'To see this, let 3o € (0,00] denote the limit of the 3, and note that on the one hand, > 1/(3ncn) >
Do log(l + 1/(8nen)) = log(I],, Sn+1/3n) = log(5/51), while on the other hand ) 1/(3nc.) < [,(1 +
1/(Snen)) = 11, Snt1/5n = Soo /51



that supports Conjecture 2.7 in the case v* = 0 for other renormalization classes on compacta
as well.

In previous work on renormalization classes, fixed shapes have played an important role.
By definition, for any prerenormalization class W, a fized shape is a subclass W C W of the
form W = {\w : A > 0} with 0 # w € W, such that F.())) € W for all ¢ > 0. The next
lemma describes how fixed shapes for renormalization classes on compact sets typically arise.

Lemma 2.8 (Fixed shapes) Assume that for each 0 < v* < oo, there is a 0 # w* = wi. €

W such that snF(”)w — w

2 W whenever w € W, s, — 00, and Sp+1/Sn — 1 +~*. Then:

(a) wl« is the unique solution in W of equation (2.16) (i).
(b) If w* = w?. does not depend on v*, then

F.(w*)=GF+5H7w* (N e>0). (2.17)

(4
Moreover, {\w* : XA > 0} is the unique fized shape in W .

(c) If the wi. for different values of v* are not constant multiples of each other, then W
contains no fized shapes.

Note that by Theorem 1.4, W t is a renormalization class satisfying the general assumptions
of Lemma 2.8. The unique solution of (2.16) (i) in )/VCat is of the form w* = w'?" where
p* = pj14+- We conjecture that the pg, - for different values of v* are not constant multiples

of each other, and, as a consequence, that VVCat contains no fixed shapes.

Many facts and conjectures that we have discussed can be generalized to renormalization
classes on unbounded D, but in this case, the second moments of the iterated kernels K™
may diverge as n — oo. As a result, because of formula (2.6) (ii), the s, may no longer be
the right scaling factors to find a nontrivial limit of the renormalized diffusion matrices; see,
for example, [BCGdH97].

2.2 Numerical solutions to the asymptotic fixed point equation

Let t — w(t, -) be a solution to the continuous flow with the generator in (2.14), i.e., w is an
M¢ ¢-valued solution to the nonlinear partial differential equation

d
Sw(t,x) =35> wi(t a;)afax w(t,z) +w(t,z)  (t>0, z € D). (2.18)
1,7=1

Solutions to (2.18) are quite easy to simulate on a computer. We have simulated solutions
for all kind of diffusion matrices (including nondiagonal ones) on the unit square [0, 12, with
the effective boundaries 1-6 depicted in Figure 2. For all initial diffusion matrices w(0, -) we
tried, the solution converged as t — oo to a fixed point w*. In all cases except case 6, the
fixed point was unique. The fixed points are listed in Figure 2. The functions Po.1,0 and ¢*
from Figure 2 are plotted in Figure 3. Here pj ; o is the function from Theorem 1.4 (c).

The fixed points for the effective boundaries in cases 1 2 and 4 are the unique solutions
of equation (1.12) (ii) from Theorem 1.4 in the classes Wi, Wi and W2, respectively.
The simulations suggest that the domain of attraction of these fixed points (within the class
of “all” diffusion matrices on [0,1]2) is actually a lot larger than the classes Whi, Woit | and

cat»
0,0
Wi



case | effective boundary fixed points w* of (2.18)
1 1‘1(1 — .1‘1) 0
0 xg(l — :L’g)
9 (.1‘1(1 — .1‘1) 0 >
0 Po1,0(@1)22(1 — 22)
3 <q*(:c1,x2) 0 )
0 q* (2, 21)
1‘1(1 — .1‘1) 0
Il (")
5 z1(1 = 21)l{zy50p O
0 0
mir M2
6 (21,
D oo <m2l m22>

Figure 2: Fixed points of the flow (2.18).

The function ¢* from case 3 satisfies ¢*(z1,1) = 21(1 — z1) and is zero on the other parts
of the boundary. In contrast to what one might perhaps guess in view of case 2, ¢* is not of
the form ¢*(z1,22) = f(z2)x1(1 — x1) for some function f.

Case 5 is somewhat degenerate since in this case the fixed point is not continuous.

The only case where the fixed point is not unique is case 6. Here, m can be any positive
definite matrix, while g*, depending on m, is the unique solution on (0,1)? of the equation
1+ % Zij:l mij #{;xig*(x) = 0, with zero boundary conditions.

2.3 Previous rigorous results

In this section we discuss some results that have been derived previously for renormalization
classes on compact sets.

Theorem 2.9 [BCGdH95, DGV95]| (Universality class of Wright-Fisher models)
Let D := {x € R : x; > 0 Vi, Z?:l x; < 1}, and let {eg,...,eq}, with ey := (0,...,0) and

e1:=(1,0,...,0),..., eq:=(0,...,0,1) be the extremal points of D. Let w;"j(m) = (05 — ;)
(xeD,i,j=1,...,d) denote thzstandard Wright-Fisher di@sion matriz, and assume that
W is a renormalization class on D such that w* € W and 0, D = {eq,...,eq} for allw e W.

Let (ci)k>0 be migration constants such that s, — oo as n — oo. Then, for all w € W,
uniformly on D,
snF™Mwy —s w*, (2.19)

n—oo
The convergence in (2.19) is a consequence of Lemmas 2.5 and 2.6: The first moment formula
(2.6) (i) and (2.7) show that K converges to the unique distribution on {ey,...,es} with
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Figure 3: The functions pg; o and ¢* from cases 2 and 3 of Figure 2.

mean z, and by the second moment formula (2.6) (ii) this implies the convergence of s, F(™w.
In order for the iterates in (2.19) to be well-defined, Theorem 2.9 assumes that a renormal-
ization class W of diffusion matrices w on D with effective boundary {eq, ..., eq} is given. The
problem of finding a nontrivial example of such a renormalization class is open in dimensions
greater than one. In the one-dimensional case, however, the following result is known.

Lemma 2.10 [DG93b] (Renormalization class on the unit interval) The set
Whe :={w € C[0,1] : w =0 on {0,1}, w >0 on (0,1), w Lipschitz} (2.20)
is a renormalization class on [0,1].

About renormalization of isotropic diffusions, the following result is known. Below, oD =
D\ D denotes the topological boundary of D.

Theorem 2.11 [dHS98] (Universality class of isotropic models) Let D C R? be open,
bounded, and convex and let m € M be fized and (strictly) positive definite. Set wy;(z) =

mi;g*(z), where g* is the unique solution of 1 + %ZZ] mij%;wjg*(x) =0 forxz € D and
g*(x) = 0 for x € OD. Assume that W is a renormalization class on D such that w* € W
and such that each w € W is of the form

wij(x) = myjg(x) (reD, i,j=1,...,d), (2.21)

for some g € C(D) satisfying g >0 on D and g =0 on dD. Let (c)k>0 be migration constants

such that s, — 0o as n — oo. Then, for all w € W, uniformly on D,

snFMw — w*, (2.22)
n—oo
The proof of Theorem 2.11 follows the same lines as the proof of Theorem 2.9, with the
difference that in this case one needs to generalize the first moment formula (2.6) (i) in the
sense that [5 Ky ’(")(dy)h(y) = h(z) for any m-harmonic function h, i.e., h € C(D) satisfying
> mij%;xjh(ac) — 0 for z € D. The kernel K™ now converges to the m-harmonic
measure on 0D with mean x, and this implies (2.22).

Again, in dimensions d > 2, the problem of finding a ‘reasonable’ class W satisfying the
assumptions of Theorem 2.11 is so far unresolved. The problem with verifying conditions (i)—
(iv) from Definition 1.1 in an explicit set-up is that (i) and (ii) usually require some smoothness
of w, while (iv) requires that one can prove the same smoothness for F.w, which is difficult.

11



The proofs of Theorems 2.9 and 2.11 are based on the same principle. For any diffusion
matrix w, let H,, denote the class of w-harmonic functions, i.e., functions h € C(D) satisfying
> i wij(x)%;xjh(aj) = 0 on D. If w belongs to one of the renormalization classes in Theo-
rems 2.9 and 2.11, then H,, has the property that Ty ,h(H,) C Hy for all ¢ > 0, x € D, and
t >0, where T¢ ;h(y) := h(z+ (y —x)e” ") is the semigroup with generator Z?Zl c(x; — yi)a%i,
i.e., the operator in (1.1) without the diffusion part. In this case we say that w has invariant
harmonics; see [Swa00]. As a consequence, one can prove that the iterated kernels satisfy
I Kf’(n)(dy)h(y) = h(x) for all h € H, and = € D. If 5,, — oo, then this implies that K&
converges to the unique H,-harmonic measure on d,,D with mean x. Diffusion matrices from
Weat do not in general have invariant harmonics. Therefore, to prove Theorem 1.4, we need
new techniques.

Note that in the renormalization classes from Theorems 2.9 and 2.11, the unique attraction
point w* does not depend on ~*. Therefore, by Lemma 2.8, these renormalization classes
contain a unique fixed shape, which is given by {Aw* : A > 0}.

3 Connection with branching theory

From now on, we focuss on the renormalization class W,,t. We will show that for this renor-
malization class, the rescaled renormalization transformations F, from (2.9) can be expressed
in terms of the log-Laplace operators of a discrete time branching process on [0, 1]. This will al-
low us to use techniques from the theory of spatial branching processes to verify Conjecture 2.7
for the renormalization class W,y in the case v* < oco.

3.1 Poisson-cluster branching processes

We first need some concepts and facts from branching theory. Finite measure-valued branching
processes (on R) in discrete time have been introduced by Jifina [Jir64]. We need to consider
only a special class. Let E be a separable, locally compact, and metrizable space. We call a
continuous map Q from E into M;(M(E)) a continuous cluster mechanism. By definition,
an M(E)-valued random variable X is a Poisson cluster measure on E with locally finite
intensity measure p and continuous cluster mechanism Q, if its log-Laplace transform satisfies

~tog B[e= ¥ 1) = [ pfan)(1- /M(E)Q(w,dx)€_<x’f ) (FeBum). @B

For given p and O, such a Poisson cluster measure exists, and is unique in distribution,
provided that the right-hand side of (3.1) is finite for f = 1. It may be constructed as X =
> i Xa:» Where Y. 6, is a (possibly infinite) Poisson point measure with intensity p, and given
Z1,%2, ..., the Xz1, Xz,, - - - are independent random variables with laws Q(z1, - ), Q(z2, - ), ...,
respectively.

Now fix a finite sequence of functions g5 € C4(E) and continuous cluster mechanisms Qj,
(k=1,...,n), define

Upf(x) == qx(x) (1 — )Qk(x,dx)e_<x’ f>) (x e E, feBy(F), k=1,...,n), (3.2)

M(E

and assume that

supUy1(x) < oo (k=1,...,n). (3.3)
el

12



Then Uy, maps By (FE) into B4 (E) for each k, and for each M(E)-valued initial state Xp, there
exists a (time-inhomogeneous) Markov chain (X, ..., X,) in M(E), such that X}, given X} _1,
is a Poisson cluster measure with intensity ¢iX;_1 and cluster mechanism Qj. It is not hard
to see that

e X )] = e—mllioolnf) (1 M(E), f € By(E)). (3.4)

We call X = (Ap,...,X,) the Poisson-cluster branching process on E with weight functions
q1,---,qn and cluster mechanisms Q;,...,9,. The operator U, is called the log-Laplace op-
erator of the transition law from Xj_; to Xk. Note that we can write (3.4) in the suggestive

form
PH[Pois(fX,) = 0] = P[Pois((U1 0 oUyf)p) =0]. (3.5)
Here, if p is an M(FE)-valued random variable, then Pois(u) denotes an N (E)-valued random

variable such that conditioned on pu, Pois(u) is a Poisson point measure with intensity u.

3.2 The renormalization branching process

We will now construct a Poisson-cluster branching process on [0, 1] of a special kind, and show
that the rescaled renormalization transformations on W,,; can be expressed in terms of the
log-Laplace operators of this branching process.

By Lemma 5.4 below, for each v > 0 and x € [0, 1], the SDE

dy(t) = 5 (z — y(®)dt + v/2y(t)(1 — y(1))dB(?), (3.6)

has a unique (in law) stationary solution. We denote this solution by (y2(t))icr. Let 7, be
an independent exponentially distributed random variable with mean -y, and set

Ty
2 ;:/ Syrumdt (7> 0, ze[0,1]). (3.7)
0
Define constants g, and continuous (by Corollary 5.10 below) cluster mechanisms Q,, by

b=t and Qe )=L(2])  (v>0, ze01), (3.8)

and let U, denote the log-Laplace operator with (constant) weight function g, and cluster
mechanism 9., i.e.,

it @) =a (1= [ o mage ) @el feB0L 150, (39

M([0,1])

We now establish the connection between renormalization transformations on W, and log-
Laplace operators.

Proposition 3.1 (Identification of the renormalization transformation) Let F., be
the rescaled renormalization transformation on Weay defined in (2.9). Then

Fuwb?=uwbWP  (pen, v>0). (3.10)

13



Fix a diffusion matrix w*? € We,¢ and migration constants (cx)g>o. Define constants 5,, and
Yn as in (2.8) and (2.11), respectively, where 3 := 1/a. Then Proposition 3.1 and formula
(2.10) show that

S FMep — b Uy 000U () (3.11)

HereU,, ,,...,U,, are the log-Laplace operators of the Poisson-cluster branching process X =
(X_p,..., X&) with weight functions ¢, ,,...,¢,, and cluster mechanisms Q. ..., Q..
We call X (started at some time —n in an initial law £(X_,)) the renormalization branching
process. By formulas (3.4) and (3.11), the study of the limiting behavior of rescaled iterated
renormalization transformations on W,,; reduces to the study of the renormalization branching

process X in the limit n — oc.

3.3 Convergence to a time-homogeneous process

Let X = (X_,, ..., &p) be the renormalization branching process introduced in the last section.
If the constants (vx)r>o satisfy > v, = oo and 7, — ~* for some 7* € [0,00), then X is
almost time-homogeneous for large n. More precisely, we will prove the following convergence
result.

Theorem 3.2 (Convergence to a time-homogenous branching process) Assume that
L(X_,) = p for some probability law p on M([0,1]).
n—oo

(a) If 0 < v* < o0, then
Ly Xt eo) = cy Y7, (3.12)

where YV is the time-homogenous branching process with log-Laplace operator U+ in each
step and initial law L(V] ) = p.

(b) If v* =0, then

0
ﬁ((X—kn(t))Qo) el ﬁ((yt )t20)7 (3.13)
where = denotes weak convergence of laws on path space, kp(t) := min{k : 0 < k < n,

Zl":_kl v < t}, and YV is the super-Wright-Fisher diffusion with activity and growth parameter
both identically 1 and initial law L(V§) = p.

The super-Wright-Fisher diffusion was studied in [FS03]. By definition, J° is the time-homo-
geneous Markov process in M|0, 1] with continuous sample paths, whose Laplace functionals
are given by

Brle= V) = e~ U (e Mo,1], fe BL0,1], t>0). (3.14)

Here U f = u; is the unique mild solution of the semilinear Cauchy equation

{ Frualw) = 32(1 = ) Frua(w) + wa@)(1 —w(x) (120, w € [0,1]), (3.15)

For a further study of the renormalization branching process X and its limiting processes J7"
(v* > 0) we will use the technique of embedded particle systems, which we explain in the next
section.
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3.4 Weighted and Poissonized branching processes

In this section, we explain how from a Poisson-cluster branching process it is possible to con-
struct other branching processes by weighting and Poissonization. We first need to introduce
spatial branching particle systems in some generality.

Let E again be separable, locally compact, and metrizable. For v € N(E) and f €
Bjp11(E), we adopt the notation

fo =1 and fY:= Hf(a;l) when v = Zéxi (m>1). (3.16)
i=1 i=1

We call a continuous map z — Q(z, -) from E into M1 (N (E)) a continuous offspring mech-
anism.

Fix continuous offspring mechanisms @y (1 < k < n), and let (Xy,...,X,) be a Markov
chain in N'(E) such that, given that Xj_; = Y ", d,,, the next step of the chain X} is a sum
of independent random variables with laws Qg (z;, -) (i = 1,...,m). Then

E'[(1- )X =1 -Uio---oUf)Y  (weN(E), f€ Byy(E)), (3.17)
where Uy : Bjg 1)(E) — Bjo1)(E) is defined as

Upf@)=1- | QMa,dv)1-f)Y (1 <k<n, z€E, feBoy(E). (3.18)
N(B)

We call Uy, the generating operator of the transition law from Xj;_1 to X, and we call X =

(Xo,...,X,) the branching particle system on E with generating operators Uy,...,U,. It is

often useful to write (3.17) in the suggestive form

PY[Thins(X,,) = 0] = P[Thiny,c...ct;, () = 0] (veN(E), f € Bypy(E)). (3.19)

Here, if v is an N(E)-valued random variable and f € Bygq(E), then Thiny(v) denotes an
N (E)-valued random variable such that conditioned on v, Thing(v) is obtained from v by
independently throwing away particles from v, where a particle at z is kept with probability
f(z). One has the elementary relations

Thin(Thing(v)) = Thing,(v) and Thins(Pois(u)) = Pois(fpu), (3.20)

where Z denotes equality in distribution.

We are now ready to describe weighted and Poissonized branching processes. Let X =
(Xo,...,X,) be a Poisson-cluster branching process on F, with continuous weight functions
qi,- - -,qn, continuous cluster mechanisms Q;,...,9,, and log-Laplace operators U, ..., U,
given by (3.2) and satisfying (3.3). Let Z* denote an M(E)-valued random variable with
law Q(x, ). Let h € C4(E) be bounded, h # 0, and put E" := {x € E : h(z) > 0}. For
f € BL(E"), define hf € B (E) by hf(z) := h(z)f(x) if x € E" and hf(x) := 0 otherwise.

Proposition 3.3 (Weighting of Poisson-cluster branching processes) Assume that
there exists a constant K < oo such that Uph < Kh for all k =1,...,n. Then there exists a

Poisson-cluster branching process X" = (XgL, ., XM on B with weight functions (¢k, ..., q")
given by q’,;‘ := qi/h, continuous cluster mechanisms Q?, e QZ given by
Qlw,-) = L(ZE)  (ve B, (3.21)
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and log-Laplace operators L{{L ., UM satisfying
hUpf :=Us(hf)  (f € By(EM)). (3.22)
The processes X and X" are related by
L(X)) = L(hXoy) implies L(X])=L(hX;)  (0<k<n). (3.23)

Proposition 3.4 (Poissonization of Poisson-cluster branching processes) Assume
that Uyh < h for all k = 1,...,n. Then there exists a branching particle system X" =

(Xg, .., XY on E" with continuous offspring mechanisms Q% ... Q" given by
Bio N . qr(z) : k\ ~ . _ () ] h
Qb )= G P[Pois(hz) €] + (1 o )50( ) (zeEM), (3.24)
and generating operators U{L, ..., Ul satisfying
hUEf =Up(hf)  (f € By (E")):. (3.25)

The processes X and X" are related by
L(XM) = L£(Pois(hXy)) implies L(XD) = L(Pois(hX)) (0 <k <n). (3.26)

Here, the right-hand side of (3.24) is always a probability measure, despite that it may happen
that g (z)/h(x) > 1. The (straightforward) proofs of Propositions 3.3 and 3.4 can be found in
Section 7.1 below. If (3.23) holds then we say that X" is obtained from X by weighting with
density h. If (3.26) holds then we say that X" is obtained from X by Poissonization with
density h. Proposition 3.4 says that a Poisson-cluster branching process X' contains, in a way,
certain ‘embedded’ branching particle systems X". Poissonization relations for superprocesses
and embedded particle systems have enjoyed considerable attention, see [FS04] and references
therein.

A function h € B, (F) such that Uph < h is called Uy-superharmonic. If the reverse
inequality holds we say that h is Uy -subharmonic. If Uph = h then h is called U -harmonic.

3.5 Extinction versus unbounded growth for embedded particle systems

In this section we explain how embedded particle systems can be used to prove Theorem 1.4.
Throughout this section (y4)r>0 are positive constants such that ) v, = oo and v, — v* for
some 7v* € [0,00), and X = (X_,,...,Xp) is the renormalization branching process on [0, 1]
defined in Section 3.2. We write

U™ =U, ool (3.27)
In view of formula (3.11), in order to prove Theorem 1.4, we need the following result.

Proposition 3.5 (Limits of iterated log-Laplace operators) Uniformly on [0,1],

() Jim utp=1 (b € Huo),
(if)  lim UMp=0 (p € Hoyp), (3.28)
(iff) lim UM p=p5; . (p € Ho,),

where p 4 - [0,1] — [0,1] is a function depending on ~* but not on p € Ho 1.
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. ¢
—n> » 30
obtained from X by Poissonization with certain i taken from the classes Hi 1, Ho, and Ho 1.

In our proof of Proposition 3.5, we will use embedded particle systems X" = (X h

Lemma 3.6 (Embedded particle system with h; 1) The constant function hyi(z) =1
is Uy-harmonic for each v > 0. The corresponding embedded particle system XM on [0,1]
satisfies

PO [IX0M €] = bu (3.29)

n—oo

uniformly? for all € [0,1].

In (3.29) and similar formulas below, = denotes weak convergence of probability measures
on [0,00]. Thus, (3.29) says that for processes started with one particle on the position z at
times —n, the number of particles at time zero converges to infinity as n — oco.

Lemma 3.7 (Embedded particle system with hgg) The function hoo(z) = z(1 — z)
(x €[0,1]) is Uy-superharmonic for each v > 0. The corresponding embedded particle system
X"0.0 on (0,1) is critical and satisfies

PO |X00 €] = & (3.30)

locally uniformly for all x € (0,1).

Here, a branching particle system X is called critical if each particle produces on average
one offspring (in each time step and independent of its position). Formula (3.30) says that
the embedded particle system X"0.0 gets extinct during the time interval {—n,...,0} with
probability tending to one as n — co. We can summarize Lemmas 3.6 and 3.7 by saying that
the embedded particle system associated with hq 1 grows unboundedly while the embedded
particle system associated with hg g becomes extinct as n — oo.

We will also consider an embedded particle systems X hot for a certain ho,1 taken from
Ho,1. It turns out that this system either gets extinct or grows unboundedly, each with a
positive probability. In order to determine these probabilities, we need to consider embedded
particle systems for the time-homogeneous processes J7~ (v* € [0,00)) from (3.12) and (3.13).
If h € Hop, is Uy+-superharmonic for some +* > 0, then Poissonizing the process VY with
h yields a branching particle system on (0, 1] which we denote by Y7/ = (}/()7*’h, Yf’*’h, o).
Likewise, if h € Hp,1 is twice continuously differentiable and satisfies

Lol —2) L h(x) — h(z)(1 - h(z)) <0, (3.31)

then Poissonizing the super-Wright-Fisher diffusion J° with h yields a continuous-time branch-
ing particle system on (0, 1], which we denote by Y% = (Yto’h)tzo. For example, for m > 4,
the function h(z) :=1— (1 — z)™ satisfies (3.31).

Lemma 3.8 (Embedded particle system with hg 1) The function ho1(x) :=1—(1—z)7
is Uy-superharmonic for each v > 0. The corresponding embedded particle system X ho1 on
(0,1] satisfies

. h
pos [1Xo"'| € -] = P (2)do0 + (1 = py=(x))d0, (3.32)

2Since M1[0, 0] is compact in the topology of weak convergence, there is a unique uniform structure
compatible with the topology, and therefore it makes sense to talk about uniform convergence of M1[0, co]-

valued functions (in this case, & — P~™% [|X§1’1| €-]).
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locally uniformly for all z € (0,1], where

Poefy?hor 4o ye >0 0 < ~* < 0),
P (@ ::{ Yy # ] ( Y ) (3.33)

Peyr 20> 0] (vF=0).

We now explain how Lemmas 3.6-3.8 imply Proposition 3.5. In doing so, it will be more con-
venient to work with weighted branching processes than with Poissonized branching processes.
A little argument (which can be found in Lemma 7.12 below) shows that Lemmas 3.6-3.8 are
equivalent to the next proposition.

Proposition 3.9 (Extinction versus unbounded growth) Let hy 1, hoo, and ho 1 be as
in Lemmas 3.6-3.8. For v* € [0,00), put pi 1 «(z) =1, pj o+ (z) =0 (z € [0,1]), and

P (0):=0 and ply (1) = hoy(@)pye(a)  (x € (0,1)), (3.34)

with py+ as in (3.33). Then, for (I,r) = (1,1),(0,0), and (0,1),

P [(Xo ) € -] = e Pl @1 (1= e Plrar (@5 (3.35)

uniformly for all x € [0,1].

Formula (3.35) says that the weighted branching process X" exhibits a form of ‘extinction
versus unbounded growth’. More precisely, for large n the total mass of h;,Xp is close to 0 or
oo with high probability.

Proof of Proposition 3.5 By (3.4),
UMp(z) = —log B [e X)) (pe By[0,1], z € [0,1]). (3.36)
We first prove formula (3.28) (ii). For (I,r) = (0,0), formula (3.35) says that

P [(Xg, hog) € -] = o (3.37)

n—~o0

uniformly for all z € [0, 1]. If p € Ho, then we can find r > 0 such that p < rhg . Therefore,
(3.37) implies that for any p € Ho,

P~ [( Xy, p) € -] = bo. (3.38)
By (3.36) it follows that
UM p(z) = —log B0 [e~{X0:P)] (3.39)

where the limits in (3.38) and (3.39) are uniform in x € [0, 1]. This proves formula (3.28) (ii).
To prove formula (3.28) (iii), note that for any p € Hp we can choose 0 < r_ < 74 such that
r—_ho1 < p+ hoo < riho1. Therefore, (3.35) implies that

P05 [(X, p) + (X ho) € -] = e P01 @g 4 (1= e Poar @y (3.40)

n—~o0
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Using moreover (3.37), we see that

P, p) €] = e Poaa gy (1 e Phar @) (3.41)

n—oo

By (3.36), it follows that

U(”)p(ac) = —log B0 [e_<X0’p>] — palﬁ* () (3.42)

n—oo

where all limits are uniform in = € [0,1]. This proves (3.28) (iii). The proof of (3.28) (i) is
similar but easier. n

4 Discussion, open problems

4.1 Discussion

Consider a ([0, 1]2)Zg-valued process X = (X¢)eez2 = (X%,Xg)gezz, solving a system of SDE’s
of the form

dxl(t)= Y (xh(t) - xi(t)) dt + \/Zax%(t)(l —xL(t) dBL(t),

n: [n—¢|=1 (41)
d2t)= S (x3(t) —xE(0) dt + \/Zp(x%(t))xg(t)(l — x3(t)) dBZ(t),

n: n—¢§|=1

where o > 0 is a constant, p is a nonnegative function on [0, 1] satisfying p(0) = 0 and p(1) > 0,
and (Bé)’;lzg2 is a collection of independent Brownian motions. We call x a system of linearly
interacting catalytic Wright-Fisher diffusions with catalyzation function p. It is expected that
X clusters, i.e., x(t) converges in distribution as ¢ — oo to a limit (x¢(00))¢cz2 such that
x¢(00) = x0(00) for all £ € Z? and x¢(00) takes values in the effective boundary associated
with the diffusion matrix w®? (see (2.3)). Heuristic arguments, based on renormalization, yield
a formula for the clustering distribution L£(x(oc0)) in terms of the diffusion matrix w* which
is the unique solution of the asymptotic fixed point equation (2.16) (ii) in the renormalization
class Wgé%; see Conjecture A.3 in Appendix A.2 below.

The present paper is inspired by the work of Greven, Klenke and Wakolbinger [GKWO01].
They study a model that is closely related to (4.1), but where x! is replaced by a voter model.
They show that their model clusters and determine its clustering distribution £(xg(c0)), which
turns out to coincide with the mentioned prediction for (4.1) based on renormalization theory.
In fact, they believe their results to hold for the model in (4.1) too, but they could not prove
this due to certain technical difficulties that a [0, 1]-valued catalyst would create, compared
to the simpler {0, 1}-valued voter model.

The work in [GKWO01] not only provides the main motivation for the present paper, but
also inspired some of our techniques for proving Theorem 1.4. This concerns in particular the
proof of Proposition 3.1, which makes the connection between renormalization transformations
and a branching process. We hope that conversely, our techniques may shed some light on the
problems left open by [GKWO01], in particular, the question whether their results stay true if
the voter model catalyst is replaced by a Wright-Fisher catalyst. It seems plausible that their
results may not hold for the model in (4.1) if the catalyzing function p grows too fast at 0. On
the other hand, our proofs suggest that p with a finite slope at 0 should be OK. (In particular,
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while deriving formula (3.40), we use that p can be bounded from above by r,hg ;1 for some
r4 > 0, which requires that p has a finite slope at 0.)

Our results are also interesting in the wider program of studying renormalization classes
in the sense of Definition 1.1. We conjecture that the class Wgé%, unlike all renormalization
classes studied previously, contains no fixed shapes (see the discussion following Lemma 2.8).
In fact, we expect this to be the usual situation. In this sense, the renormalization classes

studied so far were all of a special type.

4.2 Open problems

The general program of studying renormalization classes in the sense of Definition 1.1 contains
a wealth of open problems. In our proofs, we make heavy use of the single-way nature of the
catalyzation in (1.7), in particular, the fact that y! is an autonomous process which allows
one to condition on y' and consider y? as a process in a random environment created by y'.
As soon as one leaves the single-way catalytic regime one runs into several difficulties, both
technically (it is hard to prove that a given class of matrices is a renormalization class in the
sense of Definition 1.1) and conceptually (it is not clear when solutions to the asymptotic
fixed shape equation (2.16) (ii) are unique). Therefore, it seems at present hard to verify the
complete picture for renormalization classes on the unit square that arises from the numerical
simulations described in Section 2.2 and Figures 2 and 3, unless one or more essential new
ideas are added.

In this context, the study of the nonlinear partial differential equation (2.18) and its fixed
points seems to be a challenging problem. This may be a hard problem from an analytic point
of view, since the equation is degenerate and not in divergence form. For the renormalization
class Weat, the quasilinear equation (2.18) reduces to the semilinear equation (3.15), which
is analytically easier to treat and moreover has a probabilistic interpretation in terms of a
superprocess. For a study of the semilinear equation (3.15) we refer to [FS03]. We do not
know whether solutions to equation (2.18) can in general be represented in terms of a stochastic
process of some sort.

Even for the renormalization class W,,t, several interesting problems are left open. One of
the most urgent ones is to prove that the functions palﬁ* are not constant in v*, and therefore,

by Lemma 2.8 (c), Wg;% contains no fixed shapes. Moreover, we have not investigated the
iterated renormalization transformations in the regime v* = oo. Also, we believe that the
convergence in (3.28) (ii) does not hold if the condition that p is Lipschitz is dropped, in
particular, if p has an infinite slope at 0 or an infinite negative slope at 1. For p € Hy o, it seems
plausible that a properly rescaled version of the iterates U () converges to a universal limit,
but we have not investigated this either. Finally, we have not investigated the convergence of
the iterated kernels K* (™ from (2.4) (in particular, we have not verified Conjecture A.2) for
the renormalization class W.,t.

Our methods, combined with those in [BCGdH95], can probably be extended to study the
action of iterated renormalization transformations on diffusion matrices of the following more
general form (compared to (1.4)):

_ (9(=1) 0
w(z) = < O1 p(z1)z2(1 — x2)>
(1

where ¢ : [0,1] — R is Lipschitz, g(0) = g(1) = 0, g > 0 on (0,1), and p € H as before.
This would, however, require a lot of extra technical work and probably not generate much

(x =€ [0,1]?), (4.2)
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new insight. The numerical simulations mentioned in Section 2.2 suggest that many diffusion
matrices of an even more general form than (4.2) also converge under renormalization to the
limit points w* from Theorem 1.4, but we don’t know how to prove this.

Part 11

Outline of Part II In Section 5, we verify that W, is a renormalization class, we prove
Proposition 3.1, which connects the renormalization transformations F. to the log-Laplace
operators U, and we collect a number of technical properties of the operators U/, that will be
needed later on. In Section 6 we prove Theorem 3.2 about the convergence of the renormal-
ization branching process to a time-homogeneous limit. In Section 7, we prove the statements
from Section 3.5 about extinction versus unbounded growth of embedded particle systems,
with the exception of Lemma 3.7, which is proved in Section 8. In Section 9, finally, we
combine the results derived by that point to prove our main theorem.

5 The renormalization class W,

In this section we prove Theorem 1.4 (a) and Proposition 3.1, as well as Lemmas 2.1-2.8 from
Section 2. The section is organized according to the techniques used. Section 5.1 collects some
facts that hold for general renormalization classes on compact sets. In Section 5.2 we use the
SDE (1.7) to couple catalytic Wright-Fisher diffusions. In Section 5.3 we apply the moment
duality for the Wright-Fisher diffusion to the catalyst and to the reactant conditioned on the
catalyst. In Section 5.4 we prove that monotone concave catalyzing functions form a preserved
class under renormalization.

5.1 Renormalization classes on compact sets

In this section, we prove the lemmas stated in Section 2. Recall that D € R? is open, bounded,
and convex, and that W is a prerenormalization class on D, equipped with the topology of
uniform convergence.

Proof of Lemma 2.1 To see that (z, c,w) — vy is continuous, let (z,, c,,w,) be a sequence
converging in D x (0,00) x W to a limit (z,c,w). By the compactness of D, the sequence

(V2™ ) >0 is tight, and each limit point v* satisfies

(WA =0 (feCc®(D)). (5.1)

Therefore, by [EK86, Theorem 4.9.17], v* is an invariant law for the martingale problem
associated with A%". Since we are assuming uniqueness of the invariant law, v* = 7" and
therefore vy = vy’". The continuity of F.w(x) is a simple consequence of the continuity

of 5. [

Proof of Lemma 2.2 Formula (2.1) (i) follows from the fact that rescaling the time in
solutions (y¢):>o to the martingale problem for A7" by a factor A has no influence on the
invariant law. Formula (2.1) (ii) is a direct consequence of formula (2.1) (i). n

Proof of Lemma 2.3 This follows by inserting the functions f(x) = x; and f(x) = z;x; into
the equilibrium equation (5.1). n

Proof of Lemma 2.4 If z € 9,D, then y; := x (¢t > 0) is a stationary solution to the
martingale problem for A7", and therefore vy = 6, and F.w(z) = w(z) = 0. On the other
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hand, if z &€ 9,, D, then y, := a: (t > 0) is not a stationary solution to the martingale problem
for Acw and therefore fD dy)|y —z]? > 0 Let tr(w (y)) => wm( ) denote the trace
of w(y). By (2.2) (ii), tr(Fw =1 [Hv"(dy)tr(w = J5ve(dy)ly — z|> > 0 and
therefore Frw(x) # 0. n

From now on assume that W is a renormalization class. Note that
K ) = yen-tFOTHw o peow g 5 ) (5.2)

where we denote the composition of two probability kernels K, L on D by
(KL),(dz) := /EKx(dy)Ly(dz). (5.3)

Proof of Lemma 2.5 This is a direct consequence of Lemmas 2.1 and 2.3. In particular, the
relations (2.6) follow by iterating the relations (2.2). ]

Proof of Lemma 2.6 Recall that tr(w(y)) denotes the trace of w(y). Formulas (2.5) and
(2.6) (ii) show that

/ K0(dy) |y — 2f? = / K0)(dy) tr(w(y). (5.4)

Since D is compact, the left-hand side of this equation is bounded uniformly in = € D and
n > 1, and therefore, since we are assuming s,, — 00,

lim sup / K0 (dy)er(w(y)) = 0. (5.5)
n—=xeD JD

Since w is symmetric and nonnegative definite, tr(w(y)) is nonnegative, and zero if and only if

y € 0,D. If f € C(D) satisfies f = 0 on 9, D, then, for every £ > 0, the sets Cy,, := {x € D :

|f(z)| > e+mtr(w(z))} are compact with C,,, | ) as m T oo, so there exists an m (depending

on ¢) such that |f| < e + mtr(w). Therefore,

timsup sup | [ K2 (dy) 1 ()] < Hmswp sup [ K240 ay)l )

n—00  xcD n—oo  gepJD (56)
< e+ mlimsup sup /K;”’(")(dy)tr(w(y)) =e.
n—o0  gzeD
Since € > 0 is arbitrary, (2.7) follows. n

Proof of Lemma 2.8 By (2.10), (2.12), and (2.13), w}. = limy, o0 (Fy+ )™ w for each w € W.
By Lemma 2.1 (b), F,» : W — W is continuous, so w?« is the unique fixed point of F.«. This
proves part (a).

Now let 0 # w € W and assume that W = {Aw : XA > 0} is a fixed shape. Then

W snF(”)w — w:“/* whenever s, — 0o and $,,41/s, — 1+~* for some 0 < v* < 0o, which
n—oo

shows that W = {AwZ. : A > 0}. Thus, W can contain at most one fixed shape, and if it does,
then the w. for dlfferent values of v* must be constant multiples of each other. This proves
part (c) and the uniqueness statement in part (b).

To complete the proof of part (b), note that if w* = wi;* does not depend on +*, then
w* € W solves (2.16) (i) for all 0 < v* < oo, hence Fow* = (1 + )_ w* for all ¢ > 0, and
therefore, by scaling (Lemma 2.2), F.(Aw*) = AF ) (w*) = A\(1 + ) w*=(3+1)twr. »
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5.2 Coupling of catalytic Wright-Fisher diffusions

In this section we verify condition (i) of Definition 1.1 for the class We,¢, and we prepare for
the verification of conditions (ii)—(iv) in Section 5.3. In fact, we will show that the larger
class Weat := {w®P : a > 0, p € C.[0,1]} is also a renormalization class, and the equivalents
of Theorem 1.4 (a) and Proposition 3.1 remain true for this larger class. (We do not know,
however, if the convergence statements in Theorem 1.4 (b) also hold in this larger class; see
the discussion in Section 4.2.)

For each ¢ > 0, w € Wea and x € [0, 1]2, the operator A%" is a densely defined linear
operator on C([0,1]?) that maps the identity function into zero and, as one easily verifies,
satisfies the positive maximum principle. Since [0, 1]2 is compact, the existence of a solution
to the martingale problem for AZ", for each [0, 1]2-valued initial condition, now follows from
general theory (see [RW87], Theorem 5.23.5, or [EK86, Theorem 4.5.4 and Remark 4.5.5]).

We are therefore left with the task of verifying uniqueness of solutions to the martingale
problem for A7". By [EK86, Problem 4.19, Corollary 5.3.4, and Theorem 5.3.6], it suffices to
show that solutions to (1.7) are pathwise unique.

Lemma 5.1 (Monotone coupling of Wright-Fisher diffusions) Assume that 0 < x <
Z <1, ¢ > 0 and that (P;)i>0 is a progressively measurable, nonnegative process such that
SUP;>0.weq Pr(w) < o0o. Lety,y be [0,1]-valued solutions to the SDE’s

dy; =c(z —yy)dt + /2P,y (1 — y;)d By,

dye=c (% = yo)dt + v/2Py:(1 = yi)d By, 7
where in both equations B is the same Brownian motion. If yo < yo a.s., then
yvi<y: Vt>0 a.s. (5.8)
Proof This is an easy adaptation of a technique due to Yamada and Watanabe [YW71]. Since
ot 4z — o0, it is possible to choose p, € C[0,00) such that Iy pn(x)dz =1 and

0% pula) < 100, (@) (x> 0). (5.9)

— /0 Mdy /0 ydzpn(z). (5.10)

One easily verifies that ¢, (z), z¢),(z), and x¢!! (x) are nonnegative and converge, as n — oo,
to x V0, x V0, and 0, respectively. By It6’s formula:

E[¢n(3’t_S’t)]:E[¢n(YO_S’Ot)] (1)
+ola=a) [ Bl —ylds—c / Ellys — 506, (ys — 9o)lds (i)

+/t [ (\/ys (1 —ys) — V¥s( 1—ys)) Pn(ys — s)]ds. (iii)

’ (5.11)

Here the terms in (ii) are nonpositive, and hence, letting n — oo and using the elementary
estimate

Define ¢,, € C*?(R) by

Vo0l —y) = ViT—d<ly—dl>  (§<01), (5.12)



the properties of ¢,,, and the fact that the process P is uniformly bounded, we find that
E[0V (ye —F)] < E[0V (yo — F0)] =0, (5.13)
by our assumption that yg < yg. This shows that y; < y; a.s. for each fixed t > 0, and by

the continuity of sample paths the statement holds for all ¢ > 0 almost surely. |

Corollary 5.2 (Pathwise uniqueness) For all ¢ > 0, a > 0, p € C4[0,1] and z € [0, 1],
solutions to the SDE (1.7) are pathwise unique.

Proof Let (y',y?) and (y',3?) be solutions to (1.7) relative to the same pair (B!, B?) of
Brownian motions, with (y3,y3) = (¥3,¥2). Applying Lemma 5.1, with inequality in both
directions, we see that y' = y' a.s. Applying Lemma 5.1 two more times, this time using that
y' = §! a.s., we see that also y? = y? a.s. [ |

Corollary 5.3 (Exponential coupling) Assume that x € [0,1], ¢ >0, and a > 0. Lety,y
be solutions to the SDE

dy: = ¢(x — y¢)dt + /2ay:(1 — y;)d By, (5.14)
relative to the same Brownian motion B. Then
E[lyi —yil] = e "E[|ly0 — yol]- (5.15)

Proof If yo = y and yo = ¢ are deterministic and y < g, then by Lemma 5.1 and a simple
moment calculation

Ellyi —yil] = E[y: —yi) = e g —yl. (5.16)
The same argument applies when y > ¢. The general case where yy and yg are random follows
by conditioning on (yo,¥o)- |

Corollary 5.4 (Ergodicity) The Markov process defined by the SDE (3.6) has a unique
invariant law T3 and is ergodic, i.e, solutions to (5.6) started in an arbitrary initial law L(y()
satisfy L(y¢) = ry.

— 00

Proof Since our process is a Feller diffusion on a compactum, the existence of an invariant
law follows from a simple time averaging argument. Now start one solution y of (3.6) in
this invariant law and let y be any other solution, relative to the same Brownian motion.
Corollary 5.3 then gives ergodicity and, in particular, uniqueness of the invariant law. |

Remark 5.5 (Density of invariant law) It is well-known (see, for example [Ewe04, for-
mula (5.70)]) that T} is a 8(aq, az)-distribution, where oy := x/vy and ay == (1 — z)/7, i.e.,
'} =6, (x €{0,1}) and

IY(dy) = %yu Cyeldy (ze (0,1). (5.17)

<
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We conclude this section with a lemma that prepares for the verification of condition (iv) in
Definition 1.1 for the class Weat.

Lemma 5.6 (Monotone coupling of stationary Wright-Fisher diffusions) Assume
that c >0, a >0 and 0 < x < x < 1. Then the pair of equations

dy;=c(z — y¢)dt + /2ay(1 — y;)dBy,

- o — = (5.18)
dy:=c(Z — y¢)dt + /2a3+(1 — y;)dB;
has a unique stationary solution (y¢,¥¢)ier. This stationary solution satisfies
ve<y: VteR a.s. (5.19)

Proof Let (y:, ¥:)i>0 be a solution of (5.18) and let (y},¥;):>0 be another one, relative to the
same Brownian motion B. Then, by Lemma 5.3, E[ly: — y;|] — 0 and also E[|y: —y;|] — 0 as
t — oo. Hence we may argue as in the proof of Corollary 5.4 that (5.18) has a unique invariant
law and is ergodic. Now start a solution of (5.18) in an initial condition such that yo < ¥yo.
By ergodicity, the law of this solution converges as ¢ — oo to the invariant law of (5.18) and
using Lemma 5.1 we see that this invariant law is concentrated on {(y,9) € [0,1]? : y < §}.
Now consider, on the whole real time axis, the stationary solution to (5.18) with this invariant

law. Applying Lemma 5.1 once more, we see that (5.19) holds. |

5.3 Duality for catalytic Wright-Fisher diffusions

In this section we prove Theorem 1.4 (a) and Proposition 3.1. Moreover, we will show that
their statements remain true if the renormalization class W,,t is replaced by the larger class
Weat = {w*P : a > 0, p € C4[0,1]}. We begin by recalling the usual moment duality for
Wright-Fisher diffusions.

For v > 0 and z € [0, 1], let y be a solution to the SDE

dy(t) = 5 (z = y(®)dt + v/2y(t)(1 — y(1))dB(?), (5.20)

i.e., y is a Wright-Fisher diffusion with a linear drift towards x. It is well-known that y has
a moment dual. To be precise, let (¢, 1) be a Markov process in N? = {0,1,...}? that jumps
as:

(be; 1) — (e — 1,1¢) with rate ¢ (¢r — 1)
((bt,”l/}t) — (¢t — 1,'¢t + 1) Wlth rate %Qst

Then one has the following duality relation (see for example Lemma 2.3 in [Shi80] or Propo-
sition 1.5 in [GKWO01])

(5.21)

EY[ypa™] = EMm) [y‘z’ta;wt] (y € [0,1], (n,m) € N?), (5.22)

where 0° := 1. The duality in (5.22) has the following heuristic explanation. Consider a
population containing a fixed, large number of organisms, that come in two genetic types,
say I and II. Each pair of organisms in the population is resampled with rate 2. This means
that one organism of the pair (chosen at random) dies, while the other organism produces one
child of its own genetic type. Moreover, each organism is replaced with rate % by an organism
chosen from an infinite reservoir where the frequency of type I has the fixed value z. In the
limit that the number of organisms in the population is large, the relative frequency y; of type
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I organisms follows the SDE (5.20). Now E[y}'] is the probability that n organisms sampled
from the population at time t are all of type I. In order to find this probability, we follow
the ancestors of these organisms back in time. Viewed backwards in time, these ancestors
live for a while in the population, until, with rate %, they jump to the infinite reservoir.
Moreover, due to resampling, each pair of ancestors coalesces with rate 2 to one common
ancestor. Denoting the number of ancestors that lived at time ¢ — s in the population and in
the reservoir by ¢ and 1), respectively, we see that the probability that all ancestors are of
type Iis EY[y] = E(™9[y%e %], This gives a heuristic explanation of (5.22).

Since eventually all ancestors of the process (¢,1) end up in the reservoir, we have
(b1, 1) — (0,900) as t — oo a.s. for some N-valued random variable 1,. Taking the limit
t — oo in (5.22), we see that the moments of the invariant law I'; from Corollary 5.4 are given

by:
[ riapy = B0t =0, (5.23)

It is not hard to obtain an inductive formula for the moments of I}, which can then be solved
to yield the formula

n—1

x + kv
T (dy)y™ = >1). 5.24
[ruawr =TI = (5.24)
k=0
In particular, it follows that
1
I (d 1—y)= 1—x). 2
[Tt —y) = e -2) (5.25)

This is the important fized shape property of the Wright-Fisher diffusion (see formula (2.17)).

We now consider catalytic Wright-Fisher diffusions (y!,y?) as in (1.7) with p € C.[0,1]
and apply duality to the catalyst y? conditioned on the reactant y'. Let (y},y?)icr be a
stationary solution to the SDE (1.7) with ¢ = 1/v. Let (¢, 1) be a N2-valued process, defined
on the same probability space as (y!,y?), such that conditioned on the past path (yl,)i<o,
the process (¢, 1)) is a (time-inhomogeneous) Markov process that jumps as:

(e, ) = (b — 1,40) with rate p(yL,)é(¢r — 1),

2
(61, 6e) — (6 — L +1)  with rate 16, (5.26)
Then, in analogy with (5.22),
El(y)" 25y  )isol = B [(y2 )" 25 (v o] ((n,m) € N2, ¢ > 0). (5.27)

We may interpret (5.26) by saying that pairs of ancestors in a finite population coalesce with
time-dependent rate 2p(yl,) and ancestors jump to an infinite reservoir with constant rate
%. Again, eventualy all ancestors end up in the reservoir, and therefore (¢, ;) — (0,1%) as

t — 00 a.s. for some N-valued random variable t,. Taking the limit ¢ — oo in (5.27) we find
that

El(y3)" a8 |y io) = B[y |(yL)i<o)  ((n,m) €N, £20), (5.28)

Lemma 5.7 (Uniqueness of invariant law) For each ¢ > 0, w € Weat, and x € [0,1]2,
there exists a unique invariant law vy" for the martingale problem for AZ".
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Proof Our process being a Feller diffusion on a compactum, the existence of an invariant
law follows from time averaging. We need to show uniqueness. If (y',y?) = yi,y?)icr is a
stationary solution, then y! is an autonomous process, and L(y{) =T glc/ “, the unique invariant
law from Corollary 5.4. Therefore, L£((y})icr) is determined uniquely by the requirement
that (y!,y?) be stationary. By (5.28), the conditional distribution of y3 given (y})i<o is
determined uniquely, and therefore the joint distribution of y% and (ytl)tgo is determined
. . 1 2 c,w . .
uniquely. In particular, £(yg,y5) = vz is determined uniquely. |

Remark 5.8 (Reversibility) It seems that the invariant law vy from Lemma 5.7 is re-
versible. In many cases (densities of) reversible invariant measures can be obtained in closed
form by solving the equations of detailed balance. This is the case, for example, for the one-
dimensional Wright-Fisher diffusion. We have not attempted this for the catalytic Wright-
Fisher diffusion. &

The next proposition implies Proposition 3.1 and prepares for the proof of Theorem 1.4 (a).

Proposition 5.9 (Extended renormalization class) The set Weat 1S a renormalization
class on [0,1)%, and

Fauwb? =wbtP  (peco,1], v>0). (5.29)

Proof To see that Wey; is a renormalization class we need to check conditions (i)—(iv) from
Definition 1.1. By Lemma 5.2, the martingale problem for AZ" is well-posed for all ¢ > 0,
w € Weat and x € [0,1]2. By Lemma 5.7, the corresponding Feller process on [0, 1]? has
a unique invariant law ;. This shows that conditions (i) and (ii) from Definition 1.1 are
satisfied. Note that by the compactness of [0, 1]?, any continuous function on [0, 1]? is bounded,
so condition (iii) is automatically satisfied. Hence W is a prerenormalization class. As a
consequence, for any p € C4[0,1], F,w!? is well-defined by (1.2) and (2.9). We will now first
prove (5.29) and then show that W, is a renormalization class.

Fix v > 0, p € C4[0,1], and z € [0,1]%. Let (y},y?)ier be a stationary solution to the
SDE (1.7) with a =1 and ¢ = 1/7. Then

FowiP(z) = (1+7)Ew (v, ¥ (0,5 =1,2). (5.30)

Since wil]?p = 0 if 7 # j, it is clear that wailjp(a:) =0 if i # j. Since L(y}) = I's it follows
from (5.25) that Fwwhp(a:) = z1(1 — x1). We are left with the task of showing that

Fowyf () = Uyp(ar)w2(1 — x2). (5.31)

Here, by (2.2) (ii),

Fywyf () = (1+7)Elp(y0)y§ (1 - y3)]
(5 + DE[(y§ — x2)?).

By (5.28), using the fact that E[y3] = z2 (which follows from (5.27) or more elementary from
(2.6) (i)), we find that

(5.32)

El(y2 —22)°] = E(y3)2] = (22)2 = E®O[a4] = (22)> = PCO[g = Uas(1—2) (¢ > 0).
(5.33)
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Note that P(0) [1/700 = 1] is the probability that the two ancestors coalesce before one of them
leaves the population. The probability of noncoalescence is given by

p(2,0) ['(Zjoo =2] = E[e_ foiﬂ QP(yl—t)dt], (5.34)

where 7, is an exponentially distributed random variable with mean . Combining this with
(5.32) and (5.33) we find that

Frubf@)= (L + B[ — e 0 PO, 0y
—¢,E[1-¢ (Zm,p>]m2(1 — 1) (5.35)
=Up(z1)T2(1 — T2),

where we have used the definition of 4.
We still have to show that W, satisfies condition (iv) from Definition 1.1. For any a > 0

and p € C4+[0, 1], by scaling (Lemma 2.2) and (5.29),
p — p 1y Iy=1 (1 =17/ (P
Faw®P = aFewba = a(l+ g)_1F£wl’ a = w( o) G+ UE(O[). (5.36)
«@ C «@
By Lemma 2.1, this diffusion matrix is continuous, which implies that /< (£) is continuous.®
Our proof of Propostion 5.9 has a corollary.

Corollary 5.10 (Continuity in parameters) The map (x,7) — Q,(z,-) from [0,1] x
(0,00) to M1(M]0,1]) and the map (x,v,p) — Uyp(x) from [0,1] x (0,00) x C1[0,1] to R are
continuous.

Proof By Lemma 2.1, the diffusion matrix in (5. 36) is continuous in x, vy, and p, which implies
the continuity of U,p(x). It follows that the map (z,v) — [ Q,(z,dx)e —(: f) is continuous
for all f € C4[0,1], so by [Kal76, Theorem 4.2], (x,7) — Q,(z,-) is continuous. |

Proof of Theorem 1.4 (a) We need to show that W, is a renormalization class and that
F,. maps the subclasses )/VCat into themselves. It has already been explained in Section 2 that
the latter fact is a consequence of Lemma 2.4. Since in Proposition 5.9 it has been shown
that Weat is a renormalization class, we are left with the task to show that F. maps Weat into
itself. By (5.29) and scaling, it suffices to show that I/, maps H into itself.
Fix 0 < x <z <1. By Lemma 5.6, we can couple the processes ya and yx from (3.6) such
that
yI(t) <yl(t) Vt<0 as. (5.37)

Since the function z — 1 —e™* on [0,00) is Lipschitz continuous with Lipschitz constant 1,
‘uwp i) —Uyp(x )|
= ( L B[ — e Jo PR (=t/2)dty L+ 1E[1—e” O”p(yz(—t/z))dt]‘

< 0] [7 bo-1/2) - i) (5.58)

<(5+ 1)LE[/OTW ly2(—t/2) — y;(—t/2)|dt]
= (5 + DLy(@ —2) = L1 +7)|& — =],

where L is the Lipschitz constant of p and we have used the same exponentially distributed
7, for y; and y?. ]
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5.4 Monotone and concave catalyzing functions

In this section we prove that the log-Laplace operators U, from (3.9) map monotone functions
into monotone functions, and monotone concave functions into monotone concave functions.
We do not know if in general I/, maps concave functions into concave functions.

Proposition 5.11 (Preservation of monotonicity and concavity) Let v > 0. Then:
(a) If f € C[0,1] is nondecreasing, then U f is nondecreasing.

(b) If f € C4[0,1] is nondecreasing and concave, then Uy f is nondecreasing and concave.

Proof Our proof of Proposition 5.11 is in part based on ideas from [BCGdH97, Appendix A].
The proof is quite long and will depend on several lemmas. We remark that part (a) can be
proved in a more elementary way using Lemma 5.6.

We recall some facts from Hille-Yosida theory. A linear operator A on a Banach space V
is closable and its closure A generates a strongly continuous contraction semigroup (St)e>o if
and only if

(i) D(A) is dense,
(ii) A is dissipative, (5.39)
(iii) R(1 — «A) is dense for some, and hence for all o > 0.

Here, for any linear operator B on V, D(B) and ’ R(B) _denote the domain and range of B,
respectively. For each o > 0, the operator (1 — aA) : D(A) — V is a bijection and its inverse
(1 —aA)™!:V — D(A) is a bounded linear operator, given by

(1—ad)tu= / Sy o et (weV, a>0). (5.40)
0

If E is a compact metrizable space and C(E) is the Banach space of continuous real functions
on E, equipped with the supremumnorm, then a linear operator A on C(F) is closable and its
closure A generates a Feller semigroup if and only if (see [EK86, Theorem 4.2.2 and remarks
on page 166])

(i) 1€D(A) and 41 =0,
(11§ Z(A) is dense, (5.41)
)

(iii satisfies the positive maximum principle,
(iv) R(1 — «A) is dense for some, and hence for all o > 0.

If A generates a Feller semigroup and g € C(E), then the operator A + g (with domain
D(A + g) := D(A)) generates a strongly continuous semigroup (S7)¢>0 on C(E). If g < 0
then (S7);>0 is contractive. If (&)¢>0 is the Feller process with generator A, then one has the
Feynman-Kac representation

S9u(z) = E[u((t))e o 9€6)ds) 1 >0, xe B, gueC(E)). (5.42)

Let C(™([0,1]?) denote the space of continuous real functions on [0, 1]> whose partial deriva-
tives up to m-th order exist and are continuous on [0,1]? (including the boundary), and
put C(*)([0,1]?) := N, C™([0,1]?). Define a linear operator B on C([0,1]?) with domain
D(B) = C™) ([0, 1) by
2
Bu(z,y) == y(1 — )5 zu(z,y) + 5z — y) gru(z,y). (5.43)

Below, we will prove:
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Lemma 5.12 (Feller semigroup) The closure in C([0,1]?) of the operator B generates a
Feller semigroup on C([0,1]?).

Write
c+ ::{uEC ([0, 1]2)'u>0}
i={uecW(0,1?) : Zu, Zu >0}, (5.44)
cg+ —{UEC(2 ([0,1]? ). S, 520, pu > 0}

Let S denote the closure of a set S C C([0,1]?). We need the following lemma.

Lemma 5.13 (Preserved classes) Let g € C([0,1]?) and let (S{)i>0 be the strongly contin-
uous semigroup with generator B + g. Then, for each t > 0:

(a) If g € C11, then SY maps Cy N Cyy into itself.

(b) If g € C1+ N Cay, then S§ maps Cy NCiy N Coy into itself.

To see why Lemma 5.13 implies Proposition 5.11, let (x(¢),y(f)):>0 denote the Feller process
in [0, 1]? generated by B. It is easy to see that x(¢) = x(0) a.s. for all ¢ > 0. For fixed x(0) = =,
the process (y(t))¢>0 is the diffusion given by the SDE (5.20). Therefore, by Feynman-Kac,
for each g € C([0,1]?),

t
B [edo 9@ ¥(8))ds) _ go1(5 ), (5.45)
where 1 denotes the constant function 1 € C([0,1]?). By (3.9),

Uy fz) = (5 + 1)(1 — /P‘Y dy)EY[e —Jo'f ds]) (f € CL[0,1]), (5.46)

where I'7 is the invariant law of (y(¢));>o from Corollary 5.4 and 7, is an exponential time
with mean v, independent of (y(t)):>0. Setting g(z,y) := —f(y) in (5.45), using the ergodicity
of (y(t))t>0 (see Corollary 5.4), we find that for each z € [0,1] and ¢ > 0,

/I‘“’(dy Ey[ fo ] _rh_?go P?[y(r) € dy] E?J[ fo ds] (5,47
:Tli_gloSBStgl(x,z). .

It follows from Lemma 5.13 that for each fixed r,t, and z, the function x +— S?Sf 1(z,2) is
nondecreasing if f is nonincreasing, and nondecreasing and convex if f is nonincreasing and

concave. Therefore, taking the expectation over the randomness of 7., the claims follow from
(5.46) and (5.47). |

We still need to prove Lemmas 5.12 and 5.13.

Proof of Lemma 5.12 It is easy to see that the operator B from (5.43) is densely defined,
satisfies the positive maximum principle, and maps the constant function 1 into 0. Therefore,
by Hille-Yosida (5.41), we must show that the range R(1 — aB) is dense in C([0, 1]?) for some,
and hence for all & > 0. Let P,, denote the space of polynomials on [0, 1]2 of n-th and lower
order, i.e., the space of functions f : [0,1]> — R of the form

x,y) = Z ap 2yt with ag; =0 for k+1>n. (5.48)
k,1>0
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Set Poo :=J,, Pn- It is easy to see that B maps the space P, into itself, for each n > 0. Since
each P, is finite-dimensional, a simple argument (see [EK86, Proposition 1.3.5]) shows that
the image of Py, under 1 — aB is dense in C([0, 1]2) for all but countably many, and hence for
all a > 0. |

As a first step towards proving Lemma 5.13, we prove:

Lemma 5.14 (Smooth solutions to Laplace equation) Let o > 0, g € C?)([0,1]), g <0,
v € C([0,1]%), and assume that u € C(>)([0,1]?) solves the Laplace equation

(1-a(B+g))u=mo. (5.49)

(a) If g € C14, then v € Cy NCy1y implies u € Cy NCyy.
(b) Ifg € C1+ N C2+, then v € C+ N C1+ N C2+ implies u € C+ N C1+ N C2+.

Proof Let u¥ := a%u, urY = aggyu, etc. denote the partial derivatives of u and similarly for

v and g, whenever they exist. Set ¢ := 1. Define linear operators B’ and B” on C([0, 1]?) with
domains D(B’) = D(B") := C(>)([0, 1]?) by

B :y(l_y)%—i—(c(x—y +2(%_ ))5%’ (5.50)

B//::y(l_y)%—k(c(az—y)‘i“l(%_ ))8% |
Then O Bu=(B'—c)uw¥, ZBu=(B"—-c—2)u¥

2 .2 ) (5.51)

%Bu = Bu® + cuY, %B’u = B'u® + cuV.
Therefore, it is easy to see that

) (1 —a(B —c+g))u’ =v¥ + ag’u,

) (I —a(B +g))u” =v" + a(cu’ + g*u),

(i) (1 —a(B"—2c—2+ g))u¥¥ =v% + a(2gYu¥ + g¥%u), (5.52)
) (1 —a(B"—c+g))u™ =v™ + alcu?’ + g%u” + g™u + g*u?),

) (1 — a(B 4+ g9)u™ =v™ + a(2cu™ + 2¢g*u® + g**u),

where in (i) and (i) we assume that v € C(V([0,1]?) and in (iii)(v) we assume that v €
C?(]0,1]?). By Lemma 5.12, the closure of the operator B generates a Feller processes
in [0,1)2. Exactly the same proof shows that B’ and B” also generate Feller processes on
[0,1)2. Therefore, by Feynman-Kac, u is nonnegative if v is nonnegative and wu?,...,u""
are nonnegative if the right-hand sides of the equations (i)—(v) are well-defined and non-
negative. (Instead of using Feynman-Kac, this follows more elementarily from the fact that
B, B’, and B” satisfy the positive maximum principle.) In particular, if ¢¥,¢* > 0 and
v e CM([0,1]2), v,v¥,v® > 0, then it follows that u,u?,u® > 0. If moreover g¥¥, g*¥, g** > 0
and v € C?) ([0, 1]?), v¥¥,v™¥, v¥¥ > 0, then also u¥¥, u®, u¥? > 0. |

In order to prove Lemma 5.13, based on Lemma 5.14, we will show that the Laplace equation
(5.49) has smooth solutions u for sufficiently many functions v. Here ‘suffiently many’ will
mean dense in the topology of uniform convergence of functions and their derivatives up to
second order. To this aim, we make C(?([0,1]?) into a Banach space by equipping it with the
norm

ull @) := llull + [[w’[| + [Ju®[| + [[u??]] 4 2} ]| + [Ju**]. (5.53)

Here, to reduce notation, we denote the supremumnorm by ||f|| := || f||c. Note the factor 2
in the second term from the right in (5.53), which is crucial for the next key lemma.
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Lemma 5.15 (Semigroup on twice diffferentiable functions) The closure in C?) ([0, 1]2)
of the operator B generates a strongly continuous contraction semigroup on C(2)([0 1]2)

Proof We must check the conditions (i)—(iii) from (5.39). It is well-known (see for example
[EK86, Proposition 7.1 from the appendix|) that the space Po of polynomials is dense in
C@([0,1]?). Therefore D(B) = C(>)([0,1]?) is dense, and copying the proof of Lemma 5.12
we see that R(1 — aB) is dense for all but countably many «. To complete the proof, we must
show that B is dissipative, i.e., that

10— <Byulley > lully (e >0, we (0, 12). (5.54)

Using (5.51), we calculate

8%(1 —eBlu=(1-¢(B — ),

a%(1 —eB)u= (1 —eB)u®” —ecu?,

Z5(1—eBu=(1—&(B" - 2¢c—2))u®, (5.55)
72 (1 —eBu=(1— (B’ - c))u"™ — ccu,

(,?—22(1 eB)u= (1 —eB)u™ — 2ecu™

Using the disipativity of B, B/, and B” with respect to the supremumnorm (which follows from
the positive maximum principle) we see that [|(1 —&(B’ —¢))u!|| = (1 +ec)||(1 — 7 B)vY|| >
(1 +ec)||u?|| etc. We conclude therefore from (5.55) that

I(1 = eB)ullz) 2 (1 = eB)ull + [|(1 — &(B" = e))u|| + |(1 — eB)u"|| — ec||u”|
(1 = e(B” = 2¢ = 2))u?|| + 2||(1 = &(B’ = ¢))u™|| — 2ec|[u™”|
H( = eB)u™|| = 2ecflu™|

(5.56)
> [lull + (1 + g lu?l| + u”l] - ecflu|]
+(1+ e+ 2)[[u]| +2(1 + ee) [[u™]] — 2ec|u?]]
Hlu ) = 2eef|u™] = [lulle)
for each € > 0, which shows that B is dissipative with respect to the norm [ - ||(2). n

Proof of Lemma 5.13 Let g € C?(]0,1]?). Then u  gu is a bounded operator on both
C([0,1]?) and C®([0,1]?), so we can choose a A > 0 such that

lgull < Allull - and [lgull@) < Allull2) (5.57)

for all w in C([0,1])?) and C®)([0,1]?), respectively. Put § := g — A\. By Lemma 5.12, B+ g
generates a strongly continuous contraction semigroup (S7)i>0 = (e *S7)i>0 on C([0,1]?).
Note that R(1 — a(B + §)) is the space of all v € C([0,1]?) for which the Laplace equation
(1 — a(B + §))u = v has a solution u € C(®)([0,1]?). Therefore, by Lemma 5.14, for each
a>0:

(i) IfgeCiy, then (1 —a(B+§)) ! maps R(1 —a(B+§))NCy NCyy into Cy NCyy.

(ii) If g €Ciy NCoy, then (1 — (B +§)) ! maps R(1 —a(B+3))NCyNCiy NCoy
into C+ N Cl+ N C2+.
(5.58)
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By Lemma 5.15, the restriction of the semigroup (Stg)tzo to C? ([0, 1]?) is strongly continuous
and contractive in the norm || - [|(2). Therefore, by Hille-Yosida (5.39), R(1 — a(B + g)) is
dense in C?([0,1]?) for each a > 0. It follows that R(1 — (B + §)) N C; N Cy is dense in
C+ NCi4 and likewise R(1 — (B +g)) NC+ NCi4 NCay is dense in C4 NCi4 NCay, both in the
norm | - [[(2). Note that we need density in the norm || - [|(9) here: if we would only know that
R(1—a(B+g)) is a dense subset of C([0, 1]?) in the norm ||- ||, then R(1 —a(B+g))NCy NCy+
might be empty. By approximation in the norm || - [|(9) it follows from (5.58) that:

(i) Ifg € Ciy, then (1 —a(B +§))~! maps Cy NCy1y into itself.

(i) If g € C1y NCoy, then (1 — (B + §))~! maps C; NC1y NCay into itself. (5.59)
Using also continuity in the norm || - || we find that:
(i) If g € Cit, then (1 — (B + §))~! maps C;+ NCi+ into itself. (5.60)
(ii) If g € Ci4+ NCay, then (1 — (B + §))~! maps C;+ NCi4+ N Cay into itself.
For ¢ > 0 let
G.i=e ' ((1-e(B+g) "' -1) (5.61)
be the Yosida approximation to B 4 §. Then
efet = ¢= 't f% ’%(1 —e(B+g§)™  (t>0), (5.62)
and therefore, by (5.60), for each ¢ > 0:
(i) If g € Ci4, then e“* maps C; NCy4 into itself. (5.63)
(i) If g € Cry NCay, then e%<* maps Cy NCiy N Coy into itself.
Finally
e NSl = Sfu = lim eGety (>0, uwe(0,1]?)), (5.64)
so (5.63) implies that for each ¢ > 0:
(i) If g € C14, then SY maps C; N Cy4 into itself. (5.65)

(i) If g € C14 NCay, then SY maps C; N Ci4 N Cay into itself.

Using the continuity of S{ in g (which follows from Feynman-Kac (5.42)) we arrive at the
statements in Lemma 5.13. |

6 Convergence to a time-homogeneous process

6.1 Convergence of certain Markov chains

Section 6 is devoted to the proof of Theorem 3.2. In the present subsection, we start by
formulating a theorem about the convergence of certain Markov chains to continuous-time
processes. In Section 6.2 we specialize to Poisson-cluster branching processes and superpro-
cesses. In Section 6.3, finally, we carry out the necessary calculations for the specific processes
from Theorem 3.2.
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Let E be a compact metrizable space. Let A : D(A) — C(E) be an operator defined on a
domain D(A) C C(E). We say that a process y = (y¢)+>0 solves the martingale problem for
A if y has sample paths in Dg[0,00) and for each f € D(A), the process (Mtf)tzo given by

M = f(yt)—/ Af(ys)ds  (t>0) (6.1)
0

is a martingale with respect to the filtration generated by y. We say that existence (unique-
ness) holds for the martingale problem for A if for each probability measure p on E there is
at least one (at most one (in law)) solution y to the martingale problem for A with initial
law L(yo) = p. If both existence and uniqueness hold we say that the martingale problem

is well-posed. For each n > 0, let X = ( 0(") ™) )) (with 1 < m(n) < oo) be a

(
s X
(time-inhomogeneous) Markov process in E with k-th step transition probabilities

Py(z,dy) = P[XV e dy|x{™, =2] (1 <k <m(n)). (6.2)

We assume that the Py are continuous probability kernels on E. Let (E;E;”))lg k<m(n) D€ positive
constants. Set

A?V@wzkﬁh*(éfwadwﬂw—fun (L<k<m), feCB).  (63)

Define t(()n) := 0 and

k
1 =" (1 <k <mn), (6.4)
=1
and put
KO () = max {k : 0<k<m(n), " <t} (t>0). (6.5)
Define processes y(® = (ygn))tzo with sample paths in D0, 00) by
ygn) = X]i?rz)(t) (t > 0)' (6'6)

By definition, a space A of real functions is called an algebra if A is a linear space and f,g € A
implies fg € A.

Theorem 6.1 (Convergence of Markov chains) Assume that E(Xo(n)) = [ asn — oo

for some probability law p on E. Suppose that there exists at most one (in law) solution to the
martingale problem for A with initial law p. Assume that the linear span of D(A) contains an
algebra that separates points. Assume that

m(n)
(i) lim Z E,gn) = 00, (ii) lim  sup E,(:L) =0, (6.7)
n—oo k—l n—oo k; t;ﬂn) ST
and
Jim sup A F—Afle =0 (f € D(A)) (6.8)
ke <

for each T > 0. Then there exists a unique solution y to the martingale problem for A with
indtial law p and moreover L(y™) = L(y), where = denotes weak convergence of probability
measures on Dg|0,00).
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Proof We apply [EK86, Corollary 4.8.15]. Fix f € D(A). We start by observing that
k
N AM i) (0 <k<m(n) (6.9)

is a martingale with respect to the filtration generated by X and therefore,

kM) (1)
e A" f(y ZZ)) ) (t>0) (6.10)
i=1

is a martingale with respect to the filtration generated by y(™. Put

£t W)(t) (t>0) (6.11)
and set
= A i1 f(y(L’;J)(n))l (<t (t>0) (6.12)
and .
y”:f@?h+%&@@mw (t>0). (6.13)

Then we can rewrite the martingale in (6.10) as

t
g — / oM ds. (6.14)
0

By [EK86, Corollary 4.8.15] and the compactness of the state space, it suffices to check the
following conditions on ¢ and £):

(i) sup sup B[] < oo,
n>N t<T

@swwﬂwmkm,
n>N t<T

(i) lim B[( Hh i ]z :

i (6.15)
(iv) lim E(gzb — Af( yT Hh ysl ]— ,

(v) lim E| sup |§t —f( g”))” =0,
n—=oo  LieQn[o,T]

(vi) sup E[||¢(”)||p,T] < 00 for some p € (1, o],
n>N

for some N >0 and foreach T >0,7r>1,0<s1 <---< s, <T,and hy,...,h, € H C C(E).
Here H is separating, i.e., [hdy = [hdv for all h € H implies 4 = v whenever p,v are
probability measures on E. In (vi):

T 1/p
ol = ([ laora)” @ <p<o) (6.16)
and ||g|/co, 7 denotes the essential supremum of g over [0, 7.
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The conditions (6.15) (i)—(vi) are implied by the stronger conditions

() Jim sup [l6" - 7)) H
) == (6.17)
(i) Jim sup o™ = Af (vl

where we denote the essential supremumnorm of a real-valued random variable X by ||X ||« =
inf{K >0:|X| < K a.s.}. Condition (6.17) (ii) is implied by (6.7) (i) and (6.8). To see that
also (6.17) (i) holds, set

M, = sup |6, (6.18)
0<t<T
and estimate
sup H&t(n) - f(yt(”))HOO <M, sup{sl(gn) 1<k <m(n), t,(gn) <T}. (6.19)

0<t<T

Condition (6.17) (ii) implies that lim sup,, M,, < oo and therefore the right-hand side of (6.19)
tends to zero by assumption (6.7) (ii). n

6.2 Convergence of certain branching processes

In this section we apply Theorem 6.1 to certain branching processes and superprocesses.
Throughout this section, F is a compact metrizable space and A : D(A) — C(E) is a linear
operator on C(E) such that the closure A of A generates a Feller process £ = (;)1>0 in F with
Feller semigroup (P;):>0 given by P, f(x) := E*[f(&)] (t >0, f € C(E)).
Let o € C4(F) and (3, f € C(E). By definition, a function ¢t — u; from [0, 00) into C(E) is
a classical solution to the semilinear Cauchy problem

up = Auy + Puy — au? t>0),
{‘9” e+ fue—oup - (120) (6.20)

ug=f

if t — w; is continuously differentiable (in C(E)), u; € D(A) for all t > 0, and (6.20) holds.
We say that u is a mild solution to (6.20) if t — wu; is continuous and

u =B f + /Ot P_s(Bus — auz)ds (t >0). (6.21)

Lemma 6.2 (Mild and classical solutions) Equation (6.20) has a unique C4(E)-valued
mild solution u for each f € C4(F), and f > 0 implies that uy > 0 for all t > 0. If moreover
f € D(A) then u is a classical solution. For eacht >0, u; depends continuously on f € Cy(E).

Proof It follows from [Paz83, Theorems 6.1.2, 6.1.4, and 6.1.5] that for each f € C(E), (6.20)
has a unique solution (u:)o<t<7 up to an explosion time 7', and that this is a classical solution
if f € D(A). Moreover, u; depends continuously on f. Using comparison arguments based
on the fact that A satisfies the positive maximum principle (which follows from Hille-Yosida
(5.41)) one easily proves the other statements; compare [FS04, Lemmas 23 and 24]. |

We denote the (mild or classical) solution of (6.20) by Uf := wus; then U : C4(E) — Co(E)
are continuous operators and U = (U;)¢>0 is a (nonlinear) semigroup on C4(E).
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Since E is compact, the spaces {u € M(E) : u(E) < M} are compact for each M > 0. In
particular, M(F) is locally compact. We denote its one-point compactification by M(E)s, =
M(E) U {oo}. We define functions Fy € C(M(E)) by Fy(oco) := 0 and

Fy(u) == e F) (fecuB), £>0, pe ME)). (6.22)
We introduce an operator G with domain
D) = {Fy : f € D(A), f >0}, (6.23)

given by GFy(o0) := 0 and

GFy(n) = —(u, Af + Bf —af?) eI} (ue m(p)). (6.24)
Note that GF; € C(M(E)) for all Fy € D(G).

Proposition 6.3 ((4,,3)-superprocesses) The martingale problem for the operator G is
well-posed. The solutions to this martingale problem define a Feller process Y = (V¢)t>0 in
M(E) s with continuous sample paths, called the (A, ., 3)-superprocess. If Yy = oo then
Vi=o00 forallt >0. If Yy = p € M(E) then

Brle= Vel = e—thl)  (rec (B)). (6.25)

Proof Results of this type are well-known, see for example [EK86, Theorem 9.4.3], [Fit88],
and [ER91, Théoreéme 7]. Since, however, it is not completely straightforward to derive the
proposition above from these references, we give a concise autonomous proof of most of our
statements. Only for the continuity of sample paths we refer the reader to [Fit88, Corol-
lary (4.7)] or [ER91, Corollaire 9].

We are going to extend G to an operator C; that is linear and satisfies the conditions of
the Hille-Yosida Theorem (5.41). For any v € C4(E) and p € M(E), let Clust,(n) denote a
random measure such that on {y = 0}, Clust,(x) is equal to i, and on {y > 0}, Clust, () is a
Poisson cluster measure with intensity % p and cluster mechanism Q(z,-) = L(7,(5)dz), where
Ty(z) 18 exponentially distributed with mean (). It is not hard to see that

Ele—(Clusty (), )] = =V f) (recm), £>0), (6.26)

where V, f(z) := (ﬁ +v(z))~'. Note that since V,1 is bounded, the previously mentioned

Poisson cluster measure mentioned above is well-defined. By definition, we put Clust,(c0) :=
0.
Define a linear operator G, on C(M(E))) by

GoF (1) = lim e (E[F(Clusteq(p))] — F(n)) (6.27)

e—0

with as domain D(G,) the space of all F' € C(M(F)s) for which the limit exists. Define a
linear operator Gg by

GyF () = lim e~ (F((1+ 2B)p) — F(1)) (6.28)
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with domain D(Gg) := C(M(FE))s). Define P : M(E)se — M(E)oo by (Pip, f) := (s, P.f)
(t>0, feC(E), pe M(E)) and Pfoo := oo (t > 0). Finally, let G5 be the linear operator
on C(M(F))s) defined by

GxF(n) = lim e " (F(Pp) = F(u)), (6.29)

E—

with as domain D(Gy) the space of all F' for which the limit exists. Define an operator G by

G = Go+Gs+ Gy, (6.30)
with domain D(G) := D(G,) N D(Gy). If f € D(A), f >0, and Fy is as in (6.22), then it is
not hard to see that GFf(w) =0 and

GFy(n) =~ Af + Bf —af? e W) (e M(B)). (6.31)

In particular, G extends the operator G from (6.24). Since D(A) is dense in C(E), it is easy to
see that {Fy : f € D(A), f > 0} is dense in C(M(E)s). Hence D(G) is dense. Using (6.27)-
(6.29) it is not hard to show that G satisfies the positive maximum principle. Moreover, by
Lemma 6.2, for f € D(A) with f > 0, the function ¢ — Fy, s from [0, 00) into C(M(E)s) is

continuously differentiable, satisfies Fy;, ; € D(G) for all t > 0, and
S Fur=GFuy  (t>0). (6.32)

;From this it is not hard to see that G also satisfies condition (5.41) (ii), so the closure of
G generates a Feller semigroup (S;);>0 on C(M(E)s). It is easy to see that SiFy = Fy,y
(t > 0). By [EK86, Theorem 4.2.7], this semigroup corresponds to a Feller process J with
cadlag sample paths in M(E). This means that EX[F;(V;)] = Fy,¢(u) for all f € D(A)
with f > 0. If 4 = oo this shows that ), = oo for all ¢ > 0. If p € M(E) we obtain (6.25) for

f €D(A), f > 0; the general case follows by approximation. |

Now let (g:):>0 be continuous weight functions and let (Q.).~¢ be continuous cluster mecha-
nisms on F. Assume that

Z.(x) = / Q. (x,dx)(x, 1) < > (x € ) (6.33)

and define probability kernels K. on E by

1
[ Ewanso) = 5= [ Qwavnn  (reB@). (6:34)
€
For each n > 0, let (El(gn))lgkgm(n) (with 1 < m(n) < o) be positive constants. Let X =
(XO("), ey Xr(nn()n)) be a Poisson-cluster branching process with weight functions q(m)s -4 (0
1 m(n)

and cluster mechanisms Q ny,...,Q ) . Define t,g") and k™ () as in (6.4)-(6.5). Define
51 5]

processes Y™ by
=) (t>0). (6.35)
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Theorem 6.4 (Convergence of Poisson-cluster branching processes) Assume that

E(Xon)) = p as n — oo for some probability law p on M(E). Suppose that the constants s,(g")

fulfill (6.7). Assume that

() :(2) [ Qular, A1) =1+ £B(a) + o),
(i) (2 [ Qular.d0)(x. 1) =22a(0) +o(e), (6.36)
(i) .(0) [ Qoo ) (6 VP gy =0fc)
for each § > 0, and
[ Kelw.ansto) = @) + A1 @) + o) (6.37)

for each f € D(A), uniformly in x as e — 0. Then L(Y™) = L(Y), where Y is the (A, a, ()-
superprocess with initial law p.

Here = denotes weak convergence of probability measures on D y(g)[0, 00).

Proof We apply Theorem 6.1 to the operator G, where we use the fact that if we view
M1 (Dpyg)[0,00)) as a subspace of My (Dayg), [0,00)) (note the compactification), equipped
with the topology of weak convergence, then the induced topology on My (D M(E) [0,00)) is
again the topology of weak convergence.

By Proposition 6.3, solutions to the martingale problem for G are unique. Since FyF, =
F¢ig and D(A) is a linear space, the linear span of the domain of G is an algebra. Using the
fact that D(A) is dense in C(E) we see that this algebra separates points. Therefore, we are
left with the task to check (6.8).

Define U, : C4(E) — C(E) by

U.f(z) = () / Q.(z,dy)(1— e TNy (weE, fec o], >0, >0), (6.39)
and define transition probabilities P.(y, dv) on M(E)se by Ps(co, ) = 60 and
/pg(u7d,/)e_<’/af> — e (U f). (6.39)
We will show that
lim (|7 Uef = f) = (Af+8f —af?)|| =0 (f€DA), f>0).  (640)
Together with (6.39) this implies that
[ P @) Fyv) = Fyl) + £GFs () + o) (F€DA), £20),  (641)

uniformly in g € M(E)y as € — 0. Therefore, the result follows from Theorem 6.1.
It remains to prove (6.40). Set g(z) :=1—z+ 32 — e * (2 > 0) and write

US () = a.(x) / O (,dx) (x, £) — 306, 12+ a((x 1))). (6.42)
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Since

/ dy/ dx/ dte? (2 >0), (6.43)

it is easy to see that g is nondecreasing on [0,00) and (since 0 < e™* < 1 and f dte ™t <1)
0<g(z) < %22 A %zg’ (z>0). (6.44)

Using these facts and (6.36) (ii) and (iii), we find that

(@) [ Q. dvg( 1)
< [ fllocte (e / Q.. (e W gnza) + [ Qe dVg(be D)L o)}
< ot {3 [ Qlr 00 1P 1 sy + 3 [ Qelond) 6 Lo

= %5||f||oo(€204( ) +o(e)) + ofe).
(6.45)
Since this holds for any § > 0, we conclude that

(o) [ Q. A0l 1)) = ofe) (6.46)
uniformly in x as e — 0. By (6.36) (i) and (6.37),
@) [ a0t s) = (o) [ Qo0 ten) [ Ketwd) )

= (1+B(z) +0(e)) (f(z) + eAf(z) + o(e)) (6.47)
= f(x) +eB(x) f(x) + eAf(x) + o(e).

Finally, write

¢:(x) / Q. (z.dx)(x. f)?

(6.48)
= q.(z) / Qc(z,dx) ((x, f(2))* +20x, fF(@)(x, f — f(@)) + (x, f — f(2))?).
Then, by (6.36) (ii),
¢-(x) / Q. (,dy) (x. f(2))? = F(2)?(e20(x) + (). (6.49)
We will prove that
) / Q. () (x, f — F())? = o(e). (6.50)

Then, by Holder’s inequality, (6.36) (ii), and (6.50),

0. /Qa e ) (v, £~ F@) ()]
(a0) [ Qmarates - 1@?) " (a0 [ @t anies@) ™ 65D
(0e)2a(@)e + o(<)) * = ofe).

<
<
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Inserting (6.49), (6.50) and (6.51) into (6.48) we find that

r) / Q. (. d) (x, £)? = £ 20(x) ()2 + o(e). (6.52)

Inserting (6.46), (6.47) and (6.52) into (6.42), we arrive at (6.40). We still need to prove
(6.50). To this aim, we estimate, using (6.47),

z) / Q. )0 £ — F(@)) L gny<s)

<0f — £(2)]oote() / Q. (x.dx)(x. f — [ (x) (6.53)
= 31 = F(@) oo (eAf () + 0(2))
and, using (6.36) (iii),

7) / (2, )0 £ — F(@)) Ly 1yos)

.54
<|If - f(x)Hooqa(w)/Qa(w,dX)(% D1y 1> = 0(e)- oo
It follows that
x) / Qc(w, dx)(x, f — f(2))? < el f — f(2)l|0AS () + ofe) (6.55)
for any 6 > 0. This implies (6.50) and completes the proof of (6.40). |
6.3 Application to the renormalization branching process
Proof of Theorem 3.2 (a) For any fo,..., fr € C+[0,1] one has
Ele —(Xons fo) .. e (X—n+kafk>]
= Ee —(Xon, fo) ... o (Xngh—1, o1 +u’7n7kfk>] (6.56)
.= Bl —n79k>]
where we define inductively
go:=fr and gmi1:= feem1+Uy,_ ., 9m- (6.57)

By the compactness of [0,1] and Corollary 5.10, the map (v, f) — U, f from (0, 00) x C4[0,1]
to C4[0,1] (equipped with the supremumnorm) is continuous. Using this fact and (6.56) we
find that

E[€_<X_n7f0> . 6_<X—n+k7fk>] N E’[e_<yz:wf0> . €_<y1:1+k7fk>] (658)
Since f1, ..., fr are arbitrary, (3.12) follows. |

Proof of Theorem 3.2 (b) We apply Theorem 6.4 to the weight functions ¢, and cluster

mechanisms Q. from (3.8) and to Awr = 2(1 — :zt)aa—;2 with domain D(Awr) = C?[0,1], and
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a = 3 = 1. It is well-known that Awp generates a Feller semigroup [EK86, Theorem 8.2.8].
We observe that

/ Q. (z,dy) (v, / FU=0)] = 2B E[f(y1(0))] =~ / IY(dy)f(y). (6.59)

where I'} is the equilibrium law of the process yz from Corollary 5.4. It follows from (5.24)
that

(i) / Iy (dy)(y — ) =0,
@ [T — =100, (6:60)
(i) / IY(dy)(y — 2)* = 0(+?),

uniformly in « as v — 0. Therefore, for any 6 > 0,
ON R CHIPER
(i) [ THdn) - 2 =71 - 2) + o), (6.61)
(iif) / L2 (dY) 1y —a)>5) = 0(7);
uniformly in x as v — 0. Consequently, a Taylor expansion of f around z yields
/ U(dy)f(z) = f(@) + 7320 —2) Lo f@) +o()  (feCP,1]),  (662)

uniformly in z as v — 0. (For details, in particular the uniformity in z, see for example
Proposition [Swa99, B.1.1].) This shows that condition (6.37) is satisfied. Moreover,

[ @@ doin) = Blzn) =+,
/Qy(a;, dx){x, 1)? = E[(27,)?] = /Oo Pl dz =297, (6.63)
/Qv(af, dx)(x, 1)’ = E[(27,)°] = /;Oo PLedz = 69,
which, using the fact that ¢, = (% + 1), gives
¢y / Qy(x,dx)(x, 1) =1+,
0, [ QA1) =27+ o(a), (6.64)
0 [ Qw01 =ola).
This shows that (6.36) is fulfilled. In particular,
0 [ @ A0 Lo <670 [ Qe d0 1P =ol) (669

for all 6§ > 0. ]
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7 Embedded particle systems

In this section we use embedded particle systems to prove Proposition 3.5. An essential
ingredient in the proofs is Proposition 7.15 (a), which will be proved in the Section 8.

7.1 Weighting and Poissonization

Proof of Proposition 3.3 Obviously ¢! € C4(E") for each k = 1,...,n. Since h € C4(E)
and h is bounded, it is easy to see that the map p — hp from M(E) into M(E") is continuous,
and therefore the cluster mechanisms defined in (3.21) are continuous. Since

k() —(hZy, )1 _ Ur(hf)(z) h h

Urf(z) = E[1- v /)] = €EE" feBL(E 7.1
formula (3.22) holds on E". To see that (3.22) holds on E\E", note that by assumption
Uh < Kh for some K < oo, so if € E\E", then Uyh(z) = 0. By monotonicity also
Ui (hf)(z) = 0, while hUd! f(x) = 0 by definition. Since sup,cpr U1 (x) = sup,cpn Uhlz)

h(z) —
K < oo, the log-Laplace operators Z/{,? satisfy (3.3). If X is started in an initial state Ajp,
then the Poisson-cluster branching process X" with log-Laplace operators Z/{lh, ..., UM started
in X = hX) satisfies
E[e—<th,f>] :E[e—<Xo7U1 o--- on(hf)>]
(7.2)

:E[e—<XO7hL{1hO~~Ou]£L(f)>] :E[e_<X]£L7f>] (f c B_,_(Eh)),

which proves (3.23). n
Proof of Proposition 3.4 We start by noting that by (3.2),

Unf(z) = (@) B[1— e {25 1)) = gy (a) P[Pois(F28) £ 0] (v € B, f € By(E)). (7.3)
Into (3.24), we insert
P[Pois(h2}) € -]

= P[Pois(hZ}) € - | Pois(hZ}) # 0| P[Pois(hZF) # 0] + 6 P[Pois(h2F) = 0]. (74)

Here and in similar formulas below, if in a conditional probability the symbol Pois( - ) occurs
twice with the same argument, then it always refers to the same random variable (and not to
independent Poisson point measures with the same intensity, for example). Using moreover
(7.3) we can rewrite (3.24) as

_ Urh(z) h(zx) — Uph(z)
h(z) h(z)

In particular, since we are assuming that h is Ui-subharmonic, this shows that QZ(m, -) is
a probability measure. Let X" be the branching particle system with offspring mechanisms
Q?,...,QZ. Let Z'* be random variables such that L(Z;’,}’k) = QZ(m, -). Then, by (3.18),
(3.24), (3.20), and (7.3),

Qi(, -) P[Pois(h2F) € - | Pois(h2F) # 0] +

do(-)- (7.5)

Ul f(x) = P[Thing(Z"*%) # 0] = q’“(;) P[Thin(Pois(h2%)) # 0]

_ Qk(x)P[POiS(hka) ?g 0] :hiu (hf)(:c) (1' € Eh) (76)
e * ha) .
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If € E\E", then Uy (hf)(z) < Up(h)(z) < h(z) = 0 =: k" (f)(x). This proves (3.25). To
see that QZ is a continuous offspring mechanism, by [Kal76, Theorem 4.2] it suffices to show
that z — [ Q(x, dy)e_<’/’ 9) is continuous for all bounded g € Co(E™). Indeed, setting f :=
1—e~9, one has [ Q! (w,dv)e ™ 9) = [ Qh(w,dv)(1—f)" = 1=U f(x) = 1=Up(hf)(z)/(x)
which is continuous on E" by the continuity of ¢; and Q.

To see that also (3.26) holds, just note that by (3.19), (3.25), and (3.5),

PP [Thin (X)) = 0] = P[Thing,...opn ;(Pois(h)) = 0]
= P[Pois((hUl o --- o U f)uu) = 0] = P[Pois((Uy o - - - o Uy (hf)) ) = 0] (7.7)
= PH[Pois(hf&X,) = 0] = P"[Thing(Pois(h},)) = 0].

Since this formula holds for all f € By 1j(E"), formula (3.26) follows. n

Remark 7.1 (Boundedness of h) Propositions 3.3 and 3.4 generalize to the case that h
is unbounded, except that in this case the cluster mechanism in (3.21) and the offspring
mechanism in (3.24) need in general not be continuous. Here, in order for (3.22) and (3.25)
to be well-defined, one needs to extend the definition of Uy f to unbounded functions f, but
this can always be done unambiguously [FS03, Lemma 9. &

7.2 Sub- and superharmonic functions

This section contains a number of pivotal calculations involving the log-Laplace operators U,
from (3.9). In particular, we will prove that the functions hq 1, ho,0, and hg ; from Lemmas 3.6,
3.7, and 3.8, respectively, are U,-superharmonic.

We start with an observation that holds for general log-Laplace operators.

Lemma 7.2 (Constant multiples) Let U be a log-Laplace operator of the form (3.2) sat-
isfying (3.3) and let f € BL(E). Then U(rf) < rUf for allr > 1, and U(rf) > rUf for all
0 <r < 1. In particular, if f is U-superharmonic then rf is U-superharmonic for each r > 1,
and if f is U-subharmonic then rf is U-superharmonic for each 0 <r < 1.

Proof If X is a branching process and U is the log-Laplace operator of the transition law from
Xp to X then, using Jensen’s inequality, for all » > 1,

e U(rf)) — Eu[e—%,rﬁ] _ Eu[(e—<X1,f>)’“] > (Eu[e—<X1,f>])’“ — e~ rUf).

(7.8)
Since this holds for all 4 € M(E), it follows that U(rf) < rU f. The proof of the statements
for 0 < r <1 is the same but with the inequality signs reversed. |
We next turn our attention to the functions hy 1 and hgp.
Lemma 7.3 (The catalyzing function h; ;) One has
1+
Up(rhip)(@) = T (3,7 >0, z€[0,1)). (7.9)
r T

In particular, hy 1 is Uy-harmonic for each v > 0.
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Proof Recall (3.7)—(3.9). Let 01/, be an exponentially distributed random variable with mean
1/r, independent of 7,. Then

Uy (rhin)(@) = (A + DE[1— ¢~ Jo ") = (L L 1)Poy, < m] = (L + 1) 17, (7.10)

which yields (7.9). n

Lemma 7.4 (The catalyzing function hyo) One has Uy(rhoo) < rhogo for each ~,r > 0.

Proof Let I'} be the invariant law from Corollary 5.4. Then, for any v > 0 and f € B[0, 1],
=

E+DE[L- e~ 20N <y 1E(ZY, 1)

~ (4 + DB [ 162 = 0+ DAL @e D)

U, f(x)

(7.11)

where we have used that 7, is independent of y;} and has mean 7. In particular, setting
f =rho,o and using (5.25) we find that U, (rho) < rho. |

The aim of the remainder of this section is to derive various bounds on U, f for f € Ho 1. We
start with a formula for U, f that holds for general [0, 1]-valued functions f.

Lemma 7.5 (Action of U, on [0,1]-valued functions) Let y; be the stationary solution
to (3.6) and let T, /9 be an independent exponentially distributed random variable with mean
v/2. Let (3;)i>1 be independent exponentially distributed random variables with mean %, mn-
dependent of y» and Ty/2, and let of 1= Zle Bi (k>0). Then

1-tf@) =8 ] (-f6i-a))| (>0 feBpyb1) ae01). (7.12)

k>0: 0, <7y

Proof By Lemma 7.3, the constant function hy (x) := 1 satisfies Uyh11 = hy for all v > 0.
Therefore, by Proposition 3.4, Poissonizing the Poisson-cluster branching process X with the

density hy; yields a branching particle system X1 = (Xﬁ;l, . ,Xg“) with generating
operators Uffnl’_ll, e U;LOI’I, where
h
U’Ylylf = U’Yf (f € B[O,l] [07 1]7 V> O) (713)

By (3.18) and (7.5),

Ul f () = 1-B[(1— /)FOI8(Z2) | Pois(27) £ 0] (f € Bpyl0,1], z € [0,1], 7 > 0). (7.14)

Therefore, (7.12) will follow provided that

P[Pois(z;)e.|Pois(z;)7éo}:c( 3 5y;(_ak)). (7.15)

k>0: 04 <7y /2

Indeed, it is not hard to see that

Pois(Z)) 2 > 8,10y (7.16)

k>0: 0k <7y /2
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This follows from the facts that Z; = 2 fOT”/ : dy7(—syds and

Y 6o ZPois(21(, ). (7.17)

k>0: 01, <7 /2

Conditioning Pois(2 Lr, /270]) on being nonzero means conditioning on 7./, > 1. Since
7y/2 — 01, conditioned on being nonnegative, is exponentially distributed with mean v/2,
using the stationarity of yz, we arrive at (7.15). |

The next lemma generalizes the duality (5.22) to mixed moments of the Wright-Fisher diffusion
y at multiple times. We can interpret the left-hand side of (7.18) as the probability that
mai,..., My, organisms sampled from the population at times t1,...,t¢, are all of the genetic

type L

Lemma 7.6 (Sampling at multiple times) Fiz 0 < t; < --- < t,, = t and nonnegative
integers my,...,my. Lety be the diffusion in (5.20). Then

B [l}:[ly;jk} = E[y*a%], (7.18)

where (¢s,s)sef0,y 18 a Markov process in N2 started in (¢g,v0) = (my,0), that jumps deter-
ministically as
(@5, %s) = (95 + Mk, 1ps) at time t—tp  (k <n), (7.19)

and between these deterministic times jumps with rates as in (5.21).

Proof Induction, with repeated application of (5.22). |
For any m > 1, we put
hm(z) :=1—(1—2x)™ (x €10,1]). (7.20)

The next lemma shows that we have particular good control on the action of ¢/, on the
functions h,,.

Lemma 7.7 (Action of U, on the functions h,,) Let m > 1 and let 7, be an exponentially
distributed random variable with mean y. Conditional on 7., let (¢}, 1;)i>0 be a Markov process
in N2, started in (¢f), V) = (m,0) that jumps at time t as:

(6, 0) — (¢ — 1,0)) with rate ¢}(} — 1),
(Oh ) — () — L +1)  with rate L], (7.21)
(6, 1) — (&} + m, 1)) with rate 1, , <.

Then the limit lim;_, o, ¢, =: . ewists a.s., and
Uyl (z) = EMO[1 — (1 —2)¥>]  (m>1, z€[0,1]). (7.22)

Proof Let yy, 72, and (ox)g>0 be as in Lemma 7.5. Then, by (7.12),

Uy () = 1 — E[ I - yg(_ak))m]. (7.23)

k>0: 01 <7, /2
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Let (¢',") = (#},1})>0 be a N2-valued process started in (¢},() = (m,0) such that condi-
tioned on 7, and (o%)k>0, (¢',%’) is a Markov process that jumps deterministically as

(01, 91) = (G +m,5) at time o (k> 1: op <7yp0) (7.24)

and between these times jumps with rates as in (5.21). Then (¢}, v¢;) — (0,9, ) as t — oo
a.s. for some N-valued random variable ¢/, and (7.22) follows from Lemma 7.6, using the
symmetry y < 1 —y. Since ox41 — o are independent exponentially distributed random
variables with mean one, (¢’,v") is the Markov process with jump rates as in (7.21). n

The next result is a simple application of Lemma 7.7.

Lemma 7.8 (The catalyzing function hy) The function hi(z) := = (x € [0,1]) is U,-
subharmonic for each v > 0.

Proof Since ¢/, > 1 a.s., one has 1 — (1 — )%~ >z a.s. (z € [0,1]) in (7.22). In particular,
setting m = 1 yields U, h1 > hy. |

We now set out to prove that hr, which is the function ho; from Lemma 3.8, is U,-super-
harmonic. In order to do so, we will derive upper bounds on the expectation of ¥ . We derive
two estimates: one that is good for small v and one that is good for large ~.

In order to avoid tedious formal arguments, it will be convenient to recall the interpreta-
tion of the process (¢/,1') and Lemma 7.6. Recall from the discussion following (5.22) that
(ya(t))ier describes the equilibrium frequency of genetic type I as a function of time in a
population that is in genetic exchange with an infinite reservoir. From this population we
sample at times —oy (k >0, o, < 7. /2) each time m individuals, and ask for the probability
that they are not all of the genetic type II. In order to find this probability, we follow the
ancestors of the sampled individuals back in time. Then ¢} and 1)} are the number of ancestors
that lived at time —¢ in the population and the reservoir, respectively, and E[1 — (1 — m)%O]
is the probability that at least one ancestor is of type I.

Lemma 7.9 (Bound for small v) For each v € (0,00) and m > 1,

m—

1 1
m ﬂ)oo ~m

Xm(7)- (7.25)
1=0

The function Xy, is concave and satisfies xm(0) =1 for each m > 1.

Proof Note that
E[{k>0: op <7y p}|] =1+1. (7.26)

We can estimate (¢',1’) from above by a process where ancestors from individuals sampled
at different times cannot coalesce. Therefore,

EOl ] < (14 7B ], (7.27)

where (¢,1) is the Markov process in (5.21). Note that if (¢, 1)) is in the state (m+1,0), then
the next jump is to (m, 1) with probability

%(m +1) 1
(m+1)+m@m+1) 1+my

K (7.28)
ol
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and to (m,0) with one minus this probability. Therefore,

B0y = o BOVe] + (1- 1 )EmW%J
o )« () o
B0 fee] + 1+my
By induction, it follows that »
EmO) [yhe.] = Z g (7.30)

Inserting this into (7.27) we arrive at (7.25). Finally, since

9 14y  2i(i—1)
oV 1+iv  (1+iv)?

(>0, v>0), (7.31)
the function y,, is convex. |

Lemma 7.10 (Bound for large ~) For each v € (0,00) and m > 1,

1 3
Em0) —+ = 32
Tt < (3 g;k 5 (7:32)
Proof We start by observing that %E [)] = %E [#}], and therefore
= %/O E[¢}]dt. (7.33)

Unlike in the proof of the last lemma, this time we cannot fully ignore the coalescence of
ancestors sampled at different times. In order to deal with this we use a trick: at time zero we
introduce an extra ancestor that can only jump to the reservoir when ¢t > 7., and there are no
other ancestors left in the population. We further assume that all other ancestors do not jump
to the reservoir on their own. Let & be one as long as this extra ancestor is in the population
and zero otherwise, and let ¢} be the number of other ancestors in the population according
to these new rules. Then we have at a Markov process (£, ¢”) started in (£, ¢) = (1,m) that
jumps as:

(&, @) — (&, 07 — 1) with rate (¢} + 1)}

(Etv ¢:€,) - (gtv :&l + ’I’)’L) with rate 1{7'7/2 <t}s (734.)

(&> ) — (& — 1,8Y) with rate 210 >y lrgr—oy-
It is not hard to show that (£, ¢”) and ¢’ can be coupled such that & + ¢} > ¢} for all ¢ > 0.
We now simplify even further and ignore all coalescence between ancestors belonging to the
process ¢” that are introduced at different times. Let qbgk) be the number of ancestors in the
population that were introduced at the time oy (k > 0). Thus, for ¢ < o} one has qbgk) = 0,

for t = o, one has gzbgk) = m, while for ¢ > o}, the process qﬁgk) jumps from n to n — 1 with rate
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(n+4 1)n. Then it is not hard to see that, for an appropriate coupling, ¢} < Zk20:0k<m/2 Ek)

for all t > 0. We let &’ be a process such that £, = 1 and & jumps to zero with rate

1
Slmpzn 1L Lgegy (7.35)

k>0:0,<7 /2

Then for an appropriate coupling & > & (¢ > 0). Thus, we can estimate

/OOOE[qzsg]dtg/OOOE[gg]dH/oooE[ 3 ¢§’“>]dt. (7.36)

k>0:0, <7y /2

Set p:=inf{t > 7 5 : ) = 0 Vk > 0 with oy < 7,5} and 7 := inf{t > 0: & = 0}. Then

| Bl = Biral + Blo sl + Blr — ol = 3y + Elp-mpel. (730

Since

FElp— < F|1 dt
[p ’7/2] —/0 |: {Zk2010k<‘r,y/2 Ek)750}:|

= /OOOE{ D Lyt

k>0:0,<Ty /2

(7.38)

using moreover (7.36) and (7.37), we can estimate

[ee) , 3 oo (k)
/0 Elg|]dt < 5wr/o E[ P +1{¢£k)#0})}dt. (7.39)

k>0:0,<Ty /2

Since EH{k >0: o, < 7—,7/2}‘] =1+ ~, we obtain
* Bleldr < 2 NG
[ B < S ) [T B 410t (7.40)

Since ¢§°) jumps from n to n — 1 with rate (n + 1)n, the expected total time that ¢§°) =n
equals 1/((n + 1)n), and therefore

0o © B m 1 B m l
/O B +1 a0 = 3 oy 0+ L) = 3 (7.41)
Inserting this into (7.40), using (7.33), we arrive at (7.32). ]

Lemma 7.11 (The catalyzing function hg1) One has Uy(ho1) < hoi for each v > 0.
Moreover, for each v > 1 and v > 0,

Uy (rho) (x)

< 1. 7.42
ze01]  Thoa(z) (7:42)
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Proof Recall that hg1(z) = h7(z) =1 — (1 —2)7 (z € [0,1]). We will show that
ETO W | <7 (7.43)
for each v € (0,00). The function x,,(v) from Lemma 7.9 satisfies

om(1) = %i% <1 (m>5) (7.44)

n=1
Since X, (7) is concave in «y and satisfies x,,,(0) = 1, it follows that x,,,(7) < 1forall0 <~y <1
and m > 5. By Lemma 7.10, for all v > 1,

EMOWL]<2) ~+-<m  (m=>7). (7.45)
k=1

Therefore, if m > 7, then m/ := E(0[ | < m. Tt follows by (7.22) and Jensen’s inequality
applied to the concave function z — 1 — (1 — z)* that

Uphm() <1— (1 —2)E™W6l =1 — (1 —2)™ <hp(z) (2 €[0,1], v>0). (7.46)
This shows that h,, is U,-superharmonic for each v > 0. By Lemma 7.2, for each r > 1,

Uy (rhan)(2) _ 1l () (@) _ 1= (1)

Thm(x) - ’I"hm(x) - 1-— (1 _ w)m (l‘ € (07 1]) (747)
By Lemma 7.3 and the monotonicity of U,
Uy (rha)() _ U()@) _ 144 1 )

Since the right-hand side of (7.47) is smaller than 1 for x € (0,1) and tends to m'/m < 1 as
x — 0, since the right-hand side of (7.48) is smaller than 1 for = in an open neighborhood of
1, and since both bounds are continuous, (7.42) follows. n

7.3 Extinction versus unbounded growth

In this section we show that Lemmas 3.6-3.8 are equivalent to Proposition 3.9. (This follows
from the equivalence of conditions (i) and (ii) in Lemma 7.12 below.) We moreover prove
Lemmas 3.6 and 3.8 and prepare for the proof of Lemma 3.7. We start with some general
facts about log-Laplace operators and branching processes.

For the next lemma, let E be a separable, locally compact, metrizable space. For n > 0,
let ¢, € C4+(FE) be continuous weight functions, let Q,, be continuous cluster mechanisms on F,
and assume that the associated log-Laplace operators U,, defined in (3.2) satisfy (3.3). Assume
that 0 # h € C,(F) is bounded and U,-superharmonic for all n, let E" := {x € E : h(z) > 0},
and define generating operators U/ : B[O,l](Eh) — Bjo1(F) as in (3.25). For each n > 0,

let (Xo(n), Xl(n)) be a one-step Poisson cluster branching process with log-Laplace operator U,,,

and let (Xén)’h, X fn)’h) be the one-step branching particle system with generating operator U,’;‘.
(In a typical application of this lemma, the operators U,, will be iterates of other log-Laplace

operators, and Xén), Xl(n) will be the initial and final state, respectively, of a Poisson cluster
branching process with many time steps.)
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Lemma 7.12 (Extinction versus unbounded growth) Assume that p € Cjo (E") and
put

p(z) = { h(z)p(x) if v € B, (7.49)

0 if v € E\E".
Then the following statements are equivalent:
(@) P*[x1"" €] = pla)du + (1= p(a))dy
locally uniformly for x € E",

(ii) Po= [<X1(n)7h> e ] — e—p(x)(go + (1 . e—p(m))(soo

n—oo

locally uniformly for x € E,

(iii)  Un(Ah)(z) — p(z)
loZ(;logj uniformly forx € £ VYA >0,

(iv) 3I0<A <A <oo: Up(Ah)(x) — p(x)
locally uniformly for x € %_)OO (1=1,2).

Proof of Lemma 7.12 It is not hard to see that (i) is equivalent to

PP [Thiny (X{"") £ 0] — p(x) (7.50)

locally uniformly for = € E", for all 0 < A < 1. It follows from (3.19) and (3.25) that
h(z) P [Thiny (X\™") # 0] = hU(A\)(z) = U(AR)(z) (z € E), so (i) is equivalent to

() Un(AR)(z) — pla)
locally uniformly for zx € E V0O < A < 1.

By (3.4), condition (ii) implies that
e~Un(AM)(@) — g o= ML h)] . o—p(2) (7.51)

n—oo

locally uniformly for z € E for all A > 0, and therefore (ii) implies (iii). Obviously (iii)=
(i) =(iv) so we are done if we show that (iv)=-(ii). Indeed, (iv) implies that

n—oo

locally uniformly for x € E, which shows that

Ple< (2™ by <C] — 0 (7.53)
for all 0 < ¢ < C' < c0. Using (iv) once more we arive at (ii). |

Our next lemma gives sufficient conditions for the n-th iterates of a single log-Laplace operator
U to satisfy the equivalent conditions of Lemma 7.12. Let E (again) be separable, locally com-
pact, and metrizable. Let ¢ € C4(F) be a weight function, Q a continuous cluster mechanism
on F, and assume that the associated log-Laplace operator U defined in (3.2) satisfies (3.3).
Let X = (&Xp, X1, ...) be the Poisson-cluster branching process with log-Laplace operator U in
each step, let 0 # h € Cy(E) be bounded and U-superharmonic, and let X" = (X}, Xk ..
denote the branching particle system on E” obtained from X by Poissonization with a U-
superharmonic function h, in the sense of Proposition 3.4.
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Lemma 7.13 (Sufficient condition for extinction versus unbounded growth) Assume
that
Uh(z)
sup
xeEN h(l‘)

Then the process X" started in any initial law L(X}) € My (E") satisfies

< 1. (7.54)

Jim XM =00 or Fk>0st XP=0 as (7.55)

Moreover, if the function p: E* — [0,1] defined by
p(x) :=P%[X"£0 Yn>0 (zeE" (7.56)
satisfies inf e pn p(x) > 0, then p is continuous.

Proof of Lemma 7.13 Let A denote the tail event A = {X £ 0 ¥n > 0} and let (Fy)k>0
be the filtration generated by X”. Then, by the Markov property and continuity of the
conditional expectation with respect to increasing limits of o-fields (see Complement 10(b)
from [Loe63, Section 29] or [Loe78, Section 32])

PIX" #£0Vn > 0/X,] = P(A|F) o la as (7.57)
—00
In particular, this implies that a.s. on the event A one must have P[X/,?Jr1 = 0|X}] — 0 as.
By (3.19) and (3.25), P%[X} # 0] = U"1(z) = (Uh(z))/h(z), which is uniformly bounded
away from one by (7.54). Therefore, P[X[',; = 0|X}] — 0 a.s. on A is only possible if the
number of particles tends to infinity.

The continuity of p can be proved by a straightforward adaptation of the proof of [FS04,
Proposition 5 (d)] to the present setting with discrete time and noncompact space E. An
essential ingredient in the proof, apart from (7.54), is the fact that the map v — PY[X! € -]
from NV(E) to Mi(N(E)) is continuous, which follows from the continuity of Q". |

We now turn our attention more specifically to the renormalization branching process X. In
the remainder of this section, (vx)x>0 is a sequence of positive constants such that )+, = oo
and 7, — 7* for some v* € [0,00), and X = (X_,,..., ) is the Poisson cluster branching
process on [0,1] defined in Section 3.2. We put U™ :=U,, , o---oly,. If 0 # h € C[0,1]
is U, -superharmonic for all k& > 0, then & hand X" denote the branching process and the
branching particle system on {x € [0,1] : h(z) > 0} obtained from X by weighting and
Poissonizing with h in the sense of Propositions 3.3 and 3.4, respectively.

Proof of Lemma 3.6 By induction, it follows from Lemma 7.3 that

2oL+ 7)

UM (Nhy 1) = —— (A > 0). (7.58)
no(l+m) — 1+ %
It is not hard to see (compare the footnote at (2.12)) that
H(l + %) = oo if and only if Z’Yk = 00. (7.59)
k=0 k=0
Therefore, since we are assuming that -, = oo,
UM (Nh1g) — b, (7.60)
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uniformly on [0, 1] for all A > 0. The result now follows from Lemma 7.12 (with h = hy ; and
p() =1 (x € [0, 1))). '

Remark 7.14 (Conditions on (7y),>0) Our proof of Lemma 3.6 does not use that v, — ~*
for some v* € [0,00). On the other hand, the proof shows that ) =, = oo is a necessary
condition for (3.29). O

We do not know if the assumption that -y, — ~v* for some v* € [0, 00) is needed in Lemma 3.7.
We guess that it can be dropped, but it will greatly simplify proofs to have it around.

We will show that in order to prove Lemmas 3.7 and 3.8, it suffices to prove their analogues
for embedded particle systems in the time-homogeneous processes V7" (v* € [0,00)). More
precisely, we will derive Lemmas 3.7 and 3.8 from the following two results. Below, (U);>0
is the log-Laplace semigroup of the super-Wright-Fisher diffusion ), defined in (3.15). The
functions pf; .« (7" € [0,00)) are defined in (3.34).

Proposition 7.15 (Time-homogeneous embedded particle system with h ()
(a) For any v* > 0, one has (Uy+)"hoo — 0 uniformly on [0, 1].
n—oo
(b) One has UPhg o P 0 uniformly on [0, 1].
—00

Proposition 7.16 (Time-homogeneous embedded particle system with A )
(a) For any v* > 0, one has (Uy)"(Aho1) — PG+ uniformly on [0,1], for all A > 0.
n—oo 7

(b) One has UP(\ho 1) b~ Po.1,0 uniformly on [0,1], for all X > 0.

Proposition 7.15 (a) will be proved in Section 8.2.

Proof of Proposition 7.16 (a) By formula (7.42) from Lemma 7.11, for each r > 1 the

function rhq 1 satisfies condition (7.54) from Lemma 7.13. Set p(x) := P% [Y,;Y*’Tho’1 # 0 Vn].
Then, by (3.19) and (3.25),

p(z)= lim P%[y; """ £ 0] = lim (U'"")"1(2)

n— oo nooo YT
e Uy )" (rho) () hi(x) (7.61)
_nango gl o) > o (@) (x € (0,1]),

where hy(z) =« (z € [0, 1]) is the U,--subharmonic function from Lemma 7.8. It follows that
inf,c(0,1) p(x) > 0 and therefore, by Lemma 7.13, p is continuous in .

By Lemma 7.13, we see that the Poissonized particle system X701 exhibits extinction
versus unbounded growth in the sense of Lemma 7.12, which implies the statement in Propo-
sition 7.16 (a). n

Proof of Propositions 7.15 (b) and 7.16 (b) These statements follow from results in
[FS03]. Indeed, [FS03, Proposition 2] implies that for any f € B4[0,1] and z € [0, 1],

Uf () — 0 if f(0) = /(
UDF () — phae(2) 3 F(0) =0,

1)=0
1) > 0. (7.62)

To see that the convergence in (7.62) is in fact uniform in z € [0,1] we use the fact that
each function f € B([0,1] with f(0) = f(1) = 0 can be bounded as f < rl(;) for some
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r > 1, and that each function f € B1[0,1] with f(0) = 0 and f(1) > 0 can be bounded as
elyyy < f < rlgyq for some 0 < & <1 and r > 1. Therefore, by the monotonity of U, it
suffices to show that Uf(rl(o,l)), Uf(rl(o,l]), and Z/{to(z—:l{l}) converge uniformly on [0,1]. By
[FS03, Lemma 15], these functions are continuous for each ¢ > 0, and since moreover the limit
functions are continuous, it suffices to show that the convergence is monotone. Thus, we claim
that

Up(rlp) 10 (r>1),
Uy (rl) 1 P01 (r>1), (7.63)
UP(ely) T P51 (0<e<1).
By (an obvious analogue of) Lemma 7.2, it suffices to show that 1(0 1) and 1) are Uup-

superharmonic, while 11y is UP-subharmonic for each ¢ > 0. Let (yf "1)>0 be the branching

particle system obtained from (y? )t>0 by Poissonization with the constant function hy; := 1.
Then Y11 is a system of binary splitting Wright-Fisher diffusions, which was also studied
in [FS03]. One has (compare (3.19))

. . h h
U (o, (%) = P[Thingp,  (82) # 0] = PP [Thiny g, (") £ 0] = P[Y;"((0, 1)) > 0]
(7.64)

Likewise,

ULy (z) = POV ((0,1]) > 0] and  U1py(z) = PoY "M ({1}) > 0. (7.65)

Using the fact that the points 0, 1 are traps for the Wright-Fisher diffusion and that in a binary
splitting Wright-Fisher diffusion, particles never die, it is easy to see that P% [Yo’hl’1 ((0,1)) >

0] and Po[Y,”""1((0,1]) > 0] are nonincreasing in ¢, while P%[V,”"*({1}) > 0] is nonde-
creasing in t. ]

We now show that Propositions 7.15 and 7.16 imply Lemmas 3.7 and 3.8, respectively.

Proof of Lemma 3.7 We start with the proof that the embedded particle system X"0.0 ig
critical. For any f € B4[0,1] and k > 1, we have, by Poissonization (Proposition 3.4) and the
definition of X,

hoo(x)ER0= (X0, f)] = EREPeisthod) [ xheo | )] = B~k [(Pois(ho 0 X_ys1), f)]

= E7R[(X g1, hoof)] = (5 + DE[Z, hoof)] = (5 + D{TF " hoof),

(7.66)
where I'} is the invariant law of y, from Corollary 5.4. In particular, setting f = 1 gives
hoo(x) E=50 (| X% || = hoo(x) by (5.25).

To prove (3.30), by Lemma 7.12 it suffices to show that
U™ (Ahog) — 0 (7.67)

uniformly on [0, 1] for all 0 < A\ < 1. We first treat the case v* > 0. Then, by Theorem 3.2 (a),
for each fixed I > 1 and f € C,[0,1],

Uy, 0-oly, [ — (uw*)lf (7.68)

n—oo

uniformly on [0, 1]. Therefore, by a diagonal argument, we can find [(n) — oo such that

(U ) @ hoo — Uy, 00U

Tn—1(n)

hool|.. — 0. (7.69)
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Using the fact that the function kg is U,-superharmonic for each v > 0 and the monotonicity
of the operators U, we derive from Proposition 7.15 (a) that

UM (Nhoo) Uy, , 00Uy, o hoo — (7.70)
uniformly on [0,1] for all 0 < A < 1. This proves (7.67) in the case v* > 0.
The proof in the case v* = 0 is similar. In this case, by Theorem 3.2 (b), for each fixed
t>0and f €Cy[0,1],

Uy, 0ol o flzn) — Uf(x) Vo, —xe0,1], (7.71)
which shows that U, _, o---0o Uy ) f converges to U f uniformly on [0,1]. By a diagonal
argument, we can find ¢(n) — oo such that

U (hoo) = U,y 00Uy, iy (hoo)]l, — 0, (7.72)

X p—oo
and the proof proceeds in the same way as before. |

Proof of Lemma 3.8 By Lemma 7.12 and the monotonicity of the operators U, it suffices
to show that
(i) lim supl/{(")(ho,l) < P01
. noe )1 i} (7.73)
(ii) HminfU"™ (5ho,1) > Pp1.+

n—oo

uniformly on [0,1]. We first consider the case v* > 0. By (7.68) and a diagonal argument, we
can find I(n) — oo such that

H(U,y*)l(n)hOJ — Uy, 00Uy hOJHOO - 0. (7.74)

Therefore, by Proposition 7.16 (a), the fact that hg is U,,-superharmonic for each k& > 0,
and the monotonicity of the operators U, we find that

U oy <Uy, 00 oUs, ymho1 =2 Po1yes (7.75)

uniformly on [0, 1]. This proves (7.73) (i). To prove also (7.73) (ii) we use the U, -subharmonic
(for each v > 0) function hy from Lemma 7.8. By Lemma 7.2 also %hl is U,-subharmonic. By
bounding %hl from above and below with multiples of hg 1 it is easy to derive from Proposi-
tion 7.16 (a) that

(uw*)n(%hl) o D014+ (7.76)
uniformly on [0,1]. Arguing as before, we can find I(n) — oo such that
H(u’y*)l(n)(%hl) —Uy, ool g, (%hl)Hoo I 0. (7.77)

Therefore, by (7.76) and the facts that %hl is U, -subharmonic for each k > 0 and %hl < %hm,
UM (Gho1) = U,y 0 0Us iy (3h1) — Do (7.78)

uniformly on [0, 1], which proves (7.73) (ii). The proof of (7.73) in case v* = 0 is completely
analogous. B
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8 Extinction on the interior

8.1 Basic facts

In this section we prove Proposition 7.15 (a). To simplify notation, throughout this section
h denotes the function hgo. We fix 0 < v* < oo, we let Y" := Y7 denote the branching
particle system on (0, 1) obtained from Y7 = (] *,yf L .) by Poissonization with & in the
sense of Proposition 3.4, and we denote its log-Laplace operator by Uf/’*. We will prove that

p(x) = P*[Yr£0vn>0]=0 (z€(0,1)). (8.1)

Since for each n fixed, z + p,(z) := P%[Y,} # 0] is a continuous function that decreases to
p(x), (8.1) implies that p,(x) — 0 locally uniformly on (0, 1), which, by an obvious analogon
of Lemma 7.12, yields Proposition 7.15 (a).

As a first step, we prove:

Lemma 8.1 (Continuous survival probability) One has either p(x) = 0 for all x € (0,1)
or there exists a continuous function p : (0,1) — [0,1] such that p(z) > p(x) > 0 for all
xz € (0,1).

Proof Put p(z) := h(z)p(xr). We will show that either p = 0 on (0,1) or there exists a
continuous function p : (0,1) — (0, 1] such that p > p on (0,1). Indeed,
p(x) = h(z) P [V, #0Yn > 0] = lim h(z)P% [V;" # 0]
= h(z) lim (U)"1(z) = lim U,)"h(z)  (z € (0,1)),

n—oo v

(8.2)

where we have used (3.19) and (3.25) in the last two steps. Using the continuity of Uy~ with
respect to decreasing sequences, it follows that

Uyp =p. (8.3)
We claim that for any f € Bjg [0, 1], one has the bounds
(CLf) Uy flo) <@+ f) (v>0, z€[0,1)) (8.4)

Indeed, by Lemma 7.5, U, f(z) > 1 — E[(1 — f(y2(0)))] = (I'z, f), while the upper bound in
(8.4) follows from (7.11).

By Remark 5.5, (0,1) > z +— (I'2, f) is continuous for all f € Bygj[0,1]. Moreover,
(T%, f) = 0 for some z € (0,1) if and only if f = 0 almost everywhere with respect to
Lebesgue measure.

Applying these facts to f = p and v = v*, using (8.3), we see that there are two possibilities.
Either p = 0 a.s. with respect to Lebesgue measure, and in this case p = 0 by the upper bound
in (8.4), or p is not almost everywhere zero with respect to Lebesgue measure, and in this case
the function x — p(x) := (I'7, f) is continuous, positive on (0, 1), and estimates p from below
by the lower bound in (8.4). n
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8.2 A representation for the Campbell law

(Local) extinction properties of critical branching processes are usually studied using Palm
laws. Our proof of formula (8.1) is no exception, except that we will use the closely related
Campbell laws. Loosely speaking, Palm laws describe a population that is size-biased at a
given position, plus ‘typical’ particle sampled from that position, while Campbell laws describe
a population that is size-biased as a whole, plus a ‘typical’ particle sampled from a random
position.

Let P be a probability law on N(0,1) with fN(O,l) P(dv)|v| = 1. Then the size-biased law
Psize associated with P is the probability law on N(0, 1) defined by

Pawl)i= [ Pl iy, ¢y (55
N(0,1) {V € }
The Campbell law associated with P is the probability law on (0,1) x N(0,1) defined by

PCamp(A X B) = /j;/(o B P(dl/) V(A)].{V c B} (86)

for all Borel-measurable A C (0,1) and B € N(0,1). If (v,V) is a (0,1) x N(0,1)-valued
random variable with law Pcamp, then £(V) = Pgize, and v is the position of a ‘typical’
particle chosen from V.
Let

PE() = P [Y,ff € -] (8.7)
denote the law of Y" at time n, started at time 0 with one particle at position z € (0,1).
Note that by criticality, [ N(O.1) PE"(dv)|v| = 1. Using again criticality, it is easy to see that
in order to prove the extinction formula (8.1), it suffices to show that

71132073%”({1,...,N}) =0 (ze€(0,1), N>1). (8.8)

s1ze

In order to prove (8.8), we will write down an expression for Pé’;mp. Let Q" denote the offspring
mechanism of Y", and, for fixed 2 € (0, 1), let Q’éamp (z, ) denote the Campbell law associated

with Qh(m, -). The next proposition is a time-inhomogeneous version of Kallenberg’s famous
backward tree technique; see [Lie81, Satz 8.2].

Proposition 8.2 (Representation of Campbell law) Let (v, Vi)k>0 be the Markov pro-
cess in (0,1) x N(0,1) with transition laws

P[(Vk—i-la Vk—i—l) S ‘ (Vka Vk) = (;17,1/)] = Q}éamp($7 ) ((:1771/) € (0’ 1) X N(Ov 1))7 (8'9)

started in (vo,Vy) = (64,0). Let (YMR),21 be branching particle systems with offspring
mechanism Q", conditionally independent given (Vk, Vi)k>0, started in th’(k) = Vi — by,
Then

P = £(Vn 00, + 3 V). (8.10)
k=1

Formula (8.10) says that the Campbell law at time n arises in such a way, that an ‘immortal’
particle at positions vy, ..., v, sheds off offspring V; —dy,, ..., V,, —dy,,, distributed according
to the size-biased law with one ‘typical’ particle taken out, and this offspring then evolve
under the usual forward dynamics till time n. Note that the position of the immortal particle
(Vk)k>0 is an autonomous Markov chain.

We need a bit of explicit control on anmp.
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Lemma 8.3 (Campbell law) One has

=1

QCamp(‘T A% B) h(ZL‘)

/ P[Pois(hZ]") € dx]x(A)1{yeay, (8.11)

where the random measures ZJ  are defined in (3.7).

Proof By the definition of the Campbell law (8.6), and (3.24),

Qi (1, A % B) / Q" )X (A) e

T oibois(h2T) € dy(A i o1
=L [ PRoisizr) € a1 + (1- ) -0
|
Recall that by (3.7),
* Ty
QA .
2y = /0 6,7 (oot (8.13)

where (yf (t))tcr is a stationary solution to the SDE (3.6) with v = v*. By Lemma 8.3, the
transition law of the Markov chain (vj)x>0 from Proposition 8.2 is given by
1

= +1 . * 1+ ’Y*
Vh(T)E[Pms(th )(dy)] =

Plvii1 € dy|vy = 2] = h(y)T7 (dy), (8.14)

where Fg* is the invariant law of yl* from Corollary 5.4. In the next section we will prove the
following lemma.

Lemma 8.4 (Immortal particle stays in interior) The Markov chain (vi)g>o started in
any vo =z € (0,1) satisfies

(Vi)k>0 has a cluster point in (0,1) a.s. (8.15)

We now show that Lemma 8.4, together with our previous results, implies Proposition 7.15 (a).

Proof of Proposition 7.15 (a) We need to prove (8.1). By our previous analysis, it suffices
to prove (8.8) under the assumption that p # 0. By Proposition 8.2,

sze = £<5Vn + Z Y ) (816)
k=1
Conditioned on (v, Vi )r>o, the (Yh (,I: ))kzl,“m are independent random variables with

PP 0] > P[Y®) 0 ¥m > 0] = P[Thin, (Vi — dy,) # 0]. (8.17)

Therefore, (8.8) will follow by Borel-Cantelli provided that we can show that

Z P[Thin,(Vy — dv,) # 0|vig_1] =0 a.s. (8.18)
k=1
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Define f(x) := P[Thin,(Vy — dv,) # Olvik—1 = z] (z € (0,1)). We need to show that
> req f(z) = o a.s. Using Lemma 8.1 and Lemma 8.3 we can estimate

f(z) = P[Thing(Vi = bv,) # 0[vp—1 = 2] = / Qamp (2, dy, dv){L — (L = p)" "%} > 0

N(0,1)

(8.19)
for all x € (0,1). Since Q.+, defined in (3.8), is a continuous cluster mechanism, also
anmp(m,-) is continuous as a function of z, hence the bound in (8.19) is locally uniform
on (0,1), hence Lemma 8.4 implies that there is an € > 0 such that

P[Thin, (Vi — by,) # 0|vi_1] > & (8.20)

at infinitely many times k — 1, which in turn implies (8.18). n

8.3 The immortal particle

Proof of Lemma 8.4 Let K(z,dy) denote the transition kernel (on (0,1)) of the Markov
chain (vg)r>0, i.e., by (8.14),

K(e.dy) = (1+ 7*)%Fl* (). (8.21)

It follows from (5.24) that

z(l—z)+7"(1+9%)

K(z,d 1—y)= 8.22
Set
o@)i= [ Ko dyyt—y) =l -2)  (z € (1)), (8.23)
Then .
M, :=vy(1=vn)=> g(vi) (n>0) (8.24)
k=0
defines a martingale (M,,),>0. Since g > 0 in an open neighborhood of {0,1},
P[(vk)r>0 has no cluster point in (0,1)] < P[lim M, = —oo] =0, (8.25)
where in the last equality we have used that (M,,),>0 is a martingale. [ |

9 Proof of the main result

Proof of Theorem 1.4 Part (a) has been proved in Section 5.3. It follows from (2.12), (2.13),
(3.10), and (3.11) that part (b) is equivalent to the following statement. Assuming that

(i) nyn =00 and (i) v — " (9.1
n=1

n—oo
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for some v* € [0, 00), one has, uniformly on [0, 1],
u’Yn—l ©--:0 U’Yo (p) — Plry* (92)
where pim* is the unique solution in H;, of

i U+p* =p* if 0 < ~v* < o0,
(i) y

2 9.3
(i) ga(l—2)p* (@) —p* (@)1 - p*(2))=0 (ze[0,1]) ify* =0 )

It follows from Proposition 3.5 that the left-hand side of (9.2) converges uniformly to a limit
p[ .+ which is given by (3.34). We must show 1° that P+ € Hiy and 2° that py, . is the
unique solution in this class to (9.3). We first treat the case v* > 0.
1° Since paoﬁ* = 0 and p’ilﬁ* = 1, it is obvious that paoﬁ* € Hopo and pi .~ € Hia.
Therefore, by symmetry, it suffices to show that pj; .« € Ho,1. By Lemmas 7.8 and 7.11,
r<p<1-—(1—2)" implies x <U,p <1—(1—=x) for each k. Iterating this relation, using
(9.2), we find that
T <poyq+(r) <1 —(1- z)7. (9.4)

By Proposition 5.11, the left-hand side of (9.2) is nondecreasing and concave in x if p is, so
taking the limit we find that pj; - is nondecreasing and concave. Combining this with (9.4)
we conclude that pg; .« is Lipschitz continuous. Moreover pj; .(0) =0 and pf; .- (1) =1 so
palﬁ* S HO,l-

2° Taking the limit n — 0o in (Uy)"p = Uy (Uy)""'p, using the continuity of U,
(Corollary 5.10) and (9.2), we find that Uy-pj, .. = pj, .. It follows from (9.2) that pj, . is
the only solution in H;, to this equation.

For v* = 0, it has been shown in [FS03, Proposition 3] that p?,r,o is the unique solution
in H;, to (9.3) (ii). In particular, it has been shown there that pf; , is twice continuously
differentiable on [0, 1] (including the boundary). This proves parts (b) and (c) of the theorem.l

A Appendix: Infinite systems of linearly interacting diffusions

A.1 Hierarchically interacting diffusions

For any N > 2, the hierarchical group with freedom N is the set 5 of all sequences & =
(&1,&, .. .), with coordinates & in the finite set {0, ..., N —1}, which are different from 0 only
finitely often, equipped with componentwise addition modulo N. Setting

l€]] := min{n >0:& =0Vk >n} (& € Qn), (A.1)

€ — n|| is said to be the hierarchical distance between two sites & and 7 in Qp.

Let D C R? be open and convex, and let W be a renormalization class on D. Let o
be a continuous root of a diffusion matrix w € W as in Remark 1.2. Consider a collection
X = (X¢)ecqy of D-valued processes, solving a system of SDE’s of the form

dxe(t) = > = (xEF1 () = xe() ) dt + V2o (xe()dBelt)  (t>0, €€ Q). (A2)
k=0
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where (Bg)eeqy is a collection of independent standard Brownian motions, with initial condi-
tion

x¢(0)=60€D (& € Qn). (A.3)

Here the (cgx)r>0 are positive constants satisfying >, ¢x/N* < oo, and x’g(t) denotes the
k-block average around &:

xg(t) = % > xy(1) (k> 0). (A.4)
nill€—nl| <k

(Note that |{n : [|¢ —n|| < k}| = N*.) Under suitable additional assumptions on &, one can
show that (A.2) has a unique (weak or strong) solution (see [DG93a, DG96, Swa00]). We call
x a system of hierarchically interacting D-valued diffusions with migration constants (ck)k>0
and local diffusion rate w;; = >, 04,0 jk. Such systems are used to model gene frequencies or
population sizes in population biology [SF83].

The long-time behavior of the system in (A.2) depends crucially on the recurrence versus
transience of the continuous-time random walk on 2 which jumps from a point £ to a point
n # £ with rate

o0

Ck—1
a(n —§) = Z N1 (A.5)
k=[[&=nll
This random walk is recurrent if and only if
00 1 00 Chin
Z — = o0, where dj := —_— (A.6)
dp N7
k=0 n=0

(see [DG93a, Kle96]; a similar problem is treated in [DE68]). Assuming that the law of x(t)

=0 .
converges weakly as t — 0o to the law of some D" " -valued random variable x(occ), one expects
that in the recurrent case x(oo0) must have the following properties:

(i) x¢(00) = x,(00) a.s. Ve, n € Qn,

(ii) x¢(o0) € OuD a.s. VE € Qp. (A7)

Here 0,,D is the effective boundary of D, defined in (2.3). If x(¢) converges in law to a limit
x(00) satisfying (A.7), then we say that x clusters. In the transient case, it is believed that
solutions of (A.2) do not cluster. (For compact D these facts were proved in [Swa00].)

An important tool in the study of solutions to (A.2) is the so-called interaction chain.
This is the chain (x3(¢),x}(t),...) of block-averages around the origin. Heuristic arguments
suggest that in the local mean field limit N — oo, the interaction chain converges to a certain
well-defined Markov chain.

Conjecture A.1 Fiz w € W, § € D, and positive numbers (cy)g>0 such that for N large
enough, Y, cx/N¥ < oo. For all N large enough, let x be a solution to (A.2)-(A.3), and
assume that ty are constants such that, for some n > 1, limy_,oo N~ "ty =T € [0,00). Then

(xév’”(tN), . ,givO(tN)) — (IY,..., 1Y), (A.8)

N—oo

where (1Y

Yo 1Y) is a Markov chain with transition laws

PIIY, € dy|I¥,_, = 2] = v (dy) (€D, 0<k<n-1) (A.9)
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and wnitial state
Ign =Y, where dYt = cn(9 - yt)dt + \/Ea(n) (yt)dBt7 Yo = 97 (AlO)
and o™ is a root of the diffusion matriz F™Mw.

Rigorous versions of conjecture A.1 have been proved for renormalization classes on D = [0, 1]
and D = [0,00) in [DG93a, DGI3b].

Note that the iterated kernels K*-(") defined in (2.4) are the transition probabilities from
time —n to time 0 of the interaction chain in the mean-field limit:

K»M(dy) = P[IY € dy|I*, = ] (xeD, n>0). (A11)

Lemma 2.6 expresses the fact that the system x'V clusters in the local mean-field limit N — oo.
The condition s, — oo in Lemma 2.6 means that Ekzo i = 00, which, in a sense, is the
N — oo limit of condition (A.6).

A.2 The clustering distribution of linearly interacting diffusions

Let D C R% be open, bounded, and convex, and let W be a renormalization class on D.
Fix migration constants (cg)r>0 and assume that s, — oo and s,41/s, — 1+ ~* for some
v* € [0,00]. Recall the definition of the iterated probability kernels K (™ in (2.4). Recall
Conjecture 2.7. Assuming that the rescaled renormalized diffusion matrices s, F(™w converge
to a limit w*, we can make a guess about the limit of the iterated probability kernels K (™).

Conjecture A.2 (Limits of iterated probability kernels) Assume that s, F™Mw — w*
as n — 0o. Then, for any w € W,

Kwm g (A.12)

n—oo
where K* has the following description:

(i) If 0 < v* < o0, then
K = lim P*[I) € -], (A.13)

n—oo
where (I )n>o is the Markov chain with transition law P[IIH €| =] =/,
(ii) If v* =0, then
K: = lim P*[I{ € -], (A.14)
t—00
where (I9)s>0 is the diffusion process with generator Z’ij:l wy; (y)%;yj.
(iii) If v* = oo, then
K* = lim v}/, (A.15)
y—00
For each N > 2, let xV = (xév )ecqy be a system of hierarchically interacting diffusions as in
(A.2) and (A.3). If v* = 0, then because of Conjectures A.1 and A.2, we expect? that
lim lim L(x)(N"T))=K; (T >0), (A.16)

n—oo N—oo

3For 4* > 0, the situation is more complex. In this case at the right-hand side of (A.16) we expect the law
5 Pllyr € dz] K}, where y solves the SDE dy; = %(9 —y:)dt++/20" (y:)dB; and o is a root of the diffusion
matrix w*. Note that in this case the right-hand side of (A.16) depends on T
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where K* is the kernel in (A.14).

In particular, consider the case that the migration constants (cx)x>0 are of the form ¢, = r
for some r > 0. In this case, $p4+1/8, — % V1, and s,, — oo if and only if r < 1. One can
check (see (A.6)) that for fixed N > 2, the random walk with the kernel a in (A.5) is recurrent
if and only if » < 1. The critical case » = 1 corresponds to a critically recurrent random walk.
For a precise definition of critical recurrence, see [Kle96, formula (1.15)]. For r = 1, we expect
that the double limit in (A.16) can be replaced by a single limit. More precisely, for each fixed
N > 2, we expect that

k

lim £(x}'(t)) = K. (A.17)

t—o0

In this case, we call Kj the clustering distribution of xN. The clustering distribution of linearly
interacting isotropic diffusions was studied in [Swa00]. We expect (A.17) to hold, even more
generally, for all systems of linearly interacting diffusions with a critically recurrent migration
mechanism. In particular, we expect (A.17) to hold for symmetric nearest-neighbor interaction
on Z% in the critical dimension d = 2. If one is ready to make this enormous leap of faith,
then combining Conjectures 2.7 and A.2, one arrives at the following conjecture.

Conjecture A.3 (Critical clustering) Let D C R? be open, bounded, and conver, and let
W be a renormalization class on D. Assume that the asymptotic fized point equation (2.16) (ii)
has a unique solution w* in W. Let o be a continuous root of a diffusion matriz w € W. Let

X = (X¢)eezz be a ﬁZQ -valued process, solving the system of SDE’s
dxe(t) = D (xy(t) = x¢(t)) dt + o (x¢(t))dBe (), (A.18)
n: In—¢l=1
with initial condition x¢(0) =0 € D (€ € Z?). Then

x¢(t) = 12 (€ € Z?), (A.19)

t—o0

where (I9)s>0 is the diffusion with generator > w;kj(y)%;yj and initial condition I§ = 6.
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